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Abstract

We prove an effective restriction theorem for stable vector bundles E on a smooth projective
variety: E|p is (semi)stable for all irreducible divisors D € |kH| for all k greater than an
explicit constant. As an application, we show that Mercat’s conjecture in any rank greater
than 2 fails for curves lying on K3 surfaces. Our technique is to use wall-crossing with respect
to (weak) Bridgeland stability conditions which we also use to reprove Camere’s result on
slope stability of the tangent bundle of P” restricted to a K3 surface.

1 Introduction

Inspired by the construction of Bridgeland stability conditions on K3 surfaces [7] Bayer et
al. [5, 6] studied weak stability conditions on any smooth complex projective variety. In
this paper, we use wall-crossing with respect to these weak stability conditions to prove an
effective restriction theorem that expresses sufficient conditions on a slope-stable reflexive
sheaf such that its restriction to a hypersurface remains stable. Restriction theorems provide
us with the possibility of studying higher dimensional varieties via the geometry of their
subvarieties. That is why they have been long-studied via different approaches; see [16,
Chapter 7] for a survey.

Let X be a smooth complex projective variety of dimension n > 2 with an ample divisor
H. For a p-stable coherent sheaf E of positive rank on X, we define

2

~ hy(E).H"! hy(E).H" 2
X(E) = chi(E) _ ,Cha(E)
cho(E)H" cho(E)H"
WM (E) := max {u(F): F is a subsheaf of E with u(F) < u(E)}, (1)
W™ (E) := min {w(F'): F’ is a proper quotient sheaf of E}, )

and §(E):=min {u™"(E) — u(E), u(E) — p"™*(E)}.
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Theorem 1.1 Let E be a u-stable reflexive sheaf on X of rank tk > 0. The restricted sheaf
E|p for any irreducible divisor' D € |kH)| is p-semistable on D if

> K2 RE) aa Ko E—K(E)>@ 3)
= Sk +1 2\ = S(E)

Moreover, E|p is u-stable on D if the inequalities in (3) are both strict.

The p-slope of a coherent sheaf and the notion of yt-(semi)stability are defined in Section 2.
Note that if k > 25(E), the conditions in (3) are equivalent to

k+2 /= A(E)
kzmax{m\/A(E), B(E)—i—ﬁ}. )

When rk > 1, we always have §(E) > m If we substitute this lower bound, we
obtain one of Langer’s restriction theorems [19], see Corollary 4.4 and Remark 4.5 for more
details.

Clifford indices

The Clifford index Cliff(C) of a smooth curve C is the second important invariant of C after
the genus g, which carries the information of special line bundles on C. Lange and Newstead
[22] proposed a generalisation of Cliff(C) to higher rank Clifford index Cliff,.(C) which
depends on rank r-semistable vector bundles on C.

Take a vector bundle E of rank r and degree d on C. The Clifford index of E is defined as
Cliff(E) = %(d —2(h%(E) —r)). We say E contributes to the rank r-Clifford index of C if
E is pu-semistable with degree d < r(g — 1) and h%(C, E) > 2r. Then the rank r - Clifford
index of C is defined as the quantity

Cliff, (C):=min { CIliff (E) : E contributes to the rank »—Clifford index of C }

Note that Cliff] (C) = CIiff(C) is the classical Clifford index of C. In terms of these new
invariants, Mercat’s conjecture [24] can be expressed as

M, (C): Cliff,(C) = CILff(C)

which says higher rank Clifford indices are equal to the rank one Clifford index.

Curves over K3 surfaces have played an important role in the Brill-Noether theory of
vector bundles on curves. In [4], the conjecture M3 (C) was proved for any smooth curve
C € |H| on a K3 surface S when Pic(S) = Z.H. Using this, M (C) was shown for generic
curves of every genus. However, the restriction of Lazarsfeld-Mukai bundles on S to the curve
C (see Section 5 for a definition) have led to counterexamples to M3(C) [12] and My4(C)
[1]. As a consequence of Theorem 1.2, we generalise these results to higher ranks and show
M; (C) fails for » > 3 and any smooth curve C € |H|.

Theorem 1.2 Let (S, H) be a smooth polarised K3 surface such that
H? divides H .D for all curve classes D on S, )

e.g. Pic(S) = Z.H. Take a ju-stable vector bundle E on S with Chern character ch(E) =
(r, H, chy) such that r > 2 and chy > 0. Then for any smooth curve C € |H| of genus g,

1' D can be singular.
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the restricted bundle E|c contributes to the rank r-Clifford index of C. If r > 4, or, r = 3
and g —chy <4+ %L%J, then

Cliff(E|¢) < Cliff(C) = {gT_IJ .

In particular, My (C) does not hold if either (i) r > 4 and g > r2, or (ii)r =3and g =1,9
org > 11

Slope stability of the restriction of tangent bundle of I’” to a K3 surface.

Let S be a smooth projective K3 surface and let L be an ample line bundle generated by its
global sections on S. Then there is a well-defined morphism

ér: S — P(HY(L)*) = P".

In the final part of the paper, we apply wall-crossing with respect to Bridgeland stability con-
ditions on K3 surfaces to reprove Camere’s result on slope-stability of ¢} Tpp». The restriction
of the Euler exact sequence to the K3 surface S and tensoring with L* gives the short exact
sequence

0— (¢5Ten) @ L — H(S,L)® 05 > L — 0.

Theorem 1.3 [8, Theorem 1] Let S be a smooth projective K3 surface over C, and let L be
a globally generated ample line bundle on S. Then the kernel M|, of the evaluation map on
the global sections of L

0> M, — H'S, LYy 05 = L — 0, 6)

is wu-stable with respect to L.

Method of the proof of Theorem 1.1

There is an abelian subcategory A C D(X) of the bounded derived category of coherent
sheaves on X which includes E and E(—kH)[1] for k € N. Thus for any irreducible divisor
D € |kH|, the restricted sheaf E|p lies in an exact sequence

E — E|p — E(—kH)[1]

in A. The slope-stability of the reflexive sheaf E implies that there is a weak stability condition
o on A such that both £ and E(—k H)[1] are stable with respect to . If k is large enough, we
may apply wall-crossing techniques to show that we can deform the weak stability condition
o, while keeping E and E (—kH)[1] stable, to reach a weak stability condition o’ where E
and E(—kH)[1] have the same slope (phase). Thus their extension E|p is o’-semistable of
the same slope. Then a general argument immediately implies that E|p is slope-stable.

