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Abstract

We study a natural class of invariant measures supported on the attractors of a family of
nonlinear, non-conformal iterated function systems introduced by Falconer, Fraser and Lee.
These are pushforward quasi-Bernoulli measures, a class which includes the well-known
class of Gibbs measures for Holder continuous potentials. We show that these measures are
exact dimensional and that their exact dimensions satisfy a Ledrappier—Young formula.
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1 Exact dimensionality and Ledrappier-Young formulae

Given an iterated function system (IFS), which in this article will refer to a finite family of
uniform contractions {S; : [0, 11?2 — [0, 1]2}5\’: 1» it is well-known that there exists a unique,
non-empty, compact set F' C [0, 112 such that F = UlN: 1 Si (F) which we call the attractor
of the IFS. We say that a measure p supported on F is invariant (respectively ergodic) if
there exists a o -invariant (respectively ergodic) measure m on & = {1, ..., N}N (where o
denotes the left shift map) such that ;& = m o [T~! where IT : ¥ — [0, 1]? is the canonical
coding map defined by I1(i1, i2...) =lim, 00 Si; 0 -+ 0 S;, ([0, 1]2).
Recall that the (upper and lower) local dimensions of w at x are defined as

log(u(B(x, r))) log(u(B(x, r)))

dimjee (x) := lim sup and dim;, (x) := liminf
r—0 logr

r—0 logr

where B(x, r) denotes a ball of radius » centred at x. If dimyec (x) = dim, . (x) we denote the
common value by dimjec(x) and call it the local dimension of p at x. If the local dimension
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exists and is constant for p-almost all x we say that the measure p is exact dimensional and
call this constant the exact dimension of , which we will denote by dim g. In this case, most
well-known notions of dimension coincide with the exact dimension of .

In the dimension theory of measures, it is a problem of central interest to establish the
exact dimensionality of ergodic invariant measures supported on attractors of IFS, and to
provide a formula for the exact dimension. In many settings, the exact dimension has been
shown to satisfy a formula in terms of Lyapunov exponents, various notions of entropy and
the dimensions of projected measures.

In particular, if the maps S; are conformal and the IFS satisfies an additional separation
condition, itis a classical result that any ergodic invariant measure p supported on the attractor
F is exact dimensional and its exact dimension is given by its measure-theoretic entropy
over the Lyapunov exponent (see e.g. [3]). In the substantially more difficult case where no
separation condition is assumed, Feng and Hu generalised this classical result by showing
that any ergodic invariant measure p supported on the attractor F is exact dimensional and
its exact dimension is given by the projection entropy over the Lyapunov exponent. In this
sense, exact dimensionality is understood in the conformal setting.

On the other hand, the question of whether every ergodic invariant measure supported on
the attractor of a non-conformal IFS is exact dimensional is still very much open, and this
question has recently received a lot of attention in the particular case where the maps S; are
all affine. Feng [7] has very recently shown that all ergodic invariant measures supported on
the attractors of IFS composed of affine maps are exact dimensional and satisfy a formula in
terms of the Lyapunov exponents and conditional entropies. This answered a folklore open
question in the fractal community and unified previous partial results obtained in [1,10].
In the non-conformal setting, this formula for the exact dimension of p is often called a
“Ledrappier—Young formula”, following the work of Ledrappier and Young on the dimension
of invariant measures for C2 diffeomorphisms on compact manifolds [13,14].

While Feng’s result settles the case of ergodic measures supported on self-affine sets,
the more general case of ergodic measures supported on attractors of more general (i.e.
nonlinear) non-conformal IFS is still open. In fact, the only result in this direction that the
authors are aware of is [7, Theorem 2.11], where Feng and Hu prove exact dimensionality
of ergodic invariant measures supported on the attractors of IFSs which can be expressed as
the direct product of IFSs composed of C! maps on R. The fact that there is limited litera-
ture concerning the exact-dimensionality of measures supported on general non-conformal
attractors reflects the wider challenge of understanding the dimension theory of nonlinear
non-conformal attractors, although this appears to be an area of growing interest [4,6,9].

In this article we consider (pushforward) quasi-Bernoulli measures supported on the attrac-
tors of nonlinear, non-conformal IFS which were introduced in [6], and we show that these are
exact dimensional and satisfy a Ledrappier—Young formula. In Sect. 2 we introduce the class
of attractors and measures which will be studied and state our main result, Theorem 2.5. In
Sect. 3 we recall some technical results which were proved in [6] concerning the contractive
properties of the maps in our IFS. Section 4 contains the proof of Theorem 2.5, which adapts
an approach used in [10].

