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Abstract

For a marked surface ¥ and a semisimple algebraic group G of adjoint type, we study the
Wilson line morphism g} : Pg,s — G associated with the homotopy class of an arc
¢ connecting boundary intervals of ¥, which is the comparison element of pinnings via
parallel-transport. The matrix coefficients of the Wilson lines give a generating set of the
function algebra O(Pg.x) when ¥ has no punctures. The Wilson lines have the multiplica-
tive nature with respect to the gluing morphisms introduced by Goncharov—Shen [18], hence
can be decomposed into triangular pieces with respect to a given ideal triangulation of X.
We show that the matrix coefficients c}/-,u(g[c]) give Laurent polynomials with positive inte-
gral coefficients in the Goncharov—Shen coordinate system associated with any decorated
triangulation of X, for suitable f and v.
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1 Introduction

The moduli space of G-local systems on a topological surface is a classical object of study,
which has been investigated both from mathematical and physical viewpoints. Wilson loops
give a class of important functions (or gauge-invariant observables), which are obtained as
the traces of the monodromies of G-local systems in some finite-dimensional representations
of G.

For a marked surface ¥, Fock—Goncharov [9] introduced two extensions Ag 5; and X =
of the moduli space of local systems, each of which admits a natural cluster Sstructure.
Here G is a simply-connected semisimple algebraic group, and G = G /Z (G) is its adjoint
group. The cluster structures of these moduli spaces are distinguished collections of open
embeddings of algebraic tori accompanied with weighted quivers, related by two kinds of
cluster transformations. The collection of weighted quivers is shared by Ag 5 and AG. x,
and thus they form a cluster ensemble in the sense of [11]. Such a cluster structure is first
constructed by Fock—Goncharov [9] when the gauge groups are of type A,, by Le [35]
for type By, Cy,, D, (and further investigated in [23]), and by Goncharov—Shen [18] for all
semisimple gauge groups, generalizing all the works mentioned above and giving a uniform
construction.

In [18], Goncharov—Shen introduced a new moduli space Pg 5 closely related to the
moduli space X, 5, which possesses the frozen coordinates that are missed in the latter. When
dX = ¥, we have Pg,» = A x, and otherwise the former includes additional data called
the pinnings assigned to boundary intervals. The supplement of frozen coordinates turns out
to be crucial in the quantum geometry of moduli spaces: for example, it is manifestly needed
in the relation with the quantized enveloping algebra in their work. The data of pinnings
also allow one to glue the G-local systems along boundary intervals in an unambiguous way,
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which leads to a gluing morphism

qE\,E» - Pc,s — Pg .

Here ¥’ is obtained from X by gluing two boundary intervals E1 and E; of X.

1.1 The Wilson lines

Using the data of pinnings, we introduce a new class of G-valued morphisms
8ie1 Pax —> G,

which we call the Wilson line along the homotopy classes [c] of a curve connecting two
boundary intervals called an arc class. Roughly speaking, the Wilson line g[] is defined to
be the comparison element of the two pinnings assigned to the initial and terminal boundary
intervals under the parallel-transport along the curve c. Our aim in this paper is a detailed
study of these morphisms. Here are main features:

Multiplicativity We will see that the Wilson lines have the multiplicative nature for the
gluing morphisms. If we have two arc classes [c1] : E1 — E3 and [c7] : Eé — E3on
%, then by gluing the boundary intervals E» and E}, we obtain another marked surface =’
equipped with an arc class [c] := [c1] * [c2], which is the concatenation of the two arcs.
Then we will see that the Wilson line g] is given by the product of the Wilson lines gj.,]
and g.,]. See Proposition 3.11 and Fig. 3.

Open analogue of Wilson loops Let

Ply| Z’PGy): — [G/Ad G]

be the morphism given by the monodromy along a free loop |y |, which we call the Wilson
loop in this paper'. Using the multiplicativity above, one can compute the Wilson loop
from the Wilson line along the arc obtained by cutting the loop y along an edge. See
Proposition 3.12 and Fig. 4. In this sense, the Wilson lines are “open analogues” of the
Wilson loops.

Generation of the function algebra The matrix coefficients of Wilson lines give rise to
regular functions on Pg, 5. Moreover, we will see in Sect. 3.4 that the function algebra
O(Pg x) is generated by these matrix coefficients when ¥ has no punctures. Therefore
Wilson lines provide enough functions to study the function algebra O(Pg.x).

Universal Laurent property Shen [40] proved that the algebra O(Pg,x) of regular func-
tions on this moduli stack is isomorphic to the cluster Poisson algebra O (Pg. 5 ), which is
by definition the algebra of regular functions on the corresponding cluster Poisson variety.
Hence the matrix coefficients of Wilson lines belong to O (Pg . x). In other words, they are
universally Laurent polynomials, meaning that they are expressed as Laurent polynomials
in any cluster chart (including those not coming from decorated triangulations).

We remark here that the essential notion of Wilson lines has been appeared in many related
works including [4, 9, 13, 18, 19, 39] (mainly as a tool for the computation of Wilson loops),
while our work would be the first on its systematic study in the setting of the moduli space
Pc.x. Via their coordinate expressions as we discuss below, the Wilson lines (loops) have
been recognized as related to the spectral networks [13] and certain integrable systems [39].

! In literature, the composition of this function with the trace in a finite-dimensional representation of G is
called a Wilson line. We call them the trace functions in this paper.
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1.2 Laurent positivity of Wilson lines

Our goal in this paper is a detailed study of the Laurent expressions of the matrix coefficients
of Wilson lines in cluster charts on Pg 5. Moreover, it will turn out that a special class of
matrix coefficients give rise to Laurent polynomials with non-negative coefficients.

Fock-Goncharov’s snake formula. Coordinate expressions of Wilson loops (or the trace
functions) have been studied by several authors. In the A case, a combinatorial formula
for the expressions of Wilson loops in terms of the cross ratio coordinates is given by Fock
[8] (see also [7, 36]). It expresses the Wilson loop along a free loop |y| as a product of the
elementary matrices

11 1 0 1/2 0
L = (0 1) , R = <1 1) , H()C) — <X0 x_1/2> € PGLZ,

which are multiplied according to the turning pattern after substituting the cross ratio coor-
dinates into x.

Inthe A, case, Fock—Goncharov [6] gave a similar formula called the snake formula, which
expresses the Wilson loops in the cluster coordinates associated with ideal triangulations
(called the special coordinate systems). In particular, the trace functions are positive Laurent
polynomials (with fractional powers) in any special coordinate systems.

Generalizations of the snake formula. Generalizing the special coordinate systems,
Goncharov—Shen [18] gave a uniform construction of coordinate systems on Pg, s asso-
ciated with decorated triangulations.> Let us call them the Goncharov—Shen coordinate
systems (GS coordinate systems for short). The special coordinate systems in the type A,
case are special instances of the GS coordinate systems, where the choice of reduced words
are the “standard” one (see (4.8)). Unlike the special coordinate systems, however, a general
GS coordinate system no longer have the cyclic symmetry on each triangle. The data of
“directions” of coordinates is encoded in the data of decorated triangulations, as well as the
choice of reduced words on each triangle.

Locally, a natural generalization of the snake formula is given by the evaluation map [6]
parametrizing the double Bruhat cells of G. We will see that the “basic” Wilson lines by, bg
on the configuration space Conf3Pg,which models the moduli space on the triangle, can
be expressed using the evaluation maps. Since the multiplicativity allows one to decompose
Wilson lines into those on triangles, one can write the Wilson lines as a product of evaluation
maps when the direction of GS coordinates agree with the direction that the arc class traverses
oneach triangle. This is basically the same strategy as Fock—Goncharov [6], but manipulations
in the recently-innovated moduli space Pg, > makes the computation much clearer, thanks
to the nice properties of the gluing morphism [18].

Transformations by cyclic shifts. In general, we need to transform the evalutation maps
in the expression of Wilson lines by the cyclic shift automorphism on Conf3Pg, in order to
match the directions of a given GS coordinate system with the direction of the arc class on each
triangle. The cyclic shifts are known to be written as a composite of cluster transformations,
which is computable in nature but rather a complicated rational transformation. While the
matrix coefficients of g.] are at least guaranteed to be Laurent polynomials as we discussed
above, it is therefore non-trivial whether their coefficients are non-negative integers.

2 Actually, they described more coordinate systems geometrically: those along flips of ideal triangulations
and along rotations of dots. We do not investigate these additional coordinate systems in this paper.
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Let us further clarify the problem which we will deal with. A function f € O(Pg x) is
said to be GS-universally positive Laurent if it is expressed as a Laurent polynomial with
non-negative integral coefficients in the GS coordinate system associated with any decorated
triangulation A. This is a straightforward generalization of special good positive Laurent
polynomials on Xpgy,,, = in [9]. Moreover, a morphism F' : Pg x — G is said to be
GS-universally positive Laurent if for any finite-dimensional representation V of G, there
exists a basis B of V such that

F*c} , € O(Ps.5)

is GS-universally positive Laurent for all v € B and f € F, where I is the basis of V* dual
to B. Our result is the following:

Theorem 1 (Theorem 5.2) Let G be a semisimple algebraic group of adjoint type, and assume
that our marked surface ¥ has non-empty boundary. Then, for any arc class [c] : Ein — Eout,
the Wilson line gi¢) : Pg,x — G is a GS-universally positive Laurent morphism.

Since the Wilson loops p| : Pg,s — [G/ Ad G] can be computed from the Wilson lines
by Proposition 3.12, it immediately implies the following:

Corollary 2 (Corollary 5.3) Let G be a semisimple algebraic group of adjoint type, and
ly| € 7@ (2) a free loop. Then, for any finite dimensional representation V of G, the trace
Sunction try (o)) = pl*;,‘ try € O(Pg.x) is GS-universally positive Laurent.

Corollary 2 is a generalization of [9, Theorem 9.3, Corollary 9.2].

Here we briefly comment on the proof of Corollary 1. By the construction of the GS
coordinate system on Pg_ 5 associated with a decorated triangulation, the Laurent positivity
of a regular function on Pg, 5 can be deduced from the Laurent positivity of its pull-back
via the gluing morphism gx : ]_[TG,( a) Pe,r = Pg,x associated with the underlying ideal
triangulation A. In other words, we can investigate the Laurent positivity of a regular func-
tion on Pg x by a local argument on triangles. Indeed, a key to the proof of Corollary 1
is a construction of a basis Fpos, 7 of O(Pg, 1) consisting of GS-universally positive Lau-
rent elements, which is invariant under the cyclic shift and compatible with certain matrix
coefficients.

We show that such a nice basis is constructed whenever we have a nice basis Fpos ,9f the
coordinate ring O(U;") of the unipotent cell U of G. In particular, the invariance of Fpos 7
under the cyclic shift on Pg 7 comes from the invariance of Fps under the Berenstein-Fomin-
Zelevinsky twist automorphism on U [1, 2]. An example of a basis of O(U;") which satisfies
the list of desired properties (see Theorem 5.7) is obtained from the theory of categorification
of O(U}) via quiver Hecke algebras, which has been investigated, for example, in [28-33,
37, 38].

The GS-universally positive Laurent property is weaker than the universal positive Lau-
rent property [11], which requires a similar positive Laurent property for all cluster charts.
By replacing the GS-universally positive Laurent property with universal positive Laurent
property, we have the notion of universally positive Laurent morphisms. Then, it would be
natural to expect the following:

Conjecture 3 For any arc class [c] : Ein — Eout, the Wilson line gi¢) : Pg,x — Gisa
universally positive Laurent morphism. Moreover, the trace function try (pj,|) € O(Pg,x)
is universally positive Laurent.
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Indeed, it is known that this conjecture on the trace functions holds true for type A; case
[9]. In our continuing work [24] with Linhui Shen, it is shown that the generalized minors of
Wilson lines are cluster monomials. In particular, they are known to be universally positive
Laurent [21].

1.3 Future directions
Poisson brackets of Wilson lines

The absolute values | try (p),,|)| of the trace functions in the vector representation are well-
defined smooth functions on the positive-real part Pg 5 (R~o) (or Xg 5 (R-0)), in spite of
the fact that V is not a representation of the adjoint group G. In the type A, case, Chekhov—
Shapiro [4] proved that the cluster Poisson brackets of these functions reproduce the Goldman
brackets [16]. Their argument is local in nature and seems to be applicable also to Wilson
lines, and it can be expected that (absolute values of) certain matrix coefficients of the Wilson
lines form an open analogue of the Goldman algebra.

Quantum lifts of Wilson lines

Any cluster Poisson variety X' admits a canonical quantization, namely a one-parameter defor-
mation O, (&) of the cluster Poisson algebra O(X) and its representation on a certain Hilbert
space as self-adjoint operators [10]. It will be an interesting problem to consider a quan-
tum analogue of the matrix coefficients of the Wilson lines, which belong to O, (Pg, 5 ) and
recovers C}/,v (g1¢p) in the classical limit g — 1. A special example is the Goncharov—Shen’s

realization of the quantum enveloping algebra Uq(b+) inside the quantum cluster Poisson
algebra [18, Section 11], whose generators are quantum lifts of certain matrix coefficients of
the Wilson line along an arc class that encircles exactly one special point (see Lemma 3.14).
In the type A, case, quantum lifts are also studied by Douglas [5] and Chekhov—Shapiro [4].

A comparison with the quantization of the moduli stacks in terms of the factorization
homology studied by [26] will also be an important problem.

Organization of the paper

Geometric study of Wilson lines (Sects. 2, 3) After recalling basic notations in Sect. 2,
we introduce the Wilson line morphisms in Sect. 3 and study their properties from the
geometric point of view. Some basic facts on the quotient stacks are summarized in Sect. 1. In
Sect. 3.4, we prove the generation of the function algebra O(Pg x) by the matrix coefficients
of Wilson lines when ¥ has no punctures. We give the decomposition formulae for the
Wilson lines in Sect. 3.5.4, as a preparation for the study on the coordinate expressions.
Coordinate expressions and Laurent positivity (Sects. 4, 5) After recalling the Goncharov—
Shen coordinates on the moduli space Pg,x and relevant coordinate systems on unipotent
cells and double Bruhat cells in Sect. 4, we study we study the coordinate expressions of the
Wilson lines and prove Corollary 1 in Sect. 5. In the course of the proof, we construct a basis
of O(Pg,r) for atriangle T consisting of GS-universally positive Laurent elements, which is
invariant under the cyclic shift. Some basic notions on the cluster varieties, weighted quivers
and their amalgamation procedure are recollected in Appendix B.
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2 Configurations of pinnings

Denote by G,, = SpecCl[z, '] the multiplicative group scheme over C. For an alge-
braic torus T over C, let X*(T) := Hom(T, G,,) be the lattice of characters, X, (T) :=
Hom(G,,, T) the lattice of cocharacters, and (—, —) the natural pairing

(—, =) Xu(T) x X*(T) — Hom(G,,, G,) =~ Z

Fort € T and u € X*(T), the evaluation of y at ¢ is denoted by 7.

2.1 Notations from Lie theory

In this subsectlon we briefly recall basic terminologies in Lie theory. See [25] for the details.

Let G bea 1 simply-connected connected simple algebraic group over C. Let B* be aBorel
subgroup of G and H a maximal torus (a.k.a. Cartan subgroup) contained in B*, respectively.
Let U™ be the unipotent radical of B*. Let

X *(ﬁ ) be the weight lattice and X *(ﬁ ) the coweight lattice;

o C X*(ﬁ) the root system of (5, ﬁ);

@, C P the set of positive roots consisting of the H -weights of the Lie algebra of U;
{og | s € S} C D4 the set of simple roots, where S is the index set with |S| = r;

{ey |s€S}C X, (H) the set of simple coroots.

Fors € S, letw, € X*(FI) be the s-th fundamental weight defined by («,’, @wy) = 8. Then
we have o, = ), g Curwy for t € S, where Cy; := (&), o) € Z. We have

X*(H) =) Zw, and X.(H)=) Za;.
seS seS
The sub-lattice generated by a; for s € S is called the root lattice. ~
For s € S, we have a pair of root homomorphisms x;, ys : Al = G such that

hxg(Oh™ = xs(h® 1), hys(Oh™" = y(h™*1)

for h € H. After a suitable normalization, we obtain a homomorphism ¢;: SL, — G such
that

Ps <<(1) Lf)) = xs(a), Ds ((; ?)) = ys(a), Ps <<g a91>> = 0{;/(11).

The group G = G 4 (G) is called the adjoint group, where Z (G) denotes the center of G.
Then BT := B+/Z(G) is a Borel subgroup of G and H := H/Z(G) is a Cartan subgroup
of G. Moreover the unipotent radical of BT is isomorphic to U™ through the natural map
G — G, which we again denote by U™T. Then we have B* = HU™. The natural map
H — H induces Z-module homomorphisms

X*(H) =) Zay— X*(H) and X.(H) > X.(H) =Y Lo,
seS ses

where @’ € X, (H) is the s-th fundamental coweight defined by (w,”’, ;) = 85,5 we tacitly
use the same notations for the elements related by these maps. The above mentioned one-
parameter subgroups x;, ys descend to the homomorphisms x,, y;: A! — G with the same
notation. There exists an anti-involution

T:G—)G,gn—)gT
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of the algebraic group G given by x; )" = ys(t)and h" = hfors € S,t € A', h € H.This
is called the transpose in G. Let

e B~ := (B™")T be the opposite Borel subgroup of B, and U~ := (UH)T;
e Go:= U HU™ C G the open subvariety of triangular-decomposable elements.

Definition 2.1 In G, define E* := x,(1) € U and F* := y,(1) € U~ foreach s € S. Let
H* : G,, — H be the one-parameter subgroup given by H*(a) = @’ (a).

Weyl groups Let W(é) = IYE(I-NI )/ H denote the Weyl group of 5, where Ng (ﬁ ) is the
normalizer subgroup of H in G. For s € S, we set

Fs 1= @y ((? _01)> € Nz(H).

