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Abstract

We construct a Kawamata type semiorthogondal decomposition for the bounded derived
category of coherent sheaves of nodal quintic del Pezzo threefolds, decomposing the bounded
derived category into bounded derived categories of finite dimensional algebras. This is
achieved by constructing birational maps from nodal quintic del Pezzo threefolds to quadric
surface fibrations over the projective line.

1 Introduction

The most interesting smooth Fano threefolds are the ones with Picard rank 1. Their derived
categories are quite well known [17]. But much less is known about the derived categories
of singular Fano threefolds. The first examples are given by Kawamata [11] for nodal del
Pezzo threefolds of degree 6 and 8 (more details below). In both examples the threefolds have
only one ordinary double point (or nodal point). It is an interesting and important question
to understand the derived categories of other singular Fano threefolds and see what they
look like when the Fano threefolds have multiple nodal points. In this paper we study the
bounded derived category of coherent sheaves DP(X) for nodal quintic del Pezzo threefolds
X (terminal Gorenstein Fano threefolds of index 2 and degree 5) over an algebraically closed
field k of characteristic 0 and construct a Kawamata type semiorthogonal decomposition
(KSOD) defined in [8, Definition 4.1] for Gorenstein projective varieties. This answers the
question asked in [8, Example 4.16] about the existence of KSODs for these threefolds. A
KSOD is an admissible semiorthogonal decomposition (SOD) of the type

DP(X) = (A, D°(S)), ..., D°(S,)) (1.1

where A is a subcategory of Dperf(X ), S1,..., S, are finite dimensional k-algebras and
Db(S,-), 1 < i < n are bounded derived categories of finitely generated right modules over
S;. Here admissible means that the components of the SOD are admissible subcategories.
The classification of terminal Gorenstein del Pezzo threefolds of degree 5 states that they
have only nodal singularities and the number of nodal points is at most 3. Moreover, the
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quintic del Pezzo threefold X,, with m nodes (0 < m < 3) exists and is unique up to
isomorphism for each m; see [21, Corollary 8.7]. The SOD of the derived category DP(Xp)
of the smooth quintic del Pezzo threefold is well known; see [17, Theorem 4.2]. It has a full
exceptional collection of four objects. In this paper, we will focus on the singular threefolds
Xm,1 < m < 3 and show that two of the exceptional objects in the smooth case are
replaced by derived categories of finite dimensional algebras. Furthermore, we will see that
the construction of the SODs of DP(X,,) is closely related to derived categories of a chain of
m P’s. For a chain of P!’s, there is a SOD as below.

Proposition 1.1 ([6]) Let " be a chain of n + 1 P!’s. Then DY(I") = (D°(R,), Or). Here
Ro =k and R,,n > 1 is the path algebra of quiver with relations

o ay %n
— — — .
R, =k 0‘73/0‘7/0 0‘7/0 aifi =0, Bia; =0, V1<i<ng. (1.2)
1 2 n

The main result of the paper is the construction of the following Kawamata type SODs,
which indicates that DP(X,,) behave in a similar way as DO (IN).

Theorem 4.8 Let X, be the quintic del Pezzo threefolds with m nodes form = 1,2, 3. Then
there is an admissible semiorthogonal decomposition

D’ (X)) = (D°(Ry—1), D*(R1), O, Ox,, (1))
where Ry = k and Ry, R, are the path algebras defined by (1.2).

The reason we care about Kawamata type SODs for a singular scheme X is because it
gives a complete decomposition of the “singular part" of DP(X) in terms of finite dimensional
algebras. More precisely, the singularity of D(X) is measured by the Orlov’s triangulated
categories Dsg(X) of singularities, which is defined as the Verdier quotient of D°(X) by the
subcategory DP" (X) of perfect complexes. In this sense Kawamata type SOD would induce
a SOD of Dy (X) by triangulated categories of singularities of finite dimensional algebras.

If a Kawamata type SOD does exist, one can further ask whether there exists a full
exceptional collection for the subcategory .4 in the SOD (1.1). In the main result the answer
is yes with A = (Ox,,, Ox,, (1)). The known examples where 4 has a full exceptional
collection is provided in [8, §4]. In dimension 1, a chain of projective lines studied by
Burban (see Proposition 1.1) is one family of such examples. In dimension 2, Karmazyn-
Kuznetsov-Shinder [9] proved that a projective Gorenstein toric surface has a SOD of this
kind if and only if it has the trivial Brauer group. Moreover, their method also provides some
non-toric examples: the du Val sextic del Pezzo surfaces [14] and the du Val quintic del Pezzo
surfaces [24]. In dimension 3, Kawamata [11] provides two such examples, the nodal quadric
threefold and the nodal sextic del Pezzo threefold, by investigating the derived category of a
threefold with an ordinary double point. More explicitly, Kawamata proved in [11, Theorem
6.1 and 5.1] that for certain threefolds X with an ordinary double point, the right (or left)
orthogonal complement to A in D(X) is equivalent to D°(R1) (see (1.2) for the definition
of Ry). One notes that D’ (R)) is also the right orthogonal complement to the structure sheaf
in the derived category of a chain of two P!’s by Burban. This phenomena is expected by
Knorrer periodicity [19, Theorem 2.1].

For a threefold X with multiple nodal points, one naturally wonders when the SOD (1.1)
of DP(X) exists and if it does exist, which algebras S; will appear. It is already known by
[8, Example 3.15 and 4.16] (see also [20, Corollary3.7]) that derived categories of nodal del
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Pezzo threefolds of degree between 1 and 4 do not have Kawamata type SODs. The main
result of paper confirms that Kawamata type SODs do exist for degree 5. This is detailed in
§4 and it uses a generalization of Kawamata’s result [11, Theorem 6.1 and 5.1] mentioned
before, which is explained in Proposition 2.12, to produce a semiorthogonal component
DP(R;) for threefolds with multiple nodal points. In detail, the derived category DP(Y;) of
aresolution Y7 of X has a full exceptional collection and it descends to a SOD of Db (X1).
The non-commutative algebra R appearing in the SOD of DP(X) is the indication of the
node. For X», X3 there are partial resolutions Y>, Y3 of a chosen nodal point, respectively.
We can prove that the derived category of a chain of m P!’s can be embedded into DP(Y,,,).
This is how algebras R and R,,_1 appear in the SOD of Db (X,,) after descent, where R is
obtained in the same way as the 1-nodal case X and R,,_ is the indication of the remaining
nodal points.

It should be pointed out that Kawamata type SODs of DP(X,,,) constructed in this paper are
certainly not unique. For example, there is another SOD for DP(X») where the orthogonal
complement of (Oy,, Ox, (1)) is given by (Db(k), Db(R2)>; see [20, Remark 3.13]. One
would probably notice the asymmetry of the subcategory (D°(R1), DP(R3)) in DP(X3). The
nodal point corresponding to R; is singled out because it is the chosen point that gets resolved.
It is still unknown whether it is possible for DP(X3) to have (DP(R;), D°(R}), DP(R))) as the
orthogonal complement of (Oy,) (instead of (Ox,, Ox;(1))). On the other hand, if one allows
differential graded algebras in the SOD, then the derived category DP(R,,) with R,, n > 1
defined by (1.2) has a SOD with a copy of DP(k) and n copies of Db (k[e]/ez), where ll«g[e]/e2
is the derived dual number with deg(¢) = —1. As a consequence, Db (Xn) has a symmetric
SOD with 4 copies of D°(k) and m copies of D (k[e] /ez). Since X,, can be realized as
codimension 3 linear sections of Gr(2, 5) (detailed in Sect. 3), these symmetric SODs also
follow from the Homological Projective Duality theory, where the case for the smooth quintic
del Pezzo threefold X is done in [13, §6.1].

The key step of our construction of the Kawamata type SOD, which is interesting by
itself, is the study of a quadric surface fibration with fibers of corank 2. This method has
been formalized and generalized in the subsequent paper [25]. More explicitly, the partial
resolution Y3 of X3 at a nodal point is a quadric surface fibration p3: Y3 — P! over P!.
Because p3 has a fiber of corank 2, the non-trivial component of DP(Y3) is not well understood
by known results. We show in Proposition 4.4 that the non-trivial component is equivalent to
the derived category of a chain of three P!’s. In this paper the proof is obtained by explicit
computation. But the essential reason for such an equivalence is that p3: ¥3 — P! has a
smooth section (each point of the section is a smooth point on the fiber) and a more theoretical
proof is given in [25, Example 6.1].

1.1 Organization of the paper

In Sect. 2 we provide background materials used in the paper. In Sect. 2.1 we review Clifford
algebras and spinor sheaves of a quadratic form. In Sect. 2.2 we introduce derived push-
forward and pull-back functors for derived categories of noncommutative projective schemes
and prove the projection formula (Lemma 2.5). In Sect. 2.3 we present results on the derived
push-forward functor of a proper morphism with fibers of dimension at most 1 and explain
in Proposition 2.11 how to descend SODs via the derived push-forward functor. We also
provide a generalization of Kawamata’s result in Proposition 2.12 that produces a non-trivial
semiorthogonal component in the derived category of a projective threefold with multiple
nodes.
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In Sect. 3 we study the geometry of X,, and realize that there exists a small resolution Y,
of X, at one of the nodal points and ¥,,, is a quadric surface fibration over P!; see Proposition
3.3. Concretely, let x be a nodal point of X,, and let 7 X,, = P* c P° be the embedded
projective tangent space of X,, at x. Then the linear projection ¢y, : X,, --» P! from T X,,,
factors as fnjl o pm Where f,;: Y, — X, is asmall resolution of X, at x and p,,: Y,;, — P!
is a quadric surface fibration.

