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Abstract

Letg(z) = joz p(t) exp(q(t)) dt 4+ ¢ where p, ¢ are polynomials and ¢ € C, and let f be the
function from Newton’s method for g. We show that under suitable assumptions on the zeros
of g” the Julia set of f has Lebesgue measure zero. Together with a theorem by Bergweiler,
our result implies that f”(z) converges to zeros of g almost everywhere in C if this is the
case for each zero of g” that is not a zero of g or g’. In order to prove our result, we establish
general conditions ensuring that Julia sets have Lebesgue measure zero.
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1 Introduction and results

For a rational function f : C — C that is not constant and not a Mobius transformation,
or a transcendental meromorphic function f : C — (fl let f* denote the nth iterate of
f. The Fatou set, F(f), is the set of all z such that all iterates f” are defined and form a
normal family in a neighbourhood of z. Its complement, 7 (f), is called the Julia set. For
an introduction to the iteration theory of meromorphic functions, see, for example, [23] for
rational functions and [2] for transcendental functions.

Let g be a non-constant meromorphic function. Newton’s root finding method for g con-
sists of iterating the function
8@
g
We also call f the Newton map corresponding to g. The zeros of g are precisely the attracting
fixed points of f, and the simple zeros of g are even superattracting fixed points. Recall
that, more generally, a periodic point zo of period p of a meromorphic function f is called
attracting, indifferent or repelling depending on whether |(f?) (zo)| < 1, [(f?) (z0)| = 1

f@=z- (L.1)
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or |(fP) (z0)] > 1. The periodic point zq is called superattracting if (f?)'(zo) = 0. An
indifferent periodic point z is called rationally indifferent if () (z9) is a gth root of unity
for some ¢ € N, otherwise it is called irrationally indifferent.

We will investigate the Lebesgue measure of Julia sets of Newton maps corresponding to
functions of the form

g&)=1/zp0k“”dt+c (1.2)
0

where p is a polynomial with p 0, g is a non-constant polynomial and ¢ € C.
In the following, we will assume that g is not of the form

g(z) = p(z)el® (1.3)

with polynomials p and ¢. Then g has infinitely many zeros and f is transcendental. Newton’s
method for functions of the form (1.3) has been studied by Haruta [9].
Let dist(, -) denote the Euclidean distance in C. We will prove the following result.

Theorem 1.1 Let g be of the form (1.2) but not of the form (1.3), and let f be the corresponding
Newton map. Denote the zeros of g"" which are not zeros of g or g' by z1, ..., zn. Suppose
that forall j € {1, ..., N}, the point z; is attracted by a periodic cycle, that is, there exists
a periodic cycle C of f such that lim,_, o dist(f"(z;), C) = 0. Then the Lebesgue measure
of J(f) is zero.

Jankowski [11, §3] proved that if f is the Newton map corresponding to a function g of
the form g(z) = r(z)e“* + b where r is a rational function and a, b € C\{0}, and if for each
of the zeros, z1, ..., zy, of g that are not zeros of g or g’, the iterates f”(z;) converge to a
finite limit as n — oo, then the Julia set of f has Lebesgue measure zero. Note that if r is a
polynomial, then g can be written in the form (1.2) with g (t) = at and p(t) = ar(t) +r'(¢).
Also, under the assumptions of Jankowski’s result, f"(z;) is attracted by a cycle of period
1 for all j € {1,..., N}. So Jankowski’s theorem for polynomial r is a special case of
Theorem 1.1. The essential new difficulties we have to deal with in our proof come from the
fact that we allow ¢ to have degree greater than one.

Bergweiler [3, Theorem 3] also investigated Newton’s method for functions of the form
(1.2). He proved the following result.

Theorem (Bergweiler) Let g be of the form (1.2) but not of the form e“*** with a, b € C,
and let f be the corresponding Newton map. Denote the zeros of g” which are not zeros of g
org' byzi,...,zn. If f"(z;) converges to a finite limit for all j € {1, ..., N}, then f"(z)
converges to zeros of g on an open dense subset of C.

It is not difficult to see that under the assumptions of Bergweiler’s theorem, f"(z;) con-
verges to an attracting fixed point of f and hence a zero of g forall j € {1, ..., N}. So the
theorem says that f”(z) converges to zeros of g on an open dense subset of C, provided this
is the case for each zero z of g” that is not a zero of g or g’.

A component U of the Fatou set 7 ( f) is called periodic if there is p € Nwith f7(U) C U,
the component { is called preperiodic if there is [ € N such that f*(i{) is contained in a
periodic Fatou component, and U/ is called a wandering domain if it is not (pre)periodic. It
is known (see, e.g., [2, §4]) that if ¢/ is a periodic Fatou component of period p of f, then
either f"”|;; converges to an attracting periodic point in U (immediate basin of attraction),
S| converges to a rationally indifferent periodic point in ol (parabolic domain), f"? |y
converges to some zo € dU and f?(zp) is not defined (Baker domain), or f"P |4 is conjugate
to a rotation of a disk (Siegel disk) or an annulus (Herman ring).
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Bergweiler’s theorem is proved by showing that under the given assumptions, f has neither
wandering domains nor parabolic domains, Baker domains, Siegel disks or Herman rings.
The following corollary is a direct consequence of Theorem 1.1 and Bergweiler’s theorem.

Corollary 1.2 Let g be of the form (1.2) but not of the form (1.3), and let f be the corre-
sponding Newton map. Denote the zeros of g” which are not zeros of g or g’ by z1, ..., Zn.
If f(z}) converges to a finite limit for all j € {1, ..., N}, then f"(z) converges to zeros of
g foralmost all z € C.

For example, the assumptions of Corollary 1.2 and hence those of Theorem 1.1 are satisfied
for g(z) = foz e’ dt + ¢ with —/7/2 < ¢ < /7 /2, see [3, §8]. Clearly, the conclusion
of Corollary 1.2 cannot be true if there exists a cycle of period at least two in F(f).

In order to prove Theorem 1.1, we will first prove a general theorem giving conditions
ensuring that the Julia set of a meromorphic function has Lebesgue measure zero. This may
be of independent interest. For a meromorphic function f, we denote by sing(f~!) the set
of singular values of f, that is, the set of critical and asymptotic values of f and limit points
of those. Forn > 0, let N, = {z : f"(z) is not defined}. Let

P(f) = 7 Gsing(f)\N)

n=0

denote the postsingular set of f.For zg € C and r > 0, let D(z, r) denote the open disk
centred at zg with radius r. Also, let meas(-) denote Lebesgue measure, and for measurable
A, B C C with 0 < meas(B) < oo, let
ANB
dens(A, B) = meas(A 1 5)
meas(B)

denote the density of A in /5.
Following [15], we call a measurable set A C C thin at oo if there exist Ry, &9 > 0 such
that for all z € C, we have

dens(A, D(z, Ryg)) < 1 — &g.

Additionally, we introduce the concept that A is thin at zg € C if there exist §1, &1 > 0 such
that for all z € D(zg, 61), we have

dens(A, D(z, |z —z0])) < 1 —&1. (1.4)
We call A uniformly thin at B C C if there are &1, &1 > 0 such that (1.4) holds for all zg € B.

Theorem 1.3 Let f be a meromorphic function that is not constant and not a Mobius trans-
formation. Suppose that there exists Ry > 0 such that

1) P(f)NITf)ND, R)) is a finite set;
(i) J(f) is thin at oo;
(ii1) J(f) is uniformly thin at (P(f) N C)\D(0, Ry).

Then the Lebesgue measure of J (f) is zero.
McMullen [15, Proposition 7.3] proved that if f is entire, P( f) iscompact, P(f)NT (f) =
¢ and 7 (f) is thin at co, then meas(7 (f)) = 0. A meromorphic function f for which P(f)

is compact and does not intersect 7 (f) is called hyperbolic. There are various results on
iteration of hyperbolic meromorphic functions; see, for example, [4,19,20,22,25]. Stallard
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[21] extended McMullen’s result to entire functions f with possibly unbounded postsingular
set such that dist(P(f), J(f)) > 0 and J(f) is thin at co. Meromorphic functions f with
dist(P(f), J(f)) > 0 are sometimes called topologically hyperbolic, and have also been
considered in [1,14].

Jankowski [11,12] extended Stallard’s result by allowing that f is meromorphic and
that there are certain exceptions to the condition dist(P(f), 7(f)) > 0. A more general
result was later obtained by Zheng [24, Theorem 5] who proved that if f is a meromorphic
function such that the set P(f) N J(f) is finite, there exists R > 0 such that dist((J (f) N
ON\D(, R), P(f)) > 0 and J(f) is thin at oo, then meas(7(f)) = 0.

The results by McMullen, Stallard, Jankowki and Zheng mentioned above are special
cases of Theorem 1.3 since the condition that dist((7 ( f) NC)\D(0, R), P(f)) > 0 implies
that J(f) is uniformly thin at (P(f) N C)\D(0, R’) for R’ > R. Our theorem is the first
of this kind to allow infinitely many postsingular values in the Julia set or an unbounded
sequence of postsingular values whose distance to the Julia set tends to zero.

In general, the condition that 7 (f) is thin at oo cannot be dropped. If |«/| is small, then the
postsingular set of f(z) = sin(az) is a compact subset of F( f), and McMullen [15] showed
that 7 (f) has positive measure. However, there are results where instead of assuming that
J (f) is thin at oo other conditions are imposed, see [5, Theorem 8], [24, Theorems 3 and 4].

This article is structured as follows. In Sect. 2, we prove Theorem 1.3. In the remaining part
of this paper, we prove Theorem 1.1. First, in Sect. 3, we introduce the change of variables
w = ¢q(z). In Sect. 4, we give asymptotic representations of g and f. In Sect. 5, we introduce
a class of subsets of C whose preimages under g are connected to the asymptotic behaviour
of f. In Sect. 6, we investigate the postsingular set of f. In Sects. 7-10, we investigate
the location and size of the set ¢(F(f)). Finally, in Sect. 11, we complete the proof of
Theorem 1.1.

2 Julia sets of zero measure

In this section, we prove Theorem 1.3. The following lemma is an easy consequence of
the well-known Koebe 1/4-theorem and Koebe distortion theorem (see, e.g., [18, Corol-
lary 1.4, Theorem 1.6]).

Lemma2.1 Letzo € Candr > 0, and let f : D(zg,r) — C be holomorphic and injective.
Then
L,
f(D(zo,7)) DD (f(zo), Z"f (Zo)|r> .

Moreover, for p € (0, 1),

P /
J(D(zo, pr)) C D (f(ZO), mlf (Zo)|r>

and

minzeD(ZO,pr) |f/(2)| > (1 — p)4
maXzeD(zg,pr) |f/(Z)| “\1+ 0
For A C C, denote the forward orbit of .A by

O () = 1AW

n=0
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A class of Newton maps with Julia sets... 669

where N, = {z: f"(z) is not defined}, and for B C C, let

o~®):=Jr"®

n=lI
be the backward orbit of 3. For z € @, write
0" (z) :==0"({z})) and O~ (z) :== O~ ({z}).

We call z € C an exceptional point of the meromorphic function f if O~ (z) is finite. It
is not difficult to see that any meromorphic function that is not constant and not a Mobius
transformation has at most two exceptional points.

Lemma 2.2 Let f be a meromorphic function that is not constant and not a Mobius trans-
formation. If f is transcendental, in addition suppose that O~ (00) is finite. Let I be a
compact subset of C that contains no exceptional point of f, and let U C C be open with
UNT(f) # 0. Then there is ng € N such that I C " (U) for all n > ny.

This is due to Fatou for rational [7, p.39] and entire functions [8, p.356]. His proof for
entire functions also works for transcendental meromorphic functions where O~ (c0) is finite.
We also require the following result.

Lemma 23 Let f be a meromorphic function that is not constant and not a Mobius
transformation, and let C = {zo, f(20), ..., fP(z0) = 20} be a periodic cycle of f. Suppose
that z € J(f) is attracted by C. Then there exists n € N such that f"(z) € C.

Clearly, the hypotheses imply that C C J(f). It is not difficult to see that the conclusion
of Lemma 2.3 is true for repelling cycles. For rationally indifferent cycles, the result follows
from the Leau flower theorem [16, §10], and for irrationally indifferent cycles, it was shown
by Pérez Marco [17].

