Mathematische Zeitschrift (2023) 305:41

https://doi.org/10.1007/500209-023-03360-0 Mathematische Zeitschrift
()

Check for
updates

Sharp Besov capacity estimates for annuli in metric spaces
with doubling measures

Anders Bjérn'® - Jana Bjorn’

Received: 4 April 2023 / Accepted: 22 August 2023 / Published online: 5 October 2023
© The Author(s) 2023

Abstract

We obtain precise estimates, in terms of the measure of balls, for the Besov capacity of annuli
and singletons in complete metric spaces. The spaces are only assumed to be uniformly perfect
with respect to the centre of the annuli and equipped with a doubling measure.
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1 Introduction

Capacities are intimately related to function spaces in the sense that various properties, such as
quasicontinuity and Lebesgue points, of functions in such spaces are measured by a capacity.
Capacities also reflect metric and measure-theoretic properties of the underlying space on
which they are defined. For example, it is well known that the p-capacity of a spherical
condenser in R” with 0 < 2r < R reflects the dimension of the space as follows,

=P ifl <p<n,
cap,(B(x,r), B(x, R)) ~ (log(R/rN'=? if 1l < p=n, (1.1)
R"™P if p>n.

Capacities also play an important role in fine potential theory and appear in the famous Wiener
criterion characterizing boundary regularity for various equations, such as A ,u = 0 (Maz’ya
[30] and Kilpeldinen—Maly [22], with the p-capacity asin (1.1)) and the fractional p-Laplace
equation (—A ;) u = 0 (Kim-Lee-Lee [23], using the fractional Besov capacity (1.4) below).
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In this paper we study Besov capacities on a complete metric space ¥ = (Y, d) equipped
with a doubling measure v. Analogously to (1.1), we are primarily interested in estimates for
(thick) annuli, i.e. of the capacity for a ball B(xg, r) within B(xg, R) where 0 < 2r < R.

Throughout the paper we assume that 1 < p < oo. We also fix a point xo and let
B, = B(xg, r) be the open ball with radius r and centre xo.

The following are our main results.

Theorem 1.1 Assume that Y is a complete metric space which is uniformly perfect at xo and
equipped with a doubling measure v. Let p > 1 and 0 < 6 < 1. Then forall 0 <2r < R <

%diamY,
R Op 1/(”*1)51 I-p
o o
B,, BR) ~ — 1.2
capy ,( R) </; <v(Bp)> ,o) (1.2)
and
R Op 1/(p—1)d 1-p
o J
,Br) >~ — s 1.3
<apo.p (120}, Br) </o (v(B») p) (-

with the comparison constants in “>" independent of x¢, r and R.

Here, capy , is the Besov condenser capacity defined for bounded sets E € €2 as

/ lu(x) —u(I?”  dv(y)dv(x)
yJy  dx, )7 v(B(x,d(x,y)’
where €2 is open and the infimum is taken over all measurable u such that 0 < u < 1
everywhere, # = 1 in a neighbourhood of E and suppu € 2.

The Euclidean spaces and their subsets, equipped with the Lebesgue measure or weighted
measures w dx, and even singular doubling measures, are included as special cases of our
results. We emphasize that we do not assume any Poincaré inequalities for upper gradients
on Y (as in Gogatishvili-Koskela—Zhou [17, Section 4] and Koskela—Yang—Zhou [25]). This
makes our results applicable to many disconnected spaces and spaces carrying few rectifiable
curves, including fractals.

To formulate the next two results we need the following exponent sets:

v(By) _ /14
9, {Q>O'U(BR)N<R> forO<r<R§1},
So={s>0:v(B,) Srifor0<r <1}
So={s>0:v(B,)>r for0<r <1},

§O={q>0:%2(i>qfor0<r<R§1}.

cap(,’p(E, Q) = inf

u

(1.4)

R

These sets were introduced in Bjorn-Bjorn—Lehrbéck [S] to capture the local behaviour of
the measure at xo. For example, for the Lebesgue measure in R",

0,=5y=1(0,n] and So = Qg = [n, 00).

The subscript 0 in the above definitions stands for the fact that the inequalities are required
to hold for small radii. It is easily verified (see [5, Lemmas 2.4 and 2.5]) that the exponent
sets can equivalently be defined using 0 < r < ®R < Ry for any fixed 0 < ® < 1 and
Ry > 0, even though the implicit comparison constants in “<S” and “2” will then depend on
® and Ry.
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All of these sets are intervals. The reason for introducing them as sets is that they may or
may not contain their endpoints

4, =supQ,, so=supS,, So=inf So and gy = inf Q. (1.5)

Note that gy < oo if v is doubling, and that g, 0> 0 if Y is also uniformly perfect at xo (see
Heinonen [19, Exercise 13.1]).

When p > 1and0p < g 0 Or 0p > g, Theorem 1.1 provides us with exact estimates for
the capacity Cape’p(Br, Bp) in terms of v(B,) or v(Bg). When p = 1, Theorem 1.1 cannot
be used, but we obtain the following similar estimates for capy ,(B,, Br) by using results
from Bjorn—Bjorn-Lehrbiéck [5], which cover all p > 1. The borderline cases 6 p = max Q 0

and @ p = min Qy are considered in Theorem 9.1. See also Remarks 9.2 and 9.3.

Theorem 1.2 Assume that Y is a complete metric space which is uniformly perfect at xo and
equipped with a doubling measure v. Let) < 6 < 1and0 < Ry < % diam Y, with R finite.

(a) If6p < 4 then

v(By)
capgip(Br, Bp) ~ o whenever 0 < 2r < R < Ry. (1.6)
: r
(b) If0p > q, then
v(BR)
capg,p(B,, Bgr) ~ RO7 whenever 0 < 2r < R < Ry. (1.7)

In both cases, the comparison constants in “~" depend on Ry.
Moreover, the lower bound in (1.6) implies p € QO, while the lower bound in (1.7)

implies p € Qq. If p > 1 then (1.7) holds if and only if 0 p > q0-

In Ahlfors regular spaces, estimates (1.6) and (1.7) were given in Lehrback—Shanmugali-
ngam [28], and used to show that Besov-norm-preserving homeomorphisms between such
spaces are quasisymmetric.

In many situations it is important whether singletons have zero or positive capacity. In the
following result, we characterize these cases in terms of the exponent sets So and So-

Theorem 1.3 Assume that Y is a complete metric space which is uniformly perfect at xo and
equipped with a doubling measure v. Let 0 < 6 < 1.

(a) If0p > 59, then
Co.p({x0}) > 0 and capy ,({xo}, Bg) >0 forevery0 < R < § diam?Y,

where the capacity Cy,p is defined by means of the Besov norm as in Definition 3.1.
(b) If0p ¢ So (in particular ifOp < 5¢), orif p > land 0p € S, then

Co.p({x0}) =0 and capeyp({xo}, Br) =0 forevery R > 0.

In Anttila [1], the numbers 5o and s, are called the upper and lower local dimensions of
v at xp, while g in Remark 9.2 is called the pointwise Assouad dimension of v at xg. (See [5,
Lemma 2.4] for why the definitions of 5o and 5, in [1] are equivalent to those in (1.5).) In [6],
5o played a decisive role in determining the sharp integrability properties for p-harmonic
Green functions and their gradients.

OnR", the spaces defined by means of the energy integral in (1.4) are often called fractional
Sobolev spaces and are the traces of Sobolev spaces on sufficiently nice domains (Jonsson—
Wallin [20]). As such, they are suitable as boundary values for various Dirichlet problems and
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appear in boundary regularity results for elliptic differential equations (Kristensen—Mingione
[26]).