2 Our setting and statement of results

Let f; x, fi,y denote partial derivatives of f; with respect to x and y respectively and g; «,
gi,y denote partial derivatives of g; with respect to x and y respectively.
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Ledrappier-Young formulae for a family of nonlinear attractors 2415

We will consider the following family of attractors which were introduced by Falconer,
Fraser and Lee [6, Definitions 1.1 and 3.1], although we require a stronger separation condi-
tion than the one they assumed.

Definition 2.1 Suppose Z is a finite index set with |Z| > 2. Foreachi € Z let S; : [0, 112 >
[0, 11% be of the form S; (ay, az) = (fi(ar), gi(a1, az)), where:

1. fi and g; are Ct2 contractions (¢ > 0) on [0, 1] and [0, 1]? respectively.

2. {Si}ier satisfies the rectangular strong separation condition (RSSC) : the sets
{S; ([0, 1]2)}i61 are pairwise disjoint.

3. {S;}ie7 satisfies the domination condition: for eachi € 7

inf [fix(@)]> sup |giy(@)|> inf |g y(a)|>d, (D
ae(0,172 ac[0.1]2 ac[0,1]2

where d > 0.
Let F denote the attractor of {S;};cz.

For n € N we write Z" to denote the set of all sequences of length n over Z and we let
T* = |J,~ Z" denote the set of all finite sequences over Z. We let ¥ = 7N denote the set of
infinite seauences over Z and for i = (i1, ip,...) € X we write i|n = (i1, i2,...,0,) € I"
to denote the restriction of 1 to its first n symbols. For 1 = (i, i2,...,i,) € I" we write
S; = 8;; 0---0;, and we write [1] € X to denote the cylinder set corresponding to 1,
which is the set of all infinite sequences over Z which begin with 1.

Definition 2.2 We say that a measure m on X is quasi-Bernoulli if there exists some L > 0
such that forall i, j € Z*

L™ 'miDm[5D) < m([i3]) < Lm([1Dm (5. (@)

We will study the pushforward measure & = moIT~! for an ergodic invariant quasi-Bernoulli
measure m, noting that u is supported on F. Apart from including the important class of
Bernoulli measures, quasi-Bernoulli measures also include the well-known class of Gibbs
measures for Holder continuous potentials. Furthermore it was shown in [2] that this inclusion
is strict.

The Shannon-McMillan-Breiman theorem allows us to define the entropy of .

Definition 2.3 (Entropy) There exists a constant () < 0 such that for m-almostall 1 € %,

.1 .
h(pn) = lim —logm([i|n]). 3)
n—oo n
We call () the entropy of .

Apart from entropy the other key features of the Ledrappier—Young formula are the Lya-
punov exponents, which describe the typical contraction rates in different directions.

Lyapunov exponents are defined in terms of Jacobian matrices of the maps S |,,. We denote
the Jacobian matrix of S|, at a point a € [0, 117 by D,S;,. We recall that the singular
values of an n x n matrix A are defined to be the positive square roots of the eigenvalues
of ATA, where AT denotes the transpose of A. The Lyapunov exponents are defined in
terms of singular values of the matrices Dy S;,. For fixed a € [0, 11? and any n € N we let
a@1(DaSijn) = a2(DaS;i,) denote the singular values of D, S;|,. The sub-additive ergodic
theorem then allows us to make the following definition.
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Definition 2.4 (Lyapunov exponents) There exist constants y2(u) < x1(u) < 0 such that
for m-almost all 1 € X,

. 1
x1(u) = lim —logay (Drioni)Sijn) @
n—oon
and
. 1
x2(w) = lim —logay (Drieni)Sin) - %)
n—»oo n

We call x1(w), x2() the Lyapunov exponents of the system with respect to .

Let 7 : [0,1]> — [0, 1] denote projection to the x-co-ordinate. Let () = @ o 7]

denote the projected measure which is supported on v F, which is the attractor of the (possibly
overlapping) conformal IFS { f;};ez on [0, 1]. Note that by [8, Theorem 2.8], 7 (1) is exact
dimensional. We denote its exact dimension by dim 7 (1¢).

We are now ready to state our main result.

