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Abstract

We study the restriction to Sylow subgroups of irreducible characters of symmetric groups.
In particular, we give a precise description of the degrees of the irreducible constituents in
terms of the shape of the partition that labels a given irreducible character. Our main result
is a wide generalization of [Giannelli and Navarro (Proc Am Math Soc 146(5):1963-1976,
2018), Theorem 3.1].

1 Introduction

The purpose of this article is to investigate the structure of the restriction to Sylow subgroups
of irreducible characters of the symmetric group &,. Let p be a prime number and let P, be
a fixed Sylow p-subgroup of G,. The main question studied in this paper is the following.
Given k € N, which and how many irreducible characters of G,, admit a constituent of degree
pk in their restriction to P,? More formally, we let Irrx (P,) denote the set consisting of all
the irreducible characters of P, of degree p¥, and we focus our attention on the subset Q’,‘L
of Irr(&,,) defined as follows:

Qﬁ ={x €elIrr(&,) | [xp,. ¢]1 # 0, for some ¢ € Irry(Py)}.

In [6, Theorem 3.1] it is proved that the restriction to P, of any irreducible character of
S,, admits a linear constituent. In other words, 522 = Irr(&,,). This result was improved
(for odd primes) in [5] where, for every linear character ¢ of P,, the authors classify those
irreducible characters x of &, such that ¢ appears as an irreducible constituent of xp, .

In this article we largely extend in a new direction the result obtained in [6] mentioned
above. More precisely, for any odd prime number p, we are able to describe the set QF,
for any k € N. Surprisingly enough, these sets possess quite a regular structure. In order to
describe it we recall that irreducible characters of G,, are naturally in bijection with P(n),

the set of partitions of n. With this in mind, we find it useful to think of Q’,‘, as a subset of
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‘P(n) instead of Irr(S,,). For any t € N, we let 5,() be the subset of P(n) consisting of
partitions whose Young diagram fits into a ¢ x ¢ grid (i.e. having first row and first column
of size at most 7).

The first main result of the article is Theorem 5.1, where we show that for any k£ € N there
exists a certain Tnk e {1, ..., n}suchthat Qﬁ = B,,(T,f‘). In other words, Theorem 5.1 shows
that the set of partitions of n whose corresponding irreducible characters admit a constituent
of degree pX on restriction to a Sylow p-subgroup of &, coincide with the set of partitions
of n which fit inside a square, whose size depend on both n and 7. As mentioned above, this
statement highlights the nice and well-behaved combinatorial structure of the sets QF.

The description given by Theorem 5.1 is sharpened in Theorem 5.3, where we explicitly
compute the value of T,f‘ for all n, k € N. We avoid the precise description of these values
here, as it requires the introduction of some technical definitions. Nevertheless, we refer the
reader to Tables 1 and 2 for several specific and concrete instances of our second main result.

An intriguing consequence of Theorem 5.3 is that 2, Qﬁ ,forall k < j. This means that
whenever x p, admits an irreducible constituent of degree p/, then it also admits constituents
of degree pk, forall0 <k < j.

We conclude our article by studying the second part of the question we proposed above.
Namely, we give an estimate for how many characters of G,, are contained in Qﬁ In Corol-
lary 5.5 we show that the restriction to P, of almost all irreducible characters of G,, admits
an irreducible constituent of degree p¥, for all admissible k € N. More precisely, we prove
that

19l
1m =
=00 [P(n)]

where €2, is the intersection of all of the sets Qﬁ, where k runs among all those natural
numbers such that p¥ is the degree of an irreducible character of P,.

Remark 1.1 As mentioned above, this article treats the case of odd primes. When p = 2,
linear constituents of the restriction to Sylow 2-subgroups of odd degree characters of G,
were studied in [8], mainly in connection with the McKay Conjecture [11]. Despite this,
the object of our study seems to be particularly difficult when p = 2. For instance, we
immediately notice in this case that the set 9411 = {3, 1), (2,1, 1)} and therefore is not of
the form B4 (T), for any T € {1, 2, 3, 4}. This shows that the main theorems of the present
article do not hold for the prime 2. Even if this irregularity might disappear for larger natural
numbers, more serious obstacles arise in this setting. For example, Lemma 3.3 below asserts
that the restriction to P, of every non-linear irreducible character of G,, cannot admit a unique
irreducible constituent of a certain degree. This is a crucial ingredient in the proofs of our
main results. Unfortunately, this is plainly false when the prime is 2. For instance, in [3] it is
shown that if A = (2" — x, 1¥) then (x*) p,» admits a unique constituent of degree 1. Things
can go even worse: if A = (2" — 1, 1) then it is not difficult to see that ( xM) Py admits a
unique constituent of degree 2k forallk € {0,1,...,n—1}

2 Notation and background

Throughout this article, p denotes an odd prime. Given integers n < m, we denote by [n, m]
the set {n,n + 1, ..., m}. If n < m then [m, n] is regarded as the empty set. We let C(n) be
the set of compositions of 7, i.e. the set consisting of all the finite sequences (a1, az, . .., a;)
such that @; is a non-negative integer for all i € [1, z] and such that a; + --- 4+ a, = n.
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Given A = (Af,..., ;) € C(n), we sometimes denote by /(1) the number of non-zero
parts of A. As already mentioned in the introduction, P, denotes a Sylow p-subgroup of
the symmetric group &,. As usual, given a finite group G, we denote by Irr(G) the set of
irreducible complex characters of G, and by Lin(G) the subset of linear characters of G.
Finally, cd(G) = {x (1) | x € Irr(G)} is the set of irreducible character degrees.

2.1 Wreath products

Here we fix the notation for characters of wreath products. For more details see [9, Chapter
4]. Let G be a finite group and let H be a subgroup of &,. We denote by G*" the direct
product of n copies of G. The natural action of &, on the direct factors of G*" induces
an action of G, (and therefore of H < &,,) via automorphisms of G*", giving the wreath
product G: H := G*" x H. We refer to G*" as the base group of the wreath product G: H.
We denote the elements of G : H by (g1,...,8gu;h) for gi € Gandh € H.Let V be a
CG-module and suppose it affords the character ¢. We let V®" := V ® - .- ® V (n copies)
be the corresponding CG *"*-module. The left action of G : H on V®" defined by linearly
extending

(81, 8ns M) 11 ® - @ Uy > G1Uy-1(1) @ ® ZnVp-1()s

turns V®" into a C(G ¢ H)-module, which we denote by V®". We denote by ¢ the character
afforded by the C(G : H)-module V®". For any character y of H, we let v also denote its
inflation to G : H and let X (¢; ¥) := ¢ - ¥ be the character of G : H obtained as the product
of ¢ and . Let ¢ € Irr(G) and let ¢*" := ¢ X --- x ¢ be the corresponding irreducible
character of G*". Observe that ¢ € Irr(G : H) is an extension of ¢*". Given K < G, we
denote by Irr (G|y) the set of characters y € Irr(G) such that v is an irreducible constituent
of the restriction g . Hence, by Gallagher’s Theorem [7, Corollary 6.17] we have

(G H|¢p™") = {X(¢; Y)Y € Irr(H)} .
If H = C, is acyclic group of prime order p, every ¥ € Irr(G : C),) is either of the form

1) v=¢1 x--- X g;c;,”, where ¢1, ...¢, € Irr(G) are not all equal; or

(ii) ¢ = X(¢; 0) for some ¢ € Irr(G) and 6 € Irr (C)).

