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Abstract
Given a smooth complex toric variety we will compare real Lagerberg forms and currents on
its tropicalization with invariant complex forms and currents on the toric variety. Our main
result is a correspondence theorem which identifies the cone of invariant closed positive
currents on the complex toric variety with closed positive currents on the tropicalization. In
a subsequent paper, this correspondence will be used to develop a Bedford–Taylor theory of
plurisubharmonic functions on the tropicalization.
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1 Introduction

A smooth complex toric variety XΣ is a smooth algebraic variety over C with an open
immersion of an algebraic torus T and an algebraic extension of the action of T on itself to
XΣ . Such a variety is encoded by the combinatorial structure of a fan Σ in the vector space
NR := N ⊗Z R where N is the cocharacter lattice of T. We denote by T

an := T(C) and
X an

Σ := XΣ(C) the respective complex analytic manifolds of complex points. Inside T
an,

there is a maximal compact torus S. The quotient X an
Σ /S is denoted by NΣ . The topological

space NΣ has a canonical stratification

NΣ =
∐

σ∈Σ
N (σ )

indexed by the cones of Σ , analogous to the stratification of XΣ into orbits. The incidence
relations between cones of Σ translate to incidence relations between strata with the inclu-
sions reversed. If τ is a face of the cone σ ∈ Σ , denoted as τ ≺ σ , then the corresponding
strata satisfy N (σ ) ⊂ N (τ ). The stratum corresponding to the cone {0} is equal to NR. It
is called the dense stratum. Each stratum N (σ ) of NΣ has a canonical structure of a finite
dimensional real vector space equipped with a Z-structure. For τ ≺ σ ∈ Σ , there is a linear
projection

πσ,τ : N (τ ) −→ N (σ ).

The space NΣ is a classical object in the theory of toric varieties where it appears also
under the name manifold with corners (see e.g. [1,17]]). In tropical geometry, it is called
the Kajiwara-Payne tropicalization of XΣ . By construction, it comes with a natural map
trop : X an

Σ → NΣ which is a proper map of topological spaces.
On the spaces X an

Σ and NΣ , there are sheaves of bigraded algebras of smooth differential
forms. Both are denoted A·,· or, when we want to stress the underlying space, by A·,·Xan

Σ
and

A·,·NΣ
respectively. The well-known sheaf of complex smooth differential forms A·,·Xan

Σ
is a

sheaf of C-algebras and plays a central role in complex analysis and complex geometry.
The sheaf A·,·NΣ

is a sheaf of R-algebras and was introduced by Smacka, Shaw and the third
author [14], based on work of Lagerberg [16]. The smooth differential forms on X an

Σ are
called complex forms while the forms on NΣ are called Lagerberg forms. In both cases, the
elements of A0,0 are called smooth functions.

We explain briefly the definition of Lagerberg forms. More details are given in Sect. 3.
If U is an open subset of the finite dimensional real vector space N (σ ), Lagerberg [16] has
introduced the bigraded R-algebra

A·,·(U ) :=
⊕

p,q∈N
Ap(U )⊗C∞(U ) A

q(U )
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A comparison of positivity in complex and tropical… 1201

where A·(U ) denotes the usualR-algebra of real smooth differential forms onU . For an open
setU ⊂ NΣ , denote byUσ := N (σ )∩U its strata. Then a Lagerberg form onU is defined as
a collection of forms (ωσ )σ∈Σ , with ωσ ∈ A·,·(Uσ ), satisfying the following compatibility
conditions. For every pair of cones τ ≺ σ and every point p ∈ Uσ , there is a neighborhood
V ⊂ U of p with Vτ = π−1τ,σ (Vσ ) ∩ V and

ωτ |Vτ = π∗τ,σ (ωσ |Vσ ) (1.1)

on Vτ . The compatibility conditions (1.1) are, roughly speaking, saying that close to the
boundary, Lagerberg forms are constant in the direction towards the boundary. Although this
condition does not seem entirely natural from an archimedean point of view, it is very natural
from both a tropical [14] and a non-archimedean point of view [13]. Moreover, it has very
strong consequences. For instance, if ω is a form of bidegree (p, q), then the support of ω is
disjoint to any stratum of dimension smaller than min(p, q).

There are natural differential operators d ′, d ′′ of bidegree (1, 0) and (0, 1) turning A·,·NΣ

into a double complex analogous to the usual differential operators ∂ and ∂̄ on A·,·Xan
Σ
. There

is also a theory of integration for Lagerberg forms similarly to the complex case.
The sheaf A·,·Xan

Σ
has an antilinear involution, the complex conjugation, that sends Ap,q to

Aq,p . A complex form is real, if it is invariant under complex conjugation. The sheaf A·,·NΣ
has

also a canonical involution J called the Lagerberg involution. A form ω of bidegree (p, p)
with J (ω) = (−1)pω is called symmetric. In both settings, there is a notion of positivity for
(p, p)-forms (see 4.2.6). Positive forms on X an

Σ are always real, while positive forms on NΣ

are always symmetric.
In Sect. 2.3 and in Sect. 4.2, we will introduce a new antilinear involution F on the sheaf

of S-invariant forms on X an
Σ that respects the bigrading, and anticommutes with complex

conjugation on one-forms. We denote by AS,F
Xan

Σ
the subsheaf of S-invariant forms which are

F-invariant.

Theorem A Let U ⊂ NΣ be an open subset and V the S-invariant open subset V :=
trop−1(U ) of X an

Σ . There exists a unique bigraded algebra morphism

trop∗ : A·,·(U ) −→ A·,·(V )S,F (1.2)

with trop∗ ϕ = ϕ ◦ trop for all ϕ ∈ A0,0(U ) and which satisfies

trop∗ ◦ d ′ = π−1/2∂ ◦ trop∗, trop∗ ◦ d ′′ = π−1/2i ∂̄ ◦ trop∗ . (1.3)

Moreover, for ω ∈ Ap,q(U ), we have

trop∗(J (ω)) = i p+q trop∗(ω). (1.4)

Therefore trop∗ sends symmetric forms to real forms. Furthermore, this morphism respects
positivity and integration of top dimensional forms.

If U is contained in the dense stratum NR, then (1.2) is an isomorphism. In general, this
is no longer true. The reason for this is the compatibility conditions (1.1). These results will
be shown in Section 4. The normalization factors in equation (1.3) are almost forced by the
compatibility with integration and the compatibility between the Lagerberg involution and
complex conjugation (1.4). If we do not insist on compatibility with integration or with the
bigrading, other identifications between Lagerberg forms and invariant complex forms are
possible. For instance, the map (1.2) differs from the interpretation of Lagerberg forms as
S-invariant forms given in [7, Remarque (1.2.12)].
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1202 J.I. Burgos Gil et al.

The main interest of this paper will be currents. To define currents on an open subset
U ⊂ NΣ , we first introduce a topology on the space of Lagerberg forms with compact
support A·,·c (U ). The definition is similar to the complex case with additional input caused
by the compatibility condition (1.1) towards the boundary (see Subsection 3.2 for details).
A Lagerberg current of type (p, q) onU is a continuous linear map T : An−p,n−q

c (U )→ R.
We denote the space of currents of type (p, q) by Dp,q(U ). By duality, the involution J
defines an involution on D·,·, hence a notion of symmetric currents. We call T ∈ Dp,p(U )

positive, if it is symmetric and T (α) ≥ 0 for all positive Lagerberg forms α ∈ An−p,n−p
c (U ).

Let again V = trop−1(U ). Since the map trop is proper, the dual of the map trop∗ from
(1.2) induces a C-linear map

trop∗ : Dp,q(V ) −→ Dp,q(U )⊗R C (1.5)

defined by trop∗(T )(α) = T
(
trop∗(α)

)
for all T ∈ Dp,q(V ) and α ∈ An−p,n−q

c (V ). We
will show that trop∗(T ) ∈ Dp,p(U ) for every S-invariant T ∈ Dp,p(V ) which is also
F-invariant. Since the map trop∗ : Ap,q

c (U ) → Ap,q
c (V ), albeit injective, is not a closed

immersion, the map trop∗ is in general not surjective. Since trop∗ preserves positivity of
forms, trop∗ preserves positivity of currents. All this will be shown in Sect. 5.

The main result of this paper is the following Correspondence Theorem.

Theorem B The map trop∗ induces a linear isomorphism between the following cones:

(i) The cone ofS-invariant positive complex currents in Dp,p(V ) that are closedwith respect
to ∂ and ∂̄ and that are invariant with respect to F.

(ii) The cone of positive Lagerberg currents in Dp,p(U ) that are closed with respect to d ′
and d ′′.
The proof of TheoremBwill be given in Theorem 7.1.5.Wewill show in Examples 5.1.11

and 5.1.12 that we cannot omit any of the conditions closed or positive in Theorem B.
Let us give some details about the proof of the Correspondence Theorem. In the case

p = n := dim XΣ , the cone in (i) is the space of positive S-invariant Radon measures on V
and the cone in (ii) is the space of positive Radon measures onU , hence Theorem B follows
readily from the fact that U is the quotient of V by the S-action (see Corollary 5.1.17). This
suggests that for p < n, we consider coefficients of complex and Lagerberg currents to follow
a similar argument. In fact, it is more convenient to go for the dual notion of co-coefficients
as follows:

For simplicity, we consider the case X an
Σ = C

n with coordinates z = (z1, . . . , zn), a
situation that can always be achieved locally. Then NΣ = (R ∪ {∞})n has coordinates
(u1, . . . , un) and the tropicalization map is given by

trop(z) = (− log |z1|, . . . ,− log |zn |).
The cones of Σ are the faces of R

n≥0. Any cone in Σ has the form σL := {u ∈ R
n≥0 | ui =

0 ∀i /∈ L} for some L ⊂ {1, . . . , n} and the corresponding stratum of NΣ is given by

N (σL) := {(u1, . . . , un) ∈ NΣ | ui = ∞ if and only if i ∈ L}.
For M ⊂ {1, . . . , n}, we define the following union of strata of codimension 1:

EM := {(u1, . . . , un) ∈ NΣ | ui = ∞ for some i ∈ M}.
Let U be an open subset of (R ∪ {∞})n . Given a Lagerberg current T ∈ Dp,p(U ) and
I , J ⊂ {1, . . . , n} with |I | = |J | = n − p, we call T I J ∈ Dn,n(U \ E I∪J ) given by

T I J ( f ) = T ((−1)q(q−1)/2 f d ′uI ∧ d ′′uJ )
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A comparison of positivity in complex and tropical… 1203

a co-coefficient of T . If the Lagerberg current T is positive, then the co-coefficients T I J

are real Radon measures, T I J = T J I , the T I I are positive Radon measures and 2|T I J | ≤
T I I + T J J , where |T I J | denotes the total variation measure of T I J (see Subsection 5.2).

A key ingredient in the proof of the Correspondence Theorem is the following Decompo-
sition Theorem along the above stratification.

Theorem C Let U be an open subset of (R ∪ {∞})n. If T is a positive current in Dp,p(U ),
then there is a decomposition

T =
∑

σ∈Σ
Tσ (1.6)

with uniquely determined currents Tσ such that U \ (E I∪J ∪ N (σ )) is a null set with respect
to the Radon measure T I J

σ for any σ = σL ∈ Σ .

The decomposition (1.6) does not depend on the choice of the coordinates u1, . . . , un
hence gives a canonical decomposition for any positive current T ∈ Dp,p(U ) on any open
subset U of NΣ as we show in Theorem 6.1.6. A similar statement is well known on the
complex toric manifold X an

Σ and we show in Sect. 6.1 that both canonical decompositions
are closely related via trop∗.

For a positive Lagerberg current T ∈ Dp,p(U ), we will prove that T = trop∗(S) for a
positive current S on V = trop−1(U ) if and only if T has C-finite local mass. The latter is a
local condition onU given in Definition 6.2.1. We then show that a closed positive Lagerberg
current has C-finite local mass, completing the proof of surjectivity. For injectivity of trop∗,
an additional argument is required. All this is done in Sect. 7.1.

As an application, wewill prove in Theorem 7.2.4 a tropical analogue of the Skoda–ElMir
Theorem for Lagerberg currents in the toric setting: LetU be an open subset of NΣ and let E
be a union of strata closures in NΣ . We consider a closed positive current T ∈ Dp,p(U \ E)

which has C-finite local mass on U . Then we can extend T by zero to a closed positive
Lagerberg current on U . For details, we refer to Sect. 7.2. A consequence of the Tropical
Skoda–El Mir theorem is that in the canonical decomposition (1.6), if T is closed, then all
the currents Tσ are closed.

The motivation for the present work is the following. It is known that there is no way
to continuously extend the wedge product on A·,· to D·,·. Bedford–Taylor theory provides
a way to define products of certain closed positive currents on X an

Σ . In a subsequent paper,
using the Correspondence Theorem and Bedford–Taylor theory for complex manifolds, we
develop a Bedford–Taylor theory on NΣ .

For instance, Bedford–Taylor theory on NΣ will have the following application: Let K be
a field endowed with a non-archimedean complete absolute value | |v . From the fan Σ , we
may construct a toric variety XΣ,K . We may also consider the analytification X an

Σ,K of the
toric variety XΣ,K as a Berkovich space and the corresponding tropicalization map

tropK : X an
Σ,K −→ NΣ

which should be viewed as a non-archimedean analogue of the tropicalization map trop of
the complex toric manifold X an

Σ considered before. For any open subset U of NΣ , these
tropicalization maps lead to a natural bijective correspondence between invariant continu-
ous plurisubharmonic functions on trop−1(U ) and invariant continuous plurisubharmonic
functions on trop−1K (U ) in the sense of Chambert-Loir and Ducros [7, §5.5]. Moreover, we
show that the complex Bedford–Taylor theory corresponds to the Bedford–Taylor theory of
Chambert-Loir and Ducros [7, §5.6].

123



1204 J.I. Burgos Gil et al.

We explain in more detail the content of the paper. In Sect. 2, we introduce complex
and Lagerberg multilinear forms. We interpretate the Lagerberg forms as the complex forms
which are invariant under a natural involution F . Thenwe discuss several positivity notions of
these forms. In the complex case, weakly positive, positive and strongly positive multilinear
forms are well-known. They form strictly convex cones of maximal dimension. Moreover,
the cone of strongly positive forms is dual to the one of weakly positive forms, while the cone
of positive forms is self dual. Similar notions are defined in [16] for Lagerberg multilinear
forms on a real vector space. The notions of weakly and strongly positive Lagerberg forms
are however somewhat pathological. We show in Example 2.3.6 that the cone of strongly
positive forms is not of full dimension and that the cone ofweakly positive forms is not strictly
convex. This also implies that the notions of weakly and strongly positive in the complex and
Lagerberg case do not correspond exactly. For this reason, we will mainly restrict ourselves
to positive forms.

In Sect. 3, we will first introduce the partial compactification NΣ associated to a fan Σ

and we will describe its topology. Then we introduce Lagerberg forms on NΣ . Similarly as
in complex analysis, we endow the space of compactly supported Lagerberg forms with a
locally convex topology and we define the dual notion of Lagerberg currents. The upshot of
this section is that Lagerberg forms and currents on NΣ satisfy similar properties as their
complex analogues.

In Sect. 4, we study positivity of Lagerberg forms and compare them to invariant complex
differential forms. In particular, we prove Theorem A. We first deal with the dense torus T

in Sect. 4.1 before we consider arbitrary smooth toric varieties in Sect. 4.2.
Section 5 is devoted to positivity of Lagerberg currents and the relation with positivity

of complex currents. We define the map trop∗ and discuss the compatibility of the different
notions of positivitywith respect to thismap.We also define the co-coefficients of a Lagerberg
current and show that, analogously to the complex case, the co-coefficients of a positive
Lagerberg current are Radon measures. We show in Example 5.2.8 that there are weakly
positive Lagerberg currents whose co-coefficients are not Radon measures. This is caused by
the fact that the cone of weakly positive multilinear Lagerberg forms is not strictly convex.

In Sect. 6, we prove the decomposition theorem (see Theorem C). Moreover we introduce
the concept of C-finite local mass. Intuitively, a current has C-finite local mass if it has local
finite mass as an invariant complex current (see Definition 6.2.1 for details). We give in
Example 6.2.3 a positive current T that does not have C-finite local mass. Nevertheless, it is
of the form T = trop∗(S) for a complex current S, but this current cannot be chosen to be
positive.

Finally, Sect. 7 is devoted to the proof of Theorem B and of the tropical Skoda-El Mir
theorem. In Appendix A, there is a reminder on Borel and Radon measures.

Notation and conventions

The set N of natural numbers includes zero. We write R∞ = R ∪ {∞} and R≥t := {u ∈ R |
u ≥ t} for any t ∈ R. In the notation A ⊂ B, we allow that A = B.

In this paper, N usually denotes a free abelian group of rank n with dual M . We denote
by NR and MR their scalar extensions to R. By a fan Σ in NR, we mean a fan consisting of
strictly convex rational polyhedral cones in NR. We denote the associated (complex) toric
variety by XΣ and the associated partial compactification of NR by NΣ (see Sect. 3.1).
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A comparison of positivity in complex and tropical… 1205

A topological space is called locally compact if it has a basis consisting of relatively
compact subsets; but it is not necessarily Hausdorff. A topological vector space is assumed
to be Hausdorff. Our conventions on Radon measures are summarized in Appendix A.

2 Positivity on real and complex vector spaces

Let V be a real vector space of dimension n. Write VC = V ⊗R C for the associated
complex vector space, V ∗ = HomR(V , C) = HomC(VC, C) for the complex dual and
V ′ = HomR(V , R) for the real dual. Let VC denote the real vector space underlying VC with
the complex structure determined by λ(v ⊗ μ) = v ⊗ (λ̄μ). We denote the complex dual of
VC by V

∗
. Observe that V

∗
agrees with the space of antilinear maps from VC to C. Let V ′′

be a copy of V ′. We consider the exterior algebras

Λ·,·V ∗ := ΛC(V ∗ ⊕ V
∗
) =

⊕

p,q∈N
Λp,qV ∗,

and

Λ·,·V ′ := ΛR(V ′ ⊕ V ′′) =
⊕

p,q∈N
Λp,qV ′.

The elements of Λp,qV ∗ are called complex (p, q)-forms while the elements of Λp,qV ′ are
called Lagerberg (p, q)-forms.

2.1 The complex situation

We recall some definitions from complex geometry.
The identity induces antilinear maps σ : VC → VC and σ : ΛpVC → ΛpVC which we

denote by w �→ w̄. The inverse of σ is also denoted by σ : VC → VC. The antilinear maps σ

induce antilinear maps σ : V ∗ → V
∗
and σ : V ∗ → V ∗, that extend uniquely to an antilinear

involution of the R-algebra Λ·,·V ∗. This involution sends Λp,qV ∗ to Λq,pV ∗. We continue
to write σ(ω) = ω̄ for complex forms ω. A complex form ω is called real if ω̄ = ω.

Choose a real basis e1, . . . , en of V . We obtain dual complex bases du1, . . . , dun of V ∗
and dū1, . . . , dūn of V

∗
determined by dui (e j ⊗ 1) = δi j = dūi (e j ⊗ 1). Then we have

σ(λdui ) = λ̄dūi .

