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Abstract

We show that the André motive of a hyper-Kihler variety X over a field K C C with
by(X) > 61is governed by its component in degree 2. More precisely, we prove that if X; and
X» are deformation equivalent hyper-Kihler varieties with b, (X;) > 6 and if there exists a
Hodge isometry f: H*(X,, Q) — H2(X», @), then the André motives of X and X, are
isomorphic after a finite extension of K, up to an additional technical assumption in presence
of non-trivial odd cohomology. As a consequence, the Galois representations on the étale
cohomology of X; and X; are isomorphic as well. We prove a similar result for varieties
over a finite field which can be lifted to hyper-Kihler varieties for which the Mumford-Tate
conjecture is true.
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1 Introduction

A guiding principle in the study of hyper-Kéhler manifolds is that many of their geometric
properties are governed by their cohomology in degree 2. Perhaps the most spectacular
illustration of this principle is the global Torelli theorem due to Huybrechts, Markman and
Verbitsky, which precisely explains to what extent the birational class of a hyper-Kihler
manifold X can be recovered from the integral Hodge structure on the lattice H>(X, Z).

As another example, it is known that the total Hodge structure on the rational singular
cohomology Hy:=H*(X, Q) is determined by the Hodge structure on H )2( This fact is
a consequence of the properties of the Looijenga—Lunts—Verbitsky Lie algebra that was
introduced in [18,30]; a complete proof of this result has been given by Soldatenkov in [27].

Let now K C C be a subfield which is finitely generated over QQ and let X be a hyper-
Kihler variety over K. We fix a prime number £ and consider the étale cohomology groups
H ;} =Hj(Xg, Q) of X. It is then natural to ask whether the Galois representation on the
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£-adic cohomology Hy , of X is determined by its restriction to Hy ,. Going even further,
we may ask the analogous question at the level of homological or Chow motives—however,
in this setting the existence of Kiinneth components is not known in general.

To circumvent this difficulty, we will work with André’s category of motives [2].

We prove that, up to a finite field extension of the base field, the total André motive
Hy =P j H§( of a hyper-Kihler variety X is governed by its component in degree 2. In
what follows we say that two hyper-Kihler varieties X and X; over a field K C C are
deformation equivalent if the complex varieties X1 ¢ and X, ¢ are deformation equivalent
in the analytic sense. We let H*‘_ = @j HI Xic, Q).

Theorem 1.1 (= Theorem 4.7) Let X, X, be deformation equivalent hyper-Kihler varieties
with by(X;) > 6 over a field K C C. If X; has non-trivial cohomology in odd degree,
assume that, for i = 1,2, the motive Hi\i belongs to the tannakian category generated

by H} , Where A; is the Kuga—Satake variety on H )2(," Assume that there exists a Hodge
isometry f: Hy AN Hy 2 Then, there exist a finite field extension K’ / K and an isomorphism
of graded algebras F: H X, H ;2 which is the realization of an isomorphism of André

’

motives Hy,  — HY_ over K'.
1,K 2,K’

The map F obtained in the theorem is in particular an isomorphism of Hodge structures.
The assumption on the second Betti number is needed to show that deformation equivalent
hyper-Kéhler varieties can be connected via a chain of polarized deformations; see Theorem
5.1 for the precise statement. All known hyper-Kihler varieties have by > 7.

In presence of non-trivial odd cohomology we need an extra assumption to control the odd
part of the motive. The Kuga—Satake variety A; is an abelian variety closely related to Hy 2
[8]; we expect that its motive belongs to the tannakian category generated by Hy. . By [10]
this happens for the known hyper-Kihler varieties with non-trivial odd Cohomology, which
are those of generalized Kummer deformation type. We obtain the following consequence of
Theorem 1.1.

Corollary 1.2 (=Corollary 4.8) Let K C C be a subfield which is finitely generated over Q and
let X1, X» be deformation equivalent hyper-Kdhler varieties over K such that by(X;) > 6. If
X has non-trivial cohomology in odd degree, assume further that, fori = 1, 2, the motive H k’,

belongs to the tannakian category generated by H? r where A; is the Kuga—Satake variety

on H)z(l_. Assume that there exists a Gal(K /K)-equivariant isometry f - H)z(]’ — H)Z(2 v

Then, there exist a finite field extension K' /K and a Gal(K /K')-equivariant isomorphism
of graded algebras F - H;l,e — H;z’z.

The corollary is the £-adic counterpart of the Hodge theoretic result from [27]. This is
not surprising: if the Mumford-Tate conjecture was true, the corollary would be a direct
consequence of its analogue in Hodge theory. Even though the Mumford-Tate conjecture
is not known for arbitrary hyper-Kihler varieties, in [10] we proved it for all hyper-Kéhler
varieties of known deformation type. When the conjecture holds, we obtain a more precise
result on the Galois representations H ;’;i.[. Let us say that two hyper-Kéhler varieties X
and X; are H/-equivalent if there exists an isomorphism of graded algebras H ;‘EI (=H ;22, ’
which restricts to an isometry in degree 2 with respect to the Beauville-Bogomolov pairings.
Deformation equivalent X and X, are H;-equivalent as well, since in this case X ¢ and
X5 ¢ are homeomorphic.
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Theorem 1.3 (=Theorem 3.5) Let K1, K7 be subfields of C, finitely generated over Q, and let
X; be a hyper-Kihlervariety over K;, fori = 1, 2. Assume that X1 and X, are H-equivalent,
and that the Mumford-Tate conjecture holds for both of them. Let T C Gal(K{/K1) be a
subgroup, let €: T' — Gal(K»2/K») be a homomorphism; T acts on H;l,e via its inclusion

into Gal(K{/K1) and on H;z ¢ via €. Assume that there exists a I'-equivariant isometry
f: H)z(1 ¢ H)z‘,2 o Then, there exist a subgroup T" C T of finite index and an isomorphism
F: H;’l.l — H;2 ¢ Of graded algebras which is T"'-equivariant.

This result leads to similar conclusions for hyper-Kihler varieties over finite fields. The
study of such varieties is still in its early stages: besides K3 surfaces, it is not clear how to
define these objects (but a possible definition is proposed in [11]). Despite this, certain higher
dimensional moduli spaces of sheaves on K3 surfaces play a key role in Charles’s proof of
the Tate conjecture for K3 surfaces [7] over finite fields; other examples of hyper-Kéhler
varieties over finite fields can be obtained from moduli spaces of sheaves on abelian surfaces
[11]. All these varieties can be lifted to some hyper-Kihler variety in characteristic 0. We
will therefore consider smooth and projective varieties over finite fields which can be lifted
to a hyper-Kéhler variety in characteristic 0; see Sect. 3.2 for the precise meaning of this.
The recent article [32] shows that this approach yields at least a good notion of varieties of
K3M-type.

Let k be a finite field and let £ be a prime number invertible in k. For a smooth and
projective variety Z over k, we let H ; ¢ =H(Z, Qp); if Z can be lifted to a hyper-Kéahler
variety in characteristic 0 then the second cohomology group H % ¢ inherits a non-degenerate
Q¢-valued symmetric bilinear pairing, see Remark 3.7.

Theorem 1.4 (= Theorem 3.8) Let Z1, Z> be smooth projective varieties over k such that
there exist Hj -equivalent hyper-Kdihler varieties X1, X, in characteristic 0 which lift Z,
and Zj respectively. Assume that the Mumford-Tate conjecture holds for both X1 and X,
and that there exists a Gal(k /k)-equivariant isometry f: H %]7 e H%z’ ¢ Then, there exist
a finite field extension k' of k and a Gal(k /k')-equivariant isomorphism of graded algebras
F:H; ,— Hy ,

In particular Z; ;- and Z; - have the same zeta function. In the special case when Z; and
Z, are moduli spaces of stable sheaves on K3 surfaces over k the above statement has already
been proven by Frei in [13] via a different method, which uses Markman’s results from [19].

