Mathematische Zeitschrift (2022) 301:1631-1674

https://doi.org/10.1007/500209-021-02869-6 Mathematische Zeitschrift
()

Check for
updates

Convex analysis on polyhedral spaces

Ana Maria Botero' - José Ignacio Burgos Gil? - Martin Sombra3*>

Received: 16 January 2020 / Accepted: 9 September 2021/ Published online: 24 January 2022
© The Author(s) 2022

Abstract
We introduce notions of concavity for functions on balanced polyhedral spaces, and we show
that concave functions on such spaces satisfy several strong continuity properties.
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1 Introduction

Convex analysis studies properties of convex functions and convex sets. The notion of convex-
ity is a simple and natural one which has been increasingly important in both pure and applied
mathematics. One of the main advantages of working with convex functions is that they have
nice topological properties. For instance, a convex function on a open subset U C R" is

Botero was partially supported by the SFB Higher Invariants at the University of Regensburg. Burgos was
partially supported by the MINECO research projects MTM2016-79400-P and PID2019-108936GB-C21
and by the Severo Ochoa programs for centers of excellence SEV-2015-0554 and CEX2019-000904-S
(ICMAT Severo Ochoa). Sombra was partially supported by the MINECO research projects
MTM2015-65361-P and PID2019-104047GB-100 and by the Maria de Maeztu program for centers and units
of excellence MDM-2014-0445 and CEX2020-001084-M.

B Martin Sombra
sombra@ub.edu
http://www.maia.ub.edu/~sombra

Extended author information available on the last page of the article

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-021-02869-6&domain=pdf

1632 A. M. Botero et al.

continuous on U, and Lipschitz continuous on every compact subset of it. The aim of this
article is to transfer the notion of convexity of functions to balanced polyhedral spaces, and
to extend to this setting the strong continuity properties of convex functions on open subsets
of R".

There are algebraic objects to which one can naturally attach a balanced polyhedral space.
The results of this article can be applied directly to such spaces, and we hope that this serves to
a better understanding of the algebraic objects involved. Important examples arise in tropical
geometry. Here, the procedure of tropicalization attaches a tropical cycle to an algebraic
cycle, and the tropical cycle has a structure of a balanced polyhedral space [1].

Related examples arise in the theory of toroidal embeddings. As a particular case, to a
pair (X, D) consisting of an algebraic variety X and a simple normal crossings divisor D
on X one can associate its Clemens complex (also called the dual complex), which is also a
balanced polyhedral space [2,9].

In [1], Allerman and Rau developed an intersection theory between piecewise affine func-
tions and tropical cycles. This theory was recently extended by Gross to a tropical intersection
theory on weakly embedded conical polyhedral complexes associated to toroidal embeddings,
between combinatorially principal piecewise affine functions and tropical cycles [9].

A balanced polyhedral space X is an (abstract) polyhedral space of pure dimension 7,
which we equip with additional structure that allows to define a balancing condition. More
precisely, it can be identified with a 5-tuple (X, I, N, ¢, b), where X is a second countable
n-dimensional topological space, IT is a polyhedral complex on X, N is a Euclidean vector
space, ¢ is a continuous map ¢: X — N whose restriction to each polyhedron o € II is
injective and affine, and b is an n-dimensional Minkowski weight on IT satisfying b(c) > 0
for every n-dimensional cone o € I1. The map ¢ is called the quasi-embedding and b the
balancing condition (Definition 3.24).

The additional structure considered in the present article differs from the ones considered
in [1] and [9] in the following two aspects: on the one side, the authors in loc. cit. consider an
integral structure whereas in this article, a Euclidean structure is considered. This turns out to
be more convenient when dealing with convexity notions. On the other side, a tropical variety
as in [1] comes with an embedding into a real vector space, while a weak embedding as in
[9] does not need to be injective when restricted to a cone. By contrast, a quasi-embedding
does not need to be globally injective but its restriction to every polyhedron is assumed to
be injective. A consequence of this difference is that we do not have to care about piecewise
affine functions being combinatorially principal when doing intersection theory. Indeed,
injectivity on each polyhedra implies that any piecewise affine function on the complex is
combinatorially principal.

We will work with concave functions instead of convex ones, because the applications we
have in mind come from toroidal geometry and positive divisors in this theory are described
by concave functions on balanced polyhedral spaces [2]. Indeed, the functions associated to
positive divisors in toric geometry are concave in the sense of convex analysis, although they
are usually called convex in the toric literature [7].

A first approach to concavity on polyhedral spaces is to declare that a function f on a
balanced polyhedral space X is concave if it is the pullback by the quasi-embedding ¢ of
a concave function on the Euclidean space N. But this notion of concavity is not optimal
because it is not local (Example 4.3). The variant that declares f to be concave if it is locally
of the above type, is not stable under the operation of taking the infimum of a family of
such functions. More crucially, given a toroidal embedding, the piecewise affine function
on the Clemens complex associated to a nef toroidal divisor on the algebraic variety is not
necessarily concave in this sense.
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Hence it makes sense to explore other notions of concavity. In this article, we give several
notions of concavity in terms of convex combinations. A convex combination of points in X
is a triple

(x, {xitier, {vitier)

where [ is a finite set, x € X is the central point, the x;’s are also points in X and the v;’s
are nonnegative real numbers such that

Zv,- =1 and ((x)= Zv,- t(x;).

iel iel
A convex combination is polyhedral if there is a polyhedral structure IT on X such that the
central point x belongs to a polyhedron 7 and the remaining points belong to polyhedra
having 7 as a face. Finally, a convex combination is balanced if it is polyhedral and, roughly
speaking, the location of the x;’s is dictated by the balancing condition (Definition 5.1).

Then, a function f on X is strongly concave if for all convex combinations, the concavity

condition

FO) =) v f(x) (L.1)
iel
is satisfied. This is equivalent to asking that f is the pullback by the quasi-embedding ¢ of
a concave function on the Euclidean space N (Proposition 5.7). The function f is concave
if the concavity condition (1.1) is satisfied for all polyhedral convex combination, and it
is weakly concave if this concavity condition is only assumed to hold for balanced convex
combinations (Definition 5.5).

Clearly, strongly concave functions are concave and, in turn, concave functions are weakly
concave. The three notions of concavity are different (Examples 4.17, 4.18 and 4.19) but,
when restricted to R”, they all agree with the usual one. Moreover, in the piecewise affine
case, these notions of concavity can be reformulated in terms of intersection products with
Minkowski cycles (Proposition 5.7).

The main results of this article show that weakly concave functions (hence also concave and
strongly concave functions) on a balanced polyhedral space satisfy the same nice continuity
properties satisfied by concave functions on R”.

The first result in this direction is Theorem 6.2 that states that, if f is a weakly concave
function on an open subset U C X, then it is continuous. Even more, in Corollary 6.22
we see that such a function is Lipschitz continuous in every compact subset K C U. More
precisely, the Lipschitz constant of f in K can be bounded in terms of the sup-norm of the
function on a slightly bigger open subset (Theorem 6.18).

Once we have proven Lipschitz continuity on compact subsets, we can prove some strong
uniformity and convergence results for families of weakly concave functions (Theorems
6.23, 6.24 and 6.25). For instance, Theorem 6.24 states that, if (f;);>0 is a sequence of
weakly concave functions that converge pointwise on a dense subset to finite limits, then the
sequence of functions converges pointwise to a weakly concave function and the convergence
is uniform on compact subsets.

As we mentioned earlier, our motivation comes from toroidal geometry. In the subsequent
article by the first and the second authors [2], the strong continuity properties of concave
functions in open subsets of polyhedral complexes are used to show that the degree of a
nef toroidal b-divisor is well-defined and to prove a Hilbert-Samuel type theorem for such
b-divisors. However, we believe that the results of this article are general enough to be of
interest in other areas of mathematics.
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The article is organized as follows. In Sect. 2 we gather several definitions concerning
polyhedral spaces, including the key notions of quasi-embedded and of Euclidean polyhedral
spaces and complexes. We define morphisms between these spaces and show that they satisty
nice topological properties (Proposition 2.9).

In Sect. 3 we introduce the space of Minkowski weights on a Euclidean polyhedral com-
plex (Definition 3.3) and the space of Minkowski cycles on a Euclidean polyhedral space
(Definition 3.23). We also introduce balanced polyhedral spaces, that is, Euclidean polyhe-
dral spaces endowed with a full-dimensional strictly positive Minkowski cycle (Definition
3.24). We end this section by defining an intersection product between Minkowski cycles and
piecewise affine functions, and we show that it is well-defined and symmetric (Proposition
3.15). This intersection product is the Euclidean translation of that in [11] and [9].

In Sect. 4 we discuss different notions of concavity for piecewise affine functions related
to preserving the positivity of the intersection product. We end this section by introducing
the notions of regular polyhedral structures on a balanced polyhedral space X and of strictly
concave function. This is inspired by the correspondence between normal fans of polytopes
and projective toric varieties. We then show the analogue of the toric Chow lemma from toric
geometry, providing existence of regular structures whenever X satisfies a natural finiteness
condition (Theorem 4.34).

In Sect. 5 we discuss the different notions of concavity of functions on X that are not
necessarily piecewise affine, in terms of convex combinations of points. We show that in
the piecewise affine case, these notions agree with those introduced in the previous section
(Proposition 5.7).

Finally, in Sect. 6 we prove the strong continuity properties of weakly concave (and hence
also of concave and strongly concave) functions on a balanced polyhedral space.

2 Polyhedral spaces

In this section we gather several definitions concerning polyhedral and complexes. For convex
sets and functions we will use the notations and definitions in [12]. In particular, the empty
set is a face of every convex set.

Definition 2.1 Let X be a second countable topological space. A polyhedral structure on X
is a pair
IT = ({oa}aen, {Malaen)

consisting of

(1) acollection {0y }qep of different closed subsets giving a locally finite covering of X,
(2) acollection {My}qep Where each M, is a finite dimensional vector space of continuous
R-valued functions on o, such that, setting N, = Hom(M,,, R), the evaluation map

o 0 —> Ny
sends o, homeomorphically onto a full-dimensional convex polyhedron of a hyperplane
H, of this dual vector space not passing through the origin.

The closed subsets o, are the polyhedra of T1, and the preimages under ¢, of the faces of

¢ (o) are the faces of o,. We assume that the pair IT satisfies the conditions:

(3) every face of a polyhedron o, of IT is a polyhedron o, of IT for an index o’ € A, and
the corresponding vector space M, consists of the restriction to o, of the functions in
My,
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(4) every two polyhedra of IT intersect in a common face (possibly the empty one).

A polyhedral structure is finite if its set of polyhedra is finite.

For simplicity, we identify a polyhedral structure IT with its underlying set of polyhedra.
For a polyhedron o € IT we write

My, N,, H, and ¢,

for its corresponding vector space, dual space, hyperplane and evaluation map, respectively.

Identifying each o € IT with its image in N, we can translate to it the objects and notions
of polyhedra in vector spaces. In particular, we denote by relint(o’) the relative interior of o,
that is, the preimage under ¢, of the interior of the polyhedron ¢, () C N, . Likewise the
affine structure of N, gives an affine structure on o, and therefore we can talk about affine
maps between polyhedra.

Remark 2.2 The condition (2) in Definition 2.1 implies that the space of affine functions on
o coincides with M,;.

Definition 2.3 Let X be a second countable topological space and I, IT" two polyhedral
structures on X. Then IT" is a subdivision of T, denoted by IT" > TI, if for every o’ € IT'
there exists a ¢ € IT with 6/ C o, the inclusion being an affine map. Two polyhedral
structures on X are equivalent if they admit a common subdivision.

Proposition 2.4 Let X be a second countable topological space. Then

(1) the relation > is a partial order on the set of polyhedral structures on X,
(2) the subdivisions of a given polyhedral structure on X form a directed set,
(3) “being equivalent” is an equivalence relation between polyhedral structures on X.

Proof The statement in (1) is clear from the definitions. In particular, the antisymmetric
property follows from the fact that the polyhedra in a given polyhedral structure are different,
and so two polyhedral structures that subdivide each other are necessarily equal.

To prove the statement in (2), let IT be polyhedral structure on X, and let I1; and I, be
two subdivisions of I1. Fori = 1, 2 and each t; € I1; there is o; € Il such that t; C o;. We
have that ¢ = o1 N o> is a polyhedron of IT containing the intersection 71 N 72, and for each
i we have that 7; N o is a polyhedron of the vector space N,,. Hence

1N =(t No)N(rpNo)

is also a polyhedron of N, and its space of affine functions M, consists of the functions
in M, restricted to it. The pair

({Tl N 72}‘[1.‘[23 {M‘r]ﬂ‘rz}l’],‘tz)

is a polyhedral structure on X that subdivides both IT; and I, and so the subdivisions of T1
form a directed set, as stated.

The relation “being equivalent” is clearly both symmetric and and reflexive. To check
the transitivity property, let IT, TT" and I1” be three polyhedral structures on X such that IT’
and I1” are both equivalent to IT. Then there are polyhedral structures IT; and I, that are
a common subdivision of IT and IT" and of IT and I1”, respectively. Since I and I, are
subdivisions of IT, by (2) there is a further polyhedral structure I3 that subdivides both of
them, and by (1) we have that T3 subdivides both IT" and IT”. Hence the later polyhedral
structures are equivalent, proving (3). O
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Definition 2.5 A polyhedral space X is a second countable topological space equipped with
an equivalence class of polyhedral structures. A polyhedral complex on X is the choice of a
representative of the class of polyhedral structures of X.