For p = 2, these spaces are related via Dirichlet forms to jump processes on fractals and
metric spaces, see e.g. Kumagai [27] and Chen—Kumagai [12, Theorem 1.2]. They also play
an important role for nonlinear nonlocal problems, such as the fractional p-Laplace equation
(—=Ap)°u = 0. These problems have attracted a lot of attention in the past 2 decades, see
e.g. Kim-Lee-Lee [23], Korvenpidi—Kuusi-Lindgren [24] and Lindgren—Lindqvist [29], to
name just a few.

Recently, similar problems and the associated Besov spaces have been studied for metric
measure spaces in e.g. Capogna—Kline—Korte—Shan-mu-ga-lin-gam—Snipes [11], Eriksson-
Bique—Giovannardi—Korte—-Shanmugalingam—Speight [15], Gogatishvili-Koskela—Shanm-
ugalingam [16], Gogatishvili—-Koskela—Zhou [17] and Koskela—Yang—Zhou [25]. The role
of Besov spaces as traces of Sobolev type spaces was in the metric setting studied in Bourdon—
Pajot [10], Bjorn-Bjorn—Gill-Shanmugalingam [4] and Bjorn—Bjorn—Shanmugalingam [8],
and will be one of our main tools.

Our approach to the above estimates is based on extensions of Besov functions from Y to
hyperbolic fillings of Y, together with estimates from Bjorn-Bjorn-Lehrbick [5], [6] for p-
capacities associated with Sobolev spaces. More precisely, we use the comparison between
the Besov seminorms of functions on Y and the Dirichlet energy of their extensions to a
uniformized hyperbolic filling of Y, obtained in [8]. These constructions and comparisons
are done in Sect. 5.

However, since the results in [8] only cover bounded spaces, special care has to be taken for
unbounded Y. This is done in Sect. 7 by replacing Y with a suitably chosen bounded subset,
so that the restriction of v is still doubling. Even when Y is bounded, it is only biLipschitz
equivalent to the boundary of the uniformized hyperbolic filling of Y, which would in turn put
serious restrictions on the allowed radii r and R in our estimates. In Sect. 6 we therefore show
how to replace Y by a carefully constructed enlarged space so that the involved capacities
are comparable and all radii < % diam Y can be treated.

Along the way, in Sects. 3 and 4, we prove various fundamental properties of Besov
capacities in metric spaces, both for doubling and nondoubling measures, including in some
cases also 6 > 1. Finally, in Sects. 8 and 9, we prove Theorems 1.1-1.3.

As mentioned above, we use hyperbolic fillings to obtain our main results. It would be
interesting to find more direct proofs. On the other hand, our technique shows that there is a
direct correspondence between these results and the corresponding results for Sobolev spaces
in [5, 6].

2 Preliminaries

In this section we assume that X = (X, d) is a metric space equipped with a Borel measure
w such that 0 < w(B) < oo for every ball B C X. To avoid pathological situations we also
assume that all metric spaces considered in this paper contain at least two points.

As is often customary we extend p, and other measures, as outer measures defined on all
sets. This plays a role at least in Proposition 3.3(ii).

A metric space is proper if all closed bounded sets are compact. We denote balls in X by

B(x,r)={ye X :d(y,x) <r} andlet AB(x,r) = B(x, Ar).
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All balls in this paper are open. In metric spaces it can happen that balls with different centres
and/or radii denote the same set. We will however use the convention that a ball comes with
a predetermined centre and radius.

The space X is uniformly perfect at x if there is a constant k > 1 such that

B(x,kr)\B(x,r) # @ whenever B(x, kr) # X. 2.1

In fact, it then follows that (2.1) holds whenever B(x, r) # X, since if B(x, xr) = X then
B(x,kr)\B(x,r) = X\B(x,r) # @. We will use this observation without further ado.
The space X is uniformly perfect if it is uniformly perfect at every x with the same constant
k. This definition coincides with the one in Heinonen [19, Section 11.1], see therein for more
on the history of this assumption. We do not know if pointwise uniform perfectness has been
used before. Note that X is uniformly perfect with any « > 1 if X is connected.
The measure w is doubling if there is a doubling constant C;, > 1 such that

0 < u@2B) < Cyuu(B) < oo forallballs B.
Similarly, u is reverse-doubling at x, if there are constants C, & > 1 such that
w(B(x,kr)) > Cu(B(x,r)) forall0 <r < diam X/2k. (2.2)

By continuity of the measure, the estimate (2.2) holds also if »r = diam X/2k < oo, as
required in Bjorn—-Bjorn—Lehrbéck [S]. If p is doubling, it is easy to see that X is uniformly
perfect at x if and only if u is reverse-doubling at x. (For necessity we can choose any
K > «, and for sufficiency any ¥ > 2k.) If u is doubling and X is connected, then w is
reverse-doubling at every x with any & > 1.

Throughout the paper, we write a < b if there is an implicit constant C > 0 such that
a < Cb, and analogously a 2 bif b < a,anda >~ bifa < b < a. The implicit comparison
constants are allowed to depend on the standard parameters. We will carefully explain the
dependence in each case. See Remarks 8.2 and 9.3 for the dependence in Theorems 1.1
and 1.2.

Sometimes, when dealing with several different spaces simultaneously, we will write

—X _ .. . .
BX(x, r), dx, Qqp, q())( etc. to indicate that these notions are taken with respect to the
metric space X. As mentioned in the introduction, we will often fix a point xp € X and let
BX = BX(xo,r).

3 Besov spaces and capacities

In this section we assume that Y = (Y, d) is a proper metric space equipped with a Borel
measure v such that 0 < v(B) < oo for every ball B C Y. We also assume that 6 > 0, and
emphasize that in this section 0 > 1 is allowed. Recall from the introduction that 1 < p < 0o
throughout the paper.

For a measurable function u : Y — [—00, oo] (which is finite v-a.e.) we define the Besov
seminorm by

[ilo.p = [u] —</ U (@) —u)I” wwmm>>w
0,p = 0,p.Y = vy d(x, y)gp U(B()C,d(x, y))) .

Here and elsewhere, the integrand should be interpreted as zero when y = x.
The Besov space B?,(Y) consists of the functions u such that the Besov norm

oy 2= 1, + ) < 0. 3.1)
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This space is a Banach space, see Remark 9.8 in Bjorn—Bjorn—Shanmugalingam [8]. (The
norm (3.1) is only equivalent to the one in [8], but the norm-capacity Cy, , below exactly
coincides with the one in [8].)

We restrict our attention to Besov spaces with two indices (i.e. “q = p”). Such Besov
spaces are often called fractional Sobolev spaces or Sobolev—Slobodetskii spaces, although
Besov spaces seem to be the most common name in the metric space literature.

Assuming that v is doubling, equivalent definitions, using equivalent seminorms, are
given in Gogatishvili-Koskela—Shanmugalingam [16, Theorem 5.2 and (5.1)]. When v is
also reverse-doubling (or equivalently, uniformly perfect), further equivalent definitions can
be found in Gogatishvili-Koskela—Zhou [17, Theorem 4.1 and Proposition 4.1], for example
that the Besov space BZ (Y) considered here coincides with the corresponding Hajtasz—Besov
space. By [16, Lemmas 6.1 and 6.2], it is related to fractional Hajtasz spaces, considered
already in Yang [35].

Our definition (3.1) is also equivalent to certain norms based on heat kernels (with “g =
p”), under suitable a priori estimates for the kernel, see Saloff-Coste [33, Théoreme 2] (on
Lie groups) and Pietruska-Patuba [32, Theorem 3.1] (on metric spaces). For p = 2, our
definition of [u](%’2 coincides with the energy used in connection with heat kernel estimates
in Chen—Kumagai [12] when

1

J s =
() =BG At )pG )

therein.

See the above papers for the precise definitions and earlier references to the theory on R",
on fractals and on Ahlfors regular metric spaces.

We are interested in two types of Besov capacities, the norm-capacity and the condenser
capacity.