The main advantage of this method is the possibility to strengthen effective restriction
theorems for special sheaves E as soon as we have more control over the position of the
walls for E and E(—kH)[1]; see for instance Proposition 4.6.
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Related work

Theorem 1.1 appeared in an earlier version of this paper [9], where it was stated for K3
surfaces only. However the proof works for any variety, as the current version of the paper
makes explicit. The result has now found applications in [18, 21] to construct Bridgeland
stability conditions on Calabi—Yau threefolds, and in [17] to investigate the stability of the
restriction of stable vector bundles on a surface to any integral curve, not necessarily multiples
of H.

In joint work with Li [11], we employed the techniques in the current paper and [10] to
compute rank > 2 Clifford indices of curves over K3 surfaces.

2 Two-dimensional slice of weak stability conditions

In this section, we recall the notion of (weak) Bridgeland stability conditions on the bounded
derived category of coherent sheaves. The main references are [5, 6].

Let X be a projective scheme over C and let H be the class of an ample divisor on X.
Recall that the Hilbert polynomial P(E, m) of a coherent sheaf E is defined via the Euler
characteristic m — x(E ® Ox(mH)). It can be uniquely written as

dim E mi
P(E,m) =) ai(E) =
i=0
with integral coefficients «; (E) fori = 0, ..., dim E where dim E is the dimension of the

support of E [16]. If E is a coherent sheaf of dimension d = dim X, we define the rank and
degree of E as

aq(E)
aq(Ox) '

Then for any coherent sheaf E, the slope is defined as

rk(E):=

deg(E):=ag—1(E) —1K(E) - 0ty —1(Ox).

deg(E) .
W(E):= Hfi(é) ifaqg(E) #0,

7

+o00 oth. ™
Definition 2.1 A coherent sheaf E of dimension d = dim(X) is p-(semi)stable if for all
non-trivial quotient sheaves E — F we have u(E) < (<) n(F).

From now on, we assume X is a smooth projective complex variety of dimension n > 2.
For any coherent sheaf E on X, the Hirzebruch-Riemann-Roch formula shows that deg(E) =
chi(E).H" 1.

We denote the bounded derived category of coherent sheaves on X by D(X) and its
Grothendieck group by K(X). For any b € R, consider the full abelian subcategory of
complexes

Coh’(X) := {E™! L EY . ut(kerd) < b, p(cokerd) > b}. )

Here p*(E) for a coherent sheaf E is the maximum (minimum) slope in the Harder-
Narasimhan filtration of E with respect to p-stability. By [7, Lemma 6.1], Coh? (X) is
the heart of a bounded t-structure on D(X).
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A

(b»\w‘N

chy(E)H"?
cho(B)H™

chy (B)H™ !
cho(E)H™

Fig.1 (b, w)-plane and the projection IT(E) when chy(E) > 0

For any w > %, we define the function Zj, ,,: K(X) — C such that for any E € K(X),
Zpw(E) = —chy(E).H" 2 + wcho(E)H" +i(chy(E).H"™" — bH" chy(E)).

Each E € Coh’(X) satisfies Im[Zy (E)] > 0, and if Im[Z; ,(E)] = O, then
Re[Zp, . (E)] < 0[5, Proposition 12.2).2 Thus for objects in Coh?(X), we have the slope
function

Re[Zp,w(E)] .
Ub,w(E) — "~ Tm[Zp,0 (E)] lfIm[Zb,w(E)] 75 0,

. )
+00 if Im[Z}, ,(E)] = 0.

Definition 2.2 Fix w > %. We say E € D(X) is vp,,,-(semi)stable if and only if

o E[k] € Coh?(X) for some k € Z, and
e v, ,(F) < () vb,w(E[k]/F) for all non-trivial subobjects F — E[k] in Coh?(X).

Note that vy, ,,-stability defines a Harder-Narasimhan (HN) filtration on Coh?(X), and so a
weak stability condition on D(X) [5, Proposition 12.2].
In Fig. 1 we plot the (b, w)-plane simultaneously with the image of the projection map

M: K(X)\ {E: chy(E) =0} — R?,

h|(E).H"™'  chy(E).H"
B chi (E) ¢ 2(E) (10)
cho(E)H" cho(E)H"
The pair (b, w) for our weak stability condition vy, 4, is in the shaded open subset
U = {(b,w) e R*: w > 1p?}. (11)

2 To have a weak stability function whose imaginary part is non-negative and the real part is linear, we replace

Zy, B=bH in [5, Proposition 12.2] by

2 2

_ _ b
iZypg —bIm[i Zy py] = —chy N +chy H" (O; + 2) +i(chy H - bchg H™)

2 2
and substitute %- + % with w.
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w H"2chy
> H™chg
Cho(E) =0 A Cho(E) 7é 0
0~ _ Oy -
U
by
- [ II(E)
62 -7
:—1 h :—1 h
b7 HH"C}?(]I b’ HH" Cﬁ[)l

Fig.2 The line segments ¢; N U are walls for E

Also, the image IT(E) of vy, ,,-semistable objects E with cho(E) # 0 is always outside U
due to the classical Bogomolov-Gieseker-type inequality for the H-discriminant,

A(E) := (chy (E).H?)* — 2(chg(E) H*)(chy(E).H) > 0, (12)

proved for vy ,,-semistable objects E in [5, Theorem 3.5]. The slope vy ., (E) of E is the
gradient of the line connecting (b, w) to IT(E), see [23, Section 1.3] for more details.

Objects of D(X) give the space of weak stability conditions a wall and chamber structure,
explained in [13, Proposition 4.1] for instance.

Proposition 2.3 (Wall and chamber structure) Fix an object E € D(X) such that the vector
(cho(E), ch|(E).H?, Chz(E).H) is non-zero. There exists a set of lines {€;}icy in R? such
that the segments £; N U (called “walls”) are locally finite and satisfy (Fig. 2)

(a) If cho(E) # O then all lines £; pass through T1(E).
n—2
(b) If cho(E) = 0 then all lines €; are parallel of slope %
(¢) The vy y-(semi)stability of E is unchanged as (b, w) varies within any connected com-

ponent (called a “chamber”) of U \ |, ; 4.
(d) For any wall £; N U thereisk; € Z and amap f: E[k;] — F in D(X) such that

— for any (b, w) € £; N U, the objects Elk;], F lie in the heart Coh?(X),

— E[k;] is vp,y-semistable with vy (E) = vp(F) = slope (¢;) constant on the wall
L NU, and

— f is a surjection E[k;] — F in Coh?(X) which strictly destabilises E[k;] for (b, w) in
one of the two chambers adjacent to the wall ¢;.

