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Abstract

Let(M, J, g, w) be a2n-dimensional almost Hermitian manifold. We extend the definition of
the Bott—Chern Laplacianon (M, J, g, w), proving thatitis still elliptic. On a compact Kihler
manifold, the kernels of the Dolbeault Laplacian and of the Bott—Chern Laplacian coincide.
We show that such a property does not hold when (M, J, g, ®) is a compact almost Kéhler
manifold, providing an explicit almost Kéhler structure on the Kodaira—Thurston manifold.
Furthermore, if (M, J, g, ) is a connected compact almost Hermitian 4-manifold, denoting
by hllgé the dimension of the space of Bott—Chern harmonic (1, 1)-forms, we prove that
either h}g’é = b~ or hgé = b~ + 1. In particular, if g is almost Kihler, then hg’é =
b~ + 1, extending the result by Holt and Zhang (Harmonic forms on the Kodaira—Thurston
manifold. arXiv:2001.10962, 2020) for the kernel of Dolbeault Laplacian. We also show that
the dimensions of the spaces of Bott—Chern and Dolbeault harmonic (1, 1)-forms behave
differently on almost complex 4-manifolds endowed with strictly locally conformally almost
Kéhler metrics. Finally, we relate some spaces of Bott-Chern harmonic forms to the Bott—
Chern cohomology groups for almost complex manifolds, recently introduced in Coelho et
al. (Maximally non-integrable almost complex structures: an h-principle and cohomological
properties, arXiv:2105.12113, 2021).
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manifold

Riccardo Piovani is partially supported by GNSAGA of INJAM. Adriano Tomassini is partially supported
by the Project PRIN 2017 “Real and Complex Manifolds: Topology, Geometry and holomorphic dynamics”
and by GNSAGA of INdAM.

B Riccardo Piovani
riccardo.piovani @unipr.it

Adriano Tomassini
adriano.tomassini @unipr.it

Dipartimento di Matematica, Universita di Pisa, Largo Bruno Pontecorvo 5, 56127 Pisa, Italy

2 Present Address: Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Unita di
Matematica e Informatica Universita degli Studi di Parma, Parco Area delle Scienze 53/A, 43124
Parma, Italy

3

Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Unita di Matematica e Informatica
Universita degli Studi di Parma, Parco Area delle Scienze 53/A, 43124 Parma, Italy

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-022-02975-z&domain=pdf
http://arxiv.org/abs/2001.10962
http://arxiv.org/abs/2105.12113

2686 R. Piovani, A. Tomassini

Mathematics Subject Classification 53C15 - 58A14 - 58J05

1 Introduction

On a complex manifold, given a Hermitian metric, several elliptic operators naturally arise
from the union of the complex and the Hermitian structure. As a typical example, the Dol-
beault Laplacian is defined as Az = FEM + 5*5, where the exterior differential defined on
the space AP of (p, g)-forms decomposes as d = d + 3 and, if % : A4 —> A"~9"7P s
the C-linear complex Hodge star operator, where n is the complex dimension of the complex
manifold, then 8* = — x 0% and 3 = — # 9% are the formal adjoints of the operators 9
and 9, respectively. Denote by Hg’q the space of Dolbeault harmonic forms, i.e., the kernel

of Aj. Since Ay is elliptic, when the manifold is compact, by Hodge theory then Hg’q is
isomorphic to the Dolbeault cohomology

HPY = @
3 im o
and it is finite dimensional; denote by 227 its finite complex dimension.
In 1960 Kodaira and Spencer [16], in order to prove the stability of the Kéhler condition
under small deformations, introduced the following 4th-order elliptic and formally self adjoint
differential operator

Apc = 0900 +0970%30 + 090 0 +0 0979 +3*9+ 9 9.

Schweitzer [17]in 2007 studied the operator A pc on compact Hermitian manifolds, naming it
the Bott—Chern Laplacian. In particular, denoting by H5 ! the space of Bott—Chern harmonic
(p, q)-forms on a given compact Hermitian manifold (M, J, g, ®), he proved the following
Bott—Chern decomposition of the space of (p, ¢)-forms

1 _ 1 _
APT = B9 @ ggAP~Ia—l @ grAPTLa 4 T APat] (1
As a consequence, the space Hg’g is finite dimensional and HZ'Cq =H g Cq , where
P _ kerci
BC ™ im a9

denotes the (p, g)-Bott—Chern cohomology group. In particular, the complex dimension
hlyd = dimg H 2 is acomplex invariant of (M, J), which does not depend on the Hermitian
metric g.

If the compact Hermitian manifold (M, J, g, w) is Kéhler, i.e., dw = 0, then

Apc = AzA5+0*0+23'd 2
and the spaces of Bott—Chern and Dolbeault harmonic forms coincide, i.e.,
Psq P:q
Hee = Hg . 3)

Now, let (M, J, g, ®) be an almost Hermitian manifold, i.e., the almost complex structure
J may not be integrable, i.e., J/ may not derive from a complex-manifold structure on M.
The exterior differential decomposes as d =  + d + 3 + Jx, and Dolbeault and Bott—Chern
cohomologies are, in general, no more well defined. However, the Dolbeault Laplacian Ay is
still well defined and elliptic, resulting in Hg’q being finite dimensional when M is compact.
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Bott-Chern Laplacian on almost Hermitian manifolds 2687

The study of Dolbeault harmonic forms on almost Hermitian manifold of real dimension
4 has been very recentely developed by Holt and Zhang [12,13], and by Tardini and the
second author [19]. Holt and Zhang working on the Kodaira—Thurston manifold, showed
that the number h%l may become arbitrarily large when varying continuously the almost

complex structure with an associated almost Kdhler metric and that h%l may vary with

different choices of almost Hermitian metrics. Furthermore, they proved that h%’l may vary
with different choices of almost Kéhler metrics. In this way they answered a question by
Kodaira and Spencer [10, Problem 20]. Moreover, they showed h%’l = b~ + 1 on every
compact almost Kéhler 4-manifold, where ™ is the dimension of the space of anti-self-dual,
i.e., k¢ = —a, Hodge harmonic 2-forms, which is a topological invariant. Tardini and the
second author proved that hit = b= on every compact almost complex 4-manifold with a
strictly locally conformally almost K&hler metric.

In this paper, we focus on the study of the Bott—Chern Laplacian on almost Hermitian
manifolds. Note that, analogously to the Dolbeault Laplacian, also the Bott—Chern Laplacian
A gc is still well defined on almost Hermitian manifolds (M, J, g, w), and it is straightfor-
ward to show that it is also elliptic, see Proposition 3.2. Therefore, when M is compact, the
Bott—Chern decomposition (1) still holds, and H% is finite dimensional.

