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                    Abstract
We revisit the Rellich inequality from the viewpoint of isolating the contributions from radial and spherical derivatives. This naturally leads to a comparison of the norms of the radial Laplacian and Laplace–Beltrami operators with the standard Laplacian. In the case of the Laplace–Beltrami operator, the three-dimensional case is the most subtle and here we improve a result of Evans and Lewis by identifying the best constant. Our arguments build on certain identities recently established by Wadade and the second and third authors, along with use of spherical harmonics.
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                    Notes
	In fact, an abstract version of (1.12) was considered in [13], and we shall identify the best constants in such a setting in Section 4.2.


	Indeed, by orthogonality, applications of (1.1) and (1.14), and the commutativity of P and \(\Delta \), we have
$$\begin{aligned} {\textbf{R}}_n^2\left\| \frac{f}{|\cdot |^2}\right\| ^2 +\widetilde{{\textbf{R}}}_n\left\| \frac{P^{\perp }f}{|\cdot |^2}\right\| ^2 ={\textbf{R}}_n^2\left\| \frac{Pf}{|\cdot |^2}\right\| ^2+({\textbf{R}}_n + n-1)^2 \left\| \frac{P^{\perp }f}{|\cdot |^2}\right\| ^2 \le \Vert \Delta Pf\Vert ^2+\Vert \Delta P^{\perp }f\Vert ^2=\Vert \Delta f\Vert ^2. \end{aligned}$$

The observation here was pointed out to us on an earlier version of the present paper.


	To see this directly, one may argue as in [9] and consider g of the form \(g_\varepsilon (r) = r^{-\frac{t + 1}{2} + \frac{\varepsilon }{2}}\chi (r)\) where \(\chi \) is infinitely smooth, \(\chi (0) = 1\) and \(\chi (r)\) vanishes for \(r \ge 1\). Then, as \(\varepsilon \rightarrow 0\), we have \(\varepsilon \int _0^\infty |g_\varepsilon (r)|^2 r^{t} \, \textrm{d}r \rightarrow 1\) and \(\varepsilon \int _0^\infty |g_\varepsilon '(r)|^2 r^{t + 2} \, \textrm{d}r \rightarrow (\frac{t+3}{2})^2(\frac{t+1}{2})^2\).


	Note that this obviously holds with \({\textbf{C}}_3 = 4\) and this recovers what can be obtained using the argument by Evans–Lewis [13, Corollary 1].


	Indeed, using (1.1) and rearranging, we obtain the constant \(\frac{16}{3\delta (4 - 3\delta )}\) for any \(0< \delta < 4/3\). Optimizing in \(\delta \) yields (1.12) with constant 4.


	See [13] (and also [7]) for concrete examples of such operators.
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