In Lemma 2.4, we give conditions ensuring that a point z € J(f) is not a point of
density of J(f). We will then use Lemma 2.4 and the Lebesgue density theorem to prove
Theorem 1.3.

Lemma24 Let f be a meromorphic function that is not constant and not a Mobius
transformation, and let z € J(f)\O™ (P(f) U {o0}). Suppose that there exist sequences
(ny) of positive integers with limy_, oo ny = 00 and (ry) of positive real numbers satisfying
the following conditions:

Q) D™ (z), re) NP(f) = forallk € N;
(i) there is ¢ > 0 such that dens(F(f), D(f™(z),rr)) > e forall k € N.

Then z is not a point of density of J (f).

Proof Let

Fork € N, let

2k = [ (z), Dy :=7D(zk,rx) and Dj :=D (z, wrg) .
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670 M. Wolff

Since Dy N P(f) = @, there is a branch ¢ of f~"* defined in Dy with ¢ (zx) = z. By
Koebe’s theorems (see Lemma 2.1),

w / / w /
D (z, Zrk|(ﬂk(Zk)|> C (D) CD (z, (Y w)zrk|</)k(zk)|> . 2.1)
We claim that
lim |y (zi)| e = 0. (2.2)
k—o00

If this was not true, there would be § > 0 such that D(z, §) C ¢k (D,/{) for infinitely many
k, and hence f"*(D(z, §)) C D,’c for infinitely many k. If f is transcendental and O~ (c0) is
infinite, this is impossible because O~ (o) is dense in J (). Suppose that f is rational or
O~ (00) is finite. Fix v € P(f) N C and let K be of the form K = {z : |z — v| = p} where
p is chosen such that K does not contain any exceptional point of f. Then by Lemma 2.2,
K C f™(D(z,8)) C D, C Dy for all large k. But this implies v € Dy, contradicting (i).
This proves (2.2).

We will now show that

lim sup dens(F(f), D(z,r)) > 0,

r—0

that is, z is not a point of density of 7 (f). We have

minceD,/( |§01/¢ (9]

max <y ¢4 (0)]

2
dens(F(f), gx(Dy)) = ( ) dens(F(f), Dy)

- (miepi PAG) )2 meas(D,, N F(f))

max;cp; lo (O meas D;,

_ min; ey |9 (¢)] ? ~meas(Dy N F(f)) — meas(Di\D;)
max;cp; | (¢)] meas Dy '

Hence, by the Koebe distortion theorem and (ii),

dens(F(f) (D/))><1_w>8. E_nrlg—ﬂr/%aﬂ _(1—@)8.8 03
P =\ T nr} “\l+w/) 2 '

By (2.3) and (2.1),

w
dens <f(f)7 D <Z, mwi/c(Zk)Vk))
10}
> dens(F(f), gk (D)) - dens ((pk(D,’c), D (z, mltﬂ;{(Zk)Vk))
1-o\*e 1 .
>l—) = — U —-w)".
1+w/ 2 16
O
Proof of Theorem 1.3 We first show that meas(P(f) N J(f)) is zero. In order to do so, write

PHNIT()NC =Py UPy with Py :=P(f)NT(f)NDQ, Ry) and P, := (P(f) N
J(f) NC\D(0, Ry). Since Py is a finite set, we only have to show that meas(P,) = 0.
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Since J(f) is uniformly thin at (P(f) N C)\D(0, R;), there are 1, & > 0 such that for
allv € P(f) NC with |[v] > Ry and all ¢ € D(v, §;), we have

dens(F(f), D, | —v]) > &1. 2.4

Let z € Py and r € (0,2681). Then D(z + r/2,r/2) C D(z,r) and dens(F(f), D(z +
r/2,r/2)) > &1. Thus,

dens(F(f), D(z, 1)) > dens (]-‘(f), D (z n % %)) - dens (D (z 4 % %) . DGz, r))

&1
> —.
4
Hence, z is not a point of density of 7 (f). By the Lebesgue density theorem (see, e.g., [13,
Corollary 2.14]), the Lebesgue measure of P is zero. So meas(P(f) N J(f) NC) = 0 and
hence also meas(O~ (P(f) N J(f) N C)) = 0. Since O~ (0c0) is countable, we obtain that
meas(O~ ((P(f) NJ(f)) U{oo})) = 0.
Next, we show that each z € J(f)\O~ (P(f) U {o0}) satisfies

lim sup dist(f"(z), P1) > 0. (2.5)

n—oQ

In order to do so, suppose that lim,,—, » dist( " (z), P1) = 0. We show thatthenz € O~ (Py),
contradicting our assumption.

Because P is finite, there is a subsequence, (f"*(z)), that converges to some w € Pj.
For all j € N, we have fj (w) = limg_ o f"k+j (z) € Py. Thus, w is preperiodic, that is,
f!(w) is periodic for some [ € N. Assume without loss of generality that / = 0, that is, there
is p € Nwith f7(w) = w.

Let @ > 0 such that the disks D(¢, @) with { € P; are pairwise disjoint, and let 8 €
(0, a) such that f(D(f/(w), B)) € D(f/+ (w),a) forall j € {0,..., p— 1}. Then by
periodicity, this is true for all j > 0. For large k, we have dist(f"**/(z), P;) < g for all
j > 0and f™(z) € D(w, B). Then f*F1(z) € D(f(w), «). Since the disks D(¢, o) with
¢ € Py are disjoint, we have |f™*t!1(z) — ¢| > a > B for all ¢ € P;\{f(w)}. Thus,
| fFl(z) — f(w)| < B. Inductively, we obtain that f"*tJ (z) € D(f/(w), B) forall j € N.
Thus, f"(z) is attracted by the cycle {w, f(w), ..., f’"1 (w), fP(w) = w}. By Lemma?2.3,
z is eventually mapped to this cycle, so z € O~ (Py).

Now let z € J(f)\O™(P(f) U {oo}). By (2.5), there exist a subsequence ( f"*(z)) and
n > 0 such that

dist(f™(2), P1) > 1 (2.6)

for all k € N. We will show that z satisfies the assumptions of Lemma 2.4 and hence is not a
point of density of 7(f). Let

dy = dist(f"* (2), P(f)),
and let a; € P(f) with
[f"(2) — ak| = di.

First suppose that the sequence (di) is bounded, say d; < y for all k. We distinguish three
cases.

Ist case: |ax| < Ry for infinitely many k. By passing to a subsequence if necessary, we
can assume that |ax| < R; for all k. Then (f"*(z)) is bounded, and by again passing to a
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672 M. Wolff

subsequence, we can assume that "% (z) converges to some w € J(f). By (2.6), we have
w ¢ Pp. If l[w| > Ry, then for large k, we have

di = |f"™ () —ak] = | "™ @] = lax| = | f"™ ()| — Ry > [ [ (2) — w].
Thus, w ¢ P(f), sov :=dist(w, P(f)) > 0. For large k,
v v
D <w, Z) cD (f""(z), E) C D(w, v).
Thus, D( ™ (z), v/2) N P(f) = @, and
dens (}"(f),D(f”"(z), %))
> dens (D (w, 2) ,D (f""(z), ;)) - dens (f(f), D (w, 2))
- %dens (f(f),D (w, 2)) -~ 0.

By Lemma 2.4, z is not a point of density of 7 (f).
2nd case: |ax| > R; and dy < §; for infinitely many k, without loss of generality for all
k. Then by (2.4),

dens(F(f), D(f"(2), di)) > 1.

By Lemma 2.4, z is not a point of density of 7 (f).
3rd case: |ax| > R; and dy > §; for infinitely many &, without loss of generality for all
k. Let

8
wy = ax + j(f"" (2) — ax).
k
Then
8
| (2) = wil = (1 - d—i) 1™ (2) = ax| = di — 8
and hence
D(wg, 81) C D(f"™(2), dy)-
Also, |\wg — ax| = &1. By the hypotheses,
dens(F(f), D(f"(2), dx)) > dens(D(wx, 1), D(f"*(2), dx)) - dens(F(f), D(wg, 1))
5§ 8%
= —5&1 = —5¢1.
d? y?
By Lemma 2.4, 7 is not a point of density of 7 (f).

Now suppose that the sequence (dx) is unbounded. Since J(f) is thin at oo, there are
Ro, €0 > 0 such that for all v € C, we have

dens(F(f), D(v, Rg)) > &p.

By passing to a subsequence if necessary, we can assume that dy > Rg for all k. Then
D(f"(z), Ro) N P(f) = ¢ for all k. Also,

dens(F(f), D(f"(2), Ro)) > ¢o.

By Lemma 2.4, 7 is not a point of density of 7 (f).
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Altogether, it follows that the set of density points of 7 (f) has Lebesgue measure zero.
By the Lebesgue density theorem, the Lebesgue measure of 7 (f) is zero. O

3 A change of variables

Throughout the remaining part of the paper, let g be defined by (1.2), that is,
Z
g@%zf p(e! M dt +c.
0

Remark 3.1 Suppose that g(1) = at? + O(t% ') ast — oo, where ¢ € C\{0} and d > 1.
Leta € Cwith e? = a. Then g(t/a) = t4 + 0(t9 V) ast — oo,

z/a 21 t
g(z/a)=/ P(t)eq(”dl+6=/ —p <*> 19 dt + ¢,
0 0 o o
and Newton’s method for g(z/«) is conjugate to Newton’s method for g via z — «z. Thus,
we can and will assume without loss of generality that a = 1, that is,

g@) =t + 0@

ast — 0o.

Also, since the functions g and b - g for b € C\{0} have the same zeros and Newton’s
methods for g and b - g coincide, we can and will assume without loss of generality that p
has the form

p(t) =dt™ + 0™ ")
as t — 0o, where d = deg(q).

Let f be defined by (1.1), that is, f is the Newton map corresponding to g. In order to
prove Theorem 1.1, it will be useful to consider the change of variables w = g(z). Let R > 0
such that all critical values of ¢ are contained in D(0, R) and such that for |z| > (1/ 2)R1/ d
we have

1
sl <la@1 =27k, 3.1)
Define
G := C\(D(0, R) U [0, 00)).
Lemma 3.2 Thereexistsc > Osuchthatthe setq’1 (9) consists of d components, Sy, . .., Sq,
satisfying
1 2(j — Hm c 2jm c
SiCciz: |z >7R1/d, — — — <arg(z) < — + —
’ { =3 R I R
and
2(j — Hm c 2jm c
SiD1iz: |z >2R1/d, — 4+ — <arg(z) < — — —
j { |zl 7 2l 2(2) p B
forall j € {1,...,d}. Moreover, q maps each S; conformally onto G.
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674 M. Wolff

Proof Since G is simply connected and contains no critical values of g, its preimage ¢~ (G)
consists of d components, and ¢ maps each of them conformally onto G. By (3.1),

q <D (0, %Rl/d>) c D(0, R)

q ((C\D (0, 2R1/d)) C C\D(0, R).

and

Also, for z € C, we have

arg(q(z)) = arg [zd <1 + O (%))} = d arg(z) + arg (1 + O <§)>

1
=darg(z) + O <7> mod 27
z

as z — o0o. Thus,

arg(z) = @ + 0 <%) mod 2771

as z — oo. Using that g is surjective, we obtain the desired conclusion. O

For j € {1,...,d}, let ¢; be the branch of g~! defined in G with ;i (G) =S;.

4 The asymptotics of g and f

In this section, we give asymptotic representations for g(¢;(w)), g(2), f(¢;(w)), f(z). Let

d—1—m
A= —m—.
d
Then |
5 e (1s0(!)
q'(z b4
asz — ooand, for j € {1,...,d},
plej(w)) _ 1
AT o 1+0(—— 4.2
7| MOy @2
asw — oo in G.
Lemma4.l Let j € {1,...,d)}. Then there exists cj € C such that
plpj(w)) A 1 w
. — 1+=4+0
g(‘/’](w)) cj+ q’(goj(w)) + w + |w|1+1/d ¢

asw — o0 in G.
In terms of z = ¢;(w), Lemma 4.1 says the following.

Corollary 4.2 For j € {1, ...,d}, we have

. . P A V) o
g(z)_cj+q’(z)<1+zd+0(zd+1>>e

asz — 00 in ;.
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Proofof Lemma 4.1 Let xp € (—00, —R) = G N (—00,0] and w € G. Then
@j(w)
20 (w)) = /0 PO di + ¢

®jw) @j(x0)
— / p(t)€‘I(t) dt +/ p([)etI(t) dt +c
@ 0

7 (x0)

@j(w) ®
= / p@)e?'? dt + g(@;(x0))
@;j(x0)

= / ¢ ()plej(s))e’ ds + g(@;(x0)).

