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Abstract

The Bergman projection P, induced by a standard radial weight, is bounded and onto from
L to the Bloch space B. However, P, : L°® — B is not a projection. This fact can be
emended via the boundedness of the operator P, : BMO>(A) — B, where BMO»(A) is
the space of functions of bounded mean oscillation in the Bergman metric. We consider the
Bergman projection P, and the space BMO,, , (A) of functions of bounded mean oscillation
induced by 1 < p < oo and a radial weight o € M. Here M is a wide class of radial
weights defined by means of moments of the weight, and it contains the standard and the
exponential-type weights. We describe the weights such that P, : BMO, ,(A) — B is
bounded. They coincide with the weights for which P, : L>° — B is bounded and onto.
This result seems to be new even for the standard radial weights when p # 2.
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1 Introduction and main results

It is well-known that the Bergman projection Py, induced by the standard weight (o + 1)(1 —
|z |2)°‘, is bounded and onto from L to the Bloch space B [6, Section 5.1]. This is a very useful
result with a large variety of applications in the operator theory on spaces of analytic functions
on D. However, the operator P, : L° — B is in fact not a projection because of the strict
inclusion H* C B. This downside can be emended by replacing L°° by the space BMO, (A)
of functions of bounded mean oscillation in the Bergman metric [6, Section 8.1]. It is known
that the analytic functions in BMO; (A) constitute the Bloch space B [6, Theorem 8.7], and it
is a folklore result that P, : BMO,(A) — B is bounded. Professor Kehe Zhu kindly offered
us the following proof:

If f € BMO»(A), then the big Hankel operators H}‘ (g) = — Py)(fg) and H%(g) =

(I — P,)(fg) are both bounded on the Bergman space A2 by [6, Section 8.1], and therefore

so are the little Hankels 2% (g) = Py (fg) and h%(g) = Pa( ). Now that h% = h% —__ and
18 & i & 7Ry

the little Hankel operator 4%, induced by an analytic symbol ¢, is bounded on A2 if and only
if ¢ € B by [6, Section 8.7], it follows that Py (f) € B, whenever f € BMO;,(A). Since
this argument preserves the information on the norms, it follows that P, : BMO>(A) — B
is bounded.

In this paper we are interested in understanding the nature of a space X of complex-valued
functions such that X N H(ID) = B, and radial weights w for which the Bergman projection
P, : X — B is bounded. Here, as usual, /(D) stands for the space of analytic functions
in the unit disc D = {z € C : |z] < 1}. We proceed towards the statements via necessary
notation.

For a non-negative function v € L'([0, 1)), its extension to I, defined by w(z) = w(|z|)
for all z € D, is called a radial weight. For 0 < p < oo and such an w, the Lebesgue space
L% consists of complex-valued measurable functions f on ID such that

IIfIILp = /D |f(@IPw(z) dA(z) < oo,

where dA(z) = @ is the normalized Lebesgue area measure on . The corresponding
weighted Bergman space is AL = L’ N H(ID). Throughout this paper we assume @(z) =
flll w(s)ds > 0 for all z € D, for otherwise AL = H(D). For a radial weight w, the
orthogonal Bergman projection P,, from Lz) to Ai is

Po(N(z) = Df(C)B?(f)w(C)dA(C),

where BY are the reproducing kernels of the Hilbert space A2 It has been recently shown
in [5, Theorems 1-2- 3] that the Bergman projection P, induced by a radial weight o, is
bounded from L to the Bloch space B if and only if w € D, while the Bloch space is
continuously embedded into P, (L*°) if and only if o € M. Therefore, P, : L — B is
bounded and onto if and only w € D = D N M. Recall that a radial weight w belongs to
the class D if there exists a constant C = C(w) > 1 such that &(r) < C@(l#) for all
0<r < 1,whlewe Mif w, > Cwgy, forall x > 1, for some C = C(w) > 1 and
K = K(w) > 1. Here and from now on w, = fol r*w(r)dr, forall x > 0.