Definition 3.1 The Besov norm-capacity of E C Y is

_ Y — P
Co.p(E) = Cf ,(E) = inf [ullfy .
where the infimum is taken over all measurable u such that 0 < u < 1 everywhere and u = 1
in a neighbourhood of E. Such u are called admissible for Cy ,(E).

By truncation it follows that one can equivalently take the infimum over all u such that
u > 1inaneighbourhood of E. Asusual, whenrequiring # > 1 orthat0 < u < 1 everywhere
we mean that there is a representative of u satisfying these requirements. By E € 2 we mean
that E is a compact subset of . Recall also that suppu := {x : u(x) # 0}.

Definition 3.2 Let Q2 C Y be a bounded open set and E € Q2. The Besov condenser capacity
is given by

capy,, (E, Q) = cap; ,(E, Q) = inf [u]f ,

where the infimum is taken over all measurable u such that 0 < u < 1 everywhere, u = 1 in
a neighbourhood of E and suppu € €2. Such u are called admissible for capy ,(E, £2).

The corresponding capacities for Sobolev spaces are called Sobolev resp. variational
capacity in [2]. Condenser capacities are also often called “relative”.

There do not seem to be very many papers on Besov capacities in metric spaces. Nuutinen
[31] and Heikkinen—Koskela—Tuominen [18] extensively studied the norm-capacity, defined
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using the Hajtasz—Besov norm, under the assumption that v is doubling. In [18], they also
considered the corresponding Triebel-Lizorkin norm-capacity, which was later studied by
Karak [21]. The Besov norm-capacity Cp, , was used by Bjorn—-Bjorn—Shanmugalingam [8].
The Besov condenser capacity capy , was studied in the Ahlfors Q-regular case by Bourdon
[91(p > Q and 6 = 1/p), Costea [14] (p > Q) and Lehrbick—Shanmugalingam [28].

Our main estimates remain the same (up to changes in implicit constants) when the
(semi)norm is replaced by an equivalent (semi)norm. However, some of the basic prop-
erties, such as subadditivity, are not directly transferable between equivalent (semi)norms,
although the proofs often are, so we include them here.

Proposition 3.3 Let E, Ey, E>, ... C Y. Then the following properties hold:

(i) if E1 C E3, then Cy ,(E1) < Co,p(E3),
(i) v(E) < Cyp(E),
(iii) if K1 D Ky D --- are compact subsets of X, then

o0
Ce,p<ﬂ m) = lim Cp p(Ky),
i=1

(iv) Co,p is countably subadditive, i.e. if E = U?; E; then

Co.p(E) <Y Co p(Ep).

i=1

The monotonicity (i) is trivial, while (ii) follows directly from the definition. The prop-
erty (iii) follows from the fact that Cy ) is an outer capacity (by definition), i.e.

CG,p(E) = éng C9,p(G)»
G open

and elementary properties of compact sets, see Nuutinen [31, Section 3]. As for (iv), Nuutinen
[31] only obtains quasi-subadditivity since he works in a more general setting in which the
countable subadditivity does not always hold. We therefore provide a proof.

Proof of (iv) We may assume that the right-hand side is finite. Let ¢ > 0. For each i =
1,2,..., choose u; admissible for Cy ,(E;) with

1P 1P C E: €
[“z]@,P + [lu; ”Lp(y) < Co,p(Ei) + 20
Let u = sup; u;. Then u = 1 in a neighbourhood of | J72, E;. Moreover, for x, y € Y,
oo
lu(x) — )P < sup lui (x) —ui(MIP < D lui(x) = ui (P
! i=1
and similarly, [u(x)|? = sup; |u; (x)|? < Zfil |u; (x)|?. Hence
o0
Co.p(E) < (11}, + Il py) < Y (il] , + il )
i=1
o0 e oo
<Y (ConED+5) = 2 Cop(En) +e.
i=1 i=1
Letting ¢ — 0 completes the proof. O
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Proposition 3.4 Let Q C Q' C Y be bounded open sets and E, E1, E3, ... @ Q. Then the
following properties hold:

(1) if E1 C Ex C Q, then capeyp(El, Q) < capg’p(Ez, Q),
(i) if K1 D K2 D --- are compact subsets of 2, then

o0
Cape,;;(ﬂ K;, Q) = il_i)ngocapgyp(l(i, Q),

i=1

(iii) capy, , is countably subadditive, i.e. if E = U?il E; then

o0
capy ,(E) < Y capy ,(Ei, Q).

i=1

Again, (i) is trivial, while (ii) follows from elementary properties of compact sets since
capy ,, is an outer capacity (by definition). The proof of (iii) is similar to the proof of Propo-
sition 3.3(iv).

In the Ahlfors Q-regular case with p > Q > 1, these facts were stated in Costea [14] with
a comment that the proof is essentially the same as in Costea [13, Theorem 3.1]. His proof of
(iii) uses reflexivity. Our proof is considerably shorter and also covers the case | < p < Q
as well as the non-Ahlfors regular case.

4 Capacity estimates when v is doubling

In this section we assume that Y is a complete metric space equipped with a doubling
measure v and that 0 < 6 < 1.

Note that Y is proper, see Bjorn—Bjorn [2, Proposition 3.1]. The comparison constants in
this section are independent of the choice of xo and the radii » and R. They depend only on
0, p and C,, unless said otherwise.

Our next aim is to deduce the following result, which will be important later on. Note
that Bog # Y whenever R < % diam Y. Recall the definition of uniform perfectness and the
associated constant « from (2.1).

Proposition 4.1 Assume that Y is uniformly perfect at xo with constant k. Fix0 < ® < 1. If
0<®R <2r < Rand Bogr # 7Y, then

v(B,) _ v(Bg)
o T ROP

capy.,(By, Bg) =

)

with comparison constants also depending on k and ®.

We split the proof of Proposition 4.1 into two parts. We begin with the lower bound, which
holds also when 6 > 1.

Proposition 4.2 Assume that Y is uniformly perfect at xo with constant x, and that 0 < 2r <
R with Byr # Y. Then
v(By)

Cape,p(Bra BR) Z Rgp

)

with comparison constant also depending on k.
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Proof Let u be admissible for capy p(B,, BRr). As Bor # Y it follows from the uniform
perfectness that there exists z € Bacr\Ba2gr. Since B(z, R) N Bg = @ and d(x,y) <
2k +2)R for all x € B(z, R) and y € B,, we get that

] >/ / 1 dv(y) dv(x) > v(By)
00 = Jpry B, (2 +2)R)?P v(B(x, 2 +2)R)) ~ RP

Taking the infimum over all u that are admissible for capy , (By, Bg) concludes the proof. O

To prove the upper bound in Proposition 4.1 we will use the following simple lemma,
which will also be used when proving Lemma 4.5.

Lemma 4.3 Assume that 0 < n <1 is an M-Lipschitz functionon Y. If x € Y, then

1) ,:/ @) =P dv(y) < yor
Sy dGey) vBxidxy)) T

Proof Let B/ = B(x,2//M), j € Z. Since v(B(x,d(x,y))) ~ v(B/) for y € B/\B/~!
and 0 < 6 < 1, we see that

e [n(x) —n(MI” dv(y)
I(x) _j;w'/Bj\le d(x,y)GP V(Bj)

- i / MPd(x, y)1 =7 dv(y) +i / d(x, y)~'P dv(y)
Nj:_oo Bi\BJ-! BI\BJ-!

v(BJ) ; v(BJ)
j=1
0 o0
< Z MOP2/A=0p ZMepz—jGP ~ M7
j=—00 Jj=1

This now leads to the following estimate.

