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Abstract

In this paper, we consider L”- estimate for a class of oscillatory integral operators satisfying
the Carleson—Sjolin conditions with further convex and straight assumptions. As applications,
the multiplier problem related to a general class of hypersurfaces with nonvanishing Gaussian
curvature, local smoothing estimates for the fractional Schrodinger equation and the sharp
resolvent estimates outside of the uniform boundedness range are discussed.
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1 Introduction

Letn > 2,a € CP(R" x R*1) be non-negative and supported in By (0) x Bffl(O) and
¢: B1(0) x B{’_] (0) — R be a smooth function which satisfies the following Carleson—
Sjolin conditions:

(H1) rank ngqb(x, &) =n—1forall (x,§) € BT (0) x Bf_l(O);

(H2) Defining the map G: B (0) x B?il(O) — " by G(x, &) := |ggggl where

n—1

Go(x, &) := [\ 0;0:0 (x, &),

j=1
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the curvature condition

det 92, (9r¢p (x. £), G(x, &))le=g, # O
holds for all (x, &) € suppa.
For any A > 1, define the operator T* by

i [0 6 de (1)
BT (0)

where f: B/ 1(0) — C,a(x, &) € C(BJ(0) x B}~'(0)) and

at(x, &) == a(x/r &), " (x, &) == AP (x/A, &).

We say T is a Hormander type operator if ¢ satisfies the conditions (H1) and (H2). A typical
example for the Hormander-type operator is the following extension operator E defined by

Ef(x) := f ZTIERY ) £ (£)d, (1.2)
B/ 71(0)
with
82
rank( ) =n—1.
0&; 0/ (n—1)x(n—1)

Hormander conjectured that if ¢ satisfies conditions Hy, Ha, then

IT* flee@ny S 1ot o)) (13)

for p > nzT"l Hormander [19] proved the above conjecture for n = 2. For the higher

dimensional case, Stein [26] proved (1.3) for p > 2% and n > 3. Later, Bourgain [2]
disproved Hormander’s conjecture by constructing a kind of counterexample. Furthermore,
he showed that Stein’s result is sharp in the odd dimensions. For the even dimensions, up to
the endpoint case, Bourgain, Guth [4] proved the sharp result. In summary, we may state the
results as follows.

Theorem 1.1 [4,26] Letn > 3 and T* be a Hormander type operator. Foralle > 0, A > 1,
1T Fllerny Sepa X1 Lo g1 0y (14

holds whenever

ntl
b {Zn_l forn odd, (1.5)

+2
2= for n even.
Lee [23] observed that if we further impose the following convex condition
(H3) The eigenvalues of the Hessian
0z (0x0 (x. £), G(x, §0))le=g,
are all positive for (x, &) € suppa;

on the phase, the range of p can be obtained beyond that in (1.5). Recently, Guth—Hickman—
Tliopoulou [15] proved the sharp results for the operator T* with a convex phase. To be more
precise, they showed
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Theorem 1.2 [15] Let n > 3 and T* be a Hormander type operator satisfying the convex
condition. Forall e > 0, L > 1,

||T)Lf||LP(R") Ss,qb,a )"SHf”Lp(BT’_l(())) (16)

holds whenever

2%21’; for n odd,

p= (L.7)
2%21@ for n even.

The primary difference between the translation invariant case (1.2) and (1.1) is that the
main contribution of 7* f may be concentrated in a small neighborhood of a lower dimen-
sional submanifold which features slightly differently between the odd and even dimensions.
However, such phenomena can not happen for the extension operator E if the Kakeya con-
jecture holds. The difference between Theorems 1.1 and 1.2 arises from the fact that in the
convex setting, such concentration lies in an at least AL2 neighborhood of a submanifold
which can be manifested by the transverse equidistribution property, while for the general
phase, it can be further squeezed into an 1-neighborhood of a submainifold.

As one can see, the Kakeya compression phenomena prohibit the sharp range of p in
(1.5), (1.7) to be matched with the conjectured range p > nzfl. Therefore, it is natural to
conjecture the potentially possible range of p in (1.3) will be p > nzf”l if the Kakeya com-
pression phenomena does not happen. A probable way to preclude the Kakeya compression
phenomena is to impose the following straight condition on the phase.

H4) For given &, G(x, &) keeps invariant when x changes.

Formally, we may formulate the following conjecture.

Conjecture 1.3 Letn > 3 and T* be a Hormander type operator with the straight condition.
For all ¢ > 0, the estimate

A
Ir f”Ll’(]R”) ,Sd),a ”f”L/’(B;’*l(O)) (1.8)

holds uniformly for A > 1 whenever p > nzTnl

Obviously, Conjecture 1.3 implies the restriction conjecture, and thus the Kakeya con-
jecture. Furthermore, we may see later Conjecture 1.3 also has many other applications. For
example, Conjecture 1.3 implies the Bochner—Riesz conjecture related to a class of general
hypersurfaces with nonvanishing Gaussian curvature and the local smoothing conjecture for
the fractional Schrédinger equation and the sharp resolvent estimates outside of the uniform
boundedness range.

In this paper, we prove certain L? estimate for 7* being a Hormander type operator with
the convex and straight conditions. Define p,, as follows'

Pn = min

ZSkSI:Zn;—At:I

2n —k+2 6

max 2+ n—1 2
2n —k 2(n =D+ k= DI 57

The exponent p;, originally comes from the work [18] of Hickman and Zahl. For some lower

dimensional cases, the value of p, may be found in Fig. 2 of [18]. We state our main results
as follows.

1 [#} denotes the integer part of %
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Theorem 1.4 Let n > 3 and T* be a Hormander type operator with the convex and straight
conditions. For all ¢ > 0 the estimate

||TAf||LP(R") 58,45,(1 )LEHfHLp(B'll*](O)) (19)
holds uniformly for A > 1 whenever p > p,.

Under the straight conditions, from the Fig. 2 in [18], we may break the sharp range
of p in [15] for oscillatory integrall operators satisfying the Carleson—Sj6lin and convex
conditions in some dimensions.

The proof of Theorem 1.4 relies on the polynomial partitioning method which was intro-
duced by Guth [13, 14] to handle the restriction problem. Since then, it has been also used
to study the pointwise convergence problem for the Schrodigner operator, Bochner—Riesz
conjecture, Kakeya conjecture and local smoothing conjecture for the wave equation and the
fractional Schrédinger equation, one may refer to [5, 9, 12, 17, 29] and references therein for
more details. Technically speaking, the straight condition can not be kept under the change
of variables in the spatial space which can be explicitly demonstrated in the Sect. 2.1. To
overcome this obstacle, we need to work with a more general class of functions which satisfy
the straight condition up to a diffeomorphism in the spatial variables. It should be noted that
the proof of Theorem 1.4 is obtained by adapting the arguments in [12, 15]. Thus we only
streamline the structure of the proof when there are too many overlaps.

The rest of this paper is organized as follows: In Sect. 2, we will show the applications
of conjecture 1.3 to the multiplier problem, local smoothing estimates for the fractional
Schrodinger equation and the sharp resolvent estimates outside of the uniform boundedness
range. In Sect. 3, we perform some reductions. In particular, we introduce a special class
of functions to make the induction arguments completed. In Sect. 4, we introduce the wave
packet decomposition which is an important tool. In Section 5, we prepare some useful
ingredients which play important roles in the proof of the broad “norm” estimate in Sect. 6.
With the above preparations, finally, we prove Theorem 1.4 in Sect. 7.

Notations. For nonnegative quantities X and Y, we will write X < Y to denote the
inequality X < CY forsome C > 0.If X < Y < X, we will write X ~ Y. Dependence
of implicit constants on the spatial dimensions or integral exponents such as p will be sup-
pressed; dependence on additional parameters will be indicated by subscripts. For example,
X <, Y indicates X < CY for some C = C(u). We write A(R) < RapDec(R)B to mean
that for any power 8, there is a constant Cg such that

|A(R)| < CgR™PB  forall R > 1.