The elements r := ?SI:IV € W(E) have order 2, and give rise to a Coxeter generating set for
W (G) with the following presentation:

W(G) = (rs (s € S) | (rsr)™ =1 (5.1 € 5)),
where my, € Z is given by the following table
CuyCiu: 0 1 2 3
mg: 2 3 4 6°

For a reduced word s = (s1,...,s¢) of w € W(a), letus write w =7y, ...7, € Ng(I-NIN),
which dges not depend on the choice of the reduced word. WeNhave a~1eft action of W(G)
on X*(H) induced from the (right) conjugation action of Ng(H) on H. The action of ry is
given by

rei= e — o), o

fors € Sand ju € X*(H).

Forw € W(G), write the length of w as [(w). Let wg € W(a) be the longest element of
W (G), and set sg := Wo> € Ng(H). It turns out that sg € Z(G), and s2 = 1 (cf. [9, §2]).
We define an involution § — S, s — s* by

Ogx = — WOy

We note that the Weyl group W(G) := Ng(H)/H of G is naturally isomorphic to the Weyl
group W(G) of G, and we will frequently regard w as an element of Ng(H) by abuse of
notation. Remark that s¢ = Wy2 = 1in G.

Irreducible modules and matrix coefficients Set X *(ﬁ V4 = Y esLrows C X *(ﬁ )
and X*(H)y := X*(H) N X* (ﬁ)+. For A € X*(H)4, let V() be the rational irreducible
G-module of highest weight A. A fixed highest weight vector of V(1) is denoted by v,. Set

Vi i= W.U)

for w € W(G). There exists a unique non-degenerate symmetric bilinear form ( ), : V() x
V(») — Al satisfying

v =1, (g, v = g V)
forv,v" € V(A) and g € G. Forv € V (1), we set
v = (0 e (0, 0)0) € VIVE, fur i= v 2.1
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Note that (vy;., vya)x = 1 forall w € W(G).
For a G-module V, the dual space V* is considered as a (left) G-module by

(g.f,v) = (f,g"v)

forg € G, f € V*and v € V. Note that, under this convention, the correspondence v + vV
for v € V(L) gives a G-module isomorphism V(1) — V(A)* for A € X*(H)+.For f € V*
and v € V, define the element c‘f/,v € O(G) by

g (f.gv) (2.2)

for g € G. An element of this form is called a matrix coefficient. For . € X*(H)4, we

simply write C},v = c}/,(j ), Moreover, for w, w’ € W(G), the matrix coefficient

Apiwti, = c}wmm. (2.3)

is called a generalized minor.
The *-involutions We conclude this subsection by recalling an involution on G associated
with a certain Dynkin diagram automorphism (cf. [20, (2)]).

Lemma22 Let*x: G — G, g — g* be a group automorphism defined by

g wo(g~Hwy .

Then (g*)* = g forall g € G, and x5(t)* = xg= (1), ys()* = yg=(t) fors € S.

For a proof, see [23, Lemma 5.3].

2.2 The configuration space Conf, Pg

Let G be an adjoint group. Here we introduce the configuration space Conf;Ps based on
[18], which models the moduli space Pg, 1 for a k-gon IT.

Definition 2.3 The homogeneous spaces Ag := G/U™T and Bg := G/B™ are called the
principal affine space and the flag variety, respectively. An element of Ag (resp. Bg) is
called a decorated flag (resp. flag). We have a canonical projection 7 : Ag — Bg.

The principal affine space can be identified with the moduli space of pairs (U, ¥), where
U C G is a maximal unipotent subgroup and ¢ : U — Alisa non-degenerate character.
See [19, Section 1.1.1] for a detailed discussion. The basepoint of A¢ is denoted by [U™].
The flag variety B will be identified with the set of connected maximal solvable subgroups
of Gviag.Bt > gBTg~ L.

The Cartan subgroup H acts on Ag from the right by g.[UT].h := gh.[UT] forg € G
and h € H, which makes the projection 7 : A — Bg a principal H-bundle.

A pair (By, By) of flags is said to be generic if there exists g € G such that

g-(B1, By) == (¢.B1,¢.B2) = (BT, B").

Using the Bruhat decomposition G = UweW(G) UtHwUT, it can be verified that the G-
orbit of any pair (A, A2) € Ag x Ag contains a point of the form (h.[U™], w.[UT]) for
unique 7 € H and w € W(G). Then the parameters

h(Ay, Ay) :=h and w(Aj, Ay) == w
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are called the h-invariant and the w-distance of the pair (A, A3), respectively. Note that
the w-distance only depends on the underlying pair (7w (A1), w(A2)) of flags, and the pair is
generic if and only if w(A1, A2) = wg. The following lemma justifies the name “w-distance”
and provides us a fundamental technique to define Goncharov—Shen coordinates.

Lemma 2.4 ([18, Lemma 2.3]) Let u, v € W(G) be two elements such that l(uv) = l(u) +

[(v). Then the followings hold.

(1) If a pair (B, By) of flags satisfies w(B1, By) = uv, then there exists a unique flag B’
such that

w(Bi, B) =u, w(B', By) =v.
(2) Conversely, if we have w(B1, B") = u and w(B’, By) = v, then w(By, By) = uv.

Corollary 2.5 Let (By, B;) be a pair of flags with w(B;, B,) = w. Every reduced word
s = (s1,...,5p) of w gives rise to a unique chain of flags By = By, By, ..., By = B, such
that w(Bi—1, Br) =r,.

Next we define an enhanced configuration space by adding extra data called pinnings.

Definition 2.6 (pinnings) A pinning is a pair p = (By, By) € Ag x Bg of a decorated flag
and a flag such that the underlying pair (B1, By) € Bg x Bg is generic, where By := w(Bj).
We say that p is a pinning over (By, B>).

An important feature is that the set P of pinnings is a principal G-space, and in particular
Pg is an affine variety. In this paper, we fix the basepoint to be pgq := ([UT], B™), so that
any pinning can be writen as g.pgq for a unique g € G. The right H-action of A induces
aright H-action on Pg, which is given by (g.psw).h = gh.psq for g € G and h € H. Each
fiber of the projection

(4, 7-) : PG — B x Bg, p=(Bi, B2) — (B, Bo) (2.4)

is a principal H-space.
For p = g.pgd, we define the opposite pinning to be p* = gwg.psa. We have
(g-Pstd-h)* = g.plq-wo(h) forg e Gandh € H.

Remark 2.7 We have the following equivalent descriptions of a pinning. See [18] for details.

(1) A pair p = (B1, By) € Ag x Ag of decorated flags such that h(B1, B,) = e and the
underlying ,Paii of flags is generic (i.e., w(§1, §2) = wy). The opposite pinning is given
by p* = (B2, B1).

(2) Adatap = (B, B%; (5} (1))ses, (67 ())ses), where (B, B°P) is a pair of opposite Borel
subgroups of G and (“g‘;r (t))s, (&, (t))s are one-parameter subgroups determined by a
fundamental system for the root data with respect to the maximal torus B N B°P. The
opposite pinning is given by p* = (B, B; (§; (—1))ses. (&, (=1))ses)-

For k € Z>,, we consider the configuration space

ConfyPg = [G\{(B1, ..., B p12, - - -+ Pk—1,k> Pk, 1)},

where B; € Bg,and p; ;41 is apinning over (B;, B;41) forcyclicindicesi € Zy. Here we use
the notation for a quotient stack. See Sect. 1. By Lemma C.5, Conf}Pg is in fact a geometric
quotient, whose points are G-orbits of the data (B, ..., Bk; p12, ..., Pk—1.k» Pk.1)-

We will sometimes write an element of Conf; Pg (i.e.a G-orbit) as[pi2, ..., pk—1.k> Pk.1],
since the remaining data of flags can be read off from it via projections. However, the reader
is reminded that the tuples of pinnings must satisfy the constraints w_(p;—1,;) = 74+ (pi i+1)
fori € Z.
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Fig.1 A marked surface ¥ with
P = {mg}and S = {m, my, m3}.
A boundary interval E € B is
shown in red

3 Wilson lines on the moduli space Pg >

In this section, we first recall the definition of the moduli space Pg 5 for a marked surface
¥. We give an explicit description of the structure of P x as a quotient stack as an algebraic
basis for the arguments in the subsequent sections. Then we introduce the Wilson line and
Wilson loop morphisms on the stack Pg, s and study their basic properties. Finally we give
their decomposition formula for a given ideal triangulation (or an ideal cell decomposition)
of .

3.1 The moduli space Pg >

Topological setting. A marked surface (X, M) consists of a (possibly disconnected) compact
oriented surface ¥ and a fixed non-empty finite set Ml C X of marked points. See Fig. 1 for
an example.

e A marked point is called a puncture if it lies in the interior of X, and special point if it
lies on the boundary. Let P = P(X) (resp. S = S(X)) denote the set of punctures (resp.
special points), so that M =P LI S.

e We call a connected component of the set dX\S a boundary interval. Let B = B(X)
denote the set of boundary intervals. By convention, we endow each boundary interval
with the orientation induced from 0 X.

Let * := X \ P. We always assume the following conditions:

(1) Each boundary component has at least one marked point.
2) n(2) := 2x(Z)+|S| > 0.

These conditions ensure that the marked surface ¥ has an ideal triangulation with n(X)
triangles, which is the isotopy class A of a triangulation of ¥ by a collection of mutually
disjoint simple arcs connecting marked points. Each boundary interval belongs to any ideal
triangulation of X. Denote the set of triangles of A by #(A), and the set of edges by e(A).
Let ejni (A) C e(A) be the subset of internal edges, so that e(A) = ejnc(A) LU B.

In this paper, we only consider an ideal triangulation having no self-folded triangle (i.e.
a triangle one of its edges is a loop) for simplicity. Indeed, thanks to the condition (2), our
marked surface admits such an ideal triangulation. See, for instance, [12]3. More generally,
one can consider an ideal cell decomposition: it is the isotopy class of a collection of mutually
disjoint simple arcs connecting marked points such that each complementary region is a

polygon.

3 Note that the number n loc. cit. is the number of interior edges of an ideal triangulation.
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Framed G-local systems with pinnings. Recall that a G-local system on a manifold M is
a principal G-bundle over M equipped with a flat connection.

Let £ be a G-local system on X*. A framing of L is a flat section § of the associated bundle
Lp := L xg Bg on a small neighborhood of M. Notice that a choice of any element B € B¢
determines a flat section §,, near m € S, while only a G-invariant element B corresponds to
a flat section ,, near m € IP (defined over a circular domain).

Definition 3.1 (Fock-Goncharov [9]) Let X, 5 denote the set of gauge-equivalence classes
of framed G-local systems (L, ).

A framing B of L is said to be generic if for each boundary interval E = (m7; E»Mg) with
initial (resp terminal) special point m}; g (resp. mp), the associated pair (BF 5> Bg) is generic.
Here ;3 ¢ 1s the section defined near mf, and such a pair is said to be generic if the pair of
flags obtained as the value at any point on E is generic.

Let (£, B) be a G-local system equipped with a generic framing 8. A pinning over (L, )
is a section p of the associated bundle Lp := L x g Pg on the set X \ S such that for each
boundary interval E € B, the corresponding section pg is a pinning over (ﬂg, Bg). Here
the last sentence means that pg is projected to the pair (,BZ, Bg) via the bundle map

Lrle T Lolp x Lolg — (£8),: X (£5),-
where the former map is induced by the projection (2.4), and the latter is the evaluation at the
points mf Since Lp is a principal G-bundle, a pinning of (£, 8) determines a trivialization
of £ near each boundary interval.

Definition 3.2 (Goncharov—Shen [18]) Let Pg 5 denote the set of the gauge-equivalence
classes [L, 8; p] of the triples (L, B; p) as above.

If the marked surface ¥ has empty boundary, we have Pg v = X x. In general we
have amap Pg x — A, s forgetting pinnings, which turns out to be a dominant morphism.
The image X% 5, consists of the G-local systems with generic framings. For each boundary
interval E, we have a natural action « E 1 Pg,s x H — Pg, s given by the rescaling of the
pinning pg. Here recall that the set of pinnings over a given pair of flags is a principal H-
space. Thus the dominant map Pg » — A, 5 coincides with the quotient by these actions.

The following variant of the moduli space is also useful. Let 2 C B be a subset. A framed
G-local systern is said to be E-generic if the pair of flags associated with any boundary
interval in E is generic. Then we define the notion of E-pinning over a E-generic framed
G-local system, where we only assign pinnings to the boundary intervals in E.

Definition 3.3 Let Pg x.z denote the set of gauge-equivalence classes of the triples (£, B, p),
where (£, B) is a E-generic framed G-local system and p is a E-pinning.

Obviously we have Pg 5.0 = Xg,x and Pg .3 = Ps.x-

3.1.1 The moduli space Pg 5 as a quotient stack

For simplicity, consider a connected marked surface X. Fix a basepoint x € X*. A rigidified
framed G-local system with pinnings consists of a triple (£, B; p) together with a choice of

s € L. The group G acts on the isomorphism classes of rigidified framed G-local systems
with pinnings (£, 8, p; s) by fixing (£, 8, p) and by s — s.g for g € G.
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Fig.2 Some of the curves in the
defining data of the atlas of Pg 5

A rigidified G-local system (L;s) determines its monodromy homomorphism p
m1(X*,x) — G. Given a based loop y at x, the element p(y) € G gives the compari-
son of the fiber point s € £, with its parallel-transport along y. It is a classical fact that the
conjugacy class

[p] € Hom(m1 (2%, %), G)/G

depends only on and uniquely determines the isomorphism class of £. The quotient stack
Locg.y = [Hom(m (X%, x), G)/G] is called the (Betti) moduli stack of G-local systems
on X.

In order to parametrize the isomorphisms classes of rigidified framed G-local systems,
let us prepare some notations. See Fig. 2.

e For each puncture m € P, let y,,, € 71 (X*, x) denote a based loop encircling m.

e Enumerate the connected components of dX* as 91, ..., dp, and let §; € 71 (Z*, x) be a
based loop freely homotopic to d; and following its orientation fork =1, ..., b.

e Fork =1,..., b, choose a distinguished marked point m; on the boundary component
or. Let E fk), ol E;’,‘k) be the boundary intervals on 9 in this clockwise ordering so that
my, is the initial marked point of £ ](k).

e Take a path e](k) =€pm from x to a point on the boundary interval £ fk) fork=1,...,b,

1
and let ej(k) = €.k be a path from x to E ;k) such that the concatenation eg.k;; | =
J K Js

(e](.k))_1 * e}li)l is based homotopic to a boundary arc which contains exactly one marked
point, the initial vertex of E](.k) for j =2,..., Ng.
In the pictures, the location of distinguished marked points is indicated by dashed lines. We
will use the notation €g g/ := egl x e for two boundary intervals E # E’.
Notice that given a rigidified framed G-local system,

o the flat section of L5 around m € PP gives an element A,,, € B¢ via the parallel-transport
along the path from m to x surrounded by the loop y;, and the isomorphism B¢ 5 Ly,
g.B s.gh

e Similarly, the flat section of Lp defined on a boundary interval E gives an element
¢ € Pg via the parallel transport along the path €.

Let mg.k) € M denote the initial marked point of the boundary interval £ ;.k) . By convention,
mﬁk) =my fork =1, ...,b. Then we have:

Lemma 3.4 There is a bijection between the set of isomorphism classes of the rigidified
framed G-local systems with pinnings on (X, x) and the set of points of the complex quasi-
projective variety Pé[j?;:k}) consisting of triples (p, A, ¢) € Hom(1 (%, x), G) x (Bs)™ x
(PG)® which satisfy the following conditions:
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o p(Yim)-hm = Ay forallm € P.
o () =A w andn,(qu(k)) =A,® fork=1,....,band j = 1,..., Ni, where
i 7 j j+1

J
weseth @ = p@Br)A .
. GO

Moreover the correspondence is G-equivariant, where the group G acts on PGmk}) by

(P, 1, ) — (gpg™ ", g.A, g.9) forg € G.

Definition 3.5 The moduli stack of framed G-local systems with pinnings on % is defined to
be the quotient stack

Po.x = [PV /G]
over C.

Lemma 3.6 Suppose we replace the dlstlngulshed marked points as m), := m, k) by a shift

on a boundary component 0, and mk, := my for k' # k. Then we have a G-equivariant
isomorphism
(i) > ({mih
PG.Z PG Zk
given by sending

Ao AN = 2y AN BR)AD, (D1, D) = (@2, -1 BN P (B1)-d1)

and keeping the other data intact. Here )\ ; = )‘m(") and ¢j = (bE(k) forj=1,..., N
j J

Proof Follows from 7y (0(8k).¢1) = p(8k).m+(d1) = p(8k).A1 and w_(0(8p).1) =
P T—($1) = pK)> A1 = p(81).(p(81)-A1). o

Hence the quotient stack Pgx is independent of the choice of distinguished marked points.
When no confusion can occur, we simply write Pg 5 = Pé;{f;':"}) .

Partially generic case For any subset & C B, the moduli stack of E-generic framed G-local
systems with E-pinnings (recall Definition 3.3) is similarly defined as

Po.x:z = P20 /Gl. 3.1

where the algebraic variety P( ): . is obtained from P({m‘ ) by forgetting the Pg-factors
corresponding to B \ E. Here some of the distinguished marked points may be redundant to
obtain the atlas. For &’ C &, we have an obvious dominant morphism Pg x.5 = Pg.x: 5
When E # ¢, the stack PG .z is still representable.

Disconnected case When the marked surface ¥ has N connected components, we consider
a rigidification of a framed G-local system (with pinnings) on each connected component.
Then the atlas Pg x is defined to be the direct product of those for the connected components,
on which GV acts. The moduli stack ‘Pg,x is defined as the quotient stack for this GN -action.

