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Abstract

We compute the contact manifold of null geodesics of the family of spacetimes

{(Sz x St go — d—;dtz)} , with go the round metric on S? and ¢ the S!-
¢ d,ceNt coprime

coordinate. We find that these are the lens spaces L(2c¢, 1) together with the pushforward of
the canonical contact structure on STS? = L(2, 1) under the natural projection L(2,1) —
L(2c, 1). We extend this computation to Z X S! for Z a Zoll manifold. On the other hand,
motivated by these examples, we show how Engel geometry can be used to describe the man-
ifold of null geodesics of a certain class of three-dimensional spacetimes, by considering the
Cartan deprolongation of their Lorentz prolongation. We characterize the three-dimensional
contact manifolds that are contactomorphic to the space of null geodesics of a spacetime.
The characterization consists in the existence of an overlying Engel manifold with a certain
foliation and, in this case, we also retrieve the spacetime.

1 Introduction

A spacetime is a Lorentzian manifold together with a choice of a global timelike vector
field, that is, a vector field of negative length at all points. For a spacetime, its space of null
geodesics N consists of the family of unparametrized geodesics with null tangent vectors
at all points [16, 20]. When N is a manifold, it can be equipped with a canonical contact
structure H (see [17, 18]).
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The contact structure H has proved to be essential in the theory, yielding important results
on causality, providing, for instance, obstructions to two events (points) being on the same
non-spacelike curve [6, 7, 14]. The spaces of null geodesics and their contact structures
were computed explicitly in some noncompact cases [2, 10] and the question of whether
two spacetimes with diffeomorphic spaces of null geodesics must be diffeomorphic was
addressed, under the name of reconstruction, in [3]. Until very recently, the only explicit
cases where N 'was known to be a manifold were globally hyperbolic spacetimes, which are
diffeomorphic to C x R for a Cauchy hypersurface C [4] and for which N'= ST C [17], and
Zoll (or Zollfrei) manifolds [11, 23], whose null geodesics are all periodic. In the last years
this subject has attracted more attention with the negative answer to Guillemin’s conjecture
that every Zoll 3-dimensional spacetime is covered by S? x R [22], and new classes of
examples for which A is a manifold [12, 13]. However, to the best of our knowledge, there
are hardly any explicit calculations of spaces of null geodesics and their contact structures
for compact spacetimes or results on the possibility of retrieving the spacetime from its space
of null geodesics.

Firstly, we consider the spacetimes ($? x St 8c/a) for the family of metrics ge/g =

2 . . . . .
8o — ‘:—zdt2 with ¢, d € NT, where g, is the round metric on S? and 7 is the angle coordinate

on S!. Its space of null geodesics N, sa and its contact structure are described in terms of
the lens spaces L(2c, 1) for ged(c, d) = 1, by using a quaternionic approach to the Hopf
fibration and ST'S? that we develop in Sect. 3.2. We prove,

Theorem 3.5 Forany c,d > 1 with ged(c,d) =1,
Neja = L(2c, 1).

Theorem 3.14 The canonical contact structure H on STS* = N /d 1S the canonical contact
structure x on STS?. In general, the canonical contact structure H on L(2¢, 1) = N, /d for
¢ > land gcd(c,d) =1, isryx, wherer : STS* > L(2¢, 1) is the projection.

Note that, for ¢ > 2, the manifold L(2c, 1) is not presented as the unit tangent bundle of a
manifold. Moreover, the study of S? x S! allows us to prove an analogue of Theorem 3.14

for the class of compact spacetimes {(Z x S', gz — ‘j—;dtz)}c,deNJr, with Z a Zoll manifold
(Proposition 3.17).

Secondly, we bring methods of Engel geometry to deal with the spaces of null geodesics
of three-dimensional spacetimes. An Engel structure on a four-dimensional manifold Q is
a rank-two distribution D that generates a rank-three distribution £ := [D, D] satisfying
[€, &1 = T Q, where we are referring to the bracket of sections. The distribution D defines a
unique line distribution WV, known as kernel, by the property [W, £] C &, which completes
aflagW C D C £ C TQ. There exists a canonical (Cartan) prolongation from a contact
three-manifold (N, &) to obtain an Engel distribution on S(¢). Similarly, given a three-
dimensional Lorentzian manifold (M, g), one can canonically define an Engel structure on
the projectivization of the bundle of null vectors PC of M. In Proposition 4.7, we compute
the kernel of the Lorentz prolongation of an arbitrary Lorentzian three-manifold. We have
later learnt that this computation is also made, with different techniques, in the preprint [24,
Thm. 1.3], but with no mention to the contact structure (which we discuss in Theorem 4.8
below).

Next, by considering the Cartan deprolongation of the Lorentz prolongation of a spacetime,
we show,
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Theorem 4.8 Let M be a three-dimensional spacetime. Then,
NZPC/W.
In addition, if N'is a manifold and p : PC — PC /W = N is a submersion, the canonical
contact structure on N'is
H = pf.

Finally, we make use this theorem to make a first step towards the characterization of the
three-dimensional contact manifolds that are the space of null geodesics of a spacetime by
the existence of a certain Engel manifold together with a foliation, and retrieve the spacetime.

Theorem 4.9 A three-dimensional contact manifold (N, &) is contactomorphic to the space
of null geodesics of a spacetime if and only if there exists an Engel manifold (Q, D) with
Engel flag VW C D C € C T Q such that

NZQo/W and &= pif, (10)

for p: O — Q/Wthe projection, and Q admits an oriented foliation by circles F such that

@) forall S € Fand x € S, we have T, S & W, = Dy,
(1) the space of leaves M := Q/F is a manifold and the projection q : Q — M is a
submersion,
(iii) for every S € F, the image q+D|s is a cone in the vector space TysyM and the map
x € S = gq+Dy is injective.
In addition, if the above conditions are satisfied, (N, £) is contactomorphic to the space
of null geodesics of (Q/F, g), where g is a metric on Q/F with bundle of cones q,D.

The main objects at play and our results are visually presented as follows.

(PC, D)2 (5(8), D)

Lorentz prolongatioy(/\\c)anan prolongation
Thm.4.10 Thm.4.8

M, g) (N.§)

Space of null geodesics

Corollary 4.14 deals with the relation between the Cartan and Lorentz prolongations, and
opens the interesting question of the relation between the several Engel manifolds having the
same Cartan deprolongation.

2 Definitions and basic properties
2.1 The space of null geodesics of a spacetime

We work throughout the paper in the category of smooth manifolds. For a Lorentzian manifold
(M, g), a nonzero vector v € TM is said to be timelike, spacelike or null if g(v, v) is,
respectively, negative, positive or zero. A smooth curve y : I — M is timelike, spacelike
or null if its velocity vector y is so everywhere. Likewise, we talk about timelike, spacelike
and null submanifolds or vector fields.