In Sect. 4 we study D°(X,,) using the geometric model constructed in Sect. 3. The SOD
of derived categories of quadric fibrations has been constructed by Kuznetsov [12]; see (4.1)
for the SOD. The key step to understand D(Y,,) is to understand the nontrivial component
Db (Pl, Bm,0), where B, ¢ is the even part of the Clifford algebra of p,,: ¥, — P! They
are well understood when m = 1, 2 because in these cases, fibers of p,, have corank at most
1. A new argument is used for m = 3 where we show in Proposition 4.4 that DO (P!, B3.0)
is equivalent to the derived category of a chain of three P!’s. From here we use Proposition
2.11 and 2.12 to descend the SOD of D°(Y,,) to a SOD of DP(X,,) along fi.s: DP(¥,,) —
DP(X,,). One additional important ingredient is that for the exceptional locus E = P! of
Sm: Ym — X, its structure sheaf O has a Koszul resolution given by a regular section of
the spinor bundle Sg associated with E (see Proposition 2.2 (ii) and note that E is a smooth
section of py,).

1.2 Related work

In preparation of the paper we learned that Pavic-Shinder [20] are working on the same subject
via a different approach. They study D°(X,,) using a different rational map coming from X,,,.
In detail, they choose a line L C X, in the smooth locus and consider the linear projection
X,n --» P* from L. The image of the map is a smooth or nodal 3-dimensional quadric
Q3 and the map X,, --» Q3 factors as the inverse of the blow-up ¥ = Bl (X,,) — X,
followed by the blow-up Y = Blc (03 — 03 along a nodal curve C of arithmetic genus 0.
In comparison, the rational map ¢, : X,» --» P! we used in this paper is a linear projection
onto a line in the smooth locus of X,,.

1.3 Notations

We will use the following notations and conventions throughout the paper.

Given an algebraic scheme X, we denote by DP(X) the bounded derived category of
coherent sheaves on X . Denote by D™ (X), D(X) and DP* (X) the bounded above, unbounded
derived categories of coherent sheaves and derived categories of perfect complexes (quasi-
isomorphic to a bounded complex of locally free sheaves of finite rank), respectively. Given a
morphism f: X — Y, we denote by f and f* the total derived push-forward and pull-back
functors, respectively. The underived push-forward and pull-back functors will be denoted
by R f, and Lo f*, respectively.

Given a noncommutative projective scheme (X, Ay) introduced in Definition 2.4, denote
by Coh(X, Ayx) and QCoh(X, Ay) the abelian categories of, respectively, coherent and
quasi-coherent sheaves with right A x-module structures. Note that when Ay = Oy, the pair
(X, Ay) is the usual scheme.

The base field k is an algebraically closed field of characteristic 0.

Let T be a chain of n P'’s. Let I'; be the i-th component of I' and d; € Z,1 < i < n.
Denote by
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e Or{dy,...,d,} the line bundle on I" whose restriction to I'; is Or, (d;).

We will provide a geometric model for nodal quintic del Pezzo threefolds X, in Propo-
sition 3.3 and it will be used across the paper. For the convenience of the reader we include
a summary of related notations below.

e X, is the quintic del Pezzo threefold with m nodes form =1, 2, 3;

e fu: Y, — X, is a small resolution of a nodal point where f;, contracts a smooth
rational curve E to the nodal point;

® pwm: Yy —> Plisa quadric surface fibration, where E is a smooth section (consists of
smooth points of the fibers) and the normal bundle Ngy, = Op(— 12,

o Let & = Op1 @ Opi(—1)? and £ = Opi(—1). Let m: P(§) — P! be the projection.
Then the total space Y,, of the quadric surface fibration p,, is the zero locus of a global
section

om € D(P(E), Opeyp1 (2) @ L) = T(P', Sym*(€Y) ® L)

on P(E) where £V is the dual of £ and Sym? is the second symmetric product. The
exceptional locus E of f,: Y, — X, is the projectivization of Op1 C &.

Denote by

e ip: Y, — P(£) the embedding (p,, = m o ip);

8 € T(P(E), Opyp (1) ® 7*E) = I'(P, &Y @ &) the section corresponding to the

identity of End(&);

B0 the sheaf of even part of the Clifford algebra of the quadric fibration p,, : ¥, — P!;

Bin,1 the sheaf of odd part of the Clifford algebra of p,,;

Z,, the central subalgebra Op1 & A*E ® (L)Y of Bim,0;

8&m: Cpn = Specp1 (Z,) — P! the double cover ramified along the degeneration locus

of pi;

° E,;,/o the unique sheaf of algebra over C,, such that gm*(ﬁmj) = B0 as sheaves of
Z,-algebras.

Note that the algebra structures of coherent sheaves B, 0, B, 1, E;}, Z,, the degeneration
locus of py,: Yy, — P! and therefore the map gy : Cp — P! depend on the global section
o defining the quadric surface fibration p,,.

2 Preliminaries
2.1 Clifford algebras and spinor sheaves

In this section we review the Clifford algebra of a quadric hypersurface and spinor sheaves
associated with linear subspaces of a quadric hypersurface, with a focus on quadric surfaces.
Spinor sheaves on singular quadrics are studied by Addington in [1]. He follows the conven-
tion that spinor bundles on smooth quadrics are generated by global sections; e.g., the spinor
bundle on P! is O(1). Similarly, spinor sheaves of a quadric fibration can be constructed and
they are used to study derived categories of nodal quintic del Pezzo threefolds in Sect. 4.

Let V be a k-vector space and let g be a quadratic form on V. The Clifford algebra of ¢
is

By =T*(V)/(v®v—q) - 1)vev,
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where T°(V) is the free associative algebra generated by V. We view T°(V) as a graded
algebra with elements of V having degree 1. Then B, has a natural Z/2-grading: the even part
By is spanned by monomials of even degrees and the odd part By is spanned by monomials
of odd degrees.

Let W be anisotropic subspace of V, thatis, g|w = 0. Then the subalgebra of B, generated
by Wis A®*W. Let I'" be the right ideal (A4™W W) . B, of B, generated by AW Let
IV = I(}}V D1 1W be the decomposition into the even part I(}V and the odd part / 1W. Consider
the map of vector bundles

Opy(=D @1V —>O1P>(V)®I
VRE > 1Q®&v

where Op(yy(—1) is regarded as the universal subbundle of Op(y) ® V. We use sWn) to
denote the map obtained by tensoring sV with Op(vy(n). Since § Yan+1)os"mn) =g¢q
for every n, we have 8" is an isomorphism away from the quadric Q = {g = 0} C P(V).
Because ker(8") is torsion and Opvy(=1) ® I is torsion free, we have sV is injective.
Hence, there are short exact sequences

w % w
0= Opiy(=D)® Iy — Opw)® 1" — Sw — 0, @0

w o w
0— Op(\/)(—l) ® I] — O[[D(v) ®10 — Tw — 0.

where 8% = 8(‘)” ® 81W and Sy := coker ((ng), Tw := coker ((SYV) are supported on Q. The
map & 1W can be induced from 8(‘)4/ because

8)" =8y ®s, Bq1.
In particular, 1}V = I}Y ®p,, By1. There are resolutions on Q for Sy (and similarly for Ty):

8y (=2) 7
25 0p(=2)R 1) D Op(— 1)@1O %, OQ®Il — Sy — 0, 02
sy @) ’

0— Sy — Oo()® I} LA 0o 1" A, 003 @I AL
The sheaves Sy, Tw constructed here are called the spinor sheaves of Q associated with
the linear subspace P(W) C Q. They are the generalization of spinor bundles on smooth
quadrics. Similarly for a flat quadric fibration @ C P(V) — S and an isotropic subbundle
W C V, one can construct spinor sheaves Syy, 7yy of Q associated with P(OW) C Q. For
details of this construction, see [25, §2.2].

Proposition 2.1 ([1, Proposition 2.1 and 4.1]) The spinor sheaves Sw, Tw constructed by
(2.1) are reflexive sheaves on Q. Let K C V be the kernel of q, i.e., the singular locus of Q
is P(K). We have

(i) ifP(K)NP(W) = @ and codim(W) > 1, then Sw, Tw are locally free sheaves of rank
Zcodim(W)72 on Q;
(ii) if codim(W) is odd, then Sy, = Sy (—1) and Ty, = Ty (—1);
(iii) if codim(W) is even, then Sy, = Ty (—1).

The sheaves Sy, Tw are unchanged when we vary W continuously with WNK fixed. They
are not isomorphic when the family of W with fixed dim W and W N K is not connected.
Let m: V — V/K be the projection map. Then we have Sy 2 Tw when dim (W) =
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% dim V /K because there are two connected families of W, and Sy = Tw whendim 7(W) <
1 dimV/K.

For the rest of the section we will focus on dim V = 4.

Proposition 2.2 (i) Let Q = {g = 0} C P(V) = P? be a reduced quadric surface; i.e.,

(ii)

it has corank at most 2. For a smooth point x € Q, let Sy be the spinor sheaf for the
corresponding 1-dimension isotropic subspace constructed by (2.1). Then Sy is a rank 2
vector bundle on Q suchthat S} = Sy (—1) and the skyscraper sheaf Oy has a resolution:

0 — det(Sy(—=1) = Sy(—=1) - Og — Oy — 0. 2.3)

Let p: Q — S be a flat quadric surface fibration with fibers of corank at most 2 and
let q:V — £ be the corresponding quadratic form. Assume that the base scheme
S is Cohen-Macaulay and there exists an isotropic sub line bundle N C V such that
F =PW) C Qisasmooth section; i.e., F consists of smooth points on the fibers. Then
the spinor sheaf Sr associated with F is a rank 2 vector bundle on Q such that

SY=SF®0g/s(—1) @ p*(NVY @ det(VY) ® 2)
and there is a Koszul resolution

0 — det(S)) - Sf — Og — O — 0.

Proof (i) Let W = kv be the 1-dimensional isotropic subspace of V that corresponds to x.

(ii)

Then Sy = Sw. By Proposition 2.1 S, is a rank 2 vector bundle on Q and S} = S, (—1).
Explicitly, we have the following three cases.

(1) Qissmooth: Q = P! x P! and Sy = Opi1,p1 (1, 0) ® Opi,p1 (0, 1).