Proposition 4.4 Assume that 0 < 2r < R. Then

v(B) V(BR)}

cape,p(Br,BR)SJmin{ oy R

Proof Let u := min{max{% —3d(-,x0)/R, 0}, 1} be a 3/ R-Lipschitz function admissible
for capy ,(Br/2, Br). The doubling property and symmetry in x and y imply that

[u]” N/ /‘Iu(x)—u(y)ll’ dv(y) dv(x)
0= Jpo Jy  d,y)fP v(B(x,d(x,y))

Integrating the estimate from Lemma 4.3 over x € B gives

V(BR)
ROP

capy ,(By, Br) < capy ,(Bgrj2. Br) <

Applying the last estimate with R replaced by 2r gives

v(By)
ror -

capy, ,(By, Br) < capy ,(Br, Bor) S

[}
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Proof of Proposition 4.1 This follows directly from Propositions 4.2 and 4.4, together with
the doubling property. O

Lemma 4.5 Assume that 2 C Y is a bounded open set and E € Q. If Cy, ,(E) = 0, then
capg,p(E, Q) =0.

Proof Since E € 2, there is a Lipschitz function 0 < 1 < 1 such that n = 1 in a neigh-
bourhood of E and suppn € 2. Let M be the Lipschitz constant of n and let ¢ > 0. As
Co,p(E) = 0 there is a function # admissible for Cy, ,(E) with [Ju/| < e. Letv = un.

Then

p
By(Y)

() — ()| = [uE)nE) — u@nG) + u@)n®) — u()n)|
< u(@®)[nx) = n + lux) —u@)|.
Hence, by Lemma 4.3,
In(x) = nMI”  dv(y)dv(x)
p )4 p
W.p =2 /y”(x) v dx )P v(BGrd(x, )
S MOl + Wl < (MO 4 Dullh, < (M7 + De.

+2°[uly,

P
BY(Y)
As v = 1 in a neighbourhood of E and suppv € €2, we see that
capy ,(E, Q) < [U]ep,p < (MPP 4 1)e.
Letting ¢ — 0 completes the proof. O

Note that the converse of Lemma 4.5 does not hold in general; consider e.g. a compact
Y in which case capg,p(Y, Y) = 0 (as u = 1 is admissible) while Cyp ,(¥Y) > v(¥Y) > 0.
Nevertheless, we will prove the following characterization.

Proposition 4.6 Assume that Q@ C Y is a bounded open set such that v(Y\2) > 0. Let
E € Q. Then Cy, ,(E) = 0 if and only ifcap(,yp(E, Q) =0.

The following simple observation will serve as a Poincaré type inequality. We will use it
to prove Proposition 4.6 as well as Lemma 4.9 below.

Lemma 4.7 Ifu is a measurable function such that u = 0 outside a bounded measurable set
Q and A C Y\ is a bounded measurable set with v(A) > 0, then for every z € A,

B(z, R
[ av < R 2EEE

where
R =diam A 4+ sup{d(x,y) : x € Aand y € Q2}.

Proof Since u = 0 outside €2, and in particular in A, and B(x, d(x, y)) C B(z, R) for all
x € Aand y € @, we see that

/Y|u|pdv=ﬁ/flfg|u<x>—u<y>|"dv(y>dv(x>

Repv(B(Z,R))// lu(x) —u(IP”  dv(y)dv(x)
B v Jala  do, )P v(B(x,d(x, )
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Proof of Proposition 4.6 One implication was shown in Lemma 4.5. Conversely, assume that
capg ,(E, 2) = 0. Let A = B\, where B is a large enough ball so that v(A) > 0. Let

z € A and € > 0. Then there is u admissible for capeﬁp(E, ) with [u]g’p < &. Since u is
admissible also for Cy ,(E), Lemma 4.7 implies that

V(B R)),
v(A) ’
and letting ¢ — 0 gives Cy,,(E) = 0. O

Co,p(E) < <1 + ROP

As an immediate consequence of Proposition 4.6 and monotonicity, we obtain the follow-
ing characterization.

Corollary 4.8 The following are equivalent:

@ Co p({xo}) =0,
(b) cape’p({xo}, B,) =0 for everyr > 0,

(©) capeyp({xo}, B,) =0 for some 0 <r < %diam Y.

If Y = [—1, 1] (with Lebesgue measure), xo = O and r > 1 = %diam Y, then u =
1 is admissible for capy, P({xo}, B,) and thus capy p({xo}, B,) = 0. On the other hand
Co,p({x0}) > 0if Op > 1, by Theorem 1.3. This shows that the range in (c) is sharp.

When € is a ball, the following result gives more precise information than Lemma 4.5.

Lemma 4.9 Assume that E C B,. Then
capy ,(E., Byy) S (14+177)Cy , (E).

If, moreover, Y is uniformly perfect at xo with constant k and Y\ B3, # &, then
Co.p(E) < (14 r°P)cap, ,(E, Byy),

with comparison constant also depending on k.

Proof Let u be admissible for Cy ,(E) and let 0 < n < 1 be a (2/r)-Lipschitz function such
that n = 1 in a neighbourhood of B, and suppn € Ba,. Let v = un. Then v is admissible
for capy, p(E , Bo;) and as in the proof of Lemma 4.5,

v(x) — v = u@)[nx) =)+ lulx) —uly)l.
Hence by symmetry and Lemma 4.3,

[v(x) —v(MIP  dv(y)dv(x)
ro<
cape,p(E, By) < [U]G,p ~ /l;zr /;/ d(x, y)ep v(B(x,d(x,y)))

< r*eﬂf |ul? dv + [u]f .
By ’

Taking the infimum over all u that are admissible for Cy ,(E) proves the first inequality in
the statement of the lemma.

For the second inequality, note that every u admissible for capy ,(E, Boy) is admissible
also for Cy, ,(E). Next, use the uniform perfectness at xq to find z € B3,,\B3,. Lemma 4.7
with Q = By, A = B(z,r) and R = (3k + 3)r, together with v(B(z, R)) < v(B(z, 1)),
then implies that

Co.p(E) < / ul? dv + [u]} , < (L +r'P)[ulf .
Y

Taking the infimum over all u that are admissible for capy ,(E, Ba,) concludes the proof. O
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We conclude this section by comparing capacities with respect to different underlying
spaces, which will be a useful tool later on, when enlarging ¥ in Sect. 6 and when dealing
with unbounded Y in Sect. 7. Since the seminorm [u]g, ,, is nonlocal, the sets where u vanishes
cannot be ignored.

Lemma4.10 Let E € Q C X C Y, with X compact and 2 an open subset of Y. Assume
that

V(BX()C, r)) ~ v(BY(x,r)) forallx € X and 0 < r < 2diam X, 4.1)

and that for a.e. x € 2,
f I(x,y)dv(y) < / I(x,y)dv(y), “4.2)
Y\X X\Q

where
1
d(x, )P v(BY (x,d(x, )

I(x,y) =

Then
capy ,(E, Q) =~ capy ,(E, Q)

with comparison constants also depending on the implicit comparison constants in (4.1) and
(4.2).

Proof Note that u is admissible for capé{ » (E, Q) if and only if its zero extension to Y\ X is
admissible for capg’p(E, €2). Hence it is enough to show that [u]y, , x = [uls, p,y for any u

admissible for capg)/’ p(E , ). Consider such a function u.
By (4.1), [ulg,p,x < [uls,p,y. Conversely, the doubling property and symmetry in x and
v, together with (4.1) and (4.2), imply that

W)}y = [l y + / u(x)? / I(x, y)dv(y) dv(x)
’ Q Y\X

< [u]g’p’X-i-/Qu(x)p fX\QI(x,y)dV(y)dV(x)Z[M]é),p,x-

5 Hyperbolic fillings and capacities on them

In this section, we let Z be a compact metric space with 0 < diam Z < 1 and equipped with
a doubling measure v. Let xo € Z be fixed.

