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Abstract
We obtain a sharp bilinear restriction estimate for the paraboloid in R3 for ¢ > 13/4.
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1 Introduction

Define an extension operator associated to the paraboloid in R3 by

Ef(x1.x2.x3) = / FE EelErn + vy + (B2 4 EDxs) dErde, (L)
[-1,1]2

for f € L'([—1, 1]%). Here, e(a) := ¥ for a € R. We say that two functions f; and f>
are separated provided that

dist(supp(f1), supp(f2)) 2 1. (1.2)

It is conjectured by Tao et al. [16] that the following bilinear restriction estimate

1
NEAERIM N @ < Coa (Al 2l Lrgo11p)? (1.3)
holds true for every pair of separated f and f5 if and only if
5 3 5 1
qg>3, —+—<3, and —+ — <2 1.4)
q9 p q P

Our main theorem is as follows.

Theorem 1.1 For every pair p, q satisfying

5 3 5 1
g>13/4, 2 +2<3, and 4+ - <2, (1.5)
q p q p
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it holds that
1
NEAERIM N @ < Coa(Ifil Lol Ll Lrgotip)? (1.6)

for every pair of separated functions f1 and f>. Here the constant C, 4 depends on p, q and
the implied constant in (1.2).

The bilinear restriction problem is strongly tied to the restriction problem (Fig.1). The
restriction conjecture states that the estimate

NEfllLawsy < CpglfllLeq=1.172) (1.7
holds true for every function f, if and only if

qg >3, and g+l§1. (1.8)
q9 P

The region (1.8) is the trapezoidal region bounded by the points a, b in Fig. 2, (0, 0), and
(1,0),! except for the upper line between a and b inclusive. The region (1.4) is the pentagonal
region bounded by the points a, b, ¢, (0, 0), and (1, 0), including the upper line mentioned
previously. Note that the region (1.4) is wider than the region (1.8).

The connection between the bilinear restriction estimate and the restriction estimate was
discovered by Tao et al. [16], where they proved that the bilinear restriction estimate for a
pair (p, g) on the region (1.8) implies the restriction estimate for the same pair (p, ¢). The
converse is also true by a simple application of Holder’s inequality.

Let us briefly mention the recent progress on the restriction and bilinear restriction prob-
lems for paraboloid in R3. In 2003, Tao [14] proved the sharp bilinear restriction estimate
for the paraboloid in R3 for the pair (p, q) = (2,10/3 + €) for an arbitrary number € > 0
(the point ¢),2 which implies the restriction estimate for the paraboloid for ¢ > 10/3 by
[16]. His proof is based on Wolff’s two ends argument in [18], where Wolff proved the sharp

1 The points (0, 0) and (1, 0) are not represented in Fig. 2.

2 Inthe paper, it is proved the sharp L? bilinear restriction estimate for the paraboloid in R” up to the endpoint
for all the dimensions 7.
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Fig.2 Zoomed in

bilinear restriction estimate for the cone. The (linear) restriction estimate of Tao is improved
by Bourgain and Guth [4] to the range ¢ > 3.3 (the point ii), where they introduced the
multilinear technique and combined it with some Kakeya estimate to get a better restriction
estimate. Recently, Guth [6] improved the restriction estimate to the range g > 13/4 (the
point iii). More precisely, he introduced the notion of a broad function and proved a broad
function estimate for ¢ > 13/4 by using polynomial partitioning. This broad function esti-
mate is slightly weaker than the bilinear restriction estimate, but the argument of [16] still
works equally well with the broad function estimate, so he was able to prove the restriction
estimate for the same range of ¢g. The restriction estimate of Guth is extended to the point
iv by Shayya [13] (see also [11]). The most recent result is due to Wang [17] (the point v),
where she proved the restriction estimate for ¢ > 3 + 3/13 by proving the broad function
estimate for the same range of ¢. Her proof of the broad function estimate combines Wolft’s
two ends argument with polynomial partitioning. For earlier results, we refer to Tao et al.
[16], in particular, Table 1 on page 969 of their paper.

Our bilinear restriction theorem improves Tao’s sharp bilinear restriction estimates (the
point c) to the range ¢ > 13 /4 (the point vi). Also, our theorem recovers the broad function
estimate of Guth and the restriction estimate of Shayya by the arguments of [16]. It looks
plausible to generalize our result to improved (n — 1)-linear restriction estimate for paraboloid
in R” as all the tools used in this paper are still available in high dimensions. However, for
the sake of readability, we focus only on the three dimension.

One natural question is whether one can generalize this result to more general surfaces
under certain conditions. Bejenaru introduced interesting curvature conditions in [2], and he
proved sharp L? — L'9/3 bilinear restriction estimates for general surfaces in R3 satisfying
the conditions. His conditions are so general that even a surface with a vanishing principal
curvature (for example, a cone) satisfies the conditions. Interestingly, our theorem is not
always true for surfaces satisfying his conditions. For example, [15] proved that (1.3) is not
true for a cone for any pair (p, g) withg < 10/3 and p = oc.

The proof of Theorem 1.1 is built on the arguments of [6] and [2]. Let us compare our proof
with Guth’s proof and explain the obstacle of our problem. By the wave packet decomposition
(Lemma 2.1), we can decompose the functions Ef into wave packets E fr so that each
wave packet Efr is “essentially supported” on the tube 7. In the study of the restriction
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problem, Guth applied polynomial partitioning and reduced the problem to some lower
dimensional restriction problem in the sense that all the “significant” wave packets Efr
are contained in a thin neighborhood of a variety. Then he proved the lower dimensional
restriction estimate. However, in our bilinear restriction problem, since the bilinear operator
involves two functions, even if we can still apply polynomial partitioning to the bilinear
operator, it is difficult to make all of the significant wave packets of E f; and E f> be contained
in a thin neighborhood of a variety. This is the main obstacle of our problem.