(2) Q is of corank 1: Q is the cone over a smooth conic C = P!. Let y € Q be the
vertex. Let my: O — {y} — C be the projection and let j,: Q — {y} <> QO be the
open embedding. Denote the rank 1 spinor sheaf R? Jyx70y Opi (1) on Q by M. Then
Sy is the unique nontrivial extension of M by M; cf. [10, Example 5.5].

(3) Qisof corank 2: Q is the union of two P?’s intersecting along P'. Since x is a smooth
point, x is not a point on the intersection P!. Denote the P? containing x by IP’% and
the P? not containing x by IP’%. Denote by i;: IP’lz < (Q the inclusions for/ =1, 2.
Then using the sequences (2.1) defining spinor sheaves, one gets Loi| Sy = TP% (=D
where TP% is the tangent bundle and Loi3 S, = OP% & OP% (D).

Let {v; };‘:1 be an orthogonal basis of V for g such that v; = v. Let s, € HO(Q, Sy)
be the section corresponding to the map Opv C O¢p ® Ilw — Sy = Sy from (2.2).
Note that the composition Ogv — S, — Op(1) ® I(;V is given by the column vector
(v2, v3, vg, 0). Thus, the zero locus of s, is {vo = v3 = v4 = 0} = {x}. Because both
the codimension of the point x and the rank of Sy are 2, this implies that s, is a regular
section and the skyscraper sheaf O, has the Kozsul resolution (2.3).

Let B, and B, be the even and odd Clifford algebras of g, respectively. Let Zo C Byo,
T C By be right modules over B, generated by A/. We have decompositions

By =0s @A VR L @det VR (Y)Y, Bi=VeANves.
Taking the parts that have the factor N gives the decompositions

ToENQVINQLY @detV @ (£2)Y, TIZENON A V/N)Q LY.
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Moreover, one has
V=T, QNY @detV @ £2 (2.4)

forn = 0, 1 where Z, are the left modules over B0 generated by N and I; = T, as
Og-modules. For n € Z let

[ To® L%, n =2k,
"N @ LK n=2k+ 1.

The relative version of (2.2) reads as
e OQ/S(—I) ® p*Ty — p*I1 — SF — 0,
0— Sr— Ogs()® p*Ih - Ogys(2) ® p*Iz — - -

Taking the dual of the second sequence, one gets

<o > Ogys(—2) ® p*I3v — Ogs(—=1)® P — S% — 0.

1R

Since 7/ = 7} ® &Y and 7)) = Ij ® £, combining with (2.4) we have S} =
SF® Ogys(—1) @ p*(NY @ det(VY) @ £).
The proof for the Koszul resolution is the same to that of (i). Note that the choice of the
regular section s, € H 0(Q, S,) is canonical and thus the argument can be extended to
the fibration case.

O

Lastly, we include the following computation of even Clifford algebras for later reference.

Example 2.3 Let g(x) = x1x2 + ¢’(x3, x4) be a quadratic form of V with dim V = 4. Then
q is the direct sum of the hyperbolic quadratic form u = x;x; and ¢’. We get

Bq =B, ® Bq’ = MZ(Bq’)a BqO =By ® Bq’O @ By ® Bq’l

where M is the matrix algebra of size 2.
Up to a change of variables ¢’(x3, x4) is of the form Ax% + uxf for some A, u € k. The
symmetric matrix corresponding to g is

0 1
(to) o
220
° (0 2#)
Let {v1, v, e3, e4} be a dual basis of {x; };‘zl. Then we have

v%:v%:O, vivy +vvp =1, viej =—ejv;, 1 €{1,2}, j€(3,4) inB,.

If we set e; = v1 4+ vp and e; = vy — v1, then {e; }j‘zl is an orthogonal basis of V for ¢; i.e.,
ejej = —eje;, I #j, el-2 =gq(e;) in By.

Moreover, we have g(e1) = 1 and g(e2) = —1.
Letd = ejezeseq € B;. Then Z, :=kl®kd = ]k[d]/(dz—det(q))is acentral subalgebra
of Byo. If ¢’ (x3, x4) = 0, then

Byo = Zyviv2 @ Zyvovy @ Zyvies @ Zyvies ® Zyvaes © Zyvoey

2.5
= Zgviv2 @ Zgvovy @ kvres @ kvies @ kvoes @ kuvzey. 2:5)
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If ¢/ (x3, x4) # 0, then there exists v3 € kes @ key such that g(v3) = 1. In this case,

Zy(s, 1)
(s2=1,12=1, st = —ts)

By =

where s = ejez, t = epv3. Morever, B,o = M»(Z,) and an explicit identification is given

by
_(v 0y ,_(01
$=\o —1)> "= \1 o)

Under this identification we have

1 0 _s+1_ 0 0 -1 _
0 0 _—2 E o 1)~ viv2 = 02y,

0 1\ _ «t+st 0 0\ t—st
0 0)T 2 T 1 0)T T T

Zyvivy =kvivy @ kvjvaeses, Zivov) = kvovy @ kvpviezes,

(2.6)

Furthermore,

2.7
Zgvivz = kvies @ kvjey, Zgvovz = kvoes @ kvoey. @7

2.2 Noncommutative projective schemes

In this section we introduce noncommutative projective schemes in the sense of pairs of
projective schemes together with sheaves of algebras. We will define the derived push-forward
and pull-back functors of a morphism and prove the projection formula (Lemma 2.5) in this
setting. The generalization to noncommutative schemes in the sense of pairs of noetherian
schemes together with sheaves of algebras is given in Appendix A of [25].

Definition 2.4 A pair (X, Ay) is a noncommutative projective scheme over k if X is a pro-
jective scheme over k and Ay is a quasi-coherent Ox-module and sheaf of Ox-algebras. A
morphism © = (0,04): (X, Ax) — (Y, Ay) of noncommutative projective schemes over
k consists of a morphism 6 : X — Y of schemes and a homomorphism 6 4: Lof* Ay — Ax
of Ox-algebras.

Following the same lines after Definition 10.3 in [16], there is the derived functor
0, = 6,: D(QCoh(X, Ax)) — D(QCoh(Y, Ay)).
For every G € QCoh(Y, Ay),
Lo®*G :=07'G ®y-1 4, Ax = L00*G @164, Ax € QCoh(X, Ay).

Since Y is projective, there is a locally free Oy-module V (of finite rank if G is a coherent

Oy-module) and an Oy-module epimorphism V 5 G. Thus, there is a right Ay-module
epimorphism

VRAy - G, vQar> s(v)a, veEV,ac Ay

from the locally free .Ay-module V ® Ay. This means that QCoh(Y, Ay) has enough locally
free objects. By Lemma 13.29.1 and the proof of Lemma 20.26.12 in [22], for every complex
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G € D(QCoh(Y, Ay)), there is a locally free resolution K € D(QCoh(Y, Ay)). We can
define the derived functor ®* of Lo®* by

O*G := Ly®*K.
This gives a well-defined functor
©*: D(QCoh(Y, Ay)) — D(QCoh(X, Ax)).
It is clear that ©* is a left adjoint of ©,.

Lemma 2.5 (Projection formula) Let ® = (0,604): (X, Ax) — (Y, Ay) be a mor-
phism between noncommutative projective schemes defined by Definition 2.4. For every
F € D(QCoh(X, A(;(p)) and G € D(QCoh(Y, Ay)) the natural map

G ®%, 0.(F) — 0.(0°(G)®Y, F) (2.8)
is an isomorphism in D(QCoh(Y)).
Proof There exists a natural map
O*(G @4, O(F) = 0*(G) ®Y, 0% 0.(F) > 0*(G)®}, F

because ®* commutes with derived tensor functors and (®*, ®,) are adjoint. Applying the
adjointness again gives (2.8). Let T C D(QCoh(Y, Ay)) be the full triangulated subcategory
of objects G such that (2.8) is an isomorphism. We will prove that 7 = D(QCoh(Y, Ay)).
Note that D(QCoh(Y)) has a compact generator U € prerf(y) by [5, Theorem 3.1.1]
and is cocomplete (admits arbitrary direct sums). Then D(QCoh(Y, Ay)) has a compact
generator U ® Ay and is also cocomplete. Clearly U ® Ay € T and T is closed under
arbitrary direct sums because ®*, O, ®H;1y’ ®EAX all commute with direct sums. We deduce
from [18, Theorem 2.2c] that T = D(QCoh(Y, Ay)). O

We end the section with a few simple examples. Let X be a projective scheme.

Example 2.6 Let V be a vector bundle on X. Then V is a locally projective left module
over &nd (V) and there is the Morita equivalence D(X) = D(X, &nd(V)) given by inverse
equivalences V¥ ®, — and — Qgna(v)y V-

Example 2.7 Let C be a coherent sheaf of commutative algebras on X. Then D(X,C) =
D(Spec(C)).

Example 2.8 Let 3 be a coherent sheaf of algebras on X and let C be a central subalgebra of
B; i.e., C is contained in the center of B. Let f: Spec(C) — X be the natural map and let
B be the unique sheaf of algebras on Spec(C) such that f.B = B as sheaves of C-algebras.
Then D(X, B) = D(Spec(C), B).

2.3 Some facts about derived categories

We first provide a useful lemma that provides an easy criterion for semiorthogonal decompo-
sitions of derived categories of Gorenstein projective schemes to be admissible and provides
a mutation for such decompositions.