3.2 Gluing morphisms
An advantage of considering the moduli space Pg 5, rather than X 3, is its nice property

under the gluing procedure of marked surfaces. Let us first give the “topological” definition
of the gluing morphism. An explicit description as a morphism of stacks is given soon below.
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Let ¥ be a (possibly disconnected) marked surface, and choose two distinct boundary
intervals E7 and Eg. Identifying the intervals E; and Eg, we get a new marked surface
/. Letpr : ¥ — X’ be the corresponding projection, where E’ := pr(EL) = pr(Eg) is a
simple arc on X',

On the level of moduli spaces, given (£, 8; p), the pinning pg, assigned to the boundary
interval Ez determines a trivialization of £ near Ez for Z € {L, R}, since P is a principal
G-space. Then there is a unique isomorphism beween the restrictions of (£, §) on X to
neighborhoods of E; and Er which identify the pinnings pg, and pzk. In this way we
get a framed G-local system with pinnings g, £, (L, 8; p) on X’. Note that the result is
unchanged under the transformation Op, £ (h) : (pE,. PER) V> (PE,.h, pER.wo(h)) for
some h € H. We get the gluing morphism [18, Lemma 2.12]

qe;.Ex - Pe.x = Pz, (3.2)

which induces an open embedding g, g, : Pc.x/H — Pg, s/, where H acts on Pg 5 via
o Er, E;P .

The gluing operation is clearly associative. In particular, given an ideal triangulation A
of X, we can decompose the moduli space Pg 5 into a product of the configuration spaces
Conf3Pg as follows. Let H” denote the product of copies of Cartan subgroups H, one for

each interior edge of A. It acts on the product space Péyz = ]_[Tet( Ay Pg,r from the right
via Op, EP for each glued pair (Er, Eg) of edges.

Theorem 3.7 ([18, Theorem 2.13]) Let A be an ideal triangulation of the marked surface .
Then we have the gluing morphism

—

an: PRy > Pox. (3.3)

which induces an open embedding q » : [Pé’E/HA] — PG,

The image of ga is denoted by Pé,z C Pg.s, which consists of framed G-local systems
with pinnings such that the pair of flags associated with each interior edge of A is generic.

Presentation of the gluing morphism Let us give an explicit presentation Gg, g,

pi )
plicity, we assume that the resulting marked surface X’ is connected. Choose a basepoint
x’ € ¥’ on the arc E’, and write pr~' (x") = {x1, xg} with x; € E7 and xgz € Eg. We also
use the identifications M((X') = M(X) \ {mfR} and B(X') = B(Z) \ {EL, ERr}.

Then we distinguish the two cases: (1) ¥ has two connected components ¥; and Xg
containing E;, and Eg, respectively, or (2) X is also connected. See Fig. 3 and 4. For example,
the gluing morphism in Theorem 3.7 is obtained by succesively applying the gluings of the
first type.

of the gluing morphism (3.2) for some atlases for later use. For sim-

~

(1) The disconnected case In this case, we have the van Kampen isomorphism (T, x) =
w1 (X}, xp)xm (X%, xg). For simplicity, we assume that the distinguished marked points
on the boundary components containing E; and Eg are identified under the gluing.
The other cases are then obtained by composing the coordinate transformations given
in Lemma 3.6. Given (pr, AL, #L; PR, AR, ®R) € PG 5 = PG 5, X PG sy, let us write
(pL)E, = gL-Pswa and (PR)E, = &R-Psw- Define (o, 1', ¢) € Pg 5 by

‘) = L) ify e m (X7, x1),
PUVIZ0NAd, — i(or(y) ify € mi(Sh xg),

8LW0L R
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V. [ if m € M(ZL),
" | eLwogy - (er)m ifm € M(ZR) \ {m, ),

N (A if E e B(S) \ {EL),
E | erwogr! - (dr)e if E € B(Sg) \ {ER).

Then p’ is extended as a group homomorphism 71 (X'*, x’) — G.Interms of the rigidified
framed G-local systems, we have chosen the rigidification data given on X; as that for
3.

(2) The connected case In this case, 71 (X%, x') is generated by the image of the inclusion
T (2%, x) — m (X", x') induced by ¥ ~ X'\E’ — X’ and the based loop a :=
pr(eEL1 * €g,). When E; and Eg belong to distinct boundary components, we assume
that their distinguished marked points are identified under the gluing. The other cases are
then obtained by composing the coordinate transformations given in Lemma 3.6. Given
(p, A, ¢) € Pg 5, letus write ¢, = g1.paa and ¢g, = gr.psua. Define (o', 1/, ¢') €
Pg s by

oy e ify € m (Z*%, xp),
p(y) = .
gLwogy ify =a,
A= Az
¢ = dlvcs)-
Then p is extended as a group homomorphism (X', x') — G.
Lemma 3.8 The morphism Gk, g Pé{gk}) — Pé{gﬁ}) given above descends to a morphism
PG, s — Pg.x, which agrees with the topological definition of the gluing morphism (3.2).

Proof The morphism ¢, g, is clearly G-equivariant, and hence descends to a morphism
Pc,x — Pg,s . In order to see that it agrees with the topological definition, observe the
following.

In the disconnected case, consider the action of the element ngT)gI;1 on the triple
(PR, AR, ®r) by rescaling the rigidification. After such rescaling, the pinning assigned to
the boundary interval Eg gives g Lwioglgl A(PrR)ER = &LW0.Psd, Which is the opposite of the
pinning (¢ ) g, . Thus the gluing condition matches with the one explained in the beginning
of this subsection.

In the connected case, note that the monodromy p’(«) is the unique element such that
0/ (@).(gr.pstd)® = gL.Psid, Which is given by p' (@) = ngT)g;l. The remaining data is
unchanged, since the system of curves {8, €g} on X is naturally inherited by X’. O

3.3 Wilson lines and Wilson loops

We are going to introduce the Wilson line morphisms (Wilson lines for short) on Pg_ 5 for a
marked surface with non-empty boundary.

Let Ein, Eout € B be two boundary intervals, and ¢ a path from Ej, to Eqy in X*. First
we give a topological definition. For a point [£, B; p] € Pg.x, choose a local trivialization
of £ on a vicinity of Ej, so that the flat section pg, of Lp associated to Ej, corresponds to
Dsid- This local trivialization can be extended along the path ¢ until it reaches Eqy. Then the
flat section pg,, determines a pinning under this trivialization, which is written as g.p%, for
a unique element g = g.([£, B; p]) € G. It depends only on the homotopy class [c] of ¢
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relative to Ej, and Eqy: we call such a homotopy class [c] an arc class on the marked surface
X, and write [c] : Eij, — Eoy in the sequel. Then we have a map

g1 P,z — G,

which we call the Wilson line along the arc class [c] : Ein — Eout-

The Wilson lines can be defined as morphisms Pg, 5 — G, as follows. Fix a basepoint x €
>* and the collection {my} of distinguished marked points, and consider the corresponding
presentation Pz = [P((;{,";k}) /G]. Notice that any arc class [c¢] : Eijn — Eou can be

decomposed as [c] = [eEi“]’l * [yx] * [€E,, ], where y, is a based loop at x.
Proposition 3.9 Define a G-equivariant morphism g[c; : P((;{";k}) — G x G of varieties by

Zl1(0s 1, #) = (g P (V) 8Ew W0, 8y

where we write o = gEg.psd for a unique element gg € G for a boundary interval E. Here
G acts on the first factor of G x G trivially, and by the left multiplication on the second. Then
the induced morphism gi¢) : Pg,s — G of varieties agrees with the topological definition
given above.

Proof Observe that [G x G/G] = G by Lemma C.2. Therefore g[ induces a morphism
8lc] : Pg,s — G of Artin stacks by Lemma C.3. The action on the target amounts to
forgetting the second factor.

Consider the rigidified framed G-local system with pinnings (£, B, p; s) corresponding
to a given point of P x. The rigidification s determines a local trivialization of £ near x, and
the section pg, (resp. pg,,,) gives the element gg, . psid (resp. gk, -Pstd) via the parallel-
transport along the path €, (resp. €g,,, ) under this local trivialization. Moreover, notice that
the section pg,, gives p(Vx)8E,, -Psid Via the parallel-transport along the path y, x€g, . The
local trivialization of £ near Ej, so that pg,, corresponds to pgq is given by the rigidification
s. ggill]. The latter trivialization can be continued along the path eghl] * Yy * €g,,, for which

the section pg,, gives ggil O(Vx)8Egy - Pstd = gEil P (Vx)8Eou W0-Ply as desired. m}

Remark 3.10 (1) As the proof indicates, the second component of the presentation morphism
8[¢1 1s introduced in order to make it G-equivariant, rather than G-invariant (note that
when G acts on some variety X trivially, then [X/G] # X as a stack). As we shall see
in Remark 3.17, Pg 5 is a variety if ¥ has no punctures, hence g|¢} : Pg,s — G can be
directly defined.

(2) The Wilson line gj¢] along an arc class [c] : Ein — Eqy can be defined as a morphism

8icl * PG, 5B, B = O

since it does not refer to the pinnings other than pg,, and pg,,. Here recall (3.1).

The Wilson lines g[¢) have the following multiplicative property with respect to the gluing
of marked surfaces. Let X be a (possibly disconnected) marked surface, and consider two arc
classes [c1] : E1 — E> and [c2] : Eé — FE3. Let ¥/ be the marked surface obtained from
¥ by gluing the boundary intervals E> and EY. Then the concatenation of the arc classes
[c1] and [c2] give an arc class [c] : E; — E3 on X’. See Figs. 3 and 4. Recall the gluing
morphism 9Ey E) Pc,s — Pg.x-

Proposition 3.11 We have qZZ,Egg[C] = 8lc1] * 8lcal-
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E3 E3

E E, E) Ey
Glue E; and Ej
AN
Fig. 3 Multiplicativity of Wilson lines, disconnected case
1] @ o

Proof Recall the presentation of the gluing morphism given in Sect. 3.2. We may assume
that ' is connected without loss of generality, and divide the argument into the two cases.

By Glue Eq and Fs
AANAND

Ey (Y

Fig.4 Multiplicativity of Wilson lines, connected case

(1) Disconnected case In this case, we have
Try 58161 = 85, (822 W08 ) + 8£,)W0
= gEllgEZ?TO : gE;gEﬂTO
= 8le1] " 8leal
(2) Connected case In this case, consider the based loop « := pr(egzl * € Eé) e m (X, x).
See Fig. 4. Then we have g,] = ggllp(ot)g&% and ﬁzz,Eép(a) = gEZWOgE;. Hence
Tp,, 8161 = 85, (8E, W08 ) )8E; T
= gEIIgEZITO ‘ g,;;gEWTO
= 8lc1] " 8leal

[m}

As a variant of the above argument, we can describe the monodromy homomorphism
in terms of the Wilson lines. Given a based loop y € 71(Z*, x), we have the evaluation
morphism

evy : Pgx =G,

which takes the monodromy p () along y for a givenrigidified G-local system with pinnings.
Note that the set of conjugacy classes in (X%, x) is identified with the set 7 (X*) :=
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[S', =*] of free loops on £*. Let 7 (Z*, x) — 7 (X*), [y] — |y| denote the canonical
projection. Then the morphism ev, descends to a morphism p,| : P,z — [G/Ad G] that
fits into the commutative diagram

evy
PG,Z — G

l l

P:,x o [G/AdG],

which only depends on the free loop |y | € 7 (X*). We call p|,| the Wilson loop along |y |.

Proposition 3.12 Let ¥ be a marked surface, [c] : E1 — E, an arc class. Let ¥’ be
the marked surface obtained from ¥ by gluing the boundary intervals E\ and E,, and
y € m (2%, x') be the based loop arising from [c]. Here we choose the basepoint x' € ©'*
on the edge arising from E1 and E,. Then we have the following commutative diagram of

morphisms of stacks:

8lc
PG,2¢>G

4. | l (3.4)

Po.x - [G/ AdG,
where the right vertical morphism is the canonical projection.

Proof From the presentation of the gluing morphism given in Sect. 3.2, we have

~ — 1 ~(1
G5, 50y = 85008, = Adg,, B]),

where §[(:]) denotes the first component of the morphism g defined in Proposition 3.9. In
other words, we have the commutative diagram

- }
Py 2 6x6 —2 G

qE, .Ezl lAdgEZ °opr] l

PGy T G —— [G/AdG]
and thus we get the desired assertion. O

Remark 3.13 (Twisted Wilson lines) Let 11 (2, B) be the groupoid whose objects are bound-
ary intervals of ¥ and morphisms are arc classes with the composition rule given by
concatenations. Then each point [L, 8; p] € Pg,x defines a functor

gl (L, B pD) i TI(Z,B) > G, [c] — gL, B; p),

where gﬁ,’“]([ﬁ, B: pl) = gie([L, B; pl)wg denotes the twisted Wilson line and the group
G is naturally regarded as a groupoid with one object. Note that an automorphism [c] of a
boundary interval E in IT; (X, B) can be represented by a loop y based at x € E, and the
conjugacy class of the twisted Wilson line gECW] coincides with the Wilson loop py,|. Although
the Wilson lines themselves do not induce such a functor, we will see that they possess a nice
positivity property as well as the multiplicativity for gluings explained above.
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3.4 Generation of O(Pg, 5) by matrix coefficients of (twisted) Wilson lines

We are going to obtain an explicit presentation of the function algebra O(Pg ) by using the
(twisted) Wilson lines when X has no punctures. In the contrary case 9 ¥ = J, the description
of the function algebra O(Pg.x) = O(Xs.x) as an O(Locg,x)-module has been already
obtained in [9, Section 12.5].

Choose a generating set S = {(«;, ,Bi)le, Vm)meP, (5k)2=1} of m1(X*, x), a collection

{my} of distinguished marked points, and paths eg.k) = €, as in Sect. 3.1.1. Then we get
- j

the atlas P( m‘ , which consists of triples (p, A, ¢) satisfying certain conditions described
in Lemma 3 4

Assume that ¥ has no punctures, and choose one boundary interval, say, Eg := E %1).
Write ¢ = gg.psd. 8 € G for E € B and set gp := gg,. Then we have a G-equivariant
morphism

P({mk _ G28%b o GBME « G

which sends (p, A, ¢) to the tuple

=l1,...,

Here pg,(y) == gy ! p(y)go is the monodromy along y for the local trivialization given by
the pinning ¢g, for y € S, and ggy g = g 1g EwWo is the Wilson line along the arc class
gy, E]l = [EEOI x€g] : Egp — E.The group G acts on the last factor of G2stb x GB\ED} x G
by left multiplication, and trivially on the other factors. Then it descends to an embedding

CDEO . PG,E P( mk})/G] N G2g+b GIB\{E()} (35)

of Artin stacks. Note from Remark 3.13 that pg,(y) for y € S can be regarded as the twisted
Wilson line along the based loop y, at x € Ey. We can take their matrix coefficients, not
only their traces.

Foreachk =1, ..., b, consider the paths ek i, J 1 which are based-homotopic to boundary
arcs which contain exactly one marked point m for j =1,..., Ni. Here the indices are
read modulo Ni.

Lemma 3.14 The Wilson line gl i1 along the arc class [e;]fj._l] : E;k) — Eﬁk_)l takes values
in BT.

Proof Let E (resp. E») denote the boundary interval having mi.k) as its initial (resp. terminal)

point. Let ¢; = g;.psta be the pinning assigned to E; fori = 1, 2. Itcan happenthat E; = E»:

in that case, we have g» = p(8x)~'g1. From the condition i (P1) = A0 =TT (¢2), we
j

get g1.BT = g,.B~ = g,wq.B™". Hence gj —1=81 Ygwp € BY. ]
, _ *) *)
Since eEO’E;k) = EEO,E;\Z? K EN, N1 K KE L WE have
k
8y £ = €V TOEN) 170 &V 08 (3.6)

fork=1,...,band j =2, ..., Ny —1.Here g(k) =8, EW denotes the Wilson line along
k) Nk

the arc class [GEO’EE\ZZ] 1 Ey — El(\]fk) fork=2,...,b,and g(l) := 1. See Fig. 5.

@ Springer



Wilson lines and their Laurent positivity Page210of60 34

diy

B

51:<s.2

Fig.5 Some Wilson lines

Therefore the embedding (3.5) gives rise to another embedding
o :PG,Z N G2g+b % Gb—l x (B+)Z£:1 Nk7

which is represented by a morphism ) E, that sends a G-orbit of (p, A, ¢) to the tuple

((PEO(OQ) PE,(Bi), ,0E0(5k))z =L.... g & =2, ., (g” 1)k 1 b go) (3.7

..........

Theorem 3.15 The image of the embedding ® g, is the closed subvariety which consists of
the tuples (3.7) satisfying the following conditions:

e Monodromy relation: T[5_,[pE, (@), pE, (B - [Toy £E, (%) = 1;
e Boundary relation: (gl(\];k)yNk_luTo) ce (ggfiwio)(gglfl)vkw*o) = pE, (8k)_1f0rk =1,...,b.

Proof Tt is clear from the previous discussion and the multiplicative property of the twisted
Wilson lines g[C] = g[cJwo that the image of ® g, satisfies the conditions. Conversely, given a
tuple (3.7) which satisfies the conditions, we can reconstruct the G-orbit of a triple (o, A, @) €
Pé{j')ék}), as follows. We first get the monodromy homomorphism pg, normalized at the
boundary interval Eg, and the pinning ¢g, = psd. The other pinnings are given by ¢ :=
(8Ey,E-Pstd)™ for E € B\{Eo}, where gg, r € G is determined by the formula (3.6). The
collection X of the underlying flags is given by

kmi_k) =y (¢E(_k))

k — (k -
= (g(k)wo)(gNk Ni— (wo) - -+ (gﬁ-_zz,leo)g;le,j-B
k — k — (k
= RO, 1) (81 T 8V T BT
=TT_ .
(¢E§k_)1)

Each consecutive pair of flags is generic, since

[0 20 1= 1B W05 1B 1= B, B

by ¢%)_, € B*. Thus we get (p. 1, ¢) € PV

normalized as g, = ps. ]
Corollary 3.16 When X has no punctures, we have

O(Pg.5) = (OGP @ 0(G)®¢=D @ O(BHOTia My /76 5,
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B 1N Ey

FEo 91,3 FEy Ey 91,3 :E4 EQ: 91,3 :E4

Es Es Es
g1,3 € GO0 g1,3 € BtwgB*t g3 €G

Fig.6 Some Wilson lines on the moduli space P, ¢, g- The boundary intervals not belonging to E are shown
by dashed lines

where |/ 9g. s is the radical of the ideal 9 x. generated by the two relations described
in Theorem 3.15. In particular, the function algebra O(Pg %) is generated by the matrix
coefficients of (twisted) Wilson lines.