We remark that in case (i) we have that Irr(G : Cp,|¢1 x - -+ x ¢p) = {¥}.

2.2 Sylow subgroups of S,

We record some facts about Sylow subgroups of symmetric group and we refer to [9, Chapter
4] or to [12] for more details.
We let P, denote a Sylow p-subgroup of G,,. Clearly P; is the trivial group while P, = C,,

is cyclic of order p. If i > 2, then P, = (Ppi—l)xp X Py = P12 P, = Pyr---2 Py
(i-fold wreath product). Let n = Zf: 1 a;p"i be the p-adic expansion of n. Then P, =
PXY % PXO2 x o x PR
pn] p”Z ny e
For n € N, the normalizer of a Sylow p-subgroup of &pn is N . (Ppn) = Ppn X H,
where H = (C,—1)*". More generally, if n = Z;:l aip",n; > --- > n; > 0, then
Ng,(Py) = N1 16, x - x N; 1 &,,, where N; := N@p,,l. (Pyi) forevery i € [1,1]. We

refer the reader to [4, Sect. 2] for more details about the structure of the normaliser of a Sylow
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p-subgroup. The following fact is certainly well known. We state it here as we will need it
in the following section of the article.

Lemma 2.1 Let p beanodd prime, letn € Nand let H be a complement of Py in N@p,, (Ppn).
There are no non trivial elements of Ppn that are centralized by H.

Proof This follows directly from the discussion in [4, Sect. 2.2]. ]

We remark that Lemma 2.1 is equivalent to say that Cg o (Ppn) = Z(Ppn),foranyn € N.

2.3 The Littlewood-Richardson coefficients

For each n € N, Irr(&,,) is naturally in bijection with P(n), the set of all partitions of n.
For A € P(n), the corresponding irreducible character is denoted by x*. Let m, n € N with
m < n.Given y* x x" € Irr(&,, x &,,_;), the decomposition into irreducible constituents
of the induction

("< x")" = Y LRG: v
reP(n)

is described by the Littlewood-Richardson rule (see [2, Chapter 5] or [10, Chapter 16]).
Here the natural numbers LR (A; u, v) are called Littlewood-Richardson coefficients. Given
(ni,...,ng) €Cn),A € P(n)and u; € P(nj)forall j € [1, k], welet LR(A; wy, ..., k)
be the multiplicity of x* as an irreducible constituent of (x*! x --- x X“k)f,s”. Here Y
denotes the Young subgroup &, x &,, x --- x &,, of &,. The following lemma describes
the behavior of the first parts of the partitions involved in a non-zero Littlewood-Richardson
coefficient. This will be used several times in the following sections.

Lemma 2.2 Let LR(A: fui. ... ju) # O then hy < 35— (1)1

Proof When k = 2, the statement is a straightforward consequence of the combinato-
rial description of the Littlewood—Richardson coefficient LR(X; i1, (2), as given in [2,
Sect. 5.2]. The lemma is then proved by iteration. O

As in [5], we define B, (¢) as the set of those partitions of n whose Young diagram fits
inside a t x ¢ square grid, i.e. for n,t € N, we set

B,(t) :={A € Pm)|r; <t, I(A) <1}.
Moreover, for (n1,...,n;) € C(n) and A; C P(n;) forall j € [1, k], we let
AixAxx--- %A ;= {h € PM)|LR; 1, ..., ug) > 0, forsome u; € Ay, ..., ux € Ar}.

It is easy to check that » is both commutative and associative. The following lemma was first
proved in [5, Proposition 3.3].

!
Lemma23 Letn,n',t,t' € N be such that 5<t<nand% < t' <n'. Then

Bn(t)*Bn’ (t/) = Bn+n’(l + t/)~
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3 Preliminary results

In this section we start collecting some results on restriction of characters to Sylow p-
subgroups. These will be used to prove our main theorems in the second part of the paper.

Unless otherwise stated, from now on p will always denote a fixed odd prime number.
Letn € Nandletn = Z§:1 p"i be its p-adic expansion, where ny > ny > --- > n; > 0.
We define the integer o, as follows. For powers of p we set 1 = ap = 0 and o) =
(p*' = 1)/(p — 1), for k > 2. For general n = Z;zl p'i, we set o, = Z§=1 apni. As
shown in Lemma 3.2 below, p®* is the greatest degree of an irreducible character of P,. It
is interesting to note that «;, = v( L%J 1), where v(n) denotes the highest power of p dividing
n. We omit the proof of this statement and we refer the reader to [13] for the complete
calculations.

As mentioned in the Introduction, we let Ity (P,) = {0 € Irr(P,) | 6(1) = p*}. This
notation will be kept throughout the article. In the following lemma we give a lower bound
for the size of the set Irrg (P,). This is certainly far from being attained (in general), but it
will be sufficient for our purposes.

Lemma3.1 Letk,t € N be such that p* € cd(Ppt). Then |lrri (Ppr)| = p.

Proof We proceed by induction on ¢. If # = 1 then we know that the statement holds as
Irr(Py) = Irrg(Py) has size p. The elements of Irr(P,) are denoted by ¢o, ¢1, ..., ¢p—1,
where we conventionally set ¢y to be the trivial character. Let # > 2, and let ¢ € Irrg (Pp).
If yy = X(0; ¢;) for some 6 € Irrg(Pp—1) and i € [0, p — 1], then X(0; ¢;) € Irri(Ppyr)
for all j € [0, p — 1]. Hence [lrrg (Py:)| = p. Otherwise ¢ = (0 X --- x OP)PI” where
O1,...,0, € Irr(PpH) are not all equal. If there exists x € [1, p] such that 9y (1) # 6,(1)
then we define 1y, ..., n), € Irrg (Pyr) as follows. For any j € [1, p] we let

nj = (tj ><6’2><~-~><9P)PP’,

where 71, 72, ..., T, are p distinct irreducible characters of PPH of degree 0 (1). These
exist by inductive hypothesis. On the other hand, if 61 (1) = 6, (1) for all x € [1, p] then we
let

n =(r2><'~><t2><r1)P!”, andn; = (11 x -+ X 11 xrj)PP’, forall j € [2, p].