3 Large volume limit
As before X is a smooth projective complex variety of dimension n > 2 and H is an ample

divisor on X. In this section, we first prove the following general statement which holds for
any coherent sheaf.
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Fig.3 The wall ¢

Theorem 3.1 Given a coherent sheaf E of rank bigger than one, there is no wall for E
crossing the vertical line b = by at a point inside U whenever
1

n(E) — H cho(E) (cho(B) — 1) <bo < u(E). 13)

Proof Suppose for a contradiction that there is a wall £ for E which intersects the vertical
line b = by. Since E is vp 4 -semistable for (b, w) € £ N U, we have A(E) > 0 (12). If
A(E) = 0, then [5, Corollary 3.10] implies that there is no wall for £ in U crossing the
vertical line b = bg for by < n(E), so we may assume A(E) > 0. Hence I1(E) lies outside

U=UUQJU. Let
(r,c, h):=(H" cho(E), H" ' chi(E), H" > chy(E)),

and let po be the intersection point of ¢ with the vertical line b = bg. The line segment
connecting the point [T(E) (which is outside U) to pp (which lies inside U and has lower
first coordinate, i.e. by < f) intersects the boundary dU at a point p; = (b1, wy), SO

c
by < b < —.
r

We know the mentioned line segment is part of the line £ which intersects U at another
point p = (ba, wy) with by < by < by, see Fig. 3.

Let 8,-::% — b; fori = 1, 2. The inequality (13) gives
c H"
- — ———— <by < by (14)
r r(r— H™)

which implies 0 < §; = & — by < r(rili;i") One can easily check

818y = A(2E)
r
Thus we get
bi —by =138 —6 =@—51
81r2
A(E) r(r — H") H"
T2 ~r(r—H")
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_ 2 AE)(r — H")? — H"

15

r(r— H") (15)

Step 1. First assume » > 3H" or A(E) > 3. Recall that r = H" cho(E) and E is of rank
bigger than or equal to 2, i.e. cho(E) > 2. Thus

r 2 r
2B (7 =1) = gt
and (15) gives
1
by —b .
1 D > g
Hence there is k € Z such that
by < b*:=

< b] ,
r— H"
so the wall £ intersects the vertical line b = b* at a point (b*, w*) inside U. Let
E1 — FE — E2

(16)
be a destabilising sequence for E which makes it unstable in one side of the wall ¢ with

(ri, ci, hi):=(H" cho(E;), H" "' chi(E;), H" * chy(E))) .
Atany (b, w) € £NU, wehave vy, (E) = vp (E;) fori = 1,2, s0

0 <Im[Zpy(E)]l=ci —bri <Im[Zp ,(E)]=c—br.
We consider two different cases:

Case i. First assume

)
hi —riw —w

—b
for (b, w) € U above the wall ¢, i.e. our destabilising sequence destabilises E below £. Then
r1 # 0 and

~s

= Vpw(Er) < vpw(E) =
c1 —nb

il

. —r
lim vy, (E)) =
w— 400

—1
< lim v u E) =
Ccl — b}’l w— 400 b, ( )

. (18)
s—b
Suppose by < b < by, then (18) implies r; > 0 as the denominators are positive by (17).
Thus (18) implies

Cl c
— < —. (19)
r r
The limit of (17) when b — b, implies that 0 < ¢; —rb;.
Combining this with (19) gives
0<<-L <5 =5_p. (20)
roor r
We claim

2n
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Then by (20) we get
H}'l
=" —byz
r r(r— H")
which is not possible by our assumption (14).
To prove the claim, first assume 0 < r; < r. We have
c cry —cir 1 c¢H"chy(E() — ciH"cho(E)

0<-—--=——"—=-.
roon rri r r

(22)

The numerator in the right fraction is a positive integral multiple of A" and
ri = H"cho(E1) < H"(chg(E) — 1) =r — H".

Hence

1 cH"cho(E}) — ciH"chy(E) - 1 ( H" )
r r1 “r \r—H"
so the claim (21) follows from (22). If r < ry, inequality (17) at b = b* gives c; —b*r; > 0,
thus
c c—b*r ¢ —=b'ry c—br c—-0b'n

c_a_ — > . (23)
r ry r ry r r

We know b*r = Hokcho(E) and b*ry = Lokcho(Ey), so they are both integral

. H" 1 .
multiples of T = BT Since ¢, ¢1 € Z, we get

c—b*r —(c; —b*r) €

7
r— H”"

Applying (17) at (b*, w*) gives ¢ — b*r — (c1 — b*r1) > 0, thus (23) implies our claim
21).
Case ii. Suppose our destabilising sequence makes E unstable above the wall ¢, then

hy — row h_
——— = u(E2) < vpw(E) =%
cr — b =0
for (b, w) € U above £. Hence rp # 0 and
li Ey =2 I Ey= —
W B = Ty < i waB) = g
If b, < b < by, (17) implies ro > 0 and so
2 <. (24)
rnor

Then limit of (17) when b — b, implies that
51=E—b12€—2>0.
r r Il

Hence applying the same argument as in (22) and (23) reach a contradiction.

Step 2. Finally, we show that if r = 2H" and A(E) = 1, or 2, there is no wall for E in
U, so the claim follows. Suppose there is a wall with the destabilising sequence (16). The
same argument as in [5, Corollary 3.10] gives

0 < A(E;) = ¢? —2rihj < A(E) .
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Fig.4 The line (¢ H"=2 chy

» Hn Cho

If A(E) =1, then A(E;) =0fori =1,2,s0

1= A(E) = (c1 + 2)* = 2(r1 + r2)(hy + h2) = 2c1¢2 — 2(r1hy + r2hy)
which is not possible. Similarly, if A(E) = 2, one of the following cases happens:
(a) A(E;) =0fori =1, 2. Since H"|r;, we get H"Icl.z, but

A(E
1= % =cicy — (rihy + r2hy)

implies that gcd(H", ¢;) = 1, a contradiction.
(b) A(E1) =1and A(E,) = 0, then

1 =A(E) — A(Ey) =2c1¢0 — 2(r1hy +12hy)

which is notagain possible. Similar argument applies to the case A(E1) = Oand A(Ep) =
L.
(¢) A(E;) =1fori =1,2, then gcd(H", cl.z) = 1fori =1, 2, but

0=A(E) — A(E1) — A(E2) = 2c1c2 — 2(r1hy + r2hy)
which implies H"|c|c», a contradiction.

[m}

By combing the ideas in the proof of Theorem 3.1 and the notion of safe area introduced in
[14], we get the following.