Here are our ideas. By following the arguments of Guth, we reduce to the situation where
all the significant wave packets of E f| are contained in a thin neighborhood of a variety. Let
us pretend that the variety is a two-dimensional plane in this paragraph. Then we apply some
pigeonholing argument to the wave packets of E f> so that all the significant wave packets
form some fixed angle between the tube and the variety. If the angle gets smaller, then our
wave packets of E f, get closer to the thin neighborhood of the variety, and it gets closer to
the lower dimensional problem, which can be dealt with by following the argument of Guth.
On the hand hand, if the angle gets larger, then we observe that an intersection of the tube and
the thin neighborhood of the variety gets smaller. This geometric observation gives a better
L?-estimate than usual (see Lemma 4.5). We quantify these two observation and combine
them so that no matter what the angle is it gives the desired estimate. However, there is one
additional issue: If the angle between a tube and a variety is “almost” perpendicular, then it
is too far from a lower dimension situation and we cannot imitate the argument of Guth. In
this case, we apply polynomial partitioning one more time as in [2], and this takes care of
the case [see a high angle dominant case (Subsect. 4.1)].

1.1 Notation

For each ball By of radius R with the center c(Bg), define the weight function

Y — (B —100
Wiy (1) 1= (1+ J) , (1.9)
R
and the weighted integral
1/p
I F N Lr(wg,) = (/ |F(x)|prR(x)dx) (1.10)

for every function F € L°°(R3). For every measurable set A with positive Lebesgue measure,
we define the averaged L? integral by

1/2
1
Il 2, a0 = m/|f|2 . (1.11)
A

Note that
Iz, cay < NfllLeeay- (1.12)

avg

We write A(R) < RapDec(R) B to mean that for any power 3, there is a constant Cg such
that
A(R) < CgR™PB forall R > 1. (1.13)
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Let us introduce the notation mz‘z=1 a; == |ajaz| 172 For f1, f> and some quantities A(f1, f>)
and B(f1, f2), we write A(f1, f2) S B(f1, f2) to mean that

2
A(f1, f2) = CB(fl,f2)+RapDeC(R)MIIfiII2~ (1.14)
i=1

Here, the constant C is independent of f1, f> and R. Note that this notation is not conventional.
For two non-negative numbers Aj and A;, we write A] < A; to mean that there exists
a constant C such that A; < CAj. Similarly, we use O(A1) to denote a number whose
absolute value is smaller than C A| for some constant C. We write A| >~ A, if A; < Ay and
Ay < Aj. We also write A} < Ap if CA] < A, for some sufficiently large number C.
For every set S C R? and number p > 0, we denote by N »(S) the p-neighborhood of S.
For every polynomial P, we denote by Z(P) the zero set of the polynomial P. We introduce

two parameters € > 0 and § > 0. The parameter § > 0 will be much smaller than €.

2 Preliminaries

We review a wave packet decomposition. Let us define some notation first. We decom-
pose the square [—1, 1]% into the dyadic squares 6 of side length R~1/%, Let wy denote
the bottom left corner of 6. Let vg denote the normal vector to the paraboloid at the point
(wg, |wy |2). We denote by P(R~1/2) the collection of the squares. Let T(0) denote a set of
tubes covering Bgx C R3, that are parallel to vg with radius R'/>*? and length C R. Denote
T := Upepr-1/2T(0). Foreach T € T(0), let v(T') denote the direction vy of the tube.

Lemma 2.1 (Wave packet decomposition) If f € L3([—1,11%») then for each T € T we can
choose a function fr so that the following holds true:

(1) If T € T(6) then supp(fr) C 36
(2) If x € BR \ T, then |Efr(x)| = RapDec(R)| fI|2;

(3) Foranyx € Bp, |Ef (x) =Y rer Efr(x)| = RapDeC(R)||f||Lz,

(4) If Ty, T» € T(0) and Ty, T» are disjoint, then | [ fr, fr,| = RapDec(R) B | f12;

(5) ZT€T(9) f[_1,1]2 |fT| ,S fg |f|2

This is the formulation of the wave packet decomposition in [6]. We refer to Proposition
2.6 of [6] for the proof; see Lemma 4.1 of [14] and Lemma 2.2 of [ 12] for another formulation.
The functions E fr are called wave packets. We need some L?-orthogonality of wave packets.
Here is one version of it. We refer to Lemma 2.7 and 2.8 of [6] for the proof.

Lemma 2.2 (L2—0rth0g0nality) For any subset T; C T, square 0 € P(R™Y2) and function
f, it holds that

/ |3 s £ % [ 1+ RapDectROL o

TeT; Te']l‘,log (2'1)
< / 12
200
and
/ >afs [ e @2)
TeT;

[-1.1 [—1,17?
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Our proof of Theorem 1.1 relies on polynomial partitioning. The interested readers should
consult the introduction of [6] for the historical backgrounds on polynomial partitioning.

We first introduce some terminology. For every polynomial P : R" — R, we denote by
Z(P) the zero set of the polynomial P, and by cell(P) the collection of the connected com-
ponents of R" \ Z(P). Aset Z(Py, ..., Py_p) :=(i={" Z(P;) is called an m-dimensional
transverse complete intersection if it satisfies

n—m
/\ VP;j(x) #0 (2.3)
j=1
for all z € Z(Pi,..., Py—m). A degree of the transverse complete intersection
Z(P1, ..., Py_p) is defined as the maximum of the degrees of P;. This definition of the

degree is non-standard in the sense that the set depends on the choice of polynomials defin-
ing the variety. It might be possible to define the degree in a more natural way, but this
definition does not make a trouble in our application, so we use this definition.