As before, here we chose 71, 12, ..., 7, to be p distinct irreducible characters of P of
degree 61 (1). These exist by inductive hypothesis. In both cases 7y, ..., n, are p distinct
elements of Irry (P,r). Hence |Trri (Ppy)| = p. O

The next lemma shows that P, has irreducible characters of each degree 1, p, pz, e, pon.
Lemma3.2 Letn € N. Then cd(P,) = {p* | k € [0, o, ]}

Proof Let us first suppose that n = p’ is a power of p and proceed by induction on ¢. The
case t = 1 is trivial, since P is cyclic and o), = 0. If # > 2, notice that o,y = 1 + PO pi-1.
Letk € [0,a, — 1], and let g < Oy and r € [0, p — 1] be such that k = gp + r. If
r = 0, by inductive hypothesis there exists ¢ € Ire(Ppyi-1) such that ¢ (1) = p4. Hence for
any ¥ € Irr(Pp), X (¢; ¥) € Iir(Ppr) has degree pk. Ifr > 0,theng < oyt By inductive
hypothesis, there exist ¢, ..., ¢, € Irr(PpH) such that ¢; (1) = pq‘H foreveryi € [1,r],
and¢;(1) = p?forevery j € [r+1, p]. Hence (¢1 X - - X, X P41 X+ - 'xqbp)PP' € Irr(Pyr)
has degree p*. Finally, let k = « pt- By inductive hypothesis and by Lemma 3.1, there exist
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41 Page60f19 E. Giannelli, G. Volpato

A1, ..., Pp € Ir(Ppy-1) not all equal and such that ¢; (1) = p%r'~! foralli € [1, p]. Hence

(1 x -+ X q}lj)Pﬂf € Irr(Pp) has degree p¥. This concludes the proof in the case n = p',
fort e N.

The case where n is not a power of p follows easily. Indeed, if n = Z§:1 p"i is the p-adic
expansion of n then P, = Py X Py X -+ X Ppni. O

Let n, k € N. As we mentioned in the introduction, it is convenient to think of the set Q’,‘L
as a subset of P(n). More precisely, for A € P(n), we will sometimes write A € Qﬁ instead
of x* € QF.

The following is an important ingredient when proving statements by induction. For an
odd prime p let x be a non-linear character of &, and suppose that x p, has an irreducible
constituent of degree p¥. Then it has at least two distinct irreducible constituents.

Lemma 3.3 Letn € N be such thatn > p andlet A € Qﬁ ~A(n), (1)} for some k € [0, oy ].
Then there are at least two distinct irreducible constituents of (x*) p, of degree pk.

Proof Let us first suppose that n = p’, and let us set P = Py and N = N@p, (Pyr). We
observe that the only N-invariant irreducible character of P is the trivial one. To show this, we
let Irr g (P) denote the set of K -invariant irreducible characters of P, forany K < N.Let H be
a p’-complement of P in N. Clearly Irry (P) = Irr gy (P). On the other hand the set Cp (H) =
{x € P|x" = x, forallh € H} consists of the only identity element, by Lemma 2.1. Using
the Glauberman correspondence [7, Theorem 13.1], we get that |Irry (P)| = |Irr(Cp(H))| =
1. It follows that Irry (P) = {1p}, as claimed.

Since A ¢ {(n), (1)}, by [5, Lemma 4.3] we know that xMp necessarily admits a non-
trivial linear constituent (direct computations show that this holds also in the case (p, n, A) =
(3,9, (3, 3, 3)), which is not covered by the lemma). It follows that for any & € N such that
S Qﬁ, we can find a non-trivial 8 € Irry (P) such that 8 is a constituent of (x*)p. Since x*
is N-invariant we deduce that every N-conjugate of 6 is a constituent of x*. The statement
follows. Recalling the structure of P, described in Sect. 2.2, we observe that the case where
n is not a prime power is an easy consequence of the prime power case. O

Definition 3.4 Let G be a finite group and let H be a p-subgroup of G. Given a character 0
of G, we let cd(6x) be the set of degrees of the irreducible constituents of 8. Moreover, we
let 3y (0) be the non-negative integer defined as follows:

91 (0) = max{k € N | p* € cd(p)).

Proposition3.5 Letn € Nand let Y = (6},"_1)“’ < &,n be such that B < Y, where
B = (P,n-1)"" is the base group of Py. Let ). € Byn(p" —1). Then
0p, (x*) = 1+ max{@p(x" x - x x") | X" x-+- x x* € Iir(Y) and
LR vy, ..., vp) # 0}
Proof LetM = 14+max{dp(x"' x---xx"?)| x"' x---xx"? € Ir(Y)and LR(A; v1, ..., vp)

# O} Let py,...,up € P(p" 1) be such that LR py, ..., up) # 0and M =
L+ 0p(x#*! x -+ x xHr).Since A ¢ {(n), (1)}, we can assume that 1, ..., i, are not all

in {(p" ), (l”H )}. Moreover, let ¢ be an irreducible constituent of (x*! x --- x x*7)p
such that ¢ (1) = pM~!. By Lemma 3.3, we can take ¢ = ¢ X - - - X ¢p withoy, ..., ¢, €

Irr(P,n-1) not all equal. Hence Pt e Irr(Pyn), it has degree p™ and I:(X)L)Ppn , ¢Pp»,] £0.
Thus pM € cd((x}‘)pp,,).
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Now suppose for a contradiction that there exists an integer N > M such that pV e
cd((x’\)ppn). Then there exists ¢ € Irr(Pyn) such that [(X)‘)pp,, , go] # 0and (1) = pV.

Letg x- - - x¢, beanirreducible constituent of ¢ 3. Hence there exist pu1, ..., ) € PO
such that LR(A; iy, ..., up) # 0and [¢1 X o X @p, (Y x - x X“”)B] # 0. We have
that

M > 0p(x™ x - x x*»)> N —1,

since the degree of ¢1 x - -+ x ¢, is either pY or pN=1 Hence M < N < M + 1, which is
a contradiction. O

Proposition 3.6 Let n be a natural number and let n = th-:l p"i be the p-adic expansion
ofn, whereny > ny > --- >n; > 0. Let Y = Gpni x Gpmy X -+ x Gpnr be such that
P, <Y < &, and let A be a partition of n. Then

dp, (x*) = max{dp, (" x -+ x x| XM x - x xH e Trr(Y) and

Proof Since P, = Ppni X Ppmy X -+ x Py <Y, the statement follows. O

Lemma3.7 Letn € Nxp, let k € [2,apn] and let (ay, ...,ap) € C(k — 1) be such that
a; € [0, (xpnfl],foralli € [1, pl. Then
Q4

pn—l

* Q2 % -*Qazq c ok,
P p P

Proof To ease the notation we let ¢ = p" 1. If A € Q' «Qg>x - - -*QZ”, by definition there
exists an irreducible constituent y#! x - .. x x*r of (X)L)(Gq)xp such that u; € Q‘qli for all
i € [1, pl. Hence for every i € [1, p] there exists an irreducible constituent ¢; of (") P,
such that ¢;(1) = p%. Since k > 2, there exists j € [l, p] such that a; > 1. Hence
nj ¢ {(g), (19)}. Thus, by Lemma 3.3 we can assume that ¢, ..., ¢, are not all equal. It
follows that (¢ x --- x ¢,,)P »" is an irreducible constituent of (x*) P, of degree equal to

p. Hence A € Ql;n. O

Lemma3.8 Letn € Nxp and letn = Zle p"i be its p-adic expansion, where ny > ny >
->n; > 0. Letk € [1,ay] and let (a1, . .., a;) € C(k) be such that a; € [0, ap; ], for all
i €[1,t]. Then

Qa]

a
p"] *QZZ”Z* cee *Qprn’ g Q];)n .