Definition 2.1.1 The canonical orientation of the vector space VC is the orientation deter-
mined by the real form

ωn = du1 ∧ idū1 ∧ · · · ∧ dun ∧ idūn ∈ Λn,nV ∗.

The form ωn depends on our choice of a basis, but the orientation does not.
An ω ∈ Λp,pV ∗ is called strongly positive if it is in the convex cone spanned by

{α1 ∧ i ᾱ1 ∧ · · · ∧ αp ∧ i ᾱp | α j ∈ Λ1,0V ∗ for j = 1, . . . , p}.
An ω ∈ Λp.pV ∗ is called positive if it belongs to the convex cone spanned by

{i p2α ∧ ᾱ | α ∈ Λp,0V ∗}.
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1206 J.I. Burgos Gil et al.

A complex (p, p)-form ω ∈ Λp,pV ∗ is called weakly positive if, for every strongly
positive form η of type (n − p, n − p), there is a real number γ ≥ 0 with

ω ∧ η = γωn .

We denote by Λ
p,p
+,s V

∗, Λp,p
+ V ∗ and Λ

p,p
+,wV

∗ the cones of strongly positive, positive and
weakly positive (p, p)-forms respectively.

Observe that our weakly positive forms are called positive in [9, §III.1.A].

Definition 2.1.2 To η ∈ Λp,pV ∗ we associate a sesquilinear form |η| on ΛpVC by the rule

|η|(x, y) = (−1) p(p−1)
2 i−pη(x, ȳ).

Moreover, for q = n − p, there is a duality pairing

〈 · , · 〉 : Λp,pV ∗ ⊗Λq,qV ∗ −→ C (2.1)

defined by

η ∧ ω = 〈η, ω〉ωn .

We denote byΛp,pV ∗
R
the subspace of real elements. Then the pairing (2.1) induces a pairing

〈 · , · 〉R : Λp,pV ∗
R
⊗Λq,qV ∗

R
→ R. (2.2)

Note that the assignment η �→ |η| is canonical and gives an isomorphism betweenΛp,pV ∗
and the space of sesquilinear forms on ΛpVC. On the other hand, the duality pairing 〈·, ·〉
depends on the choice of basis but only up to a non-zero positive number.

Proposition 2.1.3 A form η ∈ Λp,pV ∗ is real if and only if the sesquilinear form |η| is
Hermitian. A form η is positive if and only if |η| is a positive semidefinite Hermitian form.

Proof The antilinear involution σ on Λp,pV ∗ is given by

σ(η)(x, ξ) = η̄(x, ξ) = (−1)pη(ξ̄ , x̄)

for x ∈ ΛpVC and ξ ∈ ΛpVC. Assume that η is real. Then for x, y ∈ ΛpVC we have

|η|(x, y) = (−1) p(p−1)
2 i−pη(x, ȳ) = (−1) p(p−1)

2 (−i)−pη(x, ȳ)

= (−1) p(p−1)
2 (−i)−p(−1)pη̄(y, x̄) = (−1) p(p−1)

2 i−pη(y, x̄) = |η|(y, x).
Thus, the sesquilinear form |η| is hermitian. The converse is proved analogously.

Assume now that η ∈ Λp,pV ∗ is a positive form and x ∈ ΛpVC. Then we can write

η =
∑

j

i p
2
γ jα j ∧ ᾱ j ,

with γ j ∈ R≥0 and α j ∈ Λp,0V ∗. Then, since i p2(−1) p(p−1)
2 i−p = 1, we have

|η|(x, x) = (−1) p(p−1)
2 i−pη(x, x̄) =

∑

j

γ j (α j ∧ ᾱ j )(x, x̄) =
∑

j

γ jα j (x)α j (x) ≥ 0,

proving that |η| is positive semidefinite.
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Conversely, assume that |η| is positive semidefinite. Then by the spectral theory of Her-
mitian forms, there are γ j ∈ R≥0 and α j ∈ Λp,0V ∗ = (ΛpVC)∗ such that

|η| =
∑

γ jα j ⊗ ᾱ j .

This implies that

η =
∑

i p
2
γ jα j ∧ ᾱ j

showing that η is a positive form. ��
Lemma 2.1.4 For every p ≥ 0, the complex vector space Λp,pV ∗ admits a C-basis of
strongly positive forms.

Proof [9, Lemma III.1.4]. ��
Lemma 2.1.5 Any weakly positive form in Λp,pV ∗ is real.

Proof The fact that ωn and any positive or strongly positive form are real follows directly
from the definition. Let now ω be a weakly positive form in Λp,pV ∗. This means that for
each strongly positive form η in Λq,qV ∗, there is a non-negative real number γ such that

ω ∧ η = γωn .

Since η, γ and ωn are real, this implies that

ω̄ ∧ η = γωn .

Hence (ω − ω̄) ∧ η = 0 for any strongly positive form η in Λq,qV ∗. By Lemma 2.1.4,
Λq,qV ∗ admits a basis of strongly positive elements. Therefore (ω − ω̄) ∧ η = 0 holds for
any η ∈ Λq,qV ∗. By duality, we get ω − ω̄ = 0 and hence ω is real. ��
Corollary 2.1.6 For p ∈ N, there are inclusions of closed convex cones

Λ
p,p
+,s V

∗ ⊂ Λ
p,p
+ V ∗ ⊂ Λ

p,p
+,wV

∗

in Λp,pV ∗
R
. For q := n − p, the cones Λ

p,p
+,s V

∗ and Λ
q,q
+,wV

∗ are dual to each other and the
cone Λ

p,p
+ V ∗ is the dual of Λq,q

+ V ∗ with respect to the real duality pairing (2.2).

Proof By definition, the spaces of strongly positive forms and of positive forms are convex
cones contained in Λp,pV ∗

R
. Lemma 2.1.5 implies that Λ

p,p
+,wV

∗ is contained in Λp,pV ∗
R
.

Then Λ
p,p
+,wV

∗ is a closed convex cone as the dual of the convex cone Λ
p,p
+,wV

∗.
We next show that the convex cone of strongly positive forms is closed. Choose any

hermitian metric in the complex vector space ΛpV ∗ and let S ⊂ ΛpV ∗ be the unit sphere.
The set K ⊂ S of totally decomposable elements is closed as it is the preimage of the
Grassmanian Gr(p, V ∗) under the projection S → P(ΛpV ∗). Since S is compact, so is K .
Let K ′ ⊂ Λp,pV ∗ be the image of K under the continuous map

ΛpV ∗ → Λp,pV ∗, α �→ i p
2
α ∧ ᾱ.

Then K ′ is a compact set that does not contain 0. Thus the convex cone over K ′ is closed [19,
Cor. 9.6.1]. Since the convex cone over K ′ is Λ

p,p
+,s V

∗, we deduce that the space of strongly
positive forms is a closed convex cone. Being Λ

p,p
+,s V

∗ closed and convex, it agrees with its
double dual. Therefore Λ

p,p
+,s V

∗ is the dual of Λ
p,p
+,wV

∗.
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We next prove that Λp,p
+ V ∗ is self dual. Let γ ∈ ΛnV ∗. Then γ = zdu1 ∧ · · · ∧ dun for

some z ∈ C and hence in
2
γ ∧ γ̄ = zz̄ωn . For α ∈ ΛpV ∗ and β ∈ ΛqV ∗, we conclude that

i p
2
iq

2
α ∧ ᾱ ∧ β ∧ β̄ = in

2
α ∧ β ∧ α ∧ β

is a positive multiple of ωn . Here we have used the identity i p
2
iq

2
(−1)pq = in

2
. This proves

that the cone Λ
p,p
+ V ∗ is contained the dual of Λ

q,q
+ V ∗. To prove the converse, we introduce

the isomorphism ϕ : ΛqV ∗ → ΛpV defined, for α ∈ ΛqV ∗, by

β ∧ α = β(ϕ(α)) du1 ∧ · · · ∧ dun (β ∈ ΛpV ∗).

Then, for any pair of forms η ∈ Λp,pV ∗ and α ∈ ΛqV ∗, the equality

η ∧ iq
2
α ∧ ᾱ = |η|(ϕ(α), ϕ(α))ωn

is satisfied. Therefore, if η belongs to the dual cone of Λ
q,q
+ V ∗, then the sesquilinear form

|η| is positive semidefinite. By Proposition 2.1.3, the form η is positive proving the reverse
inclusion. We deduce that the cone Λ

p,p
+ V ∗ is closed because it is a dual cone. ��

Remark 2.1.7 For p = 0, 1, n − 1, n, the notions of strong positivity, positivity and weakly
positivity agree (see [9, Corollary III.1.9]). In [9, Remark III.1.10], there are examples of
positive forms that are not strongly positive for any 2 ≤ p ≤ n − 2.

2.2 The real situation

We now shift to positivity of Lagerberg forms following [16]. We consider again a real basis
e1, . . . , en of V which induces dual bases d ′u1, . . . , d ′un of V ′ and d ′′u1, . . . , d ′′un of V ′′.

We denote by JV another copy of our n-dimensional R-vector space V and let us denote
by J : V �→ JV the identity map. There is a unique involution on V ⊕ JV that extends J and
which we also denote by J . From now on, we make the identification V ′′ := Hom(JV , R)

and then duality yields an involution on V ′ ⊕ V ′′ which we also call J . There is a unique
algebra homomorphism on Λ·,·V ′ that extends J . It is again an involution mapping Λp,qV ′
onto Λq,pV ′. This map, also denoted by J , is called the Lagerberg involution.

Definition 2.2.1 The Lagerberg orientation is the orientation on the vector space V ′ ⊕ V ′′
defined by

τn = d ′u1 ∧ d ′′u1 ∧ · · · ∧ d ′un ∧ d ′′un ∈ Λn,n(V ).

Consider a form ω ∈ Λp,pV ′. We call ω symmetric if

J (ω) = (−1)pω. (2.3)

We call ω strongly positive if it belongs to the convex cone spanned by

{α1 ∧ J (α1) ∧ · · · ∧ αp ∧ J (αp) | α j ∈ Λ1,0V ′ for j = 1, . . . , p}.
We call ω positive if it belongs to the convex cone spanned by

{(−1) p(p−1)
2 α ∧ J (α) | α ∈ Λp,0V ′}.

A symmetric Lagerberg (p, p)-form ω ∈ Λp,pV ′ is called weakly positive if for every
strongly positive form η of type (n − p, n − p), there is a real number γ ≥ 0 with

ω ∧ η = γ τn .
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We will also denote as Λ
p,p
+,s V

′, Λp,p
+ V ′ and Λ

p,p
+,wV

′ the spaces of Lagerberg (p, p)-forms
that are strongly positive forms, positive and weakly positive respectively.

Remark 2.2.2 Strongly positive, positive or weakly positive Lagerberg forms and τn are sym-
metric. In the definition of weakly positive Lagerberg forms, it is necessary to impose the
symmetry because the real analogue of Lemma 2.1.4 is not true, see Example 2.3.6.

It follows from Corollary 2.2.5 below that our definition of positive Lagerberg forms
agrees with the definition given by Lagerberg in [16, Definition 2.1].

From our definition, we deduce that the product of positive Lagerberg forms is positive.

Definition 2.2.3 To η ∈ Λp,pV ′, we associate a bilinear form |η| on ΛpV by the rule

|η|(x, y) = (−1) p(p−1)
2 η(x, J (y)).

Moreover, for q = n − p, there is a duality pairing

〈 · , · 〉 : Λp,pV ′ ⊗Λq,qV ′ −→ R,

defined by η ∧ ω = 〈η, ω〉τn for η ∈ Λp,pV ′ and ω ∈ Λq,qV ′.

Note that, again, the assignment η �→ |η| is canonical and gives an isomorphism between
Λp,pV ′ and the space of bilinear forms on ΛpV . On the other hand, the duality pairing 〈·, ·〉
depends on the choice of a basis, but only up to a positive number.

Proposition 2.2.4 A form η ∈ Λp,pV ′ is symmetric if and only if the bilinear form |η| is
symmetric. A form η is positive if and only |η| is a positive semidefinite symmetric form.

Proof The proof is similar to the complex case and is given in [16, Proposition 2.1]. ��

Denote now by Λ
p,p
symV ′ the subspace of symmetric elements and let q := n − p. The

duality pairing of Definition 2.2.3 induces a real duality pairing, denoted by the same symbol,

〈·, ·〉 : Λp,p
symV

′ ⊗Λq,q
symV

′ → R.

We give the analogue of Corollary 2.1.6 which was stated before [16, Lemma 2.2].

Corollary 2.2.5 For p ∈ N, there are inclusions of closed convex cones

Λ
p,p
+,s V

′ ⊂ Λ
p,p
+ V ′ ⊂ Λ

p,p
+,wV

′

in Λ
p,p
symV ′. For q := n − p, the cones Λ

p,p
+,s V

′ and Λ
q,q
+,wV

′ are dual to each other and the
cone Λ

p,p
+ V ′ is the dual of Λq,q

+ V ′ with respect to the above real duality pairing.

Proof The arguments are as in Corollary 2.1.6 replacing complex by real numbers and
sesquilinearforms by symmetric bilinear forms. ��

Remark 2.2.6 As in the complex case, strong positivity agrees with positivity and weak
positivity for p = 0, 1, n − 1, n. Similarly as in [9, Example III 1.10], there are positive
Lagerberg forms that are not strongly positive for any 2 ≤ p ≤ n − 2.
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2.3 Comparison between the real and complex situations

We aim for an identification of the space of Lagerberg forms Λ·,·V ′ with a subspace of the
space of complex forms Λ·,·V ∗ that preserves positivity as much as possible.

Definition 2.3.1 The vector space V ∗ = HomR(V , C) has an antilinear involution F coming
from complex conjugation in C. We extend F to V ∗ ⊕ V

∗
in such a way that F and σ (the

complex conjugation from 2.1) anticommute:

F(ᾱ) = −F(α) (for α ∈ V ∗). (2.4)

There is a unique antilinear involution of the R-algebra Λ·,·V ∗ which extends F . We denote
this extension also by F .

Note that F induces an antilinear involution of any Λp,qV ∗. In coordinates, we have

F(λ) = λ̄, F(dui ) = dui and F(dūi ) = −dūi (2.5)

where λ ∈ Λ0,0V ∗ = C.
Note that, if η ∈ Λp,qV ∗, then

F(η) = (−1)p+q F(η̄). (2.6)

We see V ′ ⊂ V ∗ and V ′′ ⊂ V
∗
as the subspaces of F-invariant elements. Note that V ′

looks like the space of real elements of V ∗, while, due to the twisted definition (2.4) of F in
V
∗
, the elements of V ′′ look like the imaginary elements of V

∗
.

We extend the inclusion V ′ ⊕ V ′′ → V ∗ ⊕ V
∗
to an R-algebra homomorphism

Λ·,·V ′ −→ Λ·,·V ∗. (2.7)

This inclusion sends d ′u j to du j and d ′′u j to idū j .

Proposition 2.3.2 We have the following compatibilities for the inclusion (2.7).

(i) The space of complex forms invariant under F is the image of Λ·,·V ′.
(ii) The Lagerberg involution J agrees on V ′ ⊕ V ′′ with the map α �→ i ᾱ.
(iii) A Lagerberg (p, p)-form is symmetric if and only if it is real as a complex form.
(iv) The image of τn is ωn.

Proof Since F is an antilinear involution, the space of F-invariant elements of Λ·,·V ∗ has
real dimension 22n which agrees with the dimension of Λ·,·V ′. Since, by construction, the
Lagerberg forms are invariant under F , both spaces agree. The remaining statements are
direct computations. ��
Lemma 2.3.3 The involution F maps strongly positive (resp. weakly positive, resp. positive)
complex forms to strongly positive (resp. weakly positive, resp. positive) complex forms.

Proof For any complex (p, 0)-form α, antilinearity of F and (2.6) give

F(α ∧ i pᾱ) = Fα ∧ (−i)pF(ᾱ) = Fα ∧ i p F(α). (2.8)

We conclude that F preserves positivity of complex forms. Multiplicativity of F and (2.8)
show also that F preserves strong positivity of forms.

Since ωn is the image of τn under the above identification, it is fixed under F . Using that
F is an involution, we deduce from duality that F preserves weak positivity as well. ��
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Proposition 2.3.4 The following compatibility conditions hold.

(i) A strongly positive Lagerberg form is also a strongly positive complex form.
(ii) An F-invariant weakly positive complex form is a weakly positive Lagerberg form.

This follows easily from the definitions. For positive forms, we have a stronger result.

Proposition 2.3.5 A Lagerberg form is positive if and only if it is positive as a complex form.

Proof It is easily seen that if ω ∈ Λp,pV ′ is a positive Lagerberg form, then it is also a
positive complex form by using the embedding (2.7) and that Jω = i pω̄.

Conversely, assume that ω is a Lagerberg (p, p)-form that is positive as a complex form.

We claim that is enough to show that if η = (−1) p(p−1)
2 α∧i pᾱ for some complex (p, 0)-form

α, then η + F(η) is a positive Lagerberg form. Assuming this claim, we can write

ω =
∑

s

γs(−1)
p(p−1)

2 αs ∧ i pᾱs

with γs ∈ R≥0 and αs ∈ Λp,0V ∗. Using the claim and the F-invariance of ω, we have that

ω = 1

2
(ω + F(ω)) =

∑

s

γs

2
(−1) p(p−1)

2 (αs ∧ i pᾱs + F(αs ∧ i pᾱs))

is a positive Lagerberg form.
To prove our claim, we write α = a + ib with a, b ∈ Λp,0(V ′). Then we have

α ∧ i pᾱ = (a + ib) ∧ i p(ā − i b̄) = i p(a ∧ ā − ia ∧ b̄ + ib ∧ ā + b ∧ b̄).

Using F(α) = a − ib, we get

Fα ∧ F(i pᾱ)) = (a − ib) ∧ F(i p(ā − i b̄)) = i p(a − ib) ∧ (ā + i b̄),

where we have used for the last equality that

F(i pā) = (−1)pi p F(ā) = (−1)pi p(−1)pF(a) = i pā

by equation (2.6) and analogously F(i p+1b̄) = −i p+1b̄. Since
1

2
(η + F(η)) = (−1) p(p−1)

2
1

2

(
α ∧ i pᾱ + Fα ∧ F(i pᾱ))

)
,

we deduce that

η + F(η) = 2 · (−1) p(p−1)
2 i p(a ∧ ā + b ∧ b̄) = 2 · (−1) p(p−1)

2 (a ∧ Ja + b ∧ Jb)

which is a positive Lagerberg form. ��
The next example shows that the analogues of Proposition 2.3.5 for strongly and weakly

positive forms do not hold. Hence the converse of Proposition 2.3.4 (i) and (ii) is wrong.

Example 2.3.6 We show that the space of strongly positive Lagerberg forms does not span
the space of symmetric Lagerberg forms. In particular, the cone of strongly positive Lager-
berg forms has empty interior and not every symmetric Lagerberg form can be written as a
difference of strongly positive ones.