Recall that given a map f: X — S, a triangulated subcategory A C D°(X) is called S-
linear if F ® f*G € Aforevery F € Aand G € DP(S). A semiorthogonal decomposition
of DP(X) is S-linear if each component is S-linear, and is admissible if each component is
admissible.
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Lemma29 Let f: X — S be a map between Gorenstein projective schemes. Assume that
there is an S-linear semiorthogonal decomposition

DP(X) = (A, ..., A (2.9)

such that all but one components are contained in prerf (X)), i.e., thereexists somet, 1 <t <n
such that Aj C DPet (X) for every j # t. Then the relative dualizing sheaf wyx/s is a line
bundle and the semiorthogonal decomposition (2.9) is admissible. In addition, there is an
admissible S-linear semiorthogonal decomposition

DP(X) = (A, ® wx/s, A1, ., Ay_i). (2.10)

Proof Since X, S are Gorenstein projective, dualizing sheaves wy, wg are line bundles. Then
wy/s is aline bundle because wy /s = wx ®f*a)§. Set A= (Ay,..., A,—1). By assumption
we have A or A, is contained in Dperf(X ). Then by [8, Lemma 2.15] A, is admissible and
there is a SOD

D°(X) = (A, @ wx, A) = (A, @ wx, Al ..., Au_1),

which by definition is S-linear. Since wy = wy;s ® f*ws and A, is S-linear, we have
Apn @ wx = A, @ wy/s. This gives the SOD (2.10). Repeating this process, we get A; is
admissible for each i, 1 <i < n and an S-linear SOD

DP(X) = (A ® wx/s, .., Ay ® wx/s, Al ..., Ai_1).
Thus, (2.9) (2.10) are admissible SODs. O

In the next two propositions we present the behavior of the derived push-forward functor of
certain proper morphism with fibers of dimension at most 1 and how it induces semiorthogonal
decompositions.

Proposition 2.10 ([2, Theorem 7.13]) Let y: Y — X be a proper morphism of normal
varieties over k with fibers of dimension at most 1 such that (the derived push-forward)
1.0y = Oy. Let X' be the locus of X where fibers of y are one-dimensional and assume
that X" is a finite set of points. For each closed point x € X! let Cy = y_] (X) yeq be the
reduced fiber over x and let C ; be its irreducible components. Denote by I j: Cx; — Y
the embeddings. Then each Cy ; is a smooth rational curve and y;: DP(Y) - DP(X) isa
Verdier quotient with kernel ker(yx) = (L ixOc, ; (=) ex1; i-e., we have an equivalence
DP(Y)/ker(y) = DP(X).

Proof The condition y,Oy = Oy implies that H Lc,, Oc,) = 0 foreveryx € X I Note
that the base field k is assumed to be algebraically closed. Thus, Cy ; is a smooth rational
curve by [3, Theorem D.1].

Now we prove the claims for the derived push-forward functor y,. Since the fibers of
y: Y — X have dimension at most 1, the spectral sequence R’ y, H/ (F) = Rit/y, F, where
H/ is the cohomology sheaf in degree j, degenerates and we have short exact sequences

0— R'yHF) - Ry F — ROy HI(F) — 0. @.11)

This implies that ker(yx) is generated by ker(y,) N Coh(Y). Since the one-dimensional
fibers of y are isolated by assumption, every F € ker(ys) N Coh(Y) is the direct sum of
sheaves supported on Cy, x € X!. Together with Proposition 7.12 in [2] this implies that
ker(yx) N Coh(Y) has finite length. Therefore, Theorem 7.13 in [2] implies that ker(yy) =
(Le.ixOc,, (= D)yex-
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For the equivalence of the induced functor DO (Y) /ker(yy) — DP(X), we use an argument
similar to [4, Theorem?2.14]. We will make use of the canonical truncation functors t <7, 727,
The sequence (2.11) implies that if tSPG = 0 for G € DP(X), then

Ye(rSPTIY*G) =0, e, G = pytG = p(tPPy*0). (2.12)
We deduce from this that y, is essentially surjective. Finally, we claim that for F, F' € D°(Y),
Home(Y)/ker(y*)(}—’ ./T/) — HOme(X)()/*f, )/*.7'-/)

is a bijection. The inverse map is constructed as follows. Choose p such that <P F = 0 and
tSPTIF = 0. Amap f: yuF — puF' gives a map
g PPy TF > PP F = .
Let K be the cone of y*y,F — F, which is bounded above but not necessarily bounded.
Taking G = y,.F in (2.12) we get
VeF Z v (12Py*y, F).

Since F = 2P F, we get y*r>”K = 0 and thus t2PK ¢ ker(yy). This implies that the
map g corresponds to a map F — F in the Verdier quotient D®(Y) /ker(ys). O

It is explained in [9, §2] how one can induce a SOD of the derived category of a surface
with rational singularities from a SOD of the derived category of its resolution. We claim
that it can be applied to a proper morphism of dimension at most 1.

Proposition2.11 Let y: Y — X be the map in Proposition 2.10. Suppose there is a
semiorthogonal decomposition

DP(Y) = (A, ..., A, (2.13)

and assume that for every irreducible component Cy ;, x € X 1 there exists some j, 1 < j <
n such that Oc, ;(—1) € A;.

(i) There is a semiorthogonal decomposition
D°(X) = (A, ..., Ay) (2.14)
where A = yi(Ai) = A; /(A N ker(v).

(ii) AssumethatY is Gorenstein projective and all but one components of (2.13) are contained
inDPT(Y). Let Ky be the canonical Cartier divisor. If Ky .Cy;,j = Oforeveryi, j, then
the SOD (2.14) is admissible.

Proof (i) By [15, Proposition 4.1], it suffices to show that ker(y,) C DP(Y) is compatible
with (2.13); i.e., there is a SOD

ker(yy) = (ker(yy) N AL, ... ker(y,) N Ay).

Clearly the collection on the right hand side is semiorthogonal. It generates ker(ys) by
Proposition 2.10 and the assumption.

(ii) Since Ky.Cy; ; = 0 for every i, j, we have if E € D;, then Og(-1) € ./Zi(:l:Ky).
Moreover, by Lemma 2.9 (take S as a point) we get SODs

Db(Y) = ('/Zi+1(KY)5 "'a'/Zn(KY)a VZ’]? "09;&’!‘)5
D°(Y) = (A, ..., Ay, A1(—=Ky), ..., Ai_1(=Ky))
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for every i.NTheses SODs of DP(Y) also induce SODs of D?(X) via y, by (i). Thus, each
Ai = v« (A;) is both left and right admissible, which concludes (ii).
O

We also provide a generalization of the criterion given by Kawamata in [11] for the descent
of SODs. This will be used to descend the SOD of D (Y,,) in Corollary 4.6 to a SOD of
DP(X,,) in Theorem 4.8.

Proposition 2.12 ([11, Theorem 6.1 and 5.1]) Let X be a Gorenstein projective 3-fold.
Assume that X is smooth away from a finite number of nodal points {ay, ..., a,}. Suppose
that there is a projective birational morphism f:Y — X such that the exceptional locus
E of f is a smooth rational curve, f(E) = ay and Y is smooth away from {aa, ..., a,};
i.e., f is a partial small resolution of X at the nodal point a). Assume that there are Cartier
divisors D1, Dy on Y such that, for N; := Rof*Oy (Dj),i = 1,2, the following conditions
are satisfied:

(1) D1.E =1, D.E = —1;
(2) {N1, N2} is a simple collection; i.e., dimHom(N;, N;) = §;; for 1 <i,j <2;
(3) H?(X, R® f,Oy(D; — D;)) =0 forallp > 0and 1 <i,j <2;

Then there are locally free sheaves F|, F» of rank 2 on X given by non-trivial extensions

00— N, —> F| > N —> 0,
(2.15)
0— Ny — F, > N, —> 0.

Let F = F) & F> and let (Ni)iz:1 be the triangulated subcategories of D*(X) generated by
N;. Then

(i) Ext’(F, F) = 0 forall p > 0, End(F) is isomorphic to the path algebra R\ defined by
(1.2), and F is flat over Ry;

(ii) The functor ® = — Qg F': D"(R;) — DP(X) is fully faithful and it induces an equiv-
alence D°(Ry) = (N;)2_,.

k kit

Proof (i) Note that the path algebra R; is isomorphic to R = (]kt K

) mod 72 in [11,

Theorem 6.1]. The same proof in loc. cit. concludes (i).

(ii) It follows from the proof in [11, Theorem 5.1(1)]. Let ¥ = RHom(F, —): D°(X) —
DP(R)). Then W is the right adjoint of ® and W o ® is the identity, which implies that
® is fully faithful. Note that D°(R)) is a triangulated category generated by its simple
modules (one for each vertex in the quiver) and their images under ® are Ny, N,. This
gives the equivalence.

One should note that the assumptions that X has just one nodal point and Y is smooth in

[11, Theorem 6.1] are only needed to prove that N1 @& N, generates the triangulated category

of singularities Dgg (X). o

3 Geometry of Nodal Quintic Del Pezzo threefolds
In this section we will describe the nodal quintic del Pezzo threefolds X, in a way that their

derived categories can be understood. In short, there is a small resolution f,,: Y, — X, at
a nodal point and p,, : ¥, — P! is a quadric surface fibration.
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Definition 3.1 A quintic del Pezzo threefold is a normal integral projective threefold X
with at worst terminal Gorenstein singularities such that —Ky is ample, divisible by 2 and
(—Kx/2)* =5.

The classification indicates that the quintic del Pezzo threefolds have at worst nodal singu-
larities and have at most 3 nodal points. The quintic del Pezzo threefold X, with m nodes
(0 < m < 3) exists and is unique up to isomorphism for each m by [21, Corollary 8.7].
Moreover, they can be realized as codimension 3 linear sections of Gr(2, 5) embedded into
P via Pliicker embedding. Let X be a codimension 3 linear section of Gr(2, 5). For a generic
choice of the linear section X is smooth. We first give a general discussion about when X is
a quintic del Pezzo threefold X;,, 0 < m < 3 and then describe the singular X,,, 1 <m <3
as explicit linear sections in Lemma 3.2.

Let V5 be a 5-dimensional k-vector space and let L C AZVv be a 3-dimensional sub-
space where st is the dual vector space. Denote the orthogonal complement by Lt :=
ker(A2Vs — LV).Let X = Gr(2, Vs) N P(LY).

(1) X is the smooth quintic del Pezzo threefold X if and only if P(L) N Gr(2, VSV) = (; see
[16, Example 6.1].

(2) Assume that L ¢ A2VVisa generic subspace such that P(L) N Gr(2, VSV) is a disjoint
union of m points for m = 1, 2, 3. Then X is the nodal quintic del Pezzo threefold X,
with m nodes.

