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Abstract
We prove an effective restriction theorem for stable vector bundles E on a smooth projective
variety: E |D is (semi)stable for all irreducible divisors D ∈ |kH | for all k greater than an
explicit constant. As an application, we show that Mercat’s conjecture in any rank greater
than 2 fails for curves lying onK3 surfaces. Our technique is to use wall-crossing with respect
to (weak) Bridgeland stability conditions which we also use to reprove Camere’s result on
slope stability of the tangent bundle of P

n restricted to a K3 surface.

1 Introduction

Inspired by the construction of Bridgeland stability conditions on K3 surfaces [7] Bayer et
al. [5, 6] studied weak stability conditions on any smooth complex projective variety. In
this paper, we use wall-crossing with respect to these weak stability conditions to prove an
effective restriction theorem that expresses sufficient conditions on a slope-stable reflexive
sheaf such that its restriction to a hypersurface remains stable. Restriction theorems provide
us with the possibility of studying higher dimensional varieties via the geometry of their
subvarieties. That is why they have been long-studied via different approaches; see [16,
Chapter 7] for a survey.

Let X be a smooth complex projective variety of dimension n ≥ 2 with an ample divisor
H . For a μ-stable coherent sheaf E of positive rank on X , we define

˜�(E) :=
(

ch1(E).Hn−1

ch0(E)Hn

)2

− 2
ch2(E).Hn−2

ch0(E)Hn
,

μmax(E) := max {μ(F) : F is a subsheaf of E with μ(F) < μ(E)} , (1)

μmin(E) := min
{

μ(F ′) : F ′ is a proper quotient sheaf of E
}

, (2)

and δ(E):=min
{

μmin(E) − μ(E), μ(E) − μmax(E)
}

.
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4176 S. Feyzbakhsh

Theorem 1.1 Let E be a μ-stable reflexive sheaf on X of rank rk > 0. The restricted sheaf
E |D for any irreducible divisor1 D ∈ |kH | is μ-semistable on D if

k ≥ rk+2√
rk+1

√

˜�(E) and
k

2
+

√

k2

4
− ˜�(E) ≥ ˜�(E)

δ(E)
. (3)

Moreover, E |D is μ-stable on D if the inequalities in (3) are both strict.

The μ-slope of a coherent sheaf and the notion of μ-(semi)stability are defined in Section 2.
Note that if k ≥ 2δ(E), the conditions in (3) are equivalent to

k ≥ max

{

rk+2√
rk+1

√

˜�(E) , δ(E) + ˜�(E)

δ(E)

}

. (4)

When rk > 1, we always have δ(E) ≥ 1
Hn rk(rk−1) . If we substitute this lower bound, we

obtain one of Langer’s restriction theorems [19], see Corollary 4.4 and Remark 4.5 for more
details.

Clifford indices

The Clifford index Cliff(C) of a smooth curve C is the second important invariant of C after
the genus g, which carries the information of special line bundles onC . Lange and Newstead
[22] proposed a generalisation of Cliff(C) to higher rank Clifford index Cliffr (C) which
depends on rank r -semistable vector bundles on C .

Take a vector bundle E of rank r and degree d on C . The Clifford index of E is defined as
Cliff(E) = 1

r (d − 2(h0(E) − r)). We say E contributes to the rank r -Clifford index of C if
E is μ-semistable with degree d ≤ r(g − 1) and h0(C, E) ≥ 2r . Then the rank r - Clifford
index of C is defined as the quantity

Cliffr (C):=min
{

Cliff(E) : E contributes to the rank r−Clifford index of C
}

.

Note that Cliff1(C) = Cliff(C) is the classical Clifford index of C . In terms of these new
invariants, Mercat’s conjecture [24] can be expressed as

Mr(C) : Cliffr (C) = Cliff(C)

which says higher rank Clifford indices are equal to the rank one Clifford index.
Curves over K3 surfaces have played an important role in the Brill-Noether theory of

vector bundles on curves. In [4], the conjecture M2(C) was proved for any smooth curve
C ∈ |H | on a K3 surface S when Pic(S) = Z.H . Using this, M2(C) was shown for generic
curves of every genus. However, the restriction of Lazarsfeld-Mukai bundles on S to the curve
C (see Section 5 for a definition) have led to counterexamples to M3(C) [12] and M4(C)

[1]. As a consequence of Theorem 1.2, we generalise these results to higher ranks and show
Mr(C) fails for r ≥ 3 and any smooth curve C ∈ |H |.
Theorem 1.2 Let (S, H) be a smooth polarised K3 surface such that

H2 divides H .D for all curve classes D on S, (5)

e.g. Pic(S) = Z.H. Take a μ-stable vector bundle E on S with Chern character ch(E) =
(r , H , ch2) such that r ≥ 2 and ch2 ≥ 0. Then for any smooth curve C ∈ |H | of genus g,
1 D can be singular.
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An effective restriction theorem... 4177

the restricted bundle E |C contributes to the rank r-Clifford index of C. If r ≥ 4, or, r = 3
and g − ch2 < 4 + 3

2� g−1
2 �, then

Cliff(E |C ) < Cliff(C) =
⌊

g − 1

2

⌋

.

In particular,Mr(C) does not hold if either (i) r ≥ 4 and g ≥ r2, or (ii) r = 3 and g = 7, 9
or g ≥ 11.

Slope stability of the restriction of tangent bundle of P
n to a K3 surface.

Let S be a smooth projective K3 surface and let L be an ample line bundle generated by its
global sections on S. Then there is a well-defined morphism

φL : S → P(H0(L)∗) ∼= P
n .

In the final part of the paper, we apply wall-crossing with respect to Bridgeland stability con-
ditions on K3 surfaces to reprove Camere’s result on slope-stability of φ∗

LTPn . The restriction
of the Euler exact sequence to the K3 surface S and tensoring with L∗ gives the short exact
sequence

0 → (

φ∗
LTPn

)∗ ⊗ L → H0(S, L) ⊗ OS
ev−→ L → 0 .

Theorem 1.3 [8, Theorem 1] Let S be a smooth projective K3 surface over C, and let L be
a globally generated ample line bundle on S. Then the kernel ML of the evaluation map on
the global sections of L

0 → ML → H0(S, L) ⊗ OS
ev−→ L → 0, (6)

is μ-stable with respect to L.

Method of the proof of Theorem 1.1

There is an abelian subcategory A ⊂ D(X) of the bounded derived category of coherent
sheaves on X which includes E and E(−kH)[1] for k ∈ N. Thus for any irreducible divisor
D ∈ |kH |, the restricted sheaf E |D lies in an exact sequence

E → E |D → E(−kH)[1]

inA. The slope-stability of the reflexive sheaf E implies that there is aweak stability condition
σ onA such that both E and E(−kH)[1] are stable with respect to σ . If k is large enough, we
may apply wall-crossing techniques to show that we can deform the weak stability condition
σ , while keeping E and E(−kH)[1] stable, to reach a weak stability condition σ ′ where E
and E(−kH)[1] have the same slope (phase). Thus their extension E |D is σ ′-semistable of
the same slope. Then a general argument immediately implies that E |D is slope-stable.