The structure of this article is reversed with respect to the order of the introduction.
Namely, after reviewing in Sect. 2 the construction of the Looijenga-Lunts-Verbitsky (LLV)
Lie algebra, we use the properties of this Lie algebra to prove Theorems 1.3 and 1.4 in Sect. 3.
We then prove Theorem 1.1 and Corollary 1.2 in Sect. 4. These last results rely fundamentally
on the defect groups of hyper-Kéhler varieties introduced in [10] with Lie Fu and Ziyu Zhang.
The proof of Theorem 1.1 also uses the fact that deformation equivalent hyper-Kéhler varieties
can be connected using polarized deformations, which is proven in Sect. 5.

Notation and conventions

By a hyper-Kihler variety over a field K C C we mean a smooth and projective variety X
over K such that X(C) is a complex hyper-Kéhler manifold, i.e. it is simply connected and
H%(X(C), 2?) is spanned by the cohomology class of a nowhere degenerate holomorphic
2-form. If X, X, are hyper-Kéhler varieties over subfields K|, K, C C respectively, we say
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that X| and X, are deformation equivalent if the complex manifolds X (C) and X, (C) are
deformation equivalent (in the analytic sense). For a smooth and projective variety X over a

subfield K C C we use the notation H:=H/(X(C), Q) and H)/("e::Hé’[(Xk, Qy), where
K C C is the algebraic closure of K in C and ¢ is a prime number.

2 The LLV-Lie algebra

In this section, we let X be a complex hyper-Kéahler variety of dimension 2n. We let
H}:=@ jH (X, Q); the second cohomology group H)Z( is equipped with the Beauville—
Bogomolov pairing ¢, a non-degenerate symmetric bilinear form, see [5, Théoreme 5].
We define the Mukai extension of the quadratic space (H)z(,q) as the vector space

ﬁ%::@ ‘v @ Hy ® Q- w, equipped with the pairing
d((av, b, cw), (@'v, b, c'w)) = q(b,b") —ac’ —d'c.
Givenx € H )2(, let L,: Hy — H ;+2 be given by cup-product with x. We say that x has

the Lefschetz property if the maps LK : H )2(”_]‘ — H ;""'k are isomorphisms for all k > 0.

Let 6 denote the endomorphism of the cohomology which acts on H )]( as multiplication by
J —2n. Itis well-known that the class x has the Lefschetz property if and only if there exists
Ay H; — H;’fz such that (Ly, 6, Ay) is an s[p-triple, meaning that we have

[9, Lx] = ZLXa [07 Ax] = _2AXa [LXs Ax] =0.

If it exists, A, is uniquely determined. The subset of x € H )2( with the Lefschetz property
is Zariski open in H?2, and the first Chern class of an ample divisor on X has the Lefschetz
property by the Hard Lefschetz theorem.

Definition 2.1 The LLV-Lie algebra g(X) of X is the Lie subalgebra of gl(Hy) generated
by all slp-triples (L, 8, Ay) forx € H )2( with the Lefschetz property. We let go(X) C g(X)
denote the centralizer of the semisimple element 6.

In other words, go(X) consists of those endomorphisms in g(X) whose action on Hy, preserve
the grading.
The LLV-Lie algebras of hyper-Kéhler varieties have been fully described.

Theorem 2.2 [18,30]
(a) There exists a unique isomorphism of Q-Lie algebras
¢: g(X) — so(Hy, §),
such that:

— @(0) vanishes on H2, 0(0)(v) = —2v and ¢(0)(w) = 2w, and
— foranyx € H)z( with the Lefschetz property, we have ¢(Ly)(v) = x, ¢(Ly)(w) =0
and p(Ly)(y) = q(x,y) - w, forall y € Hy.

(b) The isomorphism @ restricts to an isomorphism
g0(X) = s0(Hg. ) ® Q- ¢(6):

the induced representation of so(H%, q) on H )2( is the standard representation.
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For later use, we note the following functoriality property of the LLV-construction.
Lemma 2.3 Let X1 and X» be hyper-Kihler varieties and let F : H;;l — H;z be an iso-
morphism of graded algebras. Then the induced isomorphism F,: GL(H ;1) — GL(H ;,2)
given by A — FAF ™! restricts to an isomorphism g(X1) — g(X»).

Proof Letx € H )%1 be an element with the Lefschetz property, and consider the correspond-
ing sly-triple (L, 6x,, Ay). Then (FL F1, Fox, F L FAFYis again an slp-triple;
moreover, since F is an isomorphism of graded algebras it is immediate to check that

FL.F~! = LF(y and FOXIF’1 = 0Ox,. Further, F(x) has the Lefschetz property as
well, and it follows that F.(Ax) = AF(x). Since the Lie algebra g(X1) is generated by
the slp-triples (Ly, 6x,, Ax) as above, this concludes the proof. O

Remark 2.4 Together with Theorem 2.2, Lemma 2.3 implies that any linear isomorphism
I H)z(l — H}z(2 which extends to an isomorphism H;}l — H ;2 of graded algebras induces

an isomorphism f: so(H }2(1) — 50(H)2(2). This fact can be seen as a consequence of Fujiki’s
relation, which gives positive rational constants A;, for i = 1,2, such that g(a, ¢)" =
hi [y, @ forany « € Hy , see [15, Sect. 1.11].

2.1 The integrated representation

We let G(X) be the semisimple simply connected algebraic group with Lie algebra g(X), and
let Go(X) C G(X) be the unique connected subgroup with Lie algebra go(X). By Theorem
2.2 we have an isomorphism

@: G(X) —> Spin(HZ, §).
Let U:=(v, w), equipped with the restriction of g. Since 1:1)2( = H)z( @ U, we can view
Spin(H2 ,q) and Spin(U) as algebraic subgroups of Spin(l':I2 ,q). We have Spin(U) = G,
and the Lie algebra of Spin(U) C Spin(H2,q) is Q - ¢(f). Moreover, Spin(Hz, ) N
Spin(U) = {£1}. We conclude that ¢ restricts to an isomorphism
@: Go(X) —> CSpin(H%, q) = Spin(Hz, q) - Spin(U).
The above assertions are checked as follows. With respect to the basis {v, —% }, the matrix

of g, is ( 1(/)2 162 ) Let C1(U) be the Clifford algebra on U. Then CI(U) is identified with
the algebra of 2 by 2 matrices with coefficients in QQ; an isomorphism is given by

(0 0y _w (01
v 1 0) "2 0 0)

The even Clifford algebra CIT(U) consists of the diagonal matrices, while C1~(U) consists
of those matrices with 0 on the diagonal. The spinor norm CI(U)* — QX is the determinant.
Therefore Spin(U) = G, is the standard maximal torus of SL,. The adjoint action of Spin(U)
on H )2( is trivial on the summand H )2(, and we have

L0 27 to o (X0 2~ ho 2
(orl)”(o A>_)\ v <0A_1>w<0 3) = A

This implies that the subgroup Spin(U) C Spin(I:I)z(, q) corresponds to the Lie subalgebra
Q-6 of so(HZ, §). Finally, since CI(H2, §) = Cl(HZ, ¢) ® CI(U, ), it is clear that we
have Spin(H2, ¢) N Spin(U) = {+£1}.
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898 S. Floccari

The action of g(X) on H} integrates to a representation 5: G(X) — GL(H3), which
restricts to

fo: Go(X) — [ GL(H3).
j

We denote by ,5(()2) : Go(X) — GL(H)%) its degree 2 component.

In what follows, we identify G(X) with Spin(I:I2 , q) and Go(X) with CSpin(H)Z( ,q) viag.
If there is no risk of confusion, we simply write CSpin(H}Z() for CSpin(H}zf, q), and similarly
for other groups.

Remark 2.5 Consider the element —1 € CSpin(H)z() - Spin(l—?)z(). It has been shown by
Verbitsky in [29, Sect. 8] that for all j > 0 and any v € H)j( we have 5(—1)(v) = (—=1)7.