Remark 3.17 When X has no punctures, one can see that the variety Pg’;"}) is affine via the
embedding ® Ey» on which G acts freely. Hence the moduli space P(C{;mzk}) is representable by

the geometric quotient Pé{ﬁk}) /G by Lemma C.5.

Remark 3.18 When X has punctures and non-empty boundary, we have
O(Pg.5) = (0G)®**) © 0G)®F © O(G)**~) © O(BH®Thet M)/ TG 5,

where p is the number of punctures, G = {(g,B) € G x Bg | g € B} denotes the
Grothendieck—Springer resolution, to which the pair (o, (yin), Am) for m € IP belongs. The
ideal .%; ¥ is generated by the monodromy relation

8 p b
[ [toeo@, peg B [ ] £E0 ) - [ | o (B0) = 1
i=1

j=1 k=1

and the same boundary relation, where we fixed an appropriate enumeration P =
{m1,...,mp}. In particular, (9(6) contains some functions not coming from the matrix
coefficients of the twisted Wilson line pg, (y,,): see [9, Section 12.5] and [40, Section 4.2]
for a detail.

Example 3.19 When X = T is a triangle, we have
O(Pg.1) = OB 1/ S6.1,

where 2 7 = ( g3.2W082,1w081,3Wo = 1 ). As we have seen in Corollary 3.25, the images
of the Wilson lines g; j_; are in fact contained in the double Bruhat cell B;. This can be
seen as g3 2 = (%gi%%)%(ﬁogi iﬁ) € B~ wopB ™ and the cyclic symmetry.

Example 3.20 When X = Q is a quadrilateral, we have
O(Ps,0) = O(BH)®// 75,0,

where Y 0 = ( g4,3W083,2W082,1W081,4wo = 1 ). Let us consider the Wilson line g1 3 on
PG, o shown in the left of Fig. 6. Letting g3,1 := Wogiéﬁo = (gf3)T, we get the relations

£1,3W083,2W082,1wo = 1,
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£3,1W081,4W0g4,3w0 = 1.

Then similarly to the previous example, we get g13 € B woB™ and g3,1 € B~ woB™,
the latter being equivalent to g1.3 € BT™woB™. Thus we get g1.3 € G¥*"° = BTwgB™ N
B~ woB~.
Example 3.21 (partially generic cases) The restriction g1.3 € G0 in the previous example
can be viewed as a consequence of the genericity condition for the consecutive flags. Let us
consider the moduli space Pg ¢.g with E = {E{, E2, E3} and E = {E}, E3}, which are
schematically shown in the middle and in the right in Fig. 6, respectively. In these cases we
have less Wilson lines and less restrictions for the values of g; 3: it can take an arbitrary value
in BYwgB™ and in G, respectively.

In particular, we have Pg o.(g,,E;) = G. The configuration of flags is parametrized as
[BY, B™, 813 .BT, g1,3.B7]. Our discussion shows that the image of the dominant morphism
P:G,0 = PG, 0:1E,,E5y = G is exactly the double Bruhat cell G*0-"0.

3.5 Decomposition formula for Wilson lines

We are going to give a certain explicit representative of an element of Conf3zPg. We also
introduce certain functions on these spaces called the basic Wilson lines, which will be the
local building blocks for the general Wilson line morphisms. The standard configuration
makes it apparent that the values of the basic Wilson lines are upper or lower triangular.

3.5.1 The moduli space for a triangle

Let T be a triangle, i.e., a disk with three special points. The choice m of a distinguished

marked point determines an atlas Pc(;m} of the moduli space P¢ 7. Note that the representable

stack [Pém% /G] is nothing but the configuration space Conf3Pg. In other words, the moduli
space Pg, can be identified with the configuration space Conf3Pg in three ways, depending
on the choice of a distinguished marked point. Let us denote the isomorphism by

fin : Pe.1 — Conf3Pg. (3.8)

For later use, it is useful to indicate the distinguished marked point by the symbol * on the
corresponding corner in figures, which we call the dot. See Fig. 8 for an example.

In topological terms, the isomorphisms f;, are described as follows. Let us denote the three
marked points of T by m, m’, m” in this counter-clockwise order. Let E := [m, m'], E/ :=
[m',m"], E"” := [m"”, m] be the three boundary intervals. Given [L, 8; p] € Pg.r, the local
system L is trivial. We have three Sections B, B/, B of L defined near each marked
point, and three sections pg, pgr, pe» of Lp defined on each boundary interval. Then

fm Po.T 5 Conf3Pg,
(L, B; p1 = [Bm(x), B (x), B (x); PE(X), pE/(X), pEr(X)]. (3.9

Here we extend the domain of each section until a common point x € T via the parallel
transport defined by £. The following is a special case of Lemma 3.6.

Lemma 3.22 The coordinate transformation f, o f,’ Ujs given by the cyclic shift

Ss : Conf3Pg — Conf3Pg, [pE, pers perl+ [per, pers pE,

which is an isomorphism.
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An explicit computation of the cyclic shift S3 in terms of the standard configuration is given
in Sect. 5.

3.5.2 The standard configuration and basic Wilson lines

Now let us more look into the configuration space Conf3Pg, which models the moduli space
Pc.r as we have seen just above. Let UF := U N BTwyBT denote the open unipotent

cell, which is an open subvariety of U*. Let ¢/ : U} > U, be the unique isomorphism
such that ¢’(uy).B* = u.B~. See Appendix A for details.

Lemma 3.23 (cf. [9, (8.7)]) We have an isomorphism

C3:H x Hx UJ = Conf3Pg,
(h1, ha,uy) = [BY, B™,us.B™; paa, ¢ (u)h1Wo. psia, us-haWo. psal

of varieties.

We call the representative in the right-hand side or the parametrization Cs itself the standard
configuration.

Proof Since C3 is clearly a morphism of varieties, it suffices to prove that it is bijective. Let
(B1, Bz, B3; p12, p23, p31) be an arbitrary configuration. Using the genericity condition for
the pairs (By, By), (B2, B3) and (B3, By), we can write [By, B>, B3] =[BT, B~,uy.B™]
for some u € UJ. Using an element of BY N B~ = H, we can further translate the
configuration so that pjp = pgq. Note that a representative of (B, B2, B3; p12, P23, P31)
satisfying these conditions is unique.

Since p31 is now a pinning over the pair (u4.B~, BT), there exists hy € H such that
P31 = urhowq. pyd. Let us write pr3 = g.pga for some g € G. Since pp3 is a pinning over
the pair (B~, u;..B™), we have g.B™ = B~ and hence g = b_wy for some b_ € B~. We
alsohave g.B~ = uy.B~ = ¢'(uy)wg.B~, where the latter is the very definition of the map
¢’ . Itimplies that b_ = ¢'(u)h; for some h; € H.Thus we get the desired parametrization.

O

Thus we get an induced isomorphism
O(Conf3Pg) — OH)®* @ OU])

of the rings of regular functions. Note that we can represent a configuration C € ConfzPg
in the following two ways:

e C = [psd, P23, P31], where the first component is normalized,
o C =[P}y, Ph3. Pstdl, where the last component is normalized.

Such representatives are unique since the set of pinnings is a principal G-space.

Definition 3.24 Define the elements by, = by (C), bg = br(C) € G (“left”, “right”) by the
condition

P31 = (br.psd)”, Plo = (br.psta)™

The resulting maps by, br : Conf3Pg — G are called the basic Wilson lines.
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Note that we have (bgrwg) ! = b wy, since

C = P2, Phss Pstdl = [PRWO. Pstd» Pass Pstdl = [Pstd> (bRW0) ™' Phs, (brW0) ' psual-

We remark here that these functions already appeared in [19, Section 6.2]. The following is
a direct consequence of Lemma 3.23:

Corollary 3.25 We have by, (C) € B} and br(C) € B for any configuration C € Conf3Pg.
The resulting maps

by : Conf3Pg — B, Cr> br(0), (3.10)
bg : Conf3Pg — B, , C+ br(C) (3.11)
are morphisms of varieties, which are explicitly given by
br(C3(hi, ha,uy)) = uyhs € B,
bR(C3(h1, h2,uy)) = W5~ (urh2)™'Wo = (u4h2)")' € B,

Remark 3.26 The definition of the basic Wilson lines by and by can be rephrased as follows.
Let us write a configuration as C = [g1.psud, &2-Pstd» &3-Pstd] € Conf3Pg. Then we have

bL(C) =gy 'g3wo and br(0) = g5 ' g1W0,
and their regularity is also clear from this presentation.

The H3-action. Recall the right H 3_action on Conf3Pg givenby [p12, p23, p31].(k1, ka2, k3) =
[p12.k1, p23.ko, p31.ks] for (ki, ko, k3) € H3. Tt is expressed in the standard configuration
by

C3(h1, ho, uy).(ki, ko, ks) = Ca(ky ' hiwo(ka), ki ' hawo(ks), Ad ' (uy))  (3.12)
for (h1, ho,uy) € H x H X Uj. By this action, the functions by, and bg are rescaled as
br(C.(k1. k2, k3)) = k; b (C)wo(k3), (3.13)
br(C.(k1, k2, k3)) = k3 'br (Cowo (k). (3.14)
The following is the geometric rephrasing:
Lemma 3.27 Let us use the notation in (3.9). Then via the isomorphism
Cami=fn'loC:HxHxUS = Psr,
the action Pg 1 X H3 - ‘Pg,r defined by (ag, ag, agr) is given by
Cam(hi, ho, uy) (ki ko, k3) = Cy (ki hiwo(ka), ki hawo(k3), Adyc! ()
for (hy, ha,uy) € H x H x U} and (ky, ka, k3) € H>.

Let us briefly summarize what we have seen. Given an ideal triangulation A of a marked

surface ¥, we get the gluing morphism ga : Pé’z = I—[TE,(A) Pc.r — Pg,s (recall
Theorem 3.7). Through this morphism, the triangle pieces Pg r can be regarded as local
components of Pg_x. Moreover, if we choose a marked point m7 of each triangle 7', then we
get isomorphisms fi,, : Pg, T = Conf3Pg by (3.8), which enables us to study the moduli
spaces in terms of the unipotent cells via the standard configuration (Lemma 3.23). In this
paper, the choice of m7 is indicated by the symbol * in the figures (e.g. Figure 8 below). We
call the data A, := (A, (m7)Ter(n)) a dotted triangulation.

@ Springer



34 Page 26 of 60 T. Ishibashi, H. Oya

Fig.7 Two intersection patterns BW B
ofcNTy 1 1

Fig.8 An example of arc class
for k = 6. The turning pattern is
talle) = (L, R, L, R) Eout

3.5.3 Decomposition formula in the polygon case

Let IT be an oriented k-gon, which can be regarded as a marked surface (i.e., a disk with k
special points on the boundary). Note that for two boundary intervals Ei,, Eqy of I1, there
is a unique arc class of the form [c] : Ej; — Eoy in this case.

Take an ideal triangulation A of I1. Choose a representative ¢ so that the intersection
with A is minimal. Let T7, ..., Ty be the triangles of A which c traverses in this order.
Note that for each v = 1, ..., M, the intersection ¢ N T, is either one of the two patterns
shown in Fig. 7. The turning pattern of ¢ with respect to A is encoded in the sequence
ta(lc]) = (x)™, € {L, R}V, where 1, = L (resp. 7, = R) if c N T, is the left (resp. right)
pattern in Fig. 7. For our purpose, it is enough to consider the case 77 U ... U Ty = I1. An
example for k = 6 is shown in Fig. 8.

Definition 3.28 Let A be an ideal triangulation of I1. Let [c] : Ein — Eou be an arc class
such that its minimal representative ¢ traverses every triangle of A. We put a dot m,, on the
triangle 7, so that the arc ¢ U T, separates the corner with the dot m, from the other two
corners (see Fig. 7). The resulting dotted triangulation is written as A, = A, ([c]), and called
the dotted triangulation associated with the arc class [c].

Let us consider the restriction of the Wilson line g, to the substack Pé,ry Let ga :

l_[iwzl Pc.r, =~ ’P(A;ﬂ be the gluing morphism, and define

__)bLo fm, : Pg1, — Bl ifr, =1L,
8y = bro fu, : P, > B, iftr,=R

forv =1, ..., M. Here recall the isomorphisms (3.8). Then we have the following:

Proposition 3.29 (Decomposition formula: polygon case) For an arc class [c] : Ein — Eout
on I1 as above, we have

M
gl =umo [ ] e
v=1

@ Springer



Wilson lines and their Laurent positivity Page 27 of 60 34

where [y denotes the multiplication of M elements in G.

Proof We proceed by induction on M > 1. The case M = 1 can be verified by comparing
the presentation of the Wilson line (Proposition 3.9) with Remark 3.26. For M > 1, consider
the polygon IT" := 71 U ... U Ty and the gluing morphism

qum : Pg,vury — Po,n

where a boundary interval E of I1" and that E’ of Ty are glued to give the common edge of
Ty -1 and Ty in IT. Then Proposition 3.11 implies gy, g(c] = &[¢] - &lea]» Where [c']: Ein —
E and [cpy] : E/ — Eoy. The assertion follows from the induction hypothesis. ]

3.5.4 Decomposition formula in general: covering argument

Assume X # ¥ and choose an arc class [c] : Eip — Eoy. Letw : ¥ — * be the universal
cover, and take a representative ¢ and its lift ¢ to ¥. Fix an ideal triangulation A of ¥, which
is also lifted to a tesselation A of the universal cover. Applying an isotopy if necessary, we
may assume that the intersections of ¢ with A and ¢ with A are minimal. Let ITe.a C T be
the smallest polygon (a union of triangles in Z) containing ¢. The two endpoints of ¢ lies on
lifts of the edges Ein, Eout, Which are denoted by Ein and Eom, respectively. By definition the
polygon IT,.  is equipped with an ideal triangulation induced from A, which we denote by A..

Let us write the associated turning pattern as ta ([c]) := 7, (¢) = (71, ..., Ty) € {L, RM,
which we call the turning pattern of the arc class [c] with respect to A. Let Tl, e, TM be
the sequence of triangles of A, which are traversed by ¢ in this order.

Let 7o := @, : [e;a — X%, which is a covering map over its image. It induces

amap 7' : PGz = PG, a:(E Eo) Yid Pull-back. Here recall Definition 3.3. From the
definitions and Remark 3.10, we have:

Lemma 3.30 The following diagram commutes:

xt
PG’E PG,nczAl{Einonu[}

8l Jse

Combined with Proposition 3.29, we would obtain a decomposition formula for Wilson lines.
We are going to write it down explicitly.

Fix a dotted triangulation A, of . Let mr denote the dot assigned to a triangle T € t(A).
Note that A, determines a dotted triangulation A" of the polygon IT.. o over A, by lifting
the dots, which may not agree with the “canonical” dotted triangulation AS*™" := A ([¢])
associated with the arc class “] in the polygon. The only difference is the position of dots:
denote the dot on the triangle T, for the triangulation AS*™ (resp. Ahf‘) by m, (resp. n,)
for v = 1,..., M. Then the disagreement of the two dots m, and n, results in a relation
fm, = St o f,,v for some 1, € {0, j:l}

Forv=1,...,M,let T, := nC(T ) € t(A) denote the projected image of the v-th
triangle, which do not need to be distinct. Finally, set £, ny = Smp, 007, [ 7es ) Pe,r —
Conf3Pg.
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Theorem 3.31 (Decomposition formula for Wilson lines) For an arc class [c] : Ein = Eout
and a dotted triangulation A, let the notations as above. Then we have

M
qAgle] = LM © n(bru 0S8y o fn,)-

v=1
See Example 3.32 and Fig. 9 for an example.

Proof Since the pull-back via the covering map 7. commutes with the gluing morphisms,
we have the commutative diagram

T M
[Treiay Pe.r —— [1h=1 P67,
qu lch (3.15)

Ac

PA. P -
G.X Tk G.e;aH{Ein Eou)’

where 7 := ]_[f)‘/l=l (mely, )*, and the right vertical map is the composite of the gluing morphism
and the projection forgetting the pinnings except for those assigned to Ej, and Eou. From
the definition of #, and f, , the following diagram commutes:

, Sy
1™, Conf3Pg I, 5 1, Conf3Pg

Gl o~ T (3.16)

M
l_[Tet(A) Pa,r *M [[=: PG,ﬁ-

Combining together, we get

ng[c] = g[c] © ﬂ: ogna (by Lemma 330) (317)
= g1 oqa. o) (by(3.15)) (3.18)

M
= [y o (H gu> o} (by Proposition 3.29) (3.19)

v=1

M
= upo (]‘[ by, o fmv> o WX (3.20)

v=1

M
=y o[ [(by, 08y 0 F,) (by(3.16)), (3.21)

v=1

as desired. ]

Example 3.32 (A Wilson line on a marked annulus) Let ¥ be a marked annulus with one
marked point on each boundary component, equipped with the dotted triangulation A shown
in Fig. 9. Consider the arc class [c] : Eg — E4 shown there. The turning pattern is ta ([c]) =
(L, L, R, R). Under the projection . : Ilo.o — X*, we have T = nc(ﬁ) = JTC(Tg),
T = nc(fg) = nc(ﬂ). By comparing the two pictures in the right, we have t{ = 0, #, = 0,
t3 = —1, t4 = 1. Thus we have

aagle = 14 0 (BL o fiuy) X (br 0 fiuy) X (bR 0 Sy " 0 frur) X (bR 0830 f)).
(3.22)
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Ein
N * - *
5 T x| Ty *
T T
AR
‘/ B,
~ * ~
T “ | T
(E, A*) j:'g * g f4

(TTe.n, ASET) Eout

Fig.9 A marked annulus ¥ with a dotted triangulation A (left), a polygon IT,.. o with the dotted triangulations
At (right top) and AS" (right bottom). Glued edges are marked by double-head arrows

Of course, we could have chosen another triangulation A’ obtained from A by the flip along
the edge E». In this case we have 7o’ ([c]) = (L, R) and we need no cyclic shifts to express
8lel-

In the situation of Proposition 3.12, an ideal triangulation A of X descends to an ideal tri-
angulation A" of '. Then g g(c; : [I7¢/,a) P, 7 — Ginducesgy,py| : [1rean Po.r —
[G/ Ad G], where t(A") = t(A). Hence the decomposition formula given in Theorem 3.31
also gives a formula for g%, 0}y|.