The set of null vectors on a Lorentzian manifold M has the structure of a smooth bundle
7 : C — M, whose fibres consist of two hemicones. We denote such a choice by C*.
A differentiable choice of one of such hemicones, when possible, makes M time-oriented.
Time-orientability is equivalent to the existence of a global timelike vector field X € X(M).
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Definition 2.1 A spacetime is a time-oriented connected Lorentzian manifold of dimension
>3.

Definition 2.2 The space of null geodesics N of a spacetime (M, g) is
N:={y) |y :I— M isamaximal geodesic with y C C*}.

The space N can be constructed as the leaf space for a distribution on C*. Recall that
the geodesic spray X, € X(T M) is the vector field on 7'M whose integral lines are y (1) €
T,M fory : I — M a geodesic, whereas the Euler vector field A € X(T' M) is defined as

A(v) = Toc(ds),

with v € TyM and ¢ : R — T, M given by c(s) = ¢‘v, and whose differential at 0 we
denote by Typc. Note that c is an integral line of A. The geodesic spray and the Euler field are
tangent to the bundle C* and define an integrable distribution (X ¢» A) (see [2]). Note that,
by quotienting CT by the Euler field, we obtain the projectivization of the bundle C*, which
is relevant as we only care about unparametrized null geodesics. Then, by quotienting by the
geodesic spray, we identify directions in different projectivized cones for which there exists
a geodesic in M going through both of them. Thus, we have

NZCT/(Xg, A). (11)
From now on, we will consider the case in which N is a manifold.

Remark 2.3 A sufficient condition for A to be a manifold is found in [2] (namely, when the
spacetime (M, g) is strongly causal and null-pseudo-convex).

2.2 The canonical contact structure

Recall that a contact structure on a (2n 4+ 1)—manifold N is a codimension-one distribution
& C TN which is given, at least locally, as the kernel of a one-form « satisfying that the top
form o A (da)" vanishes nowhere. We give two examples that will be relevant later.

Example 2.4 For any manifold M, its unit cotangent bundle 7 : ST*M — M has a canonical
contact structure (see, for instance, [9, Lem. 1.2.3]). A point w € ST*M may be regarded as
a linear form @ € T; (w)M up to positive rescaling, which is determined by the hyperplane
lo =ker @ C T, M. The canonical contact distribution on ST*M is

Ew = (To7) " (o) -

Example 2.5 The unit tangent bundle 7 : STM — M of a Riemannian manifold (M, g),
which we define as STM := {u € TM | g(u,u) = 1}, has a canonical contact structure
coming from & for ST*M as in Example 2.4. Regard g asamap TM — T*M and consider
the contact structure

x=(g7"), ¢
Namely, for u € ST M we have
xu = (67, 8), = (Tew (67 0 (Tew®) ™" ) (o)
=(Tu(g o 7))~ (ker g(w)) = (T,m) ™' () h),

where (1) denotes the orthogonal subspace to u in T )M with respect to g.
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For the smooth manifold JV, there is a canonical contact structure defined in terms of the
so-called skies of the spacetime.

Definition 2.6 Let (M, g) be a spacetime and x € M. The sky of x is
Gy={yeN|xey C M)

Note that, for any x € M, the sky &, is in correspondence with the projectivization of
the cone C,. Hence, if m = dim M, we have &, = S"~2,

Definition 2.7 The canonical contact structure on the manifold of null geodesics N is the
codimension-one distribution H defined as follows. For y € H, let x, y € y such that they
cannot be joined by a one-parameter family of geodesics. Then,

H, =T,6, ®T,6,.

Note that the existence of two such points x and y follows from the fact that the exponential
map provides a local diffeomorphism for any point of M.

Proposition 2.8 [2, Sect. 2.4] The distribution H on the manifold N is well defined and is
indeed a contact structure.

3 The contact manifold of null geodesics of (S? x S', g¢)
3.1 The space of null geodesics

Let (S?, go) be the two-sphere with the round metric. Consider M = S? x S! and let ¢ be
the angle coordinate on S!. For x € S2, we will refer to the point (x, t) € M. Define, for
¢, d € NT coprime, the Lorentzian metric

dZ
8c/d = 8o — detz.

The pair (M, g.;q) is a Lorentzian manifold in which S? x {t}isa spacelike surface for
any r € S, whereas {x} x S is a timelike submanifold for any x € S?. The vector field
(0, 8,) € TS* @ TS! as a choice of future turns M into a spacetime.

Lemma 3.1 The space of null geodesics N¢jq of (M, gcja) is given by

Neja = {(,u(s), gs) | i is a unit-speed great circle in Sz} .

Proof In a product chart using the coordinate  for S!, the Christoffel symbol Fl’.‘. of the metric
8c/a vanishes whenever i, j or k equals 3, and all the others are the Christoffel symbols of
go in the chart of S?. Hence, the geodesic equation for a curve y : I — M defined by
y(s) = (u(s), t(s)) is given by # = 0, that is, t(s) = a + bs for some a, b € R, and the
geodesic equation for  in S?. Let u(s) € TS? be the vector tangent to the curve y(s). Since
S? x {t} is a spacelike surface for all t € S!, we can suppose, by reparametrizing y, that
gc/d((u, 0), (u, 0)) = go(u, u) = 1. Then,
b2 2 b2d2

8e/d(y, V) = golu,u) — 7(315 0)=1- 2
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so y is a future-pointing null geodesic if and only if b = 7, as — 7 would give a past-pointing
geodesic. By uniqueness of the geodesics in a pseudo-Riemannian manifold, all the null
geodesics of (M, g./q4) modulus reparametrization are of the form

c
y(s) = (u(s).a+ gs)’

where 1 is a unit-speed great circle in S2. Since y intersects S? x {0} at least at one point,

we can suppose a = 0. O

Remark 3.2 We use the notation NV := N¢1.

We start with the case ¢ = 1. The speeds at which a geodesic travels the time direction
S! and the great circle in S* are 1 to d. For y € N, there is a unique x € S? such that
(x,0) € y. Indeed, y intersects S* x {0} for s € 2mdZ, and u(21dZ) is the unique point
x on S%. So y is completely determined by x € S? and the tangent vector of the projection
ms2(y) at x, which is unitary by Lemma 3.1. In addition, any u € STS? defines a unique
null geodesic y C M, which is the lift of the great circle . C S? defined by u, meaning that
T2 (y) = u.

Proposition 3.3 Thus, we have
Nl/d =N = STS?.