Proposition 3.2 Take a ju-stable coherent sheaf E of positive rank, and let £ be a line passing
through T1(E) which intersects dU at two points with b-values by < by < p(E) satisfying

0 <u(E) —by < n(E) — w™(E) and  cho(E)(u(E) —by) < by — b,
where W™ (E) is defined as in (1). Then E is vy, y-stable for any (b, w) € £ N U.

Proof A similar argument as in [7, Proposition 14.2] or [5, Lemma 2.7] implies that E is
Vp,w-stable when b < w(E) and w > 0.

If A(E) = 0, then [5, Corollary 3.10] implies that there is no wall for £ on the left hand
side of b = w(E), so the claim follows. Thus we may assume A(E) > 0, i.e. [I(E) lies
outside U = U U dU. Then there is a unique line through IT(E) which is tangent to dU at a
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point to the left of IT(E). If we move this line upwards while making it pass through IT(E),
its intersection point with U move further apart until we find a unique £g for which the
b-values b} < b of the two points of £ N AU satisfy

1

n(E) — bi = min {M(E)_Mmax(E) ) m

vt — b;v} . 25)

We show there is no wall for E above the line £ to the left of IT(E). Since the line £ in the
Proposition lies above £, the claim follows.

Suppose for a contradiction there is a wall ¢ for E which lies above £ to the left of T1(E)
and intersects dU at two points with b-values by < by satisfying

by <b3 and b} < b < p(E). (26)

Let Ey < E — Ej be a destabilising sequence for £ which makes it unstable below
£. We first show that both £ and E, are coherent sheaves. Taking cohomology from the
destabilising sequence gives the long exact sequence of coherent sheaves

0 — H Y (E)) — HYE)) — H(E) - HY(Ey) — 0.

This immediately gives Ej is a sheaf. Suppose H™Y(E,) is of rank #’ # 0. As we move
b1 byorb | byalong ¢, E; and E> remain in the heart Coh? (X) by Proposition 2.3. This
implies

w(H " (Ep) <by  and  pu(H°(E;) > b1 fori=1,2.
Combining this with (26) gives
chi(E)H" ' = chy(E)H"™" + chy(H*(E2)) H" ™" — chy(H ™' (E2) H"!
> H"b(cho(E) +r') — H"byr'
> H" bj cho(E) + H"r' (b — b3).

Therefore u(E) — b} > CholT(b’f — b3) which is not possible by (25), so r’ = 0. We know
‘H~Y(E>) is a torsion-free sheaf by the deﬁnitign (8) of Coh”(X), thus it is zero and E; is a
sheaf. Hence E is a subsheaf of E. The wall £ intersects the vertical line b = b} at a point
(b*, w) inside U where E| and E have the same vbT,w—slope, see Fig. 4. Thus

0 < Im[Zb’lk,w(El)] = Ch](E[)11"71 — bT Ch()(E])H"
which implies
b} < w(E1) < p(E).

The second inequality comes from pu-stability of E£. Note that the quotient sheaf £, cannot be
supported in co-dimension at least 2, otherwise its vy, ,,-slope is 400 and it cannot destabilise
E,so u(E1) # u(E). Therefore

H(E) —bT > w(E) — w(E1) = u(E) — u™*(E)

which is not possible by (25). O

The next step is to analyse points (b, w) € U where the shift of a slope-stable reflexive
sheaf is stable. The following Lemma is well-known, we add it for completeness.
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4186 S. Feyzbakhsh

Lemma3.3 Let E be a -stable reflexive sheaf of positive rank. Then E[1] is vy, -stable
2

forby = w(E) and all w > %0.

Proof By definition E[1] € Coh? (X) and Im[Zy,,,(E)] = 0. Therefore E[1] is vpy, -

semistable of slope +oo. Suppose E[1] is strictly vy, ,,-semistable, so there is a short exact
sequence in Coh? (X)

E; < E[1] = E» 27

such that vy, (E1) = Vpy,w (E2) = +00.
Case i. First assume H~!(E;) = 0, then

Im[Zpy,w(E1)] = chy(H*(E1)).H" ™" — boH" chy(H(E1)) = 0. (28)

If chg(HO(E1)) # 0, we get 1 (HY(E1)) = by which is not possible by the definition (8) of
Coh® (X). Therefore, E| is a sheaf supported in co-dimension at least 2. Taking cohomology
from (27) gives the short exact sequence of coherent sheaves

0—> E— H Y(E) > HYE) > 0. (29)

Since E is a reflexive sheaf, [15, Proposition 1.1] implies that E lies in the short exact
sequence

0-E—->G—>G —0

where G is a locally free sheaf and G’ is torsion-free. Since H°(E)) is supported in co-
dimension at least 2, we have

Hom(H%(E), G') = 0 = Ext! (H*(E}), G).

This implies Ext' (H°(E}), E) = 0, thus (29) gives H~'(E;) = E @ H°(E) which is not
possible because H~Y(E,) is torsion-free.

Case ii. If H~!(E}) # 0, the exact sequence H~'(E))[1] = E; — H(E})

in Coh? (X) implies that H-YED[1]isa subobject of E[1] of v, -slope +00; so there
is a short exact sequence

HUED[1] — E[1] - E} (30)

in Coh (X) where E} lies in the exact sequence H(E|) < Ej — E; in Coh™(X).
Note that Eé # 0 otherwise Ey = HO(E)[1] which is not possible because HOED[1] ¢
Coh?(X).

Taking cohomology from (30) gives a short exact sequence of coherent sheaves

0—H YE) - E— H(E) -0,
thus HO(EQ) = 0. The torsion-free sheaves E, H~'(E) and H~!(E}) satisfy
Im[ Zpy,w(E)]| = Im[ Zpy0o (K™ (E1))] = Im[ Zp,, 0 (K (ES))] = 0.
Thus they all have the same p-slope which is not possible by p-stability of E. O

By applying a similar argument to the proof of Proposition 3.2, we get the following.

Proposition 3.4 Take a ju-stable reflexive sheaf E of positive rank, and let £ be a line passing
through TI(E) which intersects dU at two points with b-values by < by such that

0<by—u(E) < p™(E)— u(E) and  cho(E)(by — p(E)) < by — by,
where p™(E) is defined as in (2). Then E[1] is Vp,w-Stable for any (b, w) e LN U.
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Fig. 5 The line ZE[]J

Proof Lemma 3.3 implies E[1] is vy, ., -stable for by = w(E). Thus the structure of walls
described in Proposition 2.3 implies that E[1] is vp,,,-stable where u(E) < b and w > 0.