Remark 2.6 By Proposition 2.4, the set of polyhedral complexes on a polyhedral space is a
directed set ordered by subdivision.

Definition 2.7 The dimension of a polyhedral space X is defined as
dim(X) = sup dim (My) — 1

oell
for any polyhedral complex IT on X. We say that X has pure dimension n when every
polyhedron of IT that is maximal (with respect to the inclusion) has dimension n. These
notions do not depend on the choice of IT.

Definition 2.8 Let X and X’ be polyhedral spaces. Given polyhedral complexes IT on X and
IT" on X', a morphism of a polyhedral complexes between I1 and T1 is a continuous map
f: X — X’ such that for every o € Il there is ¢’ € I1" with f (o) C ¢/, and the restriction
flo: 0 — o’ is an affine map.

A morphism of polyhedral spaces between X and X’ is a continuous map f: X — X’
that becomes a morphism of polyhedral complexes after a suitable choice of polyhedral
complexes IT on X and IT" on X’ as above.

Proposition 2.9 The underlying topological space of a polyhedral space is Hausdorff.

Proof Let X be a polyhedral space and IT a polyhedral complex on X. Let x, y € X be two
different points. Since the covering {0}, < is locally finite, we can choose an open subset
W of X containing both x and y and such that the set of polyhedra

Y={ocell|oNW#%)

is finite.

Each o € ¥ is homeomorphic to a polyhedron and so a Hausdorff topological subset of
X. Hence there are open subsets U, and V,; of X that are disjoint on o, and contain x and y
respectively, and so

WﬂﬂUa and Wnﬂvg

oceX cEX

are disjoint neighborhoods of x and y respectively, proving the statement. O

A standard way to construct polyhedral spaces is by gluing polyhedra through their faces,
as we explain in the next example.

Example 2.10 Let A be a countable set. For « € A, let A, be a polyhedron in a finite
dimensional vector space P,. For each o, B € A, let F, g and Fg o be faces of A, and Ag
respectively (possibly the empty ones) and

jﬂa:Fbﬂ ’Fbﬂ
an affine isomorphism. We assume that this data verifies the conditions

(1) fora € A, Fy.o = Ay and jo o = ida,,
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(2) fora, B,y € A, we have that jg o (Fup N Fo,y) = Fpo N Fp,, and

Jy.a = Jy.p o jpaon FupgNFyy,
(3) fora € A, theset {8 € A | Fg o # @} is finite.
Note that (1) and (2) imply that, for o, 8 € A, we have that j, g = j/;gl,
Forx € Ay and y € Ag, weset x ~ y whenever x € Fy g,y € F,gyo, and jg o(x) = y.

This defines an equivalence relation on the disjoint union |_| Ay, and we consider the
quotient topological space

e

Y:(l_lAa)/~. @.11)

aeA

Since Y is equipped with the quotient topology, the map ¢ : | |,c A« — Y is continuous.
The conditions above imply that the equivalence relation ~ is closed and that the map ¢ is
open. By [5, Chapter I, §8.3, Proposition 8] we deduce that Y is Hausdorff. Moreover, the
finiteness condition (3) implies that the quotient map ¢ is proper.

The image in Y of each A, is a closed subset that is homeomorphic to it. Identifying each
of these polyhedra with its image in Y and defining M,, as the space of affine functions on
Ay, we have that

= ({AO{}OZEAv {MO{}O{GA) (2.12)

is a polyhedral structure on Y in the sense of Definition 2.1. Indeed, the condition (3) implies
that the covering {Ay }oen is locally finite.

Proposition 2.13 Every polyhedral complex on a polyhedral space is isomorphic to one
constructed gluing polyhedra through faces as in Example 2.10.

Proof With notation as in Definition 2.1, let IT = ({04 }aen, {Ma}aca) be a polyhedral
complex on a polyhedral space X. For each « € A consider the polyhedron in the dual space
Ny = Hom(M,, R) given by

Ay = ¢o(0g)
and, for o, B € A, consider the faces of A, and Ag respectively defined as

Fop=¢a(0a Nog) and Fpo = ¢p(oy Nop)

and the affine map jg o: Fo,p — Fp.o given by the restriction of ¢g o (¢e) ! to the face
Fyp.

This data satisfies the conditions in Example 2.10 and in particular, the hypothesis that
the covering {0y, }yea is locally finite implies the condition (3). Hence we can consider its
associated polyhedral complex I on the polyhedral space Y as in (2.12) and (2.11). The
isomorphisms ¢, ' : Ay — 04, @ € A, induce a bijective map

f:Yy—X

that is continuous, by the universal property of the quotient topology.

Since the set of polyhedra oy, @ € A, forms alocally finite covering of X by closed subsets
and the restriction f~!|,, = @ to each of them is continuous, the inverse map f~! is also
continuous. Hence f is a homeomorphism that is affine between each pair of polyhedra A,
and oy, and so it is an isomorphism of polyhedral complexes. O
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To do convex analysis on a polyhedral space, we need a notion encoding how its different
polyhedra are placed with respect to each other. For this, we first need to map it to a fixed
ambient space. The definition below is a variant of [9, Definition 2.1].

Definition 2.14 A quasi-embedded polyhedral space is a triple (X, N, t) where X is a poly-
hedral space, N a finite dimensional R-vector space, and ¢ a map X — N such that ¢(X) is
contained in an affine hyperplane H not containing zero and there is a polyhedral complex
on X for which the restriction of ¢ to each of its polyhedra is affine and injective. The map ¢
is called the quasi-embedding of X in N.

A polyhedral complex I on the quasi-embedded polyhedral space (X, N, ¢) is apolyhedral
complex on X satisfying the above condition, namely that ¢ is affine and injective on each
of its polyhedra. For each o € II, its image with respect to the evaluation map ¢, spans
a full-dimensional polyhedral cone of Ny, and so the quasi-embedding ¢ induces a linear
injective map

lg: No > N

that sends H, to H.

We will usually denote a quasi-embedded polyhedral space by its underlying polyhedral
space X and, in this case, we will denote the corresponding quasi-embedding, vector space
and hyperplane by tx, Nx and Hy, respectively.

Definition 2.15 A Euclidean polyhedral space is a quasi-embedded polyhedral space X for
which the vector space Ny is equipped with a Euclidean metric.

A polyhedral complex on a Euclidean polyhedral space is a polyhedral complex IT on the
associated quasi-embedded polyhedral space. In this situation, for each polyhedron o € TI
the Euclidean metric on Ny induces a Euclidean metric on the vector space N .

Definition 2.16 A morphism between two quasi-embedded polyhedral spaces f: X — X'is
apair f = (f1, f2) where f1: X — X' is a morphism of polyhedral spaces and f>: Nx —
Ny is an affine map such that the diagram

il

X——X

Ny —> Ny
f2

commutes. A morphism between Euclidean polyhedral spaces is a morphism between their
underlying quasi-embedded polyhedral spaces.

Remark 2.17 The main differences between the notions of quasi-embedded polyhedral com-
plex in Definition 2.14 and that of weakly embedded polyhedral complex in [9, Definition 2.1]
are that for the latter, first the affine maps ¢, are not required to be injective and second, the
vector spaces M and M, are equipped with a lattice and the affine maps ¢, are lattice maps.
Here we shift the focus from lattices to Euclidean metrics because it is more convenient to
do convex analysis.
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3 Minkowski weights and Minkowski cycles

In this section we introduce Minkowski weights on polyhedral complexes and Minkowski
cycles on Euclidean polyhedral spaces. This will allow us to define balanced polyhedral
spaces, the spaces on which we consider the different notions of concavity. We also define
and study the basic operations on Minkowski weights and cycles, including their restriction
to open subsets, pullback to subdivisions, and product with piecewise affine functions.

Throughout this section, we denote by X a Euclidean polyhedral space and U an open
subset of it.

Definition 3.1 Let IT be a polyhedral complex on X. The restriction of IT to U, denoted by
Ty, is the set of polyhedra given by

My ={c el |oNU # @}

For k € Z>(, we denote by IT|y (k) the set of polyhedra of IT|y; of dimension k. The skeleton
of I1|y of dimension k, denoted by Sky (IT|y), is the subset of X given by the union of these
polyhedra.

The restriction of a polyhedral complex to an open subset is not a polyhedral complex,
because it does not contain all the faces of its constituent polyhedra. For instance, if X = [0, 1]
is the unit interval, IT = {[0, 1], {0}, {1}, ¥} is the standard polyhedral complex on [0, 1] and
U = [0, 1/2), then IT|y = {[0, 1], {0}} and the faces ¢ and {1} of [0, 1] do not belong to
My.

Definition 3.2 Let IT be a polyhedral complex on X and let o, T € IT such that t is nonempty
and a facet of o, that is, a face of o of codimension 1. With notation as in Definition 2.14,
the affine subspace tx (H, ) of the Euclidean space Ny contains tx (H;) as a hyperplane. The
unit vector normal to T in the direction of o, denoted by v\, is defined as the unique unit
vector in Ny that is orthogonal to tx (H;), parallel to tx (H,) and points towards o from 7.

The next definition of Minkowski weights is the adaptation to our setting of the classical
notion for lattice fans introduced by Fulton and Sturmfels in [8]. For o, v € II, we write
either T < o or o > 1 to indicate that 7 is a face of 0.

Definition 3.3 Let IT be a polyhedral complex on X and k € Zx¢. A weight on 1|y of
dimension k is a map c: 1|y (k) — R. Its support is the subset of X given by

lc] = U o.

c(0)#0

This weight is positive if c(o) > 0 for all ¢ € IT|y (k). For convenience, any weight ¢ on
IT|y of dimension k is extended to a function c¢: I1|y — R by setting c(o) = 0 for all
o € M|y (£) with £ # k.

A weight ¢ on I1|y of dimension k is a Minkowski weight if for each T € I1|y (k — 1),

Z c(0) vp\r = 0. (3.4)
oell|y (k)
o>T

The set of weights on I1|y of dimension &, denoted Wy (IT|y ), is an Abelian group under
the addition of functions. The subgroup of its Minkowski weights is denoted by My (IT]y),
and the cone of those that are positive is denoted by M Ij (IT)y). For short, when U = X we
denote this Abelian group, subgroup and cone by Wy (IT), M (IT) and M k+ (IT), respectively.
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Definition 3.5 A piecewise affine function on the open subset U of the polyhedral space X
is afunction f: U — R for which there is a polyhedral complex IT on X such that for each
o € Iy the restriction f|,ny is affine or equivalently, it is given by an element of M. In
this situation, we say that f is defined on IT.

For each o € I|y, we denote by f,; a linear function on N satisfying

flonu = fo OtX,O"UﬂUa

Since the image of o in N, spans a full-dimensional polyhedral cone, the restriction of f,
to tx,o (Ny) does not depend on the choice of this linear function.

We denote by PA (U) the Abelian group of piecewise affine functions on U, and by PAr; (U)
the subgroup of those piecewise affine functions that are defined on IT.

Remark 3.6 Piecewise affine functions on polyhedral spaces are continuous, because they
are continuous on the restriction to U of each polyhedron of the polyhedral complex IT, and
these polyhedra form a locally finite closed covering of the polyhedral space X.

We next define the basic operations on weights on polyhedral complexes and study their
interplay.

Definition 3.7 (Restriction to open subsets) Let I1 be a polyhedral complex on X, V an open
subset of U, and ¢ a k-dimensional weight on I1|y. The restriction of ¢ to V, denoted by
c|v, is the k-dimensional weight on IT|y given by the restriction of this weight to the subset
IT | 74 of H|U.

Definition 3.8 (Pullback to subdivisions) Let I1, I be polyhedral complexes on X with
IT" > I and ¢ a k-dimensional weight on I1|y. The pullback of ¢ to IT’, denoted by cry/, is
the k-dimensional weight on IT'|y; defined, for o’ € IT'|y, by

c(o) ifthereis o € I|y with o D ¢’ and dim(c) = dim(c”),
0 else.

er(o’) = {

Definition 3.9 (Product with piecewise affine functions) Let I be a polyhedral complex on
X, f apiecewise affine function on U defined on I, and ¢ a k-dimensional weight on IT|.
The product of f and c, denoted by f - c, is the (k — 1)-dimensional weight on I1|y defined,
for each v € |y (k — 1), by

(f )@ == c0) fos(Vor0). (3.10)

o>T

the sum being over the k-dimensional polyhedra o € I1|y having 7 as a facet.

Choosing any point x € 7, the formula in (3.10) can be alternatively written as

(f-o)@) = (Zc(o)) F) =Y ¢0) foltx.o () + vo\o)- (3.11)

o>T o>T

Proposition 3.12 Let I be a polyhedral complex on X, V an open subset of U, T1' a sub-
division of T1, f a piecewise affine function on U defined on T1, and ¢ a weight on T|y.
Then

(emly = v, (f-lv=flv-cly and (f-c)m=f-cw.
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Proof The first equality, that is, the compatibility between the restriction to an open subset
and the pullback to a subdivision, follows almost immediately from the definitions. Both
(ci)lv and (cly)pr are k-dimensional weights on IT'|y and for each o’ € IT'|y, their
possibly nonzero values are respectively defined by

(1) (cp)|v (o) = c(o) if there is o € |y with 0 D ¢’ and dim(c) = dim(c”),
(2) (cly)m (o) = c(@) if there is & € II|y with & D ¢’ and dim(c) = dim(c”).