The following is the polynomial partitioning lemma used in [7] (see also Sect. 6 of [9]).

Lemma 2.3 (Polynomial partitioning lemma) Let 1 < m < n andd > 0. Let F be a non-
negative L! Sfunction on R" supported on Br N Npiy2+s(Z) where Z := Z(P1, ..., Py_p)
is an m-dimensional transverse complete intersection of degree at most d. Then at least one
of the following holds:

(1) There exists a polynomial P : R" — R of degree at most O(d) with the following
properties:

o #cell(P) ~d™.
e For every O’ € cell(P), we define the cells O := O’ \ Ngij2+s(Z(P)). Then there
exists a subcollection cell,(P) of cell(P) such that for every O generated by O’ €

cell,(P)
/F:d’”/F. 2.4

R® o
Moreover, the number of the cells O generated by cell,(P) is comparable to d™.

(2) There exists an (m — 1)-dimensional transverse complete intersection Z| of degree at
most d such that

/ F < / F. (2.5)

R BRNON 17245 (Z1)

Since we use the polynomial method and the wave packet decomposition, it is necessary
to understand the interplay between a variety and tubes. In particular, we need to answer two
questions:

e Describe the intersection of a tube and a thin neighborhood of a variety.
e How many tubes pointing in ‘“separated” directions can be contained in a thin
neighborhood of a variety?

The author learned the answer of the first question in [21], where Zahl uses a result of Basu
et al. [1] and obtains a satisfactory answer (see (4.29)). The second question is answered by
[6] in three dimensions, by [20] in four dimensions, and by [10] in all the dimensions, whose
results are called the polynomial Wolff axioms. We will use Lemma 2.6, which is a slightly
more general version of them.
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Definition 2.4 (Semi-algebraic set) A set S C R” is called semi-algebraic if it can be written
as a finite union of sets of the form

(xeR": Pi(x)>0,..., P(x) >0, ki1 (x) = ... = Pryy(x) =0}, (2.6)

where P1, ..., P4 are polynomials. A union of such sets is called a presentation of S. The
complexity of a presentation is the sum of the degrees of the polynomials. The complexity
of a semi-algebraic set S is the minimum complexity of its presentation.

Lemma 2.5 ([1], cf. Theorem 2.3 of [21]) Let S C R" be a semi-algebraic set of complexity
D. Then there exists a constant C (n, D) so that S has at most C (n, D) connected components.

Lemma 2.6 (Lemma 2.11 of [21], cf. Theorem 1.4 of [8]) Let n, E and K be integers with
n > 2, andlet € > 0. Then there is a constant C(n, E, K, €) > 0 so that the following holds.
Let Z be a semi-algebraic set of complexity at most E. Let r > 0. Suppose that Z C R" has
diameter r and obeys

INo(Z)N B(x,1)| < E,or"_lforall balls B(x, r). 2.7

Let0 < § < p/r, and let L be a set of lines in R" pointing in §-separated directions with the
property that for each L € L

LNN,Z contains a line segment of length r/K.
Then
—14€
r 1-n—e
#L<Cn,E,K,€) <7> ] . (2.8)
P

3 A proof of theorem 1.1: polynomial partitioning

Theorem 1.1 can be deduced from the following:

Proposition 3.1 For every € > 0, it holds that
2

H[|Ef,-|

i=1

L13/4(B
(BR) ] 3.1

2 Bre /o 3¢
10
< CR™ ]I fill 2 max | fillz2, @)
i=1 i1 IEP(R™) ¢

for every R > 1 and separated functions f1 and f5.

Let us assume the above proposition and prove Theorem 1.1. Recall that Tao [14] proved
a sharp bilinear restriction estimate for (p, g) = (2, 10/3 + ¢€) for arbitrary € > 0. By the
trivial estimate (1.12), the average norm in (3.1) can be bounded by L°°-norm. Applying the
resulting inequality with f; = xr, for separated measurable sets F; C [—1, 117 we obtain

2
NE xR Exrs sy < CeR [[[1F1®/13 (3:2)

i=1

By applying Holder’s inequality and using Tao’s result, we obtain

1/2
NEAERI 1 Lae) < Cpg e R Al Nl f2llLr)" (3.3)
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for every pair (p, q) satisfying (1.5) and every f; = xr. We apply Lemma 1.4.20 of
Grafakos’s book [5] componentwise to the bilinear operator, and obtain (3.3) for every pair
(p, q) satisfying (1.5) and every f; € L”. Applying the epsilon-removal lemma (Lemma 2.4
in [15]) completes the proof of Theorem 1.1.

In the rest of the paper, we focus on the proof of Proposition 3.1. Our proof relies on the
induction on scales. Let us fix € > 0. We may assume that € is sufficiently small. We take
C¢ large enough so that (3.1) trivially holds true for small R. Hence, it suffices to consider
a large R and prove (3.1) under the assumption that it holds true for < R/2. We record our
induction hypothesis.

Induction hypothesis

(3.1) holds true all the radii smaller than < R/2. (3.4)

In order to close the induction, it is important to keep in mind that we need to prove (3.1)
with the same constant C.. The constant C. will not vary from line-to-line.

3.1 Polynomial partitioning
Let § > 0 be some number much smaller than €. Let D be a sufficiently large number inde-

pendent of R, which will be determined later. We apply the polynomial partitioning lemma
(Lemma 2.3) to the function |E f1 E f>| 1/2 and Z = R3. Then there are two possibilities:

The cellular case

There exists a polynomial P of degree at most D such that
M
R\ 2(P)=| | 0. 3.5)
k=1

where M ~ D3, and O,/( is a connected component of ]R3\Z (P), and if we define the cells
Ok := Bg N (O] \Ng1/2+5(Z(P))), then

13/4 13/4
NEAELI I s g = D NEAERI o, (3:6)

for ~ D3 many cells Oy.