0

Let
p(p;(s))

rs) = 9P ) = 0y

Repeated integration by parts yields

/w r()e*ds = (r(s) —r'(s) +r’(s)) e’ Y /w r"(s)e’ ds.
X0 X0 X0

We have
q' (@i(NP' (@) —q"(@j () plp;(s))

() = 9} (s)

q'(@j(s))?
_ ( o p(w@))) ' (q(¢j(S)) 4 (9j(s)p'(pj(s)) — q”(wj(S))p(wj(S))>
~ \q' (@) qle(s) p(pj(s)) q'(9;(5))?
_plei(s))  qlpi(s)q (@ ()p' (9 (s))/p(p;(s)) —qp;(s))g" (p;(s))
T (g q'(9(5))?

_@.m—(d—l) 1
-0 (o ()
A L+ 0 1

_—;r(s)< + <7|S|1/d>>'

Also, a computation shows that

r"(s) =r(s)0 (%) and r"'(s) =r(s)O <i3>
s s

as s — 00. With i (xg) := (r(xg) — 7' (x0) + " (x0))e*, we obtain

v S w A‘ 1 w n S
/xo r(s)e’ds =r(w)e <1+J+O(W)> _h(XO)_./xO r'(s)e’ ds.

We have

w w —|w]| X0
/ r"(s)e' ds = / " (s)e' ds + / " (s)e' ds — / ¥ (s)e’ ds.
Xo —lwl —o0 —00

To estimate | i”lw r"(s)e* ds, let y be the part of the circle with centre 0 and radius |w| that
connects —|w| and w in G. Then Res < Re w for s € y. We obtain
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‘/ "' (s)e’ ds
[w]

1
< length(y) - max|r”’(s)e | < o(lw)lrw)|O (I |3> eRew

1
= Irw)|0 (| |2> .

Let us now estimate f__olgj‘ r"”'(s)e® ds. By (4.2), we have |r(s)| ~ |s|™* as |s| — oo. First
suppose that & > 0. Using that "/ (s) = r(s) O (1/s>), we obtain

~Jul 1 ~Jul
‘/ r"(s)e* ds| < [r(w)le” ™0 < 3)/ STl g
—00 [w] —00

1 0 1
< |r(w)e” |0(| |3>/ e’ ds = |r(w)e” |O(| P).

Now suppose that A < 0. Then
[w] [w]|
‘f r"(s)e* ds| < O <| |3>/ Is| ¢ ds.
—lwl
/ |s|7¢* ds = O(lw|~*e™") < O(Ir(w)e”)

Integration by parts yields
oo
—lwl ] 1
/ r"(s)e* ds = r(w)e” O (—3> .
—00 |w

Altogether, we obtain the desired conclusion with

and hence

X0

&) = 8(pjo) ~ by + [ 1" ds
—00
For the function f from Newton’s method for g, Lemma 4.1 yields the following.

Corollary 4.3 For j € {1,...,d}, we have

Flojw)) = »(w)—;<1+i+o( ! ))— cje”
PR =0 = ey U w w174 ) ) " pleiw))

asw — oo in G.
In terms of z, Corollary 4.3 says the following.

Corollary 4.4 For j € {1,...,d}, we have

1 <1+ A +0< 1 )) cje_q(Z)
q'(2) 4 |z[d+1 p(2)

f@=z—

asz — o00inS;.
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5 Partitioning the plane

For a more detailed study of the behaviour of f o ¢;, we will divide the complex plane into
several sets depending on how large |e =" | is compared to some power of |w|. More precisely,
we consider sets whose boundary points satisfy

Rew = plog|w| —logua 5.1

for certain # € R and o« > 0. Such sets were also considered by Jankowski [11]. In this
section, we will show that given £ € R, « > 0 and y € R of sufficiently large modulus,
there is a unique x, € R such that w = x, + iy satisfies (5.1). We also give a proof of several
properties of the mapping y +— x, which in part are also shown in [11, §3.3.4].

Lemma5.1 Letp € R, > 0andy € Rwith |y| = 2|u|. Then there exists a unique x, € R
with

xy = ploglxy +iy| —loga. 5.2)
If x > xy, then

x > plog|x +iy| —loga. 5.3)
If x < xy, then

x < ploglx +iy| —loga. 5.4

Proof Letgp : R — R,
p(x) = x = plog | +iy| = x — 5 log(x + 7).

Then ¢(x) — oo asx — o0, and p(x) — —oo as x — —oo. Thus, ¢ is surjective, so there
exists x, satisfying (5.2).

Also,
, px
px)y=1- m
Since
2|MX| <In max{lx[, [y} _ ] < 1,
X2+ y? max{x2, y2}  max{|x], |y]} T 2
we have
O
-2
Thus, ¢ is strictly increasing, which implies (5.3) and (5.4). In particular, ¢ is injective, so
Xy iS unique. O

For u e Rand o > 0, let
Yia o (=00, =2|u|JU [2|u], 00) = R, yua(y) = xy.
Lemma5.2 Let u € Rand o > 0.

(i) The function y,  is continuously differentiable.
(i) If p > 0, then lim|y| 500 Yy,a (y) = 00. If 1 < 0, then lim|y|— o0 Vi, (y) = —00. For
nw=0,yq=—loga.
(iii) |V//A,a | < 2|ul/lyl. In particular, lim)y| oo V,;,Q(Y) = 0 uniformly in «.
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(iv) Fora > B > 0, we have

21 2< ) (y) =21 2
Z oo — _ 0o —
3 gﬁ = VYu,plY YpalY) = g,B

and

Ivllig’loo(yu’ﬂ(y) - Vu,a()’)) = log %

Proof For . = 0, the results are obvious. We will prove the lemma for p > 0, the proof for
< 01is analogous. To prove (i)-(iii), note that the condition

x = ploglx +iy| —logax
is equivalent to
2 = q2lre@/mx _ \2
The function
V(x) = Q2 HeC/mx _ 2
satisfies
lim ¥(x) =—oco and lim ¥(x) = oo. (5.5
X—>—00 X—>00

Let xo := max{x : ¥ (x) = 4u?}. Then ¥ (x) > 4u? for x > xo. Also,

2 2
Y (x) = Sa?MeY —2x = Z(Y(x) +x7 — px).
n n
It is not difficult to see that x> — ux > —u?/4 for all x € R. Thus,

’ 2 ’u2
Yx)=—(yx)——]>0 (5.6
"w 4
for x > xo. In particular, ¥ : [xg, 0c0) — [4/L2, 00) is bijective. This implies that
Via ) =¥ 707

is a continuously differentiable function. By (5.5), (ii) is satisfied. Also, by (5.6) and since
y2 > 4,u2, we have

2|y| ]yl - 21

‘ 2yl 2 ‘ = 1(y2 2 32 274 = v|’
V@O T QW) —ut/A) v —ps /4Ty

that is, (iii) is satisfied. To prove (iv), let y € R with |y| > 2u be fixed, and let ¢ be as in
the proof of Lemma 5.1. Let x; := y,,(y) and x := y, g(y). Then by the mean value
theorem,

Ve =

log% = p(x2) — g(x1) = ¢/ (E) (x2 — 1)

for some & € [x2, x1]. In the proof of Lemma 5.1, we have seen that ¢’(§) > 1/2, and the
same arguments show that ¢’(§) < 3/2. Also, ¢'(§) — 1 as |y| — oo. O
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Foru € R, @ > O0and v > 2|u/, define
H(w, a,v) :={w: Rew > plog|w| —log(x), | Imw| > v}
={x+iy: [yl =v, x = yua}
Also, let
M, @) :={w: |Imw| > 2|u|, Rew = plog|w| — loga}
= Vua () +iy 2 [yl = 2|ul}.
Remark 5.3 Note that if w € I"(i, ), then
e = e K = aju| T
if w e H(u, o, v), then
le™] < afw|™;
and if w € C\'H(u, o, v) with |Im w| > v, then

le™™| > alw|7*.

6 The singular values of f
Recall that
4
g(z) = / p(t)eqm dt +c¢
0

where p(t) = “ 4+ 0?1 and q) =dt" + O™ 1y ast — oo, and f is the Newton
map corresponding to g. Let us assume throughout the rest of the paper that g and f satisfy
the assumptions of Theorem 1.1.

In this section, we determine the location of the singular values of f.

Lemma 6.1 [3, §7, p.238]The function f does not have finite asymptotic values.

So each singular value of f in C must be a critical value or a limit point of critical values.
We have

po 828" (@)
FT@O="gwr

Thus, the critical points of f are:

1. the zeros of g that are not zeros of g’. These are superattracting fixed points of f and
form a discrete subset of C.

2. the zeros of g” that are not zeros of g or g’. There are only finitely many of these,
Z1, ..., 2N, and by assumption, each z; is attracted by a periodic cycle.

In particular, the set of critical values of f does not have limit points in C. So every singular
value of f in C is a critical value, and all but finitely many of them are superattracting fixed
points.

Lemma 6.2 The set P(f) N T (f) is finite.
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Proof Since the superattracting fixed points of f form a discrete subset of C, the set P(f) N
J (f) is contained in the closure of O ({z1, ..., zn}). Eachz j is attracted by a periodic cycle
C. In particular, 0" (z ;) is bounded and has only finitely many limit points. If z; € J(f),
then Lemma 2.3 yields that z; is eventually mapped to C, so the forward orbit of z; is finite.

By Corollary 4.2,

p(2) A 1 .
g(2) = cj+ 70 <1 + 27 + 0 (ﬁ)) 1@

asz — ooin S, for j € {1,...,d}. We will see later that if ¢; # 0, then g has infinitely
many zeros in §;. It is easy to see that this cannot be the case for ¢; = 0. However, we will
show now that under the assumptions of Theorem 1.1, the case ¢; = 0 does not occur.

Lemma6.3 Ifc; =0 for some j € {1,...,d}, then f has a Baker domain.

Proof 1f ¢; = 0, then Corollary 4.4 yields that

1 1
f(Z):Z_F-FO(ZTI)

as z — o0 in §;. The claim now follows from [6, §8, §11] (see also [10, Theorem 2]). O

Corollary 6.4 If the assumptions of Theorem 1.1 are satisfied, then c¢; # 0 for all j €
{1,...,d}.

Proof A theorem by Bergweiler [3, Theorem 2] says that if g and f are defined by (1.2) and
(1.1), then every cycle of Baker domains of f contains a singularity of f~!. This cannot be
true under the assumptions of Theorem 1.1. O

We now investigate the location of the zeros of g. It turns out that the images under g of
all but finitely many of them are close to the curves I'(A, 1/|c;|) defined in Sect. 5. More
precisely, we have the following.

Lemmaé6.5 For j e {l,...,dYandk € Z, letvj; € T'(X, 1/|c;|) such that
Imuy s = {arg(—cj) /2421 = D) + 2 ik 20
arg(—c;) + A(=m/2 + 27 j) + 2km ifk <0.
Ifz € Sj is a zero of g and |z| is large, then there exists k € 7 such that
qz) =vjx+o(l) 6.1)

as |z| — oo. Viceversa, if j € {1,...,d}and |k|is large, then g has a zero z € S; satisfying
(6.1).

Proof First suppose that z € S; is a zero of g. By Corollary 4.2 and (4.1),
g(x)=c; + 271+ 0(1))el®

as z — 00, and hence
e = —c;z(1 4 o(1)). 62)

Thus,

1@

Reg(z) =log =log|c;j| +dilog|z| + o(1)
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=loglcj| + Aloglg ()| + o(1)
1
= Lloglg(z)| —log — + o(1).
lcjl
In particular, Re ¢ (z) = 0(|¢(z)|) as z — oo and hence

argq(z) = i% +o(l). (6.3)

Let us now assume that Im g (z) > 0 and hence arg ¢(z) = w/2+ o(1). The proof in the case
where Im ¢(z) < 0 is analogous. By (6.2),

Img(z) = arg(—c;) + drarg(z) + o(1) mod 2. (6.4)
We have
argq(z) = arg(z*(1 + o(1))) = dargz + o(1) mod 27
and hence
Lareg@ +o) = = £ o(1) mod 2
= - o(l) = — —.
HeL =g Heai 2d d
Since z € S, this implies
2n(j — 1
argz = 2% + % +o0(1) mod 2. (6.5)

Inserting (6.5) into (6.4) yields
T .
Imq(z) = arg(—c;) + A (5 +2n(j — 1)) +o0(1) mod 27.