Proof Recall that P, = Py X Pyn X -+ % Py and let A € QU #Q75, % - % Q.
By definition, for every i € [1, t] there exists ¢; € Irr(P,» ) with ¢;(1) = p%, such that
@1 X -+ X ¢, is an irreducible constituent of (x*) p, of degree p¥. Hence A € Q’[‘)n. O

4 The prime power case
The aim of this section is to completely describe the sets Q’;,, for all odd primes p, all natural
numbers n and all k € [0, o,»]. We remind the reader that from [6, Theorem 3.1], we know

that SZ(;),, = Bpn(p"), for all n € N. Equivalently, every irreducible character of & ,» admits
a linear constituent on restriction to a Sylow p-subgroup. This result will be used frequently,
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with no further reference. We start by analysing the cases where k € {1, 2}. In the next
lemma we show that for j = 1, 2, every non-linear character of &G » affords an irreducible
constituent of degree p’ on restriction to a Sylow p-subgroup P, as long as Ppn has an
irreducible character of degree p/.

Lemma 4.1 Let p beanoddprime,n € Nandk € [1, apn]N{1, 2}. Then Ql;’n = Bpn(p"—1).

Proof Let k = 1. Then necessarily n > 2. We first observe that clearly Q}),, C By (p" —
1). On the other hand, if 1 € B, (p" — 1), then there exist u1 € Bpnfl(p”’l — 1) and

M2y ey p € P(p”’l) such that LR(A; iy, ..., p) # 0. Using Lemma 3.3 we deduce
that (x ") P admits two distinct linear constituents. Therefore, there exists ¢y, ..., ¢, €

Lin(Ppn_l) not all equal and such that ¢; is a constituent of (x*i) Ly for all i € [1, p].
It follows that (¢ x --- x ¢>,,)P »" is an irreducible constituent of (x*) Py of degree p. We
conclude that A € Q]p,, and hence that Q},n =By (p" = 1).

Let k = 2. Then necessarily n > 3. Itis clear that Qf)” C Bpn(p" —1). On the other hand,
if . € Byn (p" — 1), then there exist 11 € Bu-1(p" "' —1)and pa, ..., u, € P(p"~") such
that LR(A; 1, ..., up) # 0. We can now argue exactly as above to deduce that (X’\)pp,,
admits an irreducible constituent 6 of the form 8 = (Y X ¢ X --- X qbp_l)P »", where
Y €l (Pyu-1) and ¢, ..., ¢p_1 € Lin(P,u-1). Hence 6(1) = p?, 1 € szf,,z and therefore
we have that Qf?” =By (p" = 1). O

Lemma 4.1 is a special case of the following more general result.
Theorem4.2 Letn € Nand let k € [0, apn]. Then there exists t,’f € [#
Qb = By (tF). Moreover, ifk € [0, apn — 1], then tf ! € {1f — 1,15}

, p"] such that

Proof We proceed by induction on n. If n = 1, then ap = 0and Qg =P(p).Itn >2 we
assume that the statement holds forn — 1. If k = 0 then by [6, Theorem 3.1], Q(])},, = By (p"),

and t) = p". Moreover, by Lemma 4.1 we know that t! = p" — 1 = 0 — 1, as required. The
case k = 1 is completely treated by Lemma 4.1. In fact, we know that Q},n =By(p" —1)

and that t,% =pt—-1= t,} , as required. We can now suppose that k > 2. We define
Lk —1) ={(1,.... jp) €Clk = 1) | ji € [0, apu—1]foralli €[1, p]}.
Moreover, we set
M= max [ o |G ) € 26— DY
Notice that for any j € [0, @ el 1, the value t,{_l is well-defined by induction as the integer

such that Q/ o = B (tj_l). We claim that M = r*. In other words, we want to prove
p" P n n

that Q];,, = Bpn(M). Let (i, ..., jp) € L(k — 1) be such that M = t’{I_l + -+ t,{’il. By
inductive hypothesis and by Lemmas 2.3 and 3.7, we have that

By (M) = Byt (3L ) 4Byt (1,7 ) = Q1w+ € Q.

For the opposite inclusion, suppose for a contradiction that A € Q’I‘,,, ~ Bpn (M). Since p

is odd, we have that SZII‘,,, is closed under conjugation of partitions. Hence, we can assume
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that Ay > M + 1. Since A € Q’;,,, there exists an irreducible constituent 8 of (X’\)pp,, with
o(1) = p*.

e If0 = (¢ x -+ x qbp)PP” with ¢1,...,¢, € Irr(Ppn_l) not all equal, then there
exists (ji,...,jp) € L(k — 1) such that ¢;(1) = p/i for all i e [I, p]. Then, for
every i € [I,p] there exists an irreducible constituent x*i of ((;51-)61’”"1 such that

[Xl“ X oo x P, (x* )& . l)x,;] # 0. Hence using the inductive hypothesis, we have
that pu; € Q’ ’n 1 = Bp- |(t _ ), foralli € [1, p]. Hence

M=t +t"1>/\1>M+1

where the first inequality holds by definition of M and the second one by Lemma 2.2. This
is a contradiction.
e On the other hand, if 0 = X (¢; ) for some ¢ € Irr(Pp,H) and ¥ € Irr(P)), then,

k k
¢ (1) = pr and there exist j1,..., up € Q;n_l such that LR(A; p1, ..., up) # 0. Hence,
using the inductive hypothesis we have that

k *P k *p
VS (Q;n_1> = (Bpn—l(tnpil)) .
Here we denoted by A*? the p-fold x-product Ax---xA. By inductive hypothesis we also

n—1

k k_q k_q
know thatz” | € {tnﬂl —1,¢7 } Using Lemma 2.2 we obtain that

k k k_q
M+1<rx<pt) <(p-Dtf! +t' <M.