Hyperbolic fillings will be one of our main tools when obtaining precise estimates for
condenser capacities, based on results from Bjorn—Bjorn—Lehrbick [5, 6]. We follow the
construction of the hyperbolic filling in Bjorn—-Bjorn—Shanmugalingam [8] as follows: Fix
two parameters «, T > 1 and let X be a hyperbolic filling of Z, constructed with these
parameters. More precisely, fix zo € Z and set Ag = {z0}. Note that Z = BZ(zp, 1). By a
recursive construction using Zorn’s lemma or the Hausdorff maximality principle, for each
positive integer n we can choose a maximal o ~"-separated set A, C Z such that A, C A,
whenm >n > 0. Aset A C Zis a "-separated if dz(z,7') > o~ whenever z, 7’ € A are
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distinct. Then the balls BZ(z, %a’”), z € A,, are pairwise disjoint. Since A, is maximal,
the balls BZ(z, «™"), z € A, cover Z.
We define the “vertex set”

o0
V=J Vi whereV,={(.n):zeA,
n=0

The vertices v = (x,n) and v' = (y, m) form an edge (denoted [v, v']) in the hyperbolic
filling X of Z if and only if |n —m| < 1 and
tBZ(x,a N TBZ(y, a™ ™ £ @, ifm=n,
BZ(x,a ™ NB?(y,a™™ £ @, ifm=n=+1.
The hyperbolic filling X, seen as a metric space with edges of unit length, is a Gromov

hyperbolic space. Its uniformization X, with parameter ¢ = log « is given by the uniformized
metric

de(x,y) = inf/ e 80w gg = inf/ o400 g,
vy vy
where d( -, vg) denotes the graph distance to the root vy = (zo, 0) of the hyperbolic filling,
ds denotes the arc length, and the infimum is taken over all paths in X joining x to y. We let
X=X Ud.X

be the completion of X, and equip it with the measure (g as in [8, Section 10], with

B =e(l—6)p.

Roughly, g is obtained by smearing out the measure e P"u(B(x, @™")) to the edges adjacent
to the vertex (x,n) € V. Note that ¢ = « and that o, appearing in various places in [8], is
in our case

e

o = =
logx

By [8, Proposition 4.4], Z and 9. X are biLipschitz equivalent (since ¢ = 1) and we will

therefore identify them as sets. However, the metrics are different. More precisely, by [8,

Proposition 4.4],

Cidz(x,y) <d:.(x,y) <Cadz(x,y) forallx,y € Z, 5.1

where C; = 1/2ta, C; = 4a*V /e and [ is the smallest nonnegative integer such that
a™! <t-—1.

Clearly, Z is uniformly perfect at x¢ if and only if 9. X is uniformly perfect at xo (with
comparable constants « and «). Moreover, if Q2 C Z is open and E € €2, then

X
» (E, Q2). (5.2)

capgp(E, Q) ~ capgf'
Note however that because of (5.1), if £ and 2 are balls with respect to Z, they will not in
general be balls with respect to 9. X, which needs to be taken into account when estimating
the capacity of annuli.
We will need the Newtonian (Sobolev) space on X, and its Sobolev and condenser capac-
ities, which we now introduce, see [2] or [8] for further details.
A property holds for p-almost every curve in X, if the curve family " for which it fails
has zero p-modulus, i.e. there is p € L?(X,) such that fy pds = ocoforeveryy e I'. A
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measurable function g : X, — [0, co] is a p-weak upper gradient of u : X, — [—00, 0]
if for p-almost all rectifiable curves y : [0, [, ] — X,

lu(y(0) —u(yUy)l < / gds,
y
where the left-hand side is ooiwhenever at least one of the terms therein is infinite. If # has a A p-
weak upper gradient in L”(X.), then it has a minimal p-weak upper gradient g, € L?(X,)
in the sense that g, < g a.e. for every p-weak upper gradient g € LP(X,) of u.
For measurable u : X, — [—00, 00], we let

1/p
||u||N1,p®=(fi i d-+in [ gpdﬂ> |

where the infimum is taken over all p-weak upper gradients of u. The Newtonian space on
X, is

N'P(Xy) = {u: < oo}

”M ”Nl,p()?g)
Note that functions in N7 (X,) are defined pointwise everywhere, not only up to a.e.-
equivalence classes. B
The Sobolev capacity of E C X, is
X, _ p
Cye(E) = inf ull},, o .
where the infimum is taken over all u € NP(X,) glch that u = 1 on E. The condenser
capacity of E C Q with respect to an open set Q2 C X, is

capf?g(E, Q) = it;f/ glapu,

X,

where the infimum is taken over all u € NP (X,) such that u = 1 on E and u = 0 outside
2. (In contrast to Definition 3.2, it is not required that supp # € 2.) For both capacities we
call such u admissible.

By [8, Theorem 10.3], 14 is doubling and supports a 1-Poincaré inequality on X, ie.

there exist C, A > 0 such that for each ball B = BXe (x, r) and for all integrable functions
u and 1-weak upper gradients g of # on AB,

fu—uslaus <cr f gdup. 53)
B AB

1
up = 4 udug = /udu .
’ ][B P upB) Jy

As X, is geodesic, the dilation constant in the 1-Poincaré inequality can be chosen to be
X = 1 and moreover X supports a (p, p)-Poincaré inequality (i.e. (5.3) with averaged L”-
norms on both sides) with dilation A = 1, see e.g. [2, Theorem 4.39]. It thus follows from
Bjorn-Bjorn—Shanmugalingam [7, Corollary 1.3] and [2, Theorems 6.7 (vii) and 6.19 (vii)]

where

that C;(S and cap;(e are outer capacities.
Another consequence of [8, Theorem 10.3] is that for every r < 2 diam, X, andx € Z,

/J,’g(Big (x, 1) ~ Py (B%(x,r)) = r'=OPu(BZ (x, r)). 5.4
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From (5.1) and (5.4) it follows that the exponent sets at xo € Z are the same for Z and
J¢ X, and that, for g > 0,

ﬂ —
qeQf q+;=q+(1—0)pegé(9,

and similarly for the other exponent sets. Moreover, if Z is uniformly perfect at xg, then the
doubling property implies that all the exponent sets for v and g are nonempty, see [5, (2.3)].
Hence

- ﬂ -
af =q) - T = gy =1 =0)p, (5.5)
and similarly for the other exponents. In particular,
p<g§9 — 9p<gg. (5.6)

We are now ready to estimate capacities on 9, X in terms of capacities on X, with the
aim to later translate them to capacities on the original space Z. The comparison constants
in this section are independent of the choice of xo and radii r and R, and depend only on 6,
p, Cy, o and 7, unless said otherwise.

Lemma 5.1 Assume that E C B?{X. Then
capep(E B )<capp‘(E B r)-

Proof As both capacities are outer, we may assume that E is open in Z. Letu € N Lp ()?j)
be admissible for cap PS(E B3 R /2) Then u = 0 outside ng I s and hence suppu & Bf R
Thus the restriction u|z is admissible for cap (E B ) and by [8, Theorem 11.3],

p
I

capg » (E B ) < [MlZ]g PX NS < llgu LP (X’

Taking the infimum over all # that are admissible for caplf (E, B3R/2) shows that
capgp(E B )<capp (E, B3R/2)_capp (E, B R
where the last comparison follows from [2, Lemma 11.22]. O

The following lemma controls how function values spread from Z to the hyperbolic filling.
This property will be essential for obtaining a reverse estimate to Lemma 5.1.