This completes the proof of the first part of Lemma 6.5.

Let us now prove the second part. As before, we will give the proof only for k > 0, the proof
for k < 0 is analogous. Recall that ¢; is the branch of cfl that maps C\(D(0, R) U [0, 00))
onto ;. For small ¢ > 0, let G; x be the interior of the set of all

1+e¢ 1—¢
veH|A, —, 2|A ) \H A, —, 2|A|
Cj c

lcjl lcjl

satisfying
[Imv —Imvj x| < 7.

We will use the minimum principle to show that g o ¢; has a zero in G; ;. Forv € G; 1, we
have Re(v) = o(|v|), and hence

T
arg(v) = 7 + o(1)

as |v| — oo. Similar arguments as above and the definition of v; ; yield

T 2n(j — 1) arg(—c;) — Im(v; x) 21
i = — 4+ — 1) = : = 1 d —.
arg(e; (v)) 2d + y +o0(1) i +o0(1) mo R
(6.6)
In particular, this is true for v = v; . Also, since v; x € I'(A, 1/|c;|), we have
_ ) 1 _ 1 _
e Revik = — v | ™ = — g, (v; )" (1 4+ 0(1)),
c;l c;l
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that is,
19 (0017 = lejle™ V(1 + o(1)).
Using Lemma 4.1 and (4.1), we obtain
(gogj)jx) =cj+ wj(vj,k)_dx(l +o(1)) exp(vj k)
=c¢j + 9 (vj 0| exp(—idhrarg(p;(v; ) (1 + o(1)) exp(v; 1)
= cj + |cjl exp(— Rev; i) exp(i(arg(—c;) — Imv; ) (1 + o(1)) exp(v; )
=cj —cj(1+o(1)) =o(l).
Next, we will show that g o ¢; is bounded below on 3G x.
IfveT(, (1+¢)/[cj]), then
(g o @)W = lcj +¢; )™ (1+o0(1)e"| = llcj| — [v|*eReV (1 + (1))
glcjl
1+e¢

E|C;
z—|’|,
2

—o(1)

lcjl —

<] (Ho(l))‘ =‘
+ &

1

provided ¢ is sufficiently small and k is sufficiently large. An analogous estimate yields that
ifvel'(@, ([ —e¢)/lcjl|), then

> ¢lejl,

[(gow))| = ‘%(1 +o(1) — lcjl

provided ¢ is sufficiently small and & is sufficiently large. If Im(v) = Im(v; x) & 7, then by
(6.6),

arg(p; (v) %) = arg(—c;) £ 7 + o(1) = arg(c;) + o(1) mod 27.

Thus, forv € G; x withImv =Imv; ; & 7, we have

(g 0 9@ = |ej + 0, )1+ o(1)e"
= [le;l exp(i arg(c;)) + [v] *|e”| exp(i arg ¢; + o(1)(1 + o(1))|
= [lejl + 74 e’ (1 + o(1)| = Iejl.

We obtain that if & is sufficiently large, then

i =o(l i .
[(gopj)jr)l =o0(l) < véglgrﬁ,ﬂ”

By the minimum principle, g o ¢; has a zero w € G ;. The first part of the lemma yields
that z := ¢; (w) satisfies (6.1). ]

Corollary 6.6 Let j € {1,...,d} andletz € S; be a zero of g. Then

7/ @2d) +27(j — D/d +o(1) if Ing(z) > 0

e = {—n/(2d) t2rjjd+o)  iflmg(z) <0

as |z| — oo. In particular,
. 1
dist(z, 9S;) > (E + 0(1)) |z

as |z| — oo.
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Proof The first part is stated in (6.5) in the case where Im ¢(z) > 0, and follows from (6.3)
with similar arguments in the case where Im ¢(z) < 0. We obtain

. . b4 1
dist(z, 9S;) = sin <ﬁ + 0(1)) |z| > (E + 0(1)> |z].

7 The set q(F (f)): first part

Forj e {1,...,d},let
Fi=F(fHNS;.

In Sects. 7-9, we will investigate the location and size of ¢(F;) in three different subsets
of C, using the sets H(u, «, v) introduced in Sect. 5. The first subset is H(X, 1/|c;|, v), the
second one is H(A — 1, ay/|c;|, v)\H(A, B1/|cj|, v) for small @; > 0 and large B; > 0, and
the third setis {w : [Imw| > v}\'H(A — 1, B2/Icjl, v) for large B> > 0. See Fig. 1 for an
illustration of these sets.

In this section, we investigate the location and size of ¢(F;) in H(A, 1/|cj|, v) for j €

{1,...,d}andlarge v > 0. Recall that the branch ¢, ofq_1 maps H(A, 1/|cj|, v) to a subset
of S
Lemma 7.1 Let j € {l,...,d}. There exists vo > O such that

(fowj))(H, 1/lcjl, vo)) C S;.

Fig. 1 An illustration of the sets H (%, 1/]cj |, v), HO. — 1, a1 /lcjl, I\H(A, B1/lcjl, v) and {w : [Imw]| >
vI\H(A — 1, B2/lcjl, v) in the case where A > 0
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In particular, if (q o f o goj)k(w) € H(A, 1/lcjl,vo) for all k € {0,...,n — 1}, then
(f"ogj)(w) € Sjand(qo fogj)(w)= (g0 f"ogpj)w).

Proof Let w € H(X, 1/|cl, vo). By Corollary 4.3, (4.2) and Remark 5.3,
[(f opj)(w) —¢;(w)]

1 1 |ql(<ﬂj(w))cjefw|>
- (1+0(— IR Ao b |
= ¢ @ @) < * <|w|) MR PSPREnST

- <1 +0 (i> + lwtle;e | (1 1o (L)))
g’ (w))] |w| J w1/

3
= iy~ )
if |w| is sufficiently large. For vgp > 12 + R, with R as in Sect. 3, we obtain
fgj(w)) € D(p;(w), 3lg;(w)]) C D ((p, (w), ij(w)|>
On the other hand, by Koebe’s 1/4-theorem,
Sj D ¢j (D (w, Vo—R))DD<(p/(w) |¢,(w)|)
whence the claim follows. O

Next, we derive an asymptotic expression for
hj(w) = (q o f 0 9;)w)
in H(X, 2/|cj|, v1) for large vi > 0.
Lemma7.2 Let j € {l,...,d}. There exists vi > O such that

L, . | 2m+1—d 1 0 1 —w (110
j(w)—w_ +T';+ W —cje (p,(w) + |w|1/

(7.1)

asw — oo in H(A, 2/|cjl, vi).

Remark7.3 In fact, for any o > 0, there exists v > 0 such that &; has an asymp-
totic expression of the form (7.1) in H(A, a/|cj|, v). We will need that & > 1 so that
HA, aflcjl,v) D HQA, 1|l v).

Proof of Lemma 7.2 By Corollary 4.3, we have

n(w)
flejw) =¢jw) — ————
! ! q'(@j(w))
where
A 1 _wdq (@ (w))
=142 o L) et @
w w174 ) =7 p(gj(w))
as lw| — oo. Note that  is bounded in H(A, 2/|c;|, vi). Taylor expansion of g around
@;j(w) yields
d

1
hjw)=q(fej)) =Y —q

54" @) (f (@) — ;)"
k=0
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:i(—l)kq“)(%(w» )
TR g w)f

VA 1
= w - + 5 TOD +Z e (wk,l>n(w)"

q'(pj(w ))2
(W/( w)) < 1 )
=w— _ + 0 7.2
=w—n(w) + ’(%())2() = (7.2)
as w — oo in H(A, 2/|c;l, v1). Using that A = (d — 1 —m)/d, we have
—n(w)
m+1—d 1 1 —w lem 1
:—1+T'E+O<W>—C[€ Qo_i(w)d ! (1+0<W)>
(7.3)
Moreover,
q"(;w) _d—1 l(l 0( 1 >>
dan? - d w\ T
and
2_(14+0(L a (140t ’
n(w)” = + +cje Wj(w) + W
_1+0<1>+CJ ’(pj(w)dl.o(l).
Hence,

1 q"(pj(w)) d—11 1 » 1
Em"(w)z =2 w (W) +eje"p;w) ™0 (E) L

Combining (7.2), (7.3) and (7.4) yields the desired conclusion. O
For the derivative of 4 j, we obtain the following.

Lemma7.4 Let j €{l,...,d}. There exists vy > O such that

W(w)y=1+0 _ +cie ;w140 b
J |w|1+1/d J J |w|1/d

asw — oo in H(A, 1/|cj|, v2).
Proof Suppose vy > vy + 1. By Lemma 7.2, there are holomorphic functions, ay, az, satis-
fying ay(w) = O(1/|w|' /%) and az(w) = O(1/|w|"/4) as w — oo such that
2m+1—-d 1 _
hj(w)=w—1+ % w +ai(w) —cje w‘/’j(w)d)h (I +ax(w))

for w € H(x,2/|cjl, v» — 1). By Lemma 5.2 and Cauchy’s inequality, we have a}(w) =
O(1/|w|'*/4) and a(w) = O(1/|w|"/9) as w — oo in H(%, 1/|c;|, v2). Also,

d _, o dX
3¢ e =—e <pj(w)‘”< ()go,( >>
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—w di 1
=—e¢ "gpj(w) 140\ — .
w

d 1
- (cse™ o) )™+ arw) ) = —cje g, ()™ (1 +0 (W)) .

‘We obtain

Thus,

2m+1—-d 1 1
’ o / o= . di
hjw) =1 - ——-———5 +aj(w) +cje""p;(w) <1+0<—|w|ud>)

o —L )t (140 (——
- |w|1+1/d J ¥j |w|1/d

asw — oo in H(A, 1/[cj|, v2). O

We will now proceed as follows. Recall that if zo € S; is a superattracting fixed point
of f, then g(zo) lies close to the curve I'(A, 1/|c;|). Also, every horizontal strip of width
2w + & with ¢ > 0 that is sufficiently far from the real axis contains such an image of a
superattracting fixed point. We will show that if zq is a superattracting fixed point of f and
A*(z0) is its immediate basin of attraction, then ¢ (A*(zp)) contains a disk of a fixed radius
around ¢g(zo). We then consider preimages of this disk under iterates of 1; = g o f o ;.
The function /; is not locally invertible at g(zo), but if « is slightly smaller than 1, then
h; has a local inverse function, v;, defined in H (A, a/|c;|, v). If o is sufficiently close to
1, then H(A, a/|c;|, v) intersects the disks contained in g (A*(z0)). We then show that the
images of this intersection under v ; have a certain size and are more or less evenly distributed
in H(A, 1/|cj|, v). The idea here is that if w € H(A, 1/|c;|, v) is sufficiently far from the
boundary, then Lemma 7.2 yields & j(w) ~ w — 1, and hence ¥;(w) ~ w + 1. See Fig. 2
for an illustration of the abovementioned approach.

Lemma 7.5 Ifzg is a zero of g but not a zero of g’ and |z¢| is sufficiently large, then

1
A* Dl\zoy =7 )-
(z0) D (zo 3d|zg|d*1)

For the proof, we require the following theorem which essentially says that under suitable
assumptions the solution of Bottcher’s functional equation in a neighbourhood of a super-
attracting fixed point extends to a conformal map defined in the entire immediate basin of
attraction.

Theorem 7.6 Let h be a meromorphic function, and let 7o be a superattracting fixed point
of multiplicity k of h. Suppose that A*(zg) contains no critical point other than zo and no
asymptotic value of h. Then there is a conformal map ® : D(0, 1) — A*(zo) satisfying
®(0) = z0 and

h(®(z2)) = D(z5)
forall z € D, 1).