We prove the following

Theorem (Theorem 4.3) Let (M, J, g, w) be a compact almost Hermitian manifold of real
dimension 4. Then either h}glc =b"or h}g’é =b" + 1

Moreover, we specialize the previous theorem when the almost Hermitian metric w is almost
Kihler, i.e., dw = 0, obtaining that h}g’lc is independent of the choice of an almost Kihler
metric on a given compact almost complex 4-manifold, that is,

Theorem (Corollary 4.4) Let (M, J, g, w) be a compact almost Kdhler manifold of real
dimension 4. Then, h}glc =b"+1and H}g’é = ’H;Jl.

Note that in the integrable case, i.e., on compact complex surfaces, it holds that h}gé =b"+1
on Kihler surfaces, on complex surfaces diffeomorphic to solvmanifolds, and on complex
surfaces of class VII (see [1], [2, Chapter IV, Theorem 2.7]).

We also provide a non integrable almost complex structure on a hyperelli{)tic surface,
endowed with a strictly locally conformally almost Kihler metric, such that hllg’c =b"+ 1.
This proves that the dimension of Bott—Chern harmonic (1, 1)-forms behaves differently than
the dimension of Dolbeault harmonic (1, 1)-forms [19], when the almost complex 4-manifold
is endowed with a strictly locally conformally almost Kéhler metric.

Very recently Holt improved the result of Theorem 4.3, by showing that
1,1 -
hge=b"+1

on any given compact almost Hermitian 4-manifold, see [11, Theorem 4.2].

Taking into account the integrable case, one may ask whether (2) and (3) holds or not,
when the almost Hermitian metric is almost Kidhler. We show that (3) is not true, describing an
explicit example on the Kodaira-Thurston manifold. This also implies that (2) does not hold.
In fact, working on a family of almost Kéhler metrics on the Kodaira—Thurston manifold, we
show

Theorem (Corollary 5.3) There exists an almost Kihler 4-manifold (M, J, g, ) such that
for some bidegree (p, q) it holds that

p.q pP.q
Hyd # HY.
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Finally, we recall a very recent definition of Bott—Chern cohomology for almost complex
manifolds [5], obtaining a natural injection of some spaces of Bott—Chern harmonic forms
into this new Bott—Chern cohomology.

For other results concerning Bott—Chern-like harmonic forms on almost complex mani-
folds, equipped with cohomological counterparts, see [18].

The present paper is organized in the following way. In Sect. 2, we review some basic
facts on almost complex manifolds and elliptic differential operators. Section 3 is devoted
to the definition and to the proof of the fundamental properties of the Bott—Chern Laplacian
in the almost complex setting. In Sect. 4, we study Bott—Chern harmonic (1, 1)-forms on
almost Hermitian 4-manifolds, proving Theorem 4.3. In Sect. 5, we describe a family of
almost Kihler structures on the Kodaira—Thurston manifold, comparing the two spaces Hg’g
and HZ? and proving Corollary 5.3. In Sect. 6, we describe an almost complex structure on
a hyperelliptic surface, endowed with a strictly locally conformally almost Kéhler metric,
such that hg’lc = b~ + 1. Finally, in Sect. 7, we recall a very recent definition of Bott—
Chern cohomology for almost complex manifolds by Coelho et al. [5], and briefly analyse
its relation with the space of Bott—Chern harmonic forms (see Proposition 7.1).

The authors want also to express their gratitude to the anonymous Referee for his/her
useful suggestions, which led to a better presentation of the results presented in the paper.

2 Preliminaries

Throughout this paper, we will only consider connected manifolds without boundary.

Let (M, J) be an almost complex manifold of dimension 2n, i.e., a 2n-differentiable
manifold together with an almost complex structure J, thatis J € End(7 M) and J 2= _id.
The complexified tangent bundle Tc M = T M & C decomposes into the two eigenspaces of
J associated to the eigenvalues i, —i, which we denote respectively by 71:0M and 7'M,
giving

TeM=T"Me 1" M.

Denoting by AM and A%! M the dual vector bundles of 71-OM and T%! M, respectively,
we set

p q
APIM = /\AI’OM A /\A‘“M

to be the vector bundle of (p, g)-forms, and let A?9 = AP9(M) = I'(AP9 M) be the space
of smooth sections of A?*9 M. We denote by Ak = AK(M) = T (A*M) the space of k-forms.
Note that A*M @ C = B, ,— AP M.

Let f € C*°(M, C) be a smooth function on M with complex values. Its differential d f
is containedin A' ® C = A0 @ A%!. On complex 1-forms, the exterior differential acts as

d:A'®@C - A2@C =420 Al @ 492,
Therefore, it turns out that the differential operates on (p, g)-forms as
d: AP Ap+2,q—l @ Ap+l,q o Ap,q—H @ Ap—l,q+2’
where we denote the four components of d by

d=pu+93d+0+7.
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From the relation d% = 0, we derive

u? =0,

nd+ou =0,

24+ ud+ou=0,

990 4+ 09 + pum + Ep =0,
3+ 70 + 07T = 0,
o+ o =0,

w=0.

Let (M, J) be an almost complex manifold. If the almost complex structure J is induced
from a complex manifold structure on M, then J is called integrable. It is equivalent to the
decomposition of the exterior differential as d = 9 + 3.

A Riemannian metric on M for which J is an isometry is called almost Hermitian. Let g
be an almost Hermitian metric, the 2-form w such that

wu,v) =g(Ju,v) Yu,v e '(TM)

is called the fundamental form of g. We will call (M, J, g, w) an almost Hermitian manifold.
We denote by & the Hermitian extension of g on the complexified tangent bundle 7¢c M, and by
the same symbol g the C-bilinear symmetric extension of g on 7c M. Also denote by the same
symbol w the C-bilinear extension of the fundamental form @ of g on Tc M. Thanks to the
elementary properties of the two extensions / and g, we may want to consider / as a Hermitian
operator T"OM @ T1OM — C and g as a C-bilinear operator 7'M @ T%' M — C. Recall
that 2 (u, v) = g(u, v) forall u, v € T(T1OM).

Let (M, J, g, w) be an almost Hermitian manifold of real dimension 2n. Extend & on
(p, q)-forms and denote the Hermitian inner product by (-, -). Let * : AP9(M) —>
A""9"=P (M) the C-linear extension of the standard Hodge * operator on Riemannian man-
ifolds with respect to the volume form Vol = ‘Z—}: i.e., * is defined by the relation

a A% = (a, B) Vol Va, e APY,
Then the operators
d* = —xdx, p*=— %%, 0 = —%0d%, 0 = —*0%, L = —* Lk,

are the formal adjoint operators respectively of d, i, 9, EX . Recall Ay = dd* + d*d is the
Hodge Laplacian, and, as in the integrable case, set

Ay =09*+9%3, Ay=209 +90,
respectively as the 9 and 8 Laplacians.