Theorem 2.5 Let i be a pushforward ergodic invariant quasi-Bernoulli measure supported
on F, where F satisfies Definition 2.1. Then p is exact dimensional and moreover its exact
dimension dim p satisfies the following Ledrappier—Young formula

dim 1 = h(w) n x2 () — x1(w) dim 7 (1),

x2 () x2()

3 Preliminaries

Since each f; (i € Z) only depends on the x-co-ordinate of a given point, it is easy to see
that the Jacobian of each S; must be lower triangular. Denote the Jacobian by

o fi,x(a) 0
Daby = (gi,x(a) gi,y(a>> :

It is easy to see by the chain rule for any i € ¥ and n € N the Jacobian of S|, must also be
lower triangular which we will write as

- filnx(@) 0
DaSipn = <gi\n,x(a) gi|n,y(a)> '

Our IFS has several useful properties, which were established in [6]. To begin with we have
the following bound, which allows us to control the off-diagonal entry:

Lemma 3.1 [6, Lemma 3.3] There exists a constant C > O such that for any 1 € ¥, n € N
anda,b € [0, 11%,
|8 n,x @] _
|fi|n,x (b)| -
A consequence of Lemma 3.1 is that the singular values of the the Jacobian matrices are
comparable to their diagonal entries.

6)

Lemma 3.2 [6, Lemma 3.4] There exists a constant M > 1 such that for all a € [0, 1]2,
i€ X andn € N the singular values of the Jacobian matrices Da S+, satisfy

a1 (DaSip) @2 (DaSijn)

M < .
[ finx @] [8in,y(@)]

@)
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Ledrappier-Young formulae for a family of nonlinear attractors 2417

Lemma 3.2, together with the domination condition, implies that the two Lyapunov expo-
nents are distinct, y2(un) < x1(w).

Another useful property of our IFS is that the diagonal entries of the Jacobian matrices
satisfy a bounded distortion condition.

Lemma 3.3 [6, Lemma 3.2] There exists a constant A > 1 such that forall 1 € ¥, n € N
and all a,b € [0, 1],

-1 _ |fi|n,x(a)| |gi\n,y(a)|
o |fi|n,x(b)|, |gi\n,y(b)| -
Finally, the singular values of the Jacobian matrices also satisfy bounded distortion.

®)

Lemma 3.4 There exists a constant R > 1 such that for all 1 € ¥, n € Nand all a,b €
[0, 11%,

1 o] (DaSi\n) o2 (DaSi\n)
= )
ai (DpSin) " a2 (DpSijn)

Proof Simply combine Lemmas 3.2 and 3.3. O

(C))

An easy but useful consequence of Lemma 3.4 is that the Lyapunov exponents defined in
Definition 2.4 may be expressed as

1 o1
x1(n) = lim —logay (Dg,Sijn) and xa(u) = lim —logas (Dy,Sijn)  (10)
n—oon n—-oon

for any sequence (a,),en in [0, 112, on the same set of i € ¥ of full m-measure that was
used in Definition 2.4.

4 Proofs

The following key lemma allows us to estimate the p-measure of a small “approximate
square” in [0, 1]% by the product of the m-measure of an appropriate cylinder and the 7 (@)-
measure of the w-projection of the “blow up” of the “approximate square”. It is worth
noting that this lemma is the only place where the assumption that m is quasi-Bernoulli
(Definition 2.2) is used.

Forr > 0,n € N,a = (a;,az) € [0, 1]2 and 1 € X such that [1(i) = a we write
By (a, r) to denote the strip of points b = (b1, by) € Si([0, 171%) whose x co-ordinate
satisfies |b; — a1| < r/2. We note that by the RSSC, II is an injective map and therefore
By (a, r) is well defined. For x € R and r > 0 we write Q1 (x,r) = (x — 5, x + §).

Lemma4.1 Letr >0,n e N,a= (a;,a) € F and 1 € X such that T1(i) = a. Then

w(B,(a,r))
. L Mr
< Lm([i|n])m(n) <Q1 (n(H(a’ 1)), e a1 (DvS5) )>> (1)
be[0,1] iln
and
u(By(a,r))
o " M~'R,
> L m([in)m(w) | Q1 | 7(T1(0" 1)), T a1 (DoSin) (12)
be(0,1] 1ijn

@ Springer



2418 N.Jurga, L. D. Lee

where L is the constant from the quasi-Bernoulli property (2), where M is as defined in
Lemma 3.2 and where R, := min {r, diam (7TSj_|n([0, 1]2)) }