Combining this with Theorem 2.2, it follows that p is faithful if X has non-trivial cohomology
in some odd degree, and that p has kernel {£1} otherwise.

The connected center of the algebraic group CSpin(H )2() is the subgroup G, of invertible
scalars in the Clifford algebra, and we have short exact sequences of algebraic groups

I — G, — CSpin(H2) —* SO(HZ) — 1
and
1 — Spin(H2) — CSpin(H2) % G, — 1

such that forall z € G,, C CSpin(H)z() we have Nm(z) = z2.

In addition to the representation pp, we will consider a second, twisted, action of
CSpin(H)%) on H;};, which we will refer to as the R-action. It is defined via the homo-
morphism

R: CSpin(H}) — [ | GL(H)
J
given by R(g) = Nm(g)" - po(g)-
Lemma 2.6 The R-action on H is an action by graded algebra automorphisms.
Proof Tt has been shown in [18, (4.4)] that the semisimple part 50(H)2() of the Lie algebra

of CSpin(H )2() acts on the cohomology algebra via derivations; it follows that the subgroup
Spin(H )2() acts on H§ by graded algebra isomorphisms. Moreover for any z € G, and y €

Hj; we have po(z)(y) = z/ " - y. Thus the factor Nm(z)" = z2" ensures that also the action
of G, C CSpin(H}z() on Hy is by algebra automorphisms. As CSpin(H}z() =G -Spin(Hf(),
this concludes the proof. O

Remark 2.7 The homomorphism
(Nm, 7r): CSpin(H2) — G,, x SO(H%)
is surjective with kernel {£1}. By Remark 2.5, the R-action on the even cohomology factors

through (Nm, ). If g € CSpin(H}%), then the degree 2 component R (g) of R(g) equals

Nm(g) - 7(g), while for 5o(g) we have 35 (g) = Nm(g)!™" - 7(g).

The combination of this observation with Theorem 2.2 implies that the natural homomor-
phism R (GO(X )) — R® (GO(X )) is an isomorphism if the odd cohomology of X vanishes,
and it has kernel {1} otherwise.
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2.2 Hodge structures of hyper-Kahler varieties

Given a Q-Hodge structure V, we let MT(V) denote its Mumford-Tate group. As a conse-
quence of a result of Verbitsky [30], it is known that the LLV-Lie algebra of a hyper-Kéhler
variety controls the Hodge structure on its cohomology. We summarize this result as follows,
see [10, Lemma 6.7].

Theorem 2.8 The Mumford-Tate group MT(Hy,) is contained in the image of the represen-
tation R: CSpin(Hg) — []; GL(Hy).

We have the following consequence.

Proposition 2.9 Let X| and X» be complex hyper-Kdhler varieties and let F H;l — H;z be

an isomorphism of graded algebras. Assume that the degree 2 component F® : H )2(] — H )2(2
is an isomorphism of Hodge structures. Then F is an isomorphism of Hodge structures.

Proof LetS:= Res]% (G,») be the Deligne torus. The total Hodge structure on H ;i corresponds
to a real representation

hy,: S — []GL(H}) ® R
J
by definition, hy, factors through MT(H;}I_)(R)‘ By Theorem 2.8 the group MT(H ;i) is
contained in the image of the representation R: Go(X;) — [] j GL(H Q). By Lemma 2.3,
the induced isomorphism F,: GL(H ;]) — GL(H;z) restricts to an isomorphism g(X) =
g(X»); since moreover F preserves the cohomological grading, F restricts to an isomorphism
R(Go(X1) = R(Go(X2)).
We have to prove that the diagram

R(Go(X1))(R) ———— R(Go(X2))(®)
lprl lpfz

R®(Go(X1))(R) _m RP(Go(X2))(R)

is commutative. By Remark 2.7, the morphism pr, : R(Go(Xz)) — R® (Go (Xz)) is either
an isomorphism or a central isogeny of degree 2; let C be the kernel. Since F® is an

isomorphism of Hodge structures, we have FP o pry o hx, = pry o hx,. Hence, there is a
morphism £: S — C such that F,, o hy, = & - hy,. But S is connected and C is finite, so &
is trivial and F is an isomorphism of Hodge structures. O

Remark 2.10 In fact Theorem 2.8 (and hence also the Proposition) holds more generally for
complex hyper-Kéhler manifolds which are not necessarily projective.

3 Galois representations

Throughout this section, £ will denote a fixed prime number. Let K C C be a field that is
finitely generated over QQ, and let K be the algebraic closure of K in C. By a hyper-Kéhler
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variety over K we mean a smooth projective variety X over K such that the base change X¢
is a complex hyper-Kihler variety. For all integers j and m, we have canonical comparison
isomorphisms

H] (X, Qe)(m) = H (X¢, Q)(m) ®g Qe

We let H}: = i H 7(X¢, Q) and adopt the notation from the previous section. We define
H;?’[:: EB/- Héjt (X%, Q). We will identify H)/;,[ with H§ ®q Q¢; the Beauville-Bogomolov
form extends to a non-degenerate Q¢-valued bilinear pairing on H )2( ¢

There is a continuous representations

ox: Gal(K/K) — [ GL(H{. ).
j

We denote by G(H ;’; ) € GL(H ;‘; ) the Zariski closure of the image of ox. The group
G(Hy ,)isnotconnected in general. The identity component G (H ;} Z)O of this group remains
invariant under finitely generated field extensions of K. After replacing K with a finite field
extension K /K, the group G(H ;; ) becomes connected, see [22, Remarks 2.2.2].

Let K C K C C be as above. The Mumford—Tate conjecture aims to compare the Hodge
structure on Hy with the Galois representation ox on Hy .

Conjecture 3.1 (Mumford-Tate conjecture) For any smooth and projective variety X over
K, the comparison isomorphism Hy , = Hy ® Qg induces an isomorphism of connected
algebraic groups

G(Hy ,)° = MT(Hy) ®q Q.

Let us note that the version of the Mumford—Tate conjecture given here is stronger than
the one which says that under the comparison isomorphism H)](, = H)]( ®q Q¢ the group
G(Hy ;)" is identified with MT(Hy) ® Q; for all ;.

The Mumford-Tate conjecture does not depend on the base field, and it may even be
formulated for varieties over the complex numbers, see [23, Sect. 1.6].

At present, four deformation types of complex hyper-Kihler varieties are known besides
K3 surfaces, commonly referred to as the deformation types K3l and Kum” [5], for all
n > 2, and O’Grady’s deformation types OG10 [24] and OG6 [25]. Together with Lie Fu
and Ziyu Zhang, we have proven the Mumford—Tate conjecture for all hyper-Kéhler varieties
of one of these types (the case of K3"-type varieties was dealt with in [12]).

Theorem 3.2 [10, Theorem 1.18] Let X be a hyper-Kiihler variety over K. Assume that X
is deformation equivalent to one of the known examples, that is, Xc is of deformation type

K30, Kum”, 0G10 or OG6. Then the Mumford—Tate Conjecture 3.1 holds for X.

The Mumford—Tate conjecture in degree 2 is known for arbitrary hyper-Kihler varieties
X with b (X) > 3 by [1]; see also [23].

3.1 Galois representations of hyper-Kahler varieties

Let now K, K> be subfields of C, finitely generated over QQ, and consider hyper-Kéhler
varieties X1, X, over K1 and K respectively.
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Definition 3.3 We say that X; and X, are HZ*-equivalent if there exists an isomorphism of

graded algebras H ;1 =H ;2, ¢ Which is an isometry in degree 2.

Note that if X| and X, are deformation equivalent then they are H;-equivalent, since in
this case the manifolds X ¢ and X, ¢ are homeomorphic, and both the graded algebra H ;i

and the Beauville—Bogomolov form on H }2([ only depend on the topology of the complex
manifold X; c.