If A(E) = 0, there is no wall for E[1]in U by [5, Corollary 3.11(a)], so the claim follows.
Hence we may assume A(E) > 0. There is a unique line £g[1] passing through IT(E) such
that the b-values b3 < b} of the two points of ££[1) N OU satisfy

b3 — p(E) = min {um(m — u(E) , (b} — bz‘)} : 31)

cho(E)

To prove the claim we only need to show there is no wall for E[1] above the line ££[1) to
the right of TI(E), see Fig. 5. Suppose there is such a wall £ above ¢ E[1] whose intersection
point with U has b-values by < b satisfying by < b; and b < bi.Let E; < E[1] - E,
be a destabilising sequence which makes E[1] unstable below £. Taking cohomology from
the destabilising sequence gives the long exact sequence of coherent sheaves

0— H U (E) > E L 1 (Ey) — HOUE) — 0. (32)

We first show that HY(E1) is of rank zero. Suppose it is of rank r’ # 0, then
H"chi(E) = H" chi (K™ (EN) + H"™ chi (K™ (E2)) — H"™ chi (H(E1)

< H"by(cho(E) +r') — H"byr'

< H"b3 chy(E) — H" (b} — b})
which is not possible by (31). Thus HO(E1) is of rank zero and the exact sequence (32) gives

pm f) < p(H™(E)). (33)
Since ¢ crosses the vertical line b = b; at a point inside U, we gain
0 < Im[Zps ,(E2)] = —H"~" chi(H~'(E2)) + b3 H" cho(H ™' (E2)).
Combining this with (33) gives
by — u(E) > u(H™ " (E2)) — u(E) = pu(im f) — u(E) = p™™(E) — u(E)

which is not again possible by (31). O

Proposition 3.2 and 3.4 can be directly shown using [25, Theorem 1.3 and 1.4]. However,
we gave here independent proof. We finish this section by mentioning another way to control
the position of walls.
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2
Lemma 3.5 Take an object E € Coh? (X) which is Vb, wo -Semistable for some wo > %". If

0 < ch (E)H"™' — byH" chy(E) = min {chl(F)H"’l —boH" cho(F) #0 | F € COth(X)} ,

. b3
then E is vy, -stable for all w > 2.

Proof Assume otherwise, so when we move along the vertical line b = by, E gets strictly
2

. b,
Vpo,w-semistable for some w > 7"

There is an exact sequence E1 < E — Ej in Coh?o (X) such that vy, (E;) = vpy,w(E) <
~+00, thus Im[Zy,, , (E;)] # 0 fori =1, 2. Since

Im[Zpy,w (E1)] + Im[Zpy, 0 (E2)] = Im[Zp o (E)],

we gain Im[Z,  (E;)] < Im[Z, , (E)] which is not possible by our assumption. ]

4 Slope stability of the restricted sheaf

In this section, we prove our main result Theorem 1.1 which provides sufficient conditions to
the slope stability of the restriction of a slope stable reflexive sheaf to a hypersurface. Firstly,
we examine u-stability of a sheaf supported on a hypersurface via the Chern character of its
push-forward.

Lemma 4.1 Take an irreducible divisor D € |kH| with the embedding i: D — X. A
coherent sheaf F on D is
-(semi)stable if for any quotient sheaf F — F', we have

chy (i F).H" 2 chy(i F').H" 2

NN G N Y T (34)

Proof For any coherent sheaf Q on D, by adjuction, we get

x(Op(=mH|p), Q) = x(Ox(—mH), i, Q).
Since X is a smooth projective variety, Hirzebruch-Riemann-Roch Formula gives

n—1

X(Ox(=m), i, Q) = chy (i, Q)H" "

(n—1)!
) 4o chi(ixQ).Kx.H" ™2\ m"2
—l—(chz(l*Q)H - > ) n—2) +...
Thus
@ 1(ixQ)  chi(QH!
= o~ kHT
and

deg(Q) = ay—2(ixQ) — 1k(Q) @y—2(ixOp)
chi (i, 0).Kx.H" 2

2
_chl(i*Q)H”_l (_sz" kH"—l.KX>

= chy (i, QH"? -

kH" 2 2
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Since Q is supported on an irreducible divisor D € [kH |, ch| (i, Q) is a multiple of H, so

. ok . _
deg(Q) = chy (i, Q)H" 2 + 5 chi (i, Q)H" .
Therefore, if «;,—1 (i, Q) # 0, the slope of Q is

deg(Q)  ch(ixQH"* K*H"

M(Q) = (H|D)n—l I'k(Q) B Chl(i*Q)Hn_l 2

Hence, for a quotient sheaf F — F’ on D, we have u(F) < (<) w(F’) if and only if (34)
holds.
O

The next proposition describes how we can use the 2-dimensional slice U of weak stability
conditions to prove the p-stability of the restricted sheaf.

Proposition 4.2 Let E be a reflexive sheaf on X such that for a point (b, w) € U, E and
E(—kH)[1] are vy, y -semistable objects in Cohb(X) with

Vp,w(E) < vp o (E(=kH)[1]). (35)

Then the restricted sheaf E|p for any irreducible divisor D € |kH| is p-semistable on D if
it has no quotient sheaf E|p — F whose point Z, ,(F) lies inside the triangle Nopp’ oron
its sides except op’ where p = Zjp ,(E) and p' = Zp (E|D).

Proof Consider the short exact sequence of coherent sheaves Ox (—kH) — Ox — 1,Op.
Taking the derived tensor product (— ®% E) gives the exact triangle

E(—kH) > E — i,Op Q" E

in D(X). By the projection formula i,Op ®* E ~ i,(Li*E). Taking cohomology from
the above exact triangle together with the assumption that E is torsion-free implies that
H (i (Li*E)) =0 and s0 i,Op @ E = E|p.

Since E and E(—kH)[1] are in the heart Coh? (X), the exact triangle

E — E|p - E(—kH)[1] (36)

Im[Zp ] = chy H"™! — bH™ chy
Zyw(E|D) = D

p= Zb,w(E)

> Re[Zy.] = —cha H"2 + wH™ chy

Fig.6 The triangle Aopp’
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implies that E|p € Cohb(X). Let F* < E|p be the subobject of E|p of maximum Vp,w-
slope in the HN filtration of E|p. If vp 4, (FT) > v (E(—k)[1]), then (35) implies

hom(F™, E(—=kH)[1]) = hom(F ™, E) =0

which is not possible by the exact sequence (36), thus the maximum slope umdx(E| p) in the
HN filtration of E|p satisfies

Vpw (EID) < vpw(E(=kH)[1]). (37)
A similar argument also implies
vy (E) < v (E|p) (38)

where vmm(E|D) is the minimum vy, ,,-slope in the HN filtration of E|p.
Suppose E|p is not u-semistable on D. Then there is a sequence of coherent sheaves