If M is compact, then we easily deduce the following relations

Age =0 < da=0,d*xa=0, Va € AF
A =0 < 9a=0, dxa=0, Va € AP4
Aja =0 =0, dxa =0, Va € AP4

which characterizes the spaces of harmonic forms
k Pq Pq
Hqs Hy™s Hz™,
defined as the spaces of forms which are in the kernel of the associated Laplacians. All these

Laplacians are elliptic operators on the almost Hermitian manifold (M, J, g, w), implying

@ Springer



2690 R. Piovani, A. Tomassini

that all the spaces of harmonic forms are finite dimensional when the manifold is compact.
Denote by

k p-.q p.q
N N 14

respectively the real dimension of Hfl and the complex dimensions of Hg 4

Since we will need to use the maximum principle for second order uniformly elliptic
differential operators, let us recall some definitions and the results which will be useful. Let
M be a differentiable manifold of dimension m, and let E, F be K-vector bundles over M,
with K =R or K = C, rank E = r, rank F = s. A differential operator of order / from E
to F is a K-linear operator P : I'(M, E) — I'(M, F) of the form

Pu(x) = Z ag(x)D%u(x) Vx € Q,

lo|<l

where E|q ~ Q x K", Fjg >~ Q x K* are trivialized locally on some open chart Q C M
equipped with local coordinates x!, ..., x™, and the functions

are s x r matrices with smooth coefficients on Q. Here D* = (3/dx1)® ... (3/9x™)%, and
u= Wj)<j<r, D*u = (D%u )<<, are viewed as column matrices. Moreover, we require
ay # 0 for some open chart 2 C M and for some |« | = /.

Let P:I'(M, E) — I'(M, F) be a K-linear differential operator of order / from E to F'.
We define the principal symbol of P as the operator

op : T*M — Hom(E, F) (x.8) ~> Y an(x)&",
la|=I
where £¢ = (§))“! ... (&,)%m, given that § = (&, ..., &,). Note that, if u € ['(M, E) is a

smooth section of E and f € C*°(M) is a smooth real valued function, then

P(fluy(x) = llop (x, df (x)) (x)). “

We say that P is elliptic if op(x, §) € Hom(E,, Fy) is an isomorphism for every x € M and
0 # & € T)M.By (4), we observe that P is elliptic if and only if forallx € M,u € I'(M, E)
and f € C°°(M) such that u(x) # 0, f(x) = 0 and df (x) # 0 we have

P(f'u)(x) # 0.

Let E = F and consider a Riemannian or a Hermitian metric g on E. We say that P is
strongly elliptic if / = 2k and there exists C > 0 such that

(—DFRe(g(op (x, £)(x)), u(x)) > C & 1% gu(x), u(x))

forallx e M,u e T(M, E) and & € T*M, see [15, Definition 4.2].
We will make use of the following statement of the maximum principle for strongly elliptic
operators of second order, see [7, Chapter 6, Section 4, Theorem 3].

Theorem 2.1 Let Q2 C M be a relatively compact domain, with Q contained in a local chart,
and let P : C*° () — C*°(R) be a strongly elliptic R-linear differential operator of order
2 without zero order terms, i.e., such that P(1) = 0. If Pu = 0 in Q and u € C(RQ) attains
its maximum or minimum over S at an interior point, then u is constant within Q.
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Bott-Chern Laplacian on almost Hermitian manifolds 2691

3 Bott-Chern and Aeppli Laplacians

Let (M, J, g, w) be an almost Hermitian manifold. As in the integrable setting, we define
Apc =330 9" +9 0*90 + 090 9+ 9 99" + 9%+ o,
and
Ay =090 0" +09 9%99 + 00 09* +09%99 + 99" + 99 ,
and still call them Bott—Chern and Aeppli Laplacian, respectively. Note that
*ABC=AA* ABC*=*AA. (5)
If M is compact, then we easily deduce the following relations

Apca=0 < da=0, da =0, 33 *a =0,
Aja=0 < d%xa=0, 0xa=0, 9da =0,

for any given o € AP-9 which characterizes the spaces of harmonic (p, ¢)-forms
pq p.q
Hpes Hy™s
defined as the spaces of (p, g)-forms which are in the kernel of the associated Laplacians.

Remark 3.1 By Eq. (5), note that xH5? = H) """ and xH}? = Hp" "7 In the

following, we will study only the spaces Hg’g on an almost complex manifolds; this is

sufficient to describe also the spaces H/'7.

We are interested in studying the kernel of the Bott—Chern Laplacian Apgc on almost
complex manifolds. The kernel of an elliptic operator is finite dimensional on a compact
manifold. Therefore, the first thing we verify is that Apc is elliptic. The proofs known by
the authors of the ellipticity of Agc, see, e.g., [16, Proposition 5] by Kodaira and Spencer or
[17, Page 8] by Schweitzer, make use of local complex coordinates to compute explicitly the
symbol of A g¢, therefore do not hold anymore on almost complex manifolds. Nonetheless,
these proofs could be adapted to compute the symbol in suitable local frames on almost
complex manifolds.

Proposition 3.2 Let (M, g, J, w) be an almost Hermitian manifold of real dimension 2n.
The Bott—Chern Laplacian Apc is elliptic.

Proof To compute the symbol of A BC, choose a local coframe {91, ...,0" on A0 such
that the almost Hermitian metric is written

n
w=iY 6%,
k=1

We write a form « € A”9 locally as
— o s .gil/\.../\gﬁ
O = iy..ipj1...Jg .

Its differential then acts as

do=dajy j, NO"T A NG a5 dOF A A0

= datiy. jy NOTUA - AOH By NOTA - AT gy dO A A G,
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2692 R. Piovani, A. Tomassini

In calculating the symbol, we are only interested in the highest order derivatives acting on
Qiy..j,- Therefore, for the purpose of computing the symbol, we note that 9 and 9 behave like

on a complex manifold. The same reasoning works for 3* and 9" Since Apc is elliptic on
complex manifolds, this ends the proof. O

The same considerations in the proof of Proposition 3.2 also prove that the 9, 9, and the
Aeppli Laplacians are elliptic, too.
Denote by
p.q p.q
hgcs ha

respectively the finite complex dimensions of H} and of H/9.