The wall case

There exists a two-dimensional transverse complete intersection Z(P) of degree at most D
such that

1/2 1/2
NEAELII3mse S NEAELIY L34 8y0N 100 (2P0 3.7
It is well-known that a transverse complete intersection can be thought of as a smooth

manifold locally. This will enable us to define a tangent plane on a point of the transverse
complete intersection.
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3.2 The cellular case

In this subsection, we will consider the cellular case and prove (3.1). This case can be dealt
with by following the arguments of [6] line by line. We include the details for the completeness
of the paper. Recall that T is a collection of the tubes defined at the beginning Sect.2. By
abuse the notation, we pretend that cells always indicate the cells Oy satisfying (3.6). In this
subsection, the constant C may vary from line-to-line. This constant C is independent of the
parameters €, D and R.

We first note that, by property (2) and (3) of Lemma 2.1, on each cell Oy

Ef;= Y Efir +RapDec(R)| fi2- (3.8)
TeT:TNOk £
For simplicity, we introduce the notation f; o, := ZTGT:TOOk#Q fi.r- By the equality above,
for every k, it holds that
12
NEAERIY I smme < DENESL 0 Efo L1340 (3.9)

where the notation 3 is introduced in (1.14). Notice that, by the fundamental theorem of
algebra, each tube T € T passes through at most D + 1 cells O (see Lemma 3.2 of [6]).
Hence, by the orthogonality of wave packets (Lemma 2.2), it holds that

ZHszkHz cy Y szl

O T, €T:TiNOx#Y

<CY > lfinli <2CDIfil3

T; €T Or:0xNT; #0

(3.10)

for some constant C. It is straightforward to see that %#Ok many cells Oy satisfy the
following:

2 100
/i, 001l = ¥0r CDI fill5- (G.1D)
Thus, by recalling that #0;, ~ D? and by pigeonhling, we can choose a cell Oy, such that
1fi0 13 S D2Nill3 (3.12)

forbothi =1, 2. Let us fix such Oy, and decompose Oy, into smaller balls of radius at most
R/2 and apply the induction hypothesis (3.4) to the right hand side of (3.9) on each smaller
ball Bg/>. Then the left hand side of (3.9) is bounded by

2 %+e €
12
CC.D1 R'¢ (m I fi. 04, ||L2> (H[ max || fi, o, ”Lavg(9)> . (3.13)
i=1

We now apply (3.12) to the L2-norm and the L?-orthogonality (Lemma 2.2) to the Lﬁvg-norm.
Then the above term is further bounded by

2 %4—6 4 3—€
CC.D~ R (H[ I ||Lz> (H[ max | f; ||Lgvg<e>> : (3.14)
i=1

It suffices to take D sufficiently large so that C D™¢ < 1, and thus, we can close the induction.
To summarize, we have proved (3.1) in the cellular case. It remains to prove (3.1) in the wall
case, which will be done in the following sections.
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4 A proof of theorem 1.1: the wall case

In this section, we consider the wall case. We need to prove that under the induction hypothesis
3.4

2
[IT1Es1
i=1

L3/4(BRON 17245 (Z(P1))) @1

€L

2 %"'e 2 3¢
10
< CCcR™ | |||fi||L2 max | fillp2 @
i=1 i=1 PEPRYZ) h

for some small constant C. Here, Z(Py) is atwo-dimensional transverse complete intersection
of degree at most D. Recall that the constant D is independent of the parameter R, and this
fact will play a role in the proof.

Let D; be alarge constant compared to D and be independent of the parameter R. We con-
sider two subcases according to whether there exists an one-dimensional transverse complete
intersection Z(Q1, Q2) of degree at most D such that

2
[IT1Es1

i=1

2 LI3/3(BRNN g1/2+45 (Z(P1))) 42)

[IT1Es]
i=1

S

LI34(BRNN 17246 (Z2(Q1,02)))

If such Z(Q1, Q) exists, then we apply the following lemma and prove (4.1).

Lemma 4.1 For every pair of separated functions g1 and g», one-dimensional transverse
complete intersection Z(Q1, Q2) of degree at most Dy, it holds that

2
[T 1Esi1
i=1
1

2 Bte /o 3¢
—cde p 10
< CeR R (T gill2 max lgillz3, 0
el i=l€€P(R_1/2) B

under the induction hypothesis (3.4).

L13/4(BRNN 17245 (Z2(Q1,02))) 43)

Let us postpone the proof of the lemma to the next section and consider the case that such
Z(Q1, 0») does not exist. The advantage of this case is that we can control tangent spaces
of a variety. Let us explain more.

Let y be a fixed constant smaller than the implied constant in (1.2). This constant y is
independent of all the parameters, for example, €, §, and R. Recall that since P; is a transverse
complete intersection, the tangent planes are well-defined at every point of the variety. We say
thata ball B (xo, RY/*1%) ¢ Npgi2+5(Z(P1)) N Bp is regular if on each connected component
of Z(P)) N B(xg, I0RY/2%%) the tangent space 7' (Z(P1)) is constant up to angle y. For a
regular ball B, we pick a point z € B N Z(P;) and define Vg to be the two-dimensional
tangent plane 7,(Z(Py)). It is proved on page 126 of [7] (see also page 16 of [2]) that, by
the assumption that such Z(Q1, Q3) does not exist, there exists a two-dimensional plane V
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such that 5

H[|Ef,-|

i=1

2
[T1Es1

i=1

S , 4.4)

LY Upep, B)

LB/4(BRON z1/2+5 (Z(P1)))

where By is the set of regular balls such that the angle between Vg and V is smaller than y.
Since this statement is proved several times in the literature, we omit the details.
For simplicity, we introduce the notation