Let B(z, ¢) denote the hyperbolic distance between the points z and ¢ in D, and let A(z, r)
stand for the hyperbolic disc of center z € D and radius 0 < r < oo. Further, let w be a
radial weight and 0 < r < oo such that  (A(z, 7)) > O for all z € D. Then, for f € L%
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with 1 < p < oo, write
1

MOo, . (f)(2) = ( 1f (&) — ﬁ,w(z)lpw(f)dA(§)> "

w(A(z, 1)) A(z,r)
where

Sar FOo@) dAQ)
o(A(z, 1))

The space BMO(A),,, ., consists of f € L? such that

.ﬁ,w(Z) =

, Z€

Il £ llBMO(A),, ., = SUp MOy, p,r (f)(2) < 00.
zeD

It is known by [4, Theorem 11] that for each @ € D there exists ro = ro(w) > 0 such that
BMO(A)w, p,r = BMO(A)y prys  F = 10. (1.1)

We call this space BMO(A),,, , whenever (1.1) holds, and assume that the norm is always
calculated with respect to a fixed r > ro. However, in contrast to the class D, for each prefixed
r > 0, the quantity w (A(z, r)) may equal to zero for some z arbitrarily close to the boundary
if o € D, by Proposition 3 below. Therefore the space BMO(A),, - is not necessarily
well-defined if w € 5, and consequently, we consider the class D in the main results of this
paper.

It is clear that the space BMO(A),,, , depends on w € D, but for w € Znv, straightforward
calculations show that for each r{, r; € (0, 00), we have BMO(A),, .-, = BMO(A), .1,
where v(z) = 1. Therefore we call this space BMO(A) ,,. Recall that w is invariant, denoted by
€ Inv, if for some (equivalently for all) » € (0, co) there exists a constant C = C(r) > 1
such that such that C'w () < w(z) < Cw(¢) for all £ € A(z, r). That is, an invariant
weight is essentially constant in each hyperbolically bounded region. The class R of regular
weights, which is a large subclass of smooth weights in D, satisfies R C Znv N D by [1,
Section 1.3]. The space BMO(A),,, , certainly depends on p as is seen by considering the

function f(z) = |z|7% which satisfies f € BMO(A), \ BMO(A), forg < p.

We recall one last thing before stating the main result of this paper. Namely, an analytic
function f belongs to B if and only if it is Lipschitz continuous in the hyperpolic metric [6,
Theorem 5.5]. Therefore B C BMO(A),,, p,r foreach 1 < p < 00,0 < r < oo and a radial
weight o such that w (A(z,r)) > 0 forall z € D.

Theorem 1 Let 1 < p < oo and w € M. Then the following statements are equivalent:

(i) There exists ro = ro(w) € (0, 00) such that BMO(A), ., does not depend on r,
provided r > ro. Moreover, P, : BMO(A), , — B is bounded;
(i) P, : L*® — Bis bounded;
(iii) w € D.

As far as we know, the statement in Theorem 1 is new even for the standard weights when
p # 2. The class M is a wide class of radial weights containing the standard radial weights
as well as exponential-type weights [1, Chapter 1]. It is also worth observing that weights
in M may admit a substantial oscillating behavior. In fact, a careful inspection of the proof
of [5, Proposition 14] reveals the existence of a weight @ € M such that BMO(A),, ., is
not well-defined for any r > 0 and 1 < p < oo, and therefore we cannot get rid of the
first statement in the case (i) in Theorem 1. However, each weight w in the class D has the
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property that w(A(z, r)) > 0 for all z € D and for all r sufficiently large depending on w.
The class D consists of radial weights @ for which there exist constants K = K(w) > 1
and C = C(w) > 1 such that ®(r) > Co (1 — 1%) for all 0 < r < 1. Recall that
D=DND=DNMbutD C M by [5, Proof of Theorem 3 and Proposition 14].