Since 6’ NV # @ and 6/ O o, we have that 0 € TI|y. Hence ¢ = & and both weights
coincide, as stated.

The second equality is also direct from the definitions, since the product of a weight with
a piecewise affine function is defined in local terms.

Hence we turn to the third equality, giving the compatibility between the pullback to a
subdivision and the product with a piecewise affine function. Both (f - ¢)rr and f - ¢y are
(k — 1)-dimensional weights on IT'|/, and so it is enough to consider their values on the set
of polyhedra I’ |y (k — 1).

Let v/ € IT'|y (k — 1) and denote by t the minimal polyhedron in IT|y containing t’. On
the one hand, if dim(t) = k — 1 then, with notation as in Definition 3.9,

(fon@)=-0@== > c©) foo0) (3.13)

oell|y (k)
o>T
whereas if dim(t) > k then (f - ¢)pr(z”) = 0. On the other hand,
(fem)@)== > (@) for(vons). (3.14)

o ’GU'IU/(k)
o >T

When dim(z) > k + 1, for each o’ € IT'|y (k) with 6’ > 7’ the minimal polyhedron
o € TU'|y containing it also contains T and so it has dimension at least k + 1. Hence
crr(0”) = 0 and the formula in (3.14) implies that (f - cr7)(z”) = 0, proving the equality in
this case.

When dim(t) = k, there are two polyhedra ¢’, ¢” € IT'|yy (k) contained in T and having
7’ as a facet. We have that

Cn/(O'/) = Cn/(o‘//) and UG’\‘L’/ = _U(T”\T/!

and also that f;- and f;~ coincide with fz ontx o (No) = tx o/ (Ng) = tx - (N¢). Hence, the
contributions of these two polyhedra to the sum in (3.14) cancel. For any other polyhedron
in IT'|y (k) having t’ as a facet, the minimal polyhedron in IT|y containing it has dimension
greater than k and so its value for the weight cyy is zero. Thus again (f - crp)(r”) = 0 in this
case.

Finally suppose that dim(t) = k — 1. To each polyhedron ¢’ € IT'|y (k) contained in
the k-dimensional skeleton Sk (IT|y) and having 7 as a facet, we associate the minimal
polyhedron o € Il|y containing it. This assignment gives a bijection between this set of
k-dimensional polyhedra of TT'|y and that of polyhedra in IT|y (k) having T as a facet, and
we have that

CH’(U/) =c(0) and Us/\v" = Vo\t

and also that f,/ and f,~ coincide on tx s(Ny) = tx o/ (Ns). Hence the sum in (3.14)
coincides with that in (3.13), since the value of the weight ¢/ at the polyhedra in IT' | (k)
that are not contained in Sky (IT|y) is zero. Thus in this case (f - o)/ (t') = f - e (t)),
which concludes the proof. O
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We next prove that the product of several piecewise affine functions with a weight is
commutative. This result is similar to [1, Proposition 3.7a], and its proof is done in a similar
way.

Proposition 3.15 Let I1 be a polyhedral complex on X, f, g piecewise affine functions on U
defined on 11, and c a k-dimensional weight on I1|y. Then

f(g-o)=g-(f-0).

Proof The proof is based on the following observation. Let v; and vy be two linearly inde-
pendent unit vectors in a Euclidean space. Denote by v]l and v2L the unit vectors in the plane
generated by vy and vy, that are respectively orthogonal to v and to v, and that both vy, vf-
and vj-, vy have the same orientation as vy, va. Then for a, b € R, the equations

vf‘:avl—i—bvg and vé‘:avz—i—bvl (3.16)

are equivalent. Indeed, consider the reflection on the plane generated by v; and v, by the
bisector of the angle between these two vectors. This reflection interchanges v; with v, and
vf- with vj- and respects linear relations. Applying it to any of the two equations in (3.16)
gives the other one, proving that they are equivalent.

Now let p € TT|y(k—2).Foreacht € Il|y(k—1) and o € |y (k) with p < T < o, we
denote by 7’ the unique polyhedron different from t that lies in IT|y (k — 1) and verifies that
p < 1’ < 0. The vectors v\, Ver\ps Vo\r @nd vy satisfy the conditions of the vectors vy,
V2, vll and 1)2L in the previous discussion, and so there are real numbers a,. , and b, , such
that

Vo\r = dg,p Ur\p T Do, p V1\p and  Vo\r' = dg,p Ve1\p + Do, p Vr\p- (3.17)

We compute

(f - (g-NP) =) (Z c(o) ga(vg\f)> fr(np)

T>=p NO>T

= Z Z c(0) go (aa,p Ur\p + ba,p Ur’\p) St (Ur\p)

T=pOo>T

=ZC(0)aa,p< Z ff(vr\p)gr(vt\p)>

o>p o>T>p

+ZC(0)bo,p( Z fr(vr\p)gr’(vr’\p)>,

o=p a>T>p

where the indexes t and o go over the sets of polyhedra 1|y (k — 1) and IT|y (k), respectively.
The first equality is the definition of the product, the second follows from the first equation in
(3.17), and the third comes from the linearity of g, combined with the fact that g, |n, = g
and ga|N,/ = 87’

Next, we interchange the roles of 7 and t’ in the inner sum of the second term of the
last expression and revert the previous argument, applying this time the linearity of f,, the
second equation in (3.17) and again the definition of the product to obtain that
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(f-(g-c))(p)ch(o)aa,p( > ff(vz\p)gf(vf\p))

o>p o>=T>p

+ZC(‘7)ba,p< Z fr’(vr’\p)gf(vr\p)>

o>p o>T>p

= Z Z c(0) fo(as,p Ur\p + bop Ur/\p) 8t (Ur\p)

T=pOo>T

= Z <Z c(o) fa(UU\t)> gz (vr\p)

T>=p NO>T
=(g-(f-)(p),

which proves the statement. O

In view of the definition of the product, we give the following interpretation of the condition
for an arbitrary weight to be a Minkowski weight.

Lemma 3.18 Let I1be polyhedral complex on X and c aweight on I1|y. Then c is a Minkowski
weight if and only if for every linear function £: Nx — R,

(Loty)-c=0.

Proof For t € |y (k — 1) we have that

((€otx)-)(D) == Y c(0) Lugr0) = —£( 3 c(@) vore ).
o>T o>T
The statement follows from the fact that, for a vector v € Ny, the condition v = 0 is
equivalent to £(v) = 0 for every linear function £. O

Proposition 3.19 Let I1 be a polyhedral complex on X and ¢ a k-dimensional Minkowski
weight on I|y.

(1) IfV is an open subset of U, then c|y is a k-dimensional Minkowski weight on I1|y.

(2) If T is a subdivision of T, then cry is a k-dimensional Minkowski weight on TU|y.

(3) If f is a piecewise affine function on U defined on I, then f - c is a (k — 1)-dimensional
Minkowski weight on T|y.

Proof The statement in (1) is direct from the definitions.
To prove (2), take a linear form ¢ on Ny and set & = £ o tx for short. Proposition 3.12
and Lemma 3.18 imply that

/’l-CH/:(h-C)H/:O.

Since this holds for every ¢, Lemma 3.18 implies that cyy,, is a k-dimensional Minkowski
weight on IT'|y, proving the statement.
For (3), taking again a linear form £ on Ny and setting i = £oty, we get from Proposition

3.12 and Lemma 3.18 that

lu

he(f-¢c)=f-(h-c)=0.

Since this holds for every £, Lemma 3.18 again implies that f - ¢ is a (k — 1)-dimensional
Minkowski weight on I1|, as stated. O
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Hence the operations of restriction to an open subset, pullback to a subdivision and product
with piecewise affine functions induce the families of homomorphisms that in the notation
of Proposition 3.19, write down, for each k € Z=, as

Mi(Mly) — Mi(IMly), ¢+ cly, (3.20)
M(M|y) — M('y), ¢ — e, (32D
PAR(U) x My(Iy) — My—1(Ily), (f,c)—> f-c. (3.22)

Definition 3.23 For k € Zx, the space of Minkowski cycles on U of dimension k is defined
as the direct limit

Zi(U) = H_;I)le(HIU),

taken over the directed set of polyhedral complexes on X ordered by subdivision, and where
the map corresponding to each pair IT" > IT is the pullback homomorphism in (3.21).

Given a Minkowski weight ¢ € M (I1|y), we denote by [c] € Z;(U) the associated
Minkowski cycle. Conversely, given a Minkowskicycle y € Z;(U) and a polyhedral complex
ITon X, we say that y is defined on I if there is ¢ € My (I1|y) such that y = [c]. The support
of a Minkowski cycle y is the support of any Minkowski weight representing it.

The Minkowski cycle y is positive if it can be represented by a positive Minkowski weight
on I1|y. We denote by Z,':(U ) the cone of positive Minkowski cycles on U of dimension k.

The compatibility between the pull-back of Minkowski weights to subdivisions on the
one hand and the restriction to open subsets and the product with piecewise affine functions
on the other (Proposition 3.12) allows to define the corresponding operations for Minkowski
cycles. Namely, from (3.20) and (3.22) we derive the families of homomorphisms given, for
k € Zz(), by

Zi(U) — Zi(V), vy r—vylv :=[clv],
PAWU) x Zy(U) — Zx1(U), (f,y)r— f-v:=[f-c]

for any polyhedral complex IT on X and ¢ € My (IT|y) with y = [c].
We next introduce the notions of balancing condition and balanced polyhedral space.

Definition 3.24 Suppose that the Euclidean polyhedral space X has pure dimension n. A
balancing condition on U is an n-dimensional Minkowski cycle 8 on U that is represented
by an n-dimensional Minkowski weight b on I1|y for a polyhedral complex IT on X, and such
that b(o) > O for all o € I1|y(n). The pair (U, B) is called a balanced open subset. When
U = X, the pair (X, B) is called a balanced polyhedral space. A polyhedral complex T1 on
a balanced open subset (U, B) is a polyhedral complex such that the balancing condition
is defined on IT.

The Euclidean polyhedral space X is balanceable if it admits a balancing condition on
X. Tt is locally balanceable if there is an open covering X = |J; U; admitting a balancing
condition on each U;.

We will usually denote a balanced open subset by its underlying subset U and, in this
case, we will denote the corresponding balancing condition by By .

Example 3.25 For n € Zx¢, the vector space R" can be given a structure of a balanced poly-
hedral space by considering the polyhedral complex IT consisting of the single polyhedron
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Fig.1 A locally balanceable K
space !

-~ L M

o = R" embedded in the Euclidean vector space R"*! through the map x > (x, 1), and the
Minkowski weight defined by fr: (o) = 1.

Remark 3.26 Asin Example 3.25, in many situations the space N will consist of the Euclidean
space Rt and H of the hyperplane (x,41 = 1). In those situations we will only explicit
the hyperplane H, whereas the space N will be tacitly assumed.

Example 3.27 Let X be a Euclidean polyhedral space, U C X anopen subsetand y € Z,:r )
a positive Minkowski cycle. Then the support |y| has an induced structure of Euclidean
polyhedral space of pure dimension k with a balancing condition on |y| N U, given by the
restriction of the cycle y to its support. In particular, if U = X then |y | is balanced.

Example 3.28 Not every Euclidean polyhedral space is balanceable. For instance, the ray
Rxo with its standard structure of a Euclidean polyhedral space given by the polyhedra
{0} and Rx¢, is not balanceable. Indeed, let IT be a polyhedral complex on R>( and set
v = {0} € TI(0). There is a unique polyhedron ¢ € II(1) with T < o and, for any
¢ € M (IT), the condition (3.4) boils down to

c(0)vg\¢ = 0.

Hence c(0) = 0 and so no balancing condition can be defined on IT.

More generally, any convex polyhedron A C R" of maximal dimension is a Euclidean
polyhedral space with the structure induced from that of R"” in Example 3.25 but, unless
A = R”, it is not balanceable.

Example 3.29 Let X be the Euclidean polyhedral space depicted in Fig. 1, where ABC is
an equilateral triangle, L is the bisector of the angle opposed to A and M is the bisector of
the angle opposed to B. Then X is balanceable if and only if N is the bisector of the angle
opposed to C, while it is locally balanceable if an only if N is contained in the interior of the
angle opposed to C.

We end this section discussing the change of Euclidean structure.

Definition 3.30 Let X’ be another Euclidean polyhedral space that has the same underlying
quasi-embedded polyhedral space of X and a possibly different Euclidean structure. Let
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IT be a polyhedral complex on X and IT’ the corresponding polyhedral complex on X'.
For k € Zxo, the change of Euclidean structure on the open subset U is the morphism
ox'.x: Wie(Tlly) - Wi (IT'|y) given, for ¢ € Wi (I1|y) and o € II|y (k), by

voly/ (o)

px x(c)(0) = (0),

——c
volx (o)

where voly/(0)/ volx (o) denotes the ratio between the Haar measures on the affine space
N, induced by the Euclidean structures of X’ and X.

Remark 3.31 1t follows directly form the definition that for three Euclidean structures X, X’
and X” on the same polyhedral space, the change of Euclidean structure maps induced by a
polyhedral complex on X verify that

Px" X = Px" X' ©Px’' X-

Proposition 3.32 With notation as in Definition 3.30, let c € My(Il|y) and f € PAr(U).
Then

ex x(c) € Mi(I'|y) and @x x(f-c) = f-@x x(c).