Let us now consider NV, /a4 With ¢ > 1. For a geodesic, the ratio between the turns around
the time direction S! and the turns around a great circle in S? is ¢ to d. Since geodesics are
travelled at constant speed, every y € N, /4 intersects S? x {0} at ¢ points, namely those in
M(ZN%Z) = M(ZT”Z), where the equality follows from the fact that gcd(c, d) = 1. These
points are equidistantly spread over the great circle u := g2 (), see Fig. 1. Conversely, any
u € STS? defines a unique null geodesic, which is the lift of the great circle defined by u to
M.

In order to get a proper description of )V, one ought to identify the different elements of
STS? defining the same null geodesic. If y is a null geodesic of M that intersects S* x {0}
at (x, 0) with tangent vector (u, &) € STS*> @ TS!, then y intersects S? x {0} at (x;,0) :=

(,u (Z”dj) , O) for j =0,...,c— 1, where 4 C S? is the great circle defined by u, and

c

c

with velocity (u;, d;) = (;l (M> , 8,). Note that (x;, u;) can be obtained by a rotation

of (x, u) of @ radians about the axis x X u,

x; cos 74 gin 2L\ (y
= . 27tdj 27tdj :
uj —sin == cos =—= | \u
c C
Hence, we have shown,

Proposition 3.4 Consider the Z.-action on STS?* generated by
<y> [ cosZEE sin 2 <y>
v —sin @ cos @ v

Neja = STS?/Z,.,
where STS? |, denotes the orbit space of STS? under the action of Zk.

Then,
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Fig.1 Null geodesic in S? x S!
with ¢ = 4,d = 1. The grey
surface represents S? x {0} and
the radial coordinate is the S!
direction. The four elements of
STS? represent the same red null
geodesic y

The next step is to obtain an explicit description of the spaces N4 that allows us to
compute their canonical contact structure. We will prove the following result.

Theorem 3.5 Forany c,d > 1 with ged(c,d) =1,
Neja = L(2c, 1).

3.2 A quaternionic approach to STS? and the Hopf fibration

In order to prove Theorem 3.5, we develop a quaternionic approach to STS? and the lens
spaces L(2c, 1). Let Hl denote the division algebra of quaternions and V the three-dimensional
vector space of pure imaginary quaternions. The canonical identification of H with R* defined
by « + ai + bj + ck — (o, a, b, ¢) gives an identification V = R3, which provides V with
a cross product induced by that of R3: for u, v € V,

uv — vu
2

Let * : HH — H be the conjugation on H, which is an antiautomorphism allowing us to
define a norm |¢|?> = gq* for ¢ € H. The restriction of such norm on V induces, via the
polarization identity, an inner product on V defined, for u, v € V, by

uXxXv=

uv + vu
(u5 U) - _T’

which coincides with the euclidean inner product in R3. We can also identify S* = SH :=
{g eH||gl =1}and S* = SV := {u € V| (u,u) = —u? = 1}. Finally, one has
STS? = ST(SV) := {(u, v) € SV x SV | (u, v) = 0}.

Lemma3.6 Forany w € SV, there exists a Hopf-like fibration map

Ty . SH — SV
q — q 'wg,

which provides SH with the structure of an S'-bundle over SV. The fibre over p € SV is
given by {¢"?q | 0 € R}, forany q € rujl(p).
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Proof Let w € SV. Let us show first that 7, maps onto SV. Indeed, for g € SH,

1 1 1 1

wq =0,
wq) =—q

wqg —q -
wgq)(g ™!

g wg+(q wg) =q"
1

(¢ 'wg.q 'wg) = —(q7"

lwlg =g lg=1.

We show next that the map is surjective. Let p € SV and assume it is not collinear with
Xw
T
We have ¢~ wqg = (cos8)w + (sin0)(w X n), a rotation of w of angle —6 around the axis
n. Hence, g 'wg = p, as needed. If p and w are collinear, take g = 1 or g = e”%, with
u € SV perpendicular to w, depending on whether p = w or p = —w.
Finally, let ¢ € 7,,'(p) be arbitrary. Then, if 6 € R,

w. Let§ = arccos(w, p) € (0, 7) and n = € SV. Define g := e”g = Cos % + 7 sin %.

1

1,—wb

tw(eq)=q e we"q =q7"

wqg = Ty (Q)
In addition, if ,,(91) = 7w (g2), thenw = (g2 ") 'w(gag; "), which implies that g2g; ' =
e~ for some 6 € R. O

Proposition 3.7 The map
d: SH — ST (SV)
q ~ (g 'kq.q7"jq)

provides a surjective local diffeomorphism in such a way that the preimage of a point in
ST (SV) consists of exactly two antipodal points in SH.

Proof Surjectivity follows using the same ideas as in the proof of Lemma 3.6. Also, for
any g € SH, we have ®(q) = ®(—q). If g1, go € SH are such that their images under ®
coincide, then g2q, U= ek = 7% for some 6 i, 6 € [0, 27), which can only happen if
Ok =0; =00r0 =6, =m. O

Remark 3.8 Actually, in Proposition 3.7 it is possible to replace j and k by any u, v € SV
such that (u#, v) = 0 and the result remains true.

Corollary 3.9 Let Z; act on SH via the antipodal map. There exist diffeomorphisms SH/Z, =
ST(SV), and hence S? /7, = STS?, which we also denote by ®.

We establish now the connection to lens spaces.

Definition 3.10 Consider the 3-sphere S* ¢ C? and p € Z™. Define the 7 p—action on S3
generated by

2mi 27
(20, 21) = (e P zo, e ” zl).
The lens space L(p, 1) is the smooth manifold L(p, 1) := SS/ZP.

Identifying R* = C? with H via (z9, z1) — zo + z1/, the Zp, action in Definition 3.10

27
becomes g — e 7 ¢.Then, L(p, 1) = SH/Z,.
Since the Z;-action on SH that defines the lens space L(2, 1) is precisely the given by the
antipodal map, we have shown,

Proposition 3.11 We have ST (SV) = SH/Z, = L(2, 1), so STS? = L(2, 1).

This quaternionic approach allows us to formalize and prove the following result, which
will give us, together with Propositions 3.3 and 3.4, the proof of Theorem 3.5.
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Proposition 3.12 Let ® : SH/Z, — ST (SV) and ¢ > 2. Then, the Zs.-action on SH that
generates the lens space L(2c, 1) descends to a Z.-action on SH/Z, that, via ®, induces
the Zc-action on ST (SV) generated by

wy _, ( cos %T sin 27” u
v — sin <% cos 27” v/’
Hence, ® induces a diffeomorphism between ST (SV)/Z. and L(2c, 1).