As for the proof of Theorem 1, the equivalence between (ii) and (iii) is already known
by [5, Theorem 3], so our contribution here consists of showing that (iii) implies (i). Our
approach to this implication does not involve the Hankel operators, is direct and based on the
decomposition BMO(A),, , = BA(A)y,, + BO(A), provided in [4, Theorem 11(ii)]. For
continuous f : D — Cand 0 < r < oo, we define

Q f(z) =sup{| f(z) = f(OI: Bz, ¢) <r}, zeD,
and let BO(A) denote the space of those f such that

Il flIBo(a) = sup 2, f(z) < oo.
zeD

It is known that the definition of BO(A) is independent of the choice of r by [6, Lemma 8.1].
Further, if w is a radial weight such that w (A(z, r)) > 0 for all z € D, then, for0 < p < oo,
the space BA(A), p,, consists of f € L? such that

1
1 » »
I fIBAAY, ., jgﬂp) <a)(A(z, D Jacn [f (Ol a)({)dA(g“)) < 0.
If o € D, then the space BA(A),, ,,» depends on p and w but, by [4, Lemma 10], there
exists an r9 = ro(w) € (0,00) such that it is independent of r as long as r > rg, so
we write BA(A),,, , for short. With these definitions and observations the decomposition
BMO(A)y,p = BA(A)y,p +BO(A) gets explained.

The rest of the paper consists of the proof of Theorem 1. But before getting to that, we finish
the section with couple of words about the notation used. The letter C = C(-) will denote an
absolute constant whose value depends on the parameters indicated in the parenthesis, and
may change from one occurrence to another. We will use the notation a < b if there exists a
constant C = C(-) > O such thata < Cb, and a 2 b is understood in an analogous manner.
In particular, if @ < b and a 2 b, then we write @ < b and say that a and b are comparable.

2 Preliminary results on radial weights

We begin with a known characterization of weights in D, proved in [2, Lemma 2.1].

LemmaA Let w be a radial weight. Then, w € D if and only if there exist C = C(w) > 0
and B = B(w) > 0 such that

B
a(r)§c<l—;> at), 0<r<t<l.
The following simple lemma is useful for our purposes. It reveals that D is closed under
multiplication by a suitably small negative power of the hat of another weight in D.

Lemma2 Letw € D and v € D. Then there exists Yo = yo(w, v) > 0 such that, for each
y € (0, yol, we have (V)Y w € D, and

1 -~
/ @) 4o OO g @.1)

(s)Y V()Y
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Proof By [5, 2.27)], w € D if and only if there exist constants C = C(w) > 0 and
g = ag(w) > 0 such that

1—1\“
a(t)§C<l—) o), 0<r<t<l, 2.2)
—r

forall € (0, ap]. Let y = y(w, v) € (0, ap/B), where B = B(v) > 0 is that of Lemma A.
Then

w(s) . (I —=s)%
1 = < = .,
s=>1m V()Y Y ss1- V()Y

Two integrations by parts together with (2.2) and Lemma A yield

o(r) Yot) a0 L 3s)
S = sr =g 47 || s

_ o e /1(1_s)a0 v(s)

~ D) D(s)r+!

L o0 B /‘ ((1:s)ﬁ>y(l_s)a0_1_y,sds

RO o)
< o0 B0 ((1_,),3) /(1 gr-1vB gy < 20 oy

TV A =%\ V) ~ Ay

Therefore (2.1) is satisfied, and standard arguments show that (V) Y@ € D.

We finish the section by showing that the space BMO(A),,, . is not necessarily well-
defined for all r € (0,1) if ® € D \ D. This serves us as a justification for the initial
hypotheses on w in our study.

Proposition3 Let  : [0,1) — [(log3)/4,00) be arbitrary. Then there exist an v =
wy € D \ D and a sequence {r,};> | of points on (0, 1) depending on y only such that
lim, 00 1y = 1 and wy (A(ry, Y (rp—1)) =0 foralln € N.