4 Bott-Chern harmonic (1, 1)-forms on almost Hermitian 4-manifolds

The goal of this section is to study the space of Bott—Chern harmonic forms of bidegree
(1, 1) on almost Hermitian manifolds of real dimension 4. We start noting that this space is
a conformal invariant of the metric.

Remark 4.1 Let (M, J) be a compact almost complex manifold of real dimension 2n. Let
@, w = e'®, with t € C®° (M), be two conformal almost Hermitian metrics. The two Hodge
star operators behave, on the space A”*4, as

ke = =P *g -

Therefore, when p 4+ g = n, the space Hg’g is a conformal invariant of almost Hermitian
metrics, thanks to the characterization

Apca=0 < 90 =0, da =0, 30 xa =0, Vo c AP,

In particular, hg’g is also a conformal invariant of almost Hermitian metrics for p 4+ g = n.
This is especially true when 2n =4 and p = g = 1.

By a remarkable result of Gauduchon [8], for any given almost Hermitian metric @ on the
compact almost complex 2n-manifold (M, J), there always exists a unique, up to homothety,
Gauduchon metric @ conformal to @, i.e., 39" ™1 = 0. In particular, for 2n = 4, we have
00w = 0.

Let (M, g) be a compact oriented Riemannian manifold of real dimension 4, and set
A" ={a e A’M : xa = —a)}
the bundle of anti self dual 2-forms. Denote by
7-[_={oteA2 D Aga =0, xa = —al,

the subspace of harmonic anti-self-dual 2-forms and set b~ = dimg H ™. Note that b~ is
metric independent: see [6, Chapter 1] for its topological meaning.

Remark 4.2 Let (M, J, g, w) be a compact almost Hermitian manifold of real dimension 4.
Note that the space of harmonic anti-self-dual complex valued 2-forms H~ ® C is indeed a
subspace of A*!, which will be denoted by Hc- We remark that every harmonic anti-self-
dual (1, 1)-form y € He, i.e.,dy = 0and *xy = —y,is a Bott—Chern harmonic (1, 1)-form.
In fact, it holds dy = 0, 5)/ =0, 30 * y = 0. Hence, h}ié >b".
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Bott—Chern Laplacian on almost Hermitian manifolds 2693

Now we can state and prove the following theorem, gaining a topological interpretation
of the dimension h}glc

Theorem 4.3 Let (M, J, g, w) be a compact almost Hermitian manifold of real dimension
4. Then either hgl. = b~ or hy- = b~ + 1.

Proof Since hg’é is a conformal invariant of the metric, up to a conformal change of the
Hermitian metric g, we can assume in this proof that w is Gauduchon, i.e., 9w = 0.

We divide the proof in two steps.

(I) First, we prove that the space of Bott—Chern harmonic (1, 1)-forms is

HLL = {fo+y e AV | feC, sy =—y, d(fo+y) =0). ©6)

(II) Then, we prove that the complex dimension of H}B’]C can only be equal to either b~ or
b~ + L

(D) From the Lefschetz decomposition for 2-forms, see [14, Proposition 1.2.30], one gets
the following decomposition:

AYM'M =C) @ (A~ ®0). (7

Letg € H};’é. By Eq. (7), we have ¢ = fw+ y, where f is a smooth function with complex
values on M and %y = —y. To prove the characterization of H}g’é, we claim that f is a
complex constant. Note that

Ip=0 < 0f Aw+ fow+0dy =0, ®)
=0 < If Aw+ fow+0dy =0, )
300 =0 < 93*(fo+y)=0. (10)

Expanding condition (10), using condition (9) and 39w = 0, we get

0=00%*(fo+y)=00(fw—1y)
=3@f Ao+ fow—dy)
=200f Aw+ fiw)
=200f Aw—20f ANdw+20f A dw.

We claim that the differential operator P : C*°(M, C) — C*°(M, C) defined by
P:fi>—ix@3fAw—0fAdw+df Adw)
is strongly elliptic, since its principal part is given by
—i%x@3f Aw).
Let us then verify that the differential operator L : C*°(M, C) — C*®°(M, C) defined by
L:fr—ix@3fAw)

is strongly elliptic. Choose a local coframe {¢!, z?} of bi-degree (1, 0) centered in a point
m € M and such that the almost Hermitian metric is written

0=i@¢"+¢?).
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2694 R. Piovani, A. Tomassini

Let {Vi, V»} be the corresponding dual frame. We have
091 =(Vi(NE +VaNE)
= ViVi(eT + Va(Vi(me+
+Vi(V2(fE 2+ Va(Va(F)E 2+
+ V(T +Va(aT.
Wedging 99 f together with w, we get

00 f Aw=i (Vi(Vi(f) + Va(Va(f)) + R(f)) ¢ 12,

where R is a differential operator which involves at most first order derivatives of f. Since
Vol = {1212, it follows that

L(f) = = (Vii(f) + Va(Va(f) + R(f)) ,

which is strongly elliptic since —V; V] — V,V; is strongly elliptic, proving the claim. Note
that L(f) = i(dd f, w) is equal, up to a factor —2, to the complex Laplacian by Gauduchon
[8].

Let us prove that the function f € ker(P) is constant. Note that P is a real differential
operator, i.e., P(f) = P(f). Hence, f € ker(P) iff Re f € ker(P) and Im f € ker(P). By
considering Re f and Im f instead of f, for the moment we may assume that f is real valued.
Then, f : M — R has a maximum and a minimum. Let mo € M be a maximum point for
f and set f(mg) = N.Let U > mg be alocal chart and r > 0 such that B(mg, r) C U. The
differential operator P is strongly elliptic on M, therefore it is strongly elliptic on B(mq, r).
Since f € ker(P), by the maximum principle it follows that f is constant on B (my, r). Since
{me M : f(m)= N}isboth open and closed, f is constant on M.

Therefore, we have just proved

HLL c{fo+y e AV | feC, sy =—y, d(fo+y)=0).

Vice versa, if ¢ = fo +y € ALl with f € C, %y = —y, and d(fw + y) = 0, then
a straightforward computation shows that (8), (9) and (10) hold, providing the converse
inclusion D. Therefore (6) is proved.

(II) Now, let us prove that either h}g’lc =b" or hg’lc = b~ + 1 hold. We have two possible
cases:
(a) there exists an element fow + yp € Hg’é such that

fo e C\{0}, *yo=—w., d(fow+y)=0;

(b) for any given element fw + y € H}g’é we have f = 0.
In case (a), we claim that

Hpe = (foo+ 1) +y € AU f € C.xy = —y, dy =0},
which yields h}g’é = b~ + 1. The inclusion D is immediate. Indeed,
d(f(fow +yo) +v) = fd(fow + yo0) +dy =0,

and *(fyo+v)=—fr—v.