In Case (2) there is a one-to-one correspondence between the points on P(L) NGr(2, VV) and
the nodal points on X as we now explain. Let H be a hyperplane of P(A2V) corresponding
toapoint py € P(L)NGr(2, VSV) Let Py be the singular locus of Gr(2, V5) N H. Represent
the point py by a 2-dimensional subspace A, of VV and let By := ker(Vs — AY). Then
Py = Gr(2, B3) = P2 and Py N X is the node on X corresponding to pg.

From now on, we focus on singular X,, for 1 < m < 3. Recall that Gr(2, 5) is the
intersection of 5 quadrics in P°. Denote the coordinates of P® = P(AZVs) by {xijh1<i<j<s-
Then Gr(2, 5) is defined by the Pliicker equations {x;;xi; — xjxxj; + xj;xjx = 0} for 1 <
i<j<k<Il<5S.

Lemma 3.2 The quintic del Pezzo threefold X, withm nodes for 1 < m < 3 can be described
by the following codimension 3 linear sections of Gr(2, 5):

(1) X1 =2 Gr(2,5) N{x45 = x23 + x14 = x13 + x25 = 0} and it has one node ay;
(2) X2 = Gr(2,5) N{xqs = x03 = x13 + x14 + x25 = 0} and it has two nodes ay, ar;
(3) X3 =Gr(2,5) N{xgs = x03 = x13 + x14 = 0} and it has three nodes a1, a>, a3

where ay, ap, az are points on P° such that all coordinates are 0 except for x12, X15, X25,
respectively.

Proof One can check directly that the linear sections in (1)-(3) have only nodal singularities
at the given points a;. Hence, they are quintic del Pezzo threefolds and the isomorphisms
follow from the uniqueness of quintic del Pezzo threefolds with m nodes for 1 <m < 3. O

We will construct a birational morphism resolving the singularities of X,, at the node a;.
We start with a general set-up and then use Lemma 3.2 to apply to X,,.

Letx = [V2] € Gr(2, V5) be a fixed point that is represented by a 2-dimensional subspace
V» of V5. Consider the natural rational map

¢: Gr(2, Vs) ——» Gr(2, Vs/ V) = P(A%(Vs/V5)) = P2 3.1
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sending [W;] toitsimage in V5/V,. Then the base locus of ¢ is {[ W2] € Gr(2, Vs5) | WoNV, #
0} or equivalently the union of lines in Gr(2, Vs) that contain x. This is a cone over P! x P2
with vertex x. Moreover, ¢ is a linear projection from the embedded projective tangent space
T, Gr(2, V5) = P° ¢ PP of Gr(2, V5) atx. Let H be a hyperplane of P(A2Vs) corresponding
to a point on

Gr(2, (Vs/V2)¥) = P(A%(Vs/V2)Y) C Gr(2, V&) € P(AVY).

These are the hyperplanes H where T, Gr(2, Vs5) C H, or equivalently x is contained in the
singular locus of Gr(2, Vs5) N H. The rational map ¢ (3.1) restricts to a linear projection

éu: Gr(2,Vs) N H --» P! (3.2)

from Gr(2, V5) N T, Gr(2, V5) C Gr(2, Vs5) N H. Blowing up Gr(2, V5) N H along the base
locus Gr(2, V5) N T, Gr(2, Vs) of ¢ gives the resolution of indeterminancy

P2 x P!« ¥ = Grp1 (2, 03, @ Opi(—1))

/ / P 3-3)
P2 < Gr(2, Vs) N H on \ p!

where the exceptional locus of f is Grp1 (2, (9]%)1) = P2 x P! and f restricted to Grp1 (2, (9]%’)1)

is a trivial P!-bundle over the singular locus P2 of Gr(2, Vs) N H.
Alternatively, if we represent H = [A3] € Gr(2, VSV) by a 2-dimensional subspace A; of
Vs and let B3 = ker(Vs — AY), then

Gr(2, Vs) N H = {[W] € Gr(2, V5) | W N B3 # 0}.
Since [A2] € Gr(2, (V5/V2)Y), we have Vo C Bs. Using this description we have
Y = {([W2], [W4]) € Gr(2, V5) x Gr(4, V5) | Wo C Wy, B3 C Wy}
and maps f, p are given as
1Y —=>Gr@2, Vs)NH, (W2, [Wa]) = [W2],
p:Y — Pl CGr2,Vs/Va), (IWal, [Wal) > [Wa/V2].

Using the descriptions of X,, in Lemma 3.2, we take x = a; (i.e., V» is generated by the
basis ey, ex withej Aey = x12) and H = {x45 = 0}. We getthat X, C H for 1 < m < 3, the

target IF’(Az(V5/V2)) of the map ¢ (3.1) is IP’)%}M}S‘MS and the singular locus of Gr(2,5) N H
iS ]PJZCIZJCB-X%'

Proposition 3.3 Let ¢y, : X, --> P! be the restriction of the rational map ¢y (3.2) for
1<m<3. LetY, = f’l(Xm). Let fm = fly,: Ym — Xp and py, = ply,,: Y — P!
be the respective restrictions of maps in (3.3). By construction we have ¢y, = pp o f,, Uand
the following descriptions hold.

(i) The map fum: Yy — X, is a birational morphism that resolves the singularity of a
nodal point a1 € X,,, and contracts a smooth rational curve E on Yy, to a1, and the map
P Y — Plis a quadric surface fibration where E is a smooth section (consists of
smooth points on the fibers). In particular, Y,, has m — 1 nodal points and is Gorenstein.
The fibers of pm, m = 1, 2 are quadrics of corank at most 1 (smooth or a cone over a
smooth quadric) and p3 has a fiber of corank 2.
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(ii) Let £ = Op1 @ OPI(—1)3 and L = Opi(—1). Let m: P(§) — P! be the projection.
Then the total space Y, of the quadric surface fibration p,, is the zero locus of a global
section

om € D(P(E), Opeypi1 (2) @ L) = T(P', Sym*(€Y) ® L)

on P(E) where EV is the dual of £ and Sym2 is the second symmetric product.

(iii) The exceptional locus E of fin: Y,y — X is the projectivization of Op1 C € and E is
a (=1, =1)-curve on Yy,; i.e., the normal bundle N y,, is Op(=D%

(iv) We have

Oy,, (1) = £, 0x,, (1)

where Oy, pi (1) is the restriction of Opgypi(1) to Yy C P(E) and Ox,, (1) is the
restriction of Ops(1) to X, C PO. In particular, we get Oy,,/pt (DIE = Of and

oy, = fpox, = Oy, p1(=2)

(the dualizing sheaves wy,,, wx,, are line bundles because Y,,, X, are Gorenstein).

(v) Let Ly, be the Hilbert scheme of lines on X, that contain ay. Then L, is a nodal curve
of arithmetic genus O and degree 3 on P3. More specifically, L1 is the twisted cubic
curve, Ly is a chain of two P!, and L3 is a chain of three Pl’s. Moreover, we can
embed Ly, into X, such that ay ¢ Ly, {a>} is the singular point of L, and {a>, a3} are
the singular points of L3.

Proof We can use the explicit equations in Lemma 3.2 for the argument.
(i) We first note that the ideal of Gr(2, 5) N H = Gr(2, 5) N {x45 = 0} in P8 is generated
by

the three 2-by-2 minors making rank <x14 24 x34> <1 3.4
X15 X25 X35
and

X23
X14 X24 X34 X3
X15 X25 X35

X12

We also have that the base locus Bs(¢;,) of ¢y, is given by X, N {x34 = x35 = 0}. Then Y,,,,
which is the blow up of X, along Bs(¢,,), can be described explicitly as

klx12, xi4, xi5, 1 <1 < 3][u, v]
(vxig —ux;s, 1 <i < 37qm 1> Gm,2)

Y, = Proj 3.9

where g, 1, gm 2 are quadratic forms

2 2 .

® (1,1 = X12X34 + X24X25 — X{y> 41,2 = X12X35 + X35 — X14X]5;

® q2,1 = X12X34 + (X14 + X25)X24, 2,2 = X12X35 + (X14 + X25)X25;
® 3,1 = X12X34 + X14X24, 3,2 = X12X35 + X14X25.

The exceptional locus E is defined by {xjs = x;5 = 0,1 < i < 3}. Then E = P! and
fm: Ym — X, maps E to the node a;.
From (3.5) we get that Y}, is a subscheme of

1u, v]

Kklx12, xi4, xi5, 1 3
<3)

P = Proj

<i < (3.6)
(vxi4 —ux;s, 1 <i '
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which is the zero locus of a regular section of Ops, p1 (1, 1). One can easily compute that
P = P(E) where £ = Op1 @ Opi (—1)3.

Let v : P(€) — P! be the projection. Let U = 7~ '({u = 1)) and V = 7~ ({v = 1}) be
the open cover of P(£). Then inside U and V, respectively, we have

YINU = {x12x34 + vx%4 — x124 =0}, 1NV ={xppxs5+ x225 — uxlzs = 0};

Yo NU = {x12x34 + X14%24 +vx3, =0}, Y2 NV = {x12x35 + uxi5x25 + x35 = 0};
Y3NU = {x12x34 + x14x24 = 0}, Y30V = {x12x35 + ux15x25 = 0}. 37

One easily checks that E is a smooth section from the equations above. Moreover, p;
has singular fibers over the points {u = 0}, {v = 0} and the fibers are of corank 1; p, has a
singular fiber over the point {u = 0} and the fiber is of corank 1; p3 has a singular fiber over
the point {# = 0} and the fiber is of corank 2. This concludes (i).

For the proof of (ii)-(iv) we observe from the proof of (i) that Y, is the zero locus of a
global section

am € T(P(E), Op(eypi (2) @ 7" M) = T (P, Sym*(€Y) @ M) (3.8)

for some line bundle M,, on P'. This implies that PmxOy, p1 (1) =Y = Op1 @ Opi (1)3.
(iv) Since each fiber of p,, is a quadric surface contained in X, that passes through aj,
we have Oy, pi (1) = fOx,, (1) ® pi Ny, for some line bundle N,, on P!. Since

h (X, Ox,, (1)) =7 =1 (Y, Oy, jp1 (1)),

we get Ny, = Opi. Since fy, 1 Y,y — X,y is a small contraction and X, is a Fano variety of
index 2,

oy, = fuox, = fn0x,(=2) = Oy, pi1(-2).