Example 3.33 (A Wilson loop on a once-punctured torus) A once-punctured torus X’ is
obtained by gluing the boundary intervals Eg and E4 of the marked annulus ¥ consid-
ered above. The arc class [c] : Eg — E4 descends to a free loop |y | € #(Z'*). Then qan Pyl
can be computed from (3.22).

4 Factorization coordinates and their relations

As a preparation for the subsequent sections, we recall several parametrizations and
coordinates of factorizing nature: Lusztig parametrizations on unipotent cells, coweight
parametrizations of double Bruhat cells, and Goncharov—Shen coordinates on the configura-
tion space Conf3Pg. A necessary background on the cluster algebra is reviewed in Appendix
B.

Notation 4.1 For a torus T = (G,l,\: equipped with a coordinate system X = (Xk),](\':1 and a
map f : T — V toa variety V, we occasionally write f = f(X) as in the usual calculus.

4.1 Lusztig parametrizations on the unipotent cells and the Goncharov-Shen
potentials

For w € W(G), let quf := U* N BFwBT denote the unipotent cell.
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Proposition 4.2 Given a reduced word s = (sy, ..., s1) of w, the maps
XSG = UL, (. n) e xg (1) . xg (1),
ViG> Uy, () = v (1) .y ()
are open embeddings.

We call these parametrizations Lusztig parametrizations. These maps induce injective C-
algebra homomorphisms

@x* 1 OWU) — O@G) =CI, ... 6551, 4.1)
O%* 1 OWU,) — O@G) =CI, ... 651 (4.2)

When w = wy is the longest element, we have U,fo =UZE.

Goncharov-Shen potentials Let us consider the configuration space
Conf*(Ag, Bg, Bg) := G\{(§1, By, B3) | (B1, By) and (By, B3) are generic}.
It has a parametrization
B3 : Ut = Conf(Ag. Bg, Bg), us > [[UT], B, us.B7].
The map ,3;1 pulls-back the additive characters x; : Ut — Al, ys(uy) = Ay rya, (M)
for s € § to give a function
Wy := xs 0 B3 ' : Conf*(Ag, Bg, Bg) — A,

which we call the Goncharov-Shen potential. Note thatu . € U} if and only if w(Bz, B3) =
w*, when we write 83(u4) = (A1, By, B3). Here W(G) — W(G), w — w* isan involution
given by

w* = wowwy.
The following relation will be used later:

Lemma 4.3 For a reduced word s = (s1,...,s1) of w, let uy = x5/ (t1) ... x5(t;) € Uu"’)' be
the corresponding Lusztig parametrization. Then we have

X)) = Y i

k:sp=s

4.2 Coweight parametrizations on double Bruhat cells

The coweight parametrizations on double Bruhat cells are introduced in [6] and further
investigated in [42].

Let G be an adjoint group. For each u, v € W(G), the double Bruhat cell is defined to
be G*V := BYuB™ N B~vB~.Itis a subvariety of G. In this paper, we only treat with the
special cases u = e or v = e. See [0, 42] for the general construction.*

Let us write B := G*" and B, := G"*. First consider B). Lets = (s1,...,s/) bea
reduced word for v. Then the evaluation map evy : Gﬁfl — Bt is defined by

n RN
ev (x) = (1'[ HS(xs>>~ [] E*HE*@u)),
k

s=1 =1,..., 1

4 Indeed, the general case is obtained by a suitable amalgamation from the cases u = e and v = e.
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we take a reduced word s for u and define evy : Gf,fl — B, by replacing each E with F.
We call the variables x = (xi ), the coweight parameters.

The following indexing for the coweight parameters x will turn out to be useful: for a
reduced word s = (sq, ..., s;) of an element of W(G), let k(s, i) denote the i-th number k
such that sz = s. Let n®(s) be the number of s which appear in the word s. If we relabel the
variables as

X} 1= Xk(s,i) 4.3)

fors € S, i =0,...,n°(s), then they always appear in the form H?(x;]) in the expression
of evE(x). Let

I(s) :={(s,i)|s€S,i=0,...,n°s)}. 4.4)

Then for a reduced word s of u € W(G), the evaluation maps give open embeddings evy :
Gﬁl(s) — Bui where the variable assigned to the component (s, i) € I(s) is substituted to the
k(s, i)-th position.

Example 4.4 (Type A3) Let G = PG L4. The evaluation map associated with the reduced
word s = (1,2, 3,1, 2, 1) is given by

evy (x) = H GO H? O HA ) E H (1 HE? B2 (x)E?
H3()E' H' (x))E*H? (x3)E' H' (x3).
The evaluation maps are compatible with group multiplication. For example, let us consider
s:=(1,2,3) and s’ := (1). Then we have

4,1 .2 3 1 2 .3 4.1 .2 3 1
evy (xg, X4s X, X1 X175 X7) - evg (Yo, Yo Yo» Y1)

= H'G)H*GHH GHE' H cHE*H* («E H ()
CH'GOH?ODH? ODE H' (3)
= H' () H> () H () B H' (x [ y))E H> (<7 yg )E? H (L v DB H Y (3))

+ 2

1 3 1.1 2.2 .3 3 1
= e, (X, X(> X0 X1 Y0 » X1 Y0 X1 Y0» Y1)-

with s” := (1, 2, 3, 1). Here in the third line, we used the fact that H* (x) and H'(y) always
commute with each other, and that E* and H' (x) commutes with each other when s # t. If
we denote the variable assigned to the component (i, s) € I(s”) by z7, then

Z

1 2.2
Yo- 1 = X1 Yo d

—_— O

:xé, Z(z)zx(%, Z
. 2

— OWw
Il

3
X0

3

1

3 1 1
Z X1Yo0> =)

For a reduced word s of w € W(G) and € € {+, —}, each variable x? of the coweight
parametrization evy is assigned to the vertex v} of the weighted quiver J¢(s). See Appendix
B. The group multiplication corresponds to an appropriate amalgamation of quivers. For
example, the multiplication considered in Example 4.4 corresponds to the quiver amalga-
mation shown in Fig. 10. The pair S€(s) := (J¢(s), (x])(s,i)e1(s)) forms an X-seed in the
ambient field F = KC(By,).

Theorem 4.5 (Fock-Goncharov [6], Williams [42]) For an element w € W(G) and € €
{+, =}, the seeds S€(s) associated with reduced words s of w are mutation-equivalent to
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3 3,3
Lo 1Yo

1,1
Lo L1Y0 )

Fig. 10 Amalgamation of the quivers J* (1,2, 3) and J* (1) for type A3 produces the quiver J* (1,2, 3, 1)

each other. Hence the collection(S€(s))s is a cluster Poisson atlas (Definition B.2) on the
double Bruhat cell By,.

The following lemma directly follows from the definition of the Dynkin involution and
Lemma 2.2, which will be useful in the sequel.

Lemma 4.6 We have the following relations:
wo ' HY(x)”'wo = H (x),
wo (B 'wg =
wy ' (F)'wy =B

1

Since the map g — wo ' g~ 'wp is an anti-homomorphism, we get the following:

Corollary 4.7 For a reduced word s = (s, ...,sy) of wo € W(G), let szp = (Sys oo S
Then we have

Wg‘levj(x)_lﬁo = evs%p o *(x),

1()%)
m

where 1* : G,’n(s) -G is an isomorphism induced by the bijection

L I(szp) — I(s), (s, i) (s,n°(s) —1). 4.5)

4.3 Goncharov-Shen coordinates on Conf; Pg

We recall the Goncharov—Shen’s cluster Poisson coordinate system on ConfizPg associ-
ated with a reduced word s = (s1,...,sy) of wg € W(G). See [18] for a detail. Let
[B1, B2, B3; p12, p23, p31] € ConfzPg. Using Corollary 2.5, we take the decomposition of
the generic pair (B3, B3) with respect to s:

05 o1 % SN N
By=B; - B, = ... — B, =Bjs,

where w(Bé‘_l, Bé‘) = s,f for k = 1,..., N. Suppose that the triple (B;, B2, B3) is “suffi-
ciently generic” so that each pair (Bj, B§) is generic for k = 0,..., N. Let By, B} be two
lifts of By determined by the pinnings p12, pj;, respectively. Now we define:

W, (Bi. B2 BYV) (i =0),
Xey = 4 Wo (Br BSOD, BT ywy (B BSD BEOD) =1t s) - D,

—~ s s 71
W (Bp. B0 Bee) i =1 (s)).
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Here as before, k(s, i) denotes the i-th number k such that s; = s in s. Using the embedding
G — A, we regard X ¢)asa Gy,-valued rational function on Conf3Pg.

Let G be the simply-connected group which covers G and take a lift

B=B0L Bl 2 N BN - (4.6)
of the above chain to Az = G /U™ so that the pair (§2, §3) is determined by the pinning
p23 and the conditions h(BJ, E{l) = 1for j = 1,..., N hold. Here the k-invariant and

the w-distance of the elements of Aéz are defined in the same way as those for Aéz. Such
a lift exists thanks to [18, Lemma-Definition 5.3]. Then we have the primary coordinates

Ay (B, BY)
Ps,k = TN
A (B, By )
\Zhere El is an arbitrary lift of §1 € Ag to Az and A : Ag x Ag — Al is the unique
G-invariant rational function such that
As(h[UT), wo.[UT]) = h™ € Gy

Note that P does not depend on the choice of the lifts El, Ez and it gives a well-defined
G, -valued regular function on Conf3Pg. See also Lemma 4.17.

Let B} :=rgy .. .Fgy, (“svk) be a sequence of coroots associated with s. For each s € S,
there exists a unique k = k(s) such that 8] = . Then we set

X(;;o) = Ps,k(s)-

Definition 4.8 The rational functions X(f') (ses,i=—00,0,1,...,n%(@s)) are called the
Goncharov-Shen coordinates (GS coordinates for short) on Conf3Pg, associated with the
reduced word s. When we want to emphasize the dependence on the reduced word s, we
write X(.I\;) =: X%).

Conversely, we can construct an embedding

Y - G,In(”(s) — Conf3Pg 4.7)
from given set of GS coordinates, where I (s) := {(s,i) | s € S, i = —00,0, 1, ...,n°(s)}.
If G = PGL,4 and the reduced word s = sgq(n) is the one defined inductively by

ssd() = (1,2,...,m)sqa(n — 1), sga(l) = (1), (4.3)

then the GS coordinates are nothing but the Fock—Goncharov coordinates introduced in [9,
Section 9].

Lemma4.9 ([18, Lemma9.2]) Let (ki, k2, k3) € H> and denote the action of (k1, k2, k3) on
Conf3Pg described in Lemma 3.27 by oy, i, k3 : Conf3Pg — Conf3Pg. Then fors € S,
we have

kX (s ifi =0,

—Qgx e s

ot X = 158Ky Y=,
RSO T g X ) ifi = —oc,
X ® otherwise.
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Proof The first three equalities are given in [18, Lemma 9.2]. The last one straightforwardly
follows from the definition of the H3-action and W;. m]

For s € §, the GS coordinate X(q‘) fori =0,1,...,n%(s) (resp. i = —o0) is assigned to the

vertex v] (resp. ys) of the weighted quiver JH(s). See Appendix B. The indices in the subset
1us (s) ::N{(s, i) €lx(s)|s €S, 0<i<n’(s)} are declared to be unfrozen. Then the pair
S(s) := (JT (), (X(.\;))(s,,')elw(s)) forms a seed in the ambient field F = K(Conf3Pg).

Theorem 4.10 (Goncharov—Shen [18, Theorem 7.2]) The seeds g(s) associated with any
two reduced words s of the longest element wy are mutation-equivalent to each other. Hence
the collection (5(s))s is a cluster Poisson atlas (Definition B.2) on Conf3Pg.

Remark 4.11 (1) Note that the frozen coordinates X ¢ X( Je) and X ) depend only

on one of the three pinnings. Moreover, observe from Lemma 4.9 that these frozen
coordinates are uniquely distinguished by their degrees with respect to the H3-action
among the GS coordinates associated with s.

(2) On the other hand, the unfrozen coordinates X ) for (s, i) € I (s) only depend on
the underlying flags (B, B>, B3). Hence we have the following birational charts for the
configuration spaces with some of the pinnings dropped:

1o s, — seS

G s, ~oo)lseS) _, [G\{(B1. B2, B3; p12, p31)}].
I 5,0),(s,— seS

G OME0.6.=0IES) 16\ ((By, By, B3: pan))l,

and so on. Here a pair of flags over which no pinning is assigned is not required to be
generic.

Remark 4.12 The above definition of coordinates is the same as the original one given in

[18]. It can be verified as follows. For each s € S, take the unique ﬂag Bk s such that

w(Bz, 32 ¢) = wors and w(B2 s» B1) = rg. Then actually we have B = 32 ; Whenever
sk # s [18, Lemma 7.9]. See also Remark 4.16. We collect all the dlstlnct ﬂags among

2’5 and relabel them as B(§), (s,i) € I(s) C Ix(s). Then the triple (Bl, B(;), B('il))

determines a configuration of SL;-flags, namely an element of Conf™*(Asy,, Bsr,, Bsi,)-
See [18, (291)]. Then by [18, Proposition 7.10], we have

0500, ) < ()

where the right-hand side is the potential of a configuration of SL,-flags.

4.4 Coordinate expressions of basic Wilson lines

In this section, we give an expression of the basic Wilson lines by, bg (Definition 3.24) in
terms of the GS coordinates, relating the coweight parametrizations on the double Bruhat
cells B := G*¥°, B := G"0-° with the GS coordinates. The index set I (s) introduced in
(4.4) is naturally regarded as a subset of I, (s).

Theorem 4.13 (cf. [18, Lemma 7.29]) For each reduced word s of wg € W(G) we have
Vb = ev), Yibr =evy ol¥,
op

1(s%y)

where (* G,’n(s) — Gy, ™ is the isomorphism induced by (4.5).
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Below we give a proof of this theorem based on the standard configuration (Lemma 3.23).
Let us write

C3l oy = (i (X), ha(X), uy (X)) : G® — H x H x U, (4.9)
Then from Corollary 3.25, we have
Yiby = us Xha(X), Ylbg =Wy (ur(X)h2(X)) ™ wy.

We are going to compute the functions u (X) and h(X).

In the following, we use the short-hand notations x[si j](t) = xg (i) . xg; (1) and
y[si j](t) =y, (). .. ¥s; (1)) for a reduced word s = (s1,...,sy) of wg € W(G) and
1<i<j<N.

Lemma 4.14 For a configuration C = C3(hy, ha, uy) € Conf3Pg and its representative as
in Lemma 3.23, write uy = x5, (t1) ... x5y (tn) = x[sl N (t) using the Lusztig coordinates

associated with s. Let (X (;)) € G,In°°(s) be the GS coordinates of C associated with s. Then
we have the following:

(1) BX = x| ®B™.
(2) Foreachs € Sandi =1, ...,n°(s), we have

te(s,i) = X(g) ... X(ifl)' (4.10)
Here k(s, i) is the i-th number k with s, = s in s from the left.
Substituting (4.10) into x (t) we get an expression of the function u (X).
Proof To check that the right-hand side of the first statement indeed gives B§ , let us compute
wxfy OB, xf u)B7) = w(B™, x4 ()B™) = Tst

where we used the relation x; () = y; ¢! ) (t)?;1 Vs (+—1). Then the uniqueness statement
of Corollary2.5 and an induction on k implies Bf = x[sl n®B™.
To prove the second statement, we compute

k(s.i) pk(s.i+1)
(B, By, B,V = [[U] X1 ki ®©B™, 1k(sz+1>](t)B]

+ — —
= [[U 1, B ’xfk(s,i)+l k(s,i+l)](t)B ]

k 1
Thus we have Wi(By, By, By*"Y) = Xs OXk(s,iy 1 i+ D)) 1®) = fis.i+1) by
Lemma 4.3. A similar computation shows that X ¢ = Wi (31 B, BZ(S l)) = fx(s,1) and
we get fy(s,i) = X((s)) ... X(-il) by induction on i. O

Lemma4.15 We have hy(X) = [[ 5 H* (Xy), where X 1= ]_[" ) X( )

Proof Again fix a configuration C = C3(hy, h2, u4). Recall that the pinning p12 = psd
corresponds to the lift By = [U™] of By. On the other hand, the pinning p}; = u4hs.psa
corresponds to the lift B’ = hy.[U™T]. Then we can compute:

a7 pk(snS()=1)  pk(s,n® - -
I:B{’ Bz(s n’(s) )! BZ(S n (s))] = [h2'[U+]’ B 7x[sk(s,nf(s)—l)+l k(s,ns(s))](t)'B ]

1 p— gl -
:[[U 1 B™ Ay, (s () 1)1 ks, ) (8)-B ]
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With a notice that Ad;,! (xy (tk(s.ns (5)))) = X5 (h ™ s s (s)))» We get

_ . -1
- 7 pk(s,n5(s)—=1)  pk(s,n(s)) — %1
X = Ws (BL. B - By ) =

Hence from Lemma 4.14 we get hgx = tk(s,nx(s))X( de) = Xy, which implies hy, =
[Ties HS (Xy). O
Proof of Theorem 4.13 From the definition of the one-parameter subgroup x,, we have the

relation H* (a)x,(b)H*(a)™' = x,(a®b). In particular x;(t) = H*()E*H® (*)~L. Com-
bining with Lemmas 4.14 and 4.15, we get

—_
Yibe =u X)) = [ H*@E*H* @)™ - [ H X,
k=1,....N sesS

where each #; = #;(X) is a monomial given by (4.10). Since H® commutes with E* for
s # u, we can obtain the following expression by the relabeling as in (4.2):

—
Yoby = l_le(tk(s,l)) l_[ (ES H' (ty(s.i)) " H (tr(s.i41))) ]_[ H' (X))

ses . s€S seS

where ti(sn5s)+1) = 1 for s € §. Note that it already has the form of the coweight
parametrization ev;r (x), where the parameter X = (x7)ses, i=0,....n5(s) is computed as follows:

f(s. 1) = X (3) @ =0),

x; = lki(sl’i)tk(x,[+1) = X(f) i=1,...,n%@)— 1),
1 . ;
tk(s,nj(s))X‘V = X(n“'s(s)) (= n’ (),

where we used Lemma 4.14 for the second steps. Thus we have ¥*by (X) = evy (X), as
desired. The second statement follows from Lemma 4.7. O

Remark 4.16 Similarly to the proof of Lemma 4.14 we can compute the flags defined in
Remark 4.12, as follows:

BY  =xf|  (Owors- B,

By = xy iy (Owors; B

4.5 Primary coordinates in the standard configuration
Lets = (s1, ..., sn) be a reduced word of wg € W(G). The following computation of the
primary coordinates Ps x in terms of the standard configuration will be used in Sect. 5.