Ni:= | J B CBrNNpipis(Z(Py)). (4.5)
BEBV
Define
Ts4y :={T € T: Angle(v(T), V) = 4y}, @.6)
To4, :={T € T : Angle(v(T), V) < 4y}. '
We split functions Ef; into three parts:
Ef; = Efi >4y + Efi <4y + RapDec(R)|| fill2, 4.7
where
fizay = Y fir. ficay:= Y fir. (4.8)
T€T>qy TeT gy
By the triangle inequality, the right hand side of (4.4) is bounded by
S NESf1.24y Efo.zay |y
I Ef1 <4y Efo.zay | Lravs
f1<V f: >4y L13/4(Ny) (4.9)

1/2
+ Ef1, 54y Efo,<ap "Nl pssaar,
+ Ef1,<ay Efo, <ay 11| sy -

We say that we are in a high angle dominant case if the first three terms dominate the last
term. Otherwise, we say that we are in a low angle dominant case.

4.1 The high angle dominant case

In this case, by the symmetric role of f; and f> and the L>-orthogonality, the desired estimate
(4.1) follows from

IEf1 24y Ef2l" L3,

2 Bte /o B (4.10)
< ccr (1A max | fill 2.
i=1 i=1 GQ’P(R_I/Z) "

for some small constant C.
Let us consider two subcases according to whether there exists a one-dimensional
transverse complete intersection Z(Qp, Q2) of degree at most D satisfying

NEf1.5a ELI N3y S WEf1zay BRI 101348y 1 s 201000 G1D

If such Z(Q1, Q») exists, then we apply Lemma 4.1, and by the L?-orthogonality, we obtain
(4.10). Hence, we may assume that such Z(Q1, Q) does not exist.
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Recall that N C Bgr N Npi2+6 (Z(P1)). We apply the polynomial partitioning lemma
(Lemma 2.3) to the function xy, |Ef1,>4y Ef2| 1/2 with the degree D;. Then the second case
of Lemma 2.3 cannot happen. Thus, there exist a polynomial P> : R* — R of degree at most

D1 such that
M

R\ 2(P) = | | O} (4.12)
k=1

where M =~ (D1)?, and 0’ is a connected component of R3 \ Z(P,), and if we define the
cells O := Bg N (Ok\NR1/2+5 (2(P2))), then

13/4 13/4
NEf 4y Ef2 1P,y = POOPNEF 4y EL 1 00, 4.13)

for (D)% many cells Ox. By abusing the notation, we pretend that the cells Ok always satisfy
the above inequality.

Define Tx4, 1 by a sub-collection of the tubes in T4, that intersect 5k and Ty by a
sub-collection of the tubes in T that intersect 5k. Since each tube T € T can pass through at
most D; + 1 many 510 we know that

2

ZH Z fzr‘

TeTk

, S < Dillfall3. (4.14)

As observed in [2], each T € T4, can intersect 5k N N; at most O(D?) times. This is
because T N Z(P)) is contained in at most O (D3) balls of radius RY/?*1? (see Lemma 5.7 of
[7]). By this observation and the L2-orthogonality, we obtain

2
Z | X ne|, s PAB (@.15)
T€T>4yk
By pigeonholing, we can choose kg such that
2 -1 2 2 372 2
| 3 pr| sotieB | X Al so0PAR @16
TETkO TETZAWY[(O

Therefore, if we use (4.13) with k = ko and apply the induction hypothesis (3.4), by the
above inequalities, we have

1/2
NES1 24y Ef21' 2l L3,
- 2 Bt o 5 @17)
< DBTEp B R M||ﬁ||L2 max | fillz2 ) :
i=1 i) 0€P(R™Y/) ¢

It suffices to take D large enough compared to the constant D.
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4.2 The low angle dominant case

In this case, we prove the following.

2
[T1ES: <1
i=1
2

2 %+e 3¢
< CeRfceSRlOG M ||fl ||L2 max ||fl ”Lgv ) .
i=1 i) OEP(R™I2) ¢

One advantage of working with the wave packets with low angles is that it allows for an
L*-estimate as good as in [6]. This is one observation already appeared in [2]. We will make
use of it later.

Recall that Ny is a subset of Bg N Ngi2+5(Z(P)). For simplicity, we define W := Br N
Ngip2+s (Z(P1)). We decompose the ball Bg into smaller balls B; of radius R!'=% For each
ball B, we define transverse and tangential tubes as in [6].

LR 4.18)

Definition 4.2 (Tangential tubes) T ; _ is the set of all T € T4, obeying the following two
conditions.

e TNWNB; #0
e If z is any point of Z(Py) lying in 2B; N 107, then

Angle(u(T), T,(Z(Py))) < R™V/2+%, (4.19)
Here T,(Z(P1)) denotes the tangent space of Z at the point z.

Definition 4.3 (Transverse tubes) T 4 is the set of all T € T _4,, obeying the following two
conditions.

e TNWNB; #0
o There exists a point of Z(Py) lying in 2B; N 10T, so that

Angle(v(T), T.(Z(Py))) > R™1/2+23, (4.20)

Notice that any tube T .4, that intersects W N B; lies in exactly one of T; 4 and T; _.
Thus, on the set W N B,

Eficay= 3. Efir+ Y. Efi.r +RapDec(R)| £l 21)

TET/"_F TETJ'Y_
For simplicity, we define f; ; 4+ := ZTG’]I‘j . fi,7 and define f; ; — similarly.
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We decompose N into smaller parts B; N N and bound the left hand side of (4.18) by

4
13

1/2,13/4
< [ S mEA AL AP0 s,
Bj
4
13
13/4
| X MEA -1 s,
Bj
. (4.22)
13
1/2,13/4
+ Z|||Efl,j,+Ef2,./‘,—| / ”Llé/“(NmBj)
Bj
4
13
13/4
+ Z|||Ef1,j.,—Ef2,j,—|1/2”L'é/4(NmBj)
Bj

If the first term dominates the others, we say that we are in a transverse wall case. Otherwise,
we say that we are in a tangential wall case.