Indeed, let V be a real vector space of dimension four. Then we have

Λ2,2
symV

′ =
{ ∑

i<k, j<l

wi jkld
′ui ∧ d ′′u j ∧ d ′uk ∧ d ′′ul

∣∣∣wi jkl = w j ilk

}
.
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Moreover, we have the following identity of cones:

Λ
2,2
+,sV

′ = 〈a ∧ J (a) ∧ b ∧ J (b) | a, b ∈ Λ1,0V ′〉R≥0 .
Given a, b ∈ Λ1,0V ′, let wi jkl(a, b) ∈ R be such that

a ∧ J (a) ∧ b ∧ J (b) =
∑

i<k, j<l

wi jkl(a, b)d ′ui ∧ d ′′u j ∧ d ′uk ∧ d ′′ul .

A direct computation shows

w1,3,2,4(a, b)− w1,2,3,4(a, b)+ w1,2,4,3(a, b) = 0,

and, by symmetry, we have

w3,1,4,2(a, b)− w2,1,4,3(a, b)+ w2,1,3,4(a, b) = 0,

Hence Λ
2,2
+,sV

′ is in a proper linear subspace of Λ
2,2
symV ′ and so it has empty interior.

As a consequence, the cone Λ
2,2
+,wV

′ is not strictly convex. Namely, the form

ω = d ′u3 ∧ d ′′u1 ∧ d ′u4 ∧ d ′′u2 − d ′u2 ∧ d ′′u1 ∧ d ′u4 ∧ d ′′u3
+ d ′u2 ∧ d ′′u1 ∧ d ′u3 ∧ d ′′u4 + d ′u1 ∧ d ′′u3 ∧ d ′u2 ∧ d ′′u4
− d ′u1 ∧ d ′′u2 ∧ d ′u3 ∧ d ′′u4 + d ′u1 ∧ d ′′u2 ∧ d ′u4 ∧ d ′′u3

satisfies η ∧ ω = 0 for every η ∈ Λ
2,2
+,sV

′, and hence Cω ∈ Λ
2,2
+,wV

′ for every C ∈ R.

Remark 2.3.7 We will deduce from Example 2.3.6 the existence of Lagerberg forms that are
strongly positive as complex forms but not strongly positive as Lagerberg forms.

By Lemma 2.1.4, every complex form ω can be written as a complex linear combination

ω =
∑

i

λiωi (2.9)

of strongly positive complex forms ωi . If ω is real, then applying σ to (2.9) and using that
the ωi are real, we see that we may take the λi to be real. If ω is further invariant under F ,
then applying F to (2.9) we see that replacing ωi by 1/2(ωi + F(ωi )) we may assume the
ωi to be F-invariant. Note that F(ωi ) is strongly positive by Lemma 2.3.3.

We have just shown Λ
p,p
symV ′ = 〈(Λp,p

+,s V
∗)F 〉R. Since we showed in Example 2.3.6 that

〈Λp,p
+,s V

′〉R � Λ
p,p
symV ′, we find that (Λp,p

+,s V
∗)F �⊂ Λ

p,p
+,s V

′. By Proposition 2.3.2, this means
exactly that not every Lagerberg form that is strongly positive as a complex form is strongly
positive as a Lagerberg form.

The next example illustrates this phenomenon.

Example 2.3.8 Let V still be a real vector space of dimension four. Choose a basis e1, . . . , e4
and corresponding bases of V ∗, V ∗, V ′ and V ′′ as before. The complex form

η = (du1 + idu2) ∧ i(dū1 − idū2) ∧ (du3 + idu4) ∧ i(dū3 − idū4)

is strongly positive by definition. By Lemma 2.3.3, the form ω = 1
2 (η + F(η)) is strongly

positive. Moreover, it is F-invariant and hence ω may be seen as a Lagerberg form by
Proposition 2.3.2. We claim that ω is not strongly positive as a Lagerberg form.
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A direct computation shows that

ω = d ′u1 ∧ d ′′u1 ∧ d ′u3 ∧ d ′′u3 + d ′u1 ∧ d ′′u1 ∧ d ′u4 ∧ d ′′u4
+ d ′u2 ∧ d ′′u2 ∧ d ′u3 ∧ d ′′u3 + d ′u2 ∧ d ′′u2 ∧ d ′u4 ∧ d ′′u4
− d ′u1 ∧ d ′′u2 ∧ d ′u3 ∧ d ′′u4 + d ′u2 ∧ d ′′u1 ∧ d ′u3 ∧ d ′′u4
+ d ′u1 ∧ d ′′u2 ∧ d ′u4 ∧ d ′′u3 − d ′u2 ∧ d ′′u1 ∧ d ′u4 ∧ d ′′u3.
= (−1)(d ′u1 ∧ d ′u3 − d ′u2 ∧ d ′u4) ∧ J (d ′u1 ∧ d ′u3 − d ′u2 ∧ d ′u4)
+ (−1)(d ′u1 ∧ d ′u4 + d ′u2 ∧ d ′u3) ∧ J (d ′u1 ∧ d ′u4 + d ′u2 ∧ d ′u3).

This shows that ω is a positive Lagerberg form, that the associated symmetric bilinear form
|ω| has rank 2 and that (ker |ω|)⊥ is the 2-dimensional subspace

(ker |ω|)⊥ = R(d ′u1 ∧ d ′u3 − d ′u2 ∧ d ′u4)+ R(d ′u1 ∧ d ′u4 + d ′u2 ∧ d ′u3).

We pick any decomposition

ω =
∑

j

α j ∧ J (α j ) (2.10)

with α ∈ Λ2,0V ′. Then α j ∈ (ker |ω|)⊥, since for any v ∈ ker |ω| ⊂ Λ2V , we have

0 = |ω|(v, v) =
∑

j

〈α j , v〉2.

Ifωwere strongly positive, wewould have a decomposition like (2.10)whereα j ∈ Λ2,0V ′
is a product of (1, 0)-forms. However, this is not possible because (ker |ω|)⊥ does not contain
any non-zero real decomposable element as the following argument shows. Assume that

ρ := (α d ′u1 + β d ′u2 + γ d ′u3 + δ d ′u4) ∧ (α′ d ′u1 + β ′ d ′u2 + γ ′ d ′u3 + δ′ d ′u4)

belongs to (ker |ω|)⊥.
This implies the equations

αγ ′ − α′γ = β ′δ − βδ′,
αδ′ − α′δ = βγ ′ − β ′γ,

αβ ′ − α′β = 0,

γ δ′ − γ ′δ = 0.

The point ρ determines a point ρ′ in the Grassmannian Gr(2, 4) with Plücker coordinates

x =
∣∣∣∣
α β

α′ β ′
∣∣∣∣ , y =

∣∣∣∣
α γ

α′ γ ′
∣∣∣∣ , z =

∣∣∣∣
α δ

α′ δ′
∣∣∣∣ ,

u =
∣∣∣∣
β γ

β ′ γ ′
∣∣∣∣ , v =

∣∣∣∣
β δ

β ′ δ′
∣∣∣∣ , w =

∣∣∣∣
γ δ

γ ′ δ′
∣∣∣∣ .

The previous equations imply that the Plücker coordinates of ρ′ satisfy the equations

y = −v, z = u, x = w = 0.

Moreover, the Plücker equations for Gr(2, 4) are reduced to the single equation

xw − yv + zu = 0.
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We conclude that the Plücker coordinates of ρ′ satisfy the equation

y2 + z2 = 0 (2.11)

that has no real solutions except the trivial one. The fact that ω is strongly positive as a
complex form is reflected by the fact that (2.11) has non-trivial complex solutions.

3 Lagerberg forms and Lagerberg currents on partial compactifications

For convex geometry we will use the notation and conventions set up in [12, Appendix]. Let
N be a free abelian group of rank n, M = HomZ(N , Z) its dual and denote by NR resp. MR

the respective scalar extensions to R.

3.1 Partial compactifications

A strictly convex rational polyhedral cone σ ∈ NR is a polyhedron defined by finitely many
equations of the form ϕ( . ) ≥ 0 with ϕ ∈ M , that does not contain a positive dimensional
linear subspace. A rational polyhedral fan Σ in NR is a polyhedral complex all of whose
polyhedra are strictly convex rational cones. In this paper we make the convention that a fan
is always a rational polyhedral fan.

A cone is called smooth if it is generated by a subset of a Z-basis of N . A fan Σ is
called smooth if each cone of Σ is smooth. For σ ∈ Σ we define the monoid Sσ := {ϕ ∈
M | ϕ(v) ≥ 0 for all v ∈ σ }. For σ ∈ Σ , write N (σ ) := NR/〈σ 〉R where 〈σ 〉R denotes the
real vector space generated by σ . Given σ, τ ∈ Σ , we write τ ≺ σ if τ is a face of σ . We
have projection maps πσ : NR → N (σ ) and πσ,τ : N (τ )→ N (σ ) for τ ≺ σ .

Definition 3.1.1 Let Σ ⊂ NR be a rational polyhedral fan. We consider the disjoint union

NΣ :=
∐

σ∈Σ
N (σ )

and call NΣ equipped with the topology introduced in Remark 3.1.2 the partial compactifi-
cation of NR associated to Σ .

Remark 3.1.2 The partial compactification NΣ carries the following topology which is Haus-
dorff. It is also locally compact and has a countable basis and hence it is metrizable. Let us
briefly recall its definition.

First, we define the partial compactification of N (σ ) for a single cone σ ∈ Σ by setting

Nσ :=
∐

τ≺σ

N (τ ).

The set Nσ is naturally identified with the monoid morphisms HomMon(Sσ , R∞). We equip
it with the subspace topology of R

Sσ∞ . Using a finite set of generators ϕ1, . . . , ϕk for the
monoid Sσ , we can realize HomMon(Sσ , R∞) as a closed subspace of R

k∞ with the induced
topology (see [18, Remark 3.1] and use [18, Lemma 2.1]).

For a face ρ of σ , we note that Nρ is an open subset of Nσ . This is used to define a topology
on the partial compactification NΣ by gluing the partial compactifications Nσ , σ ∈ Σ , along
the open subsets induced by common faces.

We give a second description of the topology of NΣ . To this end, we fix an Euclidean
metric in NR. For a cone ν ofΣ , the Euclideanmetric allows us to identify ν⊥ with a subspace
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of NR and, through the projection πν , with the space N (ν). Again, we consider first the case
of a single cone σ ∈ Σ . For a point u ∈ Nσ , there is a unique face ν of σ with u ∈ N (ν).
Let u0 ∈ ν⊥ ⊂ NR be the corresponding point and letU be a neighborhood of u0 in ν⊥. For
each face τ ≺ ν, the cone ν induces a cone πτ (ν) contained in N (τ ). For each p ∈ ν, we
write

W (ν,U , p) =
∐

τ≺ν

πτ (U + p + ν). (3.1)

The topology of Nσ is defined by the fact that {W (ν,U , p)}U ,p is a basis of neighbourhoods
of u in Nσ for any u ∈ Nσ . As before the topology of NΣ is defined by gluing along the
open subsets Nτ of Nσ whenever τ ≺ σ .

The first definition of the topology is given byKajiwara [15] and by Payne [18], the second
definition is from [1, I.1]. The topologies coincide as the above basis of neighbourhoodsworks
also for the first definition by [18, Remark 3.4].

To prove that NΣ is Hausdorff, we use that the quotient of a topological space (in this
case the disjoint union of the Nσ ) by an equivalence relation is Hausdorff if the canonical
map to the quotient is open and the graph of the equivalence relation is closed [5, Ch. I §8.3
Prop. 8]. As the map to the quotient is open by construction, it is enough to show that, for
cones σ1 and σ2 with τ = σ1 ∩ σ2, the map

Nτ −→ Nσ1 × Nσ2

is a closed immersion. This follows easily from the first description of the topologies of Nσ1

and Nσ2 by choosing a finite set of generators of Sσ1 and Sσ2 and observing that the union of
both sets is a set of generators of Sτ .

Note that NΣ is locally compact because the Nσ provide an open covering of NΣ and
each of them is locally compact. Finally every Nσ has a countable basis and hence also NΣ .

Remark 3.1.3 Let T = SpecC[M] be the split complex torus with cocharacter lattice N . Let
XΣ denote the toric variety over C with dense torus T determined by the fan Σ in NR. Let
X an

Σ denote the analytification of XΣ , i.e. the set of complex points XΣ(C) with its structure
of an analytic space.

There is a well-known continuous map (see for example [1, I.1, p.2], [15, Definition 1.2]
or [6, Section 4.1])

trop : X an
Σ −→ NΣ, (3.2)

which is nowadays called tropicalization map as it is given by glueing on the affine open
subsets Uσ = SpecC[Sσ ] for σ ∈ Σ of XΣ the tropicalization maps

trop : U an
σ −→ Nσ = HomMon(Sσ , R∞), y �−→ (m �−→ − log |χm(y)|)

where χm : T→ Gm is the character associated withm. It follows from [6, Sections 4.1, 4.2]
that the tropicalization map (3.2) is a proper continuous map that identifies NΣ with X an

Σ /S

where S denotes the real compact torus

S = {p ∈ T
an
∣∣ |χm(p)| = 1 for allm ∈ M

} ⊂ T
an.

There is a continuous proper section ρΣ : NΣ → X an
Σ of the tropicalization map (3.2) given

as the unique continuous extension of the section

ρ : NR −→ T
an = Hom(M, C

×), n �−→ [
m �−→ exp(−〈m, n〉)]

of (3.2) (see [6, Remark 4.1.3]).
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Fig. 1 The fan and partial compactification of the toric variety P
2

To illustrate the topology on the partial compactification NΣ , we give the following lemma
where the notation coincides with the one in [1, I.1, p.5].

Lemma 3.1.4 Let Σ ⊂ NR be a fan, and let NΣ be its associated partial compactification.
Given p ∈ NR and v ∈ |Σ |, the limit p+∞v := limμ→+∞ p+μv exists in NΣ . Moreover,
p +∞v ∈ N (σ ) for the unique cone σ ∈ Σ such that v ∈ relint(σ ).

Proof We use the description of the topology of NΣ given by the basis of neighborhoods
W (σ,U , q), so we fix an Euclidean metric in NR. Let p0 ∈ σ⊥ be the point corresponding to
πσ (p),U a neighborhood of p0 in σ⊥ and q ∈ σ . It is enough to show that there is a μ0 > 0
and for all μ ≥ μ0, the condition p + μv ∈ W (σ,U , q) holds. Since πσ (p) = πσ (p0) and
q ∈ σ , we deduce that p− p0−q ∈ 〈σ 〉R. Since v ∈ relint(σ ), there is a μ0 such that for all
μ ≥ μ0, we have p − p0 − q + μv ∈ σ and hence p + μv ∈ q +U + σ = W (σ,U , q). ��
Example 3.1.5 As an example, we consider the toric variety P

2 and its tropicalization shown
in Fig. 1. Note that for v = (0, 1), the point p +∞v is the point in N (σ3) lying vertically
above p.

3.2 Lagerberg forms and Lagerberg currents

Recall from [16] that for every open subset U of NR, there is a bigraded R-algebra of
Lagerberg forms A·,·(U )with differentials d ′ and d ′′ of bidegree (1, 0) and (0, 1). Lagerberg
forms were introduced by Lagerberg in loc. cit. under the name superforms. They are defined
as

Ap,q(U ) = Ap(U )⊗C∞(U ) A
q(U )

where A·(U ) denotes the R-algebra of real valued smooth differential forms on U .
We choose a basis of N which defines coordinates u1, . . . , un on NR. Then we may write

a Lagerberg form α as

α =
∑

I ,J

f I J d
′uI ∧ d ′′uJ
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where I = {i1 < · · · < i p} and J = { j1 < · · · < jq} range over all subsets of {1, . . . , n},
where f I J are smooth real functions on U and we use the multi-index notation

d ′uI ∧ d ′′uJ := dui1 ∧ · · · ∧ duip ⊗ du j1 ∧ · · · ∧ du jq .

There are differentials d ′ : Ap,q(U )→ Ap+1,q(U ) and d ′′ : Ap,q(U )→ Ap,q+1(U ), which
are in coordinates given by

d ′( f d ′uI ∧ d ′′uJ ) =
n∑

i0=1

∂ f

∂ui0
d ′ui0 ∧ d ′uI ∧ d ′′uJ

and

d ′′( f d ′uI ∧ d ′′uJ ) = (−1)p
n∑

j0=1

∂ f

∂u j0
d ′uI ∧ d ′′u j0 ∧ d ′′uJ .

The product of the bigraded R-algebra A·,·(U ) is alternating and we denote it by ∧. The
algebras A·,·(U ) form a sheaf on NR that is denoted by A·,· or by A·,·NR

.
The algebra A·,·(U ) carries a natural involution J that permutes bidegrees and is deter-

mined by J (α ⊗ β) = β ⊗ α for all α, β ∈ A·(U ). A Lagerberg form α ∈ Ap,p(U ) of type
(p, p) is called symmetric if it satisfies J (α) = (−1)pα.

Let us fix a fan Σ ⊂ NR. Following [14, Definition 2.4], smooth forms on open subsets
of NΣ are defined as follows.

Definition 3.2.1 LetU ⊂ NΣ be an open subset. For everyσ ∈ Σ , wewriteUσ := U∩N (σ ).
ALagerberg formof type (p, q) onU is given by a familyω = (ωσ )σ∈Σ withωσ ∈ Ap,q(Uσ )

satisfying the following local condition. For each p ∈ Uσ , there exists a neighborhood V of
p in U such that for all τ ≺ σ we have

ωτ |Vτ∩π−1σ,τ (Vσ )
= π∗σ,τ (ωσ |Vσ )|Vτ∩π−1σ,τ (Vσ )

.

We denote by Ap,q(U ) the real vector space of Lagerberg forms of type (p, q) on U . There
are unique differentials d ′ : Ap,q(U )→ Ap+1,q(U ) and d ′′ : Ap,q(U )→ Ap,q+1(U ) such
that (d ′ω)σ = d ′(ωσ ) and (d ′′ω)σ = d ′′(ωσ ) for each ω ∈ Ap,q(U ) and each σ ∈ Σ .
A smooth function f : U → R is a Lagerberg form of type (0, 0) in U . The assignment
U �→ Ap,q(U ) defines a sheaf Ap,q of real vector spaces on the topological space NΣ . If
we want to stress the fact that Ap,q is a sheaf on NΣ , we will denote it by Ap,q

NΣ
, The support

supp(ω) of a Lagerberg form ω ∈ Ap,q(U ) is the closed subset of points of U where ω has
a non-zero germ in the stalk. The space of Lagerberg forms of type (p, q) on an open subset
U of NΣ with compact support is denoted Ap,q

c (U ).

Remark 3.2.2 The stalk Ap,q
NΣ,x of the sheaf A

p,q
NΣ

in a point x ∈ N (σ ) ⊂ NΣ can be identified

with the stalk Ap,q
N (σ ),x in x of the sheaf of Lagerberg forms on the real vector space N (σ ).