Proof Let

J=JG,nr) = [j € T*: Sijn3 (10, 11%) S By(a, r) and S ,5+([0, 11°) £ By(a, r)]

writing 37 to denote j with the last symbol removed. It follows by our separation assump-
tion that the sets {S;,5 ([0, 1]2)}jej are pairwise disjoint and exhaust B, (a, r) in measure,
therefore

1(By(a,r)) =y m(iln3)).
jeg

Furthermore, as m is quasi-Bernoulli (Definition 2.2) we get

L' m(@iinD) Y m((5) < p(Bata,r) < Lm((iln) Y m((3D. (13)
jeJ jeJ

-1

iln (B,(a, r)) in mea-

Note that the sets {5 ([0, 1]2)}j <7 are pairwise disjoint and exhaust S
—1
iln

> m(3D) = u(S7,Ba(@, 1) = w () (S50, (Bu (@, 1))
jeJ

sure. Moreover, since S, B, (a, r) necessarily has height 1 we have

Observe that 7 57! (a) = w(I1(c™(1))). Writing a and b for the left and right endpoints of

iln

nSi_‘ ,11 (B, (a, r)), it follows from the mean value theorem that
(o 3)) —af = (4= L @]
|fi|n,x(cl)|
for some ¢; € [0, 1] and
. — fin(
(o4 — by = 4= SO
|fi|n,x(c2)|

for some ¢; € [0, 1]. It is easy to see that

’

max {la1 ~ fin @, lay = fin @)1} <

Ny

so Lemma 3.2 gives

a1 = fin @] a1 = fi(®)] r
max = , = =< -
|fi|n,x (C’l)| |fi\n,x(02)| 2Inlnbe[(),l]2 |fi\n,x(b)|
Mr
2minb€[0,l]2 o1 (DbSl‘n) ’

IA

Therefore

Mr
j < M(c"i , ) 14
j%;m(b]) <m(n) <Q1 (n( (o"1)) peT—— (DbSin))> (14)
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Ledrappier-Young formulae for a family of nonlinear attractors 2419

We now consider the lower bound. Observe that

R

. di Si1n ([0, 172 R,
mqm—ﬁAwmmﬁm@dzmﬂ fam ( ([]»}

r p—
2’ 2
so Lemma 3.2 gives

lay — fin @] lar — fijn(®)] R,
max — s ~ =
|fi|n,x(cl)| |fi\n,x(52)| 2Inaxbe[o,l]2 |fi|n,x(b)|
MR,

> . (15)
2 maxpepp 12 ®1 (DbSim)

If we also have
. N ~ Ry
min {la1 = fi, @ la1 = e B)I} = 5

the same reasoning gives

N lar = i@ lar — fip )| M~'R,
min ~ , = =
| filnx @Dl 7 i ()]

T 2maxyepo 2 @1 (DbSi‘n) '
so we may conclude that

. " MR,
> om3D = w(w) <Q1 (n(l'l(a 1)), >) (16)

jeJ maXpepo, 12 @1 (Db Si)

Now suppose

min {lai = fin @I a1 = fia(B)1} < 2
Note that if |a; — fij,(a)] < R,/2 then this implies that f;,(a) is on the boundary of
7811 ([0, 11%), which means that & = 0. Similarly if |a; — fi|,,(l;)| < R,/2 then b = 1.

Consider
" MR,
01 | r(Tl(c"1)), )
maxbe[o,l]z [04] (DbSl)

By (15) and the above analysis of the points a and b, either

MR,
&(mnwﬂn, )gngﬂmmm»
maXbelO,”Z o] (DbSl)

or

M~'R
Qi | 7(M(e"1)), : C w8 (Ba@, ) U T
maXbG[O’I]Z o] (DbSl)

where I = (—8,0) or I = (1, B) for some § > 0. In either case, since 7 (1) is supported on
[0, 1] we still have

maxpco 2 @1 (DpSi) /)~ ijn(Bu(a,

Therefore (16) also holds in this setting. Combining (14) and (16) with (13) completes the
proof. O

() <Q1 (ﬂ(l'l((f"i)),
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2420 N.Jurga, L. D. Lee

Recall by [8, Theorem 2.8] that as an ergodic measure on a self-conformal set, 77 (1) is exact
dimensional with exact dimension dim 7 (w). This informs us how 7 (1) (Ql (n(l'[ (1)), %))
scales for an m-typical point 1 € X, although it does not provide any uniform bounds on the
projected measure of this interval. The following lemma guarantees the existence of a set of
positive measure on which we can uniformly bound 7 (11) (Q1 (n(l'[ (1)), %))