The main advantage of this method is the possibility to strengthen effective restriction
theorems for special sheaves E as soon as we have more control over the position of the
walls for E and E(−kH)[1]; see for instance Proposition 4.6.
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4178 S. Feyzbakhsh

Related work

Theorem 1.1 appeared in an earlier version of this paper [9], where it was stated for K3
surfaces only. However the proof works for any variety, as the current version of the paper
makes explicit. The result has now found applications in [18, 21] to construct Bridgeland
stability conditions on Calabi–Yau threefolds, and in [17] to investigate the stability of the
restriction of stable vector bundles on a surface to any integral curve, not necessarilymultiples
of H .

In joint work with Li [11], we employed the techniques in the current paper and [10] to
compute rank ≥ 2 Clifford indices of curves over K3 surfaces.

2 Two-dimensional slice of weak stability conditions

In this section, we recall the notion of (weak) Bridgeland stability conditions on the bounded
derived category of coherent sheaves. The main references are [5, 6].

Let X be a projective scheme over C and let H be the class of an ample divisor on X .
Recall that the Hilbert polynomial P(E,m) of a coherent sheaf E is defined via the Euler
characteristic m �→ χ(E ⊗ OX (mH)). It can be uniquely written as

P(E,m) =
dim E
∑

i=0

αi (E)
mi

i !
with integral coefficients αi (E) for i = 0, . . . , dim E where dim E is the dimension of the
support of E [16]. If E is a coherent sheaf of dimension d = dim X , we define the rank and
degree of E as

rk(E):= αd(E)

αd(OX )
, deg(E):=αd−1(E) − rk(E) · αd−1(OX ).

Then for any coherent sheaf E , the slope is defined as

μ(E):=
{

deg(E)

Hd rk(E)
if αd(E) �= 0,

+∞ oth.
(7)

Definition 2.1 A coherent sheaf E of dimension d = dim(X) is μ-(semi)stable if for all
non-trivial quotient sheaves E � F we have μ(E) < (≤) μ(F).

From now on, we assume X is a smooth projective complex variety of dimension n ≥ 2.
For any coherent sheaf E on X , the Hirzebruch-Riemann-Roch formula shows that deg(E) =
ch1(E).Hn−1.

We denote the bounded derived category of coherent sheaves on X by D(X) and its
Grothendieck group by K (X). For any b ∈ R, consider the full abelian subcategory of
complexes

Cohb(X) := {

E−1 d−→ E0 : μ+(ker d) ≤ b , μ−(coker d) > b
}

. (8)

Here μ±(E) for a coherent sheaf E is the maximum (minimum) slope in the Harder-
Narasimhan filtration of E with respect to μ-stability. By [7, Lemma 6.1], Cohb(X) is
the heart of a bounded t-structure on D(X).
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An effective restriction theorem... 4179

Fig. 1 (b, w)-plane and the projection �(E) when ch0(E) > 0

For any w > b2
2 , we define the function Zb,w : K (X) → C such that for any E ∈ K (X),

Zb,w(E) = − ch2(E).Hn−2 + w ch0(E)Hn + i
(

ch1(E).Hn−1 − bHn ch0(E)
)

.

Each E ∈ Cohb(X) satisfies Im[Zb,w(E)] ≥ 0, and if Im[Zb,w(E)] = 0, then
Re[Zb,w(E)] ≤ 0 [5, Proposition 12.2].2 Thus for objects in Cohb(X), we have the slope
function

νb,w(E) :=
{

−Re[Zb,w(E)]
Im[Zb,w(E)] if Im[Zb,w(E)] �= 0,

+∞ if Im[Zb,w(E)] = 0.
(9)

Definition 2.2 Fix w > b2
2 . We say E ∈ D(X) is νb,w-(semi)stable if and only if

• E[k] ∈ Cohb(X) for some k ∈ Z, and
• νb,w(F) < (≤) νb,w

(

E[k]/F)

for all non-trivial subobjects F ↪→ E[k] in Cohb(X).

Note that νb,w-stability defines a Harder-Narasimhan (HN) filtration on Cohb(X), and so a
weak stability condition on D(X) [5, Proposition 12.2].

In Fig. 1 we plot the (b, w)-plane simultaneously with the image of the projection map

� : K (X) \ {

E : ch0(E) = 0
} −→ R

2,

E �−→
(

ch1(E).Hn−1

ch0(E)Hn
,
ch2(E).Hn−2

ch0(E)Hn

)

. (10)

The pair (b, w) for our weak stability condition νb,w is in the shaded open subset

U := {

(b, w) ∈ R
2 : w > 1

2b
2} . (11)

2 To have a weak stability function whose imaginary part is non-negative and the real part is linear, we replace
Zα,B=bH in [5, Proposition 12.2] by

i Zα,bH − b Im[i Zα,bH ] = − ch2 .Hn−2 + ch0 Hn

(

α2

2
+ b2

2

)

+ i(ch1 .Hn−1 − b ch0 Hn)

and substitute α2

2 + b2
2 with w.
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4180 S. Feyzbakhsh

Fig. 2 The line segments �i ∩U are walls for E

Also, the image �(E) of νb,w-semistable objects E with ch0(E) �= 0 is always outside U
due to the classical Bogomolov-Gieseker-type inequality for the H -discriminant,

�(E) := (

ch1(E).H2)2 − 2(ch0(E)H3)(ch2(E).H) ≥ 0, (12)

proved for νb,w-semistable objects E in [5, Theorem 3.5]. The slope νb,w(E) of E is the
gradient of the line connecting (b, w) to �(E), see [23, Section 1.3] for more details.

Objects ofD(X) give the space of weak stability conditions a wall and chamber structure,
explained in [13, Proposition 4.1] for instance.

Proposition 2.3 (Wall and chamber structure) Fix an object E ∈ D(X) such that the vector
(

ch0(E), ch1(E).H2, ch2(E).H
)

is non-zero. There exists a set of lines {�i }i∈I in R
2 such

that the segments �i ∩U (called “walls”) are locally finite and satisfy (Fig. 2)

(a) If ch0(E) �= 0 then all lines �i pass through �(E).

(b) If ch0(E) = 0 then all lines �i are parallel of slope
ch2(E).Hn−2

ch1(E).Hn−1 .
(c) The νb,w-(semi)stability of E is unchanged as (b, w) varies within any connected com-

ponent (called a “chamber") of U \ ⋃

i∈I �i .
(d) For any wall �i ∩U there is ki ∈ Z and a map f : E[ki ] → F in D(X) such that

– for any (b, w) ∈ �i ∩U, the objects E[ki ], F lie in the heart Cohb(X),
– E[ki ] is νb,w-semistable with νb,w(E) = νb,w(F) = slope (�i ) constant on the wall

�i ∩U, and
– f is a surjection E[ki ] � F in Cohb(X) which strictly destabilises E[ki ] for (b, w) in

one of the two chambers adjacent to the wall �i .

��

3 Large volume limit

As before X is a smooth projective complex variety of dimension n ≥ 2 and H is an ample
divisor on X . In this section, we first prove the following general statement which holds for
any coherent sheaf.
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Fig. 3 The wall �

Theorem 3.1 Given a coherent sheaf E of rank bigger than one, there is no wall for E
crossing the vertical line b = b0 at a point inside U whenever

μ(E) − 1

Hn ch0(E)(ch0(E) − 1)
≤ b0 < μ(E) . (13)

Proof Suppose for a contradiction that there is a wall � for E which intersects the vertical
line b = b0. Since E is νb,w-semistable for (b, w) ∈ � ∩ U , we have �(E) ≥ 0 (12). If
�(E) = 0, then [5, Corollary 3.10] implies that there is no wall for E in U crossing the
vertical line b = b0 for b0 < μ(E), so we may assume �(E) > 0. Hence �(E) lies outside
U = U ∪ ∂U . Let

(r , c, h):= (

Hn ch0(E), Hn−1 ch1(E), Hn−2 ch2(E)
)

,

and let p0 be the intersection point of � with the vertical line b = b0. The line segment
connecting the point �(E) (which is outside U ) to p0 (which lies inside U and has lower
first coordinate, i.e. b0 < c

r ) intersects the boundary ∂U at a point p1 = (b1, w1), so

b0 < b1 <
c

r
.