Proposition 3.4 Let X| and X, be Hlf“-eqm'valent hyper-Kdhler varieties over K1 and K>
respectively. Assume given a subgroup I' C Gal(K1/K1) and a homomorphism €: I" —
Gal(K;,/K»>); we let T act on H;l,e via oy, and on H;M via € o ox,. If there exists an
isometry f: H)%l’ ¢ = H)%z, ¢ which is T'-equivariant, then there exists an isomorphism
F: H;L[ — H;’z,l of graded algebras whose degree 2 component is again I -equivariant.

Proof Since X and X, are H;-equivalent, there exists an isomorphism of graded algebras
v: H ;1. ¢ = H;’}Z ¢ Which is an isometry in degree 2; let ¢ = W@ be its component in
degree 2. We have v lofe O(H)%1 )(Q¢). We may assume this isometry has determinant
1, for if it has determinant —1 we can choose an ample line bundle on X with first Chern
class e € H)2(1,K and replace f with the isometry given by e — — f(e) and v — f(v) for
any v € (e), which is again I'-equivariant.

The morphism 7 : CSpin(H}z(l) — SO(H)%I) is surjective on Qg-points. Indeed, by
Hilbert’s theorem 90 [26, Chapter X, Sect. 1], the short exact sequence

1 - G, — CSpin(Hg,) > SO(Hy,) — 1
yields a short exact sequence
I - Q; — CSpin(H, )(Q) — SO(Hg ) Q) — 1.

Therefore, there exists g € CSpin(H)Z(l )(Qg) suchthatw(g) = ¥ 1o f. By Lemma 2.6, R(g)
is a graded algebra automorphism of Hy . It follows that F:=W o R(g): Hy, , - Hy, ,
is an isomorphism of graded algebras. By Remark 2.7, the degree 2 component F® of F is
Nm(g) - f, and hence it is I"-equivariant. O

We can now prove Theorem 1.3, whose statement is recalled below.

Theorem 3.5 Let K|, K> be subfields of C, finitely generated over Q, and let X; be a hyper-
Kiihler variety over K;, fori = 1, 2. Assume that X1 and X, are Hf-equivalent and that the
Mumford-Tate conjecture holds for both of them. Let T' C Gal(K1/K1) be a subgroup, let
e: T — Gal(K2/K3) be a homomorphism and let f: H)Q(M — HJZ(Z,Z be a I'-equivariant
isometry. Then, there exist a subgroup T' C T of finite index and a T -equivariant isomor-
phism of graded algebras F: Hy , — Hy_ ,.

Proof Replacing K; by a finite field extension if necessary, we may assume that G (H ;i’ Q) is
connected for i = 1, 2. Since the Mumford-Tate conjecture holds for X;, by Theorem 2.8 the
representation oy, : Gal(K;/K;) — GL(H ;i ) factors through the Q-points of the image
of the LLV-representation R: Go(X;) — [] i GL(H }él_).

By Proposition 3.4 there exists an isomorphism F: H ;], —~ H ;’;2’ , of graded algebras
whose degree 2 component F? is I'-equivariant. Now the argument is the same as in the
proof of Proposition 2.9. We consider the isomorphism F: GL(H;I’ 0 — GL(H;Z. )
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given by A > FAF~!, and the analogous isomorphism F.> : GL(H)Z(I,Z) — GL(H)Z(M).

By Lemma 2.3 the isomorphism F, restricts to an isomorphism R(GO(X 1))((@5) =
R(Go(X2))(Qp).

We consider the diagram

N

Gal(K /K1) Gal(K>/K>)
laxl i \LGXZ
R(Go(X1))(Qr) ———— R(Go(X2))(Qe)
\LPH s lprz
R (Go(X1))(Q)) ———— RP(Go(X2))(Qy)

We have to show that, up to replacing I" by a subgroup of finite index, this diagram commutes.

Since F® is I'-equivariant by assumption, we have F*(z) opryoox, =pr,oox, oe.By
Remark 2.7, the homomorphism pr, : R (Go (Xz)) — R® (Go (Xz)) is either an isomorphism
or a central isogeny of degree 2; let C be its kernel. Then there exists a homomorphism
x: T — C(Qg) such that F, o ox,(y) = x(y) - ox,(y) forany y € I'. The kernel I C T
of x is a subgroup of finite index such that F is ['’-equivariant. O

Remark 3.6 Note that in the above proof we have only used that G (H ;i y )0 ¢ MT(H ;gl_ )(Qp),
so we only need one of the two inclusions predicted by the Mumford—Tate conjecture.

3.2 An application to hyper-Kahler varieties over finite fields

We apply Theorem 3.5 to the study of Galois representations on the cohomology of hyper-
Kiéhler varieties over finite fields. We will consider the following situation. Let k be a finite
field, and let Z; and Z, be smooth projective varieties over k. We assume that there exist
hyper-Kihler varieties X and X, over fields of characteristic O which lift Z; and Z,. More
precisely, we assume that there exist:

— normal integral domains R; C C essentially of finite type over Z (i.e. the localization of
a finite type algebra over Z) with fraction fields K; of characteristic 0;

— smooth and projective morphisms X; — Spec(R;) whose generic fibres X; are hyper-
Kihler;

— homomorphisms R; — k together with isomorphisms X; ®g, k = Z; of k-schemes.

We let £ be a prime number invertible in k and consider HZ_ = EBj Héjt (Z; i Q¢). By the
smooth and proper base-change theorems we have an isomorphism H ;’, (= H Z ¢ of graded
algebras. Via this isomorphism, the Beauville-Bogomolov form induces a non-degenerate
symmetric bilinear form on H %l_, ¢

Remark 3.7 A priori, the bilinear form that we obtain on H %l_‘ ¢ depends on the choices of R;
and X;. However, by [16, Sect. 4], the formula

ou—)/ oezA\/td(Xi)
Xi
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defines a non-degenerate quadratic form on H)z(l_ which is a non-zero multiple of the

Beauville-Bogomolov form. The induced form on H %i’ (s o = f Z a? A J1d(Z)), and
it is thus independent from the choices of R; and X;.

We now prove Theorem 1.4.

Theorem 3.8 With notations and assumptions as above, assume that X| and X> are Hj-
equivalent, and that the Mumford—Tate conjecture holds for both of them. Let f: H %1 e

H %2’ ¢ bea Gal(k/k)-equivariant isometry. Then, there exist a finite field extension k' of k
and a Gal(k /k')-equivariant isomorphism of graded algebras F H;,e — H;z,e.

Proof Let |k| = p", and let Fry € Gal(k/k) be the Frobenius automorphism. With notations
as in above, let m; C R; be the kernel of R; — k; let |R;/m;| = p’/% and denote by
¢;i € Gal([?i/K,-) a Frobenius element at m;, fori = 1, 2.

By construction, we have isomorphisms (qbf’ ) = (Frg) (both isomorphic to Z) such that
the action of ¢% on H Z_’ ¢ Via the base-change isomorphism H ;i’ = HZ_, ¢ corresponds to
that of Fry.

Letnow I' = (d)f') C Gal(IEl/K) andlete: ' — Gal([?z/Kz) be the homomorphism
such that qbl“‘ — ¢§2. By Theorem 3.5, there exists an integer m and an isomorphism
Hy , — HZ, , of graded algebras which is Frj’ -equivariant. O

4 Motives

Let K C C be a subfield. We will work with the category of motives over K introduced
by André in [2], which we denote by AMg. It is a neutral tannakian semisimple abelian
category, with functors

SmProjyf 7% AMg > HSY'

such that o 1/ is the functor H/ which associates to a smooth and projective variety X
the rational Hodge structure H )’( We denote by H%:=D j ’Hﬁf the motive of the smooth and
projective variety X.

The composition of the realization functor » with the forgetful functor to Q-vector spaces
is a fibre functor on AMg; the tensor automorphisms of this functor form a pro-reductive
group Gmot(AMg) over Q, and AMg is equivalent to the category of finite dimensional
Q-representations of Gyt (AMk).