Lemma 5.2 Assume that u € Bg(Z) and b € R are such that u = b in B%X (x, Lr), where
L =14 a(l+ &+ Care) with Cy as in (5.1). Let U be the extension of u to X, given by

U((z,n)) = ][ udv, if(z,n)eV CX, 5.7
BZ(z,a™")
extended piecewise linearly (with respect to d;) to each edge in X, and then by
U((x) :=lim sup][ Udpg forx € 9:X. (5.8)
r—0 By, (x,r)

Then U = u v-a.e. in Z and U = b in BX¢ (x,r).
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Proof That U = u v-a.e.in Z was shown in [8, Theorem 12.1]. Let y € Bif (x,r)\Z. Then
y belongs to an edge [v1, v2], where v = (x1,n1) and v = (x2, np) are vertices in the
hyperbolic filling. We can assume that n; < ny < nj + 1. Then for j = 1, 2, since o = ¢€?,

a—n_,- a—n]
=

1
dg(y,vj) < / o Mdt=a™" and d.(vj,x;) =
0 ’ €

Since also

oo ot_'“_]

F > do(y, %) = diste(y, Z) = f o di = ,

np &

we have for all z € BZ(xj, a™i), j = 1,2, that using also (5.1),

de(x,2) <dp(x,y) +de(y,v)) +de(vj, xj) + Coa™"

1 1
<r+¢x_"‘<1+f+C2> <r+aer<1—|—f—|—C2) =Lr,

& €

and thus u(z) = b by assumption. It follows from (5.7) that U (x;) = b, j =1, 2, and hence
also U(y) = b. For y € BX<(x, r) N Z, the claim follows from (5.8). ]

Theorem 5.3 Assume that Z is uniformly perfect at xo with constant k, and that E C B?{X.
If BYS # Z then

3% X 3: X X, X,
capy’, (E, Byy) = capy*(E, Byj), (5.9)
with comparison constants also depending on k.
Proof The “<” inequality follows from Lemma 5.1, so it remains to show the “>” inequality.

As both capacities are outer, we may assume that E is open in Z. Let u be admissible for
capgff (E, Bg}x). Consider the extension U to X, given by (5.7) and (5.8). It then follows

from Lemma 5.2 that U = u v-a.e.in 9. X, U = 1on Eand0 < U < 1 on X,. Moreover,
by [8, Theorem 12.1],

/X godup Sulf o x- (5.10)

Letnextn : X, — [0,1]be a2/ R-Lipschitz cut-off function with suppn & BZX & such
thatn = 1 in B,)e(s. Then, by [2, Theorem 2.15],

2U
g <ngu +Ug, <gu + R

Since nU is admissible for capi,(‘E (E, Bleg), we have
7 T 1
X, Xe p P 2 p
cap,®(E, Byp) < /Bif &y d1p < /B’YS gy dunp + R st UPdug. (5.11)
2R 2R 2R
In view of (5.10), it therefore suffices to estimate the last term in (5.11) using the first
integral on the right-hand side. To thisend, let B = B jf(i r» Where k¢ is the uniform perfectness
constant of d; X at xo. We will use that
1p(B\suppU)

>0 >0,
np(B)
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where © is independent of U and B and only depends on ¢, k. and Cy,,. We postpone the
verification of this to the end of the proof and first show how it leads us to conclude the proof.
The Minkowski inequality yields

1/p 1/p
<][ Updu,g> §<][ |U—UB|pduﬁ) + Ug, whereUp ::][ Udpg.
B B B

(5.12)
Since Up = |U — Ug| in B\ supp U, we have
Us=f  Usdip=f U= Unldig
B\ supp U B\ supp U
1p(B) 1 e
<P U —Upldpg < —( { IU—-Usl”dps) .
npg(B\suppU) Jp CAW/:
Inserting this into (5.12) and using the (p, p)-Poincaré inequality for ug gives
][ UPdug §][ U —UglPdug < R”][ gy dup.
B B B
Together with (5.10) and (5.11) the last estimate implies that
capt (E, Byg) < f - 8udug + f gy dug Sulf o x (5.13)
By B

2R

Taking the infimum over all u that are admissible for capg‘f [)f (E, ngex) shows the “2>” inequal-
ity in (5.9).

It remains to show that ® > 0. By the uniform perfectness and the fact that B;’;X #* Z,
there is some x € Bg;f(R\ngex. Thenu = 0in BagX(x, R) and hence by Lemma 5.2, U =0

in BX: (x, R/L). From this and the doubling property of 11 we see that

pp(B\suppU) _ up(BY*(x, R/L)) _
np(B) - np(B) -

where © only depends on ¢, e and Cy, . O

® >0,

We are interested in the Besov capacity of annuli in Z. This is related to the Besov capacity
of annuli in 9, X (through (5.1) and (5.2)), which in turn is related to the capacity of annuli
in X, as follows.

Theorem 5.4 Assume that Z is uniformly perfect at xo with constant k. Let 0 < 2r < R and
L =oa(l + e+ Cae) as in Lemma 5.2. Assume that ng:;z # Z.Then

3:X [ pde 9. X Xe pXe X,
capy’, (BXY, By™) 2 cap(B,; . Bx"), (5.14)
with comparison constant also depending on k.

Proof We proceed as in the proof of Theorem 5.3 with E = B X and 2R replaced by R.
Lemma 5.2 shows that the function U constructed in (5.7) and (5.8) satisfies U = 1 in B:%L
and is thus admissible for cap;(g (Br)igL, Bl)gg), i.e. we can replace E by B:;‘L in (5.13). Taking

the infimum over all u that are admissible for capef;((B,a“X, B%X) shows (5.14). ]
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6 Enlarging Y

In this section we assume that Y is a compact metric space, equipped with a doubling
measure v, and let xo € Y be fixed.

Our aim is to embed Y into a suitable larger metric space Z. We will do this recursively,
but in this section we only do the first step.

As Y is compact there is a point x| such that d(x1, xg) = max,ecy d(x, xg). Let Y/ =
(Y',d',v)beacopyof Y = (Y, d, v), where we identify x| with its copy, but do not identify
any other points. Equip Y = Y U Y’ with the measure

DA =v(ANY)+V(ANY)
and the metric d so that

d(x,x1)+d (y,x1), ifxeYandyeVY,
d(x,y) = {d(x,y) ifx,ye?v,
d(x,y) ifx,yeY.

Lemma 6.1 The measure v is doubling on Y with doubling constant Cy; < 2C,, and satisfies
v(BY (x,r) < 9(BY (x,r)) < 20(BY (x,r)) ifx €Y andr > 0. 6.1

Moreover, if Y is uniformly perfect at xo with constant «, then Y is uniformly perfect at
xo with constant K = max{x, 2}.

Proof That (6.1) holds follows directly from the construction. A similar formula holds if
x € Y. Tt follows that ¥ is doubling with C; < 2C,,. R
As for the uniform perfectness, let » > 0 be such that B{r #+ Y. Then &r < 3d(xg, x1)
and hence r < %d(xo, x1). If r <d(xg, x1) then x| € Y\B,Y and thus there is
y € BL\B C BI\B/.
by the uniform perfectness of Y. On the other hand, if d(xg, x1) < r < %d (x0, x1), then
Bgr\Bry contains the copy of xg in Y. O

The constant 2 in £ in Lemma 6.1 is optimal as seen by the following example: Let
Y =[—1,0]U {1} with xo = 0 and x; = 1. In this case Y is uniformly perfect at O with any
constant > 1, but ¥ is only uniformly perfect at O with constant & > 2.

From now on we denote the distance by d and the measure by v also on Y.

Lemma6.2 Let Q@ C By(xy,x;)/2 be open and E € Q. Then
capy ,(E, Q) ~ capy ,(E, Q),
with comparison constants depending only on 0, p and C,.

Proof Lemma 6.1 shows that (4.1) in Lemma 4.10 holds for the spaces ¥ C Y. By the
doubling property of v,

v(P\Y) = (B (x1, 1d(x0, x1)) = v(Y\Q).
Since forall x € 2, y € ?\Y and y' € Y\, we have
d(x,y) ~d(xo.x;) and d(x,y') < 3d(xo.x1),

the statement follows from Lemma 4.10. O
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7 From unbounded to bounded spaces

In this section, we let Y be a metric space equipped with a doubling measure v and fix
xo € Y. We also remind the reader that throughout the paper, balls without a specified centre
are centred at x.