A proof of this theorem can be found, for example, in [23, p. 65, Theorem 4]. There, the
result is stated for rational functions, but the proof also works for meromorphic functions
without asymptotic values in A*(zp).
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Fig. 2 The images of superattracting fixed points of f under ¢ lie close to the dashed line. The white disks
around them are contained in the images of the basins of attraction of the superattracting fixed points. To the
right of the solid line, the inverse y/; of /; is defined. The grey disks lie in the intersection of the images of
the basins of attraction under g and the domain of definition of v ;, and their images under iteration of /; are
contained in g (F ;)

ProofofLemma 7.5 Let z( be a zero of g that is not a zero of g’, and assume that none of the
finitely many zeros of g” lies in A*(zp). Then zq is a superattracting fixed point of f, and
there are no other critical points of f in .4*(zp). Also,

g @%8"(2) +8()8' (28" (2) — 28(2)8" (2)?
g3

@)=

3

and hence
g"(zo)
8'(z0)

By Theorem 7.6, there is a conformal map @ : D(0, 1) — A*(zp) satisfying f(P(z)) =
®(z%) and ®(0) = zq. Differentiating the equation f (P (z)) = ®(z?) twice yields

f(z0) = #0

I @@)P' @)+ (@)D" (2) =20/ () + 422" (7).
For z = 0, we obtain
£ (20)@'(0)* = 2'(0)
and hence

|®'(0)] = 2
IRVEED

We have

f"(z0) = g"(z0)  (p(z0)q'(z0) + p'(20))e?
"o §'(z0) B p(zo)eq(zo)
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=q'(z0) + P o) _ dzg_l (1 +0 (i)> )
p(z0) 20

Hence, by Koebe’s 1/4-theorem,

1 1
A*(z0) = ®(D(O, 1)) D D (m, Z"”‘”') =D (zo’ m) oD (ZO’ W)

if |zo| is sufficiently large. O

Corollary 7.7 Let zo € C be a zero of g that is not a zero of g'. If |zo| is sufficiently large,
then

1
q(A*(z0)) DD (61(Z0), E) .

Proof 1f |zg| is sufficiently large, then by Lemma 7.5,

1
* Dl\z0, 55— )
A0 (ZO 3d|zo|d—1>

and ¢ is injective in this disk. Koebe’s 1/4-theorem yields

» 1 lq'(z0)]
q(A*(z0)) D q (D (Zo, 7303'10"171)) >D (61(10), 712(1'@'0,,1) .

Since ¢'(z) = dz¢~1(1 4+ 0(1/2)) as z — oo, the claim follows. O
The next lemma deals with preimages under 4 ;.

Lemma7.8 Leta € (0,1), e € (0,1 —a)and j € {1,...,d}. There exists vz > 0 such that
foreachwy € H(A, a/|cj|, v3), thereis aunique w € H(A, o/[cjl, v3—1) withh;(w) = wo.
More precisely, w € D(wog + 1, @ + ¢€).

Proof Let w € H(\, a/lcjl, v3 —1). By Lemma 7.2 and Remark 5.3,

1 w !
lhj(w)—(w—-1|<0 (m) +leje™" Jwl* (1 +0 <W>)
1 1
<0 () e (10 (m)) <o+

provided v3 and hence |w] is sufficiently large. If /2 ; (w) = wo, we obtain
lw— (wo + D =[wo — (w—D[=|hj(w) —(w—-Dl <a+e,
that is, w € D(wg + 1, @ + ). On the other hand, Lemma 5.2 yields that
D(wo + 1, a + &) C HM, aflcj], vs — 1)
if v3 is sufficiently large. Thus, for w € aD(wgo + 1, @ + ¢),
[(hj(w) —wo) — (w—1—wo)| = [hj(w) —(w—D]<a+e=[w—-1—w
By Rouché’s theorem, there is a unique w € D(wo + 1, o + ¢) satisfying h;(w) = wo. O

By Lemma 7.8, there is a subset H; C H(A, «/|cj|, v3 — 1) such that 4; maps H;
conformally onto H (A, a/[c;|, v3). Let ¥; : H(A, a/|cjl, v3) — H; be the corresponding
inverse function. The next lemma yields that if | Im w| is sufficiently large, then all iterates
1//;? (w) are defined and tend to oo as n — oo in a horizontal strip whose width is bounded
independent of w.
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Lemma79 Leta € (0,1),e € (0,1 —a)and j € {l,...,d}. Then there exist v4 > 0 and
C > 0 such that 1//;’ (w) is defined for all w € H(A, a/|cj|, v4) and all n € N, and satisfies

@) Rew;l(w) >Rew +n(l —a —¢);
l—a—¢

(i) [¢7 (w)| = max{n, wl} - R

(iii) |Im1ﬁ”(w) —Imw| < C;
(iv) e Re‘ﬂ (w)hp (w)|k O(e—n(l a— a)/2)

For the proof, we require the following lemma.

Lemma7.10 Forall ny € N, we have
Z‘x’ 1 2
72 S n7.

Proof We have

Proofof Lemma 7.9 Let
§=1—a—e¢.

First note that if wj’f (w) is defined, then Lemma 7.8 yields that w;? (w) € D(gﬁ;_l(u}) +
1,a+¢)forallk € {1,...,n}, and hence

Re ¢ (w) = Rew + né.
So ¥ (w) satisfies (i). Also, if n < |w|/2, then

w 1)
i)l = lwl—n(l+a+e)=|w - %(1 +a+te) = lei > nd.

If n > |w|/2, then
n n |lw|8
|1//j(w)| > Rel//j(w) > Rew +né > Alog|w| — logﬁ +né > 7 > 7
Cj
provided |w| and hence also n is sufficiently large. In particular, w;’(w) satisfies (ii).
Let
ny = [|wl].

We will show by induction that if w € H(A, a/|c], v4) for sufficiently large v4 > 0, then
w;? (w) is defined for all n € N and

/ . n —k8/2
|Im ¢} (w) — Imw| < C mln{m,l}—i—nw > = +Zkl+l/d +Z

k=ny,

(7.5)
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where C’ does not depend on w or n. Note that by Lemma 7.10,

n n n
A [ n 1 1 —k8/2
C mm{m,l}-l-nw Z k7+ZW+Z€
k

k=ny, =1 k=1

o0 1 oo
/ —ks/2 | _.
EC(3+Z:k1+1/d+2:e >_.C<oo.
k=1 k=1

So (7.5) implies (iii). Clearly, (7.5) is true for n = 0. Now suppose that (7.5) holds with
n replaced by n — 1. By Lemma 7.8, 1//’,.’(w) is defined if and only if | Im w;'_l(w)| > 3.
This is satisfied if | Im w| > v3 + C. By Lemma 7.2, ‘

[ Tm 7 (w) — Im !~ )| = [ Im g (w) — Im A (" (w))]

2m+l—d 1 l —Rew'.'(w) A
1 ol —————— 2lci J n ,
5 m(w}l(w)>‘+ (ll//}l(w)|1+1/d)+ lcjle [V (w)]

provided |w| is sufficiently large. By (ii),

<

1 1
e <n1+l/d> '

If n < |w|, then we estimate the first summand by

1 1 < 1 )
Im < =0|— ).
(w;?(w)) ¥ (w)] jw

If n > |w], then by Lemma 7.8, (ii) and the induction hypothesis,

’ ( 1 )‘ [Imy )| |y~ () +a+e
Im = <

vl (w) |1/f;l(w)|2 N W}l(wﬂz
<16(|Imw|+C+a—|—8)<17|w|: 0(i>
- 82n2 ~ §2n2 v n?)’

provided |w]| is sufficiently large.
Moreover, if A > 0, then by (i), Lemma 7.8 and Remark 5.3,

lejle RVt )t < lejle™ R (jwl + n(l + o + ) e

< alw|™(wl +n(1 + o+ e)te™

n A

=a(l+—A+a+e)) ™
|w]

<a(l+n(d+a+e)e™ = 0@ "?),

provided |w| > 1. If A < 0, then by (i), (ii) and Remark 5.3,

_Rey" s\* s\
|Cj|€ Rellfj(w)|w;z(w)|k < (Z) |w|)ulcj|e—Rewe—mS < <Z> ae—né.

In particular, (iv) is satisfied. Also, if n < |w|, then
1 1
n _ n—1 _ —nd/2
Im y/} (w) — Im "~ (w) = O (—lwl) +0 (7,114—1/(1) +0 (e,
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and if n > |w], then
Im y/} (w) — Im ! (w) = n,, O (niz) +0 (ﬁ) + 0(e™™/?),
Thus, w.’/.’(w) satisfies (7.5), and hence also (iii). |
We now estimate the derivative of w;’.
Lemma7.11 Leta € (0,1) and j € {1,...,d}. There are vs > 0 and B > O such that
WY )| = B
forallw e H(\, af|cjl, vs) and alln € N.

Proof We have

n—1
1 1
W =[1v)oyk=— = ,
' ,g T MRSt ew T Thici iy o vy

By Lemmas 7.4 and 7.9,
l k
I (0K (w))|

1 N RewF @)k i _

1 —k(l1—a—e¢)/2
El+0<w)+0<€ a=e )

Since the infinite product ]_[,fil (140 (l/kH'l/d) + O (e K-a=e)/2y) converges, we obtain
the desired conclusion. O

Recall that 7; = F(f) N S;.

Lemma7.12 For j € {1,...,d} and k € Z, let vj be as in Lemma 6.5 and w; ) :=
vj k+1/26. Thereis v > Osuchthat if |k| is sufficiently large, thenD(lﬁ}l(wj,k), ) C q(Fj)
foralln € N.

Remark 7.13 For sufficiently large ||, the point v; x is close to g (zo) for some attracting fixed
point zg of f. The function v/; is not defined in g(z) and v; ;. Therefore, we introduce the
point w ; which is in the domain of definition of r; for large |k| and also lies in g (A*(z0)).

Proof of Lemma7.12 By Lemma 6.5, there is a zero z¢ of g satisfying ¢(z0) = v x + o(1).
Thus, w; x = q(z0) + 1/26 + o(1). If |k| is sufficiently large, we obtain

1 1 1 1
D iks — D —, — D ,— .
(w"k 27) < <q(Z°) "% 26) < (‘J(Z“) 13)
By Corollary 7.7, this yields
1
D ik = * .
<w1,k 27) C q(A™(z0))
Let v > 0 be large and exp(—1/2(1/26 — 1/27)) < « < 1. Then

1 1
2log— < — — —. (7.6)
o
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Since v x € I'(A, 1/[c;|), by (7.6) and Lemma 5.2(iv) and (iii), we get

D - H )\. —, V
Wik, ( 5 , V5
g |‘]|

if |k| is sufficiently large. By Koebe’s 1/4-theorem and Lemma 7.11,

) | I ) \ B
vl <D <wj7k, f)) DD\ ¥ (wji), a7 oD (‘/fj (wj 1), 4. 27) :

With ¢ := B/(4 - 27) we thus have

1
(DWW (wjk), ) C D (wj,k» ﬁ) C q(Fy).

Since by Lemma 7.1,
R (w) =(qo fop)(w)=(q0 f"op;)(w)
forw € H(A, a/|cjl, vo), this implies
D (wjk), ¥) C q(F)),
provided |k| is sufficiently large. O

The final result of this section says that g (F;) has positive density in rectangles of suffi-
ciently large side lengths that are contained in H(A, 1/|c;[, v).

Lemma 7.14 There are Do, v, n9 > 0 such that for all j € {1, ...,d} and any rectangle
R C H(A, 1/|cjl, v) with sides parallel to the real and imaginary axis whose vertical and
horizontal side lengths are both at least Dy, we have

dens(g(F;), R) = no.
Proof First suppose that
R={w: x; <Rew < x3, y1 <Im < y;} (7.7)

where
27 +2(C+9) <x2 —x1,y2 — y1 <2Qnm +2(C 4 9)), (7.8)

with C as in Lemma 7.9 and ¢ as in Lemma 7.12. Let v  be as in Lemma 6.5 and w; ; =
vjk+1/26. Thereisk € Zsuchthat y; + C+ 9 <Imw;; =Imv; < y, — C — 9. Also,
by Lemma 7.8, there is n € N such that x; + ¢ < Re w;’ (wj k) < x2— 0. By Lemma 7.9,
we have y; + ¢ <Im w;’(wj,k) < yp» — ¥ Thus,

D} (wj), ) CR.
Also, by Lemma 7.12,

D (wjk), ) C q(F)).
We obtain
meas(D(Y (wj k), 1)) - 70?2
meas R T 4Q2r 4+ 2(C + v9))?