This follows from Definition 3.2.1.
(ii) Let U ⊂ NΣ be an open subset and ω ∈ Ap,q(U ) a Lagerberg form. It follows from
statement (i) that supp(ω) = ∪σ∈Σ supp(ωσ ), see [14, Lemma 2.17].
(iii) Let U ⊂ NΣ be an open subset. There is an involution J on

A·,·(U ) = ⊕p,q≥0Ap,q(U )

such that given a Lagerberg form ω = (ωσ )ω∈Σ as in Definition 3.2.1, J (ω) is determined
by (Jω)σ = J (ωσ ). A Lagerberg form ω ∈ Ap,p(U ) of type (p, p) is called symmetric if it
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satisfies J (ω) = (−1)pω.
(iv) For U ⊂ NΣ open, the restriction map Ap,q(U )→ Ap,q(U ∩ NR) is injective.

Remark 3.2.3 Let U be an open subset of NΣ . Observe that Ap,q
c (U ) is in general not a

finitely generated A0,0
c (U )-module. This is caused by the fact that forms of large degree

vanish automatically at the boundary.

We next discuss a topology on the space Ap,q
c (U ). This topology is modeled on the

topology of the space of test forms used in analysis, see for instance [22, §6]. In fact, for an
open subset U of NΣ , we will define topologies on certain subspaces of Ap,q

c (U ) and use a
limit process to define a topology on Ap,q

c (U ). Moreover, we shall describe the convergent
sequences in Ap,q

c (U ). In the following, we fix a basis u1, . . . , un of M which defines
coordinates (u1, . . . , un) : NR

∼→ R
n and allows to write Lagerberg forms on U in terms of

standard forms d ′uI ∧ d ′′uJ for subsets I , J ⊂ {1, . . . , n}.

Definition 3.2.4 Let U be an open subset of NΣ . For each compact subset K ⊂ U and each
finite open covering (Vi )i of K , we denote by Ap,q

K (U , (Vi )i ) the subset of all Lagerberg
forms ω = (ωσ )σ∈Σ in Ap,q

c (U ) such that supp(ω) ⊂ K and

ωτ |Vi,τ∩π−1σ,τ (Vi,σ )
= π∗σ,τ

(
ωσ |Vi,σ

)∣∣
Vi,τ∩π−1σ,τ (Vi,σ )

(3.3)

holds for all i and all cones σ, τ ∈ Σ with τ ≺ σ and Vi,σ = Vi ∩ N (σ ) �= ∅. Given
ω ∈ Ap,q

K (U , (Vi )i ), we write ω =∑I ,J⊂{1,...,n} f I ,J d ′uI ∧ d ′′uJ and define

‖ω‖m :=
∑

α∈Nn

|α|≤m

∑

I ,J⊂{1,...,n}

∥∥∥∥
∂ |α| f I ,J

∂uα

∥∥∥∥
K

(3.4)

for eachm ∈ N using the supremum norm ‖ ‖K of continuous real functions on the compact
set K . The family of norms (3.4), wherem ∈ N varies, defines on Ap,q

K (U , (Vi )i ) the structure
of a locally convex topological vector space which is complete with respect to a translation
invariant metric and hence it is a Fréchet space. The induced topology is denoted by τK ,(Vi )i .

We put on Ap,q
c (U ) the topology τ , defined as the limit topology

(Ap,q
c (U ), τ ) = lim−→

K ,(Vi )i

(
Ap,q
K (U , (Vi )i ), τK ,(Vi )i

)

in the category of locally convex topological vector spaces. Note that this may be different
from the direct limit in the category of topological vector spaces.

Asmentioned previously, the topology of Ap,q
c (U ) is modeled on the classical topology on

the space of test functions in [22, §6] and its formal properties are very similar. For instance,
if U is not compact, then Ap,q

c (U ) is not metrizable. Nevertheless the topology on Ap,q
c (U )

has many nice properties and the fact that is not metrizable is only a minor issue.

Remark 3.2.5 The spaces Ap,q
c (U ) have the same properties as the test function spaces in

[22, Chapter 6]. This is a consequence from the fact that E := Ap,q
c (U ) is an LF-space

as introduced by Dieudonné and Schwartz [10]. This means that the vector space E is a
countable union of strictly increasing Fréchet spaces Ek such that the topology on Ek agrees
with the induced topology from Ek+1. Indeed, using that U has a countable basis, it is clear
that the direct limit can be by described by using countable many (Kk, (Vk,i )i ) such that the
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compact subset Kk lies in the interior of Kk+1 and such that a subfamily of (Vk+1,i )i is a
refinement of the open covering (Vk,i )i of Kk . Setting

Ek :=
(
Ap,q
K (U , (Vi )i ), τK ,(Vi )i

)
,

we see that E is an LF-space. It is shown in [10] that E has a canonical structure as a
locally convex space which is the finest structure such that the topology on En agrees with
the induced topology and it follows that E is the direct limit of the En in the category of
locally convex spaces.

All properties of test function spaces from [22, Chapter 6] were shown in [10] more
generally for LF-spaces and so they apply to Ap,q

c (U ). In fact, an LF-space is not only
sequentially complete, but a complete Hausdorf space [10, Corollary of Theorem 6]. For our
paper, we need mainly the following results about sequences.

Proposition 3.2.6 Let U be an open subset of NΣ . A sequence (ωk) in Ap,q
c (U ) converges

to ω ∈ Ap,q
c (U ) if and only if there is a compact subset K ⊂ U and a finite open covering

(Vi )i of K such that all ωk and ω are contained in Ap,q
K (U , (Vi )i ) and for every m ∈ N, we

have limk→∞ ‖ωk − ω‖m = 0.

Proof A convergent sequence is bounded and hence the result follows from the fact that every
bounded subset of an LF-space is contained in some En [10, Proposition 4]. ��

Even if the space Ap,q
c (U ) is not metrizable, for many purposes, sequences are enough.

Proposition 3.2.7 Let T : An−p,n−q
c (U ) → R be a linear functional. Then the following

conditions are equivalent.

(i) The map T is continuous.
(ii) If a sequence (ωk)k∈N converges to zero, then (T (ωk))k∈N converges to zero.
(iii) The restriction of T to each subspace An−p,n−q

K (U , (Vi )i ) is continuous.

Proof The equivalence of (i) and (iii) follows from [10, Proposition 5], while (ii) and (iii)
are equivalent by Proposition 3.2.6. ��

As in the classical case of distributions, we now define currents as the topological dual of
the space of smooth forms with compact support.

Definition 3.2.8 A Lagerberg current of type (p, q) on U is a continuous linear functional
T : An−p,n−q

c (U ) → R. The space of such Lagerberg currents is denoted by Dp,q(U ). A
Lagerberg distribution is a Lagerberg current of type (n, n).

Remark 3.2.9 Let U denote an open subset of NΣ .

(i) If U is contained in the open generic stratum NR, then the definition of Dp,q(U ) above
coincides with the definition of Dp,q(U ) given by Lagerberg [16, 2.1].

(ii) By the usual methods, the spaces of Lagerberg currents inherit operators

d ′ : Dp,q(U ) −→ Dp+1,q(U ), d ′′ : Dp,q(U ) −→ Dp,q+1(U )

and a product

Ap′,q ′(U )⊗ Dp,q(U ) −→ Dp+p′,q+q ′(U )
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such that

d ′(T )(ω′) = (−1)p+q+1T (d ′ω′),
d ′′(T )(ω′′) = (−1)p+q+1T (d ′′ω′′),
(β ∧ T )(ω) = (−1)(p′+q ′)(p+q)T (β ∧ ω)

for all T ∈ Dp,q(U ), β ∈ Ap′,q ′(U ) and all ω′, ω′′, ω ∈ A·,·(U ) of suitable bidegree.
(iii) There is an involution J on D·,·(U ) = ⊕p,q≥0Dp,q(U ) such that given T ∈ Dp,q(U )

and ω ∈ An−q,n−p
c (U ) the Lagerberg current J (T ) ∈ Dq,p(U ) is given by

J (T )(ω) = (−1)nT (J (ω)).

A Lagerberg current T ∈ Dp,p(U ) is called symmetric if it satisfies J (T ) = (−1)pT .

Integration of Lagerberg forms gives examples of currents. We start by recalling the
integration theory of Lagerberg forms. If U ⊂ NΣ is an open subset and η ∈ An,n(U ) is a
Lagerberg form with compact support, using the chosen basis of M , we write

η = f d ′u1 ∧ d ′′u1 ∧ · · · ∧ d ′un ∧ d ′′un .

Denote by dλ the Lebesgue measure on NR induced by the lattice N . The integral of η is
defined as

∫

U
η =

∫

NR

f dλ.

Since the support of any compactly supported Lagerberg form of type (n, n) is a compact
subset of NR, the integral is finite. Since two isomorphisms N ∼= Z

n differ by a matrix of
determinant ±1, the integral does not depend on the choice of coordinates.

Example 3.2.10 Let U ⊂ NΣ be an open subset. We will use the map

[ ] : Ap,q(U ) −→ Dp,q(U ), η �−→ [η](·) =
∫

U
η ∧ · .

This map is a morphism of A·,·(U )-modules compatible with the actions of d ′, d ′′ and J .

Example 3.2.11 Let U be an open subset of NΣ . For every real Radon measure μ on U (see
Appendix A), there exists a unique Lagerberg current T ∈ Dn,n(U ) such that

T ( f ) =
∫

U
f dμ ∀ f ∈ A0,0

c (U ). (3.5)

Indeed, for a compact subset K of U and a finite covering (Vi )i∈I of K , the canonical maps
A0,0
K (U , (Vi )i∈I ) → C0

K (U , R) and C0
K (U , R) → C0

c (U ), R) are morphisms of locally
convex vector spaces. By the universal property of the direct limit, the composition of these
maps induces a continuous map A0,0

c (U )→ C0
c (U , R). This shows our claim.

Proposition 3.2.12 Let (Ui )i∈I be an open cover of an open subset U of NΣ . Then there
exists a partion of unity subordinate to the given cover (Ui )i∈I , i.e. a countable, locally finite
open cover (Vj ) j∈J of U together with a map s : J → I such that Vj ⊂ Us( j) for all j ∈ J

and a collection of non-negative functions f j ∈ A0,0
c (Vj ) such that

∑
j∈J f j ≡ 1.
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Proof By general arguments, see [23, Theorem 1.11], it is sufficient to show that, given a
point x and a neighborhood V of x inU , there exists a function f ∈ A0,0

c (V ) that is constant
equal to 1 on a neighborhood of x . This statement is clearly local, so we may assume that
our fan Σ is generated by a single cone σ and NΣ = Nσ . We have seen in Remark 3.1.2 that
a choice of k generators of the cone σ leads to a realization of Nσ as a closed (polyhedral)
subset of R

k∞. Now the existence of a partition of unity for an open subset of R
k∞ from [14,

Lemma 2.7] readily shows the claim. ��
LetU be an open subset of NΣ . Recall from Appendix A that the space C0

c (U , R) of real
valued continuous functions onU with compact support has a canonical structure of a locally
convex topological vector space.

Corollary 3.2.13 For U ⊂ NΣ open, the image of A0,0
c (U ) ↪→ C0

c (U ) is sequentially dense.

Proof It is enough to show that, for any continuous function f ∈ C0
c (U ), there is a sequence

of functions gk ∈ A0,0
c (U ), k ≥ 0, that converges to f in the topology of C0

c (U ). Let K be
the support of f . Using that NΣ is locally compact, we can easily find open subsets U1,U2

and compact subsets K1, K2 with

K ⊂ U1 ⊂ K1 ⊂ U2 ⊂ K2 ⊂ U .

By Proposition 3.2.12, the Stone–Weierstrass Theorem [20, Theorem 7.32] implies that the
R-algebra {h|K1 | h ∈ A0,0(U ), supp(h) ⊂ K2} is dense in C0(K1). Hence there is a
sequence of smooth functions hk ∈ A0,0

c (U ) with supp(hk) ⊂ K2 such that the hk |K1

converge uniformly to f in C0(K1). Again by Lemma 3.2.12, there is a smooth function
0 ≤ ρ ≤ 1, whose support is contained in U1 and with ρ|K ≡ 1. Then the sequence of
smooth functions given by gk = ρhk converges to f in C0

c (U ). ��

4 Positivity for complex invariant forms and Lagerberg forms

In this section we study positive forms on a smooth complex toric variety that are invariant
under the action of the compact torus and compare them to positive Lagerberg forms. We
keep the setting from Section 3.

4.1 Invariant forms in the case of the torus

We start with the case of the complex algebraic torus T = SpecC[M] of dimension n
with character lattice M and cocharacter lattice N . We fix a splitting N ∼= Z

n that induces
holomorphic coordinates z1, . . . , zn on T as well as linear coordinates u1, . . . , un on NR.
As before we denote the associated complex manifold M ⊗Z C

× ∼= (C×)n by T
an. We will

also consider the real compact torus

S := {z ∈ T
an | |z j | = 1 ∀ j ∈ {1, . . . , n}} = {z ∈ T

an | |χu(z)| = 1 ∀u ∈ M}.
We will denote by A either the sheaf of complex differential forms on T

an or the sheaf of
(real) Lagerberg forms on NR. The context will always allow us to distinguish between them.
If not we will denote the former as ATan and the latter as ANR

. For an S-invariant subset V
of T

an, let A(V )S denote the subalgebra of A(V ) given by the S-invariant forms.
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Remark 4.1.1 Let V be an S-invariant subset of T
an. The subalgebra A(V )S is a direct factor

of A(V ) because averaging with respect to the Haar probability measure μS of S defines a
canonical projection

A(V ) −→ A(V )S, ω �−→ ωav:=
∫

S

a∗(ω) dμS(a)

where a : Tan → T
an denotes translation by a ∈ T

an.

Definition 4.1.2 Let F be the antilinear involution of the sheaf ofC-algebras A =ATan deter-
mined by F( f ) = f̄ for f ∈ A0,0 and by

F(dz j/z j ) = dz j/z j , F(id z̄ j/z̄ j ) = id z̄ j/z̄ j

for j = 1, . . . , n. The S-invariant one-forms dz j/z j and id z̄ j/z̄ j ( j = 1, . . . , n) generate
a subsheaf of R-algebras B of A such that A·,· = A0,0 ⊗R B·,·. Observe that this definition
of B does not depend on the choice of the splitting N ∼= Z

n which induces the coordinates
z1, . . . , zn . The antilinear involution F above is the R-linear endomorphism on ATan given
as the tensor product of complex conjugation on A0,0 with the identity on B. We conclude
that the involution F is indeed well defined.

Lemma 4.1.3 The involution F is T
an-equivariant. In particular F induces an antilinear

involution, also denoted by F, of A(V )S for any S-invariant open subset V of T
an.

Proof For f ∈ A0,0(V ) and j = 1, . . . , n, we have

a∗ f̄ = a∗ f , a∗(dz j/z j ) = dz j/z j , and a∗(id z̄ j/z̄ j ) = id z̄ j/z̄ j .

We deduce that a∗F(ω) = F(a∗ω) for any ω ∈ A(V ) and the claim follows. ��
Lemma 4.1.4 Let V ⊂ T

an be an S-invariant open subset. If ω ∈ A(V )S, then

F(∂ω) = ∂F(ω), F(i ∂̄ω) = i ∂̄F(ω).

Proof We note that the S-invariant forms i |K |dzI ∧dz̄K /(zI z̄K ) give a frame in A(V ). Using
that r → log(r2) is a diffeomorphism from R>0 onto R, any ω ∈ A(V )S can be written as

ω =
∑

I ,K

fI ,K (log(z1 z̄1), . . . , log(zn z̄n))
i |K |dzI ∧ dz̄K

zI z̄K
(4.1)

where the functions f I ,K are smooth complex valued functions of n real variables.We denote
by ∂ j f I ,K the partial derivative with respect to the j-th variable. Clearly

∂ j f̄ I ,K = ∂ j f I ,K .

Then F(∂ω) is equal to

F

⎛

⎝
∑

I ,K

∑

j /∈I
∂ j f I ,K

dz j
z j
∧ i |K |dzI ∧ dz̄K

zI z̄K

⎞

⎠ =
∑

I ,K

∑

j /∈I
∂ j f I ,K

dz j
z j
∧ i |K |dzI ∧ dz̄K

zI z̄K
,

and

∂F(ω) = ∂

⎛

⎝
∑

I ,K

f̄ I ,K
i |K |dzI ∧ dz̄K

zI z̄K

⎞

⎠ =
∑

I ,K

∑

j /∈I
∂ j f̄ I ,K

dz j
z j
∧ i |K |dzI ∧ dz̄K

zI z̄K
.
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Thus the commutativity between ∂ and F follows from ∂ j f̄ I ,K = ∂ j f I ,K .
Similarly, F(i ∂̄ω) is equal to

F

⎛

⎝
∑

I ,K

∑

j /∈K
∂ j f I ,K

idz̄ j
z̄ j
∧ i |K |dzI ∧ dz̄K

zI z̄K

⎞

⎠ =
∑

I ,K

∑

j /∈K
∂ j f I ,K

idz̄ j
z̄ j
∧ i |K |dzI ∧ dz̄K

zI z̄K
,

and

i ∂̄F(ω) = i ∂̄

⎛

⎝
∑

I ,K

f̄ I ,K
i |K |dzI ∧ dz̄K

zI z̄K

⎞

⎠ =
∑

I ,K

∑

j /∈K
∂ j f̄ I ,K

idz̄ j
z̄ j
∧ i |K |dzI ∧ dz̄K

zI z̄K
.

Therefore the commutativity of F and i ∂̄ also follows from ∂ j f̄ I ,K = ∂ j f I ,K . ��

The next example shows that S-invariance of ω is necessary in Lemma 4.1.4.

Example 4.1.5 Consider the case n = 1 and let f (z) = z + z̄. This function is real but not
S-invariant. Furthermore

∂F( f ) = ∂ f = dz

and

F(∂ f ) = F(dz) = F(zdz/z) = z̄dz/z.

Definition 4.1.6 For anyS-invariant open subset V ⊂ T
an, we denote by A(V )S,F the algebra

of forms that are simultaneously F-invariant and S-invariant. Since F and the action of S both
respect the bigrading of A, we deduce that A(V )S,F is a bigraded algebra. By Lemma 4.1.4,
the operators ∂ and i ∂̄ induce operators on A(V )S,F .

The next goal is to give an identification between the algebra of S-invariant forms that
are also F-invariant, and the algebra of real Lagerberg forms on NR. This identification
will respect the natural differential operators. Recall that J denotes the Lagerberg involution
introduced in Remark 3.2.2.

Proposition 4.1.7 Let U ⊂ NR be an open subset and V = trop−1(U ) the corresponding
S-invariant subset of T

an. Then there is a unique homomorphism

trop∗ : A(U ) −→ A(V )

of R-algebras such that

trop∗(ϕ) = ϕ ◦ trop (4.2)

for all ϕ ∈ A0,0(U ) and such that

trop∗(d ′ω) = π−1/2∂ trop∗(ω) and trop∗(d ′′ω) = π−1/2i∂ trop∗(ω) (4.3)

for all ω ∈ A(U ). Moreover, this homomorphism is injective with image A(V )S,F inducing
an isomorphism A(U ) � A(V )S,F . For ω ∈ Ap,q(U ), we have

trop∗(J (ω)) = i p+q trop∗(ω). (4.4)
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Proof We first recall some formulas from complex analysis in one variable. If z = reiθ and
u = − log |z| = − log(r), since r2 = zz̄, we have

∂(u) = −dz

2z
and ∂̄u = −dz̄

2z̄
.