We will also often abbreviate || ||z gn) to || fllzr. For 1 < r < oo, we use " to denote
the dual exponent to r such that % + %, = 1. Throughout the paper, xg is the characteristic
function of the set E. We usually denote by B/'(a) a ball in R" with center a and radius
r. We will also denote by Bj a ball of radius R and arbitrary center in R". Denote by
A(r) .= B3, (O)\B;l/2 (0). We denote w Bl (x) 1O be a nonnegative weight function adapted to

the ball B (xo) such that
Wan () () S (14 R™x = xo) ™,

for some large constant M € N.
We define the Fourier transform on R” by

fe) = fR T ) v = F @),
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and the inverse Fourier transform by
i = [ T gEE = (o),
These help us to define the fractional differentiation operators |V|* and (V)* for s € R via
VI = F Il F© o and (V) o0 = F A+ 18D @) f .
In this manner, we define the Sobolev norm of the space LE@®R™ by

LP(R")

1Nz = ()]

2 Applications

In this section, we talk about the relations of Conjecture 1.3 to other associated problems. In
particular, the multiplier problem with respect to a general class of hypersurfaces with non-
vanishing Gaussian curvature, local smoothing conjecture for the fractional Schrédinger and
the sharp resovent estimate outside of uniform boundedness range will be discussed.

Let ¢ : R"~! — R be a smooth function with

9%y
k
ran (8&85] )(n—l)x(n—l)

=n-—1,

and
0%y &) <1, aeZ' ' ja|<N,

where N is a large constant. Therefore, by inverse function theorem, there exists locally a
function g : R”~! — R”~! such that

By (gx)) =—x', x eR"L (2.1)
2.1 Multiplier problem

Let§ > 0,& = (&', &,) and m®(§) := (& — ¥ (§))5 x (§'), where x is a smooth compactly
supported function with suppyx C Bg‘_l (0) and

- 1, >0,
+710 ¢<0O.

We consider the following multiplier problem: for which § and p such that

o

< ny. 2.2
Loy Iz @y (2.2)

It is conjectured that

Conjecture 2.1 For§ > 0and 1 < p < 00, then

s

1
S 1/ oy, 8> 8(p) i= max {n > — —

27 —70}. (2.3)

LP(RM)
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We will show how Conjecture 1.3 implies Conjecture 2.1. Let p > nzT”l andn:R —- R
be a smooth compactly supported function, with suppn C (1/2, 1) satisfying

> on@in=1, 1>0.

J€EL
We break m? into pieces

m® (€)=Y 0@ & —yENm’ ) +r@),

j=l1

where r(£) is a smooth function with suppr C B (0).
Define an operator m‘j (D) as follows:

(D) f () 1= (12 & — v Nt & ] ©) (0.

Let K;? (x) be the kernel of the multiplier m§. (D), i.e.

K3(x) = fR T (6 — Y E))m (€)dE.

Through changing of variables, we may reformulate K f (x) as follows:

Kj(x) =277 fR T2 ,) fR | TR EDy ¢ dg,

where
(1) = n)r.

For convenience, define
K = [ mmbgoi) [ @Oy g ag,

To handle the inner part of the integral with respect to &', we use the stationary phase method.
For this purpose, we borrow the following lemma from [22] with a slight modification. One
may refer to [22] for the proof.

Lemma 2.2 Define

= [ SOy @
then

o If|x,| > 1/2and 251x'| < |xp|, then for every M € N satisfying 2M < N we have

(e ) (o 2))) .
Iy(x) = \/%ezm(x o(5)+ w(é(xn)»xjX_(:)'Djx(S/)|E,:g(;r/l)|xn| Ty (x),

2.4
where c,, is a constant dependi/ng onn, K denotes the Gaussian curvature of the hypersur-
face (&', ¥ (&) at point (g(;‘—n), W(g(;‘—n))), Dox = x and D is a differential operator
in &' of order 2j. For €, we have the estimate

1EM )] Sap 6™
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A type of oscillatory integral operator and its applications 1557

o If2%1x'| > |xu| or |xn| < 2, then for every 0 < M < N there exists a constant Cy, such
that
11y (0] < Cpr (14 ™.

Let ¥ € C°(R) with supp¥ C (—27°,27°) equaling to 1 in (—27,27%), B € C*(R)
with suppg C [—9/8, —3/8] U [3/8,9/8] and

o0
> B2 'n=1,1%0.
{=—00
We split K; as follows:
Kj(x) =Kjox)+ Y Kjix),
e>1

where
x|

K@) = 7 (5 ) B 0K (0.

Using Lemma 2.2, we have
1Kjox* fliLe S NS NlLe.

For £ > 1, the main contribution to K ; ; comes from K ;¢ defined by

R =% ('j') B o~ (8 ()P (s(30)) /R PTG 5, ) dE, .

n

Thus it suffices to show

ntl

~ _n e . N
ITj.e f Il ey 52(2 50 TA42)7M flle,

where f"j ¢ is defined by

Tefw = [ Rt =nsoay.

Then by a standard optimization argument, we have

DolTjefler S 2<%_%)‘jllflle. (2.5)

=1
Therefore, by a localization argument, it suffices to show

n+1

~ _n 0. e
12 K¢ 2%) % £l o) 52( 5)mi 42t M f e 2 0p-

Note that

/

ZZ"EM(ZK-) « f = 2%'(/ eZniﬂ((x’-f)-g(f,::i;)+(xn—yn)¢(g(%)))a&j(x’ V) f(y)dy

n

ntl ¢
=27t / Tyzn Frndyns (2.6)
R
where
X — y/

Xn — Yn

a0 3) 1= Flon =y () x [ BT @I g, Fo) = BT
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and

1 poyim [ S o ()

arjx, VO ydy's fy, () = fC, yn).

It’s easy to show that ‘ .
10%ap,j(x, V)| Seom 277 (1 4+277HM. Q2.7)

Indeed, since 9 (E (xXn — Y X ( o )) is bounded for any || > 0, it suffices to show

32 f AT e £,V dE | Sao 277 (14 277OM, (2.8)
R
By integration by parts, (2.8) follows easily.
For fixed y,, by changing of variables
x' , 1
— X, — Xp,
Xn = Yn Xn = Yn

under the new coordinates, the phase (x’ —y’) - g (x —- > + (Xn — Vn )Vf( <X _y’ )) becomes

!/

/ X / / / 1 / /
Wy = (S =) =)+ — (e — xy). 2.9)

A direct computation shows that the associated Gauss map G (x, y') related to the hypersur-
face {9, W(x, y)} at y’ is given by

oD
VIHYP
which is obviously independent of the spatial variables x. Indeed, suppose that g(§) =
(g15), 82(5), -+~ gn-1(§)),E eR" L. Forl <i <n—1,

G(x,y) = (2.10)

W s =) ¢ ,
BTQ(X’)’) T+1<,2<,:1 1( YJ)E(X —Xny)
S (@) 0 = 5y ) FE G = xay)
+ x
_ gi(x" — xy")
= =)

here we have used the fact that (3;v)(g(x’ —x,Y")) = x,y; — x; which follows from (2.1).
We also have

v, x g(x _xn)’)'i“p(g(x _xny))
— @, y) =
Xy, x2
Therefore, for1 <i,k <n-—1,
v ', y") ( N,
x',y) = x' —x
dyeox Y as ny
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A type of oscillatory integral operator and its applications 1559

and
92w ( , ,) Z ( x]xn)a (x —Xny)-i‘Z'; i( xnyj +x]xn)3 (x xny/)
9y dxp, = x’%

n—1

—ZY/ (x —xny)

Then it is obvious that for each x, (y’, 1) is orthogonal to dy, 9, W (x, ), 1 <k <n —1.
Hence we can get (2.10). Furthermore, W (x, y’) satisfies the Carleson—Sjélin conditions by
our assumption that the Hessian of i is nondegerate.

Recall (2.7), we may use Conjecture 1.3 to obtain that

17y, fyn”Ll’(B"(O)) S22 va- J(1428)™™ I £y e 20y

uniformly for y,. Finally, integrating with respect to y,, we will obtain the desired results.

If we impose an additional condition that all eigenvalues of the Hessian of i are positive,
then W(x, y’) also satisfies the convex condition. From the above discussion, as a direct
consequence of Theorem 1.4, we also have

2
Corollary 2.3 Let 1 < p < o0, : R"' — R be smooth and (%)( D) has
LTSy n—1)x(n—

(n — 1) positive eigenvalues, then

Im (D) fllLr@ny Ss.p.p I Fllr@e (2.1

for all p such that max{p, p'} > p, and § > §(p).