We know the mentioned line segment is part of the line � which intersects ∂U at another
point p2 = (b2, w2) with b2 < b0 < b1, see Fig. 3.
Let δi := c

r − bi for i = 1, 2. The inequality (13) gives

c

r
− Hn

r(r − Hn)
≤ b0 < b1 (14)

which implies 0 < δ1 = c
r − b1 < Hn

r(r−Hn)
. One can easily check

δ1δ2 = �(E)

r2
.

Thus we get

b1 − b2 = δ2 − δ1 = �(E)

δ1r2
− δ1

>
�(E)

r2
.
r(r − Hn)

Hn
− Hn

r(r − Hn)
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4182 S. Feyzbakhsh

=
1
Hn �(E)(r − Hn)2 − Hn

r(r − Hn)
(15)

Step 1. First assume r ≥ 3Hn or �(E) ≥ 3. Recall that r = Hn ch0(E) and E is of rank
bigger than or equal to 2, i.e. ch0(E) ≥ 2. Thus

�(E)
( r

Hn
− 1

)2 ≥ r

Hn
+ 1

and (15) gives

b1 − b2 >
1

r − Hn
.

Hence there is k ∈ Z such that

b2 < b∗:= k

r − Hn
< b1 ,

so the wall � intersects the vertical line b = b∗ at a point (b∗, w∗) inside U . Let

E1 ↪→ E � E2 (16)

be a destabilising sequence for E which makes it unstable in one side of the wall � with

(ri , ci , hi ):=
(

Hn ch0(Ei ), H
n−1 ch1(Ei ), H

n−2 ch2(Ei )
)

.

At any (b, w) ∈ � ∩U , we have νb,w(E) = νb,w(Ei ) for i = 1, 2, so

0 < Im[Zb,w(Ei )] = ci − b ri < Im[Zb,w(E)] = c − b r . (17)

We consider two different cases:
Case i. First assume

h1 − r1w

c1 − r1b
= νb,w(E1) < νb,w(E) =

h
r − w
c
r − b

.

for (b, w) ∈ U above the wall �, i.e. our destabilising sequence destabilises E below �. Then
r1 �= 0 and

lim
w→+∞ νb,w(E1) = −r1

c1 − br1
< lim

w→+∞ νb,w(E) = −1
c
r − b

. (18)

Suppose b2 < b < b1, then (18) implies r1 > 0 as the denominators are positive by (17).
Thus (18) implies

c1
r1

<
c

r
. (19)

The limit of (17) when b → b−
1 implies that 0 ≤ c1 − r1b1.

Combining this with (19) gives

0 <
c

r
− c1

r1
≤ δ1 = c

r
− b1 . (20)

We claim

c

r
− c1

r1
≥ 1

r

(

Hn

r − Hn

)

. (21)
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Then by (20) we get

δ1 = c

r
− b1 ≥ Hn

r(r − Hn)

which is not possible by our assumption (14).
To prove the claim, first assume 0 < r1 < r . We have

0 <
c

r
− c1

r1
= cr1 − c1r

rr1
= 1

r
.
cHnch0(E1) − c1Hnch0(E)

r1
. (22)

The numerator in the right fraction is a positive integral multiple of Hn and

r1 = Hn ch0(E1) ≤ Hn(ch0(E) − 1) = r − Hn .

Hence

1

r
.
cHnch0(E1) − c1Hnch0(E)

r1
≥ 1

r

(

Hn

r − Hn

)

so the claim (21) follows from (22). If r ≤ r1, inequality (17) at b = b∗ gives c1 − b∗r1 > 0,
thus

c

r
− c1

r1
= c − b∗r

r
− c1 − b∗r1

r1
≥ c − b∗r

r
− c1 − b∗r1

r
. (23)

We know b∗r = Hn

r−Hn k ch0(E) and b∗r1 = Hn

r−Hn k ch0(E1), so they are both integral

multiples of Hn

r−Hn = 1
ch0(E)−1 . Since c, c1 ∈ Z, we get

c − b∗r − (c1 − b∗r1) ∈ Hn

r − Hn
Z.

Applying (17) at (b∗, w∗) gives c − b∗r − (c1 − b∗r1) > 0, thus (23) implies our claim
(21).

Case ii. Suppose our destabilising sequence makes E unstable above the wall �, then

h2 − r2w

c2 − r2b
= νb,w(E2) < νb,w(E) =

h
r − w
c
r − b

for (b, w) ∈ U above �. Hence r2 �= 0 and

lim
w→+∞ νb,w(E2) = −r2

c2 − r2b
< lim

w→+∞ νb,w(E) = −1
c
r − b

If b2 < b < b1, (17) implies r2 > 0 and so

c2
r2

<
c

r
. (24)

Then limit of (17) when b → b−
1 implies that

δ1 = c

r
− b1 ≥ c

r
− c2

r1
> 0 .

Hence applying the same argument as in (22) and (23) reach a contradiction.
Step 2. Finally, we show that if r = 2Hn and �(E) = 1, or 2, there is no wall for E in

U , so the claim follows. Suppose there is a wall with the destabilising sequence (16). The
same argument as in [5, Corollary 3.10] gives

0 ≤ �(Ei ) = c2i − 2ri hi < �(E) .
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Fig. 4 The line �E

If �(E) = 1, then �(Ei ) = 0 for i = 1, 2, so

1 = �(E) = (c1 + c2)
2 − 2(r1 + r2)(h1 + h2) = 2c1c2 − 2(r1h2 + r2h1)

which is not possible. Similarly, if �(E) = 2, one of the following cases happens:

(a) �(Ei ) = 0 for i = 1, 2. Since Hn |ri , we get Hn |c2i , but

1 = �(E)

2
= c1c2 − (r1h2 + r2h1)

implies that gcd(Hn, ci ) = 1, a contradiction.
(b) �(E1) = 1 and �(E2) = 0, then

1 = �(E) − �(E1) = 2c1c2 − 2(r1h2 + r2h1)

which is not again possible. Similar argument applies to the case�(E1) = 0 and�(E2) =
1.

(c) �(Ei ) = 1 for i = 1, 2, then gcd(Hn, c2i ) = 1 for i = 1, 2, but

0 = �(E) − �(E1) − �(E2) = 2c1c2 − 2(r1h2 + r2h1)

which implies Hn |c1c2, a contradiction.
��

By combing the ideas in the proof of Theorem 3.1 and the notion of safe area introduced in
[14], we get the following.

Proposition 3.2 Take aμ-stable coherent sheaf E of positive rank, and let � be a line passing
through �(E) which intersects ∂U at two points with b-values b2 < b1 ≤ μ(E) satisfying

0 ≤ μ(E) − b1 < μ(E) − μmax(E) and ch0(E)(μ(E) − b1) < b1 − b2 ,

where μmax(E) is defined as in (1). Then E is νb,w-stable for any (b, w) ∈ � ∩U.