@ Springer



Bott—Chern Laplacian on almost Hermitian manifolds 2695

To prove the converse inclusion C, let fiw + y; € Hgé, ie., f1 € C, xy; = —yp and
d(fiw + y1) = 0. We compute

fio+y = ﬁ(fow-i- Y0) + V1 — ﬁyo = f(fow+y0) + v,
fo fo

where we set [ = % andy =y — -j%yo. Note that

feC, xy=-y, dy:—fldw—l—%fodwzo,
0

proving the claim.
In case (b), since for every element fw + y € Hgé we have f = 0, it follows that H};’é

coincides with the space of harmonic and anti-self-dual (1, 1)-forms H, yielding h};é =b".
The theorem is proved. O

We specialize Theorem 4.3 when the Hermitian metric is almost Kéhler, yielding that & gé
is independent of the choice of almost Kéhler metrics g compatible with J. The following
corollary is the Bott—Chern analogue of [12, Proposition 6.1] by Holt and Zhang.

Corollary 4.4 Let (M, J, g, w) be a compact almost Kihler manifold of real dimension 4.
Then, hyg = b~ + 1 and Mg = H:'.

Proof By the characterization (6) of Theorem 4.3 and dw = 0 we get the characterization
Hye={fo+y e A | feC, vy =—y, dy =0},

yielding h}gé = b~ +1.By[12, Proposition 6.1], the space H;J ! has the same characterization

as M., implying My = Hy'. D

By Remark 4.1, note that the same thesis of Corollary 4.4 holds if the almost Hermitian
metric is conformal to an almost Kihler metric.
As another consequence of Theorem 4.3, we derive the following

Corollary 4.5 Let (M, J, g, w) be a compact almost Hermitian manifold of real dimension
4. If 00w = 0 and dw # 0, then every Hodge harmonic (1, 1)-form is anti-self-dual.

Proof Assume 30w = 0 and dw # 0, and take ¢ € A1 such that Ag¢ = 0. As in Theorem
4.3, by Eq. (7), we have ¢ = fw + y, where f is a smooth function with complex values on
M and y is anti-self-dual, i.e., ¥y = —y. Recall Ayj¢p = Oif and only if dp =d x ¢ = 0.
This implies ¢ € H}g’lc, since d = 3 4 0 on (1, 1)-forms, and d * ¢ = 0 yields 99 * ¢ = 0.
By the proof of Theorem 4.3, f is a complex constant. Computing d¢ = d * ¢ = 0, we find

0=d¢ = fdo+dy,
0=dx¢ = fdow—dy,

hence
fdo =0, dy =0.

Since dw # 0, we get f = 0. m}
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5 Bott-Chern harmonic forms on the Kodaira-Thurston manifold

In this section, we are going to compare Bott—Chern and Dolbeault harmonic forms on a
family of almost Kihler structures on the Kodaira—Thurston manifold, following Holt and
Zhang [12].

The Kodaira—Thurston manifold, here denoted by M, is defined to be the direct product
S x (Hj (Z)\ H3(R)), where H3(R) denotes the Heisenberg group

1
H3(R) = 0
0

O = =

z
y] €GLG.R) ¢,
1

and H3(Z) is the subgroup H3(R) N GL(3, Z), acting on H3(R) by left multiplication. The
manifold M is compact and connected. If ¢ is the coordinate on the circle S 1 and x, y, z are
the coordinates on H3(Z)\ H3(R) as in the definition of H3(RR), we see that the manifold M
can be identified with R*, endowed with the group structure of R x H3(R), quotiented by
the equivalence relation

t+1

X + X0

Y+ o
Z+ 20 + x0y

N R~

for every tg, x0, Y0, 20 € Z. The vector fields

] a a N 0 a
el = -, e = —_—, ey = — x—’ Cp = —
T T @ ay 0z N 0z

are left invariant and form a basis of T, M at each point p € M. The dual left invariant
coframe is given by

el =dt, & =dx, e’ =dy, ¢* =dz — xdy.

Consider the almost complex structure Jp, for b € R\ {0}, given by
wob(Beit) e (L) b2
2 \ ot dx 2 ay 0z b oz
spanning T,}’OM at every point p € M, along with their dual (1, 0)-forms
o' =dt +idx, ¢*>=dy—ib(dz— xdy).
Their structure equations are
dp' =0, dg? = §(¢12 Lol 1ot _ o),

Endow every (M, Jp) with the family of almost Kihler metrics given by the compatible
symplectic forms

oy = i@ NG + @2 AP =2d1 Adx +2bdz A dy.
Define the volume form Vol such that

2Vol = w2 =2¢' A2 AP A =8bdt Adx AdzAdy.
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Holt and Zhang [12], computed the spaces Hg’q for every p, . We will verify when H};l =
Hg’q and show that this equality is not true for every p, g on the Kodaira—Thurston manifold

M. Note that Hg’q = *H%_p 274 by Serre duality. For Bott-Chern harmonic forms, we have
P a.p
Hpe = Hpe an

if it holds 33 + 89 = O when restricted on (n — g, n — p) forms. For an almost complex
4-manifold, Eq. (11) is true when

(P, q) €1{(0,0),(2,2),(2,0),(0,2), (1,0), (0, D, (1, D}.

Let us compute the spaces Hg’g s Hg’q and compare them.

Bidegrees (0, 0), (2, 2)

For p = ¢ = 0, it is immediate to see that both spaces are equal to constant functions on M.
Similarly, for p = ¢ = 2, both spaces are spanned by ¢'?!2.

Bidegrees (2, 0), (0, 2)

For (p,q) € {(2,0),(0,2)}, note that H>* = 1 and Hyp = Hye., therefore it is
sufficient to prove H%’g = H%’O. This follows immediately since both spaces turn out to be

equal to the set of 9-closed (2, 0)-forms, i.e.,
Hye = H%’O = {a € A2°(M) | 9a = 0}.
In [3, Section 6] it is proved that

120 _ C<¢2> if0£bednZ,
7 o ifb ¢ 4nZ.