For j = 1, . . . , n write r j = |z j | = (z j z̄ j )1/2. Then

trop∗(u j ) = − log(r j ).

Therefore, Eqs. (4.2) and (4.3) imply

trop∗(d ′u j ) = − dz j
2
√

π z j
, trop∗(d ′′u j ) = − id z̄ j

2
√

π z̄ j
. (4.5)

Since trop∗ is an algebra homomorphism, we deduce that, if ω ∈ A(U ) is written as

ω =
∑

I ,K

fI ,K (u1, . . . , un) d
′uI ∧ d ′′uK , (4.6)

then the corresponding form on the torus is given by

trop∗(ω) =
∑

I ,K

( −1
2
√

π

)|I |+|K |
i |K | f I ,K (− log(r1), . . . ,− log(rn))

dzI ∧ dz̄K
zI ∧ z̄K

. (4.7)

This proves the uniqueness of the map trop∗. Conversely, using Eq. (4.7) as the definition
of trop∗, the uniqueness of the decomposition (4.6) shows that trop∗ is well defined and it
is immediate to verify (4.2), (4.3) and (4.4). Clearly, the form in (4.7) is F- and S-invariant
and every element in A(V )S,F has this form. Obviously, the map trop∗ is injective. Hence it
induces an isomorphism A(U ) � A(V )S,F . ��
Corollary 4.1.8 Let U ⊂ NR be an open subset and V = trop−1(U ). Then trop∗ induces an
isomorphism of topological vector spaces Ac(U ) � Ac(V )S,F .

Proof The isomorphism of vector spaces follows from Proposition 4.1.7 as the map trop is
proper. Using that trop is a submersion, the topological statement can be checked locally in
coordinates. ��
Remark 4.1.9 The S-invariant open subsets ofT

an are precisely the preimages of open subsets
of NR. Hence S and F act in a natural way on the sheaf trop∗ A.We denote by (trop∗ A)S,F the
subsheaf of sections invariant under S and F . Then Proposition 4.1.7 yields a monomorphism
of sheaves of R-algebras

trop∗ : A −→ (trop∗ A)S,F (4.8)

that preserves differentials as in (4.3).

The next remark shows that Lagerberg forms and the involution F are pointwise described
by the linear algebra in Sect. 2.

Remark 4.1.10 Choose a point x ∈ T
an and let y = − log |x | = trop(x) denote its image

under the tropicalization map. Write V = TyNR for the tangent space to NR at y. Let V ′,
V ′′, V ∗ and V ∗ be defined as Sect. 2. There is an isomorphism

trop∗x : V ∗ ⊕ V ∗ −→ T 1,0
x T

an ⊕ T 0,1
x T

an
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given by

du j �−→ − dz j
2
√

πx j
, and idū j �−→ −id z̄ j

2
√

π x̄ j
.

This isomorphism is compatible with the map trop∗ in the sense that

trop∗(ω)(x) = trop∗x (ω(y)).

Let τn ∈ Λn,nV ′ be the Lagerberg orientation as in Definition 2.2.1. Then

trop∗x (τn) =
indz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

(4π)n |x1|2 . . . |xn |2 . (4.9)

Note that the denominator of this form is strictly positive in the torus T
an therefore, any

positivity notions on T
an defined using the orientation trop∗x (τn) or the orientation

indz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

agree.
Let ω ∈ Ap,q(W ) for some open subset W of T

an and x ∈ W . We get from (2.5) that

F(ω)(x) = F(ω(x)) (4.10)

where F on the righthand side is the involution from Definition 2.3.1.

Definition 4.1.11 LetU be an open set of NR. A Lagerberg formω ∈ A(U ) is called strongly
positive (respectively positive, weakly positive) if for all x ∈ U , ω(x) is strongly positive
(respectively positive, weakly positive).

Let V be an open set of T
an. A complex differential form ω ∈ A(V ) is called strongly

positive (respectively positive, weakly positive) if for all y ∈ V , ω(y) is strongly positive
(respectively positive, weakly positive).

As we have seen in Example 2.3.6, it is reasonable to restrict our attention to positive
Lagerberg forms. Nevertheless we add the other positivity notions for further reference.

Lemma 4.1.12 Let U be an open set of NR and ω ∈ Ap,p(U ) be a Lagerberg form on U.

(i) The Lagerberg form ω is symmetric if and only if trop∗ ω is real.
(ii) If ω is strongly positive, then trop∗ ω is strongly positive.
(iii) If trop∗ ω is weakly positive then ω is weakly positive.
(iv) The Lagerberg form ω is positive if and only if trop∗ ω is positive.

Proof The Lagerberg form ω is symmetric if and only if Jω = (−1)pω. By Eq. (4.4) this is
equivalent to trop∗(ω) = trop∗(ω). This proves the first statement.

The remaining assertions follow from the fact that positivity is checked pointwise,
Remark 4.1.10 and Propositions 2.3.4 and 2.3.5. ��
Remark 4.1.13 Remark 4.1.10 shows that the correspondence

π−1/2∂ ←→ d ′ and π−1/2i∂ ←→ d ′′ (4.11)

from Proposition 4.1.7 was already used implicitly in Section 2 in order to preserve positivity
and the bigrading between the complex and the Lagerberg forms.
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Remark 4.1.14 Chambert-Loir and Ducros mention in [7, Remarque 1.2.12] the identifica-
tions d = ∂ + ∂ ↔ d ′ and 4πdc = 1

i (∂ − ∂)↔ d ′′ (observe that d Arg(z) = 4πdc log |z|)
which have the disadvantage that they do not respect the bigrading and do not allow the nice
interpretation of symmetric Lagerberg forms as real complex forms as in Lemma 4.1.12.

Remark 4.1.15 Let U be an open subset of NR and V := trop−1(U ). We have introduced
the map trop∗ : A(U ) → A(V ) in order to establish later correspondence results between
Lagerberg forms and currents on U and invariant complex forms and currents on V .

Let us explain our choices which lead to the achieved correspondence (4.11): Our first
condition is that trop∗ should be a differential homomorphism of R-algebras with respect to
the differential operators d ′ and d ′′ of A(U ) and natural differential operators ∂ ′ and ∂ ′′ on
A(V ). Naturality means here that ∂ ′, ∂ ′′ should be in the two-dimensional C-vector space
spanned by ∂ and ∂̄ . The second condition is that trop∗ respects the bigrading which implies
∂ ′ = a∂ and ∂ ′′ = bi ∂̄ for some a, b ∈ C. Third, the range of trop∗ should be contained in
the F-invariant forms in V which yields a, b ∈ R. Observe that these three conditions imply
already that trop∗ preserves positivity of forms (see Lemma 4.1.12). Our fourth condition
is (4.4) which forces a = b. The fifth condition is that trop∗ is compatible with integration
(see Lemma 4.2.5 below). This gives ab = 1/π . Hence we have seen that the five conditions
given above fix our choices in Proposition 4.1.7 up to a sign.

4.2 Invariant forms in the case of a toric variety

The next goal is to partially extend Proposition 4.1.7 to toric varieties. Let Σ be a smooth
fan in NR. Let XΣ be the corresponding smooth complex toric variety and let NΣ be the
corresponding partial compactification of NR as in Sect. 3. We denote by X an

Σ the complex
manifold associated to XΣ . Recall from Remark 3.1.3 that the tropicalization map is a proper
continuous map trop : X an

Σ → NΣ that identifies NΣ with X an
Σ /S.

Remark 4.2.1 Let V ⊂ X an
Σ be an S-invariant open subset. Then, in general, the involution F

does not induce an involution of A·,·(V ). In fact, if ω ∈ A·,·(V ), then F(ω|V∩Tan ) may not
extend to a smooth form on V , as the following example shows.

We set XΣ = A
1
C
and V = X an

Σ = C. Then dz ∈ A1,0(V ), but

F(dz) = F
(
z
dz

z

)
= z̄

z
dz

is not a smooth form in 0. Nevertheless, the next result implies that F can be extended to
smooth S-invariant forms.

Lemma 4.2.2 Let V ⊂ X an
Σ be an S-invariant open subset. Let ω ∈ A·,·(V )S be a smooth

S-invariant form on V . Then F(ω|V∩Tan ) extends uniquely to a smooth form S-invariant form
on V and hence F induces an antilinear involution on A·,·(V )S also denoted by F.

Proof Since the statement is local we may assume that V is contained in the affine toric
variety Xσ for some σ ∈ Σ . We choose a system of toric coordinates (z1, . . . , zn) and write

ω =
∑

f I ,K (z1, . . . , zn)dzI ∧ dz̄K .

Moreover, the S-invariance of V yields that V is invariant under complex conjugation of the
coordinates. Since ω is S-invariant, each summand f I ,K dzI ∧ dz̄K is also S-invariant and
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hence we can write

f I ,K (z1, . . . , zn)dzI ∧ dz̄K = gI ,K (|z1|, . . . , |zn |) i
|J |dzI ∧ dz̄K

zI z̄K
,

for a unique smooth function gI ,K ∈ C∞(V ). On V ∩ T
an, this yields

F( f I ,K (z1, . . . , zn)dzI ∧ dz̄K ) = F

(
gI ,K (|z1|, . . . , |zn |) i

|K |dzI ∧ dz̄K
zI z̄K

)

= gI ,K (|z1|, . . . , |zn |) i
|K |dzI ∧ dz̄K

zI z̄K
= (−1)|K | f I ,K (z̄1, . . . , z̄n)dzI ∧ dz̄K

which can be uniquely extended to a smooth formonV becauseω is smooth.ByLemma4.1.3,
the restriction F(ω)|V∩Tan is S-invariant. By continuity, F(ω) is S-invariant. ��

For any open S-invariant subset V ⊂ X an
Σ , we will denote by A(V )S,F the R-subalgebra

of forms that are at the same time invariant under S and under F . As before we obtain a sheaf
of bigraded R-algebras (trop∗ AXan

Σ
)S,F on NΣ .

Proposition 4.2.3 There is a unique morphism of sheaves of bigraded R-algebras

trop∗ : ANΣ −→ (trop∗ AXan
Σ

)S,F (4.12)

that extends the morphism (4.8). Moreover, trop∗ satisfies

π−1/2∂ ◦ trop∗ = trop∗ ◦d ′ and π−1/2i ∂̄ ◦ trop∗ = trop∗ ◦d ′′. (4.13)

For an open subset U of NΣ and ω ∈ Ap,q(U ), we have

trop∗(J (ω)) = i p+q trop∗(ω). (4.14)

Proof This follows easily from the definitions and Proposition 4.1.7. ��
Remark 4.2.4 IfU is an open subset of NR, thenwehave seen in Proposition 4.1.7 that themap
(4.12) is an isomorphism. For an open subset U of NΣ , the map is obviously still injective,
but in general no longer surjective. The latter can be seen already in the one dimensional
case. Let N = Z and Σ the fan with a single maximal cone σ = R≥0. Then XΣ = A

1
C
and

NΣ = R ∪ {∞}. Consider the smooth function ϕ(z) = zz̄ on X an
Σ = C and the function

f (u) = e−2u on NR = R. Then, on C
× ⊂ C we have ϕ = trop∗ f , but f can not be

extended to a smooth function on NΣ , because, by definition, a smooth function on NΣ has
to be constant in a neighborhood of∞. This gives an example of a non-surjective

trop∗ : A0,0(U ) −→ A0,0(trop−1(U ))S,F .

Lemma 4.2.5 Let U be an open set of NΣ and V = trop−1(U ). Let η be a Lagerberg
(n, n)-form with compact support contained in U. Then

∫

U
η =

∫

V
trop∗ η.

Proof Since η is a top degree Lagerberg form with compact support in U , it has compact
support contained in U ∩ NR. Choosing integral linear coordinates in NR, we have

η = f (u1, . . . , un)d
′u1 ∧ d ′′u1 ∧ · · · ∧ d ′un ∧ d ′′un
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for a smooth function f on R
n . By Proposition 4.1.7, we have

trop∗ η = f (− log |z1|, . . . ,− log |zn |) i
ndz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

(4π)nz1 . . . zn z̄1 . . . z̄n
.

Writing trop∗ η in polar coordinates z j = r j eiθ j and using that

idz j ∧ dz̄ j
2z j z j

= dr j ∧ dθ j

r j
,

we deduce
∫

V
trop∗ η =

∫

V
f (− log r1, . . . ,− log rn)

dr1 . . . drndθ1 . . . dθn

(2π)nr1 . . . rn

=
∫

U
f (x1, . . . , xn)dx1 . . . dxn =

∫

U
η

which proves the claim. ��
4.2.6. We next discuss the notions of positivity for toric varieties. In the case of the complex
smooth toric variety X an

Σ the different notions of positivity are the usual ones: A complex
differential form is strongly positive (resp. positive, weakly positive) if it is so pointwise.

In the case of NΣ a little bit more has to be said because the different fibers of the sheaves
of forms A over a point p ∈ NΣ \ NR have a different nature.

Recall from Sect. 3.1 that given a point v ∈ NΣ , there is an unique orbit N (σ ) with
v ∈ N (σ ) corresponding to a cone σ of the fan. Then there is an identification of fibers

ANΣ (v) = AN (σ )(v).

Therefore, the different notions of positivity for Lagerberg forms make sense for this fiber
by using Definition 2.2.1 for V = N (σ ). Then for U ⊂ NΣ , a Lagerberg form is strongly
positive (resp. positive, weakly positive) if it is so fiber by fiber.

Lemma 4.2.7 Let U ⊂ NΣ (respectively V ⊂ X an
Σ ) be an open subset and ω ∈ A(U )

(respectively ω ∈ A(V )) then ω is strongly positive, positive or weakly positive if and only
if the same if true for ω|U∩NR

(respectively ω|V∩Tan ).

Proof This follows from a continuity argument using that the cones of strongly positive,
positive and weakly positive Lagerberg forms in each fiber are closed by Corollary 2.2.5. ��
Lemma 4.2.8 Let U be an open subset of NΣ and V = trop−1(U ) ⊂ X an

Σ . Let η ∈ Ap,p(U ).

(i) If η is strongly positive, then trop∗(η) is strongly positive.
(ii) η is positive if and only if trop∗(η) is positive.
(iii) If trop∗(η) is weakly positive, then η is weakly positive.

Proof The result follows from Lemmas 4.2.7 and 4.1.12. ��
One can deduce from Example 2.3.8 that the converses of (i) and (iii) in the previous

lemma are not always true.

Lemma 4.2.9 Let U be an open subset of NΣ and V = trop−1(U ) ⊂ X an
Σ . Every strongly

positive complex differential form on V (resp. strongly positive Lagerberg form on U) is
positive and every positive complex differential form on V (resp. positive Lagerberg form on
U) is weakly positive. Moreover, if p = 0, 1, n − 1, n, then all three positivity notions agree
on Ap,p(U ) (resp. on Ap,p(V )).

123



A comparison of positivity in complex and tropical… 1229

Proof Since all notions of positivity of forms are checkedfiber byfiber, the result follows from
Corollary 2.1.6 and Remark 2.1.7 in the complex case and Corollary 2.2.5 and Remark 2.2.6
in the Lagerberg case. ��

5 Positivity for complex invariant currents and Lagerberg currents

Throughout this section, Σ will be a smooth fan in NR, XΣ will denote the associated toric
variety, NΣ will denote the partial compactification of NR and X an

Σ = XΣ(C) will denote
the complex manifold associated to XΣ , with tropicalization map trop : X an

Σ → NΣ .

5.1 Invariant currents

Let U be an open subset of NΣ and write V = trop−1(U ). Let Ap.q
c (U ) be the space of

Lagerberg forms onU with compact support and similarly Ap,q
c (V ) is the space of complex

forms on V with compact support. Since trop : V → U is proper, the map trop∗ in (4.12)
induces a map

trop∗ : Ap,q
c (U ) −→ Ap,q

c (V ). (5.1)

We now compare the topologies on the space of Lagerberg forms and the space of complex
forms through the map trop∗. The definition of the C∞-topology on both spaces is slightly
different. The topology of Ap,q

c (U ) has been described in Definition 3.2.4. The topology of
Ap,q
c (V ) is defined similarly. One first defines a topology on Ap,q

K (V ) for each compact K
using norms similar to those in (3.4) taking into account all complex derivatives and then
define the topology of Ap,q

c (V ) as the direct limit in the category of locally convex topological
vector spaces. So the main difference is the use of finite coverings in Definition 3.2.4. From
the definition of the topologies, it is easy to check that the map trop∗ : Ap,q

c (U )→ Ap,q
c (V )

is injective and continuous. Nevertheless, as the following examples show, trop∗ is in general
not a homeomorphism onto its image endowed with the subspace topology. Moreover, the
image of trop∗ is not closed in Ap,q

c (V ).

Example 5.1.1 As in Remark 4.2.4, we consider the case XΣ = A
1
C
, thus NΣ = R∞.

Consider U = {u ∈ R∞ | u > 0} ⊂ NΣ and V = trop−1(U ) = {z ∈ C | zz̄ < 1}. Let
ρ : R→ R be a smooth function with 0 ≤ ρ ≤ 1 and ρ(x) = 0 for |x | > 2 and ρ(x) = 1
for |x | < 1. Define the sequence of functions

fn(u) = 1

en2
ρ(u − n).

The sequence ( fn)n≥3 does not converge to zero in A0,0
c (U ) because for any compact subset

K ofU there is no finite covering {Vi }i of K with fn ∈ A0,0
K (U , {Vi }) for all n (see Proposi-

tion 3.2.6). Indeed, assume that such a compact K and covering {Vi } exists. Since the point
n ∈ R∞ is in the support of fn , and these points converge to∞, then∞ ∈ K . Therefore one
Vi would contain∞ and hence by definition of A0,0

K (U , {Vi }) all the fn |Vi would have to be
constant, which is not the case.

Write ϕn = trop∗ fn . Then

ϕn(z) = 1

en2
ρ(− log |z| − n).
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The support of ϕn is contained in the closed annulus {z ∈ C | en−2 ≤ |z|−1 ≤ en+2}. Since
ρ is smooth with compact support, all the derivatives of ρ are bounded. From this and the
condition above on the support of ϕn , we deduce that for every pair of integers a, b, there is
a constant Ca,b such that

∣∣∣∣∣

(
∂

∂z

)a (
∂

∂z

)b

ϕn

∣∣∣∣∣ ≤
1

en2
Ca,b sup

z∈supp(ϕn)
1

|z|a+b ≤
1

en2
Ca,be

(a+b)(n+2).

It follows that the sequence (ϕn)n≥3 converges to the function 0 in A0,0
c (V ). We conclude

that the topology of A0,0
c (U ) is not induced by the topology of A0,0

c (V ).