Proof Let us consider the increasing sequence {t,};°, € [0, 1) defined inductively by
the identities 1; = 0 and B(#,, ty+1) = 2v¥(#,) for all n € N. Since the range of ¢ is
[(log3)/4, 00), we have

A |

1
—_— > > — e [0, 1).
MO 127247 [0. 1)

Therefore #,4+1 > %, and consequently, lim,_,~ #, = 1. Then, for n > 2, the annu-

lus {z € D : ¢t, < |z| £ ty4+1} contains A(s,, ¥(s,—1)), where s, is the hyperbolic
midpoint of (t,, t,+1). Define = Z;’O:lanx{zz,hﬂz‘ﬁzwl}, where {a,}° | are chosen
such that @, (12441 — t2,) = 27" for all n € N. Then @(r2,) = Y 52,277 = 2!"" for
all n € N, and it follows that € D because # (r, 4°) = 1 forall 0 < r < I, and
B(ton, t2(n+1)) = 2(¥ (t2n) + ¥ (t2n41)) — 00, as n — oo. Further, by setting r, = 52,41,
we have w (A (r,, ¥ (rp—1))) = 0 for all n € N. This also implies that w ¢ D.

3 Proof of Theorem 1

The statements (ii) and (iii) are equivalent by [5, Theorem 1], and the fact that (i) implies (ii)
is an immediate consequence of the continuous embedding L>° C BMO(A),,, ,. Assume
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now (iii), that is, w € D. In the proof we will use the fact that f € BMO,, ,(A) if and
only if it can be decomposed as f = fi| + f2, where f; € BA(A)y,,p and f> € BO(A)
such that || f; ”BA(A)a),p + I ~2llBocay S ||f||BM0(A)w‘p. This statement follows from [4,
Theorem 11(ii)] and its proof. Consequently, it is enough to prove that P, : BA(A)y,, — B
and P, : BO(A) — B are bounded operators.

We first show that P, : BA(A)y,, — B is bounded. To do this, choose 0 < ryp < o0
such that BA(A)y, p,r = BA(A)y,p is independent of r as long as r > rq. Further, let
f1 € BA(A)w,p and r > ro, and let {ak},fo=1 be an r-lattice. Then Holder’s inequality and
the definition of BA(A),,, , yield

| (Po(f1)) (@] 5fD|f1(§)||(Bg”)/(z)|w(odA(;)

<

- ]; Alag,r

<>, (f |f1(¢>|Pw(;)dA(;)> ’
k Alag,r)

=1

x ( f |(B?)’<z)|P’w(¢>dA(c))
Aag,r)

> 1 , >
< 1 IBacar,, Y (@ (Aax, )7 (/A( )I(B?))’(z)lp w(i)dA(;“))
k=1 T

: LAOIBY) (D) w(§) dAEQ)

P

oo
< I £IBAA),, Y@ (Al ) sup  [(B) (@), zeD,
k=1 ceA(ag,r)

from which the subharmonicity and standard estimates give

Intaan (B @I dA©)
(1 — la))?
o0 A ’ 3
S 1 leacae, D / '(B?)/(Z)'W dAq) G
k=174 ¢

(ag,2r)

| (Po(f1)) @I S 11 flIBAA , Zw(A(ak, r)

k=1

w (A(Z,3r))

a—ice dA), zeD.

< IIfIIBA(A)w,,,AI(B?))/(Z)I

Next, for each a € D\ {0}, consider the interval I, = {e"e : |arg(ae )| < @ }, and

let S(a) = {z € D : |z| > |al|, €' € I,} denote the Carleson square induced by a. Then
Fubini’s theorem yields

/ w(A(g,3r))
s@ (1—1¢D?

= / ( f M) w(z) dA(z)
(zeD:S(@NA 320 \Is@nae3ny 1 —12D)?

dA(2) ) )
7 dA(z2) < w(Sb)), R,
= [9(1;) </A(z.3r) Q=12 0@ dA@) = w(SE). la| >

dA(2)
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where R' = R'(r) € (0, 00) and b = b(a,r) € Dsatisfiesargh = arga and 1 — || < 1—|a|
foralla € D\ D(0, R'). Since w € D by the hypothesis, we have o (S(b)) < w(S(a)) by
Lemma A. Therefore (3.1) and [2] [Theorem 3.3] imply

| (Po(f1)) @ S 11 flIBAA, /D I(BY) (D)o (6)dA), zeD.