(ii) It remains to determine the line bundle M,, in (3.8). We achieve this by computing the
dualizing sheaf wy, . The adjunction formula gives

wy,, = (wpE) + Yn) Iy,
= (Oﬂ»(g)/]pl (—4) ® T* det(é’v) ® T[*Cz)]pl ® OP(E‘)/PI (2) ® ﬂ*Mm) |Ym
= Oy 121(=2) @ Pl (Opi (1) ® M),

Hence, using (iv) we get M,;, = Opi (—1).

(iii) It is easy to see from the proof of (i) that E is the projectivization of Op1 C & and
the normal bundle N /pg) is O (—=1)3. In terms of the normal bundle Ng /Y,,» We make use
of the short exact sequence of normal bundles

0 — Ngyy,, = Nejpe) = Ny, pe)le = 0.
Since Oy, /P! (1)|g = Og by (iv) and E is a section of p,,, we get from (ii) that
Ny, /p)lE = (Oy,, /p1(2) ® ppOp1 (=) = Op(=1).

This implies that Ng y,, = Og(—1)%.

(v) We mentioned after the construction of the map ¢ (3.1) that the base locus Bs(¢)
consists of lines on Gr(2, 5) that pass through x = aj. Then Bs(¢,,) as a linear section of
Bs(¢) consists of lines on X, that pass through a;. That is, Bs(¢,,) is the cone over L, with
the vertex a; and L,, can be identified with the projection of Bs(¢,,) from a;. Explicitly,
Bs(¢n) = X N{x34 = x35 = x45 = 0} and L,,, = Bs(¢,,,) N {x12 = 0}. To describe L,, one
notes that Gr(2, 5) N {x12 = x34 = x35 = x45 = 0} is isomorphic to P! x P? and the Segre
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embedding P! x P? < P3 is of degree 3. Therefore, L,, is obtained by cutting P! x P? with
the respective hyperplane sections for X,,. O

Recall from Sect. 1.3 that we denoted
Buo = Op ® (A€ R LY) @ (A*E® (L)) = 03 & Opi (-,
Bu1 ZED(AERLY)Z Opt @ Opi (—1)° @ Opi (—2)

as even and odd parts of the Clifford algebra of the quadric surface fibration p,, : ¥,, — P!,
respectively. Then

Zp = Op1 ® A*E® (LD = Op1 @ Opi (—1)

is a central subalgebra of B, ¢ and the map g,,: C,, = Specpi (Z,) — P! is the double

cover ramified along the degeneration locus of p,,. We also denoted B, o as the sheaf of
algebras on C,, when one regards B, o as a sheaf of algebras over Z,,.

Lemma3.4 (i) C; = P! and C; = C3 is a chain of two Pls. The map g1: C; — P! s
a double cover ramified at [1 : 0], [0 : 1] € P! and the map g;: C; — P! is a double
cover ramified at the double point supported at [0 : 1] € P! fori =2, 3.

(ii) Let H(py) be the Hilbert scheme of lines on the fibers of pm: Ym — P! form =1, 2.
Let

Vo Oc, ®Oc,(—1), m=1
me Oc, ® Oc,{—1,0}, m =2

where Oc,{a, b} is the line bundle whose restriction to the first P! s Opi (a) and to the
second P! is Op1 (D). Then Byy,0 = &nd (Vi) and H(pp) = P(Vy) form =1, 2.

Proof (i) By Proposition 3.3 (ii) the quadric surface fibration p,,: Y,, — P! corresponds
to a symmetric bilinear form b, : Sym?(§) — L. The form b, induces a morphism
& — Jtom (€, L) whose determinant gives a global section of

C(P!, det(£Y)? @ LY Z T(P', Opi (2)).

Denote the global section by det(b,,). The degeneration locus of p,, is given by
{det(b,) = 0} and the maps g,,: C,, = Specpi (Z,) — P! are locally defined by
Spec Op1[d]/ (d? — det(by)). The equations (3.7) of Y, indicate that

det(by) = Auv, det(by) = hu?, det(bz) = Azu’

for some non-zero A,, € k. The result then follows.

(i) Proposition 3.3 (i) states that the fibers of p,,, m = 1, 2 are quadrics of corank < 1. By
[12, Proposition 3.13] E,:l/o is a sheaf of Azumaya algebras on C,,. The natural morphism
H(pm) — P! factors as the composition of a P!-fibration H (pm) — C,, followed by
gm: Cp — P! In fact, H( pm) is the Severi-Brauer scheme or the P! -fibration over
C,, corresponding to the sheaf of Azumaya algebras E,:;H. Furthermore, H (p,) — Cpn
has a section given by the lines on the fibers of p,, intersecting the section E. Then
E,;E is Brauer trivial; i.e., it is &nd(V,,) for some rank 2 vector bundle V,, on C,, and
H(pm) EPWVn).

It remains to determine V,,. Every indecomposable vector bundle on a chain of P!’s is a
line bundle. This fact is used in [6, §2] and a proof can be found in Corollary 6.2 of [7].
Hence, up to tensoring by a line bundle, we can assume

Vm = OCm ) l:m
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for a line bundle £,, on C,,.

One observes from (3.7) that Y7, Y» are defined by the type of quadratic equations in
Example 2.3. Adopting the notations in this example, we can set the local sections of direct
summands of £ = Op1 @ Op1 (—1)? as below.

V1, V2, €3, e4 are local sections of Opi, Opi (—1), Opi1 (—1), Op1 (—1), respectively.

(3.9)
The local sections of &nd(V,,) can be obtained from (2.6). In particular,
som(Oc,,, L) = Ly has alocal section vpv3,
Hom(Ly, Oc,) = L, has alocal section vjvs.
From (2.7) we get that
gm«Lm 1s arank 2 vector bundle with local sections wvpes, voey, (3.10)

gm*ll,; is a rank 2 vector bundle with local sections vjes, vies.

Note that B0 = gms&nd (V). Hence, gmsLm, gms L), are subbundles of A2 ® £V with
respective local sections. Since £ = Op1 (—1), we get

gmiLm = Opi (=1)%,  gmiLy, = OF.

Therefore, H*(Cyy, L) = 0and H*(Cyy,, L)) = k2. This implies that £1 = Oc, (—1), and
Ly = Oc,{—1, 0} or Oc,{0, —1}. Up to the involution of g>, we canmake £, = Oc,{—1, 0}.
[m}

4 Derived Categories of Nodal Quintic Del Pezzo threefolds

The goal of the section is to construct a Kawamata type semiorthogonal decomposition of
Db (X)) using the birational morphism f,,: Y, — X,, and the quadric surface fibration
Pm: Ym — P! constructed in Sect. 3. There are three steps towards this construction.

Firstly, we take the SOD of D(Y,,) constructed by Kuznetsov [12] and try to understand
the nontrivial subcategory DP(PP!, B,, ). The majority of the work in this step goes into the
3-nodal case X3 and the result is given in Proposition 4.4.

Secondly, we work out the objects generating each component of the SOD of DP(Y,,)
and perform a series of mutations to obtain a new SOD of D(Y,,) that can be descended
to a SOD of DP(X,,); see Corollary 4.6. This is where the spinor sheaf associated with the
smooth section E appears; see Lemma 4.5.

Lastly, Proposition 2.12 gives a generalization of the conditions proposed by Kawamata
in [11] for the descent of derived categories, and Lemma 4.7 checks that these conditions are
satisfied. Together with Proposition 2.10 and 2.11, we can prove the main result Theorem
4.8 of the paper.

Recall maps py,: Y — P, w: P(€) — Pland ipy: Yy > P(E) (pm = 7 0 ip) for
m=1,2,3.

Theorem 4.1 ([12, Theorem 4.2]) There are P'-linear admissible semiorthogonal decompo-
sitions

D°(Y,y) = (@ (DP(P', Buv0)), p D), piD°(PY) ® Oy, i (1)) (4.1)
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where DP (P!, Bin,0) is the derived category of coherent sheaves on P! with right By, o-module
structures. Moreover, ®,, 1,1 € 7Z is the embedding functor

Dyt = p(=) @i, o Kimi: DP(P', B o) = DO(¥,) (4.2)

where K, 1 is a rank 4 vector bundles on Y, with left B, o-module structures defined by the
short exact sequence

0 — Opeypt (—2) @ 7 (B0 ® Opi (1))
Bnl .
—_ Op(g)/]pl(—l) X ﬂ*(Bm,l ® O]pl (l)) —> lm*Km.[ — 0. (43)

Here b, is the multiplication induced by 8 from the right (recall § from §1.3) and &, -8,y = oy
where oy, is the global section defining the total space Yy, of the quadric fibration.

Remark 4.2 (1) The SOD (4.1) is admissible because Y,, is Gorenstein projective by Propo-
sition 3.3 (i) and we can apply Lemma 2.9.

(2) The map §,, in (4.3) is defined in the same way as maps in (2.1). Thus, up to the twist by
Oy, p1 (—1), the bundle K, o can be regarded as the spinor sheaf Sy associated with the
zero isotropic subbundle on Y,,.

(3) There are equivalences

gms: DP(Cin. Bo) = DP(PL, Bu0) (4.4)

by the definition of E,,:g. According to Lemma 3.4 (ii), E,E = éndVy,) form=1,2
are trivial Azumaya algebras. There are equivalences

—®VY:D(Cp) > DO(C. Bug), m=1,2.

Since p3: Y3 — P! has a fiber of corank 2, fﬂ;;is not an Azumaya algebra. It is not clear a
priori what DP (C3,§;,g) looks like. We study this subcategory below.

Let M be a chain of three P!’s and let N be a chain of two P!’s. Let M;, i = 1, 2, 3 be the
i-th component of M and let N;, j = 1, 2 be the j-th component of N.Let h: M — N be
the map that contracts M> to the point Ny N N». Thatis, h|y, : M1 — Ny, hlyy: M3 — Np
are identities of P! and 4| M, . My — Ni N N is the constant map.