Lemma 4.17 For a configuration C = C3(hy, ha, uy) € Conf3Pg and its representative as
in Lemma 3.23, write uy = x5 (t1) ... x5y (tn) = x[sl N (t) using the Lusztig coordinates
associated with s. Then we have the following:

(1) By = hwo.[U*] and B = x}y (R 0. (U] fork =0,1,... . N. Here h € G is a
lift of h1, and

k

Nk "

hg ) = rSk ...rs](hl) Hrsk "'rSjJr[(asvj(tj))'
j=1
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(2) Psp(C3(hy, ho,uy)) = tk((fzik))‘“.rk),

Observe that the decorated flags given in (1) are indeed projected to those given in Lemma4.14
(1). Also note that the right-hand side of (2) does not depend on the choice of the lift /7.

Proof Since the second component in the representative of C is ¢’ (u4)h1Wg. psd, the deco-
rated flag B> must be a lift of

&' () Wo.[UT] = hywo Ad g, 5py-1 (@ (u3).[UT] = hywg [UT].

Such an element is written as Zlﬁo.[U *] for some lift of 4 to 5, which proves the first

statement of (1). Set B® .= x[sl k] (t)ﬁgk)%.[U *1. In order to show the second statement of
(1), it suffices to see that

(i) B® =By, o
(i) w(B®W, B*=Dy = rgs and h(B® B*k=Dy—=1fork=1,...,N.

The statement (i) is immediate from the definition. In Conf>.Ag, we have
[*,;(k)’ ,;(k—l)]
= [ R w5 (01, BV 0|
= [ e 75 v (DR w01 T s 0]
= [y 07 BT Ad g O (57D LU
T Ad ot -1 O (=1 DU
= [ oo, GI7, w101 R D 0]
Moreover we have

o o
oy s B = e @rg -y e, (D T ey g ()
j=1

k—1
=Ty Ty (hl) l_[rsk’l o 'r5j+1 ((X;;(t])> = hgkil). (411)
Jj=1

Thus we get
[B®, B¢] = [F o 0], 75U ]] = [1U+, 7 071]

which shows (ii). ~
For the computation of Ps x(C3(hy, ha, uy)), we may take a lift of the first flag B; as
[UT]. Then,

A (U] 3y 1 OR w5 [U])
Ag (U], 5y oy OR a5, [U+])
Ay ()"0, wo.[U*)
A (YD) U, w0 U )

Ps i (C3(h1, ho, uy))
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Ay (B~ [U], wo.lU*])

= =0 — (by (4.11))
A ((eg () rg (hy )~ LU ], wo. [UT])
ﬁ(k) —wy, N N
=1 ( L(k)) - _ lk(h(lk))_ka_ka (@g) tk(hgk))—otxk
rsk (hl ) w}k
as desired. O

Corollary 4.18 Fors € S, we have
k() (Fgy -1 ().),0g%)
S1 s g ), &g
(X (s )i o us) = o) h ]'[ ;i
for (hy,ha,uy) € Hx H x Ut withuy = x[s1 N](t). Here recall that k(s) is determined

\2 — vV
by sy « - T (aw\_)) =a.

Proof By the definition of X ) and Lemma 4.17 (2), the desired statement follows from
the following calculation:

—a sy Ts(s)—1 (Ofsk(s)) WO sy - Tsp ()41 (“:/{(:)) —woog O gk
rsk(l\-)"'rvl(hl) k(s) :hl :hl :hl d :hl‘ .

m}

The results in Lemmas 4.14 and 4.15 and Corollary 4.18 gives explicit forms of hy, hy :
Gle® — Handuy : GI® — U as follows:

Lemma 4.19 Write ti(s,i) := X(g) ... X(_;\-l) for (i, s) € I(s) (recall the notation in (4.10)).
Then we have the following:

(1) hy(X) = [1,c5 H* (Xs), where

k(s*)
X=Xt H k
k=

rsl Tsp_q ((X;;(),ot;)

\
Sk(s*)

(2) ha(X) = [Tyes H* (Xy), where X := ]/ "(8) X,
(3) ur(X) = x5, (1) - . . x5y (IN).

where k(s*) is determined by ry, . .. F syt (x ) = ozsv.

4.6 Goncharov-Shen coordinates on Pg 5 via amalgamation

Triangle case.Let ¥ = T be atriangle. Recall that we have the isomorphism (3.8) determined
by choosing a distinguished marked point m, or a dot. Let us choose a reduced word s of wy.
Then we define the GS coordinates on Pg, 1 to be X Er)m ) = frX$ ¢y where X* ) denote

the GS coordinates on Conf3Pg associated with the reduced word s. The accompanying
quiver Ot s is defined to be the quiver JT (s) placed on T so that for s € S,

e the vertices vg lie on the edge E,
e the vertices vns(s lie on the edge E R and

e the vertices y, lie on the edge EL.
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Fig. 11 Placement of the weighted quiver T ((123)3) with g = C3 on a dotted triangle T

Here we use the notation in (3.9) for the edges. See Fig. 11 for an example. Here the
isotopy class of the embedding of the quiver J*(s) into the triangle T relative to the
boundary intervals is included in the defining data of Q7 . s. Then the pair S(7 p 5) =

(QT,m,s, (Xg)’m's))(s,i)doo(s)) is a seed in KC(Pg 7). Recall the cyclic shift given in
Lemma 3.22."

Theorem 4.20 (Goncharov—Shen [18, Theorem 5.11]) The cyclic shift Sz is realized as a
sequence of cluster transformations. In particular, the seeds St m.s) for any choice of a dot
m and a reduced word s of wgy are mutation-equivalent to each other. Hence the collection
{S(T,m,s)}m,s is a cluster Poisson atlas (Definition B.2) on Pg .

By Remark 3.10 (1), the frozen coordinates are distinguished by their degrees with respect
to the triple of H-actions ag associated to each edge E of T. For each edge E, let Xg‘m’s)
denote the unique one among the cooridnates X (S_T)’m’s) which has the degree —o; for the
action o g. l

General case. Let us consider a general marked surface X. A decorated triangulation of
X consists of the following data A = (A, sa):

e An oriented dotted triangulation A,, which is a dotted triangulation A, of X equipped
with an orientation for each edge.’ Let m7 denote the marked point corresponding to the
dot on a triangle 7.

e A choice sp = (s7)7 of reduced words st of the longest element wy € W(G), one for
each triangle 7 of A,.

We call A, the underlying dotted triangulation of A.
Let ga : P§.y = [rei(a) Po.r — Pg.x be the gluing morphism with respect to the

underlying triangulation A. For T € t(A), let pry : Pégz — Pg.r be the projection. Then
the GS coordinate system on Péﬁz C Pg.s associated with A is the collection

o (T:A) (E;A)
Xa = {X(S.) }(s,i)eluf(s) U {Xs }seS
! Tet(A) Eee(A)

of rational functions, which are characterized as follows:

5 We need the orientation only to fix a bijection between the GS coordinates on an edge and the index set S.
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?

NVAVAVAVA

Fig. 12 The quiver on TLEL Ugr TR with g = Az and SpL =SpL = (1,2,3, 1,2, 1). We glue the vertices
as (v3) = ¥/, (1) = 5 and (0])' = ¥y

e ForT € t(A) and (s,1i) € Iy (s),
*X(T:A) — X(T,mr,ST) °

L6 ©)

e For an interior edge E € e(A) and s € S,
. (TLmop.s.1) (TR myr.spR)
QZX.EE’A) — <XSEL TLSTL opI'TL> . (XS*R TRSTR oprTR> )
E

Here TL (resp, T®) is the triangle that lie on the left (resp. right) of E, and EX ¢ dT*
(resp. ER € 3TR) is the edge that projects to E.
e For a boundary edge E € e(A),

prr.

GAX{E = X" o pry.
Here T is the unique triangle that contain E.

One can verify that the right-hand sides of these characterizing equations are indeed H*-
invariant.

Correspondingly, for an interior edge E € e(A) shared by two triangles 7 and T ¥ as
above, the two seeds S(TL’mTL’sTL) and S(TRymTR’sTR) are amalgamated according to the
gluing data

F:={sgL|seS}, F :={sgrlseS}

¢:F— F', spri>sppforses. (4.12)
See Definition B.3 for a detail on the amalgamation procedure. See Figs. 12 and 13 for
examples.

Applying this procedure for each interior edge, we get a weighted quiver QA drawn on
the surface X. In the light of Theorem 3.7, the collection XA of functions provide an open

embedding ¥ : GLA — Pg, s, whose image is contained in Pé.z and the index set is given
by '

I(A) :={(s,i;T) | T €t(N), (s,i) € Iys($)}u{(s; E) | E € e(N), s € S}.
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Fig. 13 The quiver on TLEL Ugr TR with g=Czand SpL = SR = (1,2, 3)3. We glue the vertices as
(vg)’ =y} fors =1,2,3

Thus the pair S(A) := (Xa, Qa) forms a seed in the ambient field IC(Pg x).

Theorem 4.21 ([9, 18, 35]) The seeds S(A) associated with the decorated triangulations A
of ¥ are mutation-equivalent to each other. Hence the collection (S(A))a is a cluster Poisson
atlas on Pg x.

Comparison with the cluster Poisson algebra. Let S 5 denote the cluster Poisson structure
on Pg,x which includes the cluster Poisson atlas (S(A))a. Then Theorem 4.21 tells us that
our moduli space Pg, 5 is birationally isomorphic to the cluster Poisson variety Xs; .., and
hence their fields of rational functions are isomorphic. Slightly abusing the notation, let us
denote the cluster Poisson algebra by O (Pg.x) = (’)(XSG'E). Shen proved the following
stronger result:

Theorem 4.22 (Shen [40]) We have an isomorphism O (Pg x) = O(Pg.x) of C-algebras.
In particular, we have:

Corollary 4.23 The matrix coefficients of Wilson lines and the traces of Wilson loops are
universally Laurent polynomials:
cf (@), v (piy)) € Oua(Pg.x)
for any representation V, f € V*, v € V, arc class [c] and a free loop |y|.
Our aim in the sequel is to obtain an explicit formula for these Laurent polynomials, and

prove the positivity of coefficients when the coordinate system is associated with a decorated
triangulation.

Partially generic case For a subset & C B, consider the moduli stack Pg_ 5.z of E-generic
framed G-local systems with E-pinnings (recall Definition 3.3 and (3.1)). For a decorated
triangulation A, set

Is(A) =I(AM\{(; E) | E€B\E, s eS}. (4.13)
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Then by Remark 4.11, we have an open embedding GLE(A) — P,z g such that the pro-
jection Pg s — Pg,x.z forgetting the pinnings except for those assigned to the boundary
intervals in E is expressed as a coordinate projection. In other words, the moduli space
Pc.x.z also has a canonical cluster Poisson atlas so that the projections Pg 5 — Pg.x: g is
a cluster projection.

5 Laurent positivity of Wilson lines and Wilson loops
5.1 The statements

In this section, we show that Wilson lines and Wilson loops have remarkable positivity
properties. Let us first clarify the positivity properties which we will deal with, and state the
main theorems of this section.

Let ¥ be a marked surface (See Sect. 3.1 for our assumption on the marked surface).
We say that f € O(Pg,x) is GS-universally positive Laurent if it is expressed as a Laurent
polynomial with non-negative integral coefficients in the GS coordinate system associated
with any decorated triangulation A. A morphism F : Pg 5 — G is called a GS-universally
positive Laurent morphism if for any finite-dimensional representation V of G, there exists a
basis B of V such that ¢¥ , © F € O(Pg,x) is GS-universally positive Laurent for all v € B
and f € IF, where FF is the basis of V* dual to B (see (2.2)).

Remark 5.1 In [9], Fock and Goncharov introduced the notion of special good positive
Laurent polynomials on Xpgpr, , v. Our GS-universally positive Laurent property is a
straightforward generalization of their notion. Indeed, if we set G = PGL,4; and
ssam) = (1,2,...,n,...,1,2,3,1,2,1) as in (4.8) for all triangles T of the decorated
triangulation A = (A, (ssa(n))7) of X, the GS coordinate system on Ppgy,., ¥ associ-
ated with A is the special atlas on Xpgr,,, = in [9, Definiton 9.1] (modulo the the difference
between Ppgr,,,, v and XpGr,, | =)

We should remark that the definition of GS-universally positive Laurent morphism does
not change if we replace “any finite-dimensional representation V” in its definition with
“any simple finite-dimensional representation V (1), A € X*(H)” because of the complete
reducibility of finite-dimensional representations.

The following theorem is the main result in this section.

Theorem 5.2 Let G be a semisimple algebraic group of adjoint type, and assume that our
marked surface ¥ has non-empty boundary. Then for any arc class [c] : Eqn — Eout, the
Wilson line g(¢) : Pg,x — G is a GS-universally positive Laurent morphism.

Combining with Proposition 3.12, we immediately get the following:

Corollary 5.3 Let G be a semisimple algebraic group of adjoint type, and |y | € T (X*) a free
loop. Then, for any finite dimensional representation V of G, the trace of the Wilson loop

try (o)y)) := try opy| € O(Pg,x) is GS-universally positive Laurent.

Theorem 5.3 is a generalization of [9, Theorem 9.3, Corollary 9.2]. The rest of this section
is devoted to the proof of Theorem 5.2.
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5.2 A basis of O(Pg, ) with positivity

Our computation is performed locally on each triangle T of an arbitrarily fixed decorated
triangulation A of ¥. An important fact is the existence of a basis of O(Pg,r) with an
appropriate positivity. In this subsection, we explain a construction of such a nice basis. Fix a

triangle T'. Recall the standard configuration C3 : H x H x U,j' = Conf3Pg in Lemma 3.23,

and the map f, : P, = Conf3Pg given in (3.8) associated with each marked point m of
T. Then we have an isomorphism

Cam = fn:l oC3: H x H x U:' = Pe.r,
which induces an isomorphism of the coordinate rings
Ch 1 OPg.1) = OH x H x U;) = O(H) ® O(H) ® O(U;").

The coordinate ring O(H) is identified with the group algebra C[X*(H)] = ZMEX*(H) Ce*.
To distinguish the first component of O(H) ® O(H) @ O(U;}) from its second component, we
write the element e/, u € X*(H) in the first (resp. second) component as e’f (resp. e’2‘ ). Recall
that the coordinate algebra O(U) has a X*(H)-grading O(U}") = @ﬁeX*(H) O(U:'),g such
that

FoAdy|ys =h'F
forh € Hand F € O(U;)g. For § € X*(H), set
AL e = Ao won ly) ™ Brswonalyr € OWUH) (5.1)

with A1, A2 € X*(H)+ such that —A; + A = &. Note that Aiof is a well-defined element.

The description of the cyclic shift S3 on Conf3Pg (Lemma 3.22) in terms of the standard
configuration is important in the sequel. In the description, we use the Berenstein—Fomin—
Zelevinsky twist automorphism 1y, [1, 2] (we call it the twist automorphism for short) defined
by

My * U = U uy [wioufr]-i--

This is a regular automorphism of U.. The properties of 7,,, are collected in Appendix A.
Lemma 5.4 We have S3(C3(hy, ha, uy)) = C3(h}, by, u',), where

'y = hhawo([u4Wolo),

2 =hi,

'y = Adpy (g (U4)").