Proof A similar argument as in [7, Proposition 14.2] or [5, Lemma 2.7] implies that E is
νb,w-stable when b < μ(E) and w � 0.

If �(E) = 0, then [5, Corollary 3.10] implies that there is no wall for E on the left hand
side of b = μ(E), so the claim follows. Thus we may assume �(E) > 0, i.e. �(E) lies
outside U = U ∪ ∂U . Then there is a unique line through �(E) which is tangent to ∂U at a
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point to the left of �(E). If we move this line upwards while making it pass through �(E),
its intersection point with ∂U move further apart until we find a unique �E for which the
b-values b∗

2 < b∗
1 of the two points of �E ∩ ∂U satisfy

μ(E) − b∗
1 = min

{

μ(E) − μmax(E) ,
1

ch0(E)
(b∗

1 − b∗
2)

}

. (25)

We show there is no wall for E above the line �E to the left of �(E). Since the line � in the
Proposition lies above �E , the claim follows.

Suppose for a contradiction there is a wall �̃ for E which lies above �E to the left of �(E)

and intersects ∂U at two points with b-values b̃2 < b̃1 satisfying

b̃2 < b∗
2 and b∗

1 < b̃1 < μ(E). (26)

Let E1 ↪→ E � E2 be a destabilising sequence for E which makes it unstable below
�̃. We first show that both E1 and E2 are coherent sheaves. Taking cohomology from the
destabilising sequence gives the long exact sequence of coherent sheaves

0 → H−1(E2) → H0(E1) → H0(E) → H0(E2) → 0 .

This immediately gives E1 is a sheaf. Suppose H−1(E2) is of rank r ′ �= 0. As we move
b ↑ b̃1 or b ↓ b̃2 along �̃, E1 and E2 remain in the heart Cohb(X) by Proposition 2.3. This
implies

μ(H−1(E2)) ≤ b̃2 and μ(H0(Ei )) ≥ b̃1 for i = 1, 2.

Combining this with (26) gives

ch1(E)Hn−1 = ch1(E1)H
n−1 + ch1(H0(E2))H

n−1 − ch1(H−1(E2))H
n−1

≥ Hnb̃1(ch0(E) + r ′) − Hnb̃2r
′

> Hn b∗
1 ch0(E) + Hnr ′(b∗

1 − b∗
2).

Therefore μ(E) − b∗
1 > 1

ch0(E)
(b∗

1 − b∗
2) which is not possible by (25), so r ′ = 0. We know

H−1(E2) is a torsion-free sheaf by the definition (8) of Cohb(X), thus it is zero and E2 is a
sheaf. Hence E1 is a subsheaf of E . The wall �̃ intersects the vertical line b = b∗

1 at a point
(b∗, w) inside U where E1 and E have the same νb∗

1 ,w
-slope, see Fig. 4. Thus

0 < Im[Zb∗
1 ,w

(E1)] = ch1(E1)H
n−1 − b∗

1 ch0(E1)H
n

which implies

b∗
1 < μ(E1) < μ(E).

The second inequality comes fromμ-stability of E . Note that the quotient sheaf E2 cannot be
supported in co-dimension at least 2, otherwise its νb,w-slope is+∞ and it cannot destabilise
E , so μ(E1) �= μ(E). Therefore

μ(E) − b∗
1 > μ(E) − μ(E1) ≥ μ(E) − μmax(E)

which is not possible by (25). ��
The next step is to analyse points (b, w) ∈ U where the shift of a slope-stable reflexive

sheaf is stable. The following Lemma is well-known, we add it for completeness.
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4186 S. Feyzbakhsh

Lemma 3.3 Let E be a μ-stable reflexive sheaf of positive rank. Then E[1] is νb0,w-stable

for b0 = μ(E) and all w >
b20
2 .

Proof By definition E[1] ∈ Cohb0(X) and Im[Zb0,w(E)] = 0. Therefore E[1] is νb0,w-
semistable of slope +∞. Suppose E[1] is strictly νb0,w-semistable, so there is a short exact
sequence in Cohb0(X)

E1 ↪→ E[1] � E2 (27)

such that νb0,w(E1) = νb0,w(E2) = +∞.
Case i. First assume H−1(E1) = 0, then

Im[Zb0,w(E1)] = ch1(H0(E1)).H
n−1 − b0H

n ch0(H0(E1)) = 0 . (28)

If ch0(H0(E1)) �= 0, we get μ(H0(E1)) = b0 which is not possible by the definition (8) of
Cohb0(X). Therefore, E1 is a sheaf supported in co-dimension at least 2. Taking cohomology
from (27) gives the short exact sequence of coherent sheaves

0 → E → H−1(E2) → H0(E1) → 0 . (29)

Since E is a reflexive sheaf, [15, Proposition 1.1] implies that E lies in the short exact
sequence

0 → E → G → G ′ → 0

where G is a locally free sheaf and G ′ is torsion-free. Since H0(E1) is supported in co-
dimension at least 2, we have

Hom(H0(E1),G
′) = 0 = Ext1(H0(E1),G).

This implies Ext1(H0(E1), E) = 0, thus (29) gives H−1(E2) ∼= E ⊕ H0(E1) which is not
possible because H−1(E2) is torsion-free.

Case ii. If H−1(E1) �= 0, the exact sequence H−1(E1)[1] ↪→ E1 � H0(E1)

in Cohb0(X) implies thatH−1(E1)[1] is a subobject of E[1] of νb0,w-slope +∞; so there
is a short exact sequence

H−1(E1)[1] ↪→ E[1] � E ′
2 (30)

in Cohb0(X) where E ′
2 lies in the exact sequence H0(E1) ↪→ E ′

2 � E2 in Cohb0(X).
Note that E ′

2 �= 0 otherwise E2 ∼= H0(E1)[1] which is not possible because H0(E1)[1] /∈
Cohb0(X).

Taking cohomology from (30) gives a short exact sequence of coherent sheaves

0 → H−1(E1) → E → H−1(E ′
2) → 0,

thus H0(E ′
2) = 0. The torsion-free sheaves E , H−1(E1) and H−1(E ′

2) satisfy

Im
[

Zb0,w(E)
] = Im

[

Zb0,w
(H−1(E1)

)] = Im
[

Zb0,w
(H−1(E ′

2)
)] = 0.

Thus they all have the same μ-slope which is not possible by μ-stability of E . ��
By applying a similar argument to the proof of Proposition 3.2, we get the following.

Proposition 3.4 Take aμ-stable reflexive sheaf E of positive rank, and let � be a line passing
through �(E) which intersects ∂U at two points with b-values b2 < b1 such that

0 ≤ b2 − μ(E) < μmin(E) − μ(E) and ch0(E)(b2 − μ(E)) < b1 − b2 ,

where μmin(E) is defined as in (2). Then E[1] is νb,w-stable for any (b, w) ∈ � ∩U.
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Fig. 5 The line �E[1]

Proof Lemma 3.3 implies E[1] is νb0,w-stable for b0 = μ(E). Thus the structure of walls
described in Proposition 2.3 implies that E[1] is νb,w-stable where μ(E) < b and w � 0.