We denote by (M) the tannakian subcategory of AMg generated by a motive M. Via
restriction to (M) of the fibre functor described above, we obtain a reductive algebraic group
Gmot(M) C GL(r (/\/l)) whose category of representations is equivalent to (M); we have a
canonical surjective homomorphism Gt (AMg) — Guot(M). If M, N/ € AMk, a linear
isomorphism f: r(M) — r(N) between their realizations comes from an isomorphism of
motives if and only if it is Gmet (AM g )-equivariant.

Remark 4.1 1If K’ is any field extension of K, the group Guot (M) is a subgroup of finite
index of G0t (M), and there exists a finite field extension K T of K such that for any extension
K//KJr we have Gt (M g7) = Gmot (M g+), see [22, Sect. 3.1]. In particular Gyt (M) is
a subgroup of finite index of Gyt (M).
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4.1 Families of motives

We will need to work with motives in families. For our purposes, it will be sufficient to treat
the case in which the base field is C. Let S be a non-singular and connected complex quasi-
projective variety. We will use the category AM/S of families of motives over S defined
by Moonen [22]. The category AM/S is a semisimple, neutral tannakian, abelian category,
and there is a realization functor r: AM/S — VHSg/S to polarized variations of Q-Hodge
structures over S. .

The prototype of an object of AM/S is the motive H% /s = ) j H& /s of a smooth and
projective morphism X — S. For any s € S the fibre of H} /g ats is the motive H*BES of the
fibre. The realization of the motive 13 /s is the variation of Hodge structures H, /s Over S.
In general, an object M /S € AM/S is cut out inside some F%. /588 above by a global section

p of the local system End(r(M)/S) such that p o p = p and p; is a motivated cycle for all
s eS.

Let M/S € AM/S and let M/S € VHSq/S be its realization. We denote by M, and
M; the fibre at s of M /S and M /S respectively. Then there are local systems of algebraic
groups over S

Grmono(M/$)? <MT(M/S) C Gmot(M/S) C GL(M/S),
where:

— Gmono(M/ $)Yis the connected monodromy group: foreachs € S the fibre G mono (M / S)E,)
is the identity component of the Zariski closure of the image of the monodromy repre-
sentation 1 (S, s) — GL(Mj);

— MT(M/S) is the generic Mumford-Tate group: for each s € S we have an inclusion
MT(M;) € MT(M/S)s, and equality holds for very general s, that is, for s in the
complement of a countable union of closed subvarieties of S;

— Gmot (M) is the generic motivic Galois group: for each s € § we have an inclusion
Gmot(Ms) C Gpot (M/S)s, and equality holds for very general s.

The key result needed to develop the above theory is André’s deformation principle for
motivated cycles [2, Théoreme 0.5].

4.2 Defect groups of hyper-Kahler varieties

We now review some of the results on the André motives of hyper-Kihler varieties which
we obtained in [10]. To any complex hyper-Kihler variety X with b>(X) > 3 we attached
an algebraic group

P(X) C Gmot (HY).

called the defect group of X, that is defined as follows.

If the odd cohomology of X is trivial, then P(X) is simply defined as the kernel of the
projection Gt (’H}‘() — Gmot (’H%() corresponding to ’H% C ’H}}.

If instead X has non-trivial cohomology in some odd degree, we need to consider the
abelian variety A obtained from H )2( via the Kuga—Satake construction [8] in order to control
the odd part of the cohomology. In the case when X has non-trivial odd cohomology we will
assume the following:

Assumption 4.2 The motive Hi belongs to the tannakian category of motives generated by
Hy-

@ Springer



Galois representations on... 905

We then define the defect group P (X) as the kernel of the induced projection Ge (%) —
Gimot (Hk). We expect Assumption 4.2 to be always satisfied; for the only known class of
hyper-Kihler varieties with odd cohomology, that is, the deformation class of generalized
Kummer varieties, we verified this in [10]. In general, contrarily to what claimed in loc. cit.,
the question remains open, see the Erratum [9] where we show that this assumption is not
necessary to define the defect group; Assumption 4.2 may be translated into a question on
the representation of the LLV-Lie algebra on the odd cohomology.

By construction, P (X) acts on Hy via graded algebra automorphisms and it acts trivially
on H )2( We summarize below the main properties of the defect group P (X), which are proven
in [10, Lemma 6.8, Theorems 6.9 and 6.12].

Theorem 4.3 Let X be a complex hyper-Kdhler variety with by (X) > 3. If X has non-trivial
cohomology in odd degree, assume that it satisfies Assumption 4.2. Then:

(a) the action of P(X) on H )’g commutes with the LLV-Lie algebra g(X);

(b) we have Gnoi (Hy) = P(X) x MT (Hy);

(c) if X — S is a smooth and projective morphism to a non-singular connected variety S
with fibres hyper-Kdhler varieties with by > 3, then s +— P (X;) defines a local system
of algebraic groups P(X/S) C GL(H;/S) over S.

If X — S is a family as in (c), the decomposition in (b) spreads over S and gives a decom-
position at the level of local systems of algebraic groups

Gt (M /5) = P(X/S) x MT(Hy ).

For all s € S, the inclusion of Gmol(H*xy) into Gpet(X/S)s is the direct product of
MT(H;S) - MT(H;/S)S and P(X5) = P(X/S)s. Since the connected component of the
identity of the monodromy group is a subgroup of the generic Mumford—-Tate group of the
family and the latter commutes with the defect group, the local system P(X/S) becomes
constant after a finite base change S’ — S.

Remark 4.4 Conjecturally, the group P(X) is trivial for any hyper-Kéhler variety X with
by > 3.1Infact, the triviality of the defect group is equivalent to the conjecture which says that
MT(Hy) = Gmot(Hy) (i.e. Hodge classes are motivated), which would be a consequence
of the Hodge conjecture.

4.3 Proof of the main result

With these preliminaries behind us we can proceed towards the proof of Theorem 1.1. To
start with, we will need a stronger version of the deformation invariance of defect groups
from Theorem 4.3.(c).

With X as in Theorem 4.3, we have a canonical surjective homomorphism 7y :
Gmot (AMc) — Gmot(Hy). We also let

pry : Gmot(AMc) — P(X)

be the composition of 7x with the projection coming from the isomorphism Guoet (Hy) =
P(X) x MT(Hy). Via Tannaka duality, the projection pry corresponds to the subcategory of
(H%) of motives on which MT(H}) acts trivially, i.e. the motives in (H%) with realization
a direct sum of trivial Hodge structures Q(0).

@ Springer



906 S. Floccari

Remark 4.5 Composing wx with the other projection we obtain
PX: Gmot(AMg) — MT(H3).

By the definition of the defect group this homomorphism corresponds via Tannaka duality to
the subcategory (Hi) of AMc if the odd cohomology of X is trivial, and to the subcategory
(H 114) otherwise, where A is the Kuga—Satake abelian variety associated to H)z(. Since by (X) >
3, the work of André [1] ensures that the motive Hg( is abelian, i.e. it belongs to the tannakian
subcategory AM?Cb of AMc generated by the motives of abelian varieties. Hence, in any
case the homomorphism pyx factors through the quotient homomorphism G (AMc) —
Gmot (AM%’), where Gmot (AM%’) is the motivic Galois group of the tannakian category AMﬁ"Cb
of abelian motives.

Proposition 4.6 Let X — S be a smooth projective family of hyper-Kdhler varieties with
by > 3; if the odd cohomology of the fibres is not trivial, assume that they satisfy Assumption
4.2. Assume that the monodromy group Gmeno(H% /) is connected. Let a, b be points in S.
Choose a continous path y from a to b and let E: P(X;) — P(Xp) be the isomorphism
obtained via parallel transport along y in the local system P(X/S). Then E does not depend
on the choice of y and the diagram

P(Xq)
pr y
gmol (AMK )

prxb\

m

P(Xp)
is commutative.