Lemma7.1 Let Yy = {xo} and é > 0. Forn =0, 1, ..., let

o0
Yorr = B (x.27"8) and ¥' =Y.

xeYy, n=0

Also let v' := v|ys. Then the following hold.:

Y nY
(a) B CY' C By,
(b) V' is doubling with C,; < CS,
(c) forallx € Y and 0 < r < 2diamY’,

V(BY (x,r) < v(BY (x, 1)) < CV (B (x, 7)),

(d) if Y is uniformly perfect at xo with constant «, then Y’ is uniformly perfect at xo with

constant k¥’ = max{k, 2}.

Proof That (a) holds is clear from the construction. If Y’ = {x(} then (b) is trivial, while (c)
and (d) are void. So assume that Y’ # {x¢}.

(c) The first inequality is obvious. By (a), r < 2diam Y’ < 8§. Let r’ = 23-ks. where

k > 0 is an integer such that %r < r’ < r. Then there is 7 € Y, for some n > k,

such that d(z, x) < %r’. By construction, there are z; € Y;, j = k,...,n — 1, such that
d(zj,zjy1) < 2778, where z,, := z. Hence x’ := z; € ¥, and
dix,xy <2'"7%s +d(z,x) < }Tr/ + ér’ = %r’.
Moreover,
(B (x.r) = v(B" (', 4r")) = Clv(BY (', gr'))
=BT, L) < v (BY (x, 1)) < V' (BY (x, ).
(b)Letx € Y and r > 0. If r < 2diam Y’, then by (¢),
v'(BY (x,2r)) < v(BY (x,2r)) < Cou(BY (x, 1)) < COV'(BY (x, r)).

If instead r > 2diam Y’, then BY (x,2r) = Y' = B (x, r) and the estimate is trivial.
(d)Letr > Obesuchthat BY, # ¥'.ThenY\B), > Y'\B!, # @and«'r < 28.Hence,
if «'r < § then thereis z € BZ/V\BrY = B{,;\Bry/. So we may assume that § < x'r < 28. As
Y| = B{l C B:,r G Y’ we see that Y,\ Y| # @. Therefore there are x| € Y; and x; € Y2\Y)
with d(x1, x2) < 38.
Assume for a contradiction that Blf,/r\BrY " — @. Since r < § < k'r we must have
d(x1, xg) < r and hence also

d(x2, x0) > k'r > 2r > 2d(x1, xo).

Thus,

@ Springer



41 Page 20 0f 26 A.Bjérn, J. Bjorn

18 > d(x1, x2) = d(x2, x0) — d(x1,x0) > 3d(x2, x0) = 3k'r > 18,
a contradiction. Hence BZ,;\B,Y ' #* . O

The following lemma shows that for the condenser capacity, the (possibly unbounded)
space Y can be effectively replaced by the bounded space Y’.

Lemma7.2 Let Y' be the space constructed in Lemma 7.1 with parameter § > 0. Assume
that Y is uniformly perfect at xo with constant k. Let R = §/2k, Q C B}g be open and
E € Q. Then

capy ,(E. ) ~ cap} ,(E. ),
with comparison constants depending only on 6, p, C, and k.

That the assumption of uniform perfectness cannot be dropped can be seen as follows:
Let

oo
Y ={0ju( J9B(0.,1/j) CR" and xo=0.
j=1

Since Y is a compact doubling metric space, it can be equipped with a doubling measure v,
see Volberg—Konyagin [34, Theorem 2] (or Heinonen [19, Theorem 13.3]). Note that Y is
not uniformly perfect at 0.

Let ¥ > 1 be given and § = 1/k! for some integer k > 2«. Then

Y = B) =B}, where R = §/2«.
Hence, for £ := Q := B}é, we have
capg’/p(E, Q) =0< capg‘p(E, Q).

Proof of Lemma 7.2 We shall use Lemma4.10.If Y’ = Y, there is nothing to prove, so assume
that Y’ # Y.LetY) and ¥ be asin Lemma 7.1. Then BY , = BY = Y| # Y.By the uniform
perfectness of Y, there is some z € BY, z\BYp C Y. Then BY (z, R) C Y>\Q C Y'\Q. Let
x € Qandy € Y'. Then

d(x,y) <26+ R =4k + 1R,
and hence, using that v’ = v|ys is doubling by Lemma 7.1, we obtain
V(B (x,d(x, y)) S V(BY (x, R))
<V'(BY(z,2(k + DR)) ~'(BY (z, R)) = v(BY (z, R)).

Thus, with 7(x, y) as in Lemma 4.10,

dv(y) —9
I(x,y)d > 7 _ R
/;/\Q (x, y)dv(y) Nv/By(Z’R) RGpU(BY(Z, R))

On the other hand, for y € A/ := Bzyjﬂa\BQYja, j=0,1,..., we have
d(x,y)~2/R and v(B'(x,d(x,))) Z v(A)).

Hence
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I(x,y)d < I(x,y)d
/y\y/ (x,y) V(y)<§)/m (x, y)dv(y)

o0
1
< -~ R < f I(x,y)dv(y).
JZ:(:) (27 R)¥P YA\Q

An application of Lemma 4.10, together with Lemma 7.1(c), concludes the proof. O

8 Proof of Theorem 1.1

Lemma 8.1 Let0 < ®1 < ®y < oo and R > 0. If v is doubling, then

/®2R< pﬁp )l/(pl)dp N( ROP )1/(171)
eR \V(Bp) p v(BR)

with comparison constants depending only on ®1, ®,, 0, p and C,,.

Proof By the doubling property of v, we have v(B,) >~ v(Bg) for all ® 1R < p < O2R.
The statement now follows by direct calculation of the integral. O

Remark 8.2 The comparison constants in Theorem 1.1 are independent of the choice of xo.
They depend only on 6, p, C, and the uniform perfectness constant «. In the proof below,
the constants C and C; (and thus the ultimate comparison constants) depend on « and t. To
avoid this dependence in Theorem 1.1, we can e.g. let « = 7 = 2. We have chosen not to fix
« and 7, so as to show that our proof is not dependent on fixing them.

Proof of Theorem 1.1 Let 0 < C; < 1 < C be the constants appearing in (5.1), which only
depend on «, T and ¢ = log . We can assume that ¥ > 2. To be able to use the hyperbolic
filling and the capacity results from Sect. 5, we need to use the results from either Sect. 6 or
Sect. 7, depending on if Y is bounded or not.

If Y is bounded, we use the construction from Sect. 6 recursively N times (with N only
depending on C,/C) and replace Y by its suitable enlargement Z so that BSZC2 rRiC, F 2.
Note that by Lemma 6.1, the doubling constant of v is enlarged at most by a factor depending
only on N. Applying Lemma 6.2 with E = B, and 2 = Bp several times to the consecutive
enlargements of Y, we obtain that

capg’p(B,, Br) >~ capgp(BrZ, B,%). (8.1)

If Y is unbounded, we let Z = Y’, where Y’ is as in Lemma 7.1 with § = 5kC,R/C1,
and then use Lemma 7.2 to obtain (8.1) also in this case. We will still denote the restricted
measure by v. By Lemma 7.1, the doubling constant of v is in this case only enlarged by the
power 6. Note that BSZC2 R/Cy G Z by the uniform perfectness condition.

The uniform perfectness constant ¥ > 2 remains the same also for Z, both with bounded
and unbounded Y. Since the left- and right-hand sides in (1.2) and (1.3) scale in the same
way, we may without loss of generality assume that 0 < diam Z < 1. Note that B}; =B 5
for p < R.