This is a contradiction. Notice that the last inequality above follows from the definition of
Moas (5, .. L 5 —1yerchk—.
For k € [2, aprn — 1], what we have proved so far is summarised here.

Qb = By (T), with T =max[z,{‘_, 4o G ) € Lk — 1)]

QU = By (V) with V = max {0, G hp) € LK)
Let (ji,..., jp) € L(k—1) besuchthat T = t,{Ll +---+ t,{’il. Without loss of generality,
we can assume that ji < opu-1. Then (ji + 1, ja2, ..., jp) € L(k). By inductive hypothesis

we know that t,{'jl € {t,{Ll -1, tn' 1} Hence
Ve e er 1Ty, )

On the other hand, let (h1, ..., h,) € L£(k) be such that V = :‘_1 +-- -+t,l:f .Since k > 2,
without loss of generality we can assume that 41 > 0. Then (hy —1, ha, ..., hp) € L(k—1).
Thus, as above:

V=it b o< )

b=l thl_II } Inequalities (1) and (2) imply that V € {T — 1, T}. O

since t:l_ | € {tn_ 1
We refer the reader to the second part of Example 4.8 for a description of the key steps of
the proof of Theorem 4.2 in a small concrete instance. The following definitions may seem

artificial but are crucial for determining the exact value of t,’,‘ forall n, k € N.
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Definition 4.3 Letn € N>j and let x € [, p"2]. We define the integers m, and £(n, x) as
follows:

my =min{m | x < p" 2}, and £(n,x) =n — my + 1.

n—2
Notice that Z)f:] £(n, x) = apn (this is proved in Lemma 4.4 below). For x € [1, p”‘z]
we let

x—1 X
Dot p+1Y o, )
j=1 j=1

We observe that {A}, Ao, ..., Apn—Z} is a partition of [1, @] and that |A,| = £(n, x) for
all x € [1, p"~2]. We refer the reader to Example 4.8 for a description of these objects in a
specific setting.

For the convenience of the reader we give a more informal explanation of Definition 4.3

above. For fixed n > 2, we define an increasing sequence 0 = qp < a1 < ay < -+ <
Apn—2 = dpn s follows. Firsta; =n — 1. Thena; —a;—1 =n —2,fori =2,..., p. Next
ai —aji-1 =n—3,fori =p+1,p+2,..., pz. Continue in this manner, we find that
ai —aj—1 = 1,fori = p"3+1,..., p" 2. Nowset A; := (aj_1,a;),fori =1,..., p"2.

Then {Ay, Ay, ..., Apnfz} is clearly a partition of [1, p"‘z].

n—2
Lemma 4.4 With the notation introduced in Definition 4.3, we have that Y '_, €(n, x) =
U pn.
P

Proof If n = 2, then £(2,1) = 1 = o2 Letn > 3 andi € [0,n — 3], then for every
xel[p'+1,pt N, my =i+3and £(n,x) =n —i — 2. Hence

P -2 n—3 pH»l n—3
Ze(nx)_an D+Y DY tmx)=m—-D+Y p(p—DHn—i-2)
i=0 x=pi+1 i=0

n—3
=m—n—m—m+<2th4—n—m—i—m)

i=l1
+p" - (n—3) -

n—3
’ (Z pi) TP =
i=1

The following technical lemma will be useful to prove Theorem 4.6.

Lemma4.5 Letn € N > 2 and p be an odd prime. If x = pa + r, for some r € [0, p — 1]
and a € N, then

peY tn—1.j)+r Ln—1a+1) =Y £n j)—1

Jj=1 Jj=1
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Proof Notice that £(n, 1) =n — 1l andif y € [2, p], £(n, y) = n — 2. Thus
p
D tmy)=pln—1,1)+ 1.

Moreover, for j € N we have that

jp+p
Y Ly =ptn—1,j+1.
y=jp+1

This follows by observing that £(n, y) =¢(n — 1, j + 1), forally € [jp+ 1, jp + p].
Using these facts, we deduce that

a—1 jp+p

Zan J)—Zem NEY D e, y)+2an ap + i)
j=ly=jp+1
a—1
=14+pln—1,1)+pY tr—1.j+1)+rtn—1la+]1).
j=1

[m}

The main result of this section shows that if p* is a character degree of Ppn, then the
partitions of p” whose corresponding irreducible character admit a constituent of degree p*
on restriction to Py are precisely those which fit inside a square of length p" — x, where
k € A, determines x.

Theorem4.6 Letn > 2, k € [1,apn] and let x € [1, p”_z] be such that k € A,. Then
Qb = By (p" — x).

Proof We proceed by induction on n: if n = 2 then « p2 = | and necessarily k = 1 as

A; = {1}. By Lemma 4.1, we have that Q;z = sz(p2 — 1), as required. If n > 3, we
proceed by induction on the parameter x € [1, p"~2]. For x = 1, we want to show that for
every k € Ay = [1,£(n, 1)] we have that Q’;n = Bpn(p" — 1). Using Theorem 4.2 and
Lemma 4.1, we know that
on1
Q) cak, cal, =Bu(p" -

Hence, it is enough to show that Qe(n D = By (p" —1). Since £(n, 1) = £(n — 1, 1) + 1,

we use Lemma 3.7, the inductive hypothesis on n and [6, Theorem 3.1], to deduce that
L1 L(n—1,1 *p—1 sp—1
Qp(,," ) > Qp(,," 1(20,)7 7 = By (p" — Dx(Bpr (p") 7

Using Lemma 2.3 we conclude that B (p" —1) C Qf,(,," 1 and therefore that Bp(p'—1) =
QteD
I
Let us now suppose thatx > 2 and thatk € A, . To ease the notation, forany y € [1, p
we let f,(y) = ;':1 £(n, j). With this notation we have that A, = [f,,(x — 1) + 1, f(x)].
Using Theorem 4.2 and arguing exactly as above, we observe that in order to show that

QI;)n = By (p" — x), it is enough to prove that

n72]

Ju(x) =B

(1) QI = B (p" — x) and that (2) 7 (P — x).
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To prove (1), we start by observing that by inductive hypothesis we know that the statement
holds for any j € A,_j. In particular we have that Qg’:,(x_l) = Bpn(p" — (x — 1)). By
Theorem 4.2 it follows that Q'}:’;(xfl)H = By (T),forsome T € {p" —x, p" — (x — D}. It
is therefore enough to show that . = (p" —(x — 1), x —1) ¢ Ql{’;(x_l)ﬂ. Letpy,...,up €
’P(p”_l) be such that LR(A; uy, ..., up) # 0. By Lemma 2.2 for every i € [1, p], there
exists a¢; € N such that (u;); = p"‘1 — a; and such that Zj;] aj < x — 1. In particular, for
every i € [1, p] we have that

pi € Bya (p" = a) N B (" — (@ + 1) = @51 L@l
where the equality is guaranteed by the inductive hypothesis on .