Proof Since the monodromy group is connected by assumption, the local system P (X/S) is
constant and E does not depend on the choice of the path y.
Consider any motive over S of the form

T/S:=(Hy )% ® (Hy)5)"® ® Qs(13) € AM/S,

forintegers tq, t2, t3. Let T /S be its realization. For any s € S we let Wy C T be the subspace
of invariants for the generic Mumford-Tate group MT(T /S);; this yields a sub-variation of
Hodge structures W/S C T/S. Moreover, as MT(T /S) is normal in Gy (7/S)s, the
variation W/ is the realization of a submotive W/S C 7 /S over S.

The motive W/S is a constant motive over S. Indeed, let us denote by D the motive W,
and let D/S be the constant motive over S with fibre D; let D/S be the realization of D/S.
Then id,: W, — Dy is monodromy invariant and obviously an isomorphism of motives; by
[2, Théoreme 0.5] it extends to an isomorphism of families of motives W/S = D/S.

It follows that parallel transport along y in the local system W/S gives a linear map
W: W, — W, which is the realization of an isomorphism of motives W, = W,. Hence the
induced isomorphism W, : GL(W,) — GL(W,) fits into a commutative diagram

Gmot (Wa )

/

Gmot (AM¢) Wy

T~

Gmot (Wb)
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Note that since the generic Mumford—-Tate group acts trivially on Wy by construction, the
group Gyt (Ws) is a quotient of the defect group P (Xy).

‘We now choose the tensor construction 7'/ in such a way that the action of P (X;) on the
subspace W; is faithful; in this case we have Gt (Wy) = P(X) for all points s € S, and the
homomorphism Gmoet (AMc) — Gmot (W) is identified with pry. @ Gmot(AMc) — P(Xy).
Moreover, P(X/S) C GL(W/S) is a sub-local system of algebraic groups, and therefore
the isomorphism = obtained via parallel transport along y in the local system P(X/S) is
the restriction of the isomorphism W,.: GL(W,) — GL(W}) to P(X,). This concludes the
proof. O

By Remark 4.1, Theorem 1.1 is equivalent to the following statement.

Theorem 4.7 Let X1 and X, be deformation equivalent complex hyper-Kiihler varieties with
by > 6; if they have non-trivial odd cohomology, assume that they satisfy Assumption 4.2.
Assume that f: H)z(] — H)Z(2 is a Hodge isometry. Then there exists an isomorphism of
graded algebras F : H;}l — H;}z which is the realization of an isomorphism of motives
X, = Hx,-
Proof By Theorem 5.1 there exist smooth and projective families of hyper-Kihler varieties
X' — §; over non-singular connected quasi-projective varieties S;, fori = 1,..., N, and
points a;, b; € S; with isomorphisms
X)— X}, X, — X fori=1... . N-1 X} — Xa.

We may and will assume that the monodromy groups Gmoeno(H?Z,; . ) are connected. For

1 Si
each i, let y; be a path in S; from a; to b;; let W: H;l — H ;2 be the/isomorphism obtained
as composition of the isomorphisms W; given by parallel transport along y;. We denote by
Y:=W@: Hy — Hg the isometry induced by W.

Let f: H,z(1 — HJZQ be a Hodge isometry. We construct the isomorphism of graded
algebras F: H ;1 — H ;’;2 as in the proof of Proposition 3.4: we may assume that the isometry

Yy lof: H )2(1 — H )2(1 has determinant 1; thanks to Hilbert’s Theorem 90 and the short exact
sequence

1 - Gy — CSpin(H},) — SO(Hg,) — 1,

the morphism 7 : CSpin(H )%1 ) —> SO(H }2(1 ) is surjective on Q-points and hence there exists

g € CSpin(H)z(l)(Q) such that w(g) = v~ o f. By Lemma 2.6, R(g) is a graded algebra
automorphism of H *I , and we define

F:=WoR(g): Hy, — Hy,.

We claim that F is the realization of an isomorphism of motives H}}l — 7—[")}2. If
F,: GL(H ;l) — GL(H ;2) denotes the induced isomorphism, we have to prove that F,

restricts to an isomorphism Gt (H}‘(l) = Gmm(H}}z) such that the diagram

Gmot (H}}l )

o

Gmot (AM() Fi
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is commutative.

By Theorem 4.3.(a), the automorphism R(g) of H;f,l commutes with P(X1). Since W is
the composition of parallel transport operators and the defect group is constant in families,
F, identifies P(X1) with P(X>), and the induced isomorphism F,: P(X1) — P(X>3) is the
restriction to P(X1) of W, : GL(H;I) — GL(H;Z).

Since the degree 2 component of F is a multiple of the Hodge isometry f, by Proposi-
tion 2.9, F is an isomorphism of Hodge structures, and hence F) identifies MT(H ;}]) with
MT(H;;Z). By Theorem 4.3.(b), Gmot(H”;(l_) = P(X;) x MT(H;Z), and

it suffices to show the commutativity of the two diagrams

P(X1) MT(Hy, )
pry y
Gmot (AM(¢) P Gmot (AM() Fy
pra P2
P(X>) MT(H3,)

The left triangle is commutative by repeated application of Proposition 4.6, since the
restriction of W, to P(X1) is the composition of the isomorphisms E; obtained via parallel
transport along y; in the local system P (X//S;).

For the right one, we proceed as follows. By Remark 4.5, p; corresponds to the inclusion
of a subcategory of abelian motives; equivalently, fori = 1, 2, the homomorphism p; factors
through Gmot (AMc) — Gmot (AM%’). If we let HS%’ C HSE;1 be the tannakian subcategory

generated by the Hodge structures of abelian varieties, we have M7 (HS%’) = Gmot (AMjéb),
by [2, Théoreme 0.6.4]. But now the diagram

MT(H})
Gmot(AME®) = MT (HSE) .
% .
MT(H})
is commutative, since F' is an isomorphism of Hodge structures. m}

Finally, we prove Corollary 1.2 from the introduction.

Corollary 4.8 Let K C C be a subfield which is finitely generated over Q, and let X1, X»
be deformation equivalent hyper-Kdhler varieties over K with by(X;) > 6. If their odd
cohomology is not trivial, assume that Assumption 4.2 holds for X1 and X,. Assume that
f: H)z(ll — H)Z(M is a Gal(K /K)-equivariant isometry. Then, there exist a finite field
extension K'/K and an isomorphism F : H;l,/d — H;‘;M of graded algebras which is
Gal(K /K')-equivariant.

Proof By [1], the Mumford-Tate conjecture in degree 2 holds for X; and X», and the motives
Hil and H%(Z are abelian. Hence, there exists a finite extension K’ of K such that the
isometry f is the realization of an isomorphism of motives over K’ with Qg-coefficients.
The same argument as in the proof of Theorem 4.7 produces an isomorphism of graded
algebras F: H ;‘;I’ e H;?z, , Which, up to further replacing K’ with a finite extension, is
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the realization of an isomorphism of motives over K’ with Qg-coefficients. Hence, F is
Gal(K /K’)-equivariant. O

5 Projective families of hyper-Kahler varieties

In the proof of Theorem 1.1 we used the following result.

Theorem 5.1 Let X1, X» be deformation equivalent complex projective hyper-Kiihler vari-
eties. Assume that by(X;) > 6. Then there exist:

— smooth and projective families X' — S; with fibres hyper-Kiihler varieties over con-

nected and non-singular quasi-projective complex varieties S;, fori =1,..., N;
— points aj, b; € S;, fori =1, ..., N, together with isomorphisms
X, —x, x = xif i=1,...,N—-1, XN —X
1 ap’ b[ ai+17.f0rl_ LRI ) ’ bN 2.

If X and X satisfy the conclusion of the Theorem, we will write X; ~ X».

Remark 5.2 In similar spirit, Soldatenkov [28] shows that, under the assumption that b, > 3,
the varieties X1 and X» can be joined via smooth and proper (but not necessarily projective)
families over curves; however, the total space of such a family is not an algebraic variety in
general.