4.2.1 The transverse wall case

In this case, we do not use much information on Nj. In this subsubsection, the constant C
may vary from line-to-line. This constant is independent of all the parameters, for example,
€, 8, and R. We start with the following bound.

13/4 13/4
NEfi<ay Efa.canl 1 sy S 2 NEFL G Ef2jel PN S ns, 423
Bj
This case can be dealt with by following the argument in [6] line by line. Let us give the

details. We apply the induction hypothesis (3.4) and the right hand side of (4.23) is bounded
by

3

. ) 3+l i1
(ofell SRS (H[ ||fi,j,+||L2) (H[ max IIfi,j,+||L§Vg(e>> - (429
B; \i=l i=1

Next we apply the L2-orthogonality, and replace || Si o+l L2,0) by Il fill L2,(0) By therelation
Il - l3+13¢/4 < || - |l;2 and Cauchy—Schwarz inequality, (4.24) is further bounded by

~

1 13
1(05) -

2 2 1
B3 65 13
—85.5¢ 1310 2
ccd RTEIRETIN T D2 sisr 2 <Ingx||ﬁ||Lgvg(e>>
B, i=1

i=1

4.25)
By Lemma 5.7 of [7], each tube T € T belongs to T ; at most O(D?) many j (see also
Lemma 3.5 of [6]). Hence, by the Lz—orthogonality, as in (3.10), we obtain

Y iz S DAL (4.26)
Bj
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Therefore, (4.25) is bounded by

1_ 13
i

13 65 13 : W
cCH DIOR=7 8¢ g -10e (H[ I fi ||L2> (M max ||f,»||L§Vg(9)> . (4.27)
i=1 i=1

It suffices to note that D is a fixed number independent of R and we were able to assume that
R is large enough compared to D by the base of the induction.

4.2.2 The tangential wall case

In this case, the first term in (4.22) is bounded by the other terms. Therefore, it suffices to
prove the following proposition.

Proposition 4.4 For every pair of separated functions g\ and g», and ball Bj, it holds that

1
IEg1.j.~Eg2. <ayl? I L1348y

2 B2
< CRO® (H[ I ||Lz) (H[ max ||gi||Lgvg@>
i=1 i=l1

Recall that N; is a subset of W = Br N N12+5(Z(P1)) and Z(Py) is a two-dimensional
complete intersection of degree at most D.

The proof of the above proposition is the main part of this paper. We start with the
observation on page 27 of [21]: For every tube T € T, there exist some tubes TT,m of
dimension 5RY/?t8 x 5R1/248 x|, for some I,, > RY/%t3 such that

I

)l

(4.28)

<Cp
TN Ngipss(Z(PD) C || Trom © Naggiss (2(P)). (4.29)
m=1
and _ _
dist(Tr . Tr ) = 2R'*T? (4.30)

for any m, m’. The property (4.30) is not crucial, but it helps to avoid some technical issue. Let
us prove the observation. By Theorem 2.5, there are at most C p many connected components
of Npi2+s(T) N Z(P1). We take the smallest union of subtubes of Ngi/2+5(T) such that the
union covers Ngi2+5(T) N Z(Py). We slightly enlarge each subtube so that their union
covers T N Ngi2+5(Z(P1)). Note that each subtube is contained in Nyggi/2+5(Z(Py1)) by
the construction of the subtubes. The distance condition (4.30) can be easily attained by
modifying the subtubes. This completes the proof of the observation.

We take the characteristic function XFrm of a tube TT,m. By the observation (4.29), it
holds that

<Cp
Egay()= Y Y X7, (DEgr(x)+RapDec(R)| gl (4.31)

T€T4y, m=1
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forevery x € B;NW. Note that the above identity does not need to be true outside of B; N W.
Using (4.31), we obtain

1/2
I1Eg1,j,— Ega,<ay " 1ssacs, o)
<Cp

< 1Eg1 -1 Z ZX%‘T,mEé’lT’l/Q

T€T<4y m=1

(4.32)

L13/4(B;NNy)

By the triangle inequality and taking the maximum, the right-hand side above is bounded by

1/2
cCp)' | 1Eg1; 1" > x5, Egar]" (4.33)

TeT<ay L13/4(B;NN})

for some m. For simplicity, let us use the notation x7. for x7, . Recall that the length of
the longest direction of the tube TT is greater than R'/?*% and smaller than R. Thus, by a
dyadic pigeonhling and taking a sub-collection, we may assume that the longest directions
of all the nonempty tubes 77 are comparable and we denote the length by /. Recall that the
constant D is independent of the parameter R. Hence, what we need to prove becomes

1Egrj—1"?] Y i Egar|'”?

TeT 13/4(B.
’ LEian, (4.34)
2 B&;
< RO® (M g ||Lz> (H[ max |lg; ||Lgvg(9)> :
i=1
where TT has a longest direction with length O or /.
We will interpolate the L? estimate and the L* estimate by Holder’s inequality:
1
2
1
|Eg1,j,—12 Z X7 Eg2.r
T
TeTxay L13/4(BjﬂN1)
15
2
1
SEL;~17| D 7 Egar (4.35)
TeT.
Sh<dy L2(B;NNy)
LTS
INTRE
1
< ||Egij~17| Y x7Esar
TeT.
Sty L4(B;NNy)

Let us first estimate the L*-norm. We define OLeng () by the collection of directions of the
tubes T e T for which the intersection of the tube and W N B; contains a tube of dimensions
RYZH8 o R1/245 | Define