To conclude the proof, it suffices to estimate the latter capacity in (8.1). We consider two
cases.

If 2Cr > C1 R, then Proposition 4.1 yields

V(B%)

Z (pZ pZy .~
capj ,(BS, Bg) ~ ROp

)
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which by Lemma 8.1 is comparable to the right-hand side in (1.2).

If 2Cor < C1R, then we follow Sect. 5 and construct a hyperbolic filling X of Z with
parameters « and t, which we uniformize with parameter & = loga and equip with the
measure (g, with B = &(1 — 0)p, as in Sect. 5. As B 5C2R/C1 # Z we see that BSC;R *7Z

and thus diam X, > diam 9, X > 5C, R. We can then use Theorem 5.3, together with (5.1),
(5.2) and [2, Lemma 11.22], to conclude that

capf ,(BZ. BE) < capy  (BEY . BER)
< capp‘(BC2, , CIR) ~ capp‘(BCﬂ, CZR) (8.2)
Similarly, from Theorem 5.4, (5.1), (5.2) and [2, Lemma 11.22] we get
capg’p(BrZ, Blg) > cap (Bclr, CzR)
= capp (BClr/L’ BCQR) = capp (Bclr/L’ Bng/L) (8.3)

where L is as in Theorem 5.4.
Next, the comparison (5.4) between g and v gives

( oP )1/(171) ~< pﬂp >1/(P1)_< pep )1/(171)
Mﬁ(BXg) U(Bg) V(Bg)

Theorem 4.2 in Bjorn—-Bjorn—Lehrbick [6], together with the doubling property of g, then

shows that
C>R P 1/(”*1)51 I-p
X, - o 14
anf 85850~ ([ () %)
Cr Nup(Bp*) P
N (/R( pep )U(P—l) dp)l_P
A\ ) o
Similarly,

= = 1/(p—1 1-
» )?g(BXs S R pop /(P )dl p
Pp Beyr/L Berit) = . \v(BY) 0 ’

which together with (8.1)—(8.3) concludes the proof of (1.2). The estimate for capg » ({xo0},Br)
follows immediately by letting » — 0 in (1.2) since capg’ » is an outer capacity. O

9 Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2 The upper bounds follow directly from Proposition 4.4. For the lower
bounds we first construct Z as in the proof of Theorem 1.1. Since the left- and right-hand
sides in (1.6) and (1.7) scale in the same way, we may without loss of generality assume that
0 < diam Z < 1. Note that B} = BZ for p < Ro.

As in (8.3), we see that

capf ,(BZ. BF) 2 caply X (BEX, BEY) 2 capXe (BY: . BE ). ©.1)
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where L is as in Theorem 5.4. In (a), it follows from (5.6) that p < gé?* Hence, by Bjorn—
Bjorn—Lehrbick [5, Theorem 1.1], (5.4) and the doubling property of g,

Xe _
u,s(Bc,,/L) _vBHrOr (B

CappF(BC]r/L’ CzR) (C]I"/L)p — P = I"Op (92)

In (b), we instead have p > 58( ¢ and [5, Theorem 1.1], together with (5.4) and the doubling
property, yields

ws(BGig) _ v(BY)
(C2R)P RO
Inserting (9.2) and (9.3) into (9.1) and using (8.1) proves the lower bounds in (1.6) and (1.7).

It remains to discuss the sharpness. Let 0 < 2r < R < C1Ry. If the lower bound in (1.6)
holds, then by Proposition 4.4,

X, pXe X,
capy* (Bely 1 Bosg) 2 (9.3)

v(B!) _ o v(BY)
- S cap (B BY) S — ot

)

which immediately implies that 6 p € Qg . The argument for (1.7) is similar, using the upper

bound v(B,)/reP from Proposition 4.4.
Finally, if p > 1 then Theorem 5.3, together with (5.1), (5.2), (8.1), (1.7) and (5.4), yields

Xs e e as
cappg(BXS Bp*) Z capy’, (Ba X Bg") 2 cape p(B,/CZ, B,%/Cl)

v(BY)  up(By)
ROP RP

U 4 Y Y
~ Cap@,p(Br/Cz’ BR/Cl) >

Theorem 1.3 in Bjorn—Bjorn—Christensen [3], applied to X,, then implies that p > ﬁ())? i
which is equivalent to 8 p > 6(1)/ . O

In the borderline cases we have the following result corresponding to Theorem 1.2.

Theorem 9.1 Assume that Y is a complete metric space which is uniformly perfect at xo and
equipped with a doubling measure v. Let p > 1,0 <0 < 1and 0 < Ry < %diam Y, with
Ry finite.

Then the following hold for 0 < 2r < R < Rq, with comparison constants depending on
Ry, but independent of xo, r and R.

(a) If0p = max Q) then

v(By) R\'77 v(BR) R\'77
" <log7) S cap],(Bro Br) S T (log ) (9.4)

ropr

(b) If0p = min O, then

1-p 1-p
(o) sl BB S WG (e ) 09

ROp
Moreover, if the lower bounds in (9.4) and (9.5) hold, then 6p < supgg and 0p >

. =Y .
inf Q, respectively.
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Proof The estimate (9.4) follows directly from Theorem 1.1 since
6p Op Op
R < 0 < r
v(BR) V(Bp) v(B;)

as 6 p = max Q(); . The estimate (9.5) is shown similarly.
For the last statement, the lower bound in (9.4) and Proposition 4.4 imply for all ¢ > 0
that

B el B B RNy R
v(Br) ~ v(Br) L ~\R L ~\R& :

where the implicit constant in the last “<<” depends on e. ThusOp — ¢ € Qg forevery ¢ > 0,

showing that 6 p < sup Q g . The implication (9.5) = 0 p > inf Qg is proved similarly. O

Remark 9.2 If Y is unbounded, then Theorems 1.2 and 9.1 hold with Ry = oo if QO’ 4 Qo
and g are replaced by

B,
Q:{q>0:M((B))§<%>qfor0<r<R<oo}, qg =sup Q,
Y w(Br q Y
_ B, R
Q={q>0:M((B))Z(%>qfor0<r<R<oo,}, g = inf Q.

M(DR

Remark 9.3 The comparison constants in Theorems 1.2 and 9.1 are independent of the choice
of xp, but depend on 6, p, C,, Ro and the uniform perfectness constant «.

In Theorem 1.2(a) they also depend on the choice of g € (Op, g, 0) from the proof of [5,
Proposition 6.1] leading to the estimate (9.2), and on the comparison constant appearing in
the definition of g € Q.

Similarly, in Theorem 1.2(b) the constants also depend on the choice of g € (g, 0 p)
from the proof of [5, Proposition 6.1] leading to the estimate (9.3), and on the comparison
constant appearing in the definition of ¢ € Q.

In Theorem 9.1 the dependence is similar but with ¢ = 6 p. In Remark 9.2, the dependence
is instead in terms of Q and Q.

Proof of Theorem 1.3 Let Z = Y’, where Y’ is as in Lemma 7.1 with § = % Then 0 <
diam Z < 1. (If Y is bounded we may instead let Z be a rescaled version of Y.) Then let
X be the uniformized hyperbolic filling for Z constructed in Sect. 5. By Corollary 4.8 on
both Y and Z, together with Lemma 7.2, it suffices to prove the statements (a) and (b) for

Cg p({xo}), which in turn is comparable to Cl)fg ({xo}) by [8, Proposition 13.2].
As in (5.5), it follows that p > inf S)° in (a), while p ¢ So° or 1 < p € SX* in (b).
Hence, Proposition 8.2 in [5] implies that C;,(E ({x0}) > 0in (a), and CI),(E ({x0}) = 0in (b).

When p > 1, the conclusions can also be derived from Theorem 1.1. m}
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