Recall from Sect. 1.3 the notation Oy {dy, ..., d3} for line bundles on M.

Lemma4.3 We have h,Oy{0, —1,0} = Op, (—1) & On, (1) and h,Op {0, 1,0} = O, &
On,.

Proof Let x € M, be a smooth point and let y = Nj N N> be the intersection point. There
is a short exact sequence

0 — 0y {0, 1,0} = Oy — O, — 0. (4.5)
Note that 1,0y = Opn. Applying h., we have

0 — R°1,.0p{0, 1,0} = Oy — Oy — 0
and R’ 1,0y {0, —1,0} = 0 for i > 0. Thus,

heOp{0, =1, 0} = R%, 04 {0, —1,0} = O, (—1) @ Op, (—1)
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because it is the ideal of y. Tensoring the sequence (4.5) by O {0, 1, 0} and applying .,
we get

0— Oy — R°1,0{0,1,0} - Oy — 0

and R'h,.Op{0, 1,0} fori > 0. N
Let f: M — M be the normalization of M. Then M = U?:l M; and there is a short
exact sequence

0— Ou{0,1,0} — fuf*Omu{0,1,0} = Oy ® Oy, > 0

where x1, x2 are the nodal points of M. Note that f*Ouy{0, 1,0} = Opn, @ Opr, (1) ® O
Applying &, to the above sequence, we get

0 — R°1,0p{0,1,0} - Oy, ® O ® Oy, — OF — 0

where the second map is given by natural surjections Oy, — O, and identities O, — O,.
This implies that

nOp{0, 1,0} = RO, 044{0, 1,0} = Op, ® Oy, .

m}

We canembed N intoP?. Leto € N C P? be the nodal pointof N andlet f: Bl, P? — P?
be the blow-up of P? at 0. Then M = f~1(N) is the total transform of N and h: M — N
is the restriction of f. This gives the commutative diagram

M = f~Y(N) — Bl, P?

J,h lf (4.6)

No— P2

Recall from Proposition 3.3 (v) that L,, is the Hilbert scheme of lines on X, containing
aj and L,, can be embedded into X, with image disjoint from a;. Recall that g, : C,, — P!
are double covers ramified along the degeneration locus of p,,.

sLet h,,: L, = f,;l (Lpy) = Yy LNy 2 By Proposition 3.3 (v) and Lemma 3.4 (i) we
have L,, = C,, form = 1,2 and L3 = M, C3 = N. In addition, we get

—_ gmv m:152
hm_{g3oh,m:3 4.7)

where £ is the map in (4.6).
Since Bl, P? C P?x P!, we have anembedding j : L3 — IP’IC3 and commutative diagrams

L3 ‘L> Plc3 L3 LN C3
R Im ;13\ e (4.8)
Cs, P!

where 73 is the projection map.
Recall £ = Op1 @ Opi (—1)* and £ = Opi (—1).

Proposition 4.4 Let L3 = O1,{0, —1,0} and V3 = Op, ® L3. Let h: L3 — C3 be the map
that contracts the middle P' to the node of C. Then
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(i) hiénd(V3) = Z?Zgas sheaves of Oc,-algebras;
(ii) hy: D°(L3, &nd(V3)) = Db(C3,E3\;) is an equivalence.

Proof (ii) We first prove (ii) assuming (i). Since & can be obtained as the restriction of
the blow-up map f in (4.6) as well as the projection map 73 in (4.8), we get det()3) =
L3 = j*Or,y (—1), which is relative very anti-ample. Thus, VSV is relative base-point free and
det(VSV ) is relative ample. Moreover, V3V has a direct summand O, and H (L3, V3) = 0.
This implies that V; is a local projective generator in *Per(L3/C3) by [23, Proposition 3.2.7]
and &, is an equivalence by [23, Proposition 3.3.1].

(1) We see from (3.7) that similarly to cases of Y1, Y2, quadratic equations of Y3 can also
be studied using Example 2.3. We will adopt the notations in this example and apply similar
arguments used in Lemma 3.4 (ii).

If we view g(x) as the Cs3-family of quadratic equations obtained from pulling back
p3: Y3 —> P! along g3: C3 — P!, then for every vector v we can regard g(v): Cz — k
as a function on closed points of C3. Denote the node of C3 by o. Note that the fiber of
Y3 xp1 C3 — C3 has corank 2 at 0 € C3 and is smooth otherwise. Thus, fori = 3,4 and
x € C3, we have

q(ei)(x) #0if x # o0, g(ei)(0) =0.

Since g’ (x3, x4) = 0 at o € C3, we get from (2.5) that B3 ¢ is generated by local sections
V1V, V1€3, V]e4, V2V], V263, V2e4. Its algebra structure is described in the list below. The list
only includes the multiplication of any two of these local sections that may be non-zero.

(W112)? = vivp, (VIV2)(V1e;) = vie;,
(02v1)? = vavy, (V201)(2¢)) = v2e, i =34
(viej)(v2e;) = —q(e))viva, (v2e;)(vie)) = —q(ej)vavy,

On the other hand, we will use Lemma 4.3 to study the algebra structure of h,.&nd (V3).
Remember L3 = M and C3 = N. We take local sections of 4,&nd(V3) as below.

hytom(Or,, Or,) = On has a section idoLz,
hyHom (L3, £3) = Oy has a section idz,, 4.9)
hydtom(L3, Or;) = hOyp{0,1,0} = Opn, ® Oy, hasasectionsy, k=1,2

such that s is the constant function on Ny with value 1. There are short exact sequences
ai k)
0— Opn,(=1) — Oy = Oy, — 0,
0— On,(—1) 3 Oy 25 O, — 0.

Thus, for £ = 1, 2 we can consider a; above as a local section of the ideal sheaf O, (—1)
and get

Ny={a1=0}C N, Ny={ap =0} CN.
This means that

hytom(Opr,, L3) = h,On{0, —1,0} = Opn,(—1) & On,(—1) has alocal section ay,
k=1,2.

There are relations

Skoak=80id@L3, ago sk =8,1dgy, k=1,2
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where 8, : C3 — k is a function satisfying 8,(x) # 0 if x ;é/gimd 80(0) = 0.
Now we will construct an algebra homomorphism from 33 ¢ to h.&nd (V). Let
B:Bso — hieénd(V3)
be the O¢,;-homomorphism such that
Bwiv) =ido, . Bvie) =si-2, P(vae;) =ai, =34 (4.10)

Note that vov; = 1—vjv; and this implies 8(v2v1) = idz,. From the discussion of the algebra
structures on both sides, we get that § is an algebra homomorphism up to multiplying ay, a»
with a nowhere zero function on C3.

We claim that § is an isomorphism. Note that

g3:83.0 = B30 = Opt @ (A’€ @ L) @ (A€ @ (£H)Y) = Of @ Opi (-1,
2300, = 23 = Op1 ® (A*E ® (LHY) = Opt @ Opi (—1).

Using the convention (3.9) for local sections vy, v2, e3, e4 of £, we can describe the corre-
sponding local section for each direct summand of B,, ¢ and the table of its local sections is
given as below.

direct summand| Op1 | Op1 | Opi | Op1 |Opi (=1) | Opi1 (=1) | Op1 (—1) | Op1 (1)
local section ‘vlvz‘vleg‘vlm‘vzvl‘ vye3 ‘ voeq ‘v2v1e3e4‘v1vzege4

@.11)

Lemma 4.3 implies that
g3h«6nd(V3) = Op; & Opi (—1)*

and one can use (4.11) to check that g3, is an isomorphism. Since g3 is finite, 8 is also an
isomorphism. O

Recall the definition of %,, from (4.7). From Lemma 3.4 (ii) and Proposition 4.4 (i) we
get

Bin,o = gmeBim,0 = hmend(Vy), m=1,2,3. (4.12)

Combining functors (4.2) (4.4) and Proposition 4.4 (ii), we have for m = 1, 2, 3 the fully
faithful embedding

—QVY ®,,
Wyt DO (L) —8 DO(Lyy, End (V) 225 DY, Byg) b DO(Y,).  (4.13)

~

Recall maps py, : Y — PL7:PE) — Plandiy: Y, < P€) (pm = m oiy). We know
from Proposition 3.3 (iii) that Op1 C & is the isotropic sub line bundle corresponding to the
smooth section E = P(Op1) of p,,. Its associated spinor sheaf Sg is a rank 2 vector bundle
constructed by the short exact sequence

0= Opgeys(—1) ® T°Tp 2> T*T) — imsSE — 0 (4.14)
where Zy C By, 0 andZ; C By, are right modules over B,, o generated by Op1, respectively.
Lemma 4.5 Write Sg(—1) for SE ® Oym/]pl (=1). We have
(i) Wm1(Or,) = Se(=1) ® py, Opi (D);

(ii) det(Sy) = Oy, p1(—1) ® pyOpi (2) and SY = Sp(—1) ® p}, Opi (2).
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Proof (i) The isomorphisms in (4.12) imply that %,,,(V,,) is a right module over By, o.
Since Vy, = OL,, ® Ly, we have V) C &nd (V) and thus hy, (V)) C Bpyo. We claim
e (V) Z To.

To prove the claim we adopt the notations in Example 2.3 and use the convention (3.9).
Note that v; is the local section of Op1 C &. The claim would follow if we can prove
that A, (V) is a rank 4 vector bundle with local sections v|vy, vie3, vies, vivze3es. For
m = 1,2, wehave L,, = Cy,, gn = h,, and we get from (2.6) that

Hom(OL,,, Or,) hasalocal section vjvs.
From (2.7) we get that
hm«stom(Op,, ,Or,) isarank?2 vector bundle with local sections vjvp, viv2e3es.
Recall from (3.10) that
hpmsFtom(Ly, Oc,,) is arank2 vector bundle with local sections vies, vies.
This concludes the cases of m = 1, 2. For m = 3, we get from (4.9) (4.10) that
hyénd(V3, Or,) = Oy ® Oy, ® Oy, has local sections  vjv2, vies, vies

where N = C3 and N, N, are irreducible components of N. Recall h3 = g3 o h.
We deduce from (2.7) that h3*(V3v ) is a rank 4 vector bundle with local sections
v V2, Vi€3, V€4, V] V2e3e4.