TLeng(l) ={T € T<4y cu(T) € ®Leng(l)}v 82,Leng(l) = Z 82,T- (4.36)
TETLeng(l)
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We claim that

1
2
1
Eg],j,—“’ > xiEsur
TeT
=4 L4(B;NNy)
1 (4.37)
1 1N\ 2
2 2
1
—z+0(@ 2 2
SRETOOLL Y enrl; Y lgarls
TET/',* T€TLeng(l)

Recall that B; N W is a union of regular balls Q of radius R'/2. Define T; _ ¢ by the set of
tubes in T; _ intersecting Q and define Tpeng(), ¢ similarly. Note that on each set QNW N B;

Egij— = Y Egir+RapDec(R)|gil2- (4.38)
TETjY,ﬁQ

Similarly, on each set 0 N W N B;

> x#Egar= Y.  Eg.r+RapDec(R)|gll2. (4.39)
T€T<4y TETLeng(/)'QVN
where _
TLeng(Z),Q,N ={T e TLeng(l),Q TrNnQOoNwnN Bj # (0} (4.40)

Here, the set T4, was defined in (4.6), B; is a ball of radius R'=% and Tr is a sub-tube of
T € T4, the longest length of which is O or /. By the above identities, we know that

1 1
|Egij—12| Y x7 Egarl|?
TeT<4y L4(B;NNy)
14 i (4.41)
2
= X > Eeur ), Ee
Q:QﬂWﬂB./';é(/J TeT; o TGTLcng(l)YQ_N 140)

We fix Q. Since QNW # @, we can choose apointz € Z(P1)NNgi2+s(Q). Notice that by
the definition of T; _, every T € T; _ ¢ satisfies that Angle(v(T), T, Z(Py)) < R~1/2+2,
Thus, the function ZTGTL,,Q g1.7 is supported on some strip of width R~1/2+0@) By a
simple change of variables, we may assume that the strip is [0, 1] x [0, R~1/2+9(®)] On the
other hand, by the definition, we know that Treng(),0,~ C T<4y, and thus, the support of
ZTGTng(“YQYN g2,7 is contained in [0, 1] x [0, 100y]. Since g1 and g, are separated and the
constant y is much smaller than the implied constant in the definition of the separation (1.2),
we can conclude that

dist | 7 | supp Z 81T ,7 | supp Z o.r 21, (4.42)
TETI'_,,Q TETLeng(I)YQ,V

where : RZ — Risa projection map defined as 7 (&1, &) := &;. Therefore, we can perform
the the standard L*-argument (see Lemma 3.10 of [6]), or simply apply Theorem 1.3 of [3],
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and obtain
1
2
Z Egi Z Ego 1
TET.,'Y,_Q TETLeng([)YQYN L4(Q)
. (4.43)
1 1N\ 2
2 2
—1i00 2 2
SRTEHO® > llgirls > learl3
TETL,'Q TETLeng(l)YQ‘N

We bound the sum over Tpreng(),,~ by that over Tpeng(), 0. Define a function x (T, Q)
whose value is 1 if 7 and Q intersect, and O otherwise. Notice that

Yo lenrlz= Y x(T, Qllgrrls. (4.44)

TGT]'Y,VQ TEvﬂ‘jY,

We have a similar property for Tpeng (), o Notice that for every T; and T, whose direction is
separated by =~ 1 it holds that

> x(Ti, Q)x(Ta, ) S ROV, (4.45)
0

By this inequality, we obtain

D30 denrlz YD learls

4] TGT]'Y,VQ TETLeng(l),Q

06 5 5 (4.46)
SROO 3 ainlzlenls.
T| ET_,‘Y, TZETLcng(I)
Therefore, by (4.43) and the above inequality, we know that
%
20| 2. Esr ). Esa
Q |||T€Tj -0 T €TLeng(),0.~ L40) (4.47)
_1
SR ezl YD learll3
TET]'_, TETLeng(/)
The claim (4.37) follows by combining (4.41) and (4.47).
Let us move on to the L2-estimate. A main estimate is the following.
Lemma 4.5
2
[
> xxEer S ROV ( R) > BTl (4.48)
TeT 4y L2(B;NW) T €TLeng(1) ;

One may think of this estimate as a counterpart of [21, eq. (4.16)] in the restriction problem
setting.
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We assume this lemma for a moment and finish the proof of Proposition 4.4. By the
Cauchy—Schwarz inequality,
1
2

1
|Egij 12| Y xEgar
TeTqy

2 .
FEnm (4.49)
1 2
SIEsv;-Niaw, | 2o i Esar
TeT<4y L2(B;nW)
By Lemma 4.5, the above term is bounded by
1
1\ | '
[LON T 2
R ( R) 1B N2y | 20 1Eg2 172, ) | - (4.50)
TETLeng(l)
By the standard L?-estimate
2 1-81 112
I8l 25, S R lglas (4.51)

the term (4.50) is further bounded by

i

1

RO® (E) (Rl 8)2 Z ||gl,T||% Z ”gng”% . 452)

TET_,'_, TeTLcng(l)

By (4.35), the L*-estimate (4.37), and the L2-estimate, we obtain

1

2
1
|Egij 12| > xf Egar

TeT
= L13/4(B;NNy) (4.53)
i i
_1iow),3 2 2
SREHOOE [N g 13 Yo llearli
TeT; - T €TLeng)

We now apply Lemma 2.6 to the function g1,j,— withn =3,r = R,and p = R'/2 by the
L?-orthogonality, we obtain

Z ||gl,T||%§Z Z ”gLTHZLZ(e)

TETL, 0 TETJ",

1/24+0(5) 2 4.54
< RY max Z Hgl,T”Lz(e) (4>4)

TeT(®)

< R-1/240@) 2

= R meax ”gl | Lgvg(e)’
and similarly,

Y. learl3 SITTRVFOO maxieallz, ) (4.55)

Te TLeng(l )