Hence the isomorphism (33_1 0830C3: Hx HxUS S H x H x U is expressed as
€' oS30 el @S @F) =€l T @A @ AL g E)HE)  (52)

forw,v € X*(H) and F € O(U;)p.
Proof We have

83(C3(h1, ha, uy)) = (@' (uy)h1Wo. Pstds U+-h2W0- Pstds Pstd ]
= [psds (@' ()1 W0) " u hoWy. pad, (@ (w)h1W0) ™" . psal-
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The third component is rewritten as
woh ' @ (u4) ™" paa = Adyy -1 (¢ )™ DHwo(hy ). paa
= Ady+ (' ()W paa
= Adp (1 (u4)*)hWo.psa.  (by Lemma A.4)
Hence we have i, = h} and u’, = Ady: (11, (u+)). The second component is rewritten as
Woh ¢’ (ut) " uyhoWo. pea = Wohy  [u+Wolowo '@ (u4)h2wo.psa (by Proposition A.3)
= hjwo([u+wolo)¢ (u4)haWo. psta
= Adpr g ((uy wolo) (@ (U ) R Two ([u+Wolo) h2wo. sta-
Hence, by reading the Cartan part off, we see that h’l = hihawo([u+wolo).
From the computation of // .}, and u’_ above, it follows that

(Gl oS0 el ®es @ F)) (. haous) = (e} @ &5 ® F) iy, )

= B B (wo (T 05100 (F 0 %) (g ().
for w,v € X*(H) and F € (’)(Uj)ﬂ. Moreover, for w1, uy € X*(H)4 with —pq + pp =
—u*, we have
(wo ([ Wol0))"* = [u+woly "
= (Apyuy (4 0010) ™ A gy pus ([ W010)
= (Apyouy U W00) ™" Ay iy (14 0)
= (Dpyowor @4)) ™" Ay wouy (U 4)
= AF ey,
By Lemma A.5, we have
(F 0 5) (g (1)) = (AF 5+ (10)> (F)) (g (1 4))
= (N (A D W) ((1) (F)) (uy)
= (Af, g () (F) ).

Therefore, we obtain

€l oS00 e @y @F) = " @k @AY s (i )HE)

wo,—
as desired. m]
We now construct a “canonical” basis of O(Pg,r) from that of O(U;r ) with some nice
properties (G), (T), and (M).
Lemma 5.5 Let F be a basis of O(U;") such that

(G) the elements of F are homogeneous with respect to the X*(H)-grading O(U}) =

@ﬂex*(ﬂ) O(U:r)ﬁ’
(T) F is preserved by the twist automorphism 77;0 : O — OWUY) as a set, and
M) A;jo’g .FeFforany& € X*(H) and F € F.
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Then the basis ﬁT of O(Pg.r) given by
Fr —{(C3m)7 (e ey ®F) | pn,veX“(H),FeTF) (5.3)

does not depend on the marked point m of T.
Proof Using the isomorphisms

C3 1 O(Conf3Pg) — O(H) ® O(H) ® O(U;"), [ O(Conf3Pg) = O(Pg.1),
we set
Fy:={(C) N ®ey ® F) | u,v € X*(H), F € F},
F, = £5(F3).

By the rotational symmetry, it suffices to show that F = E‘m/, where m’ is the marked point
placed right after m along the boundary orientation. By Lemma 3.22, we have

F, = f£5(F3)
= (f5 o (fur o £ ") (Fs)
= (f}k 0 SH(F3).

Therefore, it remains to show that 8§ (E) = ﬁ3. For u,v € X*(H) and F € F with
F € O(U])p, we have

5(CH (el ®ey ® F)) = (C5) TG 0 S30C)*(ef ® ey @ F))
=7 T @y @ AL g () (F)
by Lemma 5.4. The assumptions (T) and (M) imply Awo —w—p ('7w0)4(F ) € F. Therefore,
S5(C) 7 (¢! ® e} ® F)) € F3, which proves S§(F3) = Fs. O

Remark 5.6 There are several examples of bases of O(U;) which satisfy the properties (G),
(T), and (M):

e the dual semicanonical basis, in the case when g is of symmetric type [14, Theorem
15.10], [15, Theorem 6].

e the dual canonical basis (specialized at ¢ = 1) [34, Definition 4.6, Theorem 6.1].

e the simple object basis arising from the monoidal categorification via quiver Hecke
algebras [31, Section 5.1, Theorem 5.13] (see also Remark 5.9).

In this paper, we mainly use the last one because it has a convenient positivity.

We use the following strong fact in order to construct a basis of O(Pg, 1) with an appropriate
positivity.

Theorem 5.7 There exist

e a basis Fpos of O(U), and
o two bases B(\) := {G,.(b) | b € (1)} and B"P()) := {G;p(b) | be BN} of V(L)
for each A € X*(H)+ (here ()) is just an index set)

satisfying the following properties:
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(Grep) B(X) and B"P (L) consist of weight vectors of V (L), and we have
(G (b), G;P (D)), = Sp 1y

forb, b’ € B(\).
(G) the elements of Fpos are homogeneous with respect to the X*(H)-grading owh
= @ﬂeX*(H) O(Uj)ﬂ
(T) Fpos is preserved by the twist automorphism njjo O — OWUY) as a set.
(M) A;O’g - F € Fpos forany & € X*(H) and F € Fpos.
(P1) Recall the notation (2.1). For b, b’ € 2(1), we have

A A
Gy amnlur € D Le0Fs (G gy 0 Dlyr € D ZoF.

FeFpos F€Fpos
(P2) Recall the notation (4.1). For any reduced words = (s1, ..., sy) of woand F € Fpqs,
we have
()*(F) € Zsolti ... 131,

In the following, we write the weight of G (b) (and G,"(b')) as wt b.

: A A
Remark 5.8 In (P1), either cGA(b)V’G;p(b,) or (CGA(b)V,G;p(b’

weights of G, (b) and G;p(b’) are distinct. Since ¢
can interchange the roles of B(A) and B"P().).

) © Dlyy is equal to 0 if the

oT =c¢

A A
G3(b)V.GP (b)) G (b)¥,Gy(b) " C

Remark 5.9 Theorem 5.7 is highly non-trivial, but it is now known that an example of such
bases can be obtained from the theory of categorification of O(UY) via quiver Hecke alge-
bras, developed in [28-33, 37, 38].

Let us give a brief explanation. We refer to the corresponding references for all missing
details. The coordinate ring O(U™) can be regarded as the graded dual U(u*)’ér of the uni-
versal enveloping algebra of u™, which is the Lie algebra of U ™. Here the algebra structure
on Z/I(uﬂzr is induced from the usual coalgebra structure on U/(u™) (see [14, Section 5.1]).
In [32, 33, 37], it is shown that the quantum analogue of Z/(u™) (resp. L[(u*)zr) is realized as
the complexified split Grothendieck ring of the category of finitely generated graded projec-
tive modules (resp. the complexified Grothendieck ring of the category of finite-dimensional
graded modules) over appropriate quiver Hecke algebras. Hence U(u™) (resp. U(u*)zr) pos-
sesses the basis P (resp. L) consisting of the classes of the indecomposable projective objects
(resp. simple objects). Here specializing the quantum parameter g at 1 corresponds to forget-
ting the grading of the objects. The structure constants with respect to I’ and IL are manifestly
non-negative by definition, and the basis LL is dual to P. In particular, for any reduced word
s =(s1,...,sny)of wpand L € L,

(L) € Zoolti, ... 5] (5.4)

(cf. [14, Section 6]).
The coordinate ring O(U,}) of U} can be obtained as the localization of O(U™) with
respect to {Ay worly+ | A € X*(H)4+}. Hence we can define the subset L. C O(Uj) as

L={A} . LILeL, &eX"(H)

By [31, Section 5.1], I is a basis ofA‘O(U;“)Narising from the classes of simple objects of a
certain monoidal abelian category %, and LL provides an example of Fpos in Theorem 5.7.
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Indeed, (G) and (T) can be checked easily, and (T) holds because the twist automorphism 7, 0
is categorified in [31] as the left dual functor (see [31, Theorem 5.13]). The property (P2) can
be shown from (5.4) and the fact that (x*)* (A+0 5) is a Laurent monomial with coefficient 1
int),...,ty forall &€ € X*(H) (see [1, Lemma 6.4]).

For A € X*(H)4, the highest weight module V(1) is realized as the complexified split
Grothendieck ring of the category of finitely generated graded projective modules and the
complexified Grothendieck ring of the category of finite-dimensional graded modules over
appropriate cyclotomic quiver Hecke algebras [28]. Here these two realizations correspond
to two choices of Z-forms of V(1). Then we can obtain a basis P(}) (resp. L(1)) of V(1)
consisting of the classes of the indecomposable projective objects (resp. simple objects).
Then if we take

B(1) = PG, BPG) =LG), Fpos =L,

respectively, then they satisfies (Gyep) and (P1) in Theorem 5.7. Indeed, for (P1), it suffices to
show that the action of the elements of IP can be expressed as the matrices with non-negative
integer entries with respect to the bases P(A) and IL(A). This property holds since the action
of the elements of PP is also categorified as certain functors. See [28] for more details.®

In the following, the notations Fos, B(1), and B"P (1) always stand for bases satisfying the
properties (Grep), (G), (T), (M), (P1), and (P2). Moreover, let Fpm T be the basis of O(Pg. 1)
defined from [y as in (5.3).

Theorem 5.10 The basis ﬁpos,T consists of GS-universally positive Laurent elements.

Proof Recall that a decorated triangulation A of T is determined by the choice of a dot m

on T and a reduced word s of wg. The associated GS coordinates on Pg,r are defined as
X EST)’m’s) = X Eg), where the right-hand side is the pull-back of the GS coordinate on

Conf3Pg associated with s. By Lemma 5.5, given any decorated triangulation A of T, we
may regard IFpos Tas fo (Fpos 3), where m is the dot of A and

Fpos3 == {(CH Tl @ ey @ F) | i, v € X¥*(H), F € Fyos).

Therefore, it suffices to show that IFPQS,3 is expressed as a Laurent polynomial with non-
negative integral coefficients in terms of the GS coordinates on Conf3P¢ associated with s.
Recall the map v in (4.7) and the maps hy, hy, u; in (4.9), whose explicit descriptions are
given in Lemma 4.19. For i, v € X*(H) and F' € Fpos, we have

Y (CH 7 (e} ® ey ® F)) = (¢f ® ey ® F)(hi(X), ha(X), uy (X)).

By Lemma 4.19 and the property (P2) of Fpos, the right-hand side is a Laurent polynomial
with non-negative integral coefficients in {X 2\_-) }(s,i)elso(s)- This completes the proof. O

Remark 5.11 In the proof of Theorem 5.10, we do not use the property (P1) of Fps.
Lemma5.12 We have F o % € Fyos for all F € TFpos.

Proof From Lemma A.5, we have F o x = A%,ﬁ . (772;0)3(F) for F' € Fpos N O(U:')ﬁ.

We have (n;0)3(F) € [Fpos by the property (T), and then Aio,ﬁ . (n;0)3(F) € [Fpos by the
property (M). O

6 The further details of Remark 5.9 can be found in Appendix B of the version 2 of our preprint
arXiv:2011.14260.
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Recall the basic Wilson lines b;, : Conf3Pg — Bj and bg : Confz3Pg — B, from
Definition 3.24. For a dot m of T', we set

m b
gm.L:Pc,r f—) Conf3Pg 2L B: Ci) G,

m b _ L
gm.r:Po.r f—) Conf3Pg SN B, — G,
where the last maps ¢ are the inclusion maps.

Theorem 5.13 For A € X*(H)4,b,b/ € #(1),i € {1,2,3} and © € {L, R}, the map
ct wp o gmr € O(Pg.T) is written as a Z=o-linear combination of elements of
TGuB)V.GP ) © O : =

Fpos,7- In particular, it is GS-universally positive Laurent, and gy . is a GS-universally
positive Laurent morphism.

Proof We have

A A
€)Y .G (o) © 8L = €, (pyv 6Py © L O DL © S

_ A —1
= 6,06 (b)) otobpoC30C5 o fi

_ (1 e od . 69 U;) 0C;' o f (by Corollary 3.25)

€ Z Zzg(C;m)_l(l ® eglb/ ® F) (by the property (P1))
FeFpos

C Z Zz() f
FerOS‘T

P oA
CG)\(b)V,G;p(b’) °8m,R = CG)L(b)V,G;p(b’) otobgro f

_ A —1
_ch(b)v,GKp(b,) otobgroC30C; o fin

(wtb)* A —1
(1®62W ®CGA(b)V,G§p(b’)OTO*|U:')OC3 o fm
(by Corollary 3.25)

€ Y Z=0(C) (1 @™ ® (F o#)) (by the property (P1)
FeFpos

3 Zo0(C,) T 1@ M @ F) (by Lemma5.12)
FeFpos

C Z Zzoﬁ.

F Eﬁpo& T

The remaining statements immediately follow from Remark 5.1 and Theorem 5.10. O

5.3 A proof of Theorem 5.2

Let ¥ be a marked surface with non-empty boundary, and fix an arbitrary decorated triangu-
lation A = (A, sa) of X (recall our assumption on the marked surface in Sect. 3.1). Recall
Péz defined after Theorem 3.7, where A is the underlying triangulation of A,. Fix an arc
class [c] : Ein — Eout. For our purpose, it suffices to show that

A
CG;L(b)V,G:p(b') o g € O(Pg.x)
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is GS-universally positive Laurent for any A € X*(H)4 and b, b’ € ()) (see Remark 5.1).
Let ga : P(A;,E = [lreia)Por — Pé,): be the gluing map in Theorem 3.7, and

pry : Pé’): — Pg,r the projection for 7' € t(A). Recall that

(T A x * S
X (" =i (4, X0)
for T € t(A), (s,i) € Iy(s), and

« y(E:A) Py (fon X ) Pryg(fm X TR) if E is an interior edge,
qA ’ = R . . .
’ pry. (f,ﬁTXSE) if E is a boundary interval,

for E € e(A) and s € S. Here T* (resp. T*) is the triangle containing E and lies on the
left (resp. right) side with respect to the orientation of E in the first case, and T is the unique
triangle containing E in the second case. By the correspondence above, it suffices to show

that g, *(c G (0)",G (b o g[c]) is expressed as a Laurent polynomial with non-negative integral

coefficients in any GS coordinate system on [ [7¢, () PG.7-

Henceforth, we follow the notation in the beginning of Sect. 3.5.4. Forv = 1,..., M,
denote by m, the dot on ﬁ which is associated with the turning pattern (zy, ..., 7)) of C.
Moreover, we have the commutative diagram

Tl M
nTez(A) Pe,r — [lvmi Ps 7,

qu lch

A
Py~ Pen. e

where 7 := ]_["Jw=l (7c|F )" (see the proof of Theorem 3.31). Then, by (3.20), we have

M
* o A ~%
93, (0,62 91D = G, oy G ) O M (H o TU) o

v=1

M
= @ ( Gy(0)V.GP (b)) O 1M © I g’””*’”)

v=1

M
o~k k A ~
- (b Zr [ (cGubU_l)V,GKp(bw°g’””"”OprT”)>’
1

..... by _1€# () v=1

where by := b and by, := b’. By Theorem 5.13, each ¢*

universally positive Laurent. Moreover,

Gy (by-1)V.G “p(bv) ° &m,,z, 1s GS-

~ ﬁ;, B L'ﬁv(' s
(" oy Xy ™) =i gy X

for any dot m on ﬁ, any (s,i) € Ix(s), and any reduced word s of wp. Thus

q A( Gy (b),GY (b o g[¢]) 1s expressed as a Laurent polynomial with non-negative integral

coefficients in the GS coordinate system on [[7.,a) Pc, 7, Which completes the proof of
Theorem 5.2.
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Appendix A. Some maps related to the twist automorphism

In this Appendix, we collect some useful properties of the Berenstein—Fomin—Zelevinsky
twist automorphism [1, 2]

. — T
N = Uf = U uy — [woul, 14,

and its related maps.
Let By := {u+.BF | uy € Ut} C Bg be the open Schubert cells. Consider the intersec-
tion By, := By NB_.

Lemma A.1 ([6, Lemma 5.2]) There are bijections
af : U;—L — By, uy+— us.BT.

Then we have a bijection ¢’ := (a;) ! o : U} — U_, which satisfies ¢’ (u1).BT =
ui B~ forall uy € UJ. Let us consider another map ¢ : Ut — U defined by ¢ (u) :
(¢! (u-_';_))T for u, € U™, which satisfies the following property:

LemmaA.2 We have ¢ (uy)~'.B* = ul'.B~ foralluy € U}.
Proof Letv, := qﬁ’_l(uI_) € U . Then
¢ B P wy) = DB = (v BTup)

= (¢ )BT ) N =ui' B uy. O
Using these maps, we get the following decomposition of an element of the unipotent cell
Uj. Recall the triangular decomposition Go = U~ HU ™, g = [g]_[glolg]+.

Proposition A.3 Let u, € U, which can be written as uy = u_hwo ‘v’ withu_,u’_ €
U~ andh € H. Then

u_ =@ (uy),
u_ = ¢uy),
h = [ut+wolo-

In other words, we have u; = ¢ (uy)[uwolowo ‘¢ (uy) forall uy € Ut

@ Springer


http://creativecommons.org/licenses/by/4.0/

Wilson lines and their Laurent positivity Page510f60 34

Proof The first equality follows from
u+B_u11 = u_h%_]B_Foh_luzl =u_Btu”l.

By the same argument, if we write v_ € U as v_ = v wob/, withv € Ut and b, € BT,
then vy = qb’*l(v_). Using this for uI_ = (') "wohu , we get u’ )T = q>’71 (uI_). Hence
W= (¢ @) =gy

For the third equality, note that uTo_luT+ = wal W' ) "wohu' € U"HU. Thus we get
h = [wo"ul Jo = [uswolo. D

The maps ¢ and ¢’ are related to 7, as follows:

LemmaA.4 Let 0y, : UF — Uf, uy — [wioul]_k be the twist automorphism. Then we
have ¢ (uy) = (1,0 )T and ¢ (uy) = (uy ().

Proof Let us write uy = b_wou’_withb_ € B~ andu’ € U~. Then
Mo (@ )T) = 1y ()T = [wou 14 = (b~ ur ]y = s
The second equality immediately follows from the first one. O
The *-involution *: G — G (Lemma 2.2) restricts to an involution *: U — U,
LemmaA.5 Let B € X*(H). For F € (’)(U:')ﬁ, we have

(k) (F) = A}

wo, —

ﬁ~(Fo*).