Proof Let g € SH. The Z,.-action on SH is generated by g +— e%iq. Then,
o st _ ~1 _Lfk st ] —m, T . _lk 27 1. 2mi
(ecq)=\q ‘e ckecq,q e cjecq)=\q ke<qg.q jecq)
Now, consider ®(q) = (g 'kq, g~ ' jq). The result follows from
2m L 21 . _1 2 . 2w 1, 2mi
cos —q~ kq+sin—q~ jg=gq k(cos— + i sin —)q =q ke < q,
c c c c
. 2m 2 . 1. 2n . . 2m _y. 2mi
—sin —¢q~ kq+cos—q jg=gq ](COS——l—lSln—)q:q je < q.
c c c c
O

Proposition 3.12 is enough to prove Theorem 3.5 for d = 1. For d > 1, we need the
following observation.

Lemma3.13 Letc,d € Z coprime. The group automorphism of Z. defined by m — d - m
sends the Z.—action on STS? in Proposition 3.12 to the Z.—action given by Equation (3.4).
Hence, the two orbit spaces are diffeomorphic.

Proof of Theorem 3.5 The case d, ¢ = 1 follows from Proposition 3.3 and Proposition 3.11.
The rest of the cases with d = 1 follow from Proposition 3.4 and Proposition 3.12. Ford > 1,
we make use of Lemma 3.13. O

3.3 The canonical contact structures

We next compute the canonical contact structures on the spaces L(2¢, 1), ¢ > 1, which
were seen as spaces of null geodesics. Note that, since the construction of the canonical
structure is completely local, we can assume, without loss of generality, that d = 1. We do
this throughout.

Theorem 3.14 The canonical contact structure H on STS?* = N /d 1S the canonical contact
structure x on S TS In general, the canonical contact structure H on L(2¢, 1) = N, /d for
¢ > landged(c,d) =1, isryx, wherer : STS? — L(2c, 1) is the projection.

We break the proof of Theorem 3.14 into two lemmas, proving first the case ¢ = 1 and
then the cases with ¢ > 1.

Lemma 3.15 The canonical contact structure H on STS* = N is the canonical contact
structure x on STS?.

Proof Let y € N = STS?. Recall that y is the lift of the great circle u : R — S? defined
by the pair (x, u) € STS? representing y. We will show that Hy = X@,u)-
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15 Page 100f22 A. Marin-Salvador, R. Rubio

Fig.2 The projection onto S? of the sky of y (7) is a circle tangent to ()t

Take (x,0) € y and y(r) # (x,0), with 0 < t < 7. Note that all geodesics in
the sky Gy o) intersect S? x {0} at (x,0), so its projection is m(Sx,0)) = {x}. Hence,
T, (TySx,0) = {0} € (u)* and T, S x.0) C X(x,u)-

Consider now y(t) # (x,0). Since ¢ = 1, we know that y(s) = (u(s), s) and hence
n2(y(r)) = u(r) =: y. Let v € ST,S? such that (fi(t), v) = 0. Since all geodesics in
S? x S! are travelled at the same speed, the projection of the sky of y () is parametrized by
(&) (r))(s) = ycost + (f(t) coss + vsins) sin T, which is a circle on (S2, go) of radius
7 and centre y, see Fig.2, and 7 (y) = 7 (6, (1))(0). Hence,

d
Iin(T, 6y ) = <£'s=0 (ycost =+ (f1(t) coss + vsin s) sin 'L’)>

= (vsint) C (u)*

’

which implies 7}, &y (r) C X(x,u)- .

Since the distributions 7 and x on S TS? both have rank 2, the Lemma is proved.

Letr : STS? = L(2,1) — L(2c, 1) be the canonical projection for ¢ > 1. We use the
notation [u] := r(u) € L(2¢, 1), which is the class of u € STS? under the action of Z,. Let
[u] € L(2¢, 1) and U aneighbourhood of u for whichr|yy : U — r(U) is a diffeomorphism.
We will show that

H[u] = lv)sXu-
The following lemma concludes the proof of Theorem 3.14.

Lemma3.16 For ¢ > 1, the canonical contact structure H on L(2c, 1) = N, as the space
of null geodesics, is ry X.

Proof Let x := 7 (u). We know that [u] describes the geodesic y in S? x S! that intersects
7 (U) x {0} only at (x,0). Take (x,0) € y and consider its sky & o). It is clear that
S(x.0) = {[v] | v € ST, S?}, and thus

(7w orlgh), (TS x.0) =Tx ({7 (v) | v € ST,S?})
=T, ({x}) = {0} C (u)",

from which we deduce that (r|51)*(T[u]6(x,o)) C xu and T1y 1S x0) C (r|v) s Xu-
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Take now y () # (x, 0) but close enough so that S,,(;) C U. As discussed previously,
T o r|(_]1 (&, (1)) describes a circle ¢ (s) in 7 (U) whose tangent vector at x is orthogonal to
u. Hence,

(o rlgH (T Sy ) =T (ﬂ ° rlz}l(Gy(f)))
=T{p(s) | s € R} C ()™,

which implies that (r|&l)*(T[u]6y(r)) C Xu» and hence 171Gy (z) C (rlu)« Xu-

Therefore, H, = 11,16 ,0) ® T1u1Sy(x) C (rlu)«Xu and, since r|y is a submersion,
equality follows. If v € STS? is such that 7 (v) = [u] = r(u) and V is a neighbourhood of v
such that r |y is a diffeomorphism, following the same argument, we have (r|v )+ xy = H), =
(r|u) s« Xu, and ry x is indeed well defined. ]

3.4 Generalization to a class of compact spacetimes

We extend now the results of Sect. 3.3 to the class of spacetimes

d2
{(Z xS, g2 = = di)))c.aen+ coprimes
C

where (Z, gz) is a Zoll manifold, that is, such that all of its geodesics are closed and of
the same minimal period (which we normalize to 27t). By Hopf-Rinow theorem, every Zoll
manifold is compact, since it is clearly bounded.

Proposition 3.17 The space of null geodesics Neq of (Z x S', gz— (j—;dﬂ) with c, d coprime,
is diffeomorphic to the manifold ST Z | Z.., where the generator of Z identifies tangent vectors
on the same geodesic after 1/c of a turn, with the pushforward of the canonical contact
structure on ST Z.

Proof The same argument as in the proof of Proposition 3.3 implies Ni;q4 = ST Z. For the
contact structure, we can assume d = 1. We follow the proof of Lemma 3.15, which is
geometrically more intuitive. Given a geodesic y and (x, 0) € y C Z x S!, all geodesics in
the sky &, o) intersect Z x {0} at (x, 0) and we analogously have T, & o) C X(x,u)- Fora
different point y (7) in the geodesic (close enough to y (0)), the sky &, () is a sphere consisting
of centre y := mz(y(r)) and radius the distance between x and y. Since u points from x
towards the direction of y, we have in general Tz (T, G (r)) C (u)*. Indeed, let w € 1,Z
such that x = expy(w) and complete it to an orthogonal basis (w, wa, ..., wy,) of Ty, Z. The
sphere 717(&, (7)) is the image under exp,, of the sphere in 7y Z of radius +/gz(w, w). Now,
note that T, expy(w) € (u), and Ty (mz(Sy (1)) = (T expy(wz), o Ty expy(w,,)). By
Gauss’s Lemma,

(Tw expy (w), Ty expy (w;)) = (w, w;) =0

for all 2 < i < n, and the claim follows.