Lemma4.2 Let dimm () = t. There exists a set G C X with measure m(G) > 1/2 such
that if ¢ > 0, then for all n sufficiently large

1 1

log 7w (w) <Q1 (n(ﬂ(i)), ;)) <(t—e)log (;)
1 1

log 7w (w) <Q1 <n(n(1)), ;)) > (t+¢)log (;)

Proof Define f,, : ¥ — R by

and

forall i € G.

log () (Q1 (7(TI(1)), %))
—logn .

f n (l) =
Therefore for m-almost all i

; 1
b () = i 1OET00 (@1 MG, 1)
n— 00 n— 00 —logn

because 7 (i) is exact dimensional. By Egorov’s Theorem there exists a Borel measurable
set G € ¥ with m(G) > 1/2 such that f, converges uniformly on G. In particular, for all
& > 0 there exists N, € N such that

.z log () (Q1 (7(M(1)), 1))

—logn

t_

<t+¢
foralln > Ng and 1 € G. Rearranging this expression yields the desired result. O

Next we show that for m-almost all 1 € ¥ the sequence of points {o"(1)},en regularly
visits the set G from Lemma 4.2, yielding uniform bounds on the projected measure of the
intervals that appear in (11) and (12) along a subsequence of n € N.

Lemma4.3 Letdimnm () =t andforeach i € ¥ let (r,(1))neN be a positive null sequence
such that rp(1) — O uniformly over all 1 € X. Then for m-almost all i € X there exists a
sequence {ny}ren such that for all e > 0

log (1) (Q1 (7w (TM(0"* 1)), 1, (1)) < (7 — &) log (r, (1)) a7
and

log 7 (1) (Q1 (7(TH(0"™ 1)), (1)) = (2 + &) log (ra (1)) (18)
for all sufficiently large k € N. Furthermore the sequence {ny}reN can be chosen to satisfy

. Mk
lim
k—oo ng

=1.
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Ledrappier-Young formulae for a family of nonlinear attractors 2421

Proof Let G be the set from the statement of Lemma 4.2 and consider the characteristic
function 15, which is easily seen to be in L' (). We can now apply the Birkhoff Ergodic
Theorem to obtain that for m-almost all 1 € X

n—1

lim — ZlG(afl) /1de =m(G) > 1/2.

n—oon

This gives that for m-almost all 1 € ¥, 0/1 € G with frequency greater than or equal to
1/2. For each 1 € X which satisfies this let {n}ren be the sequence for which 6”1 € G
for all k € N. Then by Lemma 4.2 for all € > O there exists N, € N such that

1 1
log 7 (1) (Q1 (n(ma"ki)), ;)> < (1-3)toe (;)

1 1
log 7 (1) <Q1 (n(ma"ki)), ;)) > (r + g) log (;)

forn > N and all k € N. Since r,(1) — O uniformly over all 1 € X, we can choose
M, € N such that r, (1) < 1 for all n > M,. In particular for all ny > M, and m-almost
all 1 € X there exists £ > N‘E “such that

1 . 1
— <) < 7

I+1

and

which gives
log 7 (1) (Q1 (7 (TI(e" 1)), 7))
log (1) + log (%)

10g 7(w) (Q1 (m(M(6™1)), ryy (1))
logry,, (1)

and

log () (Q1 (r(T1(0™ 1)), rp, (1))
logry, (1)

log 77 (1) (Q1 (”(H(“nki))’ ﬁ))
log(z+1>+10g([+l) .

Hence there exists Né > M, such that for m-almost all all i and all n; > NS’,

=

log () (Q1 (T(T(0" 1)), ry, (1))
logry, (1)

-1 =<e

)

giving the first part of the result.
It remains to show that limy_, o nz+1/nx = 1. Let 1 belong to the set of full m-measure
for which /1 € G with frequency at least 1/2 and write

nr—1

S =Y 1g(a/1).
j=0
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2422 N.Jurga, L. D. Lee

By Birkhoff’s Ergodic Theorem limy_ oo Sy, /nx = m(G) > 1/2andclearly Sy, | = Sy, +1.

Now note that
S, n 1
21k ( S 1) +
N \Nk+1 Nk+1

ask — 00. As S, /nx — m(G) > 1/2 and 1/ng1 — 0O it follows that ny /ng1 — 1 as
k — oo, completing the result. O

Sutl Su
i1 ni

-0

The RSSC gives us control over the distance between “level n” cylinders, as described in
the following lemma.