2.2 Local smoothing estimates for the fractional Schrodinger equation

Letu : R" x R — C be the solution to the following equation

{ia,u—l—(—A)%H:Ov (t,x) eER xR" 2.12)

u(0,x) = f(x),

where @ € (0, 1) U (1, 00) and f is a Schwartz function. The solution u can be expressed by
u(x, ) ="M fx) = / P EHE) £y g (2.13)
RVI

We are concerned with L?-regularity of the solution u. For a fixed time ¢, Fefferman and
Stein [7], Miyachi [24] showed the following optimal L? estimate:
1

e 1
€7 Flngeny < Coplflyg, oy Sap =on|5 = >

, l<p<oo. (2.14)

It is conjectured that:

Conjecture 2.4 (Local smoothing for the fractional Schrodinger operator) Let « € (0, 1) U

(1, 00), p>2+ ands>om(f—%)—f Then

1" D2 FllLp@nsiay < Cpsll Il - (2.15)
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We will show Conjecture 1.3 implies Conjecture 2.4. Indeed, following the reduction
in [10], up to the endpoint regularity, to show (2.15), it suffices to prove

. on(i_L N
||el”/j(D)f||L~{),t(322X[Rz/zvRZJ) 55 R n(3 ,;)+8||f||LP(Rn), supp f C B?(O), (2.16)
where i also satisfies

e ¥(0) =0, Vy(0) = 0;
e For & € By (0), the absolute value of all eigenvalues of the Hessian ( 95 0E; )| g=¢, falls
into [1/2, 1).

By a localization argument, we may also assume supp f C Bj,. Note that

g = [ f e 0) o ponday

where a € C2°(B5(0)). We denote K (x, t, y) the kernel of the operator VD) then
K(x.t,y) = f TG EHVE) 4 (8) dg
Through a standard stationary phase argument, we have
_n 2nt((x y)-g +tyr ) _
K(x,1,y)~ 1] 2e () (7)) a(*74),

where g is defined as in (2.1) with n — 1 being replaced by n. Note r ~ R?, therefore, it
suffices to consider the following oscillatory integral operators

an/n 2m((x wg(F)+rw (s (5 )>)a(’%)f(y)dy~

By changing of variables,
x — R’x,t - R’t,y — R%y,

we have

2m‘((x—y»g(?ﬁtw(g(“%v))) iy
H /n e a (f) f(y)dy Ll’(B;ZX[RZ/ZsRZ])

S R2 2(n+1) H /" 2mR2((x v)g( )+t¢( ( )))a(x[;y) f(Rzy)dy

LP(Bx[1/2,1])
(2.17)

Performing change of variables as follows

—Xx, — —1,

X 1
t t

the corresponding phase under the new coordinates becomes
b 1
W ny) = (T =)l — 1) + TU (e — 1),
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By our assumption, W (x, 7, y) satisfies the straight condition, as well as the Carleson—Sjolin
conditions. Therefore, by Conjecture 1.3, we have

| / emRz(<x—y)-g("7y)+f¢f(8("7"))>a(Q) f(R2y)dy|

LP(B} x[1/2,1])
2t
SRR
2+l 2n
SR PP ||f||LP(B;2)o (2.18)

Thus, we complete the proof.

It should be noted that Gan—-Oh—Wu [8] considered the local smoothing problem for the
fractional Schrodinger equation via a different approach and mentioned essentially the same
method as above discussed. Furthermore, it is possible to further improve Gan-Oh-Wu'’s
result by considering the Hormanger type operator with the convex and straight conditions
using Wang’s method [28] at least in dimension n = 2.

2.3 Sharp resolvent estimates outside of the uniform boundedness range

The resolvent estimate for the Laplatian is of the form

I=A =27 flla@n < CG p DI flle@n, Yz € Z\0,00).  (2.19)

This inequality and its variants have been applied to study the problems of uniform Sobolev
estimates, unique continuation properties and limiting absorption principles, etc, one may
refer to [6, 11, 21] for more details.

Let’s briefly review the results related to (2.19). In [21], Kenig, Ruiz and Sogge showed,
for z € C\[0, co) and

1 1 2 2n 2n
p< )
n—+1

, <
p q n n+3

with n > 3, the constant C(p, ¢, n) > 0 can be obtained independent of z. By homogeneity,
a simple calculation shows that

—1
_ —1+4(1_1 z
I(=A =) psy = Izl +2(,, q) ‘ (-A - *) H , Vz € C\[0, 00).
|z| p—q
For z € Sl\{l}, Gutiérrez [16] obtained the optimal range of p, ¢ with n > 3 in the sense
that the constant C(p, ¢, n) is independent of z. To be more precise, if z € S'\{1} and (%, é)
lies in the set

{( ) 2 - <2 n+1 n—1
V)i —— <x—y<—,Xx > LY <
Y n+1 Ty n 2n Y

, >3,
Zn] "=

the sharp constant C(p, ¢, z) in (2.19) can be obtained uniformly independent of z.
To formally state results regarding C(z, p, q) with z € S"\{1} and (%, é) lying outside

of the uniform boundedness range, let’s firstly introduce some notations. Let 2 be a closed
square defined by
12:={(x,y)€R2:0§x,y§ 1}.

For each (x, y) € 12, define
x,y) =0 —x,1—y).
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1562 C.Gao et al.

Similarly, for any subset R C I2, define R’ to be
R ={(x,y)el*: (x,y) € R}

Definition 2.5 For X1, ..., X; € 12, we denote by [X1, ..., X¢] the convex hull of the points
X1, ..., X¢. In particular, [X, Y] will denote the closed line segment jointing X and Y. We
also denote by (X, Y) and [X, Y) for the open interval [X, Y]\{X, Y} and the half-open
interval [ X, Y]\{Y} respectively.

Set C = (5. 3) and

B n+1 (n—1)>2 B n+4n—1 n—1
“\ 20 "2ntn+ 1) T\ 2ntn+D) " 2n )
D n—l’n—l ’ D e n+1’n+1 ’
2n 2n 2n 2n
1 -1
E= ("2 0). Ea=(2""1),
2n 2n
and
(x,y):OSx,ygl,Ofx—y<l] if n=2,
Ro =Ron) :=
H(x,y):osx,yfl,05x—y§,%}\{(1,”nz),(ﬁ,o)} if n> 3.

It is conjectured that:

Conjecture 2.6 Letn > 2. [f(%, ;) lies in R0\<[B, E\U[B,E'lU[D,C)U[D/, C)),
then
_qan(l_1
I(=A —2)7! lp—q =p.gn Izl 1+2(” q)ﬂ/p’qdiSt(Z’ [0, 00)) 7P (2.20)

holds for z € C\[0, 00), where y) 4 is defined as follows:

{7 n+1<1 1)7n+1_ﬁ’ﬁ_n—l}' 221)
2 P q 2

Remark 1 If ( ) € {B, B'}, the restricted weak type estimate

11
r’q
I=A =27 fllg.oo < Clal ™ T £l (2.22)

holds. One may refer to [22] for more details.

From [22], we know that the lower bounded of (2.20) is true for all n > 2. For n = 2,
this conjecture has been completely established, one may refer to [22]. However, for n > 3,
only partial positive results of Conjecture 2.6 have been proved, see Fig. 1. More presicely,
for n > 3, setting

Ri =[P, Po, CN\{C}

Kown-Lee [22] showed Conjecture 2.20 holds except for (%, é) € R1 UR/. Among other
things, following the proof of Proposition 4.1 in [22], we have
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R1UR,

previously known results

2(3n+1)’ 2(3n+1)

, ( 3n—2 3n—2 )
p A1 By E 2(3n+2)’ 2(3n+2) )’

- {( (n+5)(n—1) (n— 1)(n+3)) n odd
0 1=

=
S
5

» {(3(7:. 1)  3(n— 1)) n odd
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Fig. 1 The conjectured range for the resolvent estimates outside of the uniform boundedness and current
progress

Theorem 2 7 Let T* be a Hormander type operator with the convex and straight conditions.
Ifp > = and
IT* fler@ny S 1ot o)) (2.23)

then
I(=A =2 Mpes p Spon Izl 20 dist(z, [0, 00)) 7. (2.24)

Remark 2 Indeed, the proof of (2.24) can be reduced to showing a multiplier estimate

| (), v,

wherey € Ci°(1 — 239, 1 4+ 28¢) for a small §o > 0 and 0 < |§] « 1. Using the Carleson—
Sjolin reduction as displayed in Sect. 2.1, an important ingredient in the approach is the
following oscillatory integral operator estimate

Sflee,

LP(R")

| / TV a(x, v £y
R

where W is defined as in (2.9) and a € CZ°(Bj(0) x BI”_I(O)). Since W (x, y’), up to a
diffemorphism in x, satisfies the conditions H;, H», H3, H4, we may apply Conjecture 1.3 to
get the desired results.