For the case ¢ > 2 and d = 1 we have an analogue of the end of Sect.3.1. The generator
of Z. identifies tangent vectors on the same geodesic after 1/c of a turn. The action is then
free (as only the identity element would fix a vector). Since Z is a finite group, the action is
proper and the space ST Z/Z, is a manifold. For d > 1, we have an analogue of Proposition
3.12 and the lemma right after ensuring that AV, /d = N.. For the contact structure, the proof
of Lemma 3.16 applies by taking y () close enough to (x, 0) so that the action of the group
is trivial and replacing the circle ¢ (s) by the sphere described above. O
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Note that the purpose of Sect. 3.2 is giving a concrete description of ST Z/Z,. for ¢ > 2,
which we cannot have in the generality of Proposition 3.17, in the case of Z = S?.

The main examples of Zoll manifolds are Zoll surfaces (which are always spheres with
Zoll metrics) and compact symmetric spaces of rank one [5].

4 Engel structures as a tool in retrievability
4.1 Engel geometry and prolongations

We recall here the main definitions on Engel manifolds and present the Cartan and Lorentz
prolongations of, respectively, a contact and a Lorentzian three-manifold [8, 21].

A rank-three distribution £ C T Q on a four-manifold Q is said to be an even-contact
structure if it is everywhere non-integrable, that is, if [£, £] = T Q.

Definition 4.1 Let Q be a four-manifold. A rank-two distribution D C T Q on Q is an Engel
structure if £ := [D, D] is an even-contact structure on Q.

An Engel structure D on a four-manifold Q defines a unique line field W C & by the
relation [W, £] C &. The line field WV is known as the kernel (or characteristic line field) of
the distribution and it can be shown to lie in the two-distribution D, for which it completes
aflagWcDcCc€&CTO.

Example 4.2 [Cartan prolongation] Let (N, £) be a contact three-manifold and consider the
S'—bundle ¢ : S(§) — N, where S(&) is the quotient of £,\{0} by the relation v ~ Av
for all . € R™. We regard points in S(£) as pairs (x, R) with x € N and R an oriented line
in &. The canonical Engel structure on S(§) is

Dix.r) = T, myc) " (R).

Let (V,Y) = & be alocal frame on an embedded ball B C N. Then, B x S! & S(£)|p via
(x,t) = (x, R := (X := V cost + Y sint)), where () denotes the oriented spanned line. If
we let the dot denote derivation with respect to the coordinate on the fibre, then D = (9;, X),
E= (3, X,X) = () PE& and, since [3;, X] = —X € & we have W = (3;).

Remark 4.3 Whenever the leaf space S(£)/)V is a manifold, then

N =8(8)/(0) = SE)/W.
Also, if the projection p : S(§) — S(&)/Wis a submersion, we have § = p,E.

Example 4.4 [Lorentz Prolongation] Let M be a Lorentzian three-manifold. The set of null
vectors on M induces an S! —bundle 7r;, : PC — M, where PC is fibrewise the projectiviza-
tion of the cone C. A point (x, /) € PC consists of a point x € M and a line / in Cy. Define
an Engel structure on PC at (x, [) by

Dy i= (T pymr) (D).

Let (V, Y, T) be an orthonormal frame of 7T M, with V, Y spacelike and 7 timelike, on an
openball B C M.Then, BxS! = PClpvia(x,0) — (x,l:= (X := VcosO+Y sin6+T)),
where the vector fields are on x. Letting the dot denote derivation with respect to the fibre
coordinate, [0y, X 1¢ E= (0, X, X ), which implies that W is always transverse to dy.
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Following the ideas of Remark 4.3, we make the following observation, which will be useful
in Sect.4.3.

Remark 4.5 The family of skies {PC, } ey defines a circle foliation of PC whose leaf space
is diffeomorphic to the manifold M. In addition, the bundle of null cones of M can be
recovered via the pushforward of the Engel distribution D under the projection map 7y, that
is, Cy = (nL)*(D|7>CX) forallx € M.

From now on, we denote elements of PC and S(£¢) by the line or oriented line that they
define, dropping the base point of the three-manifold M.

4.2 The space of null geodesics as a deprolongation

We make use of the deprolongation procedure in Remark 4.3 to present the space of null
geodesics as a Cartan deprolongation of the Lorentz prolongation.

(PC,D)
Ex.4.4 S?

~

M, g)%(/\”i)

We first recall a technical result.

Proposition 4.6 [15] Any point of a pseudo-Riemannian three-manifold admits a local chart
in which the metric is diagonal.

Let (M, g) be a three-dimensional spacetime and consider x € M. Let ¢ : (x1, x2, x3) €
Vi (p((xl, X2, X3)) € U be local coordinates around x for which g is diagonal. The matrix
representation of g in the chart (U, ¢~ !) is

g1 (x1, x2, x3) 0 0
g(oxr, x2,x3)) = 0 £22(x1, X2, x3) 0 (12)
0 0 833(x1, X2, X3)

for some smooth functions g11, g22, g33 on V. Since the metric is non-degenerate at every
point, we can assume gi1, g22 > 0 and g33 < 0. In addition, the coordinate vector fields

u; = @ye; give the eigendirections of the metric at every point. This discussion allows us to
define local coordinates on PC via
v: Vx(02n — (VX(O 2m))

cos 0 sin @

Jai JgT i

For the rest of this section, we denote a line in PC by the vector that spans it, identifying
7DCm{cos@ +sin9 L 1 }
= ui uj us
v 811 /\/g22 «/_833 QES],XEM
coordinate vector fields defined by W. We compute next the kernel of the Lorentz prolongation
of any Lorentzian three-manifold.

(x1,x2,x3,0) > < ”3> C To(xi,x2,x3) M.