Proof See the proof of [34, Theorem 8.1]. ]

Appendix B. Cluster varieties, weighted quivers and theiramalgamation

Here we recall weighted quivers and their mutations, and the amalgamation procedure which
produces a new weighted quiver from a given one by “gluing” some of its vertices. This proce-
dure naturally fits into the gluing morphism (Theorem 3.7) via Goncharov—Shen coordinates.
We also recall the construction of weighted quivers from reduced words, following [6] and
[18].

B.1 Weighted quivers and the cluster Poisson varieties
We use the conventions for weighted quivers in [23]. Recall that a weighted quiver Q =
(1, Iy, 0, d) is defined by the following data:

e [y C I are finite sets.

e 0 = (0jj)i, jer is a skew-symmetric Z/2-valued matrix such that o;; € Z unless (i, j) €
Iy x Ij.

o d = (d)ics € ZI>0 is a tuple of positive integers.

Diagrammatically, I is the set of vertices of the quiver, d is the tuple of weights assigned to
vertices, and the data of arrows are encoded in the matrix o as

o0jj := #{arrows from i to j} — #{arrows from j to i}.
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Here we have “half " arrows when o;; € Z/2 (shown by dashed arrows in figures). The quiver
has no loops nor 2-cycles by definition. The subset Iy is called the frozen set, and mutations
will be allowed only at the vertices in the complement Iy := I \ Iy. The ciral dual of Q is
defined by QP := (I, Iy, —o, d).

We define the exchange matrix ¢ = (g;}); jer of Q tobe g;; := d;o;; ged(d;, dj)’l. Since
we can reconstruct the skew-symmetric matrix o from the pair (e, d), we sometimes write
0 = (I, Iy, &,d). The following is a reformulation of the matrix mutation (see e.g., [11,
(12)]) in terms of the weighted quiver:

Definition B.1 For k € Iy, let Q' = (I, Iy, o’, d) be the weighted quiver given by

—0jj i=korj=k,
0j; = loiklokj + oiklokjl

oij + T S o)
where af‘j = di gcd(al,~,dj)gcd(dk,di)’1 ged(dk, dj)’l. The operation uy : Q +— Q' is
called the mutation at the vertex k. Then the exchange matrix ¢’ of Q' is given by the matrix
mutation.

otherwise,

Let Fbe a field isomorphic to the field of rational functions on |/| independent variables with
coefficients in C. An (X-)seed is a pair (Q, X), where X = (X;);¢; is a tuple of algebraically
independent elements of Fand Q is a weighted quiver. For k € I\ Iy, let (Q’, X') be another
seed where Q' = i (Q) is obtained from Q by the mutation at k, and X" = (X});¢/ is given
by the cluster Poisson transformation (or the cluster X-transformation):

-1 .
X! — X, i =k,

= — 5.5
FUX (4 xRy g G-

The operation . : (Q, X) — (Q’, X') is called the seed mutation at k. It is not hard to see
that seed mutations are involutive: uy uy = id. We say that two seeds are mutation-equivalent
if they are connected by a sequence of seed mutations and seed permutations (bijections of
I preserving Iy setwise).

Let T, be the regular |I,¢|-valent tree, each of whose edge is labeled by an index in Iyf
so that two edges sharing a vertex have different labels. An assignment S = (S, 1 Of @
seed S = (0™, X®) to each vertex ¢ of Ty, is called a seed pattern if for two vertices ¢,
¢’ sharing an edge labeled by k € Iy, the corresponding seeds are related as SU )= wiS9.

The cluster Poisson variety Xs = UzeTzuf X\ is defined by patching the coordinate tori

Xy = G; corresponding to seeds S by the rational transformations
i OWXny) = CIX" i € 11— OXyy) = CIXP | i e I

given by the formula (5.5) whenever ¢ and ¢’ shares an edge labeled by k € Iy. The cluster
Poisson variety has a natural Poisson structure given by {X i(t) , X (it)} =X l.(t)Xy).

The ring O(Xs) = ﬂ’ETlur O(X() of regular functions is called the cluster Poisson
algebra, whose elements are called universally Laurent polynomials. An element of the sub-
semifield L4 (Xs) = Nyer, ZolX" | i € 11 C O(Xs) is called a universally positive

Laurent polynomial.

Definition B.2 A cluster Poisson atlas on a variety (or scheme, stack) V over C is a collection
(Sa)aea of seeds (here A is an index set) in the field (V') of rational functions on V such
that
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e cachseed S, = (Qy, Xy) gives rise to a birational isomorphism X, : V --» G,I,, which
admits an open embedding ¥/, : G,In < V as a birational inverse;
e the seeds S, for o € A are mutation-equivalent to each other.

From the second condition, the collection (Sy)yec4 can be extended to a unique seed pattern
S = (SD),er ot In particular we get a birational isomorphism V = X5. We call the seed
pattern S a cluster Poisson structure on V, as it is a maximal cluster Poisson atlas. Note that
the conditions do not imply an existence of an open embedding Xs < V when (Sy)qea € S.

A rational function on V can be regarded as a rational function on &5, and we can ask
whether it is a universally (positive) Laurent polynomial.

B.2 Amalgamations

We recall the amalgamation procedure of weighted quivers, following [6].

DefinitionB.3 Let Q = (I, Iy, 0,d), Q' = (I', I}, o', d’) be two weighted quivers. Fix two
subsets F C Iy, F' C I and a bijection ¢ : F — F’ such that d'(¢(i)) = d(i) for all
i € I, which we call the gluing data. Then the amalgamation of Q and Q' with respect to
the gluing data (F, F’, ¢) produces the weighted quiver Q x4 Q' = (J, Jo, 7, ¢) defined as
follows

. JZ=IU¢I/,JOC10U¢16.
, di) ifiel,
e c):=1," .. -
d'(i) ifi e I'\F'.
| jeI\F jel'’\F' jeF

L. iel \ F Oij 0 Oij
e The entry 7;; is given by: icl'\F 0 ol ol
ij ij

ieF ojj ol.’j ojj —i—oi/j

Here we can choose any subset Jy of Io Uy 16 such that o;; is integral unless (i, j) € Jo x Jo.
In this paper, we consider the minimal Jy given by

Jo=1oUp Ig\ Ji, Ji:={i€lopUyI)|o;j €Zforall j e J}.

The amalgamation procedure can be upgraded to that for two seeds. Let (Q, X) and (Q’, X')
be two seeds, (F, F’, ¢) a gluing data as above. Then we define a new seed (Q *¢ 0.Y),
where the weighted quiver Q Ug Q' is given as above and the variables Y = (¥;);ey is
defined by

X; ifiecl\F
Yii=1X] ifiel \F
Xi - X}, ifieF.

Then it is not hard to check that the amalgamation of seeds commutes with the mutation at
any vertex k € (I\Ip) U (I"\1}). Thus for two seed patterns S and S and a gluing data as
above, we have a dominant morphism

agp : Xs x Xg — XS*d)S"

Here the seed pattern S #4 S is obtained by the amalgamation of the seeds S® and S’ @ for
t e Tluf'
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B.3. Weighted quivers from reduced words

Let us fix a finite dimensional complex semisimple Lie algebra g. Let C(g) = (Cyt)s,res
be the associated Cartan matrix. For s € S, we define a weighted quiver JT(s) =
(J(s), Jo(s),a(s),d(s)) as follows.

o J(s) = Jo(s) := (S\ {s}) U{sL, s®}, where sL, s¥ are new elements.
o The skew-symmetric matrix o (s) = (074)r,ueJ(s) 1S given by

OgR gL = 1,
_J1/2 ifu # s and Cy # 0,
“STTl00 ifu # s and Cyy = 0.
Note that other entries are determined by the skew-symmetricity.

e d(s)is given by d(s),L.r :=ds,d(s); :=d; fort #s.

Let J=(s) := Jt(5)°P. We call J*(s) the elementary quivers associated with g.

For each elementary quiver J¢(s) with s € S and € € {4, —}, we define a function
8(s) : J(s) — S on the set of vertices by 6(s) .z := s and §(s); :=t fort € S\{st, s®}.
We call § the Dynkin labeling of vertices of J¢(s).

Example B.4 Here are some examples of the elementary quivers.
(1) Type Az: S = {1, 2, 3} and the Cartan matrix is given by
2 -1 0
CA)=|-1 2 -1
0o -1 2

The elementary quivers J* (1), J7(2) and J*(3) are given as follows:

% ’% 3& 3R
~ Y
2 ’/ ‘\ \\ //
A 2Lk bt
_— %, % °
1L 1R | |
I @ FRNE)

(2) Type C3: S = {1, 2, 3} and the Cartan matrix is given by’

2 -1 0
ccy=|-1 2 =2
0 -1 2

7 Here we changed the convention from [23]: for type Cj,, the long root is chosen to be «,. Similarly for type
By, the short root is chosen to be «;,.
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The elementary quivers J* (1), J*(2), J*(3) are given as follows.

2 ’/ \\ \\ ’/
A pbd———pok Y
M ‘o” 0
1L 1R 1 1
Jt() JT(©2) JT3)

Note that the vertices with the same Dynkin label are drawn on the same level in the pictures.

For a reduced word s = (s1...s7) of u € W(g) and € € {+, —}, we construct a weighted
quiver J¢(s) = J¢(s1, ..., s;) by amalgamating the elementary quivers J¢(s1), - - -, J€(s7)
in the following way: for k = 1,...,1 — 1, amalgamate J€(sg) and J€(sx+1) by setting the
gluing data in Definition B.3 as

Fi=J\{s{), F = Ja) \ {s&)
¢:F— F, sfssp, siq1 = skLH, t >t fort # sg, Skil-

Note that the Dynkin labelings §(sx) are preserved under this amalgamation. Hence, these
functions combine to give an S-valued function on the set of vertices of J€(s), which we call
the Dynkin labeling again. In the weighted quiver J*(s) = J(s1) * - -+ % JT(s;), let v} be
the (i + 1)-st vertex with Dynkin label s from the left, fors € Sandi =0, ..., n®(s). Here
n®(s) is the number of s which appear in the word s. We also use the labelling v} =: vy,
fors € Sandi = 1,...,n°(s), where k(s, i) € {1,...,[} denotes the i-th number k such
that sy = s in the word s. Similarly, the vertices of J~ (sﬁp) are labeled as v = y(s,;) Where
the index i runs from the left to the right.

Example B.5 Here are some examples of the weighted quiver J* (s) (left) and the correspond-
ing quiver J~ (sgp) (right).

(1) Type Az, s =(1,2,3,1,2,1) and sgp =(@3,2,3,1,2,3).

3 3 =3 -3 -3 -3
Yo Vi Yo Vi v U3

Here the vertices v{ s v%, v%, 1_)?, ﬁ% and ﬁ% are mutable.
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(2) Type C3,5 = (1,2,3,1,2,3,1,2,3) and s}, = (3,2,1,3,2,1,3,2, 1).

iR SR

Here the vertices v{ and v fors = 1,2, 3,i = 1, 2 are mutable.

Note that the weighted quivers J*(s) and J~ (s(’gp) are isomorphic.

Next we recall the quiver JT (s), which is called the decorated quiver in [23] in special
cases. We follow a more general construction given in [18].

Lets = (s1,...,s) be areduced word of u € W(g). Fork =1, ...,1, let o} (resp. ;)
be the root (resp. coroot) defined by

s . s . \2
Qp =Ty Ty O, By =Ty e P O

Then for each s € S, there exists a unique k = k(s) such that ,B,i = asv. Note that from [27,
(3.10.3)], we have oz,s((s) = a at the same time. Let H(s) = (H(s), Hy(s), £(s), d(s)) be the
weighted quiver defined as follows.

e H(s) = Hy(s) :=S.
e The exchange matrix £(s) = (&5 )s,ses 1S given by

k(t) —k
sl k)

2
e d(s) = (d(s)s)ses 1s given by d(s)s := d;.
The vertex of H(s) corresponding to s € S is denoted by y,. Then we define It (s) to be the

weighted quiver obtained from the disjoint union of the quivers J*(s) and H(s) by adding

the arrows vi(s)—1 — ys and y; — vi(s) for each s € S. As a convention, these additional
arrows and the quiver H(s) are shown in blue in figures.

Example B.6 Here are some examples of the quiver Jt (s).

6 1s computed as

.....

(1) Type Az, s = (1,2,3,1,2,1). The sequence (a,i)kzl

s N N
ag =0, Q5 =0a1+a2, o4=0ay,

oy =a1+ataz, o= +a3, o =o3.

@ Springer



Wilson lines and their Laurent positivity Page 57 of 60 34

Thus we get k(1) = 6, k(2) =4, k(3) = 1, and the quiverj*(l, 2,3,1,2,1)is given
by

(2) Type C3,s = (1,2,3,1,2,3,1,2,3). The sequence (oz,i)kzl 9 is computed as

oy =a3, og=ar+oe3, oF=ou +a+oas3,
af =20 + o3, o= +20 o3, @ =a,

o =2(a1 +a2) a3, o =a+oa, of =a.

Thus we get k(1) = 1, k(2) =4, = k(3) = 9, and the quiver j*((l, 2,3)3) is given by

Appendix C. A short review on quotient stacks

We shortly recall some basic facts on the quotient stacks, to the minimal extent we need
to recognize the moduli spaces Pg, 5 correctly. We refer the reader to [17, 41] for a self-
contained presentation of the general theory of (algebraic) stacks. The lecture note [22] will
be also useful to get an intuition for stacks for the readers more familiar with the differential
geometry or the algebraic topology than the algebraic geometry.

Let X be an algebraic variety (or more generally, a scheme), and G an affine algebraic
group acting on X algebraically. In order to study the quotient of X by G from the viewpoint
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of algebraic geometry, a good way is to define it as a quotient stack [X/G]. Morally, the
geometry of [X/G] is the G-equivariant geometry of X. Several lemmas below will justify
this slogan. When the action of G is free, one can think of [X/G] as an algebraic variety
(Lemma C.5); in general, the quotient stack [X/G] also contains the information on the
stabilizers.

Let X be a scheme over C and G an affine algebraic group acting on X. Then the quotient
stack X = [X/G] is a category fibered in groupoids ( [17, Definition 2.15]) where the objects
over a scheme B are pairs (E, f) of a principal G-bundle £ — B and a G-equivariant
morphism f : E — X; morphisms over B are Cartesian diagrams of G-bundles which
respect the equivariant morphisms to X.

Note that an object (E, f) over B = Spec C can be viewed as a G-orbit in X. Thus the
set X /G of orbits is recovered as the set of images of f : E — X, that is, the isomorphism
classes of the objects of X(Spec C). Yoneda’s lemma for stacks implies that a morphism
u : B — Xfrom ascheme B corresponds to an object of X(B).

It is known that X is an Artin stack ( [17, Definition 2.26]): an atlas is defined by the
morphism X — X given by the pull-back of the trivial bundle X x G (see [17, Example
2.29]). The structure sheaf on X'and the C-algebra O(X) of global functions (function algebra)
are defined, for example as in [22, Section 4]. One can verify the following:

LemmaC.1 O(X) = O(X)C.

A scheme V can be regarded as an Artin stack whose objects over B are morphisms B — V;
the only morphism over B is the identity. A stack is said to be representable if it is isomorphic
to a stack arising from a scheme. For two Artin stacks X and ), a morphism ¢ : X — ) of
stacks is said to be representable if for any morphism B — ), the fiber product B xy X'is
representable. Informally speaking, a morphism B — )/ can be viewed as a “local chart” on
Y, and the induced morphism B xy X — B is the “local expression” of ¢. Here is an easy
example:

Lemma C.2 Let V be a scheme over C and G an affine algebraic group. Consider the G-
action on 'V x G given by the trivial action on the first factor and left multiplication on the
second. Then the quotient stack [V x G /G] is representable by V.

The following lemma tells us that we can obtain morphisms between quotient stacks from
equivariant morphisms of varieties.

LemmaC3 Let X = [X/H] and Y = [Y/G] be two quotient stacks. Let ¢ : X — Y
be a morphism equivariant with respect to an embedding T : H — G. Then it induces a
representable morphism ¢, : X — ) of Artin stacks. More precisely, for any morphism
u: B — Y fromascheme B which corresponds to an object (E, f) € J(B), the diagram

E xg (G/H) 5 x

4

B—p— )Y

is Cartesian. Here uy is a morphism corresponding to an H-bundle E — E x (G/H) —
E xg (G/H).

We give a proof for our convenience.

Proof For an object (E, f) over B in X, the pair ¢.(E, f) := (E, ¢ o f) is an object over
B in Y. This correspondence is clearly compatible with pull-backs, and defines a morphism
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¢« 1 X — Y. Itis not hard to see that the fiber product B xy X'is isomorphicto E xg (G/H),
with a notice that an H-sub-bundle of a G-bundle P — B is in one-to-one correspondence
with a section of the associated bundle P x g (G/H). Thus ¢, it is representable. ]

We call ¢ a presentation of the morphism ¢,.

Remark C.4 When t is not an embedding, the morphism ¢, is not representable in general.
For instance, the morphism (id,;)« : [pt/G] — [pt/e] = pt is not representable for a
non-trivial group G, where pt denotes the point scheme and e is the trivial group.

A property of morphisms of schemes that are local in nature on the target and stable under
base-change can be defined for representable morphisms of stacks. For instance, ¢ is said to
be an open embedding if ¢ : X =Y X[y,5)[X/G] — Y is an open embedding of varieties.

Lemma C.5 Suppose that X is an affine algebraic variety, G is reductive, and the G-action
on X is free. Then the quotient stack X = [X /G] is representable by the geometric quotient
X/G.

Indeed, the assumptions imply that all points of X are G-stable, and the geometric quotient
X /G exists (see, for instance, [3, Proposition 1.26]).
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