Before giving the proof of Theorem 5.1 we recall some facts on polarized hyper-Kéhler
varieties. The positive cone of a hyper-Kéhler manifold X is the connected component of {x €
H'1(X, R) such that (x, x) > 0} containing the Kéhler cone, where (-, -) is the Beauville—
Bogomolov pairing. We denote by NSt (X) C NS(X) the intersection of the positive cone
with the Néron-Severi group. In analogy to the case of K3 surfaces and —2-classes, the ample
cone Amp(X) C NST(X) of a projective hyper-Kéhler manifold can be described in terms
of so-called MBM classes [3] (this notion is equivalent to that of wall divisors introduced in
[21]). The proof of Theorem 5.1 relies on the following result due to Amerik and Verbitsky.
Let MBM(X) C NS(X) be the subset of MBM classes on X.

Theorem 5.3 (i) [3] Let X be a projective hyper-Kdhler manifold. The ample cone of X is
one of the connected components of

NSt
zeMBM(X)

In particular, if MBM(X) = ) then Amp(X) = NST(X).

(i) [4] Fix a deformation class of hyper-Kdhler manifolds with by > 5. There exists a positive
integer N, depending only on the deformation class, such that for any projective X of
the given deformation type, every MBM class z on X satisfies

—N < (z,2) <O.

Let X be a hyper-Kihler manifold and let A be a lattice isometric to H>(X, Z) equipped
with the Beauville-Bogomolov form. Let

Q={xeP(A®C) | (x,x) =0, (x,%) > 0}
be the period domain. We fix a connected component 91 of the moduli space of A-marked

hyper-Kihler manifolds containing X (with a chosen marking). By the global Torelli theorem
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[17,31], the period map P: 91 — S is surjective with finite fibres, and each fibre consists
of bimeromorphic hyper-Kéhler manifolds.

By Huybrechts’ projectivity criterion [15], a hyper-Kihler manifold Y is projective if and
only if NS(Y) contains a class & with (h, h) > 0. For any positive class 7 € A, we have a
hypersurface

QL={xeQ|(x,h)=0}CQ.

The period space €2;,1 has two connected components; we denote by Q;ll the component

parametrizing those (Y, 7) € 90t such that 7~! (%) belongs to the positive cone.
We let EDTZ | C 91 be the subset consisting of (Y, 7) such that 7~! (k) represents an ample
class on Y. Then 91; | is Hausdorff and connected, and its image €2}, via the period map is

open and dense in Q;L’ by [20, Corollary 7.3].

5.1 Proof of Theorem 5.1

The rest of the article is devoted to the proof of Theorem 5.1. Let X be a hyper-Kéhler
manifold and assume that b, (X) > 6. We fix a connected component 9t of the moduli space
of A-marked hyper-Kéhler manifolds.

We will show that given any (X, 1) and (X3, 72) in 91 with X and X, projective,
then X1 ~ X», in the notation of the Theorem. We start with the following case.

Proposition 5.4 Let h € A be a positive class, and let (X1, 11), (X2, T2) be points offm‘;lr
Then X1 ~ X2.

Proof Let (Y, L) be a hyper-Kihler variety equipped with an ample divisor L. Following
André [1, Sect. 3.3] (see also [14]) there exists a polarized deformation ) — S of (Y, L)
which is a smooth and projective family of hyper-Kéhler varieties over a non-singular and
connected quasi-projective variety S, with a distinguished fibre §); = Y and the following
property: denoting by S — S the universal covering of S, the image of the period map
S — 522 | contains an open subset. Here, h = ¢ (c1(L)) for a fixed marking ¢ on Y. Upon

replacing S with a finite cover, we find a torsion free arithmetic subgroup I' C O(h~1) acting
freely on Q;TL such that the period map descends to ¥: S — F\Q;L. By [6], I‘\QZFL isa
non-singular quasi-projective variety, and the map W is a dominant morphism of algebraic
varieties.

Let now (X1, 71) and (X3, 72) be as in the statement of the proposition. Consider the
respective polarized deformations X1 — Sy and X5 — Sz of (X, 7 ! (h)) and (X3, T, ! (h))
described above. For a suitable torsion free arithmetic subgroup I' € O(h™) and finite covers
of S1 and S, we have dominant period maps W;: S| — 1"\52;L and ¥p: §) — F\Q;ll.
As Q/J:L is connected, W (S1) N W2(S>) is not empty. By the surjectivity of the period map,
there exists (Y, 7) € M whose period gives a point in this intersection via the quotient map
Q]'L — F\Q;; if (Y, 7) is very general with the above property, then Y is of Picard rank
1. In this case (Y, 7) is the unique point in the fibre of the period map containing it, and it
belongs to sz - It follows that there exist s; € S; and s, € S, and an isomorphism between
the fibres X1 5, =Y = Xp5,.

O

The next case is the key step in the proof.
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Proposition 5.5 Let h| and hy be positive classes in A such that the lattice (hy, h>) is of
signature (1, 1) and (hy, hy) > 0. Assume that (X1, 11) € DJ?ZL and (X5, 1) € szr Then
1 2

X1 ~ X».

Proof Let h; and hy be as above. Then QZ}L N Q;} #@.1f S))T;‘llL N 91)?22L is also not empty,

we can directly apply Proposition 5.4 to conclude; however in general this is not the case,
and we need to modify /| and %, before applying that proposition.

We fix the constant N given by Theorem 5.3 for our deformation type. First of all, we
replace i1 and &, with classes of which we can control the square. There exist (Yy, ¢1) € sm; s

and (Y2, ) € SITIZ | of maximal Picard rank. Then NS(Y;) is an indefinite lattice of rank
2

by —2 > 5, and hence it contains a non-zero isotropic vector qbfl (i) € NS(Y;),fori =1,2.

Lemma 5.6 There exist a prime number p > N congruent to 3 modulo 4, an odd integer
Jj > 0 and positive classes 11 and I, in A such that:

- qbl_l (I1) (resp. ¢2_1(12)) represents an ample divisor on Y1 (resp. Y3);

- 1, h) = pj f1and (I, 1)) = pjfz, with f1 and f> not divisible by p and such that fi
and f> are both quadratic residues modulo p;

— the lattice generated by 1y and Iy has signature (1, 1), and (11, 12) > 0.

Proof Choose a large prime p > N congruent to 3 modulo 4 and which does not divide any
of the integers (h1, h1), (h2, hy), (h1, y1) and (ha, y2). Replacing y; with a suitable multiple,
we may assume that 2(hy, y1) and 2(h3, y2) are (non-zero) quadratic residues modulo p.
Consider

Iy :=p'hy+y, and b == p/hy + yo.
Then we have
(1, ) = Pj(l?j(hl, h1) + 2(hy, yl)) =: p/ f1,

(1) = p? (7 (ha, h2) + 2012, y2)) =2 p? fo.

For alarge enough odd integer j, the class qbl_l (I1) (resp. ¢y ! (I2)) represents an ample divisor
on Y (resp. Y2). Moreover (/1, /2) has signature (1, 1) and (/1, ;) > 0. Therefore /; and /,
have the required properties. O

Thanks to Proposition 5.4 it suffices to prove Proposition 5.5 for [;, Y;, ¢; as above in
place of h;, X;, 7.

Lemma 5.7 There exist vectors vy € lf‘ and vy € lé‘ such that:

— (v1,v1) = p'ley, where ry is an odd natural number and €| is a negative integer not
divisible by p and it is a quadratic residue modulo p;

— (v2,v2) = p"2ey, where o is an odd natural number and €, is a negative integer not
divisible by p and it is a quadratic residue modulo p;

= (v1,v2) = 0= (I, v1).

Proof The orthogonal to {/1, [) in A is an indefinite lattice of rank at least 5; hence, we can
find isotropic vectors uy, up € (I, ) such that (u1, up) = t < 0. The self-intersection of
a linear combination au + bu, is 2abt. It is then clear that a suitable linear combination v
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of u1 and uy will satisfy (vy, vi) = p"le; for some odd natural number r; and a negative
integer €1 which is a non-zero square modulo p.