Bidegree (1, 1)

For (p, g) = (1, 1), in [12] Holt and Zhang proved that on every almost complex 4-manifold
with an almost Kihler metric, every (1, 1)-Dolbeault harmonic form is the sum of a com-
plex multiple of the almost Kéhler symplectic form and of an anti-self-dual harmonic form.
Corollary 4.4 affirms that the same holds for every (1, 1)-Bott—Chern harmonic forms. Since
b~ = 2, it follows that h%’] = h}éé = 3 and it suffices to find three harmonic (1, 1)-forms
to prove

11 11 T 22 412 _ 21
Hye =HE = C < T 62, 12 _ 2T 5
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Bidegrees (1, 0), (0, 1)

For (p, q) € {(1,0), (0, 1)}, sinceH}g’g = H%’]C,letus compute H%’é.Lets = fal —|—g$2 €

H%k,ie., s = 0 and 3s = 0. We get
Is =0 = V(AT _b _b o1 2
= 1N+ Vi(®) = 70)¢ " + (a(f) — 78097 + Valg)¢™,  (12)

_ _ — b )
Is =0 < (—Va(f)+ Vi(g) + Zgw” =0. (13)

By Eq. (12), note that V5(g) = 0, implying V2 V2(g) = 0. The operator —V,V; is a
real operator, and it is strongly elliptic when computed on functions depending only on the
coordinates yz.yz. Consider the projection 7 : M — T2 = Z2\R? givenby 7 ([z, x, y, z]) =
([t, x]). The fiber of 7 is a torus with coordinates y, z. As the fiber is compact, by the
maximum principle applied to Re (g) and Im (g), we get that g is constant on each fiber.
Therefore, the function g on M depends only on the coordinates ¢, x.

Applying V; to the coefficient of ¢]2 in (13), taking into account that 4[Vy, Vol = b(V, —
V,) and V» (g) = 0, we infer Vzvz(f) = 0. Since V1(f) = 0, then f is in the kernel of the
strongly elliptic operator —V1 V] = V, V5 and therefore it is constant.

Equation (12) also yields

Va( b =0
zf)—zg— .

Since f is a complex constant, we get g = 0.
Therefore

H%é=(C<$l >, H}g’g=(C<¢1 > .

Analogously, since ’I—%’O = {a € ALO(M) | da = 0}, it is easy to see that
1,0 1,0
H =C<g¢! >=Hgec,
see [3, Section 6] for the proof a = 0. It is also easy to see
C< 51 > C H%’l.

However, in [12], Holt and Zhang proved that o = Ce>™/¥g° ¢ Hg’l, forl € Z, b = 4wl
and for any C € C. Since o ¢ H%’é, we just proved, for b = 471,

0,1 0,1
e S
Bidegree (2, 1)

For (p, q) = (2, 1), note that 1" = «H>''. Therefore, for b = 471, we know %o € 12",
We will show that o ¢ H%’é, implying

2,1 2,1
Hye # M2
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Let usﬁbegin by desciibing the space HzB‘é. Lets = f(;&lzT + g¢>12§, then s € HZB’é if and
only if 930 xs = 0 and ds = 0, i.e., iff

VIVI(F) + VaVi(g) — Vi) + 2Vics) — tVate) - & f =0,
VIVa(f) + VaVa(g) + 5Va(f) =0, (14)
Vi(g) — Va(f) = 0.

It is an easy verification that the (2, 1)-form %o does not satisfy the first equation of the
system (14).

Bidegree (1, 2)

For (p, q) = (1, 2), we know 7_%,2 = *7_%,0 =C < ¢2§ >. We will show that for some
value of b # 0 it holds

1,2 1,2
Hz® C Hie. (15)
£
Lets = f¢'" + g¢?2 € HyZ, ie., 80 xs = 0and ds = 0, i.e.,

VIVICH) + ViVa() + 5Vi(h) = §VieH) = §Vae) - % £ =0,
VaVi(f) + VaVa(g) + 2Va(f) = 0, (16)
Vi(g) — Va(f) =0.

To prove (15), it will be sufficient to study solutions f, g of system (16) which only depend
on coordinates ¢, x, y. We decompose the functions f, g in Fourier series as

f= Z FoameTiGetlatm) o Z g 2T KMy
kl,meZ, k,lmeZ
System (16) rewrites into
(1672 (k> + 1%) — 8brl + b) fiym + 4rm(dmk — 4il +ib)grim =0, (17)
wm(4mk + 4il — ib) fi1m + 47 m> g 1w =0, (18)
mfiim = (k —il)gk.1.m, (19)
for all k, [, m € Z. From (18) and (19), we obtain k£ = 0 and

drm?® +4rnl> — bl = 0, (20)

and, once we impose these conditions, (17) reduces to (19).
Summing up, for any /, m € Z and b # 0 such that d7rm? + 471? — bl = 0, there exists
s € Hg’é given by

5 = CeZm'(lx+my)¢1ﬁ _ CiTme2m'(lx+my)¢2§ if 1 # 0,

— 21
s = Cg?12 ifl =0, @D

for any C € C. For [ = 0, we get the inclusion of (15); to show that the inclusion is not an
equality, take, e.g.,b =8x,l =1,m = 1.
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Remark 5.1 Counting the solutions (21), i.e., finding a lower bound on the complex dimen-
sion of H}B’é, is equivalent to asking how many couples (I, m) € Z? satisfy (20), which is
equivalent to counting how many couples (I, m) € Z? satisfy

m>+ (1 —d)?=d>

where we set d = b/8m. Counting the number of solutions can be thought of as asking how
many lattice points in Z x Z lie on a circle with centre (d, 0) and radius d. This last number
theoretic problem has already been addressed and solved by Holt and Zhang in [12, Section
4], where they show that by changing the choice of b (or equivalently d) one can make the
number of solutions become arbitrarily large.

Therefore, in view of the argument as above, we infer that by changing our choice of b,
h}gé may become arbitrarily large. This conclusion has been already obtained by Holt in
[11, Example 4.4] (the case p = 1 in the notation of Holt), where the space of Bott—Chern
harmonic (1, 2)-forms is fully characterized.

Summarizing the results just obtained, we state the following proposition.

Proposition 5.2 Let M be the Kodaira—Thurston manifold S' x (H3(Z)\ Hz(R)) with local
coordinates t, x, y, z. Consider the almost complex structure Jp, for b € R \ {0}, given by

¢ =dt +idx, ¢ =dy—ib(dz — xdy).

spanning (T]}’OM)* at every point p € M. Endow (M, J, ) with the almost Kdhler metric
given by the compatible symplectic form

wp = i@ AP + P2 AG) =2di Adx +2bdz A dy,

and the volume form Vol such that 2 Vol = wi. Then, for all b € R\ {0}, and (p,q) €
{(0,0), (1,0), (1, 1), (2,0), (0, 2), (2, 2)}

Hqu — Hqu,
while for (p, q) € {(0, 1), (2, 1), (1, 2)}, there exists b € R\{0} such thata € R

Hyé # ML
Corollary 5.3 There exists an almost Kihler 4-manifold (M, J, g, ) such that for some
bidegree (p, q) it holds that

Hyé # M.