Now, if R C H(A, 1/|cj|, v) is any rectangle whose horizontal and vertical side length both
exceed Dy := 2w + 2(C + 00), then R can be written as the union of rectangles of the form
(7.7) that satisfy (7.8) and have pairwise disjoint interior, whence the claim follows. ]

dens(q(F;), R) = =: 1.
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8 The set g(F(f)): second part

In this section, we investigate the density of ¢(F(f)) in subsets of H(A — 1, a1/[c;l, v)\
H(A, B1/lcjl, v) for small ; > 0 and large 1 > 0.
We first give an approximate expression for z; in H(A — 1, a1 /|c;jl, V)\H(A, B1/lcjl, v).

Lemma8.1 Lete > O and j € {1,...,d}. Then there are a1, f1,v > 0 such that for all
w e H@ — L ar/lcjl, VI\NH, Bi/lcjl, v), we have
hA —_
‘M 1] <
_Cje—wq;j(w)d)»

Proof Taylor expansion of g around ¢ (w) yields

q( )(90/( w))

h; (w)—q(f(wj(w)))—erZ (f (@i (w)) — gjw)).

k=1
Thus,
hj(w) —w

_ 4 @) (fgjw) —¢jw) Z q® (w, W) (f(p;(w)) — @;(w))F
B _Cje_w(pj (w)d)L —cje ’”% (w)d)L ’
(8.1)
By Corollary 4.3,

fj(w))

= 0i(w) — # <1 +0 (i> +cie i (w) (1 + 0 (;>>) 8.2)
— q'(p;(w)) wi ) T w1/ '

as w — oo. Hence,

61’(<ﬂj(w))(f(s0j(w))—gaj(w))_1 1+ 00/w) ( 1 )

= |w|1/d

= 8.3
—cje™vg;(w)?* cje o (w)d 8.3)
For w € C\H(A, B1/Icjl, v) with [Im w| > v, we have
Cje_wwj(w)d’\‘ > %
provided v is sufficiently large. Inserting this into (8.3) yields

q'(pj W) (f(pj(w)) —¢;w) 1‘ 23 N O< 1 ) - 2 8.4)

—cje g (w)® “ A \ul

if B1 and |w| are sufficiently large.
Also, for w € H(A — 1, a1 /|cj|, v), we have

leje™" ;)"0 < 2,
provided v is sufficiently large. By (8.2), this yields

. : 1 1 d) < 200
[f(pj(w)) —pjw)| < PIeNe)] (1 +0 <|w|> + 3a19)(w) ) < d011|§0](w)(|;; .
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provided |w]| is sufficiently large. If k > 2, then by (8.4) and (8.5), we have
g W (W) (flg;jw)) —p;w)*

k! _Cje—w(pj(w)dk

q'(p; (W) (f ;W) — ;W) |

_Cj 67"}(/)j (w)dk

q®(j(w))
k'q' (¢ (w))

‘ N f(pj(w)) — @j(w) <!

k) (. k—1
€ (pjw))| (4
< (14 5) |2 (et
d/ |klg'(pj(w))| \d
e\ (d\2 kg1 (4 k=l
=(1+3) (k>5|<p, @) Zalg; )]
ey [(d\2-41 | &
— (1 n 5) (k> el < - (8.6)
if |w]| is sufficiently large and o is sufficiently small. Inserting (8.4) and (8.6) into (8.1)
yields the desired conclusion. O

We will now proceed as follows. First, we show that /; maps the intersection of
certain horizontal strips with H(A — 1, a1/|c;|, V)\H(X, B1/|cjl, v) into H(A, 1/c*, v)
where ¢* = max; |¢;|. The idea is that if Im w lies in certain intervals, then the argu-
ment of —cje %g;(w)¥ is small, and using that 7;(w) ~ w — cje Vg, (w)?* by
Lemma 8.1, one can deduce that Re 2 (w) is large. By Sect. 7, the set g(F(f)) has pos-
itive density in large bounded subsets of H(A, 1/c*, v). Together with the invariance of
F(f) under f, we deduce that g(F(f)) has positive density in large bounded subsets of
HOA =1, a1/|cjl, AHA, Bi/lcjl, v).

The next lemma deals with the mapping behaviour of f in certain horizontal strips in
HOA =1, ar/lcjl, V\HQA, Bi/Icjl, v). For j € {1,...,d}and n € Z, let

i Jarg(—c) +A(/2+2n(j — 1) +2nm ifn>=0
B arg(—c;) +A(=m/2 + 27 j) + 2nmw ifn < 0.

Lemma 8.2 Lete € (0, w/4). Then there are a1, B1, v > 0 such that the following holds. Let
Jj €{L,...,d}. Suppose that w lies in the closure of H(A — 1, a1/|c;|, vV\H(A, Bi/lcjl, v)
and there exists n € Z with |Imw — yj| < m/4. Let B > B such that w € T' (A, B/lcil),
and let 6 == Imw — y,ﬁ. Then,

[hj(w) —w] < (1+¢)B,

(I —¢e)Bcos(|0] +&) <Re(hj(w) —w) < (1 +¢)B
and

(I =&)Bsin(|0] — &) < |Im(hj(w) —w)| < (1 +&)Bsin(|0] + ¢).

Proof By Lemma 8.1,

‘ hyjw) = w —1‘ : (8.7)

=W, di SE’
cie "p;(w)

provided « is sufficiently small and S and v are sufficiently large. Thus,

< &
(1=3) |ese ™o)™ < 1hjw) = wl < (14 5) |eje ™)™
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Since w € I'(A, B/|cj|), this yields
Q-8B =<lhjw)—wl <(1+e)p

if v is sufficiently large. Also, by (8.7),

hj(w) —w . /& b4
‘arg (—c]e_“’(pj(wW)‘ < arcsin (5) < Zs. (8.8)
We have
argw = arg ¢ (¢, (w)) = arg(¢; (W) (1 + 0(1))) = dargp; (w) + o(1) mod 2
as w — o0. Since w lies in the closure of H(A — 1, a1 /|c;|, V)\H(A, B1/Icjl, v), we have
arg w = sgn(Im(w))% +o(l) = sgn(n)% +o(l)

if |n| is sufficiently large. Hence,
b4 2w
arg g (w) = sgn(n)g +o0(1) mod Ve
Since ¢;(w) € S, we obtain

7/Qd)+2n(j —1)/d+o(l) ifn>0
—n/2d)+2rj/d + o(1) ifn <0

argg;(w) = { mod 2.

Thus,

arg (—c.,-e’wgoj(w)dk) = arg(—c;) — Im(w) + dArarg ¢ (w)
=—0—2nm4+0(l)=—-60+0(1) mod 2.
By (8.8), this implies
0] — e < larg(hj(w) —w)| < |0] +¢
if |w] is sufficiently large. We obtain
Re(hj(w) —w) < |hj(w) —w[ = (1+¢)B,
Re(hj(w) —w) = |hj(w) — w|cos(arg(hj(w) — w)) = (1 —€)B cos(|0] + ¢),

[ Im(hj(w) —w)| = [hj(w) —w]|-[sin(arg(h;(w) — w))| < (1 + &) sin(|0] + ¢),
| Im(hj(w) —w)| = |h;j(w) —wl-|sin(arg(h;(w) —w))| = (I —¢&)Bsin(|0] —¢).

Let

*i= ma . 8.9
¢ = max el (8.9)
The following lemma says that h; maps the intersection of H(A — 1, a1/[cjl, v)\

H(X, B1/lcjl, v) with certain horizontal strips into H(A, 1/c*, v).

Lemma 8.3 There are a1, B1,v > 0 such that for all j € {1,...,d}, ne 7. and all w in
the closure of H(A — 1, a1/|cjl, V\H(, B1/lcj|, v) with |[Imw — yi| < /4, we have
hj(w) € H(x, 1/c*, v).
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Proof We have w € I'(A, B/Ic;|) for some B > Bj. Since also w € H(A — 1, a1/Ic;l, v),
we have

Alog|w| —log =Rew > (A — 1) log|w| — log oy

and hence
B < ailw|. (8.10)

Lete € (0,7/4),0 = Imw — y,{, and suppose that a1, B1, v are chosen such that the
conclusion of Lemma 8.2 holds. Then

[Tm /2 (w) — Tm w] < (1+ &) Bsin(0] + &) < 2.

By (8.10) and since | Imw| = (1 + o(1))|w| for w in the closure of H(A — 1, a1 /|cj], v)\
H(A, B1/lcjl, v), this yields

[ImAj(w)] = [Imw| —28 = (1 +o(1)w] - 28 = (I +o(1)|w| — 21 |w| > v,

provided |w| is sufficiently large and « is sufficiently small.
Also, by Lemma 8.2 and (8.10),

|hj(w) —w| < (1+&)B < (1+e)ay|wl|
If ) is sufficiently small, we obtain
1
Elwl < lhj(w)] < 2|w|

and hence 1
S @)l < Jwl < 21 w)]. @.11)

By Lemma 8.2 and (8.11),
T
Reh;(w) = Rew + (I — s)ﬁcos(Z +5>
= Alog|w| —logB + (1 — ¢)B cos (% +8)
> Jlog|hj(w)| — [A|log2 — log f + (1 — 8)5005(% —I—e)
1
> log h;(w)| — log —
c
if 81 and hence B is sufficiently large. Thus, /2 ; (w) € H(A, 1/c*, v). O

Let us now define several sets. We start with subsets Qi,k’ Q,/qk C C\H(@, B1/lcjl, v)
forje{l,...,d},keNandn € Z. ' A
Let 0 < 6y < 1/(6m) arccos(5/6). For j € {1,...,d},k e Nandn € Z, let Qfl,k be the

set of all
2k+l 2k
weH(A, ﬁl,v)\H(Ajv>

, ,
lcjl lcjl

such that

|Tmw — yj| < 6;.
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37
n,k h

/
’

fe+2 k1
1“</\,2 ﬁl) F(/\,2 ﬂl)
lejl le;]

Fig.3 An illustration of the sets Qr’l i and Qfl k

’
/

Also, let Q,’q « be the set of all
2k+2 zkfl
weH(k, ﬁl,v)\?{(k, 'BI,U)
lcjl lcjl
such that
| Im w —yy{l < 5mb,.

See Fig. 3 for an illustration of these sets. Note that Q,];,k C Qflk If Qflk C H(A —

1,a1/lcjl, v), then by Lemma 8.3, we have h.,-(Qfl’k) C H(A, 1/c*,v).

Moreover, let R,jl « be the rectangle containing all v € C satisfying

3 k k
12 B1 <Rev —Alog|n| < 52 B1

and
ITmv — yi| < 3-2%B6;.

Also, let 7%}11 , be the rectangle containing all v € C satisfying

5ok k
§2 B1 <Rev—Alogn| <3-2%6

and
[Tmv — yj| < 4-2¢B,6;.
Note that ’R‘y/;’k - 7%,’,,(
Lemma 8.4 There are ay, B1,v,n9 > 0 such {hat the following holds. If j € {1, o d},
n € Zwith |n| = ng and k € N are such that Q;) , C H(A — 1, a1/|cj|, v), then hj(Q;, ) C

R and hj(Q) ) DR .
Proof For w € H(A — 1, a1/|c;l, v)\H(A, Bi/lc;jl, v), we have Rew = o(|w|) and hence
lw| = (14 o(1))|Imw]| as w — oo.If |[Imw — y; | < 576 and |n| is sufficiently large, we

In| < |w| < é?|n|.

obtain
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Forw € Qljl «» this implies that

2k+2 2k+2
Rew 2 i log ]| —log = fl > Alog|n| — 2|A| — log |ﬁ1 (8.12)
¢ ¢
and k—1 k—1
2k= 2k=
Rew < xlog|w| — log | Iﬂl < Alog|n| +2|A] — log f‘. (8.13)
¢ ¢

Let ¢ > 0 be small and let w € Q,jl",( C Q}i,k' By Lemma 8.2 and (8.12), and since
0 < 01 < 1/(6m) arccos(5/6) < (1/2) arccos(5/6), we have
Rehj(w) > Rew + (1 — 8)2/‘,61 cos(f) + &)

> Rew + (1 — £)2%B; cos(26))

2k+2ﬂ1

cjl

5
> Alog|n| — 2|A] — log +(1—£)2kﬂ1-8

3k
> Alog|n| + 12 Bi
if ¢ is sufficiently small and B is sufficiently large. Analogously,

Rehj(w) < Rew + (14 )28t 8,
2k—lﬂ1

+ (1 4+ )2k,
lc;l

< Alog|n| + 2|A| —log

< Alog|n| + %2%31
if ¢ is sufficiently small and S is sufficiently large. Moreover, by Lemma 8.2,
[ Imhj(w) = yi| < [Tmhj(w) = Imw| + [Tmw — y]|
< (1462818, sin(6) + &) + [ Imw — y] |

< (1 +e)21B1(0) +¢) + 6,
<3.2kB,0,

if & is sufficiently small and B is sufficiently large. Thus, 4 (Qi, o C Ri’ .
In the following, we show that / ; (0 Q,]l DN 732 « = Y. Since we have already shown that
hj (&) ) NRI, # 0, this implies that h; (&) ) > R .
Ifwel(Q, 2k_lﬂl/|cj~ |) and B is large, then by Lemma 8.2 and (8.13),
Rehj(w) < Rew + (14 £)2¢71 8
2-1p

lcjl

< Alog|n| +2[A| — log + (1 +e)21p
5 k
< Alog|n| + §2 Bi.