Example 5.1.2 We keep the setting from Example 5.1.1. Choose now ρ ∈ A0,0(R) with
0 ≤ ρ ≤ 1 and ρ(x) = 1 for x ≤ 0 and ρ(x) = 0 for x > 1. Further pick ψ ∈ A0,0

c (U ) with
ψ(x) = 1 for x ≥ 1. Consider the sequence of differential forms

ηn = ψ(− log |z|)e−1/|z|ρ(− log |z| − n)
idz ∧ dz̄

4π zz̄
∈ A1,1

c (V ) (n ∈ N)

and the differential form η = ψ(− log |z|)e−1/|z|idz ∧ dz̄/(4π zz̄). Similarly as in Exam-
ple 5.1.1 the forms ηn converge to η in A1,1

c (V ). The forms ηn are in the image of trop∗
as

ηn = trop∗
(
ψ(u) exp(−eu)ρ(u − n)d ′u ∧ d ′′u

)
,

but the form η is not in the image of trop∗ because the function ψ(u)e−eu is non-constant
close to∞. Hence the image of trop∗ : A1,1

c (U )→ A1,1
c (V ) is not closed.

Now we shift our attention to currents.

Remark 5.1.3 Let V ⊂ X an
Σ be an S-invariant open subset. Similarly as in Remark 4.1.1, the

average with respect to the probability Haar measure on S leads to a canonical projection
Ac(V )→ Ac(V )S that we denote ω �→ ωav. A current S is called S-invariant if

a∗S = S ∀a ∈ S.

The space of S-invariant currents is denoted D(V )S = ⊕
D·,·(V )S. There is a canonical

projection D(V ) → D(V )S, where S is mapped to the S-invariant current Sav given by
Sav(ω) = S(ωav). The antilinear involution F of A(V )S leaves Ac(V )S invariant. It defines
an antilinear involution on the space of S-invariant complex currents D(V )S, which we also
denote by F , given by

(FS)(η) = S(Fη) (η ∈ Ac(V )S). (5.2)

The space of S- and F-invariant currents is denoted by D(V )S,F . Observe that F respects
the grading. Hence the spaces Dp,q(V )S,F are well-defined. Since F is an involution, there
is a canonical projection D(V )S→ D(V )S,F .

Definition 5.1.4 The direct image of currents is the map

trop∗ : Dp,q(V ) −→ Dp,q(U )⊗RC

given by trop∗(S)(η) = S(trop∗ η) for each η ∈ An−p,n−q
c (U ). By linearity, we extend the

direct image to a C-linear map trop∗ : D(V )→ D(U )⊗RC, where D(U ) := ⊕p,q Dp,q(U )

is the total space of real Lagerberg currents.
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Lemma 5.1.5 For an open subset U of NΣ , V := trop−1(U ) and S ∈ D(V ), we have the
following properties.

(i) trop∗(S) = trop∗(Sav)
(ii) If S ∈ D(V )S,F , then trop∗(S) ∈ D(U ) ⊂ D(U )⊗RC.
(iii) If U ⊂ NR and S ∈ D(V )S, then S is F-invariant if and only if trop∗(S) ∈ D(U ).

Proof Proposition 4.2.3 yields (i). To prove the remaining claims, let S ∈ D(V )S. Using
that F is an involution, we see that (5.2) is equivalent to S(η) = (FS)(Fη) for every
η ∈ Ac(V )S. To prove (ii), we assume that S is F-invariant. We have to show S(trop∗ ω) ∈ R

for all ω ∈ Ac(U ). Using that S and trop∗ ω are F-invariant, property (ii) follows from

trop∗ S(ω) = S(trop∗ ω) = (FS)(F trop∗ ω) = S(trop∗ ω) = trop∗ S(ω).

To show (iii), let U ⊂ NR and assume trop∗(S) ∈ D(U ). Then the same computation in
reversed order shows S(η) = (FS)(Fη) for every η of the form trop∗ ω with ω ∈ Ac(U ).
Using U ⊂ NR, we deduce from (4.1) and (4.7) that the C-span of such forms is Ac(V )S

and hence S(η) = (FS)(Fη) holds for all η ∈ Ac(V )S proving F-invariance of S and (iii).
��

Remark 5.1.6 The map trop∗ fits in the following commutative diagram:

D(V )

trop∗

D(V )S
trop∗

D(U )⊗
R

C

D(V )S,F trop∗
D(U ).

If U is an open subset of the dense orbit NR, then Corollary 4.1.8 yields that the map

D(V )S,F trop∗−−→ D(U ) is an isomorphism. If U intersects the boundary, then trop∗ is not a
closed immersion and hence trop∗ is not surjective (see Examples 5.1.11 and 5.1.12 below).

Lemma 5.1.7 Given ω ∈ Ap,q(U ) and S ∈ Dr ,s(V ), we have the projection formula

ω ∧ trop∗ S = trop∗
(
trop∗(ω) ∧ S

)
. (5.3)

Proof Given η ∈ An−p−r ,n−q−s
c (U ), by Remark 3.2.9(ii) we have

S
(
trop∗(ω ∧ η)

) = (−1)(p+q)(r+s)(trop∗(ω) ∧ S
)
(trop∗ η)

as trop∗ respects products and (5.3) is an immediate consequence. ��

Recall that for ω ∈ Ap,q(U ), we have an associated Lagerberg current [ω] = ∫U ω ∧ . in
Dp,q(U ). Similarly, we have a complex current [η] ∈ Dp,q(V ) associated to a complex form
η ∈ Ap,q(V ). From Lemma 4.2.5 and 5.1.7, we immediately deduce the following result.

Corollary 5.1.8 For every Lagerberg form ω ∈ Ap,q(U ), we have

trop∗[trop∗(ω)] = [ω] ∈ Dp,q(U ).
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Definition 5.1.9 Let V ⊂ X an
Σ be an open subset and let S ∈ Dp,p(V ) be a current. The

current S is called strongly positive (resp. positive, resp. weakly positive) if S(η) ≥ 0 for
every weakly positive (resp. positive, resp. strongly positive) form η ∈ An−p,n−p

c (V ). The
space of weakly positive (p, p)-currents will be denoted Dp,p

w+ (V ), the space of positive ones
by Dp,p

+ (V ) and the space of strongly positive ones by Dp,p
s+ (V ). The current S is called real

if we have S(η̄) = S(η) for each η ∈ An−p,n−p
c (V ).

Let U ⊂ NΣ be an open subset and let T ∈ Dp,p(U ) be a Lagerberg current. The
Lagerberg current T is called strongly positive (resp. positive, resp. weakly positive) if it is
symmetric and for every weakly positive (resp. positive, resp. strongly positive) Lagerberg
form η ∈ An−p,n−p

c (U ) the condition T (η) ≥ 0 holds. The space of weakly positive Lager-
berg currents of type (p, p)will be denoted Dp,p

w+ (U ), the space of positive ones by Dp,p
+ (U ),

and the space of strongly positive ones by Dp,p
s+ (U ).

Lemma 5.1.10 Let U be an open subset of NΣ and V = trop−1(U ) ⊂ X an
Σ . Every strongly

positive current in Dp,p(V ) (resp. in Dp,p(U )) is positive, every positive current in Dp,p(V )

(resp. in Dp,p(U )) is weakly positive and every weakly positive current in Dp,p(V ) (resp. in
Dp,p(U )) is real (resp. symmetric). Moreover, if p = 0, 1, n − 1, n, then all three positivity
notions agree in Dp,p(V ) (resp. in Dp,p(U )).

Proof The positivity claims follow from Lemma 4.2.9. By definition, a weakly positive
current on U is symmetric. To see that a weakly positive current on V is real, we use
Lemma 2.1.4. The latter implies that any real form on V is a real linear combination of
strongly positive ones which easily yields the claim. ��

We will see in Theorem 7.1.5 that trop∗ induces a bijection between the space of closed
positive complex currents on V = trop−1(U ) that are invariant under F and S and the space
of closed positive Lagerberg currents on U . In particular, every closed positive Lagerberg
current is in the image of trop∗. The following two counterexamples show that one can
drop neither the closedness assumption nor the positivity assumption. The first example is a
positive Lagerberg current and the second example is a closed Lagerberg current, neither of
which are in the image of trop∗.

Example 5.1.11 Let XΣ = A
1
C
, NΣ = R∞, U = {u ∈ R∞ | u > 0} and V = trop−1(U ) =

{z ∈ C | zz̄ < 1} as in Example 5.1.1. Let T : A1,1
c (U )→ R be the linear map

T ( f d ′u ∧ d ′′u) =
∫ ∞

0
ex

2
f (x)dx . (5.4)

If f d ′u ∧ d ′′u ∈ A1,1
c (U ), then f has compact support contained in U \ {∞}. Therefore the

integral in (5.4) is finite. To show that T is a continuous functional, we use Proposition 3.2.7.
Let ωn = gnd ′u∧d ′′u, n ≥ 1 be a sequence of forms in A1,1

c (U ) that converge to zero. Then
there is a neighborhood V0 of∞ such that

ω0,n |V0 = π∗σ,0(ωσ,n) = 0

for all n, where σ = R≥0 is the cone corresponding to the point∞. Hence there is a compact
K ⊂ U \ {∞} such that supp(gn) ⊂ K for all K . Moreover ‖gn‖K converges to zero.
Therefore T (ωn) also converges to zero. We conclude that T is a Lagerberg current. Clearly
it is positive.
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Assume that S is a current on V such that trop∗ S = T . Let fn and ϕn be as in Exam-
ple 5.1.1. Since the functions ϕn converge to 0 in A0,0

c (V ), we deduce that

lim
n→∞ S

(
ϕn

idz ∧ dz

4π zz

)
= 0.

On the other hand, the assumption trop∗ S = T yields the desired contradiction as follows:

S
(
ϕn

idz ∧ dz

4π zz

)
= T

(
fnd
′u ∧ d ′′u

)

=
∫ ∞

0
ex

2−n2ρ(x − n)dx >

∫ n+1

n
ex

2−n2dx > 1.

Example 5.1.12 We keep the setting from Example 5.1.11. Then

T ( f ) :=
∫ ∞

0
e2e

x
f ′(x)dx . (5.5)

defines a linear functional T : A0,0
c (U ) → R. Since any f ∈ A0,0

c (U ) is constant in a
neighborhood of∞, the support of f ′ is a compact subset ofU \ {∞}. As in Example 5.1.11,
we see that T defines a current in D1,1(U ). This current is closed because it has top degree.
We claim that T is not of the form trop∗(S) for any S ∈ D1,1(V ). We argue by contradiction
and suppose that T = trop∗(S). Let ρ and ψ be as in Example 5.1.2 and write

ζn = ψ(− log |z|)e−1/|z|ρ(− log |z| − n), ζ = ψ(− log |z|)e−1/|z|.
Then ζn → ζ in A0,0

c (V ). Moreover ζn = trop∗( fn) for

fn(x) = ψ(x)e−ex ρ(x − n) ∈ A0,0
c (U ).

Therefore limn→∞ S(ζn) = S(ζ ) ∈ C. This contradicts

S(ζn) = T ( fn) =
∫ ∞

0
e2e

x
(
ψ(x)e−ex ρ(x − n))

)′
dx

converging to −∞ for n→∞, as a direct computation using integration by parts shows.

Proposition 5.1.13 Let S ∈ Dp,p(V )S,F . If S is real (resp. positive, resp. weakly positive),
then T := trop∗(S) is symmetric (resp. positive, resp. weakly positive).

Proof Recall from Lemma 5.1.5 that T ∈ Dp,p(U ). If S is real, then the Lagerberg current
T is symmetric. Indeed for q := n − p and ω ∈ Aq,q

c (U ), we deduce from (4.14) that

T (J (ω)) = S
(
trop∗(J (ω))

) = (−1)pS(trop∗(ω)) = (−1)pS(trop∗(ω)) = (−1)pT (ω).

The positivity statements follow from Lemma 4.2.8. ��

On the dense orbit, we also have the converse implication.

Lemma 5.1.14 LetU be an open subset of NR, put V := trop−1(U ), and let S ∈ Dp,p(V )S,F

be an invariant current such that trop∗(S) is a positive current on U. Then S is a positive
current on V .
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Proof Given a positive form α ∈ An−p,n−p
c (V ), the averaged form αav ∈ Ap,p

c (V )S from
Remark 4.1.1 is again positive. From Lemma 2.3.3, we get that the invariant form

αinv = (αav + F(αav))/2 ∈ An−p,n−p
c (V )S,F

is positive as well. SinceU ⊂ NR, we conclude by Proposition 4.1.7 that αinv = trop∗(β) for
a uniquely determined Lagerberg form β in Ap,p

c (U ). Finally β is positive by Lemma 4.1.12
and S(α) = S(αinv) = trop∗(S)(β) ≥ 0 shows our claim. ��

Wewill see in the next subsection that positive currents havemeasure coefficients. The key
result to prove this is captured in the following proposition.We refer the reader toAppendixA
for the convention we use about Radon measures.

Proposition 5.1.15 Let U be either an open subset of X an
Σ or of NΣ . Let

T : A0,0
c (U ) −→ R

be a linear functional such that T ( f ) ≥ 0 for every non-negative f ∈ A0,0
c (U ). Then there

is a unique positive Radon measure μ on U with T ( f ) = ∫U f dμ for every f ∈ A0,0
c (U ).

Proof The following argument works for the complex and the Lagerberg case.
Let K be a compact subset ofU and let C0

K (U , R) be the set of continuous real functions
with support in K . As usual, this real vector space is endowed with the supremum norm
‖ ‖sup. We also consider the subspace A0,0

K (U , R) of smooth real functions with support in

K and its subspace A0,0
K (U , R≥0) of non-negative functions.

We claim that the restriction of T to A0,0
K (U , R) is continuous with respect to the sup-

norm. Since we have smooth partitions of unity by Proposition 3.2.12, there is a non-negative
χK ∈ A0,0

c (U ) with χK (x) = 1 for all x ∈ K . Now the positivity of T yields

−T (χK )‖ f ‖sup ≤ T ( f ) ≤ T (χK )‖ f ‖sup
for all smooth functions f with compact support in K . This proves the claim.

Let f ∈ C0
c (U , R). To define T ( f ), we use Corollary 3.2.13 or its classical analogue

to get a sequence ( fn)n∈N in A0,0
c (U , R) which converges to f . It follows from the proof

of that corollary as well as from Proposition 3.2.6 that we can find a compact subset K of
U such that fn ∈ A0,0

K (U , R) for all n ∈ N. The sequence ( fn)n∈N converges to f with
respect to the sup-norm on K . By the continuity of T shown above, it is clear that T ( fn)
converges to a real number. The limit T ( f ) neither depends on the choice of the sequence
nor on the choice of K . Note also that if f ≥ 0, then χK · ( fn+‖ fn− f ‖sup) is a sequence in
C0
supp(χK )(U , R≥0) converging to f with respect to the sup-norm.We conclude easily that the

above defines a positive linear functional T onC0
c (U , R)which extends the given functional.

This is equivalent to have a positive Radon measure μ onU with T ( f ) = ∫U f dμ for every
f ∈ C0

c (U , R).
Note that uniqueness is obvious as a positive linear functional on C0

c (U , R) is continuous
on C0

K (U , R) (by the same argument as above) and so our definition of T ( f ) is forced. ��
We can now prove that positive (n, n)-currents on open subsets of X an

Σ or NΣ are the same
as positive Radon measures.

Proposition 5.1.16 LetU be either an open subset of X an
Σ or of NΣ . For every positive current

T ∈ Dn,n(U ), there is a unique positive Radon measure μ on U such that

T ( f ) =
∫

U
f dμ ∀ f ∈ A0,0

c (U ). (5.6)
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Conversely, every positive Radon measure μ on U induces a current T ∈ Dn,n
+ (U ) by (5.6).

Proof If T is a positive current in Dn,n(U ), then it is a positive linear functional on A0,0
c (U ).

Hence the first claim follows from Proposition 5.1.15. Conversely, we have seen in Exam-
ple 3.2.11 that every real Radon measure μ induces an element T ∈ Dn,n(U ) with (5.6).
Clearly, if μ is positive, then T is positive as well. ��

The following result is a prototype for our main correspondence result in Theorem 7.1.5.

Corollary 5.1.17 Let U be an open subset of NΣ and let V := trop−1(U ). Then the map
trop∗ induces a linear isomorphism Dn,n(V )S+ → Dn,n(U )+ of real cones.

Proof Since NΣ = X an
Σ /S (see Remark 3.1.3), it is clear that trop∗ induces an isomorphism

between C0
c (U , R) and the subspace of C0

c (V , R) given by the S-invariant functions. Hence
trop∗ maps the cone of S-invariant positive Radon measures on V isomorphically onto the
cone of positive Radon measures on U . By Proposition 5.1.16, we get the claim. ��

5.2 Co-coefficients of currents

To extend Proposition 5.1.15 to (p, p)-currents, we place ourselves in the local setting. We
assume in this subsection that N = Z

n and that Σ is the fan given by the maximal cone
R
n≥0 and its faces in NR = R

n . Then NΣ = R
n∞ and XΣ is the smooth toric variety A

n
C
.

Recall that any smooth toric variety can be covered by toric affine varieties isomorphic to
open subvarieties of this one. The splitting N = Z

n induces coordinates (z1, . . . , zn) in X an
Σ

and (u1, . . . , un) in NR.

Definition 5.2.1 LetV ⊂ X an
Σ = C

n be an open subset and let S ∈ Dp,p(V ), write q := n−p
and let I , J ⊂ {1, . . . , n} with |I | = |J | = q . Then the co-coefficient SI J of S is the
distribution on V defined by

SI J ( f ) = S(iq
2
f dzI ∧ dz̄ J ).

For I ⊂ {1, . . . , n}, we consider the following union of strata

E I :=
⋃

i∈I
{ui = ∞} ⊂ NΣ = R

n∞.

Definition 5.2.2 Let U ⊂ NΣ = R
n∞ be open and T ∈ Dp,p(U ). Let q, I , J be as above.

Then the co-coefficient T I J is the Lagerberg distribution on U \ E I∪J defined by

T I J ( f ) = T
(
(−1) q(q−1)

2 f d ′uI ∧ d ′′uJ
)
.

Remark 5.2.3 Note that we define T I J ∈ Dn,n(U \E I∪J ) because, by definition of Lagerberg
forms, we can only plug in functions that vanish in a neighborhood of E I∪J .

Remark 5.2.4 Conversely, given SI J ∈ Dn,n(V ) for all I , J ⊂ {1, . . . , n} with |I | = |J | =
q = n − p, there is a unique complex current S ∈ Dp,p(V ) with co-coefficients SI J .

Similarly, one can show that given T I J ∈ Dn,n(U \ E I∪J ) for all I , J ⊂ {1, . . . , n} with
|I | = |J | = q = n − p, there is a unique T ∈ Dp,p(U ) with co-coefficients T I J .