Let B = (Pu-1) *? be the base group of P,» and let ¥ = (&n-1)*P < & be such that
B<Y.Letn=y" x---x xt*r €Irr(Y)andlet x — 1 = ap + r, for some a € N and
r € [0, p — 1]. We observe that

14 p 4j
) =Y fuilap) =D Y Ln—1,0)
j=1

j=li=1

<p (Y =1 ))+r tr—1,a+1)
j=1

x—1
=) -1 = fulx=1—1.
j=1

Here, the inequality follows immediately by observing that £(n — 1, s) > €(n — 1, s + 1) for
all s € N. On the other hand, the third equality holds by Lemma 4.5. Using Proposition 3.5,
we deduce that 9p,, (x*) < fu(x —1). It follows that A ¢ Qﬁ'l,(x_l)"_l
So(x—=D+1
o
Theorem 4.2 implies that Qﬁ’f,(x) C Bpn (p" — x). On the other hand, writing x = ap + r for
some a € Nand r € [0, p — 1], and using Lemma 4.5, we have that:

, as desired.

To prove (2), we recall that by (1) above we have that Q2 = Bpn (p" —x). Hence,

Q) _ Q1+p-( ¢ en—1.))+r-Ln—1.a+1)
p" _— pﬂ

> (Qﬁzzill(a-i_l))*r*(lez:Il(a))*p_r

= (By-1(p" " = (a+ 1)) *(Bu-1 (p" " — )
= By (p" —x).

Here the first inclusion follows from Lemma 3.7. The second equality holds by inductive
hypothesis. Finally, the last equality is given by Lemma 2.3. The proof is complete. O

*p—T

In the following corollary we collect a number of facts useful to have a better understanding
of the structure of the sets Q’;n foralln e Nand all k € [0, apn].

Corollary4.7 Letn € Nandlet1 <k <t < apn. The following hold.

Q) By (p" = p" ) =Q0 cal, c k..
(i) Ql;ﬂ” = Q;" if. and only if, there exists x € [1, p"~2] such thatk,t € Ay.
(iii) Given x € [1, p"~2] we have that |{k € [1, apn] | Q’I‘,n = B(p" — x)}| = £(n, x).
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Proof Recalling that |A,| = £(n, x) for every x € [1, p"~2], (i), (ii) and (iii) follow imme-
diately by Theorem 4.6. O

We find particularly surprising that a partition of p" whose character admits an irreducible
constituent of degree p* on restriction to Py also admits a constituent of degree p/, for any
j €10, 1,..., k—1}. Moreover, the partitions whose character admit a constituent of maximal
possible degree p®»" are precisely those which fit inside a square of side p" — p"~2.

Example 4.8 Let p = 3 and fix n = 4. Following the notation introduced in Definition 4.3,
we have 3* 2 = 9and £(4,1) = 3, £(4,2) = £(4,3) =2, L4 4) =--- =049 = 1.
Hence

Ar=1{1,2,3}, Ay =1{4,5}, A3 =1{6,7}, Ay ={8}, As =1{9}...., Ag = {13}.
Observethat {Aq, ..., Ag}isapartitionof [1, a34] = [1, 13], asrequired. Using Theorem 4.6,
we have a complete description of Q§4, for all k € [1, 13]. In particular, we have
QL =5, =Q) =Bu3'— 1), Q=03 =833 -2), Q% =Ql, =Bu3* -3,
Q8 =Bu@3'—4), Q) =Bu3'—5).....Q1 =B:3*-9).
These sets are recorded in the fourth column of Table 1.

We use the second part of this example to illustrate a key step of the proof of Theorem 4.2.

Let n = k = 4. We wish to compute tff. Following the notation introduced in the proof of
Theorem 4.2 we have that

L3) = {01, 2, j3) € CO) | ji €10, a33] = [0, 4], foralli € [, 3]}
={(3,0,0), (2,1,0), (1,1, D}.

Working by induction we can assume that we know the values t3j for every j € [0, 4]. This
can be comfortably read off the third column of Table 1. We set

M=max {5 +1§ +13, 63 +13 +15, 13 +13 +11} =max {3* —2,3* —2,3* -3} =3 2.

We conclude that tf =M=3%-2.

5 Arbitrary natural numbers

The aim of this section is to complete our investigation by extending Theorem 4.6 to any
arbitrary natural number. In order to do this, we first extend Theorem 4.2. We recall that p is
a fixed odd prime.

Theorem 5.1 Letn € Nandletk € [0, oy, ). There exists T,{‘ € [1, n] such that Qfl =B, (Tnk).
Moreover, T e (TF — 1, TX), forall k € [0, o, — 11.

Proof We proceed by induction onn € N.If n = 1, then necessarily £ = 0 and Q(l) = Bi(1).
Ifn > 2, letn = Zzt'=1 p" be the p-adic expansion of n, with ny > --- > n, > 0. By
Theorem 4.2, for every i € [1,t] and every d; € [0, ], there exists t,‘,ilf' € [% + 1, p"i]
such that Q‘;’},i = By (t,‘f[) Similarly to the procedure used to prove Theorem 4.2, we
define

Tk ={(1. - j) € Ck) | ji € [0, apni]foralli e [1,1]}.
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Theorem 4.6 he v of % 1=l n=2 n=3 n=d

91; n 1s recorded in the entry . B 2 3 4

corresponding to row k and - 303) B3 (39 B3 (%) By (3%

column n k=1 @ BpB3*—1)  BupGi-1)  BuG*-1)
k=2 ¢ 9 B3 -1  BuG*-1
k=3 @ 7 B3 -2 Bu@G*-1
k=4 0 0 B3 —-3)  Bu(G*-2)
k=5 ? @ 7 By (3* —2)
k=6 ? 0 7 By (3* —3)
k=1 0 9 0 Byu(3*-3)
k=8 ¢ 7 0 Bu(3*—4)
k=9 @ o 0 Bu(3* - 5)
k=10 ¢ 9 0 Byu(3*—6)
k=11 ¢ @ @ By (3* —7)
k=12 @ o 0 Byu(3* —8)
k=13 ¢ 9 9 Byu(3*—9)
k=14 ¢ 7 0 9

Moreover, we set

t
M:max!Zt,‘fi"

i=1

(dl,...,d,)ej(k)}.

We claim that QX = B, (M).

Let(dy,...,d;) € J(k)besuchthat M = Zﬁ:] t,‘fii . Then using Lemma 2.3, Theorem 4.2
and Lemma 3.7 we have that

Bu(M) = By (;,g’;) xo e xBy (z;j;) — o

d, k
a2, < Q.