If w e T(&, 2842, /|c;]) and |Imw — y| < 576y, then by Lemma 8.2 and (8.12), and
since 0 < 61 < 1/(6m) arccos(5/6), we have

Rehj(w) > Rew + (1 — £)25T2 By cos(50; + €)
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2k+2/31
> Alog|n| — 2|A| — log | + (1 — £)252B cos(676))
cj
2k+2 5
> Alog|n| —2|A| — log | fl + (1 — 8)2k+2ﬁ1 %
¢j

> Alog|n| +3- 28y,

provided ¢ is sufficiently small and B, is sufficiently large.
If [Imw — y;| = 576; and w € H(A, 25281 /Icjl, vI\H (R, 27181 /]c;l, v), then by
Lemma 8.2,

[Tm i j(w) — yi| = [Tmhj(w) — Im(w)| — [ Imw — y]|
> (1 — )21 By sin(576; — &) — 576,
2
> (1— )25 18,2 (5760, — ) — 576,
T
> 4.2%,0,,

provided ¢ is sufficiently small and f; is sufficiently large. Thus, /(9 Q,’l ) C C\ﬁi, ¢ O

Next, we prove that the density of ¢ (F;) in Qi « 18 bounded below by a positive constant.

Lemma 8.5 There are al,ﬁl,v,é,nl > 0 such that for all j € {1,...,d}, n € Z with
|[n| > ny and k € N with Qqu ¢ CHA —1,a1/|cjl, v), we have

dens(q(F}). O} ) = 6.
Proof By Sect. 6, in particular Lemma 6.5, the function 1 ; = go f o; has no critical points in
Ql]a,k if v and B, are sufficiently large. By Lemma 8.4, 1 (Q,JL,{) D 7@2’,{ andh (Qfl’k) C R{Lk.
Let U be the component of h;l(ﬁi’k) containing Qf;,k. Then Qf;’k cUu cC Q,/qk Since

7%5, « 1s simply connected, /; maps U conformally onto 7~2,’l e Let v 7~2fl « — U be the
corresponding inverse function. By Lemma 8.3,

~ 1
h.,-(Q,JLk) CH ()», = v) C C\(D(0, R) U[0, 00)) = q(S))

forall/ € {1,...,d}. Hence, there exists [ € {1,...,d} such that (f o (pj)(Qf;!k) c S
We have ¥ (g(F;) N 7~2fl ) = q(Fj) NU. By the Koebe distortion theorem, v has bounded
distortion in Rﬁ, « independent of 7, k and j. We obtain
dens(q(F)). O} ;) = dens(q(F)), ¥(R] ) - dens(¥ (R} ), &) )
= dens(¥ (q(F) N'RY ). ¥ (R) ) - dens(y (R] ), O )
> cdens(q(F), R} ) - dens(Q) . O) )
for some ¢ > 0 independent of n, k and j. If B; is sufficiently large, then by Lemma 7.14,
dens(q (F7), Rf;,k) > 0.

Moreover, by Lemma 5.2,

. ) .
meas Qi,k > 3 log2-26; and meas Qfl‘k <2log8- 1076;.
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Hence,
. log2
dens(q(F)), Q1) = cno—z—r— =
ens(q () Qu i) Z m0y5 71003
O

The last lemma of this section says that there is a positive lower bound for the density of
q(F;) in any sufficiently large rectangle contained in H(A — 1, a1 /|c |, V)\H(A, B1/Icjl, v).

Lemma 8.6 There are ay, B1, Vv, D1, n1 > 0such that forall j € {1, ...,d} and any rectan-
gleR C H(A—1,a1/lcjl, v\H(A, B1/Icjl, v) with sides parallel to the real and imaginary
axis and side lengths at least D1, we have

dens(q(F;), R) = m.
Proof Suppose that
D; > 5log8,
Dy >y} +27 + 1076 and Dy > |yL,, | +27 + 1076, forall / € {1,...,d},

withnyasinLemma8.5.Let R C H(A—1, a1 /|cj|, v)\H(A, B1/Ic;l, v) be arectangle with
sides parallel to the real and imaginary axis and side lengths at least D. By the definition of
Qfl  and Lemma 5.2, there are k € N and n € Z with |n| > n such that

o), CR.
If, in addition, the side lengths of R do not exceed 2D, then by Lemmas 8.5 and 5.2,

2/31log8 - 106,

dens(q (7)), R) = dens(q(F)), O ) - dens(Q), . R) = §=—
1

Since any general rectangle with side lengths at least D can be written as the union of
rectangles with side lengths between D1 and 2D which are disjoint up to the boundary, the
claim follows. O

9 The set q(F (f)): third part

Forv > 0, let
Gy ={w: |[Imw| > v}.

In this section, we investigate the density of ¢ (F(f)) in subsets of G,\H(A — 1, B2/|c;|, v)
for large B, > 0. First, we give an approximation for /2 in G,\H(A — 1, B2/|c;l, v).

Lemma9.1 Let ¢ > 0 and j € {1,...,d}. Then there are B>,v > 0 such that for all
w € G \H( — 1, Ba/|cjl, v), we have
hj(w)
— 1| <e.
(—cj/d)yle=dwy—m

Proof By Corollary 4.3,

ﬂ-m»—»wy~4l4fo+o(i))_;£j;
“ — q'(pj(w)) [w] plg;(w))
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Ci _w m 1
= 0wl = =-e™"g;(w) <1+0<W>> ©.1)

as w — oo. Note that the O (-)-terms do not depend on 5. Forw € G,\H(A—1, B2/Ic;|, v),
we have

. ) 1/d
Loy = | S| w4 o)) = ﬁﬂ#d' 9.2)
if |w| is sufficiently large. In particular,
B2\ 1/a
. > =
[f (@il = -~ lwl

if B> and |w| are sufficiently large, and hence

1
hj(w) = q(f ;) = f(g; )" (1 +0 (W))
as w — oo in G,\H(A — 1, B2/|c;l, v). Also, by (9.1) and (9.2),
flojw)y 1‘ _ O(w|'') o ( 1 )‘
(—cj/d)e " p;(w)=" (—cj/d)e " p;(w)=" [wl|!/d
<2200+ 0 (i )
T B lw|/d )’

where the O (-)-terms do not depend on ;. Hence, we can achieve that

flojw)? B
(—cj/d)e v gp;(w)=m)d

by taking > and v sufficiently large. Also,

(-evosn ) = (-9) e (140 ()

as w — oo, whence the claim follows. O

1 <

¢
2

We proceed similarly as in Sect. 8, that is, we show that 4; maps certain subsets of
G \H( —1, B2/lc;l, v) into H(A, 1/c*, v). We then apply the results of Sect. 7 to show that
q(F(f)) has positive density in large bounded subsets of G,\H (X — 1, B2/|c;l, v).

ForneZ,keNand j € {1,...,d},let77,{’k be the set of all

2k+2 2k—1
weH(,\—l, ﬂz,v)\?—((k—l, ﬂZ,v)

lc; ;]

satisfying

2n — Drm < Imw < 2(n+1)71.
d d

There are 9,{,k €[—m,m)and rr{,k > 0 such that for all w € PI{,k’ we have
lw| = ,{,k(l +o(1)) and arg(w) = gr{yk +o(1)

as [n| — oo. Letr! , € [2n7/d, 2(n + 1)7/d) with
2

¥ = arg(—cj) — ﬂéj mod —.
n,k J d n,k d
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Lemma 9.2 Let 6* € (0, w/(4d)). Then there are By, v > 0 such that the following holds.
Letje{l,...,d},k e Nandw € H(A—1,25*2B, /|c;|, \H(—1,251 B2 /|c;1, v) such
that there exists n € 7 with tr{,k —n/(4d) <Imw < t;{’k — 0% Let B € [2K718,,2K42 8]
such thatw € T'(A — 1, B/|c;|) and let 6 := z,{’,( — Im w. Then

3 d 5 4
i (S) 1 €0s(2d0) < Rehj(w) < 7 (g) ok

3 4 SN,
- (g) 7 d6 < Imhj(w) < > (g) i do.

Proof Let & > 0 be small. By Lemma 9.1,

and

hj(w)
-1l <e
(—Cj/d)de_dww_m
if B2 and v are sufficiently large. Thus,
|Cj| ¢ —dRew —m |Cj| ¢ —dRew —m
A=) —) e [w[™™ < |hj(w)| = 1 +e) )¢ lw[™.  (9.3)

Since w € I'(A — 1, B/|cj|), we have

/3 d
|w|717medeew — |w|d()ﬁ])edeew = (—) .
el

Thus,

nNd d d .
<|i17/|> g_dRew|w|_m= <§> |w = (g) r,{yk(l—i-o(l))

as |n| — oo. Inserting the last equation into (9.3) yields

3B\ 5(B\'
Z (g) rag < i)l <7 (5) ) (9.4)

if ¢ is sufficiently small and |n| is sufficiently large. Also, by Lemma 9.1,

arg(hj(w)) — arg <<—%>d e—dww—m>

< arcsin(e) < %8. 9.5
We have
\d
arg ((—%’) e‘dww_’"> =darg(—c;) —dImw —margw

=darg(—c;) — dtr{’k +d6 — m@,{’k + o(1)
=dOf +o(1) mod 27

as |n| — oo. By (9.5), this yields

do
> <argh;(w) < 2d0 (9.6)

@ Springer



A class of Newton maps with Julia sets... 703

if e is sufficiently small compared to 6*. By (9.4), (9.6) and the fact that (2/7)x < sinx < x
for 0 < x < /2, we obtain

d
Rehnj(w) < |hj(w)| < Z (g) oo
38\ ;
Rehj(u) = [ ()| cos(arg ) > 7 (2) i cos(2db),
I (w) = [ ()] sinarg o (w)) < > £ i sincan <2 (8 ‘i
J — " g J 4\ d n,k —2\4 n,k ’

Imh;(w) = |hj(w)|sin(argh;(w)) > % (5) ryl i sin (?) > % (S) rdo.
O

Let us now define several sets. We start with subsets 7;],{ T,ik C G\HOA—1, Ba/lcjl, v).
Let

1 11
0<6 < CRTE arccos (E) .

ForneZ,k e Nand j € {1,...,d},let’Z;j;kbethesetofall
2k+] 2k
weH(A—l, ﬁz,u)\HQ—l,ﬂ v>

9
lcjl lcjl

satisfying
. . 0>
J J
tn,k — 02 < Im w < tl’l,k — E

Also, let ’27 « be the set of all

2k+2 2k—]
weH(k—l, ’32,V>\H(x—1,|7f2,v>
¢

c;
satisfying
1

1047 %

6 — 4w <Imw <1/ —
Note that 7;] « C 77 - See Fig. 4 for an illustration of 7:1’  and f;lj e
Moreover, let Z/I,{’ . be the rectangle containing all v € C satisfying
126\ 5 (2418\
ITAGFE Tnk < Rev < 1 p Thk

and

d d
3 2k132 j 5 2k+1,32 i
877-[ (T) rr{’kdez <Imv < 5 < d > rr{’kdez.