Positive currents have measure co-coefficients, instead of just distribution co-coefficients.
The complex case is given by [9, Proposition III.1.14]:
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Proposition 5.2.5 Let V ⊂ X an
Σ = C

n and S ∈ Dp,p(V ) be a weakly positive current. Then

the co-coefficients SI J are complex Radon measures on V that satisfy SI J = SJ I for all
multi-indices I , J with |I | = |J | = q. Moreover, all S I I are positive Radon measures and
the total variation measures |SI J | satisfy the estimates

λIλJ |SI J | ≤ 2q
∑

M

λ2MSMM , I ∩ J ⊂ M ⊂ I ∪ J , (5.7)

for any collection of real numbers λk ≥ 0, k = 1, . . . , n, and λI =∏k∈I λk .

We have seen in Example 2.3.6 that in the tropical case it is reasonable to restrict our
attention to positive Lagerberg forms and hence to positive Lagerberg currents, as opposed
to weakly positive currents.

Proposition 5.2.6 Let U ⊂ NΣ = R
n∞ be an open subset and T ∈ Dp,p(U ) a positive

current. Then the co-coefficients T I J are real Radon measures on U \ E I∪J that satisfy
T I J = T J I for all multi-indices I , J with |I | = |J | = q. Moreover, all T I I are positive
Radon measures and the total variation measures |T I J | satisfy the estimates

λIλJ |T I J | ≤ 1

2
(λ2I T

I I + λ2J T
J J ), (5.8)

for any pair of real numbers λI , λJ ≥ 0.

Proof By definition, Lagerberg currents are real valued. The condition

T I J = T J I (5.9)

follows from the symmetry of T . For every f ∈ A0,0
c (U \ E I∪J ), we have

(T I J + T J I )( f ) = T
(
f · (−1) q(q−1)

2 (d ′uI ∧ d ′′uJ + d ′uJ ∧ d ′′uI )
)

. (5.10)

Moreover (−1) q(q−1)
2 (d ′uI ∧ d ′′uJ + d ′uJ ∧ d ′′uI ) can be written as the difference of two

positive Lagerberg forms

(−1) q(q−1)
2 (d ′uI ∧ d ′′uJ + d ′uJ ∧ d ′′uI ) = (−1) q(q−1)

2 (d ′uI + d ′uJ ) ∧ (d ′′uI + d ′′uJ )

− (−1) q(q−1)
2 (d ′uI ∧ d ′′uI + d ′uJ ∧ d ′′uJ ).

(5.11)

Since the product of a positive Lagerberg current by a positive Lagerberg form is a posi-
tive Lagerberg current by Remark 2.2.2, we deduce from equations (5.10), (5.11) and from
Proposition 5.1.15 that T I J + T J ,I is a real Radon measure on U \ E I∪J . From equation
(5.9), it follows that T I J is also a real Radon measure on U \ E I∪J . In the special case
I = J , there is no need for (5.11) and we can directly deduce from the definition of the
co-coefficient T I I or from (5.10) that T I I is a positive Radon measure on U \ E I .

Note that for every positive continuous function with compact support contained in U \
E I∪J and for every pair of non-negative real numbers λI , λJ , we have the inequalities

T
(
f · (−1) q(q−1)

2 (λI d
′uI ± λJ d

′uJ ) ∧ (λI d
′′uI ± λJ d

′′uJ )
)
≥ 0.

Expanding and using equation (5.9), we deduce

±2λIλJ T
I J ( f ) ≤ λ2I T

I ,I ( f )+ λ2J T
J ,J ( f ),

from which Eq. (5.8) follows. ��
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Observe that (5.8) is stronger than (5.7). This is because in Proposition 5.2.6we are dealing
with positive currents while Proposition 5.2.5 deals with weakly positive currents.

Example 5.2.7 We show that there can be no analogue of Proposition 5.2.6 forweakly positive
Lagerberg currents.

Example 2.3.6 gives a non-zero Lagerberg form ω of type (2, 2) on R
4 such that ±ω are

both weakly positive. In factω was constructed such thatω∧η = 0 for each strongly positive
Lagerberg form η of type (2, 2). By definition, the associated Lagerberg currents ±[ω] are
weakly positive. We compute the co-coefficients of T = [ω]. For I = {3, 4}, J = {1, 2} and
f ∈ C∞c (NR), we have

T J I ( f ) = T I J ( f ) = −T ( f d ′u3 ∧ d ′u4 ∧ d ′′u1 ∧ d ′′u2) =
∫

R4
f (u)du1du2du3du4

by using the formula for ω in Example 2.3.6. We conclude that T J I = T I J is the Lebesgue
measure on R

4 and the same holds for I = {2, 3} and J = {1, 4}. On the other hand, for
I = {2, 4}, J = {1, 3}, we have that −T J I = −T I J agrees with the Lebesgue measure on
R
4. All other co-coefficients are 0. In particular, for all M ⊂ {1, 2, 3, 4} with two elements,

we have T MM = 0. We conclude that no estimate of the form (5.8) or (5.7) holds.

In Example 5.2.7, all co-coefficients were positive or negative Radon measures on R
4.

Example 5.2.8 We construct from ω in Example 2.3.6 a weakly positive Lagerberg current
T whose co-coefficients are not all Radon measures.

Since ω∧ α = 0 for all strongly positive forms α, we have that ω ∧ T ′ is weakly positive
for every symmetric current T ′ of type (0, 0). This already shows that it is very unlikely that
every weakly positive current has measure coefficients. Indeed, one may check that for the
Lagerberg currents

T ′ : A4,4
c (R4) −→ R, T ′( f d ′u1 ∧ d ′′u1 ∧ . . . ∧ d ′u4 ∧ d ′′u4) = ∂ f

∂u1
(0, 0, 0, 0)

and T = ω ∧ T ′, and the sets I = {3, 4} and J = {1, 2}, we have

T I J ( f ) = ∂ f

∂u1
(0, 0, 0, 0).

It is well-known that uniform convergence does not imply convergence of derivatives. There-
fore the co-coefficient T I J is not a Radon measure.

6 Tropicalization of positive currents

Weconsider a smooth fanΣ in NR with associated complex toric variety XΣ and correspond-
ing tropicalization NΣ . In this section, we will describe precisely which positive Lagerberg
currents are in the image of positive complex currents with respect to trop∗. To this end,
in the first subsection, we will introduce a canonical decomposition of positive currents in
the complex and in the Lagerberg case and use it to give the desired characterization in the
second subsection.
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6.1 Decomposition of positive currents along the strata

In this subsection, we give a canonical decomposition of a positive current along the boundary
strata. As usual, we handle the complex and the tropical case simultaneously. For simplicity,
we will often give the arguments only in the case of Lagerberg currents as the complex case
is completely similar and even easier as the exceptional sets E I for co-coefficients do not
occur (see Sect. 5.2). At the end of the subsection, we will study functoriality of the canonical
decomposition with respect to trop∗.

Remark 6.1.1 Recall that the torus action of T yields stratifications of the toric variety

XΣ =
∐

σ∈Σ
O(σ ) and X an

Σ =
∐

σ∈Σ
O(σ )an

into locally closed subsets given by the orbits O(σ ). Similarly, we have the stratification

NΣ =
∐

σ∈Σ
N (σ )

given in Definition 3.1.1. Note that the stratification of NΣ induces the one of X an
Σ by

O(σ )an = trop−1(N (σ )) for any σ ∈ Σ . For an open subset V of X an
Σ and an open subset

U of NΣ , we get induced stratifications

V =
∐

σ∈Σ
V ∩ O(σ )an and U =

∐

σ∈Σ
U ∩ N (σ ).

For any ρ ∈ Σ , the open subset
∐

ν≺ρ O(ν) of XΣ is the affine toric variety associated with
ρ and its tropicalization

∐
ν≺ρ N (ν) is open in NΣ . This gives rise to the open subsets

Vρ :=
∐

ν≺ρ

V ∩ O(ν)an and Uρ :=
∐

ν≺ρ

U ∩ N (ν)

of V and U , respectively. For varying ρ ∈ Σ , these open subsets cover V (resp. U ).

Definition 6.1.2 Since Σ is smooth, a given cone ρ in Σ is generated by part of a Z-basis
b1, . . . , bn of N . Using the corresponding coordinates, we may view Vρ (resp. Uρ) as an
open subset of C

n (resp. R
n∞). We call such an identification of Vρ (resp. Uρ) with an open

subset ofC
n (resp.Rn∞) a choice of toric coordinates on Vρ (resp. Uρ). We usually denote the

corresponding complex coordinates by z1, . . . , zn and the corresponding tropical coordinates
by u1, . . . , un .

Note that for a current T of bidegree (p, q) on V (resp.U ), the choice of toric coordinates
on Vρ (resp. Uρ) leads to well-defined co-coefficients (T |Vρ )I J (resp. (T |Uρ )I J ) for all
I , J ⊂ {1, . . . , n} with |I | = |J | = q = n − p. Recall that, if T is positive, then in the
complex case the co-coefficient (T |Vρ )I J is a Radon measure on the open set Vρ while in
the Lagerberg case (T |Uρ )I J is a Radon measure on the open set Uρ \ E I∪J (see Sect. 5.2).
This allows us to define the notion of a null set of a positive current.

Definition 6.1.3 Let U be an open subset of X an
Σ (resp. NΣ ). We say that T ∈ Dp,p(U ) has

measure co-coefficients if for every ρ ∈ Σ and some choice of toric coordinates on Uρ , the
co-coefficients T I J are complex (resp. real) Radon measures on Uρ (resp. on Uρ \ E I∪J ).

Let T ∈ Dp,p(U ) have measure co-coefficients and let A be a Borel subset of U . We
say that A is a null set for T if, for all ρ ∈ Σ and some choice of toric coordinates on Uρ ,
the set A ∩Uρ (resp. A ∩Uρ \ E I∪J ) is a null set of the total variation measure

∣∣(T |Vρ )I J
∣∣

(resp.
∣∣(T |Uρ )I J

∣∣) for all I , J ⊂ {1, . . . , n} with |I | = n − p.
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Using change of variables, it is easy to see that the conditions in Definition 6.1.3 do not
depend on the choice of toric coordinates.

Lemma 6.1.4 Let U be open in X an
Σ (resp. in NΣ ) and let A ⊂ U be closed in U. Then

there is an increasing sequence of smooth functions ψk ≥ 0 in A0,0
c (U \ A) which converges

pointwise to the characteristic function of U \ A.
For any α ∈ Ap,q

c (U ), the forms αk := ψkα ∈ Ap,q
c (U ) have compact support in U \ A.

If α is a positive form, then αk and α − αk are both positive.
For every T ∈ Dn−p,n−q(U ) with measure co-coefficients, we have:

(a) if A is a null set for T , then limk→∞ T (αk) = T (α);
(b) if U \ A is a null set for T , then limk→∞ T (αk) = 0.

Proof Let α ∈ Ap,q
c (U ) with support contained in the compact subset K of U . Since U is a

metric space and since A∩ K is compact, there is a strictly decreasing sequence (Wk)k∈N of
relatively compact open subsets of U with

⋂

k∈N
Wk = A ∩ K and W0 ⊃ W1 ⊃ W1 ⊃ W2 ⊃ · · · .

Now a partition of unity (see Proposition 3.2.12 for the Lagerberg case) gives the existence
of a function ϕk ∈ A0,0

c (Wk) with 0 ≤ ϕk ≤ 1 and ϕk ≡ 1 on Wk+1 for every k ∈ N. We
note that the ϕk form a decreasing sequence of smooth functions with compact support which
converges pointwise to the characteristic function of A∩ K . For the sequence ϕk := 1−ψk ,
we get the first claim. Evaluating T (αk) in terms of the co-coefficients T I J and using that the
latter are Radon measures, we deduce (a) and (b) from the monotone convergence theorem.
If α is positive, then every αk = ψkα and every α − αk = ϕkα is positive. ��
Remark 6.1.5 In the complex case of Lemma 6.1.4, if A is S-invariant, then we can choose
the smooth functions ψk to be S-invariant. Indeed, this follows easily from Lemma 6.1.4 by
averaging the ψk with respect to the Haar probability measure on S.

The decomposition theorem is the following result.

Theorem 6.1.6 Let U be an open subset of X an
Σ (resp. of NΣ ) and let T be a positive current

in Dp,p(U ). Then there is a unique decomposition

T =
∑

σ∈Σ
Tσ (6.1)

such that, for every σ ∈ Σ , the following two conditions are satisfied

(i) Tσ ∈ Dp,p(U ) is positive;
(ii) the set U \ O(σ ) (resp. U \ N (σ )) is a null set for Tσ .

Moreover, the support of the current Tσ is contained in V ∩ O(σ )an (resp. U ∩ N (σ )).

We call (6.1) the canonical decomposition of the positive current T .

Proof We write the proof only in the Lagerberg case as the complex case is analogous. The
statement about the support is a direct consequence of statement (ii) so we only need to prove
the existence and uniqueness of the decomposition.

Using a partition of unity provided by Proposition 3.2.12, the existence of such decom-
position can be checked locally. Moreover, since currents form a sheaf, the unicity can also
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be checked locally. Therefore we choose a cone ρ ∈ Σ and replace U by Uρ . We also make
a choice of toric coordinates, so we can assume from now on that U ⊂ R

n∞.
For each pair of subsets I , J with |I | = |J | = p we write

T I J = T I J+ − T I J−

with T I J± the positive and the negative part of the Radon measure T I J . We denote by μI J±
the corresponding Borel measures. For any σ ∈ Σ , let us consider the immersion

i I Jσ : U ∩ N (σ ) \ E I∪J −→ U \ E I∪J .

We define a new Borel measure μI J±,σ on U \ E I∪J by first restricting μI J± to the locally
closed subsetU ∩ N (σ ) \ E I∪J and then using the image measure with respect to i I Jσ . Since
the sets N (σ ) form a stratification of NΣ , we get the decomposition

μI J± =
∑

σ∈Σ
μI J±,σ (6.2)

of Borel measures. It follows that μI J±,σ ≤ μI J± . Note that in our setting, the Radon measures
correspond to locally finite Borel measures (see Appendix A). We conclude that μI J±,σ is
a locally finite Borel measure and hence we get a real Radon measure T I J

σ on U \ E I∪J
corresponding to μI J+,σ −μI J−,σ . By Remark 5.2.4, we obtain a unique current Tσ ∈ Dp,p(U )

with co-coefficients T I J
σ . Note that Tσ has measure co-coefficients. By construction, the set

U \ (E I∪J ∪ N (σ )) is a null set with respect to the Borel measure μI J+,σ + μI J−,σ associated
to the total variation measure |Tσ |. The decomposition T = ∑

σ Tσ follows from (6.2). It
remains to show uniqueness and property (i).

We prove uniqueness of Tσ in the decomposition (6.1) by induction with respect to the
partial ordering ≺ on Σ . We take σ ∈ Σ and we suppose that uniqueness of Tτ is known for
all τ �= σ with τ ≺ σ . Recall from Remark 6.1.1 that Uσ is an open subset of U and that
Aσ := U \ Uσ is the closed subset of U given by the disjoint union of all N (τ ) ∩ U with
τ ∈ Σ not a face of σ . For α ∈ An−p,n−p

c (U ), Lemma 6.1.4 gives a sequence (αk)k∈N in
An−p,n−p
c (U ) with

lim
k→∞ Tτ (αk) = Tτ (α)

for τ ≺ σ and

lim
k→∞ Tτ (αk) = 0

for all τ ∈ Σ which are not faces of σ . Now the decomposition (1.6) gives

lim
k→∞ T (αk) =

∑

τ≺σ

Tτ (α)

and uniqueness of Tσ follows from our induction hypotheses.
For the positivity (i), we prove first that the current

T ′σ := T −
∑

τ≺σ, τ �=σ

Tτ

is positive. For this let now A′σ = Aσ ∪ (N (σ ) ∩ U ) be the union of all N (τ ) ∩ U with τ

ranging over all cones of Σ which are not proper faces of σ . Clearly, A′σ is also a closed
subset ofU . Let α′ ∈ An−p,n−p

c (U ) be positive. Then Lemma 6.1.4 gives a sequence (α′k)k∈N
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in An−p,n−p
c (U ) with both α′k and α′ − α′k positive. Using the properties (a) and (b) of the

sequence from Lemma 6.1.4, the same argument as before shows that

lim
k→∞ T (α′k) =

∑

τ≺σ, τ �=σ

Tτ (α
′)

and hence

T ′σ (α′) = lim
k→∞ T (α′ − α′k).

Since T and all α′ − α′k are positive, we deduce that T ′σ is positive.

To prove that Tσ is positive,we consider again the closed subset Aσ . Letα ∈ An−p,n−p
c (U )

be positive. By Lemma 6.1.4, there is a positive sequence (αk)k∈N in An−p,n−p
c (U ) such that

lim
k→∞ Tσ (αk) = Tσ (α) and lim

k→∞ Tτ (αk) = 0

for all τ ∈ Σ which are not faces of σ . We conclude that

lim
k→∞ T ′σ (αk) = Tσ (α).

Using that T ′σ (αk) ≥ 0 by the positivity of T ′σ and αk , we deduce that Tσ is positive. ��
In the complex case, we will show next that the canonical current Tσ from the canonical

decomposition (6.1) is not always the push-forward of a current on V ∩ O(σ )
an
.

Example 6.1.7 Let us consider V = X an
Σ = C

2 where Σ is the fan whose maximal cone is
the positive quadrant in R

2 and let T ∈ D1,1(C2) be given by

T

(∑

k,l

αkl idzk ∧ dzl

)
= α1,1(0, 1).

Using that the coefficients αkk of a positive (1, 1)-form are non-negative, we see that T is a
positive current. We conclude that T = Tσ for the cone σ generated by (1, 0). Note that the
push-forward S of a current on the stratum closure O(σ )

an = {z1 = 0} can only have a non-
zero co-coefficient S2,2. Since all the co-coefficients of T are zero except T 1,1 which is given
by the Dirac measure δ(1,0) in the point (1, 0), we conclude that Tσ is not the push-forward
of a current on O(σ )

an
.

Note that the analogue of Example 6.1.7 in the Lagerberg case gives no counterexample
as T is zero in this case since the point (∞, 0) belongs to E {1}. This is explained by the
following result.

Proposition 6.1.8 Let U be an open subset of X an
Σ (resp. NΣ ). Let T be a positive current of

bidegree (p, p) on U with canonical decomposition T =∑σ∈Σ Tσ . Let us fix σ ∈ Σ .

(a) If U ⊂ X an
Σ , then the complex current Tσ is the push-forward of a positive current on

U ∩ O(σ )
an

if and only if for all ρ ∈ Σ and all choices of toric coordinates on Uρ the
co-coefficients T I J

σ are zero whenever O(σ ) ⊂ E I∪J .
(b) If U ⊂ NΣ , then there is a positive Lagerberg current on U ∩ N (σ ) whose image on U

is Tσ .

We will see in the proof below that in the Lagerberg case, the necessary and sufficient
condition in (a) is always satisfied which is the reason for (b) to be true.
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Proof We first deal with the complex case (a). Suppose that there is a current S on U such
that ι∗(S) = Tσ for the closed immersion ι of U ∩ O(σ )

an
into U . Let ρ ∈ Σ and let us fix

toric coordinates on Uρ such that we may view Uρ as an open subset of C
n . Suppose that

N (σ ) ⊂ E I∪J . This means that there is k ∈ I ∪ J such that the coordinate zk vanishes on
O(σ ). Hence the restrictions of dzk, dzk to O(σ ) are zero. This implies that T I J

σ = 0 using
the definition of co-coefficients and ι∗(S) = Tσ .