Lemma 4.4 There exists 6 > O such that for any 1, 1 € ¥ with i|ln # 1|n,

inf d(Sija(a), S11,()) = Oa2(Dpygn-1)Si|,_,) 19)
a,bef0,112

where d denotes the standard Euclidean metric.

Proof For notational convenience in this proof we shall sometimes write ¢ < b to mean that
for a, b € R we have a < cb for some universal constant ¢ > 0, where ¢ is independent of
any variable which a and b depend on.

We begin by showing that for any ay, b1, by € [0, 1] with a; # by and any 1 € Z*¥,

i (b1, by) —gi(ay, b
lgi (b1, b2) — gi(ay, by)l <c 20)
[fi(b1) — fi(a1)l
where C is the constant from (6). To see this, notice that by the mean value theorem there
exist ¢y, ¢z € (a, by) such that
|81 (b1, b2) — gi(ar, ba)| _ |gix(c1, b2)lIbr — a1l _ |gix(er, Do) _
[ fi(b1) — fi(a1)] [ fix(e)lb1 — a1l |fix(c)] —

where the final inequality follows by (6).

Now, let a = (a1, a2), b = (b1, by) € [0, 1]%. Define ¢ = (b1, az). We will now show
that

d(Si(a), Si (b)) 2 d(Si(a), Si(c) +d(Si(c), Si (b)), €2y

where the implied constant is independent of 1 € Z*, a, and b. To see this, we let y =
[fi(a1)— fi(b1)], e = |gi(a)—gi(b)|andn = [gi(a) —gi(c)|. Note thatd(S; (a), Si(b)) =
Vy2+e2,d(Si(a), Si(e)) = /2 + n?. This is displayed visually in Fig. 1.
There are now three possibilities: (i) d(S;i(c), Si(b)) = n + ¢, (i) n > & and
d(Si(c), Si(b)) = n — e or (iii) ¢ > n and d(S; (¢), S; (b)) = ¢ — n. Hence
d(Si(a), Si(c)) +d(Si(c), Si(b))  /y%+4n*+d(Si(a), Si(c))
d(Ss(a), i (b)) B Vr? + €2 '

In cases (i) and (iii) we can use (20) to bound 1 < y, yielding that
V7P +dSi@, Si©) - y+e
Vyi+e? REVEINEPS
whereas in case (ii) we can use n < y to deduce that
Vy2+n*+d(Si(), Si(e) _y _ |
/y2 +82 ~ %

(22)
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Ledrappier-Young formulae for a family of nonlinear attractors 2423

T e
S
G

n

° ° /\59

Fig.1 The images of the points a, b and ¢ under S; and the distances y, € and n

This completes the proof of (21).
Now, notice that by the mean value theorem there exists ¢; € [0, 1% such that
d(Si(a), S1(0)* = fir(en)’|lar —b1l* + gi x(e1)*lar — b1 [

> d(a,0)’ fix(c)* > d(a,e)® sup gi y(c)?
¢ €[0,1]2

by (1). Similarly one can check that

d(Si(b), Si(e))* > d(b,¢)* inf gi ,(c2)*.
c2e[o,1]2

Therefore

d(Si(a), Si(b)) 2 d(Si(a), Si(c)) +d(Si(c), Si(b))
2 (d(a,¢) +d(b,c)) inf |gi (co)
c€[0,1]2
>d(a,b) inf |g; y(c2)]
c€[0,1]2
> d(a,b) sup a2(De; S5) (23)
c3€[0,1]2

where the first inequality follows by (21) and the final one by Lemma 3.2.
Finally, note that by the RSSC, there exists § > 0 such that

min min min d(x,y) > . 24
i#j€L xeS;(F) yeS; (F) x. ) = 24

Let i = (i1,i2,...),1 = (l1,l,...) € ¥ with i|n # 1|n. In particular there exists
0 <m < n—1suchthat ijm = 1|m and i;y4+1 # lp4+1. We write 1jn = i|m3j and
1|n = i|mk. Then for all a, b € [0, 1],

d(Sijn(a), S1ja (b)) = d(Sijm(S5(@)), Sijm(Sk(b)))
2 d(S5(a), Sx(b)) sup @2(De;Sijm)

c3€[0,1]2

2 az(Dl—[(an_li)Sill‘l—l)

where the second inequality follows by (23) and the final inequality follows by (24) (since j
and k begin with different digits) and Lemma 3.4. O
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We are now in a position to be able to prove Theorem 2.5, our main result. We do so by
establishing both the corresponding lower and upper bounds for the local dimension of p at
IT1(1) for i € X belonging to a set of full m-measure. It is worth noting that only the lower
bound requires Lemma 4.4 and as such this is the only bound that requires the RSSC.