. Let us denote by 9y, 0x,, 05, d9 the

Proposition 4.7 In the notation above, the kernel VW of the Engel distribution on PC defined
by the Lorentz prolongation is spanned, on \IJ(V x (0, 271)), by the vector field

cos@ sm9
zZ:=— ———0y; + (Fcos@ + Gsiné + H)dy,

F F \/7
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where we define

1 1 dgn sind dgy
Ry (ng dx2 @E)
_L( 1 8g22+ cos 0 @)
28 \J/811 dx1 /=833 9x3
_ 1 sinf dg3z3  cos6 0g33
_2g33<max1 _ngaxz>'

Proof Recall, from Example 4.4, that the Engel structure D on PC is given by

Dy (xy,x7,x3.0) =Dc059u +sin9u L1
/811 1 /822 2 —g% 3

(Trp)-! < cos 9 sin @ N 1 >
=TrL uy us},
V8 «/822 A/ —833

where 7r; : PC — M is the canonical projection. Since 77 (dy;,) = u; and Twy (dg) = O,
the distribution D is given by

cos 6 sin 6

1
Oy, + Oy, + a ,8@>.
/811 X] /822 2 v/ —833 “

D=(x=

sin @ cos6

oy, + —
. V811 /822
E=(X,X, 0g). We have [ X, X] = Ady, + B0y, + Coy,, which is

Define X := [0g, X] = —

dy,, so the even-contact structure £ on PC is

8 axz 22 axz 8Jfl
cos 9[ ] sin 6[ s ]
/811 \/82 V822 /811
Oy a Oy a
—sinH[ BE: gl ]—i—cos@[ BE! 2 ]
v —833 «/81 v/ —gn /822

Since A is the 9y, -component, and analogously for B and C, we obtain

B 1 dag11 n sin 6 dag11
2811/811822 0x2  28114/—811833 0x3
_ 1 g2 cosf 0822
2820./811822 X1 2824/—822833 0x3
c— sin 0 0g33 n cos 6 0833
28334/—811833 0x1  2833/—822833 0x2

Since the kernel W lies in D and is not spanned by dg (as [y, X 1 ¢ &), there exists a
smooth function w on PC such that W = (X + udg). We have [dg, X 4+ udg] € € and
[X, X 4+ udg] € &, whereas

. cos sin 6
[X, X + ndg] = X% — (Ad, + Bosy + Coi) + o = %an)

Since X (11)dp € &, it is enough to impose that the last two terms belong to &. This is the

case if and only if
cos 6 sm 0

—(Ady, + By, + Cyy) + u( 0 XQ) +CJ/—gnX ek
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This vector field reads

<(A Ccosd —gss)a +(B Csind 833)8>+ (cosé?8 n sin98 )
—(A — C cos sin w(——= v !
g/ e /™) T e ™ T e

and for it to belong to &, it is enough to impose that it is a multiple of X. We take

W= A/g11cos0 + B /g sinf — C/—g33,

so that the vector field becomes (A,/g11sin6 — B, /g2 cos 0)5(. Hence, by defining F :=
A./g11, G := B. /g2 and H := —C,/—g33, the kernel is

W= (X4 udg) =(Z:=X+ (Fcosb + Gsinb + H)dy).

Theorem 4.8 Let M be a three-dimensional spacetime. Then,
NZPC/W.

In addition, if N'is a manifold and p : PC — PC /W = N is a submersion, the canonical
contact structure on N'is

H = pif.

Proof We divide the proof of Theorem 4.8 into two parts.

Part I: N = PC/W. It is enough to show that VW computed in Proposition 4.7 is pointwise
proportional to the geodesic flow X,. Let (V, ¢) be a local chart of M making the metric
diagonal, and let y (1) = <p(x1 (1), x2(1), x3 (t)) be a null geodesic. Then,

(xD2en + () g0 = —(x3) g3 (13)
and the curve x’ul + x2u2 + x3u3 € Tq)(x1 x2, xz)M is an integral line of X,. Under our
cos@ s1n9
identification PC = {—— u3}9€S| reM> this curve reads
F / / E)
811 Up xz 822 U2

u3
T € To(xy M = W (x1, x2, x3,0),
—833 /811 x3 —g33 \/gT v—gn P(x1,%2,x3) ( )

’ ’
where 6 is such that cos§ = i—} % and sin® = 2 /52 Note that this makes sense
Ty —e:

X3 —833
because of Equation (13), and that x4 is nonzero if y is nonconstant. Then, the tangent vector
to this curve, which gives the expression of X in the coordinate chart (V x (0, 27()) on PC,
is

X109, 4 x50y, + X30x; + 6’09

,«/7(c039a N sin9a N 1 5.+ 0’ 8)

= X3V 833\ —(— — o

’ Ve L e e xhJ/—g3

Hence, our claim is equivalent to 9 _ — FcosO+GsinO+H. Using that —6’ sin6 =

x37/—833
/ /
(;‘—} %) and that the x; satisfy the geodesic equation the result follows, after computing
TV -8

the Christoffel symbols for the metric in Equation (12).

Part II: 'H = p,&. Firstly, as argued in [1, p. 246], the even-contact structure & is invariant
under the flow of any vector field generating V. Therefore, the pushforward p,& is well
defined.
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Let y € N = PC/W. Then, y is given by a curve i : (—&,&) — M which is a
null geodesic in M, and y = p(,u(s)) for all s € (—¢,¢). Let go := ©(0) and define
a coordinate system ¢ : (x1,x2,x3) — @(x1,x2,x3) around go given by Proposition
4.6. Let W(xy, x2, x3,0) be coordinates around ;1(0) in PC as defined before Proposi-
tion 4.7. Now, for all s € [0, &) small enough, the point ¢; := u(s) lies in the image
of ¢ and si(s) lies in the image of W, and we can consider functions x;, 6 such that
n(s) = \IJ(xl(s), x2(5), x3(s), G(S)). If s > 0 is small enough, the points gy and g, are
not conjugate in M.

The sky of g is given by

Syo = {p o W(x1(0), x2(0), x3(0),6) | 6 € (6(0) — 7, 6(0) + 7]},
and similarly for &, . Therefore,
Hy =T)64 & T, 6y, = Tp0)P({3)) ® Tju(s) P({0))-

We ought to express the second addend as a pushforward of a line over 1(0). Take s > 0
small enough and let K be a neighbourhood of fi(s) for which the flow ®Z : K — ®Z_(K)
at time —s of the vector field Z = X 4 (F cos6 + G sin0)dy is a diffeomorphism. Then,
po dDEs = p, and since <I>ES (,a(s)) = ¢(0), we can compute

Ty S, = Tits) P(B9) = (Tuo) P © Tu(s) ®Z,) (%)

and

Hy =Tuo)p <<39, T;z(s)cbgs(ae)» =Ty)p <<39, i) ®%,(3) — 39>>

Ty DZ . (39) — g
— T;l(O)P <<86, f1(s) ss ,

for all s > 0 small enough. Hence, the result is still true if we take the limit s — 0. Thus,
D7 (3)t
we obtain H,, = T, p <<89, lirr}) M» = Tu0)p ({30, [0, Z1)). We compute
S—> b

[0g, Z] = X + (—F sin® + G cos 0)dp and therefore

HV =Tuop ({0, [09, Z])) = Tyo)p (<39, X>) =Tuo)p ((89, f(, Z>)
= TP ({96, X, X + (F cos 6 + G sin0)dp))
= Tuo P (90, X, X)) = Ti0) P(O).