6 Locally conformally almost Kdhler metrics

Let(M, J, g, w) be an almost Hermitian manifold. Following [19], we say w is strictly locally
conformally almost Kdhler if

do =0 Nw,

and 6 is d-closed but non d-exact. Conversely, we say w is globally conformally almost
Kdihler, if

do =0 Nw,
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and 0 is d-exact. As mentioned in the introduction, Tardini and the second author proved that
h:! = b~ on every compact almost complex 4-manifold with a strictly locally conformally
almost Kéhler metric. Here, we prove Bott—Chern harmonic (1, 1)-forms have a different
behaviour than Dolbeault harmonic (1, 1)-forms. Namely, we describe an almost complex
structure on a hyperelliptic surface, endowed with a strictly locally conformally almost Kéhler
metric, such that hg’lc =b" +1.

Note that in the integrable case, i.e., on compact complex surfaces, it holds h}_,;lc =b"+1
on Kéhler surfaces, on complex surfaces diffeomorphic to solvmanifolds, and on complex
surfaces of class VII (see [1], [2, Chapter IV, Theorem 2.7]).

Following Hasegawa [9], let G be the group C? together with the multiplication

: w2+ﬁ
(wI! w2) . (Zl’ ZZ) — (w] +el7‘[ 2 Z]7 w2 +Z2)7

and let ' be the subgroup of G given by (Z + iZ)?. This corresponds to the hyperelliptic
surface with n = 7 and p = ¢ = s = t = 0 in the notation of Hasegawa. Let M be the
solvmanifold I"'\ G, and denote by xh yl, x2 y2 the local coordinates of M induced from
C?ie,zl =x! + iyl, 72 =x24+ iyz. The vector fields

5, 0 . 5. 0
e; = cos(mx”)— + sin(rx") —,
ax1 dy

a
e = — sin(nxz)ﬁ + COS(ﬂxz)W,
a ad
3= —, e4—5
3T ax2 Tay?

are left invariant and form a basis of T M at each point. The dual left invariant coframe is
given by

el = cos(y'r)c2)dx1 + sin(ﬂx2)dy1,

= sin(rrxz)dxl + cos(rrxz)dyl,
e =dx?, ¢t =dy?,
with structure equations
de' = —me?, de* = 7'[613, de® = 0, de* = 0.
The De Rham cohomology of M is computed using left invariant forms, see e.g. [1], yielding

H;R:R<63,e4 >, H§R:R<elz,e34>. (22)

Consider the almost complex structure J given by

Vi= Ser —ies) = 2 (12— 4 sin(ra?) e — i =
= —(e1 —1¢e = — | COS(TTX" ) —— SIN(TxX™)—— — 1 —= ,
P= i =3 dx! ayl  ax?

1% 1( ')1 '<2>3+(2)a -
= —(er —1e = — | —Sm(mwTx")—~ cos(mx”) — —1—= |,
272 Y72 ax! ay! dy?

spanning T,}’OM at every point p € M, along with their dual (1, 0)-forms
d)l =el i’ = cos(nx2)dx] + sin(mc2)aly1 +idx2,

¢2 =e*+iet=— sin(7r)cz)d)c1 + cos(n)cz)dy1 + ia’yz.
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Their structure equations are

Endow (M, J) with the almost Hermitian metric given by the compatible symplectic form
o3, o4 Lo ol g 2
w=e te =5 NP+ NP,

and define the volume form Vol such that

2
1 _ _
Vol:%:zq)l/\d)z/\qbl/\d)z.

Note b~ = 1. Also note that w is strictly locally conformally almost Kéhler, since

1

da)=7re34=9/\a),

with @ = me*, which is closed but not exact by (22).
Let us now compute hgé Lety = fo+vy € Hg’é, with f € C and *y = —y. The
(1, 1)-form y can be written as

with A, B, C € C*°(M, C). We compute dyy = 0 and find
4V1(C) —4V(A) —2niA — 7 f =0,
4Vi(A) +4Vo(B) + wiB + wiC =0,

4V1(B) — 4Va(A) + 2miA+ 7 f =0,
4Vi(A) +4V5(C) — 7iC — iB = 0.

(23)

Note that for 2A =if #0and B =C =0, we get fo+y € Hllg’é with f # 0. By the
proof of Theorem 4.3, it immediately yields that hgé = b~ + 1. However, let us also reprove

hgé = b~ + 1 explicitly, without the help of Theorem 4.3.
Every function on M is, in particular, 2(Z + iZ)-periodic in both complex variables,
therefore we may decompose the functions A, B, C in Fourier series as

A = Z Akyl’m.neiﬂ(kxl+lyl+mx2-§—ny2)7
k,l,m,ne’z ’

B — Z Bk’“’1’rlez'7r(lc)clJrly'erxzwLnyz)7
k,l,m,neZ

C = Z Ck’[.m’nein(kxl+ly1+mx2+ny2).
k,l,m,neZ ’
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For every (0,0,0,0) # (k,l,m,n) € Z* and x% € R, system (23) rewrites into

(i cos(rx?)l + i sin(wx>)k + m)Ci. i m.n

+(i sin(rx?)] — i cos(mx?)k —n — DAk 1mn =0,

(2i cos(rx)1 + 2i sin(wx?)k + 2m) Ag.1.m.n

+(—2i sin(wx2)l 4 2i cos(mx>)k + 2n + i) Br jmn + i Crtmn = 0,

. 2p y s N (24)
(i cos(mmx)] +isin(rwx“)k — m)Bk 1, m.n
+(@ sin(nxz)l —1i COS(Isz)k +n+i)Akimn =0,
(2i cos(mx?)l + 2i sin(wx?)k — 2m) Ay m.n
+(=2i sin(wx?)l + 2i cos(mx?)k — 2n — i)Ci.t.m.n — i Brgmn = 0.
Differentiate (for sign convenience) system (24) two times with respect to x2 to find
(= cos(mx?)l — sin(wx2)k)Cr.1.m.n + (— sin(@x)l + cos(wx>)k) A j.mn = 0,
(= cos(x?) — sin(wx?)k) Ag.1.m.n + (sin(wx>) — cos(mx2)k) Bismn = 0, 25)

(= cos(mx?)l — sin(nxz)k)Bk,l,m,n + (—sin(mx)l + cos(nxz)k)Ak,l,m,n =0,
(= cos(mx?)l — sin(x>)k) Ay jm.n + (sin(wx?)l — cos(mx>)k)Cr.1.m.n = 0.
If x2 = 0, it is easy to see that (k,[) # (0,0) implies Ak ;mn = Brimn = Cikt.mn = 0.