Conversely, assume that for any ρ ∈ Σ and any choice of toric coordinates on Uρ , we
have T I J

σ = 0 on Uρ whenever N (σ ) ⊂ E I∪J . The coordinates zk of O(σ ) are precisely
those such that zk �= 0 on O(σ ). We conclude that the co-coefficients of a current S on
Uρ ∩ O(σ )

an
can be labeled as SI J with I , J ⊂ {1, . . . , n} such that |I | = |J | = p and

such that N (σ ) is not contained in E I∪J . To construct such a current S with ι∗(S) = Tσ , we
define its co-coefficients on Uρ ∩ O(σ )

an
by

SI J ( f ) := T I J
σ (g)

where f is any smooth function with compact support in Uρ ∩ O(σ )
an

and where g is any
extension to a smooth functionwith compact support inUρ . It follows fromTheorem6.1.6 that
the co-coefficients of Tσ depend only on the restriction toUρ ∩O(σ )

an
. Hence the definition

of SI J depends only on f and not on the choice of the extension g. By Remark 5.2.4, there
is a unique current Sρ on Uρ ∩ O(σ )

an
with co-coefficients SI J . By definition, T I J

σ is the
push-forward of SI J . This shows that Tσ |Uρ is the push-forward of Sρ with respect to the

closed immersion ofUρ∩O(σ )
an
intoUρ . It follows that the currents Sρ on the open covering

Uρ of U glue to a current S on U with ι∗(S) = Tσ . Since Tσ is positive and since we can
extend compactly supported positive forms on U ∩ N (σ ) to compactly supported positive
forms U , it is clear that also S is positive. This proves (a).

In the case of a positive Lagerberg current onU , we note that Theorem 6.1.6 says that the
support of Tσ is contained in U ∩ N (σ ). For any ρ ∈ Σ and any choice of toric coordinates
onUρ , the co-coefficient T I J

σ onUρ \E I∪J has support contained in supp(Tσ ). If I , J satisfy
N (σ ) ⊂ E I∪J , then the support of the restriction of Tσ to Uρ is contained in Uρ ∩ N (σ ) ⊂
E I∪J and hence T I J

σ = 0 on Uρ \ E I∪J . We conclude that the crucial condition in (a) is
always satisfied in the Lagerberg case and an easy adaption of the argument of (a) to the
Lagerberg case gives a positive Lagerberg current S on U ∩ N (σ ) whose image in U is Tσ

proving (b). ��

Lemma 6.1.9 Let U be an open subset of R
n∞ and V := trop−1(U ) ⊂ C

n. We consider
S ∈ Dp,p(V )S,F and T := trop∗(S). Let I , J ⊂ {1, . . . , n} with |I | = |J | = q := n − p.

(i) For any f ∈ A0,0
c (U \ E I∪J ), we have

T I J ( f ) = π−q2−2q SI J
(
z−I z̄−J trop∗( f )

)
. (6.3)

(ii) Assume that the current S is positive. Then T is positive as well and the total variation
measures |SI J | and |T I J | of the Radon measures SI J and T I J satisfy

|SI J |(trop∗(g)) = π−q22q |T I J |
(∏

i∈I
e−ui

∏

j∈J
e−u j g

)
(6.4)

for each g ∈ A0,0
c (U \ E I∪J ).
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Proof Recall from Lemma 5.1.5 that T ∈ Dp,p(U ). To prove (i), we use (4.5) to get

T I J ( f ) = T ((−1) q(q−1)
2 f d ′uI ∧ d ′′uJ ) = S(iq

2−q trop∗( f d ′uI ∧ d ′′uJ ))

= S

(
iq

2
π−q trop∗( f ) dzI

2q z I
∧ iqd z̄ J

2q z̄ J

)
= π−q2−2q SI J (z−I z̄−J trop∗( f )).

To prove (ii), we recall fromProposition 5.1.13 that T is positive if S is positive. Now equation
(6.4) follows from (6.3) by using |z I z̄ J | =∏i∈I e−ui

∏
j∈J e−u j . ��

The following result shows compatibility of the tropicalization map with the canonical
decomposition of positive currents from Theorem 6.1.6.

Proposition 6.1.10 Let U be an open subset of NΣ and V := trop−1(U ). If S =∑σ∈Σ Sσ

is the canonical decomposition of the positive current S ∈ Dp,p(V )S,F , then trop∗(S) is a
positive Lagerberg current on U with canonical decomposition

trop∗(S) =
∑

σ∈Σ
trop∗(Sσ ). (6.5)

Proof We first observe that with S each summand Sσ is again S- and F-invariant by the
uniqueness property of the canonical decomposition. To prove (6.5), we may argue locally
on the base and so we may assume that U = Uρ and V = Vρ for some ρ ∈ Σ . We choose
toric coordinates to viewU as an open subset ofR

n∞ and V as an open subset ofC
n . We write

T := trop∗(S) and denote by T =∑σ Tσ its canonical decomposition. We pick σ ∈ Σ and
we may assume S = Sσ . Then we have to show that T = Tσ . By our characterization of the
canonical decomposition in Theorem 6.1.6, it is equivalent to show thatU \ (N (σ )∪ E I∪J )
are null sets with respect to the Radon measures |T I J |. We note that trop−1(N (σ )) = O(σ )

and that V \ O(σ ) is a null set with respect to the Radon measure SI J using S = Sσ and
Theorem 6.1.6. Then (6.4) yields that U \ (N (σ )∪ E I∪J ) is a null set with respect to |T I J |
proving (6.5). ��

6.2 Positive Lagerberg currents and local mass

Equation (6.4) gives a necessary condition for a positive Lagerberg current to be the image
of an S- and F-invariant positive complex current. In fact, it naturally leads to the following
definition which turns out to be also a sufficient condition.

Definition 6.2.1 LetU be an open subset of NΣ and let T ∈ Dp,p(U ) be a positive Lagerberg
current. We say that T has C-finite local mass if for all ρ ∈ Σ and some choice of toric
coordinates u1, . . . , un on Uρ as in Remark 6.1.2, the corresponding co-coefficients T I J ,
whichmay be seen as real Radonmeasures onUρ \E I∪J with total variationmeasures |T I J |,
satisfy the condition that the Borel measures given as the image measures

j I Jρ

(
|T I ,J |

∏

i∈I
e−ui

∏

j∈J
e−u j

)

with respect to the open immersion j I Jρ : Uρ \ E I∪J → Uρ are locally finite on Uρ .

Clearly, the above definition of C-finite local mass does not depend on the choice of toric
coordinates on Uρ . Note that a Borel measure is locally finite on Uρ if and only if it is a
Radon measure on Uρ (see Appendix A).
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Proposition 6.2.2 Let U ⊂ NΣ be an open subset and V = trop−1(U ). Let T ∈ Dp,p(U ) be
a positive Lagerberg current, then there exists a positive complex current S ∈ Dp,p(V )S,F

such that trop∗(S) = T if and only if T has C-finite local mass.

Proof Suppose that S ∈ Dp,p(V )S,F is a positive current and let T = trop∗(S). We will
prove that T has C-finite local mass. Indeed, it follows from (6.4) that we have the identity

trop(|SI J |) = π−q22q
∏

i∈I
e−ui

∏

j∈J
e−u j |T I J |

of positive measures on Uρ \ E I∪J for any ρ ∈ Σ and any choice of toric coordinates
u1, . . . , un onUρ . Passing to image measures with respect to the open immersion j I Jρ : Uρ \
E I∪J → Uρ and using that trop(|SI J |) is a Borel measure on Uρ , we deduce that

trop(|SI J |) ≥ π−q22q j I Jρ

(∏

i∈I
e−ui

∏

j∈J
e−u j |T I J |

)
≥ 0.

By Proposition 5.2.5, the Borel measure |SI J | is locally finite on Vρ and hence the Borel
measure trop(|SI J |) is locally finite on Uρ . We deduce that T has C-finite local mass.

Conversely, let T be a positive Lagerberg current in Dp,p(U ) with C-finite local mass.
We consider the canonical decomposition T = ∑

σ∈Σ Tσ from Theorem 6.1.6. First, we
assume that T = T{0} for the minimal cone {0} ∈ Σ . By assumption, the co-coefficients are
Radon measures T I J on Uρ \ E I∪J such that the positive Borel measures

j I Jρ

(
|T I J |

∏

i∈I
e−ui

∏

j∈J
e−u j

)

are locally finite on Uρ for every ρ ∈ Σ . By Remark 5.1.6, there is a unique current R ∈
Dp,p(V ∩T

an)S,F with trop∗(R) = T |NR
. Since T is positive, it follows from Lemma 5.1.14

that R is a positive current. It follows from Proposition 5.2.5 that the co-coefficients RI J of
R are complex Radon measures on V ∩ T

an. Using (6.4), we get the following identity of
Borel measures

trop(|RI J |) = π−q22q
∏

i∈I
e−ui

∏

j∈J
e−u j |T I J |

on U ∩ NR. Using that T has C-finite local mass, we know that the image measure of
the right hand side with respect to the open immersion jρ : U ∩ NR → Uρ is a locally
finite Borel measure on Uρ . We conclude that the image measure of |RI J | with respect
to the open immersion j ′ρ : V ∩ T

an → Vρ is a locally finite Borel measure on Vρ by
using jσ ◦ trop = trop ◦ j ′σ on V ∩ T

an. Hence the Radon measure RI J admits an image
Radon measure j ′ρ(RI J ) which is a complex Radon measure on Vρ . By Remark 5.2.4 and
Example 3.2.11, there is a unique current in S ∈ Dp,p(Vρ) with co-coefficients SI J induced
by j ′ρ(RI J ). Since the restriction of the co-coefficients SI J to the dense stratum V ∩ T

an is
RI J , it follows also from Remark 5.2.4 that S|V∩Tan = R. By construction, the boundary
Vρ \ NR is a null set with respect to each Radon measure j ′ρ(RI J ). By Lemma 6.1.4 and

Remark 6.1.5, there is an increasing sequence ψk ≥ 0 in A0,0
c (V \ NR)S which converges

pointwise to the characteristic function of V \ NR such that for any α ∈ Aq,q
c (Vρ) we have

lim
k→∞ S(α) = lim

k→∞ S(ψkα) = lim
k→∞ R(ψkα). (6.6)
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It follows that the currents S, defined a priori only on Vρ for any ρ ∈ Σ , do not depend
on the choice of toric coordinates on Vρ and hence agree on overlappings of the covering
(Vρ)ρ∈Σ . They define a current on V which we also denote by S. If α is positive, then ψkα

is also positive. By positivity of R and by (6.6), the current S is also positive. Since both ψk

and R are invariant with respect to S and F , we deduce from (6.6) that S ∈ Dp,p(V )S,F .
We have to check trop∗(S) = T . Using jσ ◦ trop = trop ◦ j ′σ on V ∩ T

an, we have the
following identities

trop(π−q2−2q z−I z̄−J SI J ) = trop( j ′σ (π−q2−2q z−I z̄−J RI J ))

= jσ (trop(π−q2−2q z−I z̄−J RI J ))

of Radon measures on Uρ . By (6.3), we deduce the identity of Radon measures

(trop∗(S))I J = trop(π−q2−2q z−I z̄−J SI J ) = jσ (trop(π−q2−2q z−I z̄−J RI J ))

on Uρ \ E I∪J . Since trop∗(R) = T on U ∩ NR, we deduce again from (6.3)

(trop∗(S))I J = jσ (trop(2−2q z−I z̄−J RI J )) = T I J

on Uρ \ E I∪J , where in the last step we have used our assumption T = T{0}. Then
Remark 5.2.4 proves that trop∗(S) = T .

Now we skip the assumption T = T{0} from above and consider any positive current T
with canonical decomposition T =∑σ∈Σ Tσ from Theorem 6.1.6. By Proposition 6.1.8, for
every σ ∈ Σ , there is a positive Lagerberg current Pσ onU∩N (σ ) such that Tσ = (ισ )∗(Pσ )

for the closed immersion ισ : U ∩ N (σ )→ U . Now we apply the above case to the current
Pσ and to the open subset V ∩ O(σ )

an
of the toric variety O(σ ). We conclude that there is

a positive current Qσ on V ∩ O(σ )
an

such that trop∗(Qσ ) = Pσ . For the closed immersion
ι′σ : V ∩ O(σ )

an → V , we have the obvious relation trop ◦ι′σ = ισ ◦ trop. Now we set
Sσ := (ι′σ )∗(Qσ ) which is a positive current on V . Then we get

trop∗(Sσ ) = trop∗((ι′σ )∗(Qσ )) = (ισ )∗(trop∗(Qσ )) = (ισ )∗(Pσ ) = Tσ .

Then S :=∑σ∈Σ Sσ is a positive current on V satisfying trop∗(S) = T . ��

Next we give an example of a positive Lagerberg current T such that T = trop∗(S) for
some complex current S, but for which no such S is positive.

Example 6.2.3 We consider the one-dimensional situation with N = Z, NΣ = R∞ and
XΣ = A

1
C
. Write U ⊂ NΣ given by U = {u ∈ R∞ | u > 0} and V = trop−1(U ) = {z ∈

C | zz̄ < 1}. Let T ∈ D0,0(U ) be the current

T (gd ′u ∧ d ′′u) =
∫ ∞

0
g(x)e2xdx .

Since the function 1 = e2x e−2x does not have locally finite mass around∞, this current is
not of the form trop∗(S) for a positive current S in V . Nevertheless T is in the image of trop∗.
Indeed, let S ∈ D0,0(U ) be the current given by

S( f dz ∧ dz̄) =
∫

V

f (z)− f (0)

zz̄
dz ∧ dz̄.
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1246 J.I. Burgos Gil et al.

Clearly this current is not weakly positive. Let now gd ′u ∧ d ′′u be a Lagerberg form on U .
Then g(u) = 0 for u " 0 and hence

trop∗ S(gd ′u ∧ d ′′u) = S(trop∗(gd ′u ∧ d ′′u)) = S

(
g(− log |z|) idz ∧ dz̄

4π zz̄

)

= 1

π

∫

V

g(− log |z|)
4(zz̄)2

idz ∧ dz̄=
∫ 1

0
g(− log r)

rdr

r4
=
∫ ∞

1
g(x)e2xdx .

This shows T = trop∗ S.

7 The correspondence theorem for closed positive currents

In this section, we consider a smooth fan Σ with associated toric variety XΣ and partial
compactification NΣ . After considering positivity of currents in the previous sections, we
add here the additional condition that the currents are closed. Recall that a complex (p, p)-
current T (resp. a Lagerberg (p, p)-current S) is called closed if ∂T = ∂̄T = 0 (resp. d ′S =
d ′′S = 0). In the first subsection, we show our main theorem. It states that the tropicalization
map induces a bijective correspondence between S- and F-invariant closed positive currents
on XΣ and closed positive Lagerberg currents on NΣ . In the second subsection, we derive
from our main theorem a tropical version of the Skoda–El Mir theorem.

7.1 Closed positive invariant currents

For M ⊂ M ′ ⊂ {1, . . . , n}, we consider the inclusions R
M∞ ⊂ R

M ′∞ ⊂ R
n∞ obtained by

adding zero at the missing components. For v ∈ R
M≥0, we consider the parallelepiped

P(v) := {u ∈ R
M | 0 ≤ ui ≤ vi ∀i ∈ M}.

Lemma 7.1.1 Let T be a closed current in Dp,p
+ (U ) for an open subset U of R

n∞. Fix M ⊂
{1, . . . , n}with |M | = n− p andwith complement Mc. Fix also a compact subset K ofU, and
a function χ ∈ C∞c (RMc

∞ ). Then there is a constant C ∈ R≥0 such that for all f ∈ C∞c (RM ),
and for all v ∈ R

M≥0 such that (supp( f )+ P(v))× supp(χ) ⊂ K, we have

∣∣∣T
(
f (uM )χ(uMc )d ′uM∧d ′′uM

)−T ( f (uM−v)χ(uMc )d ′uM ∧ d ′′uM
)∣∣∣≤C‖v‖ · ‖ f ‖sup.

Proof Let (e1, . . . , en) denote the standard basis of R
n and write v = ∑

i∈M ti ei . Using a
telescope argument, one easily reduces to the case where v = tei for some fixed i ∈ M . For
a given t ∈ [0, vi ], we consider the auxiliary function

gt : RM −→ R, gt (uM ) =
∫ 0

−∞
f (uM + sei )− f (uM + (s − t)ei )ds =

∫ 0

−t
f (uM + sei )ds.

From (supp( f )+ P(tei ))× supp(χ) ⊂ K , we get

supp(gt )× supp(χ) ⊂ K , ‖gt‖sup ≤ t‖ f ‖sup, ∂gt
∂ui

(u) = f (uM )− f (uM − tei ).(7.1)
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We put M ′ = M \ {i} and obtain

d ′
(
gt (uM )χ(uMc )d ′uM ′ ∧ d ′′uM ) =

∑

j∈Mc

gt (uM )
∂χ

∂u j
(uMc )d ′u j ∧ d ′uM ′ ∧ d ′′uM

+ ( f (uM )− f (uM−tei )
)
χ(uMc )d ′ui∧d ′uM ′ ∧d ′′uM .

Since gt has compact support in R
M and, by (7.1) gt (uM )χ(uMc ) has compact support inU ,

we deduce that

gt (uM )χ(uMc )d ′uM ′ ∧ d ′′uM ∈ An−p−1,n−p
c (U ).

Hence, since T is closed, we have

T
(
d ′
(
gt (uM )χ(uMc )d ′uM ′ ∧ d ′′uM

)) = 0.

Therefore, using that T has measure co-coefficients (see Proposition 5.2.6), we get
∣∣T
(
( f (uM )− f (uM − tei ))χ(uMc )d ′uM ∧ d ′′uM

)∣∣

≤
∑

j∈Mc

∣∣T M ′∪{ j},M ∣∣
(∣∣∣∣

∂χ

∂u j
(uMc )gt (uM )

∣∣∣∣

)

≤
∑

j∈Mc

∣∣∣T M ′∪{ j},M
∣∣∣
(∣∣∣∣

∂χ

∂u j
(uMc )

∣∣∣∣

)
‖gt‖sup

≤ C · t · ‖ f ‖sup
for some constant C . ��
Proposition 7.1.2 Let U ⊂ NΣ be an open subset and T ∈ Dp,p(U ). If T is positive and
closed, then it has C-finite local mass.

Proof The question is local and so we may assume that U is an open subset of R
n∞.

If p = n, then the only co-coefficient of T is T ∅,∅ which is a positive Radon measure on
all of U by Proposition 5.2.6. Hence T has C-finite local mass.

Now assume that p < n. We want to prove that T has C-finite local mass around u ∈ U .
We will check the relevant condition in Definition 6.2.1 first for the co-coefficients T MM .
For notational simplicity, we assume M = {1, . . . , n− p} and u = (∞, . . . ,∞) which is no
real restriction of generality as finite