The orthogonal to (I, v1) is an indefinite lattice of rank at least 5; hence, it contains
isotropic vectors 21, z2 € (l2, 111)L such that (z1, z2) = s < 0. As above, a suitable linear
combination vy of 71 and z; satisfies (v, v2) = p'?€3, for some odd natural number r, and
a negative integer €3 which is a non-zero square modulo p. O

Consider now the rank 2 sub-lattices of A:
Ly =(l1,v1) and Ly = ([, v2).
The proof of the next Claims 5.8 and 5.9 below will be given at the end of the section.
Claim5.8 Fori =1or2,letv e L; @ Q. If (v, v) € Z, then p divides (v, v).

Since the lattices L and L, are of signature (1, 1), there exist (Wy, ¥1) and (W2, ¥)
in 90t such that NS(W) = ¢, '(L1) and NS(W2) = 5 ' (L2) and ¥ ' (1)) (resp. ¥ ' (12))
belongs to NS* (W) (resp. NST(W>)). Claim 5.8 ensures that NS(W;) and NS(W>) contain
no MBM classes; hence, by Theorem 5.3,

Amp(W;) = NST(W1) and Amp(W,) = NST(W,).

In particular, ¥, ! (I1) (resp. ¥y ! (I)) represents an ample class on Wy (resp. W»).
For k > 0, we define wy x € L1 and w4 € L as:

wip=ph v wag=ph + v

For k large enough, v ! (wy,x) (resp. ¥y ! (w2, )) represents an ample class on W (resp. on
Wa). We let Sy C A be the lattice generated by wy x and wo k.

Claim5.9 Letv € Sy ® Q, fork > 0. If (v, v) € Z, then p divides (v, v).

If £ > 0, the lattice S; has signature (1, 1), because this is the signature of the lattice
generated by /1 and /». By the surjectivity of the period map, there exists (Z, ) € 9 such
that NS(Z) = 5~ !(Sk) and both the classes 7! (wy &) and n~! (w2, x) belong to NS*(Z);
this is possible because (w1 x, w2 k) > 0 for k > 0.

By Claim 5.9, there are no MBM classes in NS(Z); hence, Amp(Z) = NS*(Z), by
Theorem 5.3. We therefore obtain:

Wi, ¥n) € Em;l mm:‘ul ., (Z,n) e EmawL ﬂmijl , (W) € mi)L n ?L-
1 1k 1.k 2.k 2.k 2

By Proposition 5.4, this concludes the proof of Proposition 5.5. O
Finally, Proposition 5.5 implies Theorem 5.1 via the next lemma.

Lemma 5.10 Lethy, hj be linearly independent positive classes in A. Then there exist finitely
many vectors ly, lp, ..., Iy € A such that:

-l =hyandl; = hy;
- Ui, ;) >0, foreachi =1,...,k;
— {li, lix1) has signature (1, 1) and (I;,li+1) > O, foreachi =1,...,k — 1.

Proof The argument presented here is due to Soldatenkov [28, Sect. 6.3]. If (hj, h2) is of
signature (1, 1) and (41, h2) > O there is nothing to do.

Assume that (i1, h») is positive definite. We may assume that (h1, hy) = 0, for, otherwise,
we pick a positive class h3 € (hy, ho)t and apply the argument below to &1, k3 and h3, hj.
Consider V consisting of / € A ® R such that:
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-, 1) >0, (h,]) >0and (hy,1) > 0;
— (h1,!) and (I, hy) are both of signature (1, 1).

Then V is an open cone in A ® R and it suffices to show that V is notempty. Letw € (hy, hp)*
be such that (w, w) < 0 and let u1, us, u3 be the orthogonal basis of (A1, 2, w) ® R such
that (u1,u1) = 1, (uz,u2) = 1, (u3,u3) = —1, and h; = auy, ho = Buz, w = yus, for
positive real numbers «, 8 and y. A computation shows that the vector l = u| + us + du3 is
positive for 82 < 2, and both the real vector spaces (h1, 1) and (hy, ) are of signature (1, 1)
for 82 > 1. Moreover, (h,1) = « and (h2,]) = B are positive. Hence, if 1 < 82 < 2, the
vector/ € V.

If (h1, hy) is of signature (1, 1) and (h1, hy) < 0, we simply let [ be a positive class in
(hy, ho)L. Then (hy, 1) and (hy, ) are positive definite, and we conclude as above.

Finally, let (hy, hy) be degenerate. The set V of I € A ® R such that

- (,1) >0, and
— {(h1,1) and (I, hy) are both non-degenerate,

is a non-empty open cone in A ® R. Hence, there exists a positive class [ € A such that
(h1, 1) and (I, hy) are both non-degenerate. This concludes the proof. ]

Below are proven the statements used in the proof of Proposition 5.5.

Proof (of Claim 5.8) By construction, the intersection matrices of L and L, are

pfi 0 pif 0
(0 p"fl) and (0 pre)’

respectively, with j >> 0 odd and f1, f>, €1, €2 all non-zero squares modulo p. In particular,
€1 f1 and e, f> are squares modulo p.

Letv € L1 ® Q; the case of v € Ly ® Q is analogous. Assume that (v, v) is an integer.
There exist integers y, A, § such that yv = Alj + §vj. Assume that j > r| (otherwise we
proceed similarly). We then have

Y, v) = p (A pI T fi + 8%e).

Assume by contradiction that (v, v) is not divisible by p, and let m be the biggest integer
such that p™ divides both A and §. We can then write

Y, v) = p*™ T (AGp! T fi + 8Ger),

where p does not divide both Ag and &g. The left hand-side is divisible by an even power of
p- Since ry is odd, if j — r; > O this forces &g to be divisible by p, and hence 69 = pd; for
some integer 1. Therefore, Ag is not divisible by p. We obtain

2, v) = p" 05 TR f 4 Se).
If j —r; —2 > 0, we again find that p has to divide 81, so 8o = p28, and
2, v) = pTHRGEP T f 4 e,
Proceeding in this way we eventually find § such that §o = p/~"1/2§ and
v (. v) = p"H (G fi + 8en).

Now, since j is odd, p has to divide A%fl —_i—<§261 . But — fj€ is not a square modulo p because
p = 3 modulo 4, and therefore A(Z) f1i+ §%2¢; = 0 modulo p has no non-trivial solutions. It
follows that p divides X, a contradiction. O
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Proof (of Claim 5.9) We let b:= ({1, I) and s := (I1, v2). The intersection matrix of Sy is

P fi+ptet p*b+ phs
kab + ka p2k+jf2 + pey :

Letv € Sx ® Q be such that (v, v) € Z. We have yv = Awj x +Swy k for integers y, A, 8.
Without loss of generality, we may assume that r{ < r,. Then:

yi(,v) = p" ()‘261 +8%p" ey + D>,
where
D = A2p2k+j—r| fl + 2)\.8(p2k_r] b + pk_rls) + 82p2k+j_rl f2

is divisible by a large power of p, since k >> 0. Let m be such that . = p™ig and § = p™ o,
with at least one among A and &p not divisible by p. We can then write

Y2, v) = p? 1 (W€ 4+ 83p" "ea + D).

Assume by contradiction that p does not divide (v, v). Then y2(v, v) is divisible by an
even power of p, and hence, being r; odd, p necessarily divides the term in brackets on the
right hand side. If r, > r| this forces Aq to be divisible by p, so Ag = pA;. Proceeding as in
the previous proof, we obtain A such that Ao = p?2=")/2) and

Y (v, v) = p*" (%€ + 8562 + Do/ p" ),
Note that Dy/p"~"! is still an integer divisible by p. But then we must have
221 + 85e2 = 0 modulo p.

Since €€ is a square modulo p and p = 3 modulo 4, this equation has no non-trivial
solutions; hence A = §o = 0 modulo p, which is a contradiction. ]
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