Since [3, Theorem 1] yields

] dt 1

/}DI(B{)(Z)Iw(§)dA(€)X1+/O -0 121 z€D,

we deduce that P, : BA(A),, , — Bis bounded.
It remains to show that P, : BO(A) — B is bounded. Let f, € BO(A). First, observe
that an application of Lemma 2 yields

[(Po(f2) ()] = [ 20)]wD) + /D 1f2(¢) — fz(O)IBé"@)Iw({)dA(C)

= Ifz(O)Iw(ID))+IIf2IIBO(A>/ log 7 | ||Bw(§)|w(§)dA(§)

= 1£20)|o@) + C:l 21Boca) A)log w(¢)dA{l) <oo, zeD.

1
I=1¢|
Further, since 1 = (1, Bg))/% and 0 = (1, (B?)’Mg), we have

(Po(f2)) @) = (f2. (BE) ) a2 = (f2. (BY)) 4z — fo@)(1. (B ) a2
= /D % (f2(0) = () (BY) @ () dAQ), zeD.
By Lemma 2 there exists &g = go(w) > 0 such that for each ¢ € (0, gg], we have w_¢] =

(1 —|z])*w(z) € Dand @[] < @[—¢; on D. Take 0 < & < min{
that from Lemma A. Since f, € BO(A), we have

s 1+80} where 8 is

11 —¢z*

_ <a , <
[ /2(z) — LI S A+ B ) fllBoa)y S E TG

I fllBo(ar), 2. ¢ €D.

Therefore Holder’s inequality yields

|(Puf2)) @] S A= 1z)* /|1 o B @) or-a1©)dA©)

<A —-1zD"*hH@ L@, zeD,

(3.2)

where
_ 2
Il(z)sz\(l—;z)(BgJ)/(mﬂ 0(©)dAQ), zeD,
and

2
w[,lfj](f)dA(f), z e D.

I — Ba)/
2@ = [ [oa
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By Lemma 2, [3, Theorem 1], Lemma A and our choice of ¢, we have

o —

Iz w_ = (1) lz2l &) T
Iz(z)51+/ o] l_zgd,xH/ 0T,
0

2—-3¢
0 (1—1Te

(00 -n2) ™

) T [F dt
o) [ e
(1 —1zhf 0 (11— t)%

1

1
_ o)° N\ _ (@@
=1 ((1 - |z|)1*28> B ((1 - |z|)1*28> el

Let us now bound /; (z). To do this we first observe that

0 = n—1 00 — \n
20 - ¢ (B () =¢ (Z n@)" Z n(¢z) )

w w
=l 2n+1 =l 2n+1

( . Z (n+ 1)(C2) n(z2) )

@243 el W2n+1

§\~

o] @23 W2n+1W2n+3
= (/1 + 1z Q) + S, ;)) z,¢ €D.

By [3, Theorem 1] we have

o0 o0
— 2n+1 2n 2n
12z, D)0 (¢) dA) = |z|*" =< Izl
/D nX]: ©on+3 ; @+l
1
< Bw ~ T T =, > € D
I ”Az (1 —|zhao(z) ¢

= (C2)" n Z n(wp+1 — W2,+3) ({z)")

(3.3)

Further, we have n(wy,+1 — w2,43) = nfol s (1 — 2w (s)ds < wopyg foralln € N

by [5, (1.3)]. Therefore another application of [3, Theorem 1] gives

1
< 2n < [0}
/ |73z, O P (@) dAQ) < E 2n+1 I B; ||A2 = T-eq)’

n=1

and it follows that

1
I < — D.
WIS e ©©

This estimate, (3.2) and (3.3) yield

[(Po(£2) @] SA = 12D h(D) L)' < zeD.

1—|z|’

Consequently, P, : BO(A) — B is bounded. This finishes the proof of the theorem.
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