If�(E) = 0, there is no wall for E[1] inU by [5, Corollary 3.11(a)], so the claim follows.
Hence we may assume �(E) > 0. There is a unique line �E[1] passing through �(E) such
that the b-values b∗

2 < b∗
1 of the two points of �E[1] ∩ ∂U satisfy

b∗
2 − μ(E) = min

{

μmin(E) − μ(E) ,
1

ch0(E)
(b∗

1 − b∗
2)

}

. (31)

To prove the claim we only need to show there is no wall for E[1] above the line �E[1] to
the right of �(E), see Fig. 5. Suppose there is such a wall �̃ above �E[1] whose intersection
point with ∂U has b-values b̃2 < b̃1 satisfying b̃2 < b∗

2 and b
∗
1 < b̃1. Let E1 ↪→ E[1] � E2

be a destabilising sequence which makes E[1] unstable below �̃. Taking cohomology from
the destabilising sequence gives the long exact sequence of coherent sheaves

0 → H−1(E1) → E
f−→ H−1(E2) → H0(E1) → 0. (32)

We first show that H0(E1) is of rank zero. Suppose it is of rank r ′ �= 0, then

Hn−1 ch1(E) = Hn−1 ch1(H−1(E1)) + Hn−1 ch1(H−1(E2)) − Hn−1 ch1(H0(E1))

< Hnb̃2(ch0(E) + r ′) − Hnb̃1r
′

< Hnb∗
2 ch0(E) − Hn(b∗

1 − b∗
2)

which is not possible by (31). ThusH0(E1) is of rank zero and the exact sequence (32) gives

μ(im f ) ≤ μ(H−1(E2)). (33)

Since �̃ crosses the vertical line b = b∗
2 at a point inside U , we gain

0 < Im[Zb∗
2 ,w

(E2)] = −Hn−1 ch1(H−1(E2)) + b∗
2H

n ch0(H−1(E2)).

Combining this with (33) gives

b∗
2 − μ(E) > μ(H−1(E2)) − μ(E) ≥ μ(im f ) − μ(E) ≥ μmin(E) − μ(E)

which is not again possible by (31). ��
Proposition 3.2 and 3.4 can be directly shown using [25, Theorem 1.3 and 1.4]. However,
we gave here independent proof. We finish this section by mentioning another way to control
the position of walls.
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Lemma 3.5 Take an object E ∈ Cohb0(X) which is νb0,w0 -semistable for some w0 >
b20
2 . If

0 < ch1(E)Hn−1 − b0H
n ch0(E) = min

{

ch1(F)Hn−1 − b0H
n ch0(F) �= 0 | F ∈ Cohb0 (X)

}

,

then E is νb0,w-stable for all w >
b20
2 .

Proof Assume otherwise, so when we move along the vertical line b = b0, E gets strictly

νb0,w-semistable for some w >
b20
2 .

There is an exact sequence E1 ↪→ E � E2 in Cohb0(X) such that νb0,w(Ei ) = νb0,w(E) <

+∞, thus Im[Zb0,w(Ei )] �= 0 for i = 1, 2. Since

Im[Zb0,w(E1)] + Im[Zb0,w(E2)] = Im[Zb0,w(E)],
we gain Im[Zb0,w(Ei )] < Im[Zb0,w(E)] which is not possible by our assumption. ��

4 Slope stability of the restricted sheaf

In this section, we prove our main result Theorem 1.1 which provides sufficient conditions to
the slope stability of the restriction of a slope stable reflexive sheaf to a hypersurface. Firstly,
we examine μ-stability of a sheaf supported on a hypersurface via the Chern character of its
push-forward.

Lemma 4.1 Take an irreducible divisor D ∈ |kH | with the embedding i : D ↪→ X. A
coherent sheaf F on D is

μ-(semi)stable if for any quotient sheaf F � F ′, we have

ch2(i∗F).Hn−2

ch1(i∗F).Hn−1 < (≤)
ch2(i∗F ′).Hn−2

ch1(i∗F ′).Hn−1 . (34)

Proof For any coherent sheaf Q on D, by adjuction, we get

χ(OD(−mH |D), Q) = χ(OX (−mH), i∗Q).

Since X is a smooth projective variety, Hirzebruch-Riemann-Roch Formula gives

χ(OX (−m), i∗Q) = ch1(i∗Q)Hn−1 mn−1

(n − 1)!
+

(

ch2(i∗Q)Hn−2 − ch1(i∗Q).KX .Hn−2

2

)

mn−2

(n − 2)! + . . .

Thus

rk(Q) = αn−1(i∗Q)

αn−1(i∗OD)
= ch1(i∗Q)Hn−1

kHn
,

and

deg(Q) = αn−2(i∗Q) − rk(Q) αn−2(i∗OD)

= ch2(i∗Q)Hn−2 − ch1(i∗Q).KX .Hn−2

2

−ch1(i∗Q)Hn−1

kHn

(

−k2Hn

2
− kHn−1.KX

2

)

.
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Since Q is supported on an irreducible divisor D ∈ |kH |, ch1(i∗Q) is a multiple of H , so

deg(Q) = ch2(i∗Q)Hn−2 + k

2
ch1(i∗Q)Hn−1.

Therefore, if αn−1(i∗Q) �= 0, the slope of Q is

μ(Q) = deg(Q)

(H |D)n−1 rk(Q)
= ch2(i∗Q)Hn−2

ch1(i∗Q)Hn−1 + k2Hn

2
.

Hence, for a quotient sheaf F � F ′ on D, we have μ(F) < (≤) μ(F ′) if and only if (34)
holds.

��

The next proposition describes howwe can use the 2-dimensional sliceU of weak stability
conditions to prove the μ-stability of the restricted sheaf.

Proposition 4.2 Let E be a reflexive sheaf on X such that for a point (b, w) ∈ U, E and
E(−kH)[1] are νb,w-semistable objects in Cohb(X) with

νb,w(E) ≤ νb,w(E(−kH)[1]). (35)

Then the restricted sheaf E |D for any irreducible divisor D ∈ |kH | is μ-semistable on D if
it has no quotient sheaf E |D � F whose point Zb,w(F) lies inside the triangle �opp′ or on
its sides except op′ where p = Zb,w(E) and p′ = Zb,w(E |D).

Proof Consider the short exact sequence of coherent sheaves OX (−kH) ↪→ OX � ι∗OD .
Taking the derived tensor product (− ⊗L E) gives the exact triangle

E(−kH) → E → i∗OD ⊗L E

in D(X). By the projection formula i∗OD ⊗L E � i∗(Li∗E). Taking cohomology from
the above exact triangle together with the assumption that E is torsion-free implies that
H−1(i∗(Li∗E)) = 0 and so i∗OD ⊗L E = E |D .

Since E and E(−kH)[1] are in the heart Cohb(X), the exact triangle

E ↪→ E |D � E(−kH)[1] (36)

Fig. 6 The triangle �opp′
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4190 S. Feyzbakhsh

implies that E |D ∈ Cohb(X). Let F+ ↪→ E |D be the subobject of E |D of maximum νb,w-
slope in the HN filtration of E |D . If νb,w(F+) > νb,w(E(−k)[1]), then (35) implies

hom(F+, E(−kH)[1]) = hom(F+, E) = 0

which is not possible by the exact sequence (36), thus the maximum slope νmax
b,w (E |D) in the

HN filtration of E |D satisfies

νmax
b,w (E |D) ≤ νb,w(E(−kH)[1]). (37)

A similar argument also implies

νb,w(E) ≤ νmin
b,w(E |D) (38)

where νmin
b,w(E |D) is the minimum νb,w-slope in the HN filtration of E |D .