Proof of Theorem 2.5 Let i € X belong to the set of full m-measure for which (3), (4) and
(5) hold. Let

I8i.y (@) }
[ fi.x ()]
and note that by the domination condition from Definition 2.1 n < 1. Using Lemma 3.2,

applying the chain rule to gy, y(IT(¢c"1)) and fi|, x(b) for each n € N and pairing off
appropriate terms we get

n = sup {
i€Z,a,bel0,1]?

Q. 2 :
.Ol2 (DI'I(U"l)Sl\n) < M |gi\n,y(n(0nl))| < M277n 0.
ming,co, 112 &1 (DbSi\n) miNpeo, 172 |fi\n,x (b)|

Similarly,

a2 (Drioni)Sipn)
maxpeqo, 112 ¢1 (DbSim)

< M*y" - 0.

Define the sequences

MbOay (Dl'[((r"i)Sim)

minbe[o’l]z (03] (DbS1|n)

M 'ay (Dl'l(tr”i)Si\n)

maXbe[O,l]z o1 (DbSiM)

and r) (i) = , (25)

(i) =

and observe that both r, (1) and r},(1) converge to 0 uniformly over all 1 € X. Hence we
can also assume that 1 € X belongs to the set of full measure which satisfies (17) and (18)
for the sequences r,, (1) and r},(1).

For a given a = (a1, a2) € [0, 172 and r > 0 write

r r r r
Qz(a,r)z(al —§,a1+§) X (az—i,aerE).

Write x = T[I(i), let n € N and consider the square Q> (x, Ooay (DH(a"i)Siln))~ By
Lemma 4.4 note that QO (x, (Le%) (DH(U”i)Siln)) intersects only the cylinder Sy, ([0, 1]2),
therefore it is easy to see that

02 (x, 02 (Dri(on1)Sijn)) N F S By (X, 6z (Drigon1)Sijn))-
Hence by Lemma 4.1,

w(Q2 (x, 0z (Drini)Sijn)))
MOa, (Drigons)Ssjn
ELm([iVl])T((M)(Ql (n(mo”i)), 1602 (Dniers) Sii) )) (26)

mll’lbe[o’l]z (03] (DbSi|n)

Consider the subsequence (nj)ren guaranteed by applying Lemma 4.3 to the sequence r, (1).
Applying the chain rule we have

(0%) (Dl'[(o-’“rli)SiVH-l) =2 (DSin_H H(a”*li) Sl\n DH(G'1+1i)Sin+l)

<ap (DSin+1 M(ont11) Si\n) o] (Dl'[(o"“i) Sin+1)
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< 2 <DSl,n+1 H(U'H']i) Si‘n>
=a (Dn(ani)Sim) ,

where in the first inequality we have used that oz (A B) < a2 (A)a(B) for 2 x2 matrices A and
B. This implies that the null subsequence (9a2 (Dn((,nk i)Si‘nk)) en 18 strictly decreasing.
Hence for any r > 0 sufficiently small we can choose k € N sufficiently large so that

0oz (Drigoms 1ySims,) <1 < 002 (Driemcs)Sijng) - 27

Letr = dimm(u) and & > 0. Let » > 0 be sufficiently small so that k € N that satisfies
(27) is sufficiently large that (17) holds for ¢. Then, using (10), (26) and (17) we get

log i (Q2(x, 1))
logr

log (Q2 (X, Oay (Dn((;"k i)Silnk)))
log (90{2 (Dl'[(a”k+1 i)Si‘nHl ))

IOg Lm([l|nk]) + IOgT[(/,L) (Ql (JT(H(O’nk l))’ M@aZ(Dl‘[(g"ki)Silnk) ))

ming o 112 @1 (Dbsilnk)

log (9&2 <DH((7"’»’+1 i) Si‘”k-%—l ))