Proof We denote with a prime the objects relative to X’. For instance, for t € |y (k — 1)
and o € I|y (k) with T < o, the symbol v;\r denotes the unit normal vector to 7 in the
direction of o for the Euclidean structure of X', while Vs\¢ denotes that for X.

We decompose this vector as

U(/T\T = <U:7\1, Vo\1) Vo\z + Wo\1,

where the scalar product is computed in X and wy\; is a vector parallel to tx  (H;). The
ratio between the Haar measures induced on the affine spaces H; and H,, are related by

voly/ (1) _ voly’ (o)

<U:7\fa Uo\r)

volx(t) voly (o)

To prove that gy’ x (c) is a Minkowski weight we compute, for T € |y (k — 1),

voly/ (o) voly/ (o)
Y @) v = Y e(0) (Vg Vo\e) Vo + Wor)
o>

/ voly (o) = voly (o)
_ voly/(7) .
- m(;c(a) Voye) + we = wy (3.33)

for some vector w; parallel to tx  (H;). Since w. is a linear combination of the vectors v(’j\ .

o > 7, and these vectors are orthogonal to the affine subspace tx ; (H;) with respect to the
Euclidean structure of X', we deduce that w; = 0, proving the first statement.

To prove the second statement, we compute, using the notation in (3.33) and the fact that
wy =0,

voly/ (o)

(f ~oxx (@)@ ==Y Yol @ JACAS!
voly/ (T)
= ey (220 fo o)) = fewo) = gxx(f - @

o>T
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Thanks to this result, we can consider the change of Euclidean structure map from Defi-
nition 3.30 at the level of Minkowski weights and Minkowski cycles:

ox x: Mi(My) > M (M'|y) and  ¢x x: Zi(U) — Zp(U). (3.34)

They also satisfy the composition property of Remark 3.31.

4 Concave piecewise affine functions on polyhedral spaces

In this section we introduce and discuss the different notions of concavity for a piecewise
affine function on an open subset of a polyhedral space. We denote by X a quasi-embedded
polyhedral space and U an open subset of it.

First we recall the definition of a concave function defined on a vector space and possibly
taking infinite values.

Definition 4.1 A function f: R" — R U {£o0} is concave if its hypograph

hypo(f) = {(x,2) e R" xR | z < f(x)}

is a convex subset of R” x R.

For a function f: R" — R U {—o00}, being concave in the sense of Definition 4.1 is
equivalent to the usual condition that, for all x, x’ € R" and v, v» € R>g withv; + vy =1,

fix+vx) = f(x)+v f(&X).

However, this definition cannot be directly extended to functions on the open subset U, as
we do not dispose of a notion of convexity for subsets of a polyhedral space. Instead, we
can use the quasi-embedding to pullback the notion of concavity for functions on the vector
space Ny.

Definition 4.2 Let f be a piecewise affine function on U. Then f is strongly concave if there
is a concave function f': Hx — R U {#o0} as in Definition 4.1, such that

f={"owlu.

The piecewise affine function f is locally strongly concave if there is an open covering
U = |J; U; such that f|y, is strongly concave for every i.

Similar definitions have been proposed in the context of tropical geometry, as in [11,
Section 1.5]. However, neither of them is completely satisfactory. On the one hand, the
notion of being strongly concave is not local as shown by the next example but, as we will
see in Proposition 5.11, can be extended to a notion that is stable under the operation of
taking the infimum. On the other hand, the notion of being locally strongly concave is local,
but as also shown in the next example, cannot be extended to a notion that is stable under the
operation of taking the infimum.

Example 4.3 Let X be the 1-dimensional polyhedral space shown in Fig. 2 and consisting

of the four polyhedra o; = R>¢ x {i},i =1, ..., 4, glued together by the points (0, i). Set
H =R%andlet:: X — H bethe quasi-embedding defined, forx € R>pandi € {1, 2, 3, 4},
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Fig.2 A polyhedral complex 04 01 03

Iy e U1 T3

02

by

0, x) ifi =1,
(x.1) 0, —x) ifi =2,
t(x,i) =

(x,x) ifi =3,

(—x,x) ifi =4.
For each integer n > 2 consider the piecewise affine function f,: X — R given by
1
min (0, — —x) ifi =1,
n

0 otherwise.

fl’l(x7 l) =

It is not strongly concave because for the points x; = ¢(1, 1), x3 = ¢(1, 3) and x4 = (1, 4)
shown in Fig. 2 we have that ¢(x]) = %x3 + %x4 and

Sa(1, 1) = ! -1<0= lfn(1,3)+ lfn(1,4)~
n 2 2

Hence f,, is not the pullback to X of a concave function on H. On the other hand, this
piecewise affine function is locally strongly concave, as it can be seen by considering the
covering X = U, UV, with

Un:{(x,i)|i¢1orx<3in] and Vn:{(x,i)|i:1andx>3in}.

This shows that the notions of being strongly concave and of being locally strongly concave
do not agree, and the notion of being strongly concave is not local.
Moreover, consider the piecewise affine function f: X — R defined by
—x ifi=1
x,i) = ’ 4.4

f. ) {0 otherwise. 44
It is the infimum of the family { f,,},>2, but it is not locally strongly concave. Indeed, for any
e > 0 we have that ((e, 1) = § (e, 3) + 3 1(¢, 4) and

1 1
f,1)=—<0= 5f(£,3)+ 5f(8,4),

and so the restriction of f to any open neighborhood of the point (0, 1) is not the pullback
of a concave function on H. Thus the notion of being locally strongly concave is not closed
under the operation of taking the infimum.
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In Definition 4.2, the concave function f’ on Hx might in principle take the values 00,
even though the piecewise affine function f on U takes only values in R. The next example
shows that including these infinite values does make a difference in the notion of strong
concavity, with respect to a definition where these values for f” are not allowed.

Example 4.5 Let X be the 1-dimensional polyhedral space consisting of the union of the
two real lines R x {0} and R x {1} of H = R2. Consider the piecewise affine function
f: X — RU {z£oo} defined, for x € R, by f(x,0) = x and f(x,1) = —x, and let
f: R* — R be the function defined, for (x, y) € R?, by

400 ifO0<y<l,
, . if y =0,
A )

—oo ify<Oory>1.

It is concave according to Definition 4.1 and since f = f’ o (, we deduce that f is strongly
concave in the sense of Definition 4.2. Moreover, any concave function f”: R? — RU{zo00}
with f = f” o should satisfy that

LIy 1 1 B
£(0.3) 2 3 F&0+ 5 fex ) =x

for all x € R. Hence, such a concave function necessarily takes the value +o0 at the point
0.3).
)

In view of the issues concerning these notions of concavity, we propose two other ones
based on the idea of preserving the positivity of Minkowski cycles. For the rest of this section,
we assume that X is a Euclidean polyhedral space and that U is an open subset of it.

Definition 4.6 Let f be a piecewise affine function on U.

(1) The piecewise affine function f is concave if for every positive Minkowski cycle y on
an open subset V of U, the product f - y is also a positive Minkowski cycle on V.

(2) When U is balanced with balancing condition S/, then f is weakly concave if the product
f - Bu is a positive Minkowski cycle on U.

The sets of strongly concave, of concave, and of weakly concave piecewise affine functions
on U are respectively denoted by

SCPA(U), CPA(U), WCPA(U).

These are cones in PA(U). Similarly, for a polyhedral complex IT on X, the cones of strongly
concave, of concave, and of weakly concave piecewise affine functions on U that are defined
on IT are respectively denoted by

SCPA[(U), CPAn(U), WCPA[(U).

When we want to stress the dependency of the class of weakly concave piecewise affine
functions on the balancing condition, we denote its corresponding spaces by WCPA (U, Bi)
and WCPAR (U, Bu).

Clearly, the notion of strongly concave piecewise affine function does not depend on the
choice of the Euclidean structure of X. The next result shows the dependency of the other
notions of concavity with respect to changes on the Euclidean structure.
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Proposition 4.7 Let X' be a Euclidean polyhedral space with the same quasi-embedded poly-
hedral space of X, let U’ be the open subset of X' corresponding to U and px' x : Zx(U) —
Zi(U"), k € Zso, the change of Euclidean structure maps as in (3.34). Then

CPA(U) =CPA(U') and WCPA(U, By) = WCPA(U', px' x(Bu))-
Proof This is a direct consequence of Proposition 3.32. O

We have seen in Example 4.3 that, for a piecewise affine function on an open subset of a
polyhedral space, the notion of being strongly concave is not local. By contrast, the notions
of being concave and of being weakly concave are local.

Proposition 4.8 Ler f be a piecewise affine functionon U, and U = | J; U; an open covering.
(1) f is concave if and only if f|y, is concave for all i.

(2) When U is balanced, f is weakly concave if and only if f|u, is weakly concave for all i.

Proof This follows directly from the definitions and the compatibility between the restric-
tion to open subsets and the product of piecewise affine functions with Minkowski weights
(Proposition 3.12). o

The next result motivates our terminology for the different notions of concavity.

Proposition 4.9 Let f be a piecewise affine function on U.
(1) If f is locally strongly concave, then f is concave.
(2) If U is balanced and f is concave, then f is weakly concave.

Proof To prove (1), let IT be a polyhedral complex on X where f is defined, V C U an open
subset, k € Z>0, and ¢ € M,:r(l'[lv). Lett € TI|y(k — 1) and set

S = Z c(o). (4.10)

o]y (k)
o>1

If S = 0 then c(0) = 0 for all 0 € I|y (k) with o > t because c is positive. Therefore
(f - o)(r) = 0 in this case.

Else S > 0, and pick then x € relint(z) N V. Since f is locally strongly concave, we can
choose an open neighborhood V' in V of the point x, a convex subset C of Ny and a concave
function f’: C — R such that

flv = foux.

Choose also € > 0 so that tx (x) + € vy\r € tx(oc NV’) forall ¢ € M|y (k) witho > 7. By

(4.10) we have that ) ___ "(g ) = 1 and, since c is a Minkowski weight, we also have that
Y sz €(0) ve\r = 0. Therefore, the concavity of f” implies that

P = 39D e + e v @1

ag>T

From the formula in (3.11) and the fact that f is affine on each polyhedron o € I1|y we get
that

S
(f o)) == (f/(lx(x)) -y L;’)f/(tx()o +e va\f)>,

o>T

and so (4.11) implies that (f - ¢)(t) > 0. Hence f - ¢ is positive, and thus f is concave.
The statement in (2) is immediate from the definitions, because the balancing condition
Bu is a positive Minkowski cycle. O
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The next result shows that, for a given piecewise affine function, the condition of being
concave can be checked in any polyhedral complex where it is defined.

Proposition 4.12 Let f be a piecewise affine function on U defined on a polyhedral complex
[1. The following conditions are equivalent:

(1) f is concave,
(2) for every open subset V.C U, every k € Z>( and every ¢ € M,j'(l'[|v), we have that
freeM @)

Proof Suppose that f is concave and let ¢ € M,;L(I'IIV). Since [f - c] = f - [c] is a positive
Minkowski cycle, we deduce that f - ¢ is a positive Minkowski weight, and so f satisfies the
condition (2).

To prove the converse, suppose that f satisfies the condition (2) and choose an open subset
VCcU,k€Zspandy € Z,j(V). Let IT’ be a subdivision of IT and ¢’ € M,:r(l'l/lv) a
positive Minkowski weight representing y .

Let t € IT'|y (k — 1) and set i for the minimal polyhedron of IT|y containing t. For each
o € 'y (k) with o > 1, let (o) be the minimal polyhedron of IT|y containing . We
decompose the unit normal vector to t in the direction of o as

Vo\tr = Vo,pu + Vo, it (4.13)

with v, , parallel to the affine subspace ¢x (H),) and v,, i orthogonal to it. Then

0= Z (o) vo\r = Z c'(0) vou + Z (@) vy L

o>T o>T o>T

Since this decomposition is orthogonal, we deduce that

Y @) V=) (@), =0. (4.14)

o>T og>T

Put/ = dim(u), and for each o as above write

Vgl = D oy vn (4.15)
n<v=<i(o)

with a5, € R>( and where the sum goes over the polyhedra v € IT|y (! + 1) with u < v <
A(0). Such a decomposition does exist because ;4 < A(c), and the cone of vectors that are
orthogonal to u and point towards A(o’) contains v, ,1 and is generated by the vectors vy,
forveIl|ly( + 1) with u < v < A(0).

Let W be an open subset of V such that IT'|y consists only of the polyhedra having t
as a face. We then define a positive Minkowski weight ¢ € MffH (IT|w) by setting, for each
vellwd+1),

c(v) = E g ' (0), (4.16)
o>T
Ao)=v

the sum being over the polyhedra o € I1'|y (k) with o > T and A(o) > v. Since [Ty (1) =
{u}, to see that the formula in (4.16) defines a positive Minkowski weight we only need to
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check the balancing condition at this polyhedron:

dDemvnu =Y Y aeuc (@ vpu

V> v>=p 0>T

Mo)=v
= ZC’@( 2 o \) =) @) v =0,
o>T n<v=<i(o) o>T

where the sums are taken over the polyhedra v € T|w (I + 1) and o € IT'|y (k) subject to
the conditions stated therein. Moreover, the product (f - ¢)(t) coincides with (f - ¢)(u):

(f @) ==Y 0 folvor)

= = 3 ©) fuio) o + Vot
== Z (o) Julvou) — Z Z ¢'@) o fito) (Or\0)
o>T o>T  pu<v<i(o)
= —fM(O) - ZC(V) fv(vv\u)
u=<v
=(f o),

where the indexes v and o denote polyhedra in IT|y (I 4+ 1) and in IT'|w (k), respectively: the
first equality is the definition of the product, the second follows from the decomposition in
(4.13) and the fact that f, and fj () coincide on tx (Ny), the third from the decomposition
in (4.15) and the fact that f} ) and f, coincide on tx (N,), the fourth from the first equation
in (4.14), the definition of the Minkowski weight ¢ and the fact that f ) and f, coincide on
tx (Ny), and the fifth from the definition of the product.