Suppose E |D is not μ-semistable on D. Then there is a sequence of coherent sheaves

F ′ ↪→ E |D � F (39)

such that μ(F) < μ(E |D) < μ(F ′). By definition of the heart Cohb(X), any torsion sheaf

Q is in the heart and its νb,w-slope is equal to
ch2(Q).Hn−2

ch1(Q)Hn−1 if ch1(Q)Hn−1 �= 0, otherwise it

is +∞. Thus (39) is an exact sequence in Cohb(X) and by Lemma 4.1,

νb,w(F) < νb,w(E |D) < νb,w(F ′).

This implies Zb,w(F) lies to the right of op′, see Fig. 6. Moreover, we have

νmin
b,w(E |D) ≤ νb,w(F) < νb,w(F ′) ≤ νmax

b,w (E |D).

Combining this with (37) and (38) shows that

νb,w(E) ≤ νb,w(F) and νb,w(F ′) ≤ νb,w(E(−kH)[1]). (40)

The first inequality implies Zb,w(F) cannot be to the right of op, and the second one shows
Zb,w(F) cannot be above p′ p. Note that the slope of the line segment p′ p corresponds to
νb,w(E(−kH)[1]). Hence Zb,w(F) lies inside �opp′ or on the line segments op or pp′. ��

Proposition 4.2 in particular, implies the following result.

Corollary 4.3 Let E be a slope-stable reflexive sheaf such that E and E(−kH)[1] are
νb,w-stable of the same slope, then E |D is μ-stable for any irreducible divisor D ∈ |kH |.
Proof ByProposition 4.2 E |D isμ-semistable. Suppose it is strictlyμ-semistable and E |D �
F is a proper quotient sheaf with μ(E |D) = μ(F). We know F is also a quotient object of
E |D in Cohb(X) with the same νb,w-slope as E |D . Thus E |D is strictly νb,w-semistable.

Since E is νb,w-stable, the composition E ↪→ E |D � F in Cohb(X) must either be
zero or injective. It cannot be zero because this would give a surjection E(−kH)[1] � F
in Cohb(X), contradicting the νb,w-stability of E(−kH)[1]. Thus it is injective, then its
cokernel C in Cohb(X) lies in a commutative diagram

E E |D E(−kH)[1]

E F C .
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Since E and F are νb,w-semistable of the same slope, C is also νb,w-semistable. Hence the
right hand surjection again contradicts the νb,w-stability of E(−kH)[1].

��
Proof of Theorem 1.1 Take a μ-stable reflexive sheaf E on X of rank rk = ch0(E) > 0. If
rk = 1, the claim is trivial, so we may assume rk ≥ 2. Let � be the line passing through
�(E) and �(E(−kH)) for k > 0, and let r = Hn ch0(E). If

4

r2
�(E) < k2 , (41)

then � intersects the boundary ∂U at two points with b-values b2 < b1 where

b1, b2 = μ(E) − k

2
±

√

k2

4
− �(E)

r2
.

By Proposition 3.2 and 3.4, E and E(−kH)[1] are νb,w-stable for any (b, w) ∈ � ∩U if the
following three conditions are satisfied:

(a) r
Hn (b2 − μ(E(−kH))) = r

Hn (μ(E) − b1) < b1 − b2 = 2
√

k2
4 − �(E)

r2

(b) μ(E) − b1 < δ(E)

(c) b2 − μ(E(−kH)) < δ(E)

where δ(E) = min
{

μmin(E(−kH)) − μ(E(−kH)), μ(E) − μmax(E)
}

.
The condition (a) is equivalent to

r

Hn

⎛

⎝

k

2
−

√

k2

4
− �(E)

r2

⎞

⎠ < 2

√

k2

4
− �(E)

r2
.

and thus to
(

2Hn

r
+ 1

)2

�(E) < Hn (

r + Hn) k2. (42)

This holds if and only if

k >

(

2Hn

r
+ 1

)

√

�(E)

Hn (r + Hn)
= rk+2

rk

√

�(E)

(Hn)2(rk+1)
. (43)

Note that (42) and so condition (a) implies (41). Also (b) and (c) are equivalent to

k

2
−

√

k2

4
− �(E)

r2
< δ(E) (44)

which holds if and only if

�(E)

r2
< δ(E)

⎛

⎝

k

2
+

√

k2

4
− �(E)

r2

⎞

⎠ . (45)

If we have strict inequalities in (3), using ˜�(E) = �(E)

(Hn rk)2
= �(E)

r2
, one can see (43) and

(45), and so conditions (a), (b) and (c) hold. Thus E and E(−kH)[1] are νb,w-stable of the
same slope for (b, w) ∈ � ∩U , so E |D is μ-stable by Corollary 4.3.
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Fig. 7 Stability of the restricted
bundle

Now suppose we have equality in (a), (b), or (c) which means equality in one of the
inequalities in (3). The above computation shows that still (41) holds, so � ∩ U �= ∅. Then
the structure of walls and Proposition 3.2 and 3.4 imply that E and E(−kH)[1] are νb,w-
semistable for (b, w) ∈ � ∩U . Hence E |D is μ-semistable on D by Proposition 4.2 (Fig. 7).

��
As a consequence of Theorem 1.1, we obtain a variant of Langer’s restriction Theorem

[19, Theorem 5.2].

Corollary 4.4 Let E be a μ-stable reflexive sheaf of rank rk > 1. The restricted sheaf E |D
for any irreducible divisor D ∈ |kH | is μ-stable if

k > Hn rk
(

rk−1
)

˜�(E) + 1

Hn rk
(

rk−1
) . (46)

Proof We always have

1

Hn rk(rk−1)
≤ δ(E) .

Thus (46) implies

k

2
−

√

k2

4
− ˜�(E) <

1

Hn rk(rk−1)
≤ δ(E).

Therefore (44) and so the second inequality in (3) is satisfied. If rk ≥ 3 or �(E) ≥ 3, then

(rk+2)2

rk+1

�(E)

(Hn rk)2
≤

(

(rk−1)
�(E)

Hn rk

)2

≤
(

1

Hn rk(rk−1)
+ Hn rk(rk−1)

�(E)

(Hn rk)2

)2

(46)
< k2.

Thus the first inequality in (3) holds as well, so the claim follows from Theorem 1.1.
If rk = 2 and 0 ≤ �(E) ≤ 2, then the assumption (46) implies that (41) holds. Thus

there are points (b0, w0) ∈ U where E and E(−kH)[1] are in Cohb0(X) and have the same
νb0,w0 -slope. Moreover, the same argument as in Step 2 in the proof of Theorem 3.1 implies
that there are no walls for E and E(−kH)[1] inU . Thus E and E(−kH)[1] are νb0,w0 -stable
and so the claim follows from Corollary 4.3. ��
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Remark 4.5 [19, Theorem 5.2] covers more general cases than Corollary 4.4, it allows X to
be a smooth projective variety over an arbitrary algebraically closed field, and assumes E to
be a μ-stable torsion free sheaf with respect to some nef divisors.

In some special cases, we have more control over the position of the walls for E and
E(−kH)[1], so we gain stronger effective restriction results. For instance, suppose (X , H)

is a smooth polarised complex projective variety of dimension n ≥ 2 such that

Hn divides H ′.Hn−1 for all H ′ ∈ Pic(X). (47)

Let E be a μ-stable reflexive sheaf with gcd
(

Hn ch0(E), ch1(E)Hn−1
) = Hn . We define

m(E)± = min
{

m ∈ N : m′ Hn ch0(E) − m ch1(E)Hn−1 = ±Hn for some m′ ∈ Z
}

.