F' < E|p - F (39)
such that u(F) < w(E|p) < w(F’). By definition of the heart Coh?(X), any torsion sheaf

n—2
Q is in the heart and its vj_,-slope is equal to % if chi (Q)H"~! +# 0, otherwise it

is +-00. Thus (39) is an exact sequence in Coh®(X) and by Lemma 4.1,
Vo,uw(F) < vpuw(E|D) < vpuw(F).
This implies Z;, ,,(F) lies to the right of op’, see Fig. 6. Moreover, we have
VI(E|p) < vp,w(F) < vpu(F') < v (E|p).
Combining this with (37) and (38) shows that
vpw(E) < vpy(F) and vy (F') < vpy(E(=kH)[1]). (40)

The first inequality implies Z ., (F) cannot be to the right of op, and the second one shows
Zp,u (F) cannot be above p’p. Note that the slope of the line segment p’p corresponds to
vp.w(E(—kH)[1]). Hence Z, ,,(F) lies inside Aopp’ or on the line segments op or pp’. O

Proposition 4.2 in particular, implies the following result.

Corollary 4.3 Let E be a slope-stable reflexive sheaf such that E and E(—kH)[1] are
Vp,w-Stable of the same slope, then E|p is w-stable for any irreducible divisor D € |kH|.

Proof By Proposition4.2 E| p is t-semistable. Suppose it is strictly p-semistableand E|p —»
F is a proper quotient sheaf with u(E|p) = w(F). We know F is also a quotient object of
E|p in Coh?(X) with the same Vp,w-slope as E|p. Thus E|p is strictly vp,,,-semistable.

Since E is v, -stable, the composition E — E|p — F in Coh?(X) must either be
zero or injective. It cannot be zero because this would give a surjection E(—kH)[1] - F
in Coh?(X), contradicting the vy, ,,-stability of E(—kH)[1]. Thus it is injective, then its
cokernel C in Coh?(X) lies in a commutative diagram

EC“——= E|p — E(—kH)[1]

T

F C.
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Since E and F are vp ,,-semistable of the same slope, C is also vj, ,,-semistable. Hence the
right hand surjection again contradicts the vy, ,,-stability of E(—kH)[1].
O

Proof of Theorem 1.1 Take a u-stable reflexive sheaf E on X of rank rk = chg(E) > 0. If
rk = 1, the claim is trivial, so we may assume rk > 2. Let £ be the line passing through
I(E) and TTI(E(—kH)) for k > 0, and let r = H" cho(E). If

4 2
—A(E) <k™, (41)
r

then £ intersects the boundary dU at two points with b-values by < by where

b1, by = w(E) kjE K2 A(E)
1,02 =[ 3 2 2

By Proposition 3.2 and 3.4, E and E(—kH)[1] are v y,-stable for any (b, w) € £ N U if the
following three conditions are satisfied:

@ (b2 — W(E(—kH)) = i (W(E) — b1) < by — by = 2,/ & — 5E)
(b) 1(E) — by < 8(E)
(©) by — W(E(—kH)) < §(E)

where 8(E) = min {u™"(E(—kH)) — u(E(—kH)), u(E) — n™(E)}.
The condition (a) is equivalent to

ro [k K A(E) K A(E)
- <2.— =

H' |2 V4 2 4 2
and thus to
2H" )’
( + 1) A(E) < H" (r + H") k*. (42)
,
This holds if and only if
A(E k +2 A(E
k> (E) _rk+ (E) 43)
H" (r + H™) tk \ (H")2(k +1)
Note that (42) and so condition (a) implies (41). Also (b) and (c) are equivalent to
k k2 A(E
— == ()<8(E) (44)

2 4 r2
which holds if and only if

A(E) k|2 A(E)
S <dB s+ | (45)

If we have strict inequalities in (3), using K(E )= i Ifn(ﬁ())z = Ar(f ) , one can see (43) and

(45), and so conditions (a), (b) and (c) hold. Thus E and E(—kH)[1] are vy, ,,-stable of the
same slope for (b, w) € £ N U, so E|p is p-stable by Corollary 4.3.
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Fig.7 Stability of the restricted w. 2 H n—2
bundle 7 cho H™

Now suppose we have equality in (a), (b), or (c) which means equality in one of the
inequalities in (3). The above computation shows that still (41) holds, so £ N U # (. Then
the structure of walls and Proposition 3.2 and 3.4 imply that E and E(—kH)[1] are vy, -
semistable for (b, w) € £NU. Hence E|p is pu-semistable on D by Proposition 4.2 (Fig. 7).

O

As a consequence of Theorem 1.1, we obtain a variant of Langer’s restriction Theorem
[19, Theorem 5.2].

Corollary 4.4 Let E be a u-stable reflexive sheaf of rank tk > 1. The restricted sheaf E|p
Sfor any irreducible divisor D € |kH| is ju-stable if

H"tk (tk —1)A(E
k > r(r )()+H"

rk (rk—1) (40

Proof We always have

H"rk(tk —1) =8(E).

k k2 A(E) o < §(E)
2 Vs~ S HokGk—1) O

Therefore (44) and so the second inequality in (3) is satisfied. If rk > 3 or A(E) > 3, then

(k+2)2 A(E) <(rk_1) A(E))2

T T <
tk+1 (H"rtk)2 — H"rk

- ! + B kak — 1)) ’
N ik —1) _AE)
=\ Brikak—n (H" 1k)?
4

49 12

Thus (46) implies

Thus the first inequality in (3) holds as well, so the claim follows from Theorem 1.1.

Ifrk = 2and 0 < A(E) < 2, then the assumption (46) implies that (41) holds. Thus
there are points (bg, wo) € U where E and E(—kH)[1] are in Coh? (X) and have the same
by, wo-Slope. Moreover, the same argument as in Step 2 in the proof of Theorem 3.1 implies
that there are no walls for E and E(—kH)[1]in U. Thus E and E(—k H)[1] are vy, ,,-stable
and so the claim follows from Corollary 4.3. O
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Remark 4.5 [19, Theorem 5.2] covers more general cases than Corollary 4.4, it allows X to
be a smooth projective variety over an arbitrary algebraically closed field, and assumes E to
be a p-stable torsion free sheaf with respect to some nef divisors.

In some special cases, we have more control over the position of the walls for £ and
E(—kH)[1], so we gain stronger effective restriction results. For instance, suppose (X, H)
is a smooth polarised complex projective variety of dimension n > 2 such that

H" divides H'.H"~" for all H' € Pic(X). (47)
Let E be a p-stable reflexive sheaf with ged (H” cho(E), chy(E)H"™") = H". We define
m(E)* =min{m € N: m' H" cho(E) —m chi(E)H"™" = £H" forsomem’ € Z}.