Since ¢ is positive, by hypothesis (f - ¢)(u) > 0. Hence (f - ¢’)(r) > 0 and since
7 € IT'|y (k — 1) is arbitrary, we deduce that f - ¢’ is positive and so

fry=f-11=1f-¢]
is also positive. Varying V, k and y, we conclude that f is concave. O

The next three examples show that the proposed classes of concave piecewise affine
functions are different.

Example 4.17 Let X be the 1-dimensional polyhedral space made of the three polyhedra

oi =Rxo x {i},i =1, 2, 3, glued together by the points (0, i). Let H = R with its standard

Euclidean structure and let .1 X — H be the quasi-embedding defined, for (x, i) € X, by
—x ifi =1,

(x,i) =
D=1 iz

Consider the polyhedral complex IT on X made of the three rays o; and the origin r = (0, 1)
and, for y; € R.q, i = 2, 3, consider the balancing condition b € M;(I1) given by
b)) =v2+ys, bloa) =y, and b(o3) = 3.
A piecewise affine function f: X — R defined on IT is of the form f(x,i) = a; x with

a; € R. Then
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(1) f is strongly concave if and only if —a; > a2 = a3,
(2) f isconcave if and only if —a; > a and —a; > a3,
(3) f is weakly concave if and only if —(y» + y3) a1 = y2 a2 + y3 as.

Hence these classes of concave piecewise affine functions are different, and the notion of
being weakly concave depends on the choice of the balancing condition.

The quasi-embedding in the previous example is not globally injective. In the next exam-
ples we will see that even when the quasi-embedding is a injective, the three notions of
concavity can differ.

Example 4.18 Let X be the 1-dimensional balanced polyhedral space in Example 4.3. Let I1
the polyhedral complex on X made of the four rays o; = R>o x {i},i =1, ..., 4, and their
origin T = (0, 1), and U an open neighborhood of this point.

The cone of positive Minkowski weights on I1|y of dimension 1 is generated by the
weights ¢1 and ¢ given by

ci(o)) =1, ci(o2) =1, c1(03) =0, ci(o4) =0,
c2(01) =0, 2(02) =2, ci(03) =1, ci(og) = 1.

The piecewise affine function f: X — R given by the formula (4.4) is defined on IT and we
have that

(f-e(@ =1 and (f-c2)(7)=0.

By Proposition 4.12 it is concave although, as it was explained in Example 4.3, it is not
strongly concave.

In the next example we construct a weakly concave piecewise affine function that mul-
tiplied twice with the balancing condition gives a negative weight. In particular, such a
piecewise affine function is not concave.

Example 4.19 Lete;, i = 1,...,5, be five linearly independent vectors in a vector space
M and consider the polyhedral space X in M made of the nine 2-dimensional cones oj,
i =1,...,9, respectively generated by the pairs {e1, e3}, {e1, ea}, {e1, e5}, {e2, e3}, {e2, e},
{ea, es), {e3, e}, {e3, e5) and {ea, e5). Let t: X — H = R be the quasi-embedding given
by

t(e1) = (0,0, 1), t(e2) =(0,0,-1),

t(e3) =(1,0,0), u(es) =(0,1,0), t(es) =(=1,-1,0).

Let IT be the polyhedral complex on X made of the origin of M, the five rays t; = R> ¢;,
i=1,...,5 and the ninecones o;,i = 1,...,9.Letb € M;(II) be the balancing condition
on IT given by

V2 ifi =3,6,

b(oi) =
(1) 1 otherwise.

Hence X is balanced and its quasi-embedding is globally injective.
Let f: X — R be the piecewise affine function defined on IT given by the values

fle =1, f(e2) =0, fles)=—1, flea) =0, f[fles)=0.
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We have that

(f-D)(x) =1, (f-b) () =1, (f-b)(w3) =0, (f-D)(r4) =0, (f-b)(z5) =0.

Hence the 1-dimensional Minkowski weight f - b is positive, and so f is weakly concave.
On the other hand (f - (f - ))({0}) = —1, and therefore f is not concave.

We next show that weakly concave piecewise affine functions preserve the positivity of the
Minkowski weights given by products of concave piecewise affine functions with the balanc-
ing condition. By contrast, the product of several weakly concave piecewise affine functions
with the balancing condition is not necessarily positive, as already shown in Example 4.19.

Definition 4.20 Suppose that the open subset U C X is balanced with balancing condition
Bu. Then a Minkowski cycle y on U of dimension & is Sy-positive if there are positive real
numbers «;, j = 1,...,s and concave piecewise affine functions fi ;, ..., fu—,j on U,
j=1,...,s,such that

N
y = Z(Xj Jrj famk,j - Bu-
j=

A Minkowski weight on U is By -positive if it represents a By -positive Minkowski cycle.

Proposition 4.21 Suppose that U C X is balanced, and let f be a weakly concave piecewise
affine function and y a By-positive Minkowski cycle on U. Then f -y is a By-positive
Minkowski cycle on U.

Proof 1Tt is enough prove the statement for Minkowski cycles of the form

vy =/, fak-Bu € Zx(U)

with0 < k <nand f; € CPA(U),i = 1,...,n — k. By Proposition 3.15, we have that
fy = fi- fa—k - f - Bu and the definitions of concave and weakly concave piecewise
affine functions imply that this product is positive, as stated. O

Proposition 4.22 For a piecewise affine function on a convex open subset U of R with the
structure of balanced polyhedral complex of Example 3.25, each of the conditions of being
weakly concave, concave, locally strongly concave and strongly concave is equivalent to
being concave in the usual sense.

Proof Let f be a piecewise affine function on U. If f is concave in the usual sense, then it
is also locally strongly concave and, by Proposition 4.9, it also satisfies the other notions of
concavity.

For the converse, it is enough to show that the notion of being weakly concave implies that
of being concave in the usual sense. Let IT be a polyhedral complex on R” with the induced
balancing condition b € M,j' (IT|y), and let f € WCPAR(U).

For each t € IT|y (n — 1) denote by o, ¢’ € IT|y (n) the two polyhedra containing T as a
facet. Since f is weakly concave,

(f - D)(1) = = fo (Vo) — for(Vo\¢) = 0. (4.23)

The linear functions f,; and f,, coincide on ty ; (N7) and vy\; = —vg/\¢, and so the inequal-
ity in (4.23) implies that the restriction of f to any convex subset of the union o Uo” is concave
in the usual sense.
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Now let x, x’ € U be two different points such that the segment xx’ does not intersect the
(n — 2)-dimensional skeleton of IT|y;. Then every point y € xx’ has a convex neighborhood
that is contained in a subset of the form o U ¢’ as above, and the restriction of f to such a
neighborhood is concave in the usual sense. Since this condition is local, we deduce that f
is concave on the segment xx’.

Hence, f is concave on each segment xx’ for the pairs (x, x’) in a dense open subset of
U x U. Since f is continuous (Remark 3.6), this property extends to every segment in U
and so f is concave therein, as stated. ]

Corollary 4.24 Let X be a Euclidean polyhedral space of pure dimension, U a balanced open
subset of X, and [ a weakly concave piecewise affine function on U. Let 1 be a polyhedral
complex on X and o € Tl a polyhedron contained in U. Then the restriction f|s is concave
in the usual sense.

Proof We can assume without loss of generality that o is of maximal dimension. The bal-
ancing condition on U induces a balancing condition on the interior of o that is a positive
multiple of the standard balancing condition of a polyhedron of R". By Proposition 4.22 the
restriction of f to the interior of o is concave in the usual sense. Since f is continuous, it is
also concave on the whole of . O

Definition 4.25 Let IT be a polyhedral complex on the Euclidean polyhedral space X. A
piecewise affine function f on the open subset U is strictly concave on I|y if it is defined
on IT and for every integer k, every T € Il|y (k), every open subset V. C U with VNt #
and every ¢ € M,j (ITly) with ¢(o) > 0 for some o € Iy (k + 1) with o > 7, we have

that

+

(f-o(r) > 0. (4.26)

The polyhedral complex IT is regular on U if there is a piecewise affine function f on U
that is strictly concave on I1|y.

Remark 4.27 The notion of strictly concave introduced in definition 4.25 is a direct gener-
alization of the notion of strictly convex function on a fan used in toric geometry, see for
instance [7, page 68]. But take into account that what is called convex in loc. cit., is called
concave in the context of convex analysis.

For aconvex polyhedron A in a Euclidean vector space, a concave piecewise affine function
f on it induces a polyhedral complex on A, denoted by

I1(f), (4.28)

given by its affinity loci or equivalently, by the projection in the convex polyhedron of the
faces of the upper envelope of the hypograph of f . In more explicit terms, a subset 0 C A
is an element of I1(f) if and only if there is an affine function £: A — R such that

f(x) =4Lx)forx €eoc and f(x) < {€(x)forx € A\ o. (4.29)

Indeed, this is the minimal polyhedral complex on A where f is defined.

Classically, a polyhedral complex on a convex polyhedron is called regular if it is of
the form IT(f) for a concave piecewise affine function on it, see for instance [6, Definition
2.2.10]. The nextresult shows that Definition 4.25 is a generalization of this notion to arbitrary
Euclidean polyhedral complexes.
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Proposition 4.30 Let A be a full dimensional polyhedron of R" with the induced structure
of Euclidean polyhedral space and set U = relint(A). Let T1 be a polyhedral complex on A
and f € PA1(A). Then f is strictly concave on Il|y if and only if it is concave in the usual
sense and 1 = T1(f).

In particular, T1 is regular on U in the sense of Definition 4.25 if and only if there is a
concave piecewise affine function f on A such that T1 = TI(f).

Proof First assume that f is strictly concave on I|y, and let b € M,,(IT|y) be the balancing
condition on IT|y induced from the standard one of R”, given in Example 3.25. Since b(o) >
0 for all o € II|y(n), the condition (4.26) implies that f is weakly concave on U. By
Proposition 4.22, it is concave on U in the usual sense and by continuity, it is also concave on
the whole of A. Since f is defined on I1, we have that I[T(f) < I1. Moreover, the condition
that (f - b)(r) > O for all T € II|y(n — 1) implies that I[1(f) = II, proving the first
implication.

Conversely, suppose that f is concave on A and IT = TII(f). For each integer 0 <
k < n and each t € I|y (k) choose an affine function ¢ as in (4.29). Choose then a point
x € relint(z) and ¢ > O such that, for all 0 € TI(f)(k + 1) with ¢ > t the condition
X + € Vs\r € o holds. Then for ¢ € M,:Zrl(l'[lv) with ¢(o) > 0 for some o € |y (k + 1)
with o > 7, we have that

1 1
(f @ =2 e@)(f() = fxtet010) > D e(@)Ux) = £ + £ t0\0)) =0,

o>T o>T
thanks to the formula in (3.11), the inequality in (4.29), and the fact that £ is affine. This
shows that f is strictly concave on IT and completes the proof. O

Remark 4.31 The proof of Proposition 4.30 shows that in order to check that a piecewise
affine function f defined on a polyhedral complex IT on an n-dimensional polyhedron A is
strictly concave, it suffices to show that (f - b)(t) > 0 for every t € Il(n — 1). This is not
the case when A is replaced by an arbitrary polyhedral space.

Let IT be a polyhedral complex on X, and f a piecewise affine function on this Euclidean
polyhedral space whose restriction to each polyhedron of IT is concave. Then we consider
the set of polyhedra in X defined as

S, ) = {J 0(flo) (4.32)

oell

where for each o € II we denote by I1(f|s) the polyhedral complex on ¢ given by the
affinity loci of the restriction of f to this polyhedron as in (4.28).

Proposition 4.33 The set S(I1, f) is the minimal subdivision of T1 where the piecewise affine
function f is defined.

Proof For each t, o € I with T < o, the restriction to t of the polyhedral complex IT(f|,)
agrees with [1( f|, ). This implies that S(IT, f) is a polyhedral complex on X, and Proposition
4.30 implies that it is the minimal subdivision of IT where f is defined. o

We next show that any polyhedral complex satisfying a finiteness condition admits a
regular subdivision.