Proposition 4.6 Let E be aμ-stable reflexive sheaf as above with rank rk > 1. The restricted
sheaf E |D for any irreducible divisor D ∈ |kH | is μ-(semi)stable on D if

k >(≥)
˜�(E)

δ
+ δ , (48)

where δ = 1
rk × min{ 1

m(E)+ , 1
m(E)− }. In particular, E |D is μ-(semi)stable if

k >(≥) rk(rk−1)˜�(E) + 1

rk(rk−1)
. (49)

Proof First of all, since δ ≤ 1
2 , (48) is equivalent to

k

2
−

√

k2

4
− ˜�(E) <(≤) δ . (50)

As in the proof of Theorem 1.1, let � be the line passing through �(E) and �(E(−kH)).
First assume the inequality in (48) is strict, so

k2 − 4˜�(E) >

(

˜�(E)

δ
− δ

)2

. (51)

Thus (41) holds and so � ∩U �= ∅. Let b2 < b1 be the values of b at the intersections points
of � with ∂U . Hence (50) with applying the same argument as in the proof of Theorem 1.1
implies

μ(E) − b1 < δ and b2 − μ(E(−kH)) < δ. (52)

Therefore the line � intersects the vertical lines b = μ(E)− 1
rkm(E)− and b = μ(E(−kH))+

1
rkm(E)+ at points inside U . So by Lemma 3.5, E and E(−kH)[1] are νb,w-stable for any
(b, w) ∈ � ∩U and the claim follows from Corollary 4.3. If we have equality in (48) which
means equality in (51) or (52), we obtain the claim by applying Proposition 4.2 at the point
(b, w) ∈ U just slightly above �.

Finally, by definition of m(E)±, we know δ ≥ 1
rk(rk−1) . Thus (50) implies E |D for

D ∈ |kH | is μ-(semi)stable if

k

2
−

√

k2

4
− ˜�(E) <(≤)

1

rk(rk−1)

which is equivalent to (49). ��
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5 Clifford indices of curves over K3 surfaces

In this section, we assume (S, H) is a smooth polarized K3 surface over C such that

H2 divides H .D for all curve classes D on S.

Let ι : C ↪→ S be any smooth curve in the linear system |H | of genus g. It is proved in [20]
and [3, Theorem 1.1] that there exists a globally generated degree d line bundle A on C with
r global sections if and only if

ρ(r − 1, d, g) = g − r(g − 1 − d + r) ≥ 0 . (53)

Take such a line bundle A on C . Then the kernel of the evaluation of sections of ι∗A

0 → FC,A → H0(C, A) ⊗ OS
ev−→ ι∗A → 0 (54)

is a vector bundle of rank r . The Lazarsfeld-Mukai bundle EC,A associated to the pair (C, A)

is the dual of FC,A and it is of character

ch(EC,A) = (

r , H , g − 1 − d
)

.

The bundle EC,A has been appeared, for example, in Lazarsfeld’s proof of Brill-Noether
Petri Theorem [20], in the Mukai’s classification of prime Fano manifolds of coindex 3,
or in Voisin’s proof of Green’s canonical syzygy conjecture [26]; see [2] for a survey of
applications.

The μ-slope of any destabilising subsheaf of FC,A must be less than zero because of the
exact sequence (54), thus FC,A and so EC,A are μ-stable. Hence (53) implies that for any
ch2 ∈ Z with

0 ≤ ch2 ≤ g

r
− r , (55)

there is a stable vector bundle EC,A of Chern character v = (r , H , ch2) for any curve
C ∈ |H |.

The restriction of Lazarsfeld-Mukai bundle EC,A to curves on the K3 surface S has led to
counterexamples toM3(C) [12] andM4(C) [1]. By applying Theorem 1.1, we extend these
results to higher ranks.

Proof of Theorem 1.2 By Proposition 4.6, inequality (49), we know E |C is μ-semistable if

1 ≥ r(r − 1)˜�(E) + 1

r(r − 1)

≥ r − 1

r H2

(

H2 − 2r ch2
) + 1

r(r − 1)

which clearly holds when ch2 ≥ 0. Since E is μ-stable of positive slope, hom(E,OX ) = 0,
thus

h0(S, E) = χ(OS, E) + h1(S, E) ≥ χ(OS, E) = 2r + ch2 .

Hence if r ≥ 2 and ch2 ≥ 0, the restricted bundle E |C is μ-semistable with

deg(E |C ) = 2g − 2 ≤ r(g − 1) and 2r ≤ h0(S, E) ≤ h0(C, E |C ) .

The last inequality follows from hom(OS, E(−H)) = 0. So E |C contributes to the rank
r -Clifford index of C .
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By (53), we obtain Cliff(C) =
⌊

g−1
2

⌋

. Moreover,

Cliff(E |C ) ≤ 2g − 2

r
− 2

r
(r + ch2)

and the right hand side is clearly less than
⌊

g−1
2

⌋

when (i) r ≥ 4, or (ii) r = 3 and

g − ch2 < 4 + 3

2

⌊

g − 1

2

⌋

. (56)

If r ≥ 4 and g ≥ r2, then by (55), there is a stable vector bundle E on S with Chern character
(r , H , ch2) such that ch2 ≥ 0. The above argument implies E |C contributes to the rank
r -Clifford index of C and

Cliffr (C) ≤ Cliff(E |C ) <

⌊

g − 1

2

⌋

,

thusMr(C) fails. If r = 3, then by (55) there is a stable vector bundle E of class (3, H , ch2)
when ch2 = � g

3 � − 3. Then (56) implies Cliff(E |C ) is less than the expected number if

g −
⌊g

3

⌋

+ 3 < 4 + 3

2

⌊

g − 1

2

⌋

which holds for g = 7, 9 and g ≥ 11 as claimed. ��

6 Slope-stability of the restriction of tangent bundle of P
n

Let S be a smooth projective K3 surface and let L be an ample line bundle generated by its
global sections. The kernel of the evaluation of sections of L is denoted by ML (6). In this
section, we prove ML is μ-stable with respect to L .

Let L = kH where H is a primitive ample line bundle on S. Similar to Section 2, we
define νb,w-stability and the projection � (10) with respect to the polarisation H . On K3
surfaces, we can slightly enlarge the 2-dimensional slice of stability conditions U due to a
stronger Bogomolov-type inequality. Recall that an object E ∈ D(S) is called spherical if
HomD(S)(E, E[i]) = C for i = 0, 2 and it is zero otherwise.

Lemma 6.1 For any point (b, w) ∈ R
2 with w > b2

2 − 1
H2 , the pair

(

Cohb(X), Zb,w
)

is a
Bridgeland stability condition on S if for any spherical bundle E on S with μ(E) = b, we
have ch2(E)

H2 ch0(E)
< w.