Proposition 4.6 Let E be a ju-stable reflexive sheaf as above with rank tk > 1. The restricted
sheaf E|p for any irreducible divisor D € |kH | is p-(semi)stable on D if

A(E)
>(z) —— 94, (48)

where § = E X min{—== }. In particular, E|p is pu-(semi)stable if

m(E)‘*' ’ m(E)‘

k>(>) tk(tk —1)A(E) + ﬁ . (49)

Proof First of all, since § < 5, (48) is equivalent to

2
g_,/%—A(E) <(2)3$. (50)

As in the proof of Theorem 1.1, let £ be the line passing through TT(E) and IT(E(—kH)).
First assume the inequality in (48) is strict, so
2

k% — 4A(E) > (Q - 5) . (51)

Thus (41) holds and so £ N U # . Let b, < by be the values of b at the intersections points
of £ with dU. Hence (50) with applying the same argument as in the proof of Theorem 1.1
implies

W(E)—b1 <8 and by — u(E(—kH)) < 6. (52)

Therefore the line £ intersects the vertical lines b = u(E) — T ( = andb = w(E(—kH))+

rkm(E)+ at points inside U. So by Lemma 3.5, E and E(—kH)[1] are vp 4, -stable for any
(b, w) € £N U and the claim follows from Corollary 4.3. If we have equality in (48) which
means equality in (51) or (52), we obtain the claim by applying Proposition 4.2 at the point
(b, w) € U just slightly above £.

Finally, by definition of m(E )i, we know § >
D € |kH| is pu-(semi)stable if

E E Z(E) (<)¥
2 Va4~ =S Kek -

which is equivalent to (49). O

m. Thus (50) implies E|p for
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5 Clifford indices of curves over K3 surfaces

In this section, we assume (S, H) is a smooth polarized K3 surface over C such that
H? divides H.D for all curve classes D on S.

Let¢: C — S be any smooth curve in the linear system |H| of genus g. It is proved in [20]
and [3, Theorem 1.1] that there exists a globally generated degree d line bundle A on C with
r global sections if and only if

p(r—1.d,g)=g—-—r(g—1-d+r)=0. (53)
Take such a line bundle A on C. Then the kernel of the evaluation of sections of ¢, A
0— Fea— HYC,A)® 05 = 1,A > 0 (54)

is a vector bundle of rank r. The Lazarsfeld-Mukai bundle Ec_4 associated to the pair (C, A)
is the dual of F¢ 4 and it is of character

ch(Ec,a)=(r, H, g—1—d).

The bundle Ec 4 has been appeared, for example, in Lazarsfeld’s proof of Brill-Noether
Petri Theorem [20], in the Mukai’s classification of prime Fano manifolds of coindex 3,
or in Voisin’s proof of Green’s canonical syzygy conjecture [26]; see [2] for a survey of
applications.

The p-slope of any destabilising subsheaf of Fc 4 must be less than zero because of the
exact sequence (54), thus Fc 4 and so Ec 4 are p-stable. Hence (53) implies that for any
chy € 7Z with

0<ch <%, (55)
r
there is a stable vector bundle Ec 4 of Chern character v = (r, H, chp) for any curve

C e |H|.

The restriction of Lazarsfeld-Mukai bundle Ec_ 4 to curves on the K3 surface S has led to
counterexamples to M3(C) [12] and My(C) [1]. By applying Theorem 1.1, we extend these
results to higher ranks.

Proof of Theorem 1.2 By Proposition 4.6, inequality (49), we know E|¢ is u-semistable if

- 1

1> r(r — DAE) + ———

= r(r = DA + ——
r—1 1
> (M2 —2rchy) 4+ ———
= rehe) + T

which clearly holds when chy > 0. Since E is p-stable of positive slope, hom(E, Ox) = 0,
thus

h°(S, E) = x(Os, E) + h' (S, E) > x(Os, E) = 2r +ch,.
Hence if » > 2 and chy > 0, the restricted bundle E|¢ is u-semistable with
deg(E|lc) =2¢—-2<r(g—1) and 2r <h%S,E) <h®%C,E|c).
The last inequality follows from hom(QOgs, E(—H)) = 0. So E|c contributes to the rank

r-Clifford index of C.
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By (53), we obtain Cliff (C) = LgTAJ Moreover,

Cliff(E|¢) <

20 -2 2
82 20 +chy)
r r

and the right hand side is clearly less than L%J when (i) r > 4, or (ii) r = 3 and

hy <445 |81 (56)
—C < = — .
8 2 ) )

Ifr >4and g > r2, then by (55), there is a stable vector bundle £ on S with Chern character
(r, H, chy) such that chy > 0. The above argument implies E|c contributes to the rank
r-Clifford index of C and

—1
Cliff, (C) < CIiff(E|¢) < {gTJ :

thus M (C) fails. If » = 3, then by (55) there is a stable vector bundle E of class (3, H, chy)
when chy, = L%J — 3. Then (56) implies Cliff (E|¢) is less than the expected number if

L8] easd| 5]

which holds for g = 7,9 and g > 11 as claimed. O

6 Slope-stability of the restriction of tangent bundle of "

Let S be a smooth projective K3 surface and let L be an ample line bundle generated by its
global sections. The kernel of the evaluation of sections of L is denoted by M (6). In this
section, we prove M is j-stable with respect to L.

Let L = kH where H is a primitive ample line bundle on S. Similar to Section 2, we
define vy, y,-stability and the projection IT (10) with respect to the polarisation H. On K3
surfaces, we can slightly enlarge the 2-dimensional slice of stability conditions U due to a
stronger Bogomolov-type inequality. Recall that an object E € D(S) is called spherical if
Homp(s)(E, E[i]) = C fori = 0, 2 and it is zero otherwise.