As a direct consequence of Theorem 2.7 and (2.22), by interpolation and the epsilon
removal arguments, up to a pair of intervals (B, D) U (B’, D’), we obtain Conjecture 1.3
implies Conjecture 2.6. Furthermore, we may use the new oscillatory integral estimates in
Theorem 1.4 to further improve the range of p in (2.24).
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1564 C.Gao et al.

3 Reductions

Typically speaking, the phase ¢ (x, &) which satisfies the conditions H;, H,, H3, H4 can be
viewed as a small perturbation of the translation invariant case. More precisely, through
changing of variables, it can be rewritten as

P (x,8) = (x', &) + xuh(§) + E(x, £), (3.1

where i and £ are smooth functions, /4 is quadratic in £ and £ is quadratic in x, £. However,
under the new coordinate, the formula of ¢ in (3.1) may not satisfy the straight condition,
even though Hy, Hp, H3 can be ensured. In other words, the straight condition may not be
kept under a general diffeomorphism in the spatial variables. Therefore, we should be careful
when performing the change of variables in x and, meanwhile, keeping track of the straight
condition.

Basic reductions As mentioned above, the straight condition may be destroyed while per-
forming a diffeomorphism with respect to the spatial variables, which inspires us to consider
a wider class of functions which, upon a diffeomorphism in the spatial variables, satisfy the
straight condition. To formalize that, we introduce a notion of ®.

Definition 3.1 We say a function ¢ (x, &) lies in the class ®, if, modulo a diffeomorphism
in the spatial variables x, ¢ (x, £) satisfies the conditions H;, Hy, Hz, Hs.

Remark 3 In terms of @, it is an interesting problem to investigate the influence of the
higher order terms of ¢ (x, £) in x.

Example 3.2 In [2], Bourgain disproved Hormander’s conjecture by constructing a coun-
terexample where the Kakeya compression phenomena happen which roughly say that the
main contribution to the oscillatory integral may be concentrated in a lower dimensional
submanifold. Next we will analyse Bourgain’s counterexample to vividly show that there
does not exist a diffeomorphism in the spatial variables such that the Gauss map G (x, &) is
invariant when x changes.

Let

P(x,y) =x1y1 +x2y2 + 2x3y1y2 + x32Y12-
Assume that there exists a diffeomorphism
x — k(X),

such that for given &, the associated G (x, &) keeps invariant when x changes, where x =
(x1, x2, x3) = (k1(X), k2(X), k3(X)). Then the tangent space of the hypersurface {9z P (X, y) :
y € Bl”_] (0)} at point (X, y) can be spanned by the following two linear independent vectors

oK
axyP(xa y>|x=/c(fc) (7),

x
where
{102y +4x3y;
dry P (x,y) = (0 1 2, . (3.2)
We claim that there does not exist a diffeomorphism « such that
10 2y; + 4k3(X)y1 (al)= 10 Ci(y1, y2) (3.3)
01 2y1 % 01 C(yy))’ '
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A type of oscillatory integral operator and its applications 1565

where C(y1, y2), C2(y1, y2) only depend on y;, y». Indeed, if (3.3) holds, we have
Oy (X) K3 (x)

o + 2y2 +4x3(X)y1) =1,
0

';x(x) + Qys + 43 (D)) "3(x) -0,
, :

”alx D 4 @y + 6@ (") = Ci(y1, y2).

By solving the equations, one has x| (¥) = —2y2k3(X) — 2y1k3(X)% + &1 + C1(y1, y2)¥3 +
C3(y1, y2). Since C1(y1, ¥2), C3(y1, y2) are constants when y;, y, are fixed, we get

K1 (X) = —2i3(X) — 23(X)> 4+ %1 + C1(1, Di3 4 C3(1, 1)
= —ik3(F) — k3(F)2 + 51 + C1(1/2,1/2)F3 + C3(1/2,1/2),

then k3 (%) + k3(%)? = ¢1%3 4¢3, where ¢; = C1(1, 1) — C1(1/2,1/2) and c3 = C3(1, 1) —
C3(1/2, 1/2). By the same argument, k3 (X) = —2y1x3(X) + X2 + Ca2(y1, ¥2)X3 + Ca(y1, ¥2)
and k3(X) = c2%3 + c4. Thus c2%3 + ¢4 + (c2%3 + c4)? = ¢1 %3 + ¢3 holds for all i3 € R,
which implies ¢; = ¢ = 0 and «3(X) = ¢4, this is a contradiction since we assume « is a
diffemorphism.

In addition, we also assume some additional quantitative conditions on ¢. Firstly, let’s
introduce a notion of reduced form.

Definition 3.3 We say a function ¢ (x, &) is of reduced form if ¢ € ®.5 with the following
conditions hold: let ¢ > 0 be a fixed constant and a(x, &) be supported on X x 2, where
X =X xX,and X' C B;’*I(O), X, C(=1,1)and Q C B;’*I(O), upon which the phase
¢ has the form
P(x. &) = (x", &) + x,h(§) + E(x, &),
with
020 p(x, )| < Cap Il 1Bl < Npar, (3.4)

here i and £ are smooth functions and 4 is quadratic in &, £ is quadratic in x, & and Npy, is
a given large constant.
Furthermore, ¢ also satisfies the following conditions:

Cj : The eigenvalues of the Hessian ({)g%) all fall into [1/2, 2].
1957/ (n—1)x(n—1)
C2 : Let cpyr > 0 be a small constant, Np,r > 0 be a given large constant as above,

020/ (. £)| < cpar. [t]. 18] < Npar.

Let 1 < R < A, T* be defined with the reduced form and Q p(A, R) be the optimal
constant such that

IT* Fllrspon < CpCs RIS 2||f||Loo . (3.5)

We claim that the proof of Theorem 1.4 can be reduced to showing that for p > p, and
for each ¢ > 0,
0y R) Sep RE. (3.6)

Indeed, we firstly claim that:
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1566 C.Gao et al.

Claim: If 7% is an operator satisfying the conditions H;, Hp, H3, Hy, then

o
||T)Lf||LP(B§(O)) Se ITH FllLr B2, ) (3.7)

where T is defined with the reduced form, 7 > 0 is an appropriate constant depending on
¢ and }
Ifllzr S Il fllLr. (3.8)

We take the above claim for granted and prove (3.6) implies Theorem 1.4. To be more precise,
we need to show (3.6) implies

||T'\f||LP(37((0)) Se.po RENSlLr.
Indeed, by (3.6),(3.7), (3.8), we have

2 1-2
17 fllLr sy Sepd REVFIDNF 1" (3.9
By taking f = xg, we get
1T fllLe sy Sepp RN NlLe.

Then the desired results follows by interpolation argument. Therefore, it suffices to verify
the claim. For convenience, we just need to track the phase when changing of variables.

The proof can be obtained by modifying the associated part in [15]. Without loss of
generality, we may assume

P, 00 =0, 8p(0,6)=0, acZ
Otherwise, we take ¢ to be
$(x,8) +¢(0,0) —¢(0,8) — ¢ (x,0).
By Taylor’s formula, we have
¢(x,8) =0 (x,0)-§ +p(x,8),

where p(x, §) is quadratic in &. By the condition Hy, we may assume rankd,s¢p = n — 1
and G(0,0) = (0, ..., 1), thus we may find a smooth function ® (x’, x,,, 0) such that

p(D(x', xp,0), xy,0) = x'.
By our assumption, one may also get
$(0,0) =0, 9,,9(0,00=0, 9P(0,0)= 8§,§¢>(0, 0)~ L (3.10)
By changing of variables
X — (', x,,0), xp — Xy,
thus it suffices to consider
(" &)+ p (@, X0, 0), X, §).
Then taking another expansion in x and using (3.10) yield
P(@ (X, X0, 0), x5, §)) = p(@(0,0),0,) + 3, 0(0, §), P (0)x’
+ (0,0) 0. €10 + O Pl ), 3.11)
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A type of oscillatory integral operator and its applications 1567

Finally, from (3.10), one deduces that
¢, §) = (' & + 8w (0,007 0 p(0, §)) + 2y, (0. §) + O(Ix*5).
Then by changing of variables
&+ 0xe9(0,0 8y p(0,5) — &,
and taking h(§) = 0x,0(0, &), we have
$(x,§) = (', ) + xuh(§) + O(xI*[E%).
Since Q C Bf_l (0), we partition 2 into a family of balls {B,} of radius r and center &,

such that
Qc B
o

By triangle inequality, it suffices to consider a single ball B,. By changing of variables
s — ;S + %‘0{5

where 7 > r, under the new coordinates, we just need to consider £ € B:'/_;l (0) and
Y S Vs
2T (X,$a)/e2ﬂl(¢ (x,6)—¢ (x’é"‘))ak(x,é)f(f)dé.