Theorem 4.34 Let T1 be a polyhedral complex on X such that 1|y is finite. Then there is
a strongly concave piecewise affine function f on X such that S(I1, )|y is finite and f is
strictly concave on S(I1, f)|y. In particular, S(I1, ) is a subdivision of Tl that is regular
onU.
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Proof For each o € Il|y choose linear functions £, ; on Ny, j =1, ..., m,, defining the
polyhedron ¢x (o) as the subset of points x € Hx such that £, ;j(x) > 0 for all j. Consider
the concave piecewise affine function f(; : Hxy — R defined, for x € Hy, as

fL(x) =min(0, £y, 1(X), ..., Lom, (X)). (4.35)

Set

f'= > f and f=fouw.

oellly

Since M|y is finite, f” is well-defined, concave and piecewise linear. Since f is the pull-back
to X of the concave function f’ on Hy, it is a strongly concave piecewise affine function on
X. By Proposition 4.33, we can then consider the associated subdivision S(I1, f) of 1. By
construction, the restriction of S(IT, f) to the open subset U is also finite.

We need to show that f is strictly concave on S(I, f).Solett € S(I1, f)|y (k — 1) with
k> 1.Letc € M,:r(S(I'[, Plu) with ¢(o) > 0 for some o € S(I1, )|y (k) witho > t.
Let p be the minimal polyhedron of I1|y containing 7.

If dim(p) > dim(t) then necessarily t N relint(p) 7# @ since otherwise T would be
contained in a face of p, contradicting the minimality of p. In this case Proposition 4.30
implies that (f - ¢)(r) > 0. Else when dim(p) = dim(t), we number as oy, ..., o, the
polyhedrain S(I1, f)|v (k) with T < o; and c(o;) > 0. We have that r > 0 by the hypothesis
on c¢. Choose a point x in the relative interior of  and ¢ > O such that, fori =1, ...,r,

Xj :=X + & VUg;\¢ € relint(o;). (4.36)

Write «; = c(ai)/Z;-ZI c(o;). Since ¢ is a Minkowski weight, we have that (x(x) =
>« tx (x;). Moreover,

c(0))
(f o)) = L;cln) (f’(tx(X)) > w f’(tx(xi))> .
&

i=1

Since T C p, dim(t) = dim(p) and x; € relint(o;) where dim(o;) > dim(t) and 0; > T,
we deduce that x; ¢ p. Let f[’) be the function defined as (4.35) for p. Then f/; (tx(x)) =0
and, for each i, we also have that f/; (tx(x;)) < Obecause x; ¢ p. This implies that

£0)) = e f5((xi)) > 0.
i=1

Since f” is obtained from f /; by adding to it a concave piecewise affine function, we deduce
that

L)) =Y e f/(x)) > 0.

i=1

Hence f is strictly concave on S(I1, f)|y and S(IT, f) is a subdivision of IT that is regular
on U, as stated. O

Theorem 4.37 Let 11 be a polyhedral complex on X such that Tl|y is finite. Then there is
a subdivision T1' of T1 such that for every piecewise affine function g € PAry/ (U) there are
concave piecewise affine functions f1, fo» € CPA (U) with

g=fi— fa
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Proof By Theorem 4.34, there is a subdivision I1" of T and a strictly concave function f on
IT'|y. The set PA/ (U) is a finite dimensional vector space, and CPA (U) is a cone inside
it. For each k € Z>p and t € I1(k — 1) choose an open subset V. C U such that 7 is the
only polyhedron of TT(k — 1) intersecting V. Each Minkowski weight ¢ € M (T1|y) gives a
functional ¢4 v .: PAp/(U) — R defined, for g € PA/(U), by

Ll v.e(8) = (8- O)(2). (4.38)

Since f is strictly concave on IT|y, we have that ; ;v (f) > 0 for all k, 7, V and c as
above. Hence f lies in the interior of the cone CPA/(U), and so the interior of this cone is
nonempty. Thus

PAp (U) = CPA/(U) — CPA(U),
which gives the result. o

Remark 4.39 The class of concave piecewise affine functions satisfies two fundamental prop-
erties, as it follows from its definition and Theorem 4.37:

(1) they preserve the positivity of Minkowski weights,
(2) piecewise affine functions can be written as a difference of concave piecewise affine
functions.

By contrast, strongly concave piecewise affine functions do not satisfy the condition (2) and
weakly concave functions do not satisfy the condition (1), as it can be verified in the situation
of Example 4.17

5 Concave functions on polyhedral spaces

In this section we given different notions of concavity for functions on polyhedral spaces,
extending the previous notions for piecewise affine functions. We denote by X a quasi-
embedded polyhedral space with quasi-embedding ¢: X — N, and U an open subset of
it.

First we first introduce notions of convex combinations of points.

Definition 5.1 A convex combination in U is a triple

(x, (xpier, V)ier)

with x € U, and where (x;);cs and (v;);¢s respectively denote finite collections of points of
U and of nonnegative real numbers satisfying

Zv,- =1 and Zvi t(x;) = t(x).
iel iel

A convex combination in U is polyhedral if there is a polyhedral complex IT on X and
polyhedra t € I1 withx € T and 0; € I1,i € I, such that o; > 7,0; C U and x; € o;.

If X is Euclidean and of pure dimension, and U is balanced, a convex combination in U is
balanced if it is polyhedral and, with notation as above and setting k = dim(7) + 1, satisfies
the following conditions:

(1) the polyhedra o;, i € I, are the different polyhedra in I1(k) having t as a face,
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03 02

O tp=1(z) =1(x1)

X H
01

Fig.3 A convex combination that is not polyhedral

g3 g2
x
. , p = u(x2)
x — 0¢e(x)
1 —p = t(z1)
X H
01

Fig.4 A convex combination that is polyhedral but not balanced

(2) there is a By-positive Minkowski weight ¢ € My (I1|y) (Definition 4.20) such that
v;id(xj, 1) = c(o7), 1 € I, where d(x;, ) denotes the distance between the point ¢(x;)
and the affine subspace ¢, (H;) of N.

We next give examples illustrating the distinction between the different notions of convex
combination.

Example 5.2 'We place ourselves in the setting of Example 4.17. For p € R. set
x=(p,2), xi=(p,3) and v =1

Then (x, (x1), (v1)) is a convex combination since t(x) = ¢(x;) = p and so we have
that Z,lz 1 Vi t(x;) = t(x). However, this convex combination is not polyhedral: there is no
polyhedral complex on X such that x; lies in a polyhedron with a face containing the point
X.

Set also
1
x:(O,l), xlz(pal)a XZZ(P,z) and Vl'ziv i:1s2-

This is a polyhedral convex combination for the polyhedral complex IT in Example 4.17: we
have that x € t and x; € 0;,i = 1,2, and so 21‘2:1 v;i t(x;) = 0 = «(x). This polyhedral
convex combination is not balanced: setting vz = 0, the vectors

i d(xi, x))i=1,23 = (g g 0) and (b(0})i=123=@2, 1,1

are not proportional.
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03 g9

I3 T2

X T H +—2p=(z)
01

Fig.5 A balanced convex combination

Finally, the points and positive real numbers
1
x=(0,1), x1=Q2p,1), x20=(p,2), x3=(p,3) and v; = 3 i=1,2,3,
do form a balanced convex combination in X.

The basic example of balanced convex combination arises when the Sy -positive
Minkowski cycle in Definition 5.1 is the balancing condition itself.

Example 5.3 Suppose that X is Euclidean, of pure dimension n and balanced, and let IT be a
polyhedral complex on X with balancing condition . Fort € [T1(n — 1) leto;,i = 1,...,r,
be the different polyhedra in I1(n) having t as a facet and set
G NP
i Z;~:l b (O'[) s 5 5
Letx € relint(z) and (x, (yi)1<i<r. (Vi)1<i<r) @ convex combination contained in relint(7).
Let & > 0 so that the point

Xi == yl + & v(T,'\T
lies in o; for all i. Then (x, (x;)1<i<r, (Vi)1<i<r) is a balanced convex combination.

Remark 5.4 The construction in Example 5.3 provides balanced convex combinations cen-
tered at any point in the relative interior of a polyhedron of dimension n — 1. Considering
arbitrary Sy -positive Minkowski weights as in Definition 5.1 allows to produce balanced
convex combinations centered at any point of U.

Definition 5.5 Let f: U — R be a function. Then f is strongly concave if for every convex
combination in U, the inequality

f@) =Y i fxn) (5.6)
iel
holds. It is locally strongly concave if there is an open covering U = | J; U; such that f|y,
is strongly concave for every i.
The function f is concave if the inequality (5.6) is satisfied for all polyhedral convex
combinations in U.
If X is a Euclidean polyhedral space of pure dimension and U is balanced, then f is
weakly concave when this inequality is satisfied for all balanced convex combinations in U.
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The next result shows that Definition 5.5 generalizes the notions of concavity for piecewise
affine functions from Definitions 4.2 and 4.6.

Proposition 5.7 Let f be a piecewise affine function on U. Then f is strongly concave in
the sense of Definition 4.2 (respectively concave, weakly concave in the sense of Definition
4.6) if and only if it is strongly concave (respectively concave, weakly concave) in the sense
of Definition 5.5.

Proof We prove separately each implication.
Strong concavity in the sense of Definition 4.2 implies strong concavity in the sense of
Definition 5.5:

Let f be strongly concave in the sense of Definition 4.2. Then there is a function

f't N — RU {Zo0}

that is concave in the sense of Definition 4.1 and such that f = f’ o (|y. Since f takes
only finite values, then f” also takes only finite values on ¢(U). Given a convex combination
(x, (x)ier, (vi)ier) in U, the concavity of f’ and this finiteness condition imply that

F = o0 = /(X)) = Yo e =Y v e,
iel iel iel
and so f is strongly concave in the sense of Definition 5.5.
Strong concavity in the sense of Definition 5.5 implies strong concavity in the sense of
Definition 4.2:
Let now f be strongly concave in the sense of Definition 5.5. Let g: «(U) — R be the
function defined, for y € ¢«(U), by

gy) = fx)

forany x € U withi(x) = y.Itis well-defined, because for x|, xo € U suchthati(x1) = t(x2)
we have that (xy, (x2), (1)) is a convex combination in U and so f(x1) > f(x7). Similarly
f(x2) = f(x1),and so f(x1) = f(x2).

Consider the function f': H — R U {+o00} defined, for y € H, by

Sy =sup Y vi g(y). (5.8)
iel

the supremum being over the collections of points (y;);cs in ¢(U) and of nonnegative real
numbers (v;);e; With Zie[ v; = 1 and Ziel v; yi = y. In particular, if y does not belong to
the convex hull of 1x (U) then f/(y) = —o0.

By construction, the hypograph of f’ coincides with the convex hull of the subset {(y, z) |
y € 1(U),z < g(y)} of H x R. In particular, this hypograph is a convex set and so f’ is
concave in the the sense of Definition 4.1.

We claim that f = f’ o t|y. To prove this, let x € U and set y = ¢(x). On the one
hand, let (y;)ic; and (v;)ies as in (5.8) and write y; = ¢(x;) with x; € U, i € I. Then
(x, (xi)ier, (vi)ier) is a convex combination in U and so

FO =Y v f) = vigh).
iel iel
which implies that f'(y) < f(x). On the other hand, choosing the collections (y) and (1) in
the definition of f” in (5.8), we deduce that

= fx)
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and so f'(y) = f(x). Hence f = f’ oty and so f is strongly concave in the sense of
Definition 4.2.
Concavity in the sense of Definition 4.6 implies concavity in the sense of Definition 5.5:
Now suppose that f is concave in the sense of Definition 4.6 and consider a polyhedral
convex combination (x, (x;)ies, (Vier)) in U. By definition, there is a polyhedral complex
IT on X and polyhedra t € I1 withx € T ando; € I1,i € I, such thato; > 7,0; C U and
Xi € 0j.
Choose a subdivision IT" of IT where f is defined and such that x is a vertex of I1’|; and,
foreachi € I, there is a segment p; in 1’|y having x as a vertex and pointing in the direction
of x; from x. Choose also ¢ > 0 such that the point

yi=x+e(x —x)

lies in p;. Let V. C U be an open neighborhood of x such that IT'|y (0) = {x} and ¢ the
positive 1-dimensional weight on IT'|y given, for p € IT'|y, by

c(p) =Y vilxi—xl,

0i=p

the sum being over the indexes i € I such that p; = p. We have that

D e vpyg = Y villxi = xlvpag = Y vi (i —x) =0

p>{x} iel iel

and so ¢ € M1+(H’|V). By Proposition 4.12, (f - ¢) ({x}) > 0, and so the formula for the
product in (3.11) implies that

f@ =) vifOo. (5.9)
iel

By Corollary 4.24, for each i € [ the piecewise affine function f is convex on o; in the
usual sense and so f(y;) > (1 —¢&) f(x) + & f(x;). With (5.9), this implies that f(x) >
D i Vi f(xi), proving that f is concave in the sense of Definition 5.5.
Concavity in the sense of Definition 5.5 implies concavity in the sense of Definition 4.6:

Suppose that f is concave in the sense of Definition 5.5. Let IT be a polyhedral complex
on X where f is defined, V C U an open subset, k € Z>g and ¢ € M,:’(l'[lv).