This concludes the proof that H = p,£ and hence the theorem. O

Example 4.9 The Lorentzian prolongation of the spacetime (S* x S!, g1) is diffeomorphic
to PC = STS? x S!. Letting  be the S'-coordinate and 6 the coordinate on the fibre of
STS?, the Engel flag over (u, s) € STS? x Sl is, seeing TS? C T(STS?) via the Levi-Civita
connection on S?,

(u+0;) C (u+0;,9) C (u)" ® (u+0,0) C Tas(STS* x S.

Hence, (STS? x SY)/W = (STS?* x SY)/(u + 8;) = STS?> = N, and letting p : STS? x
S! — STS? be the natural projection, p,.& = x = H.
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4.3 Retrieving the spacetime

We investigate how Theorem 4.8 allows us to characterize the three-dimensional contact
manifolds that are spaces of null geodesics of a spacetime. This provides a procedure to,
given a contact manifold (N, &) satisfying the necessary conditions, find a spacetime whose
space of null geodesics is precisely (N, &).

The main idea is to Cartan-prolong the contact manifold and make use of Remark 4.5 to
Lorentz-deprolong it.

(PC,D) ¢ (S(&), D)

Ex.4.4 =T Ex.4.2 (5)
/'/— -7 \m
(M, g) (N,$§)

Def.2.2

We have the following result.

Theorem 4.10 A three-dimensional contact manifold (N, ) is contactomorphic to the space
of null geodesics of a spacetime if and only if there exists an Engel manifold (Q, D) with
Engel flag W C D C € C T Q such that

NZ=ZQ/W and &= pié, (14)
for p: Q — Q/Wthe projection, and Q admits an oriented foliation by circles F such that

@) forall S € Fand x € S, we have T, S & W, = Dy,
(i) the space of leaves M := Q/F is a manifold and the projection q : Q — M is a
submersion,
(iii) for every S € F, the image q.D|s is a cone in the vector space TysyM and the map
x € S = g«Dy is injective.

In addition, if the above conditions are satisfied, (N, &) is contactomorphic to the space
of null geodesics of (Q/F, g), where g is a metric on Q/F with bundle of cones q,D.

Proof Let (N, &) be the space of null geodesics of a spacetime (L, k). The existence of Q
satisfying (14) follows from Theorem 4.8 taking (Q, D) as the Lorentz prolongation of (L, h).
Then, we can take F := {PC,},er, which is a foliation by circles and is oriented because
L is a spacetime. By definition of the Lorentz prolongation, TF C D, and by Example 4.4,
the kernel Wis transverse to 7 F. Hence i) is satisfied. Also, by Remark 4.5, Q/F = L, and
therefore it is a manifold, and ¢ is the projection 77, : Q = PC — L, which is a submersion.
Hence, ii) follows.

Also by definition of the Lorentz prolongation, for all u € Q, ¢.D, = u, where on the
right hand side we regard u as a vector on a cone of L. Therefore, ¢.D|pc, = C, and iii)
also follows. Finally, by Theorem 4.8 and (14), the last claim is also satisfied, as any other
metric on L with the same bundle of cones is conformal to g, and therefore has the same
space of null geodesics.

For the converse, let (N, &) be a contact manifold such that N = Q/Wand & = p,& for
an Engel manifold Q with flagW C D C £ C T Q. Assume Q admits an oriented foliation
F satistying i), ii), iii) above. Let M := Q/F, which is a manifold by hypothesis, and
q : Q — M the projection map. Now, since TF C D, the pushforward g.D, is a line in
Tyx)M for all u € PC and by iii), these create a cone in T, (syM when traveling the leaf
S € Fcontaining x. Therefore, we obtain a smooth bundle of cones on 7 M, and hence there
exists a metric g on M with such bundle of cones. In addition, any two metrics with the same
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bundle of null cones are conformal, and hence produce the same contact manifold of null
geodesics. Since F is oriented, we can assign a consistent orientation to each cone in the
bundle and therefore (M, g) is a spacetime.

Let now (PC, 75) be the Lorentz prolongation of (M, g), with flag WcDcéc T(PC),
and define the projection mps : PC — M. Consider the map

d: 0 —> PC
x = gDy’
which is a diffeomorphism by the definition of g and the hypothesis that x € S — p,D, is
injective for any S € F. In addition,

(7240 @) (D) = (a0 B)u(D) = 4. Dx = D),

which implies &, D C YN) Since ® is a submersion, we find that ®,D :f), and so @ is an

Engel-morphism. Let us define r : PC — PC/ W the projection. Then, by Theorem 4.8,
we find that the space of null geodesics (N, H) of (M, g) is

N=PC/ W= Q/W=M
and
Hr, £ p =,
where we make use of Remark 4.3. O

Remark 4.11 We have later found out that [24, Rk. 1.7] suggests the necessity of a foliation
Flike the one in Theorem 4.10.

Since the Cartan prolongation of (N, &) satisfies (14), we obtain:

Corollary 4.12 A three-dimensional contact manifold (N, &) is contactomorphic to the con-
tact manifold of null geodesics of a spacetime if the Cartan prolongation (S(&), D) of (N, &)
admits an oriented foliation F by circles such that

@) forall S € Fandu € S, we have T,S & W, = Dy, where W denotes the kernel of
(8(), D),
(i) the space of leaves M := S(£)/F is a manifold and the projection p : S(§) — M is a
submersion,
(iii) for every S € F, the image p,Dls is a cone in the vector space TpsyM and the map
u € S+ pD, is injective.

In addition, if i), ii), iii) are satisfied, (N, &) is contactomorphic to the space of null
geodesics of (M, g), where g is any metric on M with bundle of null cones p,D.

We continue our discussion by exploring the relation between the Cartan prolongation
of (N, &) and the Engel manifold Q in Theorem 4.10, whenever it exists. The following
proposition is an adaptation of [19, Prop. 5.4].

Proposition 4.13 Let (Q, D) be an Engel manifold with flag VW C D C £ C T Q. Assume
Q/W is a manifold, which then can be endowed with a contact structure & := p,& for
p : QO — Q/W the projection, provided it is a submersion. Then, there exists a local
diffeomorphism ® : Q — S(&) to the Cartan prolongation which is compatible with the
Engel structure.
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Proof Let x € X. Since W, C Dy, the pushforward p,D; is a line in &(,). Hence, the map

D: Q0 — S§)

x > p«Dy

is well defined, and smooth. Let x € Q and consider a neighbourhood U C Q of x in which
we can trivialize D|y = (Z,Y), for Z € X(U) spanning W. Since ® is a bundle map over
Q/W, it is enough to show that T, ® is surjective when restricted to W, for every y € U.
Therefore, by linearity, it is enough to show &, Z # 0. By definition of ®, this is equivalent
to [Z, Y] # 0, which holds because D is Engel.