Suppose now for a contradiction that A € Qfl \ B, (M). Without loss of generality we can
assume that A; > M + 1. Let ¢ = ¢ X - - - X ¢, be an irreducible constituent of (x*) p, With
¢i (1) = p forevery i € [1,] and Y i_, d; = k. Observe that (di, ..., d;) € J (k). For
everyi € [1,t],letu; € P(p"i)be suchthat[()(’”)pp,,i , ¢i] # O0andsuchthat y *! x- - -x "
is an irreducible constituent of (x*)y. Here ¥ = Spm X -+ x G < G, is chosen so that

P, < Y. Thus by Theorem 4.6, j; € Qi’},i = By (tffj) forevery i € [1, t]. Hence,

t
A€ By (151)wee aByn (1) = B, (Zr;,’) .
i=1

By Lemma 2.2 and our assumptions, we have that

1
M+1<i <) ti<m,
i=1

which is a contradiction.
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In summary, for k € [0, o, — 1] the following holds:

t
Qk = B, (M), where M = max {er;|(d1, cdy) € j(k)} , and

i=1
t
Q’;l+1 = B,(T), where T = max {Zt,{ﬂ(fl, e f) e Tk + 1)} .
i=1
Let (dy,...,d;) € J(k) be such that M = Z;zl t,flj. Since k < «, — 1, there exists
i €[1,t]suchthatd; < o, — 1. Hence (dy,...,di—1,di +1,diy1,...,d;) € Tk +1)
and td i+l {t,‘,if -1, t,‘,if},by Theorem 4.2. Thus,

t
_ di o ,d di-1 | di+1 | dit1 d,
M—1=—1+) th <sft o gt 4 ofit p gt 4ol < T

On the other hand, let (fi, ..., f;) € J(k + 1) be such that T = Zl 1 t,l Without loss of
generality we can assume that f] > 1.Then (f1—1, f2, ..., f;) € J(k) and by Theorem 4.2,

il e {t,{ll 1—1,t,{:171}.Hence

1 1
T = Zt"z <l <
It follows that T = M or T = M — 1. This concludes the proof. O

Theorem 5.1 shows that for every n € N and k € [0, «,] there exists an integer, denoted
by T,{‘, such that Q],; = B,,(T,{‘ ). In order to prove our main result, i.e. to precisely compute
the value T,{‘ forall n € N and k € [0, o], we start by fixing some notation that will be
kept throughout this section. We remark that for n < p® we have that P, is abelian and that
Qg = P(n). For this reason we focus on the case n > p?.

Notation 5.2 Letn > p? be a natural number and let n = Zf-:l p"i be the p-adic expansion
of n,wheren; >ny >--->n; >0.Let R :={(i, y) | i € [1,7], and y € [, p"i~2]}. We
define a total order > on R as follows. Given (i, y) and (j, z) in R we say that (i, y) > (J, 2)
if and only if one of the following hold:

(i) €(ni,y) > L(nj,z),or
(ii) €(n;,y) =4L(nj,z)andi < j,or
(iii) £(nj,y) =4L(nj,z)andi = jandy < z.

Let N := Lﬁj and notice that N = |R|. Let ¢ : R —> [1, N] be the bijection mapping
(i, y) — x if and only if the pair (i, y) is the x-th greatest element in the totally ordered set
(R, >). We use this bijection to relabel the integers £(n;, y), for all (i, y) € R. In particular,
we let £(x) := £(n;,y) if ¢((i,y)) = x. Recalling Definition 4.3, we observe that the
definition of > implies that £(1) > £(2) > --- > £(N).

Finally, for any @ € [1, N] we let F,(a) = 23:1 l(a) and Ay = [{Fp(a — 1) +
1, F,,(a)}]. We observe that {A], Ay, ..., Ay} is a partition of [1, o] (this follows easily
from Lemma 4.4). We refer the reader to Example 5.6 for an explicit description of these
objects in a concrete case.
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Theorem 5.3 Letn € szz and k € [1, o). Let x € [1, N] be such thatk € Ay. Then
Qf = By(n —
= Bu(n —x).

Proof As in Notation 5.2, let n = Zle p"i be the p-adic expansion of n, where n; >
np > --- > n; > 0. We proceed by induction on x. If x = 1 then k € A; = [1,4(1)] =
[1,£(ny, 1)], because ¢ ((n1, 1)) = 1. By Theorem 4.6 we know that Q’;nl = Bym (p" —1).

Moreover, ng = B,m(p™) forallm € Nby [6, Theorem 3.1]. Thus, using first Lemma 3.8
and then Lemma 2.3, we deduce that

ko Q’;nl*anz*~ . ~*an, = Bpm (p" = D*Byna (p" )% - - - % By (p"') = Bp(n — 1).

Since (n) ¢ Q’,‘l, we conclude that th = B,(n — 1), as desired. Let us now set x > 2
and assume that the statement holds for any s € A,_|1 = [F,(x — 1) + 1, F,(x)]. From
Theorem 5.1 we know that

Q=D+ ¢ gk ¢ @f @),
hence it is enough to show that:
(1) QEC=D+l — B (n — x), and that (2) Q@ = B, (n — x).

Here F,,(y) = Z§:1 £(j), exactly as explained in Notation 5.2.

To prove (1), we first notice that Q,f" @=b _ B, (n — (x — 1)) by inductive hypothesis.
Hence, Theorem 5.1 implies that Q,f"(x_l)H = B,(T),forsome T € {n —x,n— (x — 1)}.
Therefore it suffices to prove that . = (n — (x — 1), x — 1) ¢ Qf"(x_l)ﬂ. Let

{G1, G2, ..., G} be the partition of [1, x — 1] defined by
Gi={yell,x—=1]11¢""(y) = (i, 2), forsome z € [1, p"~2]}, foralli € [1,1].

To ease the notation we let g; = |G| foralli € [1, t],and weremark that g1 +g>+---+g; =
x—1.