Also, let (:{,i . be the rectangle containing all v € C satisfying

5 (28\ 11 /2k18,\¢
§<%> r;’k<Rev<§< d'B2> r}f’k
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k
r (A, 1727/’2)
le]
A . . ‘
e P b R Imw =t ,
’Z;Lk

Tgkt1 ’
F()\—l, ﬂ2>
[e]

“ok-1p
T ()\ —1, ‘ 2)
les
; : : J 7J
Fig.4 An illustration of the sets ’Z;l,k and Zz,k

and
d k+1
1 /2 ; 2
o <%> r,f’deQ <Imv <3 < P2

d .
J
> rn’kdez.
J ~J
Note that Uy CUL -
we have

Lemma 9.3 Thereisng € N suchthatforalln € Z with|n| > ng, k € Nand j € {1,...,d},

~j 1
Z/ln’k CHIA, ;, v
with ¢* = max; |¢;| as defined in (8.9).

Proof Letv € Z;{,{k Note that r,{’k — o0 as |n| — oo uniformly in k. In particular,
d
L2\
Imv > E <7) rn’kdez >V
if |n| is sufficiently large. Also,

2k+1 d . 24
Imv < 3( dﬂ2> rj,kd92 =

d

5 (2B, ;24

d d

?2 do, - 3 <—d ) r;,k < ?2 d6r Re v,

and hence

24 _,
[v] < |Rev|+ |Imv| < 1+?2 dfy | Rev

Thus,

1 1
Rev> — [y = Alog |v] — log —
V= T a/5)2das, U = Moglvl —log

if |n| and hence r,{ « and |v] are sufficiently large.
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Lemma 9.4 There are By, v > O such that for all j € {1,...,d}, k € Nandn € Z with
|t]k| > v+ 49t 70, we have

hi(T ) cUl, and hy(T]) S0,

Proof First suppose that w € 7, j - Then by Lemma 9.2 and the fact that 6, < 1/(2 -
49+ gy arccos(11/12) < 1/(2d) arccos(11/12), we have

k i k j
Rehj(w) > — <%) F i €08(2d62) > — <2 /32) rn,k’

d 16 d
5 2k+1 d .
Rehj(w)<7< /32> i
d 5
268\
Im#h; — | —= do,,
mhj;(w) > 7_[( ] > Fp 1 d02

5 2k+l > d .
Imhj(w)<§< dﬂ) r;:’kd92.

Hence, h ; (Tjk) C Z/I,{k
Also, Lemma 9.2 yields the following. It w € ['(x—1, 287! 8y /|c;|) with 1)  —49+! 76, <
Imw <, —1/(10-477)6,, then

A1\ 5 kg
Reh; (w)<1< dﬁ) ri,kfg(Tﬁ> r,{yk.

Ifwe (L —1,2528,/|c;|) with sz — 44170, < Imw < zf — 1/(10 - 4477)6,, then
using that 6, < 1/(2 - 4%Fldm) arccos(11/12), we get

3 /ok+2 d 11 /2k+1 d
Rehj(w)>z< dﬁz) ré,kcos(2d4d+lﬂ92)>§< d"%) P

Ifw e M — 1,228 /lc;l, v\H( — 1,257 185 /I¢;], v) and Imw = t,{,k — 4441709,
then

2k+1 d .
Imhj(w)>3( dﬂ2> rn]’kdez.

Ifw e HO—1,25285/1c;l, vI\H(A—1, 28185 /|c;|, v) and Im w = t’k—l/(IO 49565,
then

2\
Imh (LU) < H (7) mkd@z.

Thus, & (BT’k)ﬂZ/{]k =0. SmceT’ C T/k and h (T’ ) CZ/I] Cujk,weobtalnthat
hj(,];,k) ) U;f,/« O

Next, we show that the density of g(F;) in ’]N;j « 1s bounded below by a positive constant.
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Lemma 9.5 There are 5 > 0 and n; € N such that forall j € {1,...,d},k e Nandn € Z
with |n| > ny, we have

dens(q(F)), 77,) = 8.

n,

Proof We only sketch the proof, since it is similar to the one of Lemma 8.5. By Lemma 9.3,
~ ] 1
L{n’ k CH )\., E, V).

By Lemma 9.4, h; (f;l{k) D Z;{,{’k and £ (Z{k) - L{,{,k. LetV C f;,]k be the component of

h;l (Z;l,{’ ) containing 7;/ - As in the proof of Lemma 8.5, we get that f(¢;(V)) C & for
somel € {1,...,d}, and that

dens(q(F)), T)}) = e dens(q(F), U ) - dens(T, T))

for some ¢ > 0 independent of n, k and j. If |n| and hence rr{’k is sufficiently large, then by
Lemma 7.14,

deHS(q(J-‘z),M,{,k) > 10-

Also, the density of 7;] ¢ in 77 « 1s bounded below independent of n, k and j, whence the
claim follows. O

The final result of this section says that the density of g (F;) inlarge rectangles in G, \ H(A —
1, B2/Icjl, v) is bounded below.

Lemma 9.6 There are B,, v, D2, na > 0 such that for all j € {1, ...,d} and any rectangle
R C G \HA — 1, B2/Icjl, v) with sides parallel to the real and imaginary axis and side
lengths at least Dy, we have

dens(q(F;), R) = ma.

Proof This is proved the same way as Lemma 8.6, using Lemma 9.5. O

10 The set g(F (f)): conclusions

In this section, we combine the results of Sects. 7-9 to show that g (F;) has positive density
in large bounded subsets of C.

Lemma 10.1 There are D, n3 > O such that for all j € {1, ...,d} and any square R C C
with sides parallel to the real and imaginary axis and side lengths at least D, we have

dens(q(F;), R) = ns3.

Proof Let

and
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Fig.5 The rectangle R1,

bounded by the solid line, is R |
divided into five smaller
rectangles by the dashed lines Riq

Also, let y; and y» be the left boundary curves of £ and &, respectively, parametrised by
y = Im z. Justified by Lemma 5.2, we suppose that v is so large that

1
|y,é(y)| < Ef0r|y| >vandk € {1,2}. (10.1)
Using the notation of Lemmas 7.14, 8.6 and 9.6, suppose that
D > 2v + 5max{Dy, D1, D} (10.2)
and
B2
D > 20max {log 81, log — ¢ . (10.3)
o]
For S C C, let

diam, (S) := sup{|Re(z — w)| : z, w € S}

and
diamy (S) := sup{|Im(z — w)| : z, w € S}.
Define
Ry:=RN{z:Imz>v}, Ro:=RN{z:Imz < —v},
and let

Ry if diamy(Ry) > diamy(R_)

Ry = )
R_ otherwise.

By (10.2), diamy (R) > max{Dy, Dy, D,}.

We now divide R into 5 rectangles, Rq1, ..., R1,5, with diam, (R ) = diamy(R1)
and diam, (R k) = % diam, (R1) forall k € {1, ..., 5} (see Fig. 5).

By (10.2), diam, (R1 ) > max{Do, D1, D2}. By (10.1), Lemma 5.2, (10.3) and the fact
that R is a square of side length at least D, we have

1
diam, (& NR) < 0 diamy (R) + 2 max {log B1, log & }
) o

1 1 1
< — diam,(R) + ED < —diam,(R)

10 -5
forl € {1, 2}. Thus, & and &; each intersect at most two of the rectangles R k. Hence, there
exists/ € {1, ..., 5} such that R ; does not intersect £; U &. This implies that R ; satisfies

the hypothesis of one of Lemmas 7.14, 8.6 and 9.6. Hence,

dens(q(F;), R1,) = min{no, n1, n2}
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and

dens(q(F;), R) > dens(q(F;), R1,) - dens(R1,, R)

. 1 diam, (R)(diam,(R) — 2v)
> mln{n()! n, 772} T TA -

10 (diam, R)?
. 1 2v
zmm{no,m,nz%E 1—5 .

The following corollary is an immediate consequence of Lemma 10.1.

Corollary 10.2 There are ro, n > O suchthat forallz € C, allr > roandall j € {1, ...,d},
we have

dens(q(F;), D(z, 1)) = 1.

Remark 10.3 Corollary 10.2 says that C\g(F;) is thin at co.

11 Proof of Theorem 1.1

Proof of Theorem 1.1 We will verify the assumptions of Theorem 1.3. By Lemma 6.2, the set
P(f) N T(f) is finite, so it remains to prove that there exists Ry > 0 such that 7 (f) is
uniformly thin at (P(f) N C)\D(0, Ry) and that [7( f) is thin at co. In the previous sections
we have studied the function obtained from f by the change of variables w = ¢ (z) introduced
in Sect. 3, with the polynomial ¢(z) = 74 + 0(z%~1) from the definition of g. Now we use
this to draw conclusions about f.

Let 71 > 0 such that

(@) lg'(2)| = (d/2)|z|*~" forall z € C with |z] > ri;

(b) each zg € P(f) with |zg| > ry is a zero of g and hence a superattracting fixed point of
f. Justified by Corollary 6.6, we also assume that there is j € {1, ..., d} with zg € S;,
and dist(zp, dS;) > 3. Moreover, suppose that the conclusion of Lemma 7.5 holds for
|zo| > r1.

Let ¢ be the constant from Corollary 10.2. First, we will show that there exists 74 > 0
such that for all j € {1,...,d}, all z € S; with |z] > rj and all r > 8r¢/(d|z|?~1) with
D(z,2r) C §j, we have

dens(F(f), D(z,r)) = na. (11.1)

Recall that g is injective in S;. By Koebe’s theorems,
D (q(z), %Iq’(z)|r> C q(D(z,1) C D(q(2), 4lq" (2)Ir).
By (a) and the assumption on r, we have (1/4)|q’(z)|r > ro. Hence, by Corollary 10.2,
dens <Q(-7:j)7D (q(z), %Iq/(z)lr» > 1.

Thus,
dens(q(Fj), g(D(z,r)))
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1 1
> dens (D (q(z), Zlq’(z)|r> ,q(D(z, r))) - dens <q(fj), D (q(z), Zlq’(z)lr»

1
> dens (D (q(z), Zlq/(z)lr) : D(q(2), 4|q/(Z)|r)) = 556

By the Koebe distortion theorem,

mingepz.r 1q' ()] : ) b
dens(F(f), D(z,r)) = (maXCED(”) |q’(§)|> dens(q(F;), q(D(z,1))) = ¥ 256"

This implies (11.1) with ng = 77/(38 - 256).

Let us now prove that there exists R; > 0 such that J(f) is uniformly thin at (P(f) N
O\D(0, Ry). Let §1 € (0, 1), zo € P(f) with |z9| > r1 + 1 and z € D(zp, é1). By (b),
D(z,281) C Sj. Also, |z| = r1. If |z — 20| = 8ro/(d|z|?~"), then by (11.1),

dens(F(f), D(z, Iz — zo])) = na-
Now suppose that

8ro
— _— . 11.2
lz — 20l < e (11.2)
By Lemma 7.5, we have D(z, 1/(3d|z0l4"1)) € F(f). Hence,

1
dens(F(f), D(z, |z = zo)) = dens (D (zo, W) D, |z — ZoI)) .

The expression on the right hand side is bounded below independent of z and |z|, provided
(11.2) is satisfied. So J(f) is uniformly thin at (P(f) N C)\D(0, r; + 1).

It remains to prove that [7(f) is thin at oco. Let R be as in Sect. 3 and let r, >
max{2R'/? r(}. If r is sufficiently large, then Lemma 3.2 yields that Ule 3S;\D(0, r2)
is contained in d pairwise disjoint halfstrips, 77, ..., 74, of width 1. We can assume that r,
is so large that dist(Z¢, 7;) > 1 for k # [. Then for |z| > rp + 3, the set D(z, 3)\ Uj'?:] T;
contains a disk, D, of radius 1/2. Thereis j € {1, ...,d} with D C S;. Let D’ be the disk
with the same center as D and radius 1/4. If r; is sufficiently large, then by (11.1), we have
dens(F(f), D) > ng4, and hence

dens(F(f), D(z,3)) = dens(F(f), D) - dens(D’, D(z, 3)) > %-
We now consider the case that |z| < r» 4+ 3. Let ¢, ..., & € D(0, rp + 3) such that

DO.r2+3) C | D& 1.
k=1

Then
ns == min dens(F(f), D(¢&, 1)) > 0.
I<k=<n

Forz € D0, + 3), letk € {1, ..., n} such that z € D(¢, 1). Then D(&, 1) C D(z, 3)
and

1 1
dens(7(f), D(z,3)) = 5 dens(F(f), D5, 1)) = 55

Thus, J(f) is thin at co. Hence, Theorem 1.3 yields that .7 (f) has Lebesgue measure zero.
O
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