Foreach t € Iy (k — 1) leto;, i € I, be the polyhedra of IT|y (k) having 7 as a face and

set
S = Z c(oj).

iel
If S = 0 then c(0;) = 0 for all i € I because c is positive, and therefore (f - ¢)(r) = 0 in

this case. Else S > 0, and then we choose x € relint(t) and & > 0 so that for each i € I, the
point

x{ 1= 1(xX) + € o\ 1

lies in t(o; N V). Set x; for the unique point in o; N V such that ((x;) = xl./. Then
(x, (xj)ier, (c(0i)/S)ier) is a polyhedral convex combination in V and so f(x) >
>t ng) f(xi). The formula in (3.11) then implies that

i=1
S c(o;)
(f o == (f(x) - ZI 5 f(xi)> > 0.
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We deduce that f - c € M,il (IT]y) and so Proposition 4.12 implies that f is concave in the
sense of Definition 4.6.
Weak concavity in the sense of Definition 4.6 implies weak concavity in the sense of Definition
5.5

Suppose now that f is weakly concave in the sense of Definition 4.6 and let
(x, (xi)ier, (vi)ier) be a balanced convex combination as in Definition 5.1. With notation
as in that latter definition, let I1" be a subdivision of IT where f is defined and choose a
polyhedron " € IT'(k — 1) with x € " C 7. For each i € I there is a unique o] € IT'(k)
with 7/ < ¢/ and o/ C o;. Consider the subset K = | J; 0; and let g: K — R be the unique
function such that the restriction g|,, is affine and agrees with f in the smaller polyhedra o/,
that is

g|al.’ = f|al.’

forall i. Since x € t’ C o for all 7, we have that g(x) = f(x). By Corollary 4.24 we have
that f is concave on o; in the usual sense, and so g(y) > f(y) for all y € K. Moreover

g@) = Y vigla) = (f-o)(@) = 0.
iel
We deduce that f(x) = g(x) > Y ;c; vi g(x;) = > ;c; vi f(xi),andso f is weakly concave
in the sense of Definition 5.5.
Weak concavity in the sense of Definition 5.5 implies weak concavity in the sense of Definition
4.6:

Finally assume that f is weakly concave in the sense of Definition 5.5. Let IT be a
polyhedral complex on X where f is defined and denote by by the balancing condition on
ly.

Foreacht € Il|y(n — 1) leto;, i € I, be the maximal polyhedra of IT having 7 as a facet
andset S =), ; by (0;). Choose x € relint(r) and & > 0 so that, for each i € I, the point

x{ = 1(x) + € Vo1

lies in t(0; N U). Set x; for the only point in o; N U such that ((x;) = x/. Then
(x, (xi)ier, (by(0:)/S)icr) is a balanced convex combination, which gives the inequality
fx) =30, %f(xi). Hence

S " by (o;
(f b)) == (f(x) -3 U;U)f(x,-)) >0

i=1

and so f is weakly concave in the sense of Definition 4.6. m}

The next result extends Corollary 4.24 to concave functions that are not necessarily piece-
wise affine.

Proposition 5.10 Let X be a Euclidean polyhedral space of pure dimension, U a balanced
open subset of X, and  a weakly concave function on U. Let T be a polyhedral complex on
X and o € Il a polyhedron contained in U. Then the restriction f |, is concave in the usual
sense.

Proof We assume without loss of generality that o is of maximal dimension. Let x, y € o be
different points and 0 < ¢ < 1 areal number, and set z = 7 x + (1 —¢) y. Since ¢ is injective
on o, we have that ((x) # ((y).
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Consider the function g’: H — R defined by
g'(u) = min(0, (t(z) — t(y), u — (2)))

and set g = g’ o« This is a strongly concave piecewise affine function that takes the value 0
at x and at z, and is strictly negative at y. Let S(I1, g) be the subdivision of IT associated to
g as in (4.32) and denote by by the pullback to this subdivision of the balancing condition
on U. In this subdivision, o gets broken into two polyhedra of maximal dimension o7 and
op such that x € o1, y € 0p and z € o1 N oy. Moreover by (01) = by (02) = by (o) > 0.

Sincetd(x,z) =t (1 —1t)d(x,y) = (1 —1t)d(y, z) and the points x, z, y are aligned, the
triple (z, (x, y), (t, 1 —t)) is a balanced convex linear combination in U. Since f is weakly
concave on U,

Jf@z=tfx)+ A =0 f(K)

and so f|, is concave, as stated. O

As in the classical case, the three notions of concavity are stable under sums, product
by a positive number and taking infimum. The next proposition follows directly from the
definitions.

Proposition 5.11 Let f1 and f> be strongly concave (respectively concave, weakly concave)
Sunctions on U and a € Rxq. Then a f and f1 + f> are also strongly concave (respectively
concave, weakly concave) functions on U.

Proposition 5.12 Let { fi}rcn be a family of strongly concave (respectively concave, weakly
concave) functions on U. If inf,cp fo.(x) > —oo for all x € U, then inf,cp fi is also a
strongly concave (respectively concave, weakly concave) function on U.

Proof Set for short f = inf,cp fi. Suppose that each function f; is strongly concave and
consider a convex combination (x, (x;);er, (Vi)ies) in U. We have that

£ =Y v fulx)
iel
and so
o0 = inf fu) = inf 3 vifo() = ) vi inf fiba) = D vif (o),
iel iel iel
which shows that f is strongly concave. The proofs for concave and weakly concave functions
are done in a similar way. O

We next show that the conditions of being concave and weakly concave are local.

Proposition 5.13 Let f: U — R be a function and U = | J, U, an open covering. Then f
is concave (respectively weakly concave) if and only if f|y, is concave (respectively weakly
concave) for all X.

Proof We give the proof for concave functions. The case of weakly concave functions can be
treated similarly, by adding the condition that the considered polyhedral convex combination
are balanced.

If f is concave on U then clearly it is also concave on U, for all A, and so we only have to
consider the reverse implication. Hence we suppose that f|y, is concave for all A. Let then

s = (x, (x))ier, Vi)ier)
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be a polyhedral convex combination in U, and 7 and o;, i € I, the polyhedra appearing in
the definition of such a convex combination. Since the classical notion of concavity is local
and each polyhedron o; is contained in U, Proposition 5.10 implies that f is concave in the
usual sense on o;. As the segment X x; is contained in o;, this implies that f is concave in
the usual sense on X x;.

For ¢ € [0, 1] the point x 4+ ¢ (x; — x) lies in U for all i € I, and so the triple

es = (x,(x +e(x; —x))ier, Widier) (5.14)

is also a polyhedral convex combination in U.

Let A such that x € Uj,. Since Uj, is open, there is 0 < ¢ < 1 such that ¢ s is a polyhedral
convex combination in U,. Since f is concave on U, in the sense of Definition 5.5 and f is
concave in the usual sense on x x; for each i € I, then

FO =Y v fateti—x0) =Y vi(l—e) f)+ > vie fx).

1
This readily implies that f(x) > >, v; f(x;) and so f is concave. ]

As shown in Example 4.3, the property of being strongly concave is not local. The argument
in the proof of Proposition 5.13 relied on the fact that if s is a polyhedral convex combination,
so is the triple ¢ s defined in (5.14). This property fails for arbitrary convex combinations, as
in the case of that example.

Remark 5.15 An alternative approach to define concavity on polyhedral spaces would be in
terms of double polars of cones of concave piecewise affine functions. More precisely, we
say that a signed Radon measure p« on U with compact support is convex if for every concave
piecewise affine function f on U the inequality

/fdu 0 (5.16)

is satisfied. If U is balanced, this measure u is strongly convex if the inequality (5.16) is
satisfied for every weakly concave piecewise affine function f on U. A function f: U — R
is x-concave if the inequality (5.16) is satisfied for every convex measure w, and it is weakly
x-concave if the inequality is satisfied for every strongly convex measure .

By Proposition 5.7, any polyhedral (respectively, balanced) convex combination gives
rise to a discrete convex (respectively, strongly convex) measure, and so it is clear that being
s-concave (respectively, being weakly x-concave) implies being concave (respectively, being
weakly concave).

By the bipolar theorem, any *-concave function can be approximated by concave piece-
wise affine functions. By contrast, it is not clear yet whether the notion of being *-concave
is local, or if the infimum of two *x-concave functions is also x-concave. If one can prove
that any concave function can be approximated by concave piecewise affine functions, then
every concave function would be *-concave and both definitions would agree. Similar con-
siderations can be done concerning weakly concave and weakly *-concave. This is still an
open question which we hope to continue studying.

6 Continuity properties

In this section we study the continuity properties of weakly concave functions on balanced
open subsets of polyhedral spaces. We denote by X a Euclidean polyhedral space of pure

@ Springer



1666 A. M. Botero et al.

dimension n and U C X an open subset that, unless otherwise stated, will be assumed to be
balanced, with balancing condition By .
Before discussing the different continuity properties we prove a technical lemma.

Lemma 6.1 Let y € U and let T1 be a polyhedral complex in X such that the set

is a neighborhood of y. Then, for each point xy € V there is a balanced convex combination

v, (x)o<i<r,» (Vi)o<i<r)

centered at 'y, with xo as one of the points of the combination and vy > 0.

Proof Let o be the minimal polyhedron of IT containing both x¢ and y. Consider the segment
L = yXxo and choose linear functions £;, j = 1, ..., m, on Ny defining the image tx (L) as
the subset of points x € Hy such that £;(x) > 0 for all j. Consider the concave piecewise
affine function g’: Hy — R defined, for x € Hy, by

g (x) =min(0, £1(x), ..., £, (x))

andset g = g’otx. Thisis astrongly concave piecewise affine function on X and it determines
a subdivision IT" := S(I1, g) of I, as in (4.32).

By construction {y} € I1'(0) and there is a 1-dimensional polyhedron 7y € I1'(1) having
y and xq as vertices. Let 7;, i = 1, ..., r, be the other 1-dimensional polyhedra of IT'(1)
having y as a vertex. Let by be the Minkowski weight on IT" defining the balancing condition
Bu on on U and consider the 1-dimensional B -positive Minkowski weight

c=g""1by.

By Proposition 4.30 applied to the polyhedron o and the concave piecewise affine function
gls» we deduce that c¢(tp) > 0.
Fori =1, ..., r setx; for the vertex of 7; different from y, and put

_o(w)
- 9
flvi l

Vi =X; —)y and Vi Yoy
Then the triple (y, (xi)o<i<r, (Vi)o<i<r) is a balanced convex combination on U satisfying
the conditions of the lemma. ]

The next result is the analogue of the fact that a concave function on an open subset of R”
is continuous [12, Theorem 10.1].

Theorem 6.2 Let f be a weakly concave function on U. Then f is continuous.

Proof Let y € X and choose a polyhedral complex IT on X such that the union of the
polyhedra ¢ € Il with y € o and ¢ C U is a neighborhood of y. To prove that f is
continuous at y, it is enough to prove that for each such o, the restriction f|, is continuous
at y.

By Proposition 5.10, f|, is concave. Let ' = cl(f],) be its closure, that is, the upper
semicontinuous hull of the concave function f|,, see [12, §7] for the analogous notion for
convex functions. The function f” is concave and, by [12, Theorem 10.2], it is continuous
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and agrees with f|, in the relative interior of o. Hence, to prove the continuity of f|, aty
it is enough to show that f|, (y) = f/(y).

For xo € relint(o) let [T be the subdivision of ITand (y, (x;)o<i<r, (Vi)o<i<r) the balanced
convex combination given by Lemma 6.1. For each i write v; = x; — y for the vector spanning
the segment 7;. The weak concavity of f then implies that forevery 0 < n <1,

FOY= Y v f(y+no). (6.3)

i=0

By Proposition 5.10, the restriction of f to each 7; is concave and so, by [12, Theorem
10.2], it is lower semicontinuous. Hence given ¢ > 0 there is 9 > 0 such that for each
0 < n < noandeach 0 <i <r we have that

fO+nv) > fy) —e (6.4)

Combining the inequalities (6.3) and (6.4) and the fact that Zl;o v; = 1, we deduce that,
for 0 < n < no,

1 d Vi
fO+nv) < —fM =D — fO+nv)
Vo = v
1 "\ v, "y
S fM-Y M- =10+ (Y 1)e
Vo zgl: %) ; VYo
Therefore f |4, is upper semicontinuous at y and so it is continuous at this point, completing
the proof. O

Corollary 6.5 Suppose that X is a locally balanceable polyhedral space, U C X an open
subset that is not necessarily balanced, and f a concave functionon U. Then f is continuous.

Proof Let U = |J; U; be an open covering of U by balanceable open subsets. Since the
condition of being continuous is local, it is enough to show that f|y, is continuous for each
i. Since f is concave, the restriction f|y, is weakly concave with respect to any balancing
condition on U; and, by Theorem 6.2, it is continuous. O

Example 6.6 The condition of being locally balanceable in Corollary 6.5 is necessary for the
validity of its conclusion. For instance, the ray Rx( is not locally balanceable (Example 3.28)
and the function f: R>o — R defined by f(x) =1 for x > 0 and f(0) = 0 is concave but
not continuous.

Remark 6.7 The rest of the results of this section are only stated for weakly concave functions
on abalanced open subset but as in Corollary 6.5, they all admit a variant for concave functions
on an open subset of a locally balanceable polyhedral space.

A consequence of Theorem 6.2 is that weakly concave functions satisfy a minimum
principle. The next result extends [12, Theorem 32.1] to balanced open subsets of polyhedral

spaces.

Proposition 6.8 Suppose that U is connected and let | be a weakly concave function on U.
If there is a point y € U such that f(y) = infyey f(x), then f is constant.
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Proof Assume that there is a point y € U realizing the infimum of f on U andsetm = f(y).
By Theorem 6.2, f is continuous and so f~!(m) is a nonempty closed subset of U. Since U
is connected, to complete the proof it suffices to show that this subset is also is open.