LetY = &y x G pma x - -+ x Gpn be a Young subgroup of &, containing P,. For every
i €[l,t]let u' € P(p™) be such that LR(X; wlsoooph # 0. Then Lemma 2.2 implies
that there exist ay, a, ..., a; € Z such that

t
(w1 = p" — (gi +a;) forall i € [1,¢], and such that Zai <0.

i=1
In particular, using Theorem 4.6 we have that for every i € [1, 7],

i ) ) S (gitai) foj (gitai)+1
€ By (P = (gi + @) ~ By (P — (gi +ai + 1) = Qi T @it
Recycling the notation used in the proof of Theorem 4.6, here f;,(a) = 27:1 L(m, j). It
follows that

g Yyee LO) + X500 L, j) i @i = 0,
O ) = D i ) = |
=1 Yyec, L) = X5yt j) if ai <.
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. 1 2
Hence, letting x = x* x x"* x--- X X“t, we have that

t o gitai
0p,(x) =Y > L) +E—F, where E= " Y {(n, j). and
i=1 yeG; i=1 j=gi+1
a;>0
! 8i

F=) 2. top.

i=1 j=gita;

a; <0

We claim that E — F < 0. To see this, we notice that the definition of the set G; implies
that ¢ ((7, y)) > x — 1 forall y > g; + 1. On the other hand, for the same reasons, we have
that ¢ ((j,z)) < x — 1 for all z < g;. Therefore every summand £(n;, y) appearing in E is
smaller than or equal to any summand £(n;, z) appearing in F. Since Zle a; < 0 we have
that £ — F < 0, as desired. Using Proposition 3.6 we conclude that

t x—1
0, (XN =YY A =Y L) =Fax —1) < Fyx — D+ 1.
i=1 yeG; y=I
Hence A ¢ Q2D and therefore Q"“ D = B, (n — x) as required.
To prove (2) we observe that the equality (1) shown above implies that Qf” *) C B,(n—x),
by Theorem 5.1. To show that the opposite inclusion holds we use an idea that is similar

to the one used to prove (1). In particular, we let { H;, Ha, ..., H;} be the partition of [1, x]
defined by

Hi={ye[l,x]|¢ " (y)=(i,z), forsomez e [l, p"2]}, foralli e [1,1].

To ease the notation we let h; = |H;|foralli € [1, t],and we remark that iy +ho+- - -+h; =
x. We also introduce the following notation. For each i € [1, t], we let

hi
D= Y L) =Y Lni. j) = fu, (hi).
j=1

YEH;
We observe that (I't, I'2, ..., T't) € C(Fy(x)) and that I'; € [0, o ], forall i € [1,1]. We
can now use Lemma 3.8, Theorem 4.6 and Lemma 2.3 (in this order) to deduce that
Q0 2 QUL Q2w w QUL = By (P — hi)aBy (p" = ha)x - x By (p" = hy)
= B,(n —x).
‘We obtain that Q,f" ® — B,,(n — x), and the proof is concluded. ]
As we have done for the prime power case in Corollary 4.7, we record some facts to

understand better the set an‘ foreveryn € Nandk € [0, «,]. Keeping the notation introduced
in 5.2, we recall that N = L%J.

v

Corollary5.4 Letn € Nandn = Y '_, p"i its p-adic expansion, where ny > ny > - - -

ny > 0. Let 1 <k <t <ay,. The following hold.

(i) Bys(n— N)=Qy" € Q) € QF
(ii) an‘ = Q! if, and only if, there exists x € [1, N] such thatk,t € Ay.
(i) Givenx € [1, N]we have that | {k € [1, &, ]|k = B,(n — x)} | = £(x).

Proof Since |A,| = €(x) for every x € [1, N1, (i), (ii) and (iii) hold by Theorem 5.3. O
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Table2 Let p = 3. According to Theorem 5.3, the structure of Qﬁ is recorded in the entry corresponding to
row k and column n

Qk n=3+3 n=2.343 n=3243 n=3 43 n =343
k=0 By (n) By (n) By (n) By (n) By (n)
k=1 Bu(n —1) Bu(n—1) Bu(n — 1) Bu(n—1) Bu(n —1)
k=2 Bu(n — 1) Buy(n— 1) Bu(n — 1) Bu(n — 1) Bu(n — 1)
k=3 Bu(n —2) Bu(n —2) Bu(n —2) Bu(n—2) Bu(n —1)
k=4 Bu(n —3) Bu(n —3) By(n —3) Bu(n—2) Bu(n —2)
k=5 ] Y Bu(n —4) By (n — 3) Bu(n —2)
k=6 0 7 Y Bu(n —4) Bu(n —3)
k=17 0 9 9 Bu(n —5) By(n —3)
k=8 0 7 ? By (n — 6) Bu(n — 4)
k=9 ] ] ] ] By (n —4)
k=10 ] Y @ 7 Bu(n —5)
k=11 o Y @ Y By (n — 6)
k=12 0 Y ? Y Bu(n —17)
k=13 ? 7 Y 7 Bu(n —8)
k=14 0 7 ? 7 By (n —9)
k=15 ¥ 7 # 7 By (n — 10)
k=16 7 7 # 9 Bu(n —11)
k=17 ] Y @ Y Bu(n —12)
k=18 ] Y @ % 9

A second consequence of Theorem 5.3 is the following asymptotic result. This basically
says that when n is arbitrarily large, almost all irreducible characters of &,, admit constituents
of every possible degree on restriction to a Sylow p-subgroup.

Corollary 5.5 Let Q, =, Q]n(, where k runs over [0, oy, ). Then

. €2,
lim =
n—o0 |P(n)|

Proof A result of Erdds and Lehner [1, (1.4)] guarantees that given f(n) a function that
diverges as n tends to infinity, then for all but o(|P(n)|) partitions A of n, the quantities X
and [(A) lie between /n - (k’% + f(n)) where d is a constant. By Theorem 5.3, we observe
that Q, = Q5" = B(n — N), where N = L#J. Since n — N > n/2, the statement follows.

O

Example 5.6 Let p = 3andn = 33+32+3.F0110wing Notation 5.2, wehaven| =3, np =2
and n3 = 1. Hence R = {(1, 1), (1, 2), (1, 3), (2, 1)}, since [1, 3"372] = . Observe that
IRl =4 = LS”—ZJ. Using Definition 4.3, we can see that £(3,1) = 2, £(3,2) =¢(3,3) =1
and £(2, 1) = 1. Hence, the definition of the total order > on R implies that (1, 1) > (1, 2) >
(1,3)> (2, 1). Thus £(1) =2, £(2) =£(3) = £(4) = 1 and

Ay =1{1,2}, Ay ={3}, A3 ={4}, A4 ={5}.
Notice that {Aq, ..., A4} is a partition of [1, o, ] = [1, 5], as required. Moreover by Theo-
rem5.3wehave Q) = Q2 = B,(n—1), Q@) = B,(n—2), Q} = B,(n-3), Q) = B,(n—4).
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Using the notation of Theorem 5.1, the above computation gives that 7,> = n— 1. Following
the proof of Theorem 5.1, we can compute Tn2 in a different way. We have

J@2) ={(1, j2, 3) € C2)lj1 €[0,4], 2 €10, 1], j3 € {0} ={(2,0,0),(1,1,0)}.

Hence M = max {1} + 1) + 1,13 + 1) + 1)} = max{n —1,n —2} = n — 1. Thus 7,? =
M = n — 1, as expected. Notice that n3 = 1 does not contribute at all to the computations.
In fact in R there are no elements of the form (3, y), y € N. Furthermore, by looking at the
third column of Table 2, we can see that T,f‘ = T,{‘_3 — 3 forevery k € N. A second example
of this fact can be found by observing that the first two columns of Table 2 are equal.
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