Me D nk 1ySiln
log Lm([|nk]) + (1 — ) log ( (Pnaris S k))

miny o 112 @1 (Dp Sy )

log (9(12 (Dn(a”kﬂ i)Si|"k+1 ))

a2 (Dn(a"k i)si|nk>
minhe[o, 12 @1 (Dbsimk

1 1 : (=) (t—e)
nklogL—i—nklogm([llnk])—f—n:10g< ))+JlogM9

1 1

E lOg@ + M’”;li:] log (a2 ([)l_[(()‘nk‘*'1 i)Silnk+1 ))
N h(p) + (t —&)(xa(n) — x1(n))

x2 ()

asr — 0 (so k — o0). Since ¢ > 0 was arbitrary, the lower bound is complete.
We now establish the corresponding upper bound. We begin by estimating

sup lay — bo].
(a1,a2),(b1,b2)€ By (X,02(Dry(on (1)) Si|n))

for each n € N. For some a, b € [0, 1] with the property that
| f11n (D) = fiin(@)] < 2 (Dri(eni)Sijn) (28)

we can write

sup laz — b2 = |gijn (b, 1) — giju(a, 0)].
(a1,a2),(b1,b2)€By (X,02(Dry(on (i))Sijn))

Note that

lgin(D, 1) — gipn(a, 0)] < 1giju(b, 1) — gijn(a@, DI+ 1gipm(a, 1) — gi(a, 0)]
< C|fi|n(b) - filn(a)| + |gi\n,y(c)|
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for some ¢ € [0, 1]? where we have used (20) and the mean value theorem. Thus it follows
from (28) and Lemma 3.3 that

|gijn(b, 1) = giju(a, 0)| < Caa (Dri(ons)Sijn) + Az (Drigoni)Sijn)
= (A + O)az (Dri(n1)Sijn) -
It is now easy to see that
By (X, 02 (Drion1)Sin)) N F S Q2 (%, 2(A 4 C)az (Dri(ons)Sijn)) N F.
Thus Lemma 4.1 implies

1 (02 (x,2(A + C)az (Dri(eni)Sin)))

o . M~'R,
> L' m([ilnDm () | Q1 [ 7 (T(0"1)), .9

maxbe[O,l]z (03] (DbSiM)

where here R, = min {a2 (Dn(a"i)Si\n) , diam (nSi|n([O, 1]2))}. Note that by the mean
value theorem

diam (77831, ([0. 1)) = | fin(1) = fin(O)] = | fijn.(©)]
for some ¢ € [0, 1]. Applying the domination condition and Lemma 3.2 gives
| fiinx (O] = 181ny (0" 1))| = M~ a2 (Drions)Sin) -
so we can conclude that R, > M~ 'as (Dryon 1)Sin). Therefore (29) gives

(02 (%, 2(A + C)az (Drion1)Sin)))
M_2 D oi Sin
ZL_lm([iln])ﬂ(M)<Q1 (n(n(a”i», 22 (Pners) ')>>, (30)

maxpeqo, 172 ¢1 (DbSi‘n)

Consider the subsequence (ny)ken guaranteed by applying Lemma 4.3 for r; (i), which
was defined in (25). Since (az (Dn(gni)Si‘n))”eN is strictly decreasing and null, for any
r > 0 sufficiently small we can choose k € N sufficiently large so that

24+ C)a (Dn(gw i)Si\nk+|) <r <2(A+ C)az (Drm)Sipn) - (31
Let e > 0. Let r > 0 be sufficiently small so that k € N that satisfies (31) is sufficiently
large that (18) holds for ¢. Therefore by using (10), (30) and (18) we get
log 1 (Q2(x, 1))
logr
_togu (02 (%204 + O (Dnigner Si )
log (2(A + C)ar (Dn(a"k i)Si\nk))
M2 (D onirt o) St
log L=\ m ([ lny., 1) + log 7 (1) (Q1 <n(n(ank+1 iy, 2Ot S )>)

MaXpepo, 12 ¥1 (DbSi\;,Hl)
log (2(A + C)az (Drigom 1) Sy ))
M_2a2 D o i Siln
IOgL_lm([i|nk+|]) + (t 4+ ¢)log ( n("k+14) k+1)
MaXy 0,112 *1 (Dbsimkﬂ)

= 10g (2(A + C)arz (Drigone 5)Sijne))

IA
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Dy n o Siln
1 logLil + 1 IOgM([i|nk+1]) + (t+¢) log( th( M(o"k+1 1) ‘k+|) ) + MlogMﬂ

n ng n n
k1 k1 k1 max, o2 @1 (DhSi\nHl) k1

L log2(A + C) + L 2 Jog (a2 (Do 1)Sijng))

k1 Nk N+
L h) + @+ o) 0e®) — xiw)
x2(w)
asr — 0 (so k — o0). Since ¢ > 0 was arbitrary, the upper bound follows. O
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