It is only left to show that & preserves the Engel structure. Let u € D, and define
e : S(§) — X /W the projection. Then,

(ex 0 @) (Do) = (¢ 0 ®).(Dy) = p.D = O ().
Since P is a submersion, the Proposition follows. O
Corollary 4.14 If (N, &) is a three-dimensional contact manifold contactomorphic to the
space of null geodesics of a spacetime, the Engel manifold (Q, D) described in Theorem
4.12 comes with a canonical local diffeomorphism ® : Q — S(&) compatible with the Engel

structures.

Diagram (5) above is thus completed to

(PC, D)= (S(), D)

Ex. 44 Ex. 4.2
(M, g) = (N,§).

Space of null geodesics

We believe that this approach can be useful in order to answer the open question of whether
the contact structure of the space of null of geodesics can be overtwisted, but describing or
just dealing with the foliation in Theorem 4.10 will require further work.

We finally look at two illustrative examples where the manifolds involved can be described
explicitly and the subtleties of the main results can be appreciated.

Example 4.15 Consider R3 with coordinates (x, y,t) and tangent vector fields uy, uy, u;.
Then, the Lorentz prolongation of (R3, dx? + dy* — dt?) is diffeomorphic to R3 x S! via
(x,y,t,0) > (cosBuy + sinOuy, + u;) < T(x,y,t)R*%. Under this identification, the Engel
structure is Dy, y,;,9) = (c0Ss 00 +sin 09y, +0;, dg), which implies VW = (cos 69, +sin 09, +
0;) and £ = D@ (— sin 0, +cos 69y). The foliation F by circles is given by {{k} x St Heer3-
We also have R x S!/W = R? x S! with projection map

p: R¥xS! — R2 x S!
(x,y,t,0) — (x —tcosf,y—tsinb, ).

Take coordinates (¢, v, #) on R% x S! with tangent vectors w,,, wy, wy. Then, the induced
contact structure on R? x S! is

Epr,y.t,0) = P+Ex,y,1,0) = (—sinOw, + cos Owy, t sinfw, — t cos Ow, + wg)
= (—sinfw, + cosOw,, wy),
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which is the canonical contact structure on R? x S' = STR?. The Cartan prolongation S(&)
of (R? x S, &) is diffeomorphic to R? x S! x S! via

(u,v,60, ) — (cosw(—sinbw, + cosOw,) + sinwwg) € S(&)w,v.6)-

Under this identification, the Engel distribution reads

13(,4,1,,9,0,): (cos w(—sin 09, + cosdy) + sin wdg, 3,) C T(u,v,0,u)SE).

The local diffeomorphism & defined in Proposition 4.13 is (x, y,?,0) > pyds =
i _ — (—L_ g N S _1
(tsinfw, — tcosbw, + wy) = (m sin Qw,, mcos@wv + ng). Hence,

using the identification above,

o: R¥xS' — R2 x S! x §!
(x,y,t,0) — (x —tcosf,y —tsinf, d, arccos ———=)"’

V1+t2

. . . . -
where we take arccos T € (0, 7t). Then, @ is a global diffeomorphism onto its image

O R3 x S1) = R? x S! x (0, 7). Note that the image of F under ® is {®(x, y,7,0) | 0 €
St }(x.y.ner3- This is still a foliation by circles on the image of @ satisfying i) and ii) above
with projection

g :R? xS x (0, 1) - R? x S! x (0, 1)/ ®(F) = R? x (0, 70)

COSs w : COS w
(u,v,0,w) — (u+cos€sinw,v+sm95i“w,w).

Again, taking (u, v, ®) as coordinates on R2 x (0, 7r), we can compute

cos 6 sin @
—— 0 — Tav> =:V(w, ),
sin” w

qx D= q+0, = <3(u -
s~ w

which indeed defines a bundle of cones with injective map 6 € S! — V(w, ) for a given
w € (0, 7). Hence, iii) is also satisfied.

The bundle of cones obtained on R? x (0, 77) is the induced by the metric g = du? +
dv? — sin* wdw?, and therefore we obtain a spacetime isometric to (R3,dx? + dy2 —dr?)

. !

via (x, y,t) — (x,y, arccos W)'
Example 4.16 Let (M, g) = (S* x S', go — dt?). As argued in Example 4.9, PC = STS?
with flag

(u+d) C (u+d,0) C )" ® u+d,dh) C TugSTS* x Sh,

and (N, H) = (S TS?, x). Note that, since the Sl-bundle STS? — S? is oriented, the vector
field dg is well defined everywhere. In addition, for u € S T,S?, we can define ut € ST, S?
orthogonal to u with respect to g, and so that (u, u™, x) is a positive basis for S?. Seeing
TS? c T(STS?) via the Levi-Civita connection on (S?, g,), we can see u~ € T, (STS?),
and we obtain a well-defined vector field P on STS? given pointwise by P, = u'. Then,
the contact structure on STS? is X = (99, P) and, in particular, it is trivial as a vector
bundle. Therefore the Cartan prolongation S(x) of (S TS?, x) is S(x) = STS? x S! via
(u,s) — {cossP +sinsdy) € T,STS?.
Now, the local diffeomorphism ® : STS? x S! — STS? x S! is given by

D(u,s) = pi«Dy,s = p«y,
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which can be described as follows. The element in ST'S? of & (u, s) is simply p(u, 5), which
recall can be described as taking the great circle u C S* defined by u, and parallel transporting
u over u an angle 0 backwards. We get

®D(u,s) = (cossdg — sins p(u,s)l) € Tp(u,S)STSZ,

that is, ®(u, s) = (p(u, $),s + %) This is a global diffeomorphism @ : STS? — STS?
preserving the Engel structures. The foliation

F={ST:S" x {t}}(x. pes?xs!

on PC = STS? x S! gets sent under ® to a foliation by circles F¢ which can be described
as follows. The foliation splits in a family of S! —foliations of STS?. On STS? x {t}, Fo
is formed by all circles on S? with radius ¢ and vectors pointing towards the centre of such
circle. Hence, Fg satisfies i). Now, fixing ¢, every circle of Fo on STS? x {t} has a unique
centre, and every point of S? defines one such circle. Therefore, STS? [Fop = S? x S!, and
the projection ¢ : STS* — S? x S! is a submersion, since it is on every slice qlsTs2xqr) -
STS? x {t} — S? x {t}, as this is only parallel transporting a tangent vector an angle ¢ over
its great circle, and taking the basepoint. Therefore, i7) is also satisfied. The bundle of cones
defined on S? x {r} is that of a strictly positive constant multiple of g, and this constant varies
smoothly with respect to r. Hence, we obtain a spacetime isometric to (S? x S!, g. x dr?).
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