Proof As it is shown in the proof of [7, Lemma 6.2], we only need to check that for any
slope-stable vector bundle E on S with Im[Zb,w(E)] = 0, we have Re[Zb,w(E)] > 0. We
know Hom(E, E) = Hom(E, E[2]) = C, thus Riemann-Roch theorem gives

−χ(E, E) =
∑

i

(−1)i+1 dimC Homi
X (E, E) = −2 + dimC HomX (E, E[1])

= (

ch1(E)
)2 − 2 ch0(E)

(

ch2(E) + ch0(E)
)

.

which implies −χ(E, E) ≥ −2. If E is not spherical, i.e. −χ(E, E) ≥ 0, then Hodge index
theorem gives

0 ≤ 1

2

(

ch1(E).H

H2 ch0(E)

)2

− ch2(E)

H2 ch0(E)
− 1

H2 .
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Fig. 8 No projection of spherical
objects in the grey area V

Hence if μ(E) = b, we get

1

H2 ch0(E)
Re[Zb,w(E)] = − ch2(E)

H2 ch0(E)
+ w > 0,

because w > b2
2 − 1

H2 by our assumption. Thus we only need to check positivity of the real
part for spherical bundles as mentioned. ��
The next step is to control the position of the projection of spherical bundles. Since h0(L) =
χ(OX , L) = L2

2 + 2, we get

ch(ML) =
(

L2

2
+ 1, −L, − L2

2

)

.

Define

V :=
{

(b, w) ∈ R
2 : − 2L.H

H2(L2 + 2)
≤ b <

L.H

H2 ,
L2

2LH
b < w

}

. (57)

Lemma 6.2 If k = L.H/H2 > 1, there is no spherical bundle E on S such that its projection
�(E) lies in the area V , see Fig. 8.

Proof Suppose for a contradiction that there is such an spherical bundle E of class ch(E) =
(ch0, ch1, ch2).

Since χ(E, E) = 2, the Hodge index theorem gives

− 1

H2(ch0)2
= (ch1)2

2H2(ch0)2
− ch2

H2 ch0
− 1

H2

≤ 1

2

(

H ch1
H2 ch0

)2

− ch2
H2 ch0

− 1

H2 (58)

Thus �(E) cannot be in the area U above w = b2
2 , so

− 2L.H

H2(L2 + 2)
≤ H ch1

H2 ch0
< 0 and − L2

H2(L2 + 2)
<

ch2
H2 ch0

(59)
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Combining (58) and (59) gives

− L2

H2(L2 + 2)
<

ch2
H2 ch0

≤ 1

2

(

H ch1
H2 ch0

)2

− 1

H2 + 1

H2(ch0)2

≤ 1

2

(

2L.H

H2(L2 + 2)

)2

− 1

H2 + 1

H2(ch0)2

which implies

1

H2(ch0)2
≥ − L2

H2(L2 + 2)
− 1

2

(

2L.H

H2(L2 + 2)

)2

+ 1

H2 = 4

H2(L2 + 2)2
.

Here the last equality comes from L = kH . Thus we get ch0 ≤ L2

2 + 1.

The second inequality of (59) gives −1 < ch2
ch0

which gives − ch0 +1 ≤ ch2 as ch2 ∈ Z.
Combining this with (58) gives

1

ch0
− 1

(ch0)2
≤ ch2

ch0
+ 1 − 1

(ch0)2
≤ H2

2

(

H ch1
H2 ch0

)2

If ch0 > 1, the left hand side is minimum when ch0 is the maximum value L2

2 + 1, so we
must have

2L2

(L2 + 2)2
≤ H2

2

(

H ch1
H2 ch0

)2

which is not possible by (59). Thus ch0 = 1, so (59) gives

−2

k
< − 2L.H

L2 + 2
< H ch1 < 0

which is not again possible for k > 1. ��
Therefore, by Lemma 6.1, the pair

(

Cohb(X), Zb,w
)

is a Bridgeland stability condition
on Db(X) for any (b, w) ∈ V if k > 1.

Proof of Theorem 1.3 The line bundle L is in the heart Cohb(X) for b < k = L.H
H2 . Since

�(L) = 0, it is νb,w-stable for any (b, w) ∈ U [5, Corollary 3.11(a)]. Similarly, OX [1] ∈
Cohb(X) for b ≥ 0 and it is νb,w-stable for any (b, w) ∈ U . Let � be the line passing
through �(L) and �(OX ). Then L and OX [1] are νb0,w0 -stable of the same slope for any
(b0, w0) ∈ � ∩U . Thus the short exact sequence

L ↪→ ML [1] � O⊕h0(L)
X [1]

in Cohb0(X) implies that ML [1] is also νb0,w0 -semistable.
We claim ML [1] is νb0,w+ -stable where w0 < w+ � w0 + 1. Otherwise, the structure

of locally finite set of walls described in Proposition 2.3 shows that there is a destabilising
sequence

E1 ↪→ ML [1] � E2

such that the Ei have the same νb0,w0 -slope as ML [1] and they make ML [1] unstable above
�, i.e.

νb0,w(E1) ≥ νb0,w(ML [1]) ≥ νb0,w(E2) (60)

123



4198 S. Feyzbakhsh

for any w > w0. Hence, rank of E1 is negative. We know νb0,w0 -stable factors of E1 and
E2 are the Jordan-Hölder factors of ML [1]. Since L and h0(L)-copies of OX [1] are the
νb0,w0 -Jordan-Hölder factors of ML [1], we gain the stable factors of E1 are either

(a) L and m-copies of OX [1], or
(b) m′-copies of OX [1].
In the first case, E2 must be the direct sum of copies ofOX [1] and clearly (60) does not hold.
In case (b), we get hom(OX , ML) �= 0 which is not possible by the definition of ML (6),
thus there is no such destabilising sequence and the claim follows.

If k = L.H
H2 = 1, Lemma 3.5 implies that there is no wall for ML [1] crossing the vertical

line b = 0. Thus νb0,w+ -stability of ML [1] implies that it is νb=0,w-stable for w � 0. Hence
ML is μ-stable [7, Proposition 14.2].

If k > 1, we claim there is no wall for ML [1] in the region V (57) and it is νb,w-
stable for any (b, w) ∈ V . Suppose there is a wall �′ in V with a destabilising sequence
E1 ↪→ ML [1] � E2. We know this wall ends at �(ML). For any (b, w) ∈ �′ ∩ V , we have
Zb,w(Ei ) �= 0 and

∣

∣Zb,w(E1)
∣

∣ + ∣

∣Zb,w(E2)
∣

∣ = ∣

∣Zb,w(ML [1])∣∣
which implies

∣

∣Zb,w(Ei )
∣

∣ <
∣

∣Zb,w(ML)
∣

∣. If we move (b, w) along the wall �′ towards
�(ML), then

∣

∣Zb,w(ML [1])∣∣ → 0, thus
∣

∣Zb,w(Ei )
∣

∣ = ∣

∣

(

ch1(Ei )H − bH2 ch0(Ei )
)

i + H2 ch0(Ei )w − ch2(Ei )
∣

∣ → 0.

Therefore ch0(Ei ) �= 0 and �(Ei ) = �(ML), so the Ei have the same νb,w-slope as ML [1]
for any (b, w) ∈ V and cannot make a wall. Thus, in particular, ML [1] is νb,w-stable for
any (b, w) ∈ V with b = μ(ML), so it is μ-semistable [5, Lemma 2.7]. If ML is strictly
μ-semistable, there is an exact sequence F1 ↪→ ML � F2 of μ-semistable coherent sheaves
of the same slope. Thus νb=μ(ML ),w-slope of Fi [1] and ML [1] are equal to +∞ and they
are in the heart Cohμ(ML )(X). Hence ML [1] is strictly νb=μ(ML ),w-semistable which is not
possible by the above argument. ��
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