Therefore, the functions A, B, C depend only on variables x2, y2, and we can assume k =
[ = 0. For every (0,0) # (m,n) € 72, system (24) rewrites into

mCO,U,m,n - (n + i)AO,O,m,n = 01
2mAg,0.mn + 2n +i)Bo,omn +1C0,0,mn =0,

mBo,0,mn — (1 +i)A0,0,mn =0,
2mAO,O,m,n + (2n + i)CO,O,m,n + iBO,O,m,n =0.

(26)

From system (26), subtracting the third equation from the first, we get

m(CO,O,m,n - BO,O,m,n) =0.

If m = 0, then Ao, 0,0, = B0,0,0.n = Co0,0,0,, = 0 for every 0 # n € Z. Conversely, if
Co.0.m.n = Bo.0,m.n forall m, n € Z with m # 0, combining the first two equations of (26)
we get

(m2 + ”lz — 1+ 2ni)Bo,o,mn =0,
implying eithern = 0 and m? = 1 or By g m.n = 0forn # 0.1f By,g m.n = Oforallm,n € Z
with m # 0 # n, it also follows that Ap 0 m.n = C0,0,m.n = 0. On the other hand, if n = 0
and m = =1, then every choice Bo,0,m,0 = C0,0.m.0 = imAop,0.m,0 € C provides a solution
of system (24). Therefore
B=C=+iA = +iKe*m 27)
are solutions of system (23) for every complex constant K € C. However, note that
A(ZI7Z2) — Keiiﬂxz # Keﬂ:iﬂ(x2+1) — A(_Zl, ZZ + l) — A((O, 1) . (Zl’ZZ))

for every d=x4 iy],z2 =x24 iy2 € Cand 0 # K € C, thus the functions A, B, C in
(27) are not well defined on M.

Other solutions of system (23) are found whenk =/ =m =n =0and A, B, C € C are
complex constants. More precisely, we get2A =if and B = —C.
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Therefore, we re-obtain h};é =2=b"+1and

HEL—C <97 — 7T 5 .

Remark 6.1 1t is worth asking if on compact almost complex 4-manifolds h}glc may be always
equal to b~ + 1 or there are explicit examples where hg’lc = b~. Very recently Holt in [11,
Theorem 4.2], proved that hklc is always equal to b~ + 1.

7 Bott-Chern cohomology of almost complex manifolds
In [4], Cirici and Wilson introduced a generalization of Dolbeault cohomology on almost
complex manifolds. Let (M, J) be an almost complex manifold and

P kerw N AP
BT gAptle-2

be the fi-cohomology, which is well defined since 7> = 0. Note that 3 induces a morphism
of vector spaces

S

P.q p.q+1
cHZ' — HE
Hu Hﬂ

)

since Xd + d = 0. Furthermore, 52 + wd + o = 0 implies 52 =0on Hﬁp’q. Then, the
Dolbeault cohomology of M is defined by

ker d N Hﬁp 1
Hpot = —
p.q—1
T
Analogously, define the jt-cohomology
P — keru N AP4
M MAp72,q+l ’

and the conjugated Dolbeault cohomology

P.q
P kerd N H
Dol p—lg
° 0H,

The Dolbeault cohomology of almost complex manifolds generalizes the classical Dolbeault
cohomology of complex manifolds, and satisfies some desirable properties. In particular, the
authors modify the classical Hodge filtration for complex manifolds by taking into account
the presence of i and show that the Dolbeault cohomology of every almost complex manifold
arises in the first stage of the spectral sequence associated to this new Hodge filtration, which
converges to the complex de Rham cohomology of the manifold. However, in [5], Coelho,
Placini and Stelzig show that the Dolbeault cohomology of almost complex manifolds is
often infinite dimensional.

Still in [5], the authors also give the following definition for Bott—Chern and Aeppli
cohomologies of almost complex manifolds. Given any almost complex manifold (M, J),
consider the spaces of forms

Ay i=kermN ker 3> Nkerd N ker p
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and
AR* = A% /(imTT +im 9  + im 82 + im ),

and note that both (A}*, 9, 3) and (A", 9, 3) are double complexes. Therefore, define the
Bott—Chern and Aeppli cohomologies of an almost complex manifold as the usual Bott—Chern
and Aeppli cohomologies of respectively the double complexes (A}, 8, 3) and (A}"*, 3, 9).
More precisely,

pq  kerd N A
Hpe = ——
go9Ar— 1
and
[ ker 09 N AP?
A T

JAPh p garaTt

It turns out the following commutative diagram holds as in the integrable case

H**
RN
Hpuw — Hix  Hpy

\l/

where arrows are morphisms of vector spaces. Moreover, H3* is a bigraded module over
H;’C*, and conjugation induces isomorphisms H ng = Hg,cp , H P =H, %P Note that, like
Dolbeault cohomology, also Bott—Chern and Aeppli cohomologles may be infinite dimen-
sional on compact almost complex manifolds.

Let (M, J, g, w) be a compact almost Hermitian manifold. Since the Bott—Chern and
Aeppli Laplacians are elliptic, the Hodge theory developed by Schweitzer in [17] applies,
yielding the L2-orthogonal decompositions

AP = 1B @ 9gAP~1a—l @ (9 APHLe L §T APt
and
AP? = Hh T @ g APHLatl @ (APl L GaraT,
In general, the spaces Hg’g and Hﬁ’q seem to be unrelated to the Bott—Chern and Aeppli
cohomology spaces just introduced.
However, if we take n = dimgr M = 4 and p = ¢ = 1, note that A}’l = All = A1 1,
and the previous Bott—Chern decomposition yields, intersecting with ker d,

kerd N A" = My, @ kerd N99AL.

Therefore, there is a well defined injection
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In general, there seems no reason to think this injection is also a surjection. Note that j being
surjective would imply hllgé is an almost complex invariant on 4-manifolds.

We can re-obtain the previous injection of (1, 1)-forms as a particular case of the following
observation. Let (M, J, g, w) be a compact almost Hermitian manifold of real dimension 2n
and intersect the Bott—Chern decomposition with the space ker d N AY*?, deriving

kerd N AP? = HEE N AP @ kerd N ALY N 95 AP—1a—1
Therefore, there is a well defined injection
Hp 4 AP Hp q
Summing up, we have

Proposition 7.1 Let (M, J, g, w) be a compact almost Hermitian manifold of real dimension
2n. Then we have an injection

HpquPq HP‘]
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