Since ¢ (x, &) = (x', &) + x,h(€) + E(x, &), we have
" (x, &) — M (x, &) = FOed” (x, &) - £ + FPxnh(§) + F2E (x, £),
where

h(E) : = F2(h(FE + &q) — h(Ey) — FOgh(Ey) - £)
(x, &) 1 = F 2 (EMx, FE + &) — EM(x, £) — FOEM(x, &) - E). (3.12)

¥

By another change of variables in x as follows

/
x’—))ﬂbx—ﬁé X, — 7 2x
)\‘f’ A‘in o ) n ns
finally, it suffices to consider
~ ~ —5 22
¢ = (x', &) + x,h(§) + EV (x, ), (3.13)

where E(x, £) := E(P(Fx', Xn, £x), Xn, £).

From (3.12), & is quadratic in £ and £(x, £) is quadratic in x, £. Furthermore, through
an affine change of variables in & and by choosing appropriate small 7 such that r/7 is
also sufficiently small, we may ensure the condition C; and C,. Define 7* with the phase in
(3.13) and note that all the implicit constants arising when performing the change of variables
depend on ¢, we will obtain (3.7) and (3.8).

To prove (3.6), we use the induction approach. For & < 1000, (3.6) holds trivially by
choosing the implicit constants sufficiently large.
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3.1 Further remarks on the phase

Let ¢ be of the reduced form, by our assumption, we may choose a smooth function p(x)
such that ¢ (p(x), &) satisfies the straight condition and

102006 (p(x). )] < Cap. el Bl < Npar. (3.14)

uniformly. Indeed, we may always choose a function p : R"~! — R"~! with |3, p(x)| < 1
such that ¢ (Ap(5), §) satisfies the straight condition where A is large enough to ensure
(3.14).

4 wave packet decomposition

Let r > 1 and ®, be a collection of cubes {6} of sidelength lg—lr’l/ 2 and center & which
cover the ball B; -1 (0). Correspondingly, we take a smooth partition of unity {yy}pco, With
respect to the cover ®,. Let Vg bea non-negative smooth cut-off function supported on %9

and equal to 1 on %9. Given a function g, by taking Fourier series expansion, we have

~ rl/z n—1 ~ 2mi ~
s©V® H® = (5-) Y @) @),
verl/2zn—1
Define 2 R o
8006 = (5=) (Vo) @5y (®).

Correspondingly, we may make the following decomposition
8= Z 860,v-
(0,v)€®, xr1/2zn—1

Let 1 <r < Rand B]'(xg) C Bj(0), define
Py (x, &) = ¢ (x, &) — ¢ (x0. £).

By the assumption of the phase, there exists Va)\.v o (¥n) such that

e, (Vi vy Cn)s Xn E9) + v = 0.

Given 0, v, define a tube Ty, = Tp,,(x0) to be

148
Tp.w(x0) == (' ) 1 1x = ¥y o Gl S 775 g — x| < Cr), @.1)

and o ”
g1y, 7= €TI0 (g ()P0

Thus, we have
Thg(x) = T gz, (x).
6,v
We define a collection of tubes associated to the ball B (xo) by
T[B}! (x0)] := {Tp.v(x0) : (8, v) € O, x r'/2Z"" 1},
The main contribution of T* g1, is concentrated on Ty ,, and rapidly decays outside of the

tube which can be manifested in the following lemma.
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A type of oscillatory integral operator and its applications 1569

Lemma4.1 Ifx € B (x0)\Tp,v, then

1T g7, ()] Sn (14772 |Vegl (x, &) + v) "V RapDec(r) gl 2.

. Y
Proof For convenience, we use T to denote Ty , and use gy, to denote geZ” i¢"(x0.£) Recall
the definition of g7, we have

3 \n— ~ vy vy ; ~
Trgrt) = (5) @t ) [ 79002008000 21100 1, )7, ).

By changing of variables: £ — r~!/2& + &, it suffices to consider the integral
f ezm‘w(x,r*1/25+$9)—2m¢*(xo,r*1/25+§6)ezmr*1/2u.5ax(x’ rV2 4 £) U (8)dE.

Taking the derivative in &, we get
0 (9" (x. 12 + £9) — ¢ (x0. 1T 2E +89) + 720 )
=712 @™ (. T2 + 89)) 007 (x. £9) — (06" (xo. 7/ + £9) — 00" (x0. £9))
+ 172 (0 + 05, (x, £9)
=720+ 04}, (x, &) + O(1).

Integration by parts, we will obtain the desired results. O

We also have the following L?-orthogonality properties.

Lemma 4.2 (L>-orthogonality) For any T C T[B! (xo)], it holds that

ZgT

TeT

2

< lerl3 S ligh3- (4.2)
2 TeT

Moreover, if T is any collection of tubes with the same 6, then

2
er| ~ Y lgrl

TeT 2 TeT

Comparing wave-packet at different scales. Let #'/> < p < r. Consider another smaller

ball B; (Xo) C B (xp).Similarly, we may define the wave-packet decomposition with respect

to the ball Bz (Xo). To distinguish the wave packet of different scales, we use ﬁ‘[Bg (Xp)] to
denote the smaller scale wave-packet.

Definition 4.3 We say a function £ is concentrated on wave packets from a tube set Ty, if

h= )" hr + RapDec(r)|/hll2. 4.3)
TeT,

Definition 4.4 Let (9, v) € ©, x r'/2Z" " and let (4, #) € ©, x p'/2Z"~!. We define a set
’H‘g,v[BZ (x0)] collection of smaller tubes as follows

Ty o [B) (o)1 := {T; ; € TIB(F0)] : dist(0,60) S p~ /2, [5—(35 %, (o, &9)+v)| < r1H972).

One may carry over the approach verbatim in [12] to obtain the following two lemmas.
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Lemma4.5 [12] Let Ty,, € T[B] (x0)]. Then it holds that

81, = 81,17, 1y o + RapDec() gll2.

Lemma 4.6 [12] Assume Ty, C T[B] (x0)]. Iff‘(;j € 'E‘g,v[BZ (X0)), then it holds that

HausDist(Té Ty.n N By (%0)) S Fa+9/2,

02

and
£(G(&).GE) S p 2

5 Transverse equidistribution property

Transverse equidistribution property is based on a simple observation which can be roughly
stated as follows: if suppg C B} (0), r > 0, then g can not be concentrated in a ball of radius
less than »~!. Starting from this fact and other geometric assumptions, Guth [13] established
the transverse equidistribution lemma for the extension operator. Then Guth—Hickman—
Tliopoulou [15] extended it to the Hormander type operator with the convex condition. It
should be noted that the proof of the transverse equidistribution lemma in [15] relies on the
phase that belongs to a category which may not satisfy the straight condition. To overcome
this obstacle, we follow the approach in [12] which deals with the input function directly
without recourse to a further operation under T*. Since T* satisfies the straight condition
(i.e., for given &, G (x, &) keeps invariant when x changes), we may use G(£) to denote
G*(x, £). It is worth noting that there are still some differences between [12] and our case
at this point, for example, in [12],

(—&,. 1)
NSERTIES

therefore, if V' C R” is a subspace, then the set

G(¢) =

S=EcR":GE) eV}
falls into an affine subspace in R”. However, in general cases, for example,
(—0h(§), 1)
VIt on@E)PR

where £ is a smooth function with non-degenerate Hessian, the associated set S may be a
curved submanifold which requires more technical handling.

Since ¢ (x, &) satisfies the straight condition, in terms of the Gauss map, it suffices to
consider the following class of varying hypersurfaces {d,¢ (x, &) : & € Q} at x = 0. By the
condition Hy, we may find locally a function ¢ : R*~! — R”~! such that

a0, 4q(8)) =&.