3 By Wongkew’s theorem [19], one can see that the assumption (2.7) is satisfied and we can apply the lemma.
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Therefore, by combining these estimates with the L?-orthogonality, we conclude that

1
Egij— 12| Y x, Egar|?
TeT

LI3/4(B;NNy)

112 1
21

2 2°1 2
_1 L
< RTEHOOL (ﬂI ||gi||z> (]ﬂm@ax ||gi||L;vg<9>>
i=1 i=1

Proposition 4.4 follows by the upper bound / < R.
It remains to prove Lemma 4.5

(4.56)

o=

Proof of Lemma 4.5 We cover B; N W by smaller balls Q of radius R'/2. By the L>-
orthogonality, we see that

2

> 7 Esor < RO® > 1E82, 71720, (4.57)
TeT 4, 12(0) T€TLengt): TrNQ#D

We sum over all the balls Q intersecting B; N W and obtain

2

~ < pO®) 2
> i Eer SROD D Nty s ywe 459
TeT.4y L2(B;NW) T €TLeng(r)

By an standard application of the essentially constant property (Lemma 6.4 of [7]), the right
hand side of (4.58) is bounded by

o ITrl 2
RO BT > IErlzg, ) (4.59)
J T €TLeng(r) ’
It suffices to recall that T7 has the dimension 5R!/2+8 x 5R1/2+8 | O

5 A proof of theorem 1.1: The remaining case

In the previous two sections, we proved Proposition 3.1 by assuming Lemma 4.1. In this
section, we prove the lemma. Let us recall the lemma.

Lemma 5.1 For every pair of separated functions g1 and g, one-dimensional transverse
complete intersection Z(Q1, Q2) of degree at most Dy, it holds that

2
[T 1E2i1

i=1

L13/4(BRNN 17245 (Z2(Q1,02))) (5.1

2 Bte /o 75—
—ced p 10
< CcR R (T[] gill2 max gl o)
i=1 iz PEP(RTI2) ¢

under the induction hypothesis (3.4).
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The proof of this lemma shares some similarity to that for the low angle dominant case
(Subsect.4.2). We only sketch the proof here.
Letus use the notation Y := BrNNgi2+5(Z(Q1, Q2)) for simplicity. We cover Y by smaller
balls B; of radius R'~3. Define transverse and tangential tubes with respect to the transverse
complete intersection Z(Q1, Q>) as follows.

Definition 5.2 (Tangential tube with respect to Z(Q1, Q2)) Tj tang is the setof all T € T
obeying the following two conditions.

e TNB;NY #Y
e If z is any point of Z(Q1, Q) lyingin 2B; N 107, then

Angle(v(T), T,(Z2(Q1, Q2))) < R™'/*T2, (5.2)

Definition 5.3 (Transverse tube with respect to Z(Q1, Q2)) T; yans is the setof all T € T
obeying the following two conditions.

e TNB;NY #Y
o There exists a point of Z(Q1, Q) lying in 2B; N 107, so that

Angle(v(T), T.(2(Q1, Q2))) > R™'/*¥2, (5.3)
Define g;, ;. trans 1= ZTGT,, wans 8,7 and define g; j tang similarly. Note that
Egi = Egi jtang + Egi.j trans + RapDec(R)[ gi [|2- 54

By the triangle inequality, the left hand side of (5.1) is bounded by

S

1/2,13/4
é Z|||Egl,j,transE82,j,trans| / ||L13/4(YmBj)
Bj
4
13
1/2,13/4
+ Z”|Egl,j,tangEg2,j,trans| / ||L13/4(YﬁBj)
Bj
N (5.5)
3
1/213/4
+ Ego1 ; Egoy ;
lel 81, j,trans g2,],tang| ||L13/4(YﬂBj)
Bj
i
13
1/2,13/4
+ | 2o NEjtang 2. jaangl Il 5/t y
B.

J

Let us consider the case that the first term dominates the others. By Lemma 5.7 of [7],
each tube T' € T belongs to T (rans at most 0((D1)?) many j. By the Lz—orthogonality, this
implies the following inequality:

D lgijtranslly S (DD Ngil3- (5.6)
Bj

Hence, by following the arguments in the transverse wall case (Subsect. 4.2.1) line by line with
&i,j,uans replacing f; ; 1, one can get the desired bound. Since the arguments are identical,
we leave out the details.
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Let us consider the case that the first term is dominated by the others. In this case, by
replacing the summation by the maximum, it suffices to prove

I1Eg1j ang Eg2l" Il 134vns;)

1§}

L

13 (5.7)

1
1

Wl

2
< ROO (T Heilz2

i=1

2

max illr2
meemrl/z) I8illiz.,
1=

for every function g; and g;. By Holder’s inequality, the left hand side is bounded by a
constant multiple of

1/2”1/26

25/26
LZ(YOB,,)|||Eg1,j,tangEgZ|l/2” / (58)

|||Egl,j,tangEg2| L193(YnB;)"

To treat the L?-norm, we simply apply the Cauchy-Schwarz inequality and the standard 2-

estimate (4.51). For the L'9/3-norm, we apply Tao’s bilinear restriction estimate [14]. Then
the above term is bounded by

1/2 1/2
RSO gy ey 22113 (5.9)

By the polynomial Wolff axioms (Lemma 2.6) with n = 3, r = R, and p = R'/?, we know
that
2 —1p0( 2
g1, tanglls S R™'ROC )meax “gl”Lgvg(e)' (5.10)

Therefore, (5.9) is bounded by

12 1
13 2 3

2
RO(‘S) m ||gi||L2 max ”gl”LZ L) (511)
i=1 im1 0eP(R™1/2) avg

and this completes the proof of the lemma.
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