Choose a polyhedral complex ITon X such thatevery o € IT containing the point y, is con-
tained in U. Hence the subset V := ( J,, 5y 0 isaneighborhood of y containedin U. By Lemma
6.1, for each point xo € V there is a balanced convex combination (y, (x;)o<i<r. (Vi)o<i<r)
with vg > 0. Since f is weakly concave, we have that

FO) =D i fx).

i=0

Moreover, since Zfzo v; = land f(x;) > f(y),i =0, ...,r,wededucethat f(x;) = f(y)
for all i and, in particular, that f(xo) = m. Hence f is constant in V and so f~!(m) is an
open subset, concluding the proof. O

Our next objective is to show that a weakly concave function is not just continuous, but
Lipschitz continuous on any compact subset of its domain, and that its Lipschitz constant
can be bounded in terms of the supremum of the function on a slightly larger open subset.
The main technical tool is a variant of [3, Proposition 2.2] and [4, Proposition A.1] stated in
Lemma 6.11.

Let (Z, d) be a metric space and f: V — R a function on a subset of it. The Lipschitz
constant of f on V with respect to d is defined as

. _ [f(x) — f ()]
Lipy 4(f) = x?;}fv TR
x#y

S RZO U {+OO},

with the convention that, if V consists of a single point, then Lipy, (f) = 0. A function f is
called Lipschitz continuous on V with respect to d if Lipy ,(f) < +o0.

For a polytope 7 in X, the Euclidean structure of X induces a metric on t. Given a function
f: 17— R, we denote by

Lip, (f)

the Lipschitz constant of f on T with respect to this metric. Following [3, §2] and [4, Appendix
A], given two points u, v € T, we also denote by

d
Dy f(u) := I l:0+f((l —1)v + tu)

the derivative of f at v in the direction of u, whenever the limit exists. This holds when f is
concave, in which case this derivative is as an element of R U {+o00}.

Lemma 6.9 There exists a constant C > O depending only on t such that, for each continuous
concave function f: t — R and each subset A C t such that T \ A has Lebesgue measure
zero, the following estimate holds

C™'Lip, (f) < sup |Dyf(e)| < C Lip,(f). (6.10)
A
egf(O)
Proof If f is Lipschitz continuous, this is [4, Lemma A.2]. Otherwise, the argument in the
proof of this result also shows that sup,, , | Dy f ()| = 400, and so the inequalities in (6.10)
are also satisfied in this case. O
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Fig.6 The derivative of f at v in f
the direction of u

For a function f: © — R we set

[fllcoy =suplf) and || flicorry = lfllcow)y + Lip (f).
X€ET

Lemma 6.11 There is a constant C > 0 depending only on t such that, for each continuous
concave function f: 1 — R,

C I fllcoriey < I lco@e) + supDu f (@] < Cll fllcory, (6.12)

the supremum being over the facets F of t, the points v € relint(F) and the vertices e of T
that are not contained in F.

Proof 1If f is Lipschitz continuous, this is [4, Proposition A.1]. Otherwise, Lemma 6.9 implies
that || f [l co.1(ry = supg 4 . | Dy f(€)| = 400, and so the inequalities in (6.12) are also satisfied
in this case. O

Our next task is to estimate the derivatives D, f(e) that appear in Lemma 6.11 for a
polytope in a balanced open subset.

Lemma 6.13 Let I1 be a polyhedral complex on X such that Tl|y is finite and 1 is regular
on U. Then for every polytope T € Il contained in U there is a constant C > 0 such that for
every weakly concave function f: U — R,

Lip, (f) = C 1 fllcow)-

Proof By possibly shrinking the open subset U, we can assume without loss of generality
that its closure is compact.

We prove the result by induction on the dimension of t. If dim(t) = 0 the result is clear.
So we assume that dim(t) = k > 1 and that the result is true for every polytope of smaller
dimension. Let F be a facet of 7, v € relint(F) and e a vertex of t not contained in F. By
Proposition 5.10, f is concave on 7 in the usual sense. This implies that D, (¢) > f(e)— f(v)
and so

= Dy(e) =21 fllcoqy = 211 fllcoqy- (6.14)

Let r and 0;,i = 1,...,r, be the k-dimensional polyhedra of IT containing F. Write

vo = vp\F and v; = vs\F, i = 1,...,r. Put eg = e and for each i, pick a vertex e; of o;
that is not contained in F'. Then fori =0, ..., r write

e =V +UVF;+a;v;,
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with o; > 0 and vr; € Np, the vector space associated to F (Definition 2.1).

Let g be a strictly concave function on I1|y (Definition 4.25), and consider the Sy -positive
k-dimensional Minkowski weight ¢ = g"‘k -by.Setcyg =c(r)andc; = c(oy),i =1,...,r.
Since ¢ is a Minkowski weight,

r r r

.
Ci Ci Ci
E *(ei—v)zg *UF,H-E Civi:E —vp,; € Np.
o o —~ o
=

i=0 ! i=0 i=0

Denote this last vector by —vp, which implies pi=31415 that v +> ;_ 57[, vr,; = 0.Choose
A > 0 small enough so that

i
pr:=v+Aivp e F and pi::v—i-k—t(ei—v)eV, i=0,...,r.
o

Then the convex combination in V

1 1
(U7(I7F7P07-~~7Pk)»(m,n-,r+2>)

is balanced. Since f is weakly concave, we deduce that

0= Duf(pr) + ) Duf (p) = A Duf (0p) + Y 3 == Dy f (e,
i=0 '

i=0

Using the inductive hypothesis on ¥, Lemma 6.9 and the analogues of the inequalities (6.14)
foro; NV,i=1,...,r, wededuce that

—Q Ci

Dyfleo) <)

Dyf(e) — 2D, f(vp)
= coi co

,
2agc; o
= +Cr— v )
= Zl w1 lcow +Cr = Ir Il lleoy
1=

In the last inequalities, the «;’s depend on v, but they can be extended to a continuous non-
vanishing function on the compact set F. Therefore they attain a strictly positive minimum and
a finite maximum. Similarly, ||vr || depends on v, but again can be extended to a continuous
function on F', where it attains a maximum. Joining this discussion with the inequality (6.14),
there is a constant C; such that

IDu(e))] < Cr | fllcoqyys
and so the result follows from Lemma 6.11. O
We next discuss metric structures on polyhedral spaces.
Definition 6.15 A polyhedral metric on X is a metric induced by an injective morphism
of polyhedral spaces of X into a Euclidean vector space. For a compact subset K C X, a
polyhedral metric on K is the restriction to this subset of a polyhedral metric on a polyhedral

subspace of X containing it.

Every compact subset of a polyhedral space admits a polyhedral metric and all of these
metrics are equivalent, as the next result shows.
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Lemma 6.16 Let K C X be a compact subset. Then K admits a polyhedral metric, and for
any pair d, d' of these metrics on K, there is a constant C > 0 such that, forall x, y € K,

Cld(x,y) <d'(x,y) < Cd(x,y). (6.17)

Proof Let IT be a simplicial polyhedral complex on X, that is, a polyhedral complex such
that its polyhedra are simplices. Then ITo = {o € I1 | 0 N K # @} is a finite collection of
simplices of I, and

is a polyhedral subspace of X containing K. Let )V be the set of vertices of 1y and consider
the embedding

XQ%RV

that sends each vertex v € V to the corresponding vector e, in the standard basis of RY and
that is affine on the simplices of X(. Then the Euclidean metric of RY induces a polyhedral
metric on X and, a fortiori on K.

By Theorem [10, Theorem 2.18] any polyhedral map between compact polyhedral spaces
with polyhedral metrics is Lipschitz. This implies the existence of the constant C satisfying
the inequalities (6.17). ]

Theorem 6.18 Let K C U be a compact subset and d a polyhedral metric on it. Then there
is a constant C > 0 such that, for every weakly concave function f on U,

Lipg 4(f) = Cllfllcow)-

Proof Without loss of generality we can assume that the closure of U is compact and, by
Lemma 6.16, that the polyhedral metric is defined on the closure of U. Let X( be a polyhedral
subspace of X containing U and X¢ < N’ an injective morphism of polyhedral spaces into
a Euclidean vector space inducing the polyhedral metric d on U.

Let ITp be a polyhedral complex on X, such thatevery polyhedrono € ITg withoNK # ¢
is contained in U. By Theorem 4.34 we can assume that Iy is regular on U. Set

B =min{d(c,0) | 0,0’ e Iy withe NK,oc' NK # @ ando No’ =@} > 0.
Letx,y € K. If there is o € I1p such that x, y € o then
[f(x) — f(»)I
d(x,y)

where Lip, (f) denotes the Lipschitz constant of f with respect to the metric on o induced
by the Euclidean structure of X, and Cop > 0 depends only on X and d.
If there are 0, 0’ € T such that x € o, y € 0’ and 0 N o’ = @ then

lf@)—fl _ 2
W = B Ifllcoky- (6.20)

< Lip, 4(f) < Co Lip, (f), (6.19)

Finally, if there are o, 0’ € Ty such that x € o, y € 0’ and 0 N o’ # @, there is a point
z € o No’ with max{d(x, z),d(y, z)} < Cid(x, y) for a constant C; > 0 depending only
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on X and d. Then
If(X)—f(y)|<|f(X)—f(z)| |f(2) — f(»)I

d(x,y) - dkx,y) d(x,y)
0 = fO . 1f @ = fO)]
Y T A T
<21 Co (Lip, () + Lipy (/). 621)

It follows from (6.19), (6.20) and (6.21) that

Lipg 4(/) = € sup Lip, () + If leocx) )

oellp
oNK #Y
for a constant C > 0 depending only on X and d. The result then follows from Lemma 6.13.
O

As a consequence we obtain the following stronger version of Theorem 6.2, extending
[12, Theorem 10.4].

Corollary 6.22 Let f be a weakly concave function on U. Then f is Lipschitz continuous on
any compact subset of U.

The following is the analogue of [12, Theorem 10.6] for weakly concave functions on a
balanced open subset of a polyhedral space.

Theorem 6.23 Let {f;}ic; be a family of weakly concave functions on U and C',C" C U
dense subsets such thatinfic; f;(x) and sup;¢; f;(x) are finite for every x € C' and x € C”,
respectively. Then { f;}icy is uniformly bounded and equi-Lipschitz on any compact subset
of U.

Proof Let K C U be a compact subset and V C U an open subset with compact closure
containing K. By Theorem 6.18, if the family { f;};<; is uniformly bounded on V then it is
equi-Lipschitz in K. So we only need to prove that this family is uniformly bounded on V.

For x € U set f(x) = inf; fi(x) € RU{—o00}. Let Il be a polyhedral complex on X. For
every T € I1(n), the functions f;|; are concave in the classical sense and since C’ is dense
in 7, [12, Theorem 10.6] implies that f(x) > —oo for x € relint(7).

For x € X, there is a balanced convex combination (x, (x;), (v;)) such that the points x;
belong to the relative interior of a polyhedron in IT(n). Therefore

FO) =D v fx) > —oo.

By Proposition 5.12, f is a weakly concave function on U and by Theorem 6.2 it is continuous
on U. Hence f is uniformly bounded in K, which implies that the family { fi};c; is uniformly
bounded below in K.

Making K bigger and I finer, we can assume that K is a finite union of polyhedra of
IT of maximal dimension contained in V. For each t € I1(n) with t C K there is a point
x € C” Nrelint(t). We then follow the proof of [12, Theorem 10.6]. Choose ¢ such that
x+¢B C 7, where B denotes the unit ball. Since x € C”, there is @ € R such that f; (x) < «
for all i. Moreover, since we have already proved the existence of a uniform lower bound,
there is also B € R such that f(z) > g forall z € 7.
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Letnow y € T with y # x. Set

z=x+———(x—y) and 1=

llx =yl e+llx =yl
Thenz € x +¢B C 7 and x = (1 — L)z + Ay. Hence, by concavity,

az fix)z2A =i +2fi(y) = A =MB+L1fi(y).

& &
=1

Thus

a—(1-Mp lx = ylit« — B)
(N ——T =
fity) = S 5
Note that the term on the right hand side is a continuous function with respect to y on the
compact set t. Therefore there is a constant y; such that forall i € I and y € T we have that
fi(y) < yr. Since K is compact, the number of maximal polyhedra contained in K is finite.

Hence, we obtain a uniform upper bound on the whole of K which concludes the proof. O

Theorem 6.23 has the following important consequence, which is an analogue of [12,
Theorem 10.8] on polyhedral spaces.

Theorem 6.24 Let (f;)i>0 be a sequence of weakly concave functions on U and C C U a
dense subset such that, for all x € C, the sequence f;(x) converges to a number f(x) € R.
Then the sequence ( f;)i>o converges to a function f on the whole U, the limit function f is
weakly concave, and the convergence is uniform on compact subsets.

Proof By Theorem 6.23, the family (f;);>0 is equi-Lipschitz on each compact subset of U.
Therefore the statement can be proven as in [12, Theorem 10.8]. ]

On the same spirit, other results of [12, Chapter 10] can be translated to the current
setting. For instance we particularize the analogue of [12, Theorem 10.7]. It is a consequence
of theorems 6.18 and 6.23, its proof is similar to the one in loc. cit. and is left to the reader.

Theorem 6.25 Let T be a locally compact topological space. If f: U x T — R is a function
such that f (-, t) is weakly concave for eacht € T and f (x, -) is continuous for each x € U,
then f is continuous on U x T.
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