GE) =

Define
h(§) := 0,9(0,q(&)). (5.1

We may assume the hypersurface {3,¢ (0, §) : £ € Q} can be reparameterized by {(¢, h(§) :
& € Q)} with
10267 (E) = L-tllop < 1, £ € Q. (5.2)
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Otherwise, we can choose a non-degenerate matrix A such that
0Fch(A8)|e=0 = Ln-1.

By choosing the support of & sufficiently small, it holds that
|o2hcas) — 11| <1
op

Correspondingly, we make another affine transformation in x and replace ¢ (x, &) by ¢(x, &)
which is defined by

P(x, €)= ¢(A™'x', x5, g (AE)).
Obviously, (x, &) satisfies the straight conditions and

e (x, E)|ym0 = (£, 3y, 0 (0, g (AE))).

Definition 5.1 Let Py, ..., P,—; : R” — R be polynomials. We consider the common zero
set
Z(Pp,....P_p) ={xeR": Pi(x) == Py_n(x) =0}. (5.3)
Suppose that for all z € Z(Py, ..., P,—;), one has
n—m
/\ VPj(x) #0.
j=1

Then a connected branch of this set, or a union of connected branches of this set, is called an
m-dimensional transverse complete intersection. Given a set Z of the form (5.3), the degree
of Z is defined by

n—m
min ( H deg(Pi)),
j=1
where the minimum is taken over all possible representations of Z = Z(Py, ..., Py—m)-

Definition 5.2 Let » > 1 and Z be an m-dimensional transverse complete intersection. A
tube Tp ,(x0) € T[B] (xp)] is said to be p1/248m -tangent to Z in B} (xp) if it satisfies

o Ty y(x0) C Nojtsm (Z) N B (x0);
e Forevery z € Z N B'(xg), if there is y € Ty ,(xp) with |z — y| < r1/24%m then one has

£(GO), T.2) S r '/,
Here, T Z is the tangent space of Z at z and

G0):={G():§ €0}

Definition 5.3 Let 1 < p < r and Z be an m-dimensional transverse complete intersection
and let Bg (X0) C B'(xp). Define a collection of tangent tubes inside a ball as

Ty[B"(x0)] := {T € T[B"(xo)] : T is r~ /> _tangent to Z in B" (xo)}.
Given an arbitrary translation b € R", define
Ty[B(%0)] := (T € T[B"(%0)] : T is p~"/*** —tangent to Z + b in B (%0)).

For simplicity, we also abbreviate 7z and 'Tf‘b for Tz[ B} (x0)] and ﬁ‘b[Bg (Xo)] respectively.
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We may state our main results in this section as follows.

Lemma5.4 Let |b| < r1/2+0m - Suppose that h is concentrated on large wave packets from
TzN T w Jor some (9 w) € O, X rl/2gn-1 . Then for every W c Tb, we have

[

< 000 )= i (5.4)

As a direct consequence of Lemma 5.4, we may obtain the following results.

Corollary 5.5 Let |b |~§ rl~/2+‘sm. Suppose that h is concentrated on large wave packet from
Tyz. Then for every W C Ty, we have

[

< P00 o B,

Proof We may rewrite
W= Z hg s
@.w)

such that &, is concentrated on wave packets from Tz N Ty . Then, we may apply (5.4)
to each /1 , and recall the L?-orthogonality in Lemma 4.2. O

Let Xy := (X, X3), and define x, := ng,; )2 (x3), B : B’érll/2+3 (xy). Let Zg be the
s U, X0

intersection of Z + b of the hyperplane {x : x, = Zo}. Up to a harmless small perturbation’
in the x,, direction, we may assume Z is a transverse complete intersection in R”~!. Define
a smooth map @ : R"~! — R"~! as follows

P 1= =0 (x', 77, &5).
Proposition 5.6 Let h be concentrated on bigger wave packets from Tz , NTz. Then
Gl 112 < IlleNcpl/Mm (@zZo)na By ll2 + RapDec(p) [|Al2. (5.5

Proof First we clairr’l that
Claim: Let Téyg € W, then

X

T55€W

(;) - y)‘ = CXNe, 1218, (@(Zo)n@(CB)) (V) + RapDec(p) [ A2

(5.6)
We firstly take the above claim for granted and continue the proof of (5.5). By the definition,

hlg =Y hr.
Tew
Therefore, by the orthogonality property, we have

IRIHIE S D 113,
TeWw

2 see the appendix in [12]
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By the Plancherel’s theorem, we get
_ ~ n—1 ~
STkl S Y ) PNl =0T Y 1(hs¥rg) )
TeW TeW FeWw
Note that ~ . L R
(hso ) (B) = hx (279700 Dyy (D).
Using Holder’s inequality, we obtain
11 ~ , B2l i o)
P Y My ¥ ) 5f|h(y>|2( > 1T Py G — )y, (57)
TeW TeW
Then (5.5) follows from (5.6). Therefore, it remains to show the claim. By changing of
variables: € — p~1/2¢ + &5, we have

(ezmw(io,awé)}ﬁ —y) = p—% /eZm’qﬁ()EO,p*I/ZEJrEg)*Zni(ﬁ*y)(p7]/2§+5§)w(g’:)ds'
Recall that
Oty (v 5, (1. 65) = 0.

A stationary phase argument shows that the above integral is essentially nontrivial when
y € BZ' 2oy (U — 0Og @™ (Xo, &5)). By our assumption and definition, we have

yg)tﬁ’io(-i(')l) C NCp1/2+5m (ZO) N CB,

Thus
v C Nepra+om (W (Z0)) NW(CB),

where W : R"~! — R"~! is defined by
W(x) = 0p g, (5. 55 &)

Recall that
¢} (x, &) = ¢ (x, &) — ¢ (R0, &),

thus we obtain the desired results. ]

Proposition 5.7 Assume Zo = (Z + b) N {x, = Xy} and B = B:’,/Hﬁm (X0). Suppose h is
concentrated on scale r wave packets in Tg , N'Tz. Then

7”’[)

. 0 (n=m)/2
/|h|2'XNC;;1/2+5m(‘b(zo)ﬂ‘b(CB)) Sro(é’”)<;) IAl13. (5.8)

The proof of Proposition 5.7 is left to the end of this section.
Define T, j, ; as follows

Ty pg:={0,0): Tou N B #0, L(GE), V) S r~'/Fm, disu®,6) S p~'72).

Let V be an m-dimensional subspace defined by

n
Vi={x eR”:Zai,Q,xj =0,i=1,...,n—m}.
Jj=1
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I p(x,§) =x'- & + 32,157, then
(_E7 1)
1+ &2
It is easy to see that {£ € R" : G(&) € V} defines an affine subspace. Therefore, the set
( €R": L(GE). V) $r /2o
—1/2+5y

G§) =

is contained ina Cr -neighborhood of an affine subspace. However, if we only know
¢ (x, &) satisfies the Carleson—Sjolin conditions with the convex and straight assumptions,
things may be a little trickier. Since in the general setting, {§ € R" : G(§) € V} may be a
curved submanifold. Specially, for our case,

(—0:h(§),1)
VI+19:h(E)?

where 1 (§) is defined in (5.1) and satisfies (5.2). Let L denote the submanifold
L:={ecR":GE) eV},

G =

by the implicit function theorem, we know the dimension of L is m — 1. Define V' to be the
tangent space TéL of L at a given point & € L with dist(§,6) < o1,

Lemma 5.8 The set
{E eR": L(GE), V) Sr 12 dist(g,60) S p~ /%)

—1/2+8m

is contained in a Cr -neighborhood of an affine subspace V'.

Proof Obviously, the set
(£ €R": L(G(E), V) S rm1/2Hmy
is contained in a Cr~ /2 _neighborhood of L. Recall that
V= T;L, and dist(€, §) < r= /240
thus

dist€.£) < p7 /2
Therefore, it suffices to show
Ne,-1eom (L) N {E 2 dist(€,8) S p~ 2} € Nepo1rsn (V).
Without loss of generality, we may assume & and L can be parametrized by (0, u(0)) and
L:={E uE)):&eR™Y, with «/(0)=0,
respectively. Therefore, it remains to show : if [§/]| < p~1/2
()| < rt2rom, (5.9)

Indeed, (5.9) can be easily obtained from Taylor’s formula and the fact the second order
derivatives of u can be uniformly bounded. O

Define V to be the orthogonal complement in R"~!, thatis V := (V/)*, and V c R"~!
to be identified with V N {x, = 0}.
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Lemma5.9 Let V and V be defined as above, then V and V are transverse in the sense that

Angle  (v,0) 2 1. (5.10)
VeV \{0},5eV\{0}

Proof Since G(£) € V, we may write it explicitly as follows

n—1
> ai joghE) —ain=0,i=1,....n—m. (5.11)
j=1

Define «; := (a; 1, ...,ai ) and alf = (ai,1,...,0ain—1). From (5.11), we have

rank(o/l, .. .oz;lfm) =n—m.

Since V' = TgL, and V = (V/)*, by (5.11), we have

V = span(aZ.hE)ar), ... 05 h(E)a)_,).

To prove (5.10), it suffices to show: for each v € V\{0}, then

(02:h(E)af, D) < 1. (5.12)
Since
(af,0) =0
and
182:1E) — Li-1llop < 0.
thus (5.12) follows immediately by choosing ¢ sufficiently small. O

Lemma 5.10 [14] Suppose that G : R" — C is a function, and G is supported in a ball
(Eo) of radius r1. Then, for any ball B} 5 (x0) of radius ry < r1~ 1,

IG)* £ 2 /|G| (5.13)
/;;;12(;;0) |B 71|

Finally, as a consequence of the above preparations, we have

Proposition 5.11 Let V, V, V.,V be defined as above. If g is concentrated on wave packets
from TV,B,é’ ifI1 C {x, = )?,?} is any affine subspace parallel to V and y € T1 N ®(CB),

then 112« g
/ |g|2 <r0(8m)(,0 )dlm(V)f |§|2
NnB" 172 I

Proof Note that g is concentrated from Ty, g 5. from the above discussion, we have g is

o1/2+6m (6]

\%
supported in the r~!/2+%» neighborhood of V'. Thus, (é’h‘[) is supported in an n — m

dimensional r~1/2%% ball centered at proji7(§v), by Lemma 5.10, we obtain the desired

results. ]

Before the proof Proposition 5.7, we still needs some additional inputs. One may follow
the approach in Section 6 of [12] to obtain

Proposition 5.12 1. ®(Zy) is quantitatively transverse to V at every point 7 € ®(Zp) N
o (CB).
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2. @ (1) is an n — 1 — dim(V') dimensional transverse complete intersection in R~
12\ dimZo—dimVp
3. TIN Neiasin (D(Z0) N B(CB)) can be covered by (477 )

1/2+6,

many balls in T1

of radius p
Proof of Proposition 5.7 Since the wave packets in T, , 5 are tangent to Z in B, thus
£(GO), T.Z) =130

foreveryz €e ZN2Band Ty, € Tz, B.G- There is a subspace V of minimal dimension and
dimV < dimZ such that for all & making contribution to T, . 5, we have

L(G©H), V) S rm1/2Hom

which indicates that & is concentrated on wave packets from Ty, , ;. Therefore, by
Lemma 5.11, we have

12 gim(V
/ I 5r0<8m>(P1/2,)d‘m(V)/ AP,
HﬂBZl/eram (&) r 1

Finally, by Proposition 5.12, we get

A o\ =m)/2 A
/lhlz'XNc,zl/z+am<d><ZO>md><CB>>Srowm)(7) n'hlz' o1

Integrate over the affine subspace IT which is parallel to V, we will obtain the desired
results. O

6 Broad-norm estimate

In this section, we assume the operator 7* satisfies the straight condition. In this setting,
the tubes introduced in (4.1) is straight. To prove Theorem 1.4, we will use the broad-
narrow analysis developed by Bourgain—Guth [4], which deduces the linear estimates from
the multilinear ones. In [13], Guth observed that full power of the k—linear inequality could
be replaced by a certain weakened version of the multilinear estimate for the Fourier extension
operators known as k—broad “norm” estimates. Following the approach developed by Guth
in [13], we shall divide T* f into narrow and broad parts in the frequency space, and one part
is around a neighborhood of (k — 1)-dimensional subspace, another comes from its outside.
We estimate the contribution of the first part through the decoupling theorem and an induction
on scales argument, and then use the k-broad “norm” estimates to handle the broad part.

First, we shall introduce a notion of broad “norm”. Let V C R" be a (k — 1)-dimensional
subspace. Assume {t} are a collection of balls in R”~! of radius K ~! which form a partition
of Bffl(O). We denote by £(G(t), V) the smallest angle between the non-zero vectors
v e Vandv € G(r), where

G(t) ={G(¢) : & et}

Define

fr=fxe
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For each ball B}, C By, define

nrr(B,) = Vminv max (/n |kaf|”dx>,

1<e<L K2

where for each 1 < ¢ < L, Vy is a (k — 1)—dimensional subspace and T ¢ V, means
Ang(G (1), Vo) > K~ 1.

Let {B},} be a collection of finitely overlapping balls which form a cover of By. We
define the k-broad “norm” by

p
T ” = »(B,).
H f BL:L(B;'Q) nZnMT ( K2)
; B, CB)
We will establish the following broad norm estimate.
Theorem 6.1 Let .77 be defined with ¢ satisfying the conditions Hy, Hy, H3, Hy and
o The eigenvalues of the Hessian
Og£ (05 (x, §), G(x, 60)) le=¢,

all fall into [1/2,2] for x € X, & € .
o Let Npy > 0 be a given large constant as above,

0200 ¢ (x. &) < Cap. 1], IBI < Npar.
If2<k<n-—1and

6
pEmE T 6.1)
2 — )+ k- DT, 2i2-:-1
then for every ¢ > 0, there exits L such that
ﬁk H < Ré‘ 2/p 1;2/,7’ s
H f BLY , (B (0) Sek RENFIZNANL ©6.2)

forevery K > 1,1 < R < A. Furthermore, the implicit constant depends polynomially on
K.

By combining the material in Sect. 4, 5 and using the polynomial partitioning method, we
may obtain the proof of Theorem (6.1). At this point, there is no difference between our case
and that in [12]. Therefore, one may refer to [12] for details.

7 Going from k-broad to linear estimates

Proposition 7.1 Let T* be defined with the reducedform and 7 be defined as above. Suppose
that for all K > 1, & > 0, the operator T obeys the k-broad inequality

2 1-2
o) Skt RNFIDIFI 1)

for some fixed k, p, L and all R > 1. If
2n —k+2 k—1
—— <p=<2—/7
2n —k k—2

A
||f7 f”BLII:,L(B'

1
R

@ Springer



1578 C.Gao et al.

then
A £ 1% 1_1%
IT* fllr oy Se RENFN 201"

Therefore, as a consequence of Theorem 6.1 and Proposition 7.1, Theorem 1.4 holds for
all p > p,. To prove Proposition 7.1, we also need the decoupling inequality.

Lemma 7.2 (Decoupling inequality) Let T* be a Hormander-type operator with the convex
condition and V. C R" be an m-dimensional linear subspace, then for2 < p <2m/(m — 1)
and § > 0, we have

1/p
<. g m=D(1/2=1/p)+ T g0 ||”
N gl n .

H Z T)\gr
teV

Here, the sum over all caps t for which £(G(t), V) < K.

Heuristically, if K 2 < AV290 with0 < 8 < 1 /2, T is essentially equivalent to the

translation invariant case on B;’<2, the fact can be seen by expanding the phase using Taylor’s

formula. Then Lemma 7.2 can be obtained directly by using the sharp ¢2-decoupling theorem
of Bourgain-Demeter [3] and Holder’s inequality. For more details, One may refer to [1, 20].

Lemma 7.3 Let D is a maximal R~ -separated discrete subset of Q, then

N
> TR F(gy) < QpG RYVIPNFIS o I F oy (7:2)

fo<D LP(Bj(0)

forall F : D — C, where
1
IFller) = (Y 1F@EI?)",
& eD

for1 < p < oo and p = oo with a usual modification.

Proof Here our proof is essentially the same as that of Lemma 11.8 in [15]. Let 1 be a bump
smooth function on R"~!, which is supported on Bg_l (0) and equals to 1 on BI"_1 (0). For

each & € D, weset g (&) := n(10R(§ — &y)).
Then as in Lemma 11.8 of [15], we have

3 TR )| S RN Y (4 kDT (), (7.3)
EeD keZ

where T* is defined with the reduced form and

fe®) =" F)croEno &)

&yeD
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with [[cx,0 () looc < 1. By the definition of Q (A, R) and (7.3),

Y s ey

§o€D LP(BL(0)

S QL MR Y (14K D fe)

keZ

2

Lz(Bn I)ka”Loo(Bn 1

The support of 1g are pairwise disjoint, for any ¢ > 0, we have
||fk||Lq(B£,—1) < R~(=D/a I Fllia (D).

Thus we get

Z 2T B (g,
%D L2 (B (0)
2
S 0p0n BRI Y (14 kTR l>/”||F||,2(D)||F||,OO(D)
kezZ"
2

, 2 1-2
S QG RMRUDIVNF|L o1 F -
[m}

Lemma 7.4 (Parabolic rescaling) Let 1 < R < A, and f supported in a ball of radius K ',
where 1 < K < R. Then for all p > 2 and § > 0, we have

A R
||ka||Lﬂ(B;(0)) Ss Qp(*

§ 2 1
5oy )RR W

LZ(B" 1 ”‘f”LDC(B;l_l)'

Proof Without loss of generality, we may assume the ball to be BZ‘J (). Doing the same
argument as in Sect. 3, we obtain

~ 2 ~
7% Fleragon Ss K PNTYE Fl 5,

where 7*/K? is defined with phase ¢ as in (3.13) and Dy is an ellipse with principle axes
p~arallel to the coordi{late axes and dimensions O(R/K) x --- x O(R/K) x O(R/Kz) and
F(&) = K~"=D f(& 4+ K~1&), note that for each ¢ > 0,

1 Fllze S KZOZDFODA £l
Then it suffice to show that
F1/K? A R 3 2 1=3
R P ey ST A I
Since the phase ¢ is also of reduced form, to ease notations, we just need to show
s
1T FllLro S Cpl RIS pare)| f||LDO(B,, \

foralll « R < R’ < Xand§ > 0, where

e b emr (F1Y 4 (1)
R ‘=X . R R =
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is an ellipse and T* is an operator with the reduced form. Choose a collection of essentially
disjoint R~'-caps 6 covers B"~!, denote the center of @ by & and decompose f as f =
29 fo. Set
vy
T} f(x) = e 2RI TH (1),

hence we have

T fx) = e T fo (),
0

Fix § > 0 to be sufficiently small for the purpose of the forthcoming argument. We may also
write

T} fo(x) = T} fo * ngi-s (x) + RapDec(R) || f Il 12 (g1

for some choice of smooth, rapidly decreasing function n such that || admits a smooth
rapidly decreasing majorant ¢ : R” — [0, +00) which is locally constant at scale 1. In
particular, one has

Cpios (¥) S ROCpios(y) if |x —y[ S R. (74)

Cover Dp by finitely-overlapping R-balls, and let B be some member of this cover with

the center denoted by x , by the above observation, for z € B;lz (0), we have

IT"fE+2)| SR Cri-s (8 — y)dy.

ZeZNi¢A()?+z,§9)T0)Lf0 o)
R |

By taking the L”-norm in z and modifying the proof of Lemma 7.3 for the phase ¢* (X +-, &),
we have

Zezmqﬂ(ﬂz,éa)Tekfg ) CR1-s(X — y)dy

LP(By(0))

|7 Flleeesnon S R /

— 4 1-2 -
< Qp(h, IRMDIVR f 1T fo I, T3 Fa O ) S (E = V),

1/p
where we use |lag|l¢rg) to denote (Z lag |”)
0

By property (7.4), for z € B (0)
2 1-2/
T BT SO s 6 =y
- 1-2
= /R T} fo(% + 2 — y)IIﬂ(e) T fo (X + 2z — y)lllm(g/)”ZRl—s (v —2)dy
_ - 1-2
< RO® fR 1T fo (& + 2 = WIEE TS fo &+ 2= W) Sri-s Oy
[JC) A = 2 A - -2 e

< ROV ( /R 175 fo (& + 2 = o 1 T3 fo (& + 2 = W2y Sr1- (y)dy)

Then we deduces that for all z € B} (0)

IT* FllLr a0y S QpGhs RIR®D/P RO®)

e 2 Ag ooz p—2 l/p
X (/R 1Ty fo (X + 2 = Mgy 175 o (X + 2 = Vlljeo gy S R1-5 (y)dy)
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By raising both sides of this estimate to the pth power, averaging in z and summing over all
balls B (0) in the covering, it follows that ||T}‘f||Lp(DR) is dominated by

1/p
- . -2
0, (., RYRI=D/P'=n/p ROG) (/R 2 ”TeAfGH%Z(DR—y) sup ||T9Af9||£w(pk,y)€m*5 (y)dy)
0

We have the trivial estimate

—(n—1
T follLopr—y) S Ifollr S ROV follpee
and
T3 foll L2pg—yy S RN foll 2

2 1-2
Hence || T* f || Lr (D) is dominated by Q, (1, R)RCD | £II 7,11 £l " O

Proof of Proposition 7.1 Let T* be defined with the reduced form. Then there exits a smooth

function p(x) such that q§( p(x), &) satisfies the straight condition with (_3.14) holding. For

convenience, we denote ¢(x, £) := ¢(p(x), £) and .7 be defined with ¢. Hence, we have
Ir* Fllrazon < Tt FllLrsr,©)-

For a given ball B}l(z, we chose a collection of (k — 1)- subspaces Vi, ..., Vi which achieve
the minimum under the definition of k- board “norm”. Then

Lo < O A g |P Agop
| 17 sk W;nlagmf ras +Z/ Dl

K2 TeVy

We can use the k-broad hypothesis to dominate the first term, indeed, let B2 be a collection
of finitely overlapping balls of radius K> which cover B{.(0), then one has

A r< o)) g ’pp
me)Wﬂ KOVUTA Iy e o)+ O Z/ Y 7l

B”ZEB 2 £=1 eV
SKODCK e, R fIF, + > Z/ > T,
B”ZEB” teVy

where £; > 0 is a small constant which we will chose later.
By Lemma 7.2, for any &', we have

/ | Z gkf 1P <y K K &=2)(p/2=1)+3 Z /, |<7Afr|pw31”(2

KZ eV TeVy

foreach 1 < ¢ < L. Since wpn ) = ZB;2€BK2 wB;z(z, one has

> Z/ | T fel? Sy KED0 ””/Z/ |7 P w0

BnZEB 2 €=1 TeVy

For each 7, we take the same approach as in Sect. 3 which obtains the reduced form from a
general phase. To ease the notations, under the new coordinates, we use T* [ to denote the
new operator which belongs to the reduced form and the new function. Therefore,

A A
/Rn |7 1P w0 S/W IT* felPwge o)
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Note that wgn (o) rapidly decay outside By (0), we get

> i/B | D0 THfel? Sy KETD PR T fel?.

322 €Byr t=1 k2 t€Vy T Y Bycr©)
Let$ > 0be a small number to be determined later. By a finitely-overlapping decomposition
and translation, from Lemma 7.4, we obtain
A R\P —(n— -2
f T £l” < 0p(550 3) ROKP O VPI £, 0 £l
Bl (©) K= K

Let |
e(k, p) == (k —2)(1 — Ep) —2n+ (- 1p.

Recall
I fel132 S IFI3,
VA :
T

therefore, we have

p

L
A R \P _ / _2
Y X[ T T s 0ol ) REC IR

B, eBy, =1 K2 |teVy

Combining above estimates, we get

/ IT* f17 < (KODC(K, &1, L)RP!
B (0)

A R

p _ / -2
3o 23) REEPIIAR A1

+C6,6/Qp(

Then our induction assumption, it holds

A R \P _ 7
0,0.. R < KOOC(K &y, L)RP*! +Ca,5’Qp(F, F) ROK k4o,

When p > 2252 o (k, p) > 0, thus

0,(A, R)? < KODC (K, &1, L)RP®' + CPR*PCs 5K 2P ROK?.

If we choose K = KoR? * where K, o > Ois a sufficiently large constant depending on ¢, 8, p,
then

Qp()‘q R)p < Ko(l)c(K’ &1, L)Rpé‘] + Cé)RapC§’§/K()_2£p+5/R7283p+£28/+5c
We choose §' = ep, § = %83 p and Ky sufficiently large such that

_ ' 1
K, 2ep+d Css < 3 —283p+e%' +5 <.

Recall that C(K, €1, L) depends polynomially on K, then we will complete the proof by
choosing suitable 0 < ] < ¢. O
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