Lemma 6.1 For any point (b, w) € R? with w > % — # the pair (Cohh(X), Z;,yw) isa
Bridgeland stability condition on S if for any spherical bundle E on S with w(E) = b, we

cha (E)
have T ehy(B) < W

Proof As it is shown in the proof of [7, Lemma 6.2], we only need to check that for any
slope-stable vector bundle E on S with Im[Z; ,,(E)] = 0, we have Re[Z; ,,(E)] > 0. We
know Hom(E, E) = Hom(E, E[2]) = C, thus Riemann-Roch theorem gives

—x(E, E) =Y (=1)'*! dim¢ Homi (E, E) = —2 + dim¢ Homy (E, E[1])

= (chi(E))” = 2chy(E)(chy(E) + chy(E)).

which implies —x (E, E) > —2.If E is not spherical, i.e. —x (E, E) > 0, then Hodge index
theorem gives

1 <ch1(E).H )2_ chy(E) 1
= 2 \ H2¢chy(E) H2cho(E) H?'
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Fig.8 No projection of spherical w. gzhz )
objects in the grey area V ' Ii cho w = %
i
v l
SI(L)
// :
// :
4 I
// !
ya
// !
/ N - H.ch
/10 k > b, H2Cchlo
II(M7p,)
Hence if w(E) = b, we get
o RelZpu (B)] = — g w0
e = — w > 0v,
HZcho(E) " HZ cho(E)
because w > % — # by our assumption. Thus we only need to check positivity of the real
part for spherical bundles as mentioned. O

The next step is to control the position of the projection of spherical bundles. Since #°(L) =
x(Ox. L) =& +2, we get

L? L?
Ch(ML) = (7 + 1, —L, —7> .

Define

(57

——b<w

vl epes - _2LH_ _, LH L |
H2(L2+2) — H? ’ 2LH

Lemma 6.2 Ifk = L.H/H? > 1, there is no spherical bundle E on S such that its projection
[1(E) lies in the area V, see Fig. 8.

Proof Suppose for a contradiction that there is such an spherical bundle E of class ch(E) =
(chg, chy, chy).
Since x (E, E) = 2, the Hodge index theorem gives

1 (ch)? chy 1
H2(chg)2 ~ 2H2%(chg)2 H2chy H?
1/ Hch \> ch 1
< - - — 58
_2(H2Ch0> HZ?chy H? (58)

Thus IT(E) cannot be in the area U above w = %, SO

2L.H _H ch; L? chy

— 4 - 59
HXL?+2) — Hlchy ~ =~ H2(L2+2) ~ HZchy (59
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Combining (58) and (59) gives

L2 chy _1( Hch 2 1
_ - Ach
H2(L?2+2)  H2chy ~ HZ2chg

2 T H2(ch)2
1 2L.H \? 1 1
< |— ) - =4+ ——
=2\ HX(L2+2) H? ~ H?(chg)?
which implies

1 - L2 1 2L.H \> 1 4
H2(chg)2 =  HX(L2+2) 2\ HXL?+2)

+ H?2 = H2(L2+2)2 :

Here the last equality comes from L = kH. Thus we get chy < %2 + 1.

02 \which gives — chg +1 < chy as chy € Z.

The second inequality of (59) gives —1 < tho

Combining this with (58) gives

1 1 chy 1 H? [ Hchy \?
—_——_——_— < — 4 1l - < —
chg (chg)? — chy (chg)2 — 2 HZ chg

. . . 2
If chg > 1, the left hand side is minimum when chg is the maximum value LT + 1, so we
must have

2L _H? (Hch \?
(L2+2)2 = 2 \H?chg

which is not possible by (59). Thus chy = 1, so (59) gives

2 2L.H

S e

k L2 42

which is not again possible for k > 1. O

< Hch; <0

Therefore, by Lemma 6.1, the pair (Cohb (X), Zb,w) is a Bridgeland stability condition
on D?(X) for any (b, w) € Vifk > 1.

Proof of Theorem 1.3 The line bundle L is in the heart Coh?(X) for b < k = I}I—IZ Since
A(L) = 0, it is vp 4 -stable for any (b, w) € U [5, Corollary 3.11(a)]. Similarly, Ox[1] €
Cohb(X) for b > 0 and it is vp y-stable for any (b, w) € U. Let £ be the line passing
through IT(L) and IT1(Ox). Then L and Ox[1] are vj,w,-stable of the same slope for any
(bo, wo) € € N U. Thus the short exact sequence

L M[1] - 02Dy

in Coh?0(X) implies that M [1] is also v, ,-semistable.

We claim M [1] is vy, ,+-stable where wo < wt <« wy + 1. Otherwise, the structure
of locally finite set of walls described in Proposition 2.3 shows that there is a destabilising
sequence

Ey — M[1] —» E>

such that the E; have the same vp, v,-slope as M [1] and they make M/ [1] unstable above
l,1.e.

Vo, w(E1) = Vpg,w(MLI1]) > vpy,w(E2) (60)
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for any w > wg. Hence, rank of E; is negative. We know vy, ,-stable factors of E; and
E, are the Jordan-Holder factors of My [1]. Since L and hO(L)—Copies of Ox|[1] are the
Vpo,wo-Jordan-Holder factors of My [1], we gain the stable factors of E are either

(a) L and m-copies of Ox[1], or
(b) m’-copies of Ox[1].

In the first case, E2 must be the direct sum of copies of Ox[1] and clearly (60) does not hold.
In case (b), we get hom(Oyx, M) # 0 which is not possible by the definition of My (6),
thus there is no such destabilising sequence and the claim follows.

Ifk = LH—’Z = 1, Lemma 3.5 implies that there is no wall for My [1] crossing the vertical
line b = 0. Thus vy, ,,+-stability of Mp[1] implies that it is vy—0,,-stable for w > 0. Hence
M| is p-stable [7, Proposition 14.2].

If £k > 1, we claim there is no wall for M [1] in the region V (57) and it is vp -
stable for any (b, w) € V. Suppose there is a wall £/ in V with a destabilising sequence
E| <> M[1] - E;. We know this wall ends at [T(M}). For any (b, w) € ¢’ NV, we have
Zpw(E) # 0 and

|Zpw(ED) | + | Zbw(E2)| = | Zpw(MLI1]D)]

which implies |Z, ,(Ej)| < |Zp,w(Mp)|. If we move (b, w) along the wall ¢ towards
II(My), then | Zp, ,, (M [1])| — 0, thus

|Zb,w(Ed)| = |(chi(E))H — bH? cho(E;))i + H* cho(Ei)w — chy(E;)| — 0.

Therefore cho(E;) # 0 and IT(E;) = I1(M}), so the E; have the same vy, ,,-slope as M [1]
for any (b, w) € V and cannot make a wall. Thus, in particular, M [1] is v, ,-stable for
any (b, w) € V with b = u(Mp), so it is p-semistable [5, Lemma 2.7]. If M| is strictly
j-semistable, there is an exact sequence F; < My — F> of p-semistable coherent sheaves
of the same slope. Thus vy—, (M, ),w-slope of F;[1] and M [1] are equal to +o0 and they
are in the heart Coh*™w) (X). Hence M [1] is strictly vp—,. (M, ),w-semistable which is not
possible by the above argument. O
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