Note that 7y ®3,, o Bm,1 = Z1 where Z| C By,,1 is the right module over B, o generated
by Op1 C £.By (4.2) (4.3) ®,,.1(Zo) = p)To ®H;;Bm 0 K1 fits into the short exact sequence

‘Sm
0— OP(E)/PI (—2) ® 7T*(I[) ® O]P’l (l)) — OP(S)/PI (—1) ® 7T*(Il X OPI (l))
= i@, 1 (Zo) = 0.
Comparing it with (4.14), we get ¥,,, 1(Op,,) = P, 1(Zo) = SE(—1) @ p)Opi (D).
(ii) We can apply Proposition 2.2 (ii) by letting V = £ = Op1 @ Opi1(—1)?, ¥ = £ =
Opi (—1), N = Opi and F = E. Then there are isomorphisms
S = Sp(=1) ® p;,(Op) @ det(€Y) ® £) = Sp(—1) ® pjy, Op1 (2).

This gives det(Sg)2 =0y, p (-2)® Py Opi (4). On the other hand, the proof of Proposition
2.2 (i) implies that det(SE) restricted to each fiber of p,,: Y, — P! is O(—1). Thus,

det(Sp) = Oy, pi (=) ® pmM
for some line bundle M on P! and it follows that M = Op1 (2). O

Corollary 4.6 Write Sp(—1) for Sg ® Oy, pr (=1). Form =1,2,3 there is an admissible
semiorthogonal decomposition

D°(Y,y) = (D°(Ryu—1), Oy, /p1 (=1) ® pjs Opi (1), Sg(—1) ® pj Opi (1),
PmOp1 (=1), Oy, Oy, jp1 (1))

where Ry = k and Ry, R, are the path algebras defined by (1.2).
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Proof The semiorthogonal decomposition (4.1) when [ = 1 reads as
D (V) = (@, 1 PP @', Bu0)). Pl Opi (—1), Oy,,.. Oy, p1 (1), Oy, pi (1) ® pjyOpi(1)).

By the construction of Wy, | from (4.13), we have Wy, | (D°(Ly)) = @, 1 (DP(P', By ).
Hence, the above semiorthogonal decomposition is equivalent to
(W1 DO (L)), Pl Opi (—1), Oy, Oy, 1p1 (1), Oy 1 (1) ® pliOpi (1)
= (D°(Rw-1). S£(=1) ® p;,Op1 (1), p;, Op1 (=1). O,
Oy, p1 (1), Oy, /p1 (1) ® py, Opi (1))
= (0y,, (1) ® p}Op1 (1), D*(Ry—1), Se(—1) ® pjs, Opi (1),
PmOpi (=1), Oy,,, Oy, p1 (1))
= (D*(Ru-1), Oy, jp1 (—=1) ® p},Op1 (1), SE(—1) ® p}s, Opi (1),
P 0p1 (1), Oy,, Oy e (1)).
The first equivalence above is due to Proposition 1.1 and Lemma 4.5 (i). For the second
equivalence we use Lemma 2.9 with X = Y,, and S = Spec k. By Proposition 3.3 (i) (iv), ¥},
is Gorenstein projective and wy, = Oy, ,p1 (—2). Then the second equivalence is obtained
by applying the functor — ® wy,, = — ® Oy, /pi1(=2) to Oy, /pi (1) ® p,, Opi (1). The final
equivalence is obtained by the left mutation of D®(R,,_1) through Oy, /p1 (=) ® p;,, Opi (1).
Again by Lemma 2.9 all SODs above are admissible when they exist. The final mutation exists

because the SOD before the mutation is admissible, and the mutation induces equivalence of
categories before and after the mutation. O

Recall maps py,: Yy — P! and fm: Ym — Xp. In the next lemma we check that
Proposition 2.12 can be applied to the map f;,.
Lemma4.7 Write My = O(D;) = Oy, (—1) @ psOpi(1) and My = O(Dy) =
Pl Opi(—1). Then
(1) D1.E =1and D.E = —1;
(2) {N; := fmsM;}i=12 is a simple collection of sheaves; i.e., dim Hom(N;, Ni) = § i for
1<j,k<2;
(3) H? (X, RO fus O(D; — D)) =0 forall p>0and 1 <i,j<2;
(4) the triangulated subcategory (N,')lz:1 of DP(X,,) generated by Ny, N is equivalent to
DP(R:) where R is the path algebra defined by (1.2).

Proof (1) Note Oy, (—1)|r = Of by Proposition 3.3 (iv). Then (1) follows from this and
that E is a section of py,.

(2) Let I be the ideal Igy,, of E C Y}, and let E,, be the subscheme defined by I",n > 1.
Then

I/I* = Ny, =O0p(D)?, 1"/ 1" = Sym"(1/17) = Op ()", n>2.

Let w,: E, — Y,,n > 1 be the inclusion maps. By the theorem on formal functions
we have

R fne(M) = lim H? (E,., Lop; M)
for all M € Coh(Y,,). Consider for n > 1 the exact sequences

0— I"/I""" - Of,., — O, — 0.
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Since M1|g = Opi(1) and M |g = Op1 (—1), we have M; |g, are extensions of sheaves
Opi1 (1) for I > —1. This implies that H? (E,, M;|g,) = 0for p > 0,i = 1,2 and all n.
Thus, R? fi,.(M;) =0, p > 0 and N; is a sheaf fori = 1, 2.
Next we show that { N7, N3} is a simple collection. Let U = Y, — E. Let jy: U < Y,
and iy = fi, o ju: U — X,, be open embeddings. Since the codimension of U C Y,
is 2, we have M; = RYjy..(M;|y). Thus,
Hom(Nj, N;) = #om(R® frs(Mi), R® frus (M)
= Hom(R° fius R juw(M;|0), R® fins R ju«(M;|0))
= Aom(Riy«(Mily), Riys(M;|u))
= ROiU*ffom(Mdu, M;ly).
Taking HO(Xm, —) on both sides above, we get
Hom(N;, Nj) = Hom(M;|y, Mj|y) = Hom(M;, M;).
Since
pm*OY,n = O[Pla PmxO(D1 — D2) =0,
PmsO(Dy — D) = €Y ® Opi (—2) = Opi (=2) ® Op1 (—1)°,
we have
aij» p = 0
0, (,j)=(1,2),VYp
0, G,.)H)=2, D, p#1"
L GH=2D,p=1
(4.15)

WP (Y, O(D; — D)) = h? (P, pu O(D; — Dj)) =

Hence, dim Hom(N;, N;) = §;;.
(3) Since Op (D — D3) = Op1(2), we have that O(D1 — Dy)|g, is the extension of sheaves
Opi (1) for I > 2. The arguments using the theorem on formal functions in (2) imply that

RY fnxO(D1 — D3) = 0,9 > 0.

Similarly, we have O(D| — D»)|g, is the extension of Op1 (—2) with sheaves Opi (1) for
[ > —1. This implies that

R' fusO(D2 — D1) =k,
which is supported on the node a; € X,,. We make use of the Leray spectral sequence
E}" = HP (X, R? fusO(D; — D)) = EPT4 = HPY(Y,,, O(D; — D).

Since R>2fm* =0, lem* is supported on the node a; € X, and dim(X,,) = 3, we
have Eé"q =O0unlessO < p <3,9g=0o0r(p,q) = (0, 1). In this case there is an exact
sequence

0 EN - ' 5 g0 20 p2

and E5° = E3. Equations (4.15) give E2 = E3 = O foralli, j,and E' = E3' = 0if
(i,j) # 2, 1) and E' = EY! = kif (i, j) = (2, 1). We deduce that £: E' — ES'is
an isomorphism for all i, j. Thus, Ef’o =O0forall p >0andi, j.
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(4) Itis a consequence of (1)-(3) and Proposition 2.12.
O

For the smooth section E of p,,: Y,, — P!, Proposition 2.2 (ii) gives us the Koszul
resolution

0 — det(S§) — Sf — Oy, — O — 0.
By Lemma 4.5 (ii) we get

0— Oy, p1 (=) ® pl,0p1 (1) = Sp(—1) ® plOpi (1) = plsOpi (1) = Op(~1) — 0.
(4.16)

Theorem 4.8 Let X, be the quintic del Pezzo threefolds with m nodes form = 1,2, 3. Then
there is an admissible semiorthogonal decomposition

D*(X,) = (D°(Ry—1), D*(R1), Ox,,, Ox,, (1))
where Ry = k and R{, Ry are the path algebras defined by (1.2).

Proof From Proposition 2.10 we have that f,,s: D°(Y,,) — DP(X,,) is a Verdier quotient
with ker( fi,«) = (Og(—1)). Let 7 be the triangulated subcategory generated by

Oy, (=) ® Opi (1), Sg(=1) ® Opi (1), piOpi(—1).
Then Corollary 4.6 reads as
D°(Y,)) = (D’(Ry—1), T, Oy, Oy, (1)). (4.17)

We deduce from the exact sequence (4.16) that O (—1) € 7. Observe that in the SOD (4.17)
all components except for Db (R;—1) are contained in Dperf(Ym). Moreover, Y;, is Gorenstein
and wy,, | = O by Proposition 3.3 (i) (iv). Then Proposition 2.11 implies that we have the
induced admissible semiorthogonal decomposition

DP(X,) = (fusDP(Rin—1)s fns (1) fus(Oy,)s s (O, (1))
= (fusDP(Ri—1), fins(T), Ox,,, Ox,, (1)).

Since DP(R;—1) Nker(fins) = @, we have fsDP(Rpm—1) = DP(R,u_1). Since fiu(T) is
generated by f,,+(Oy,,(—1) ® p}Opi (1)) and fi.(p;, Opi (—1)), Lemma 4.7 (4) implies
that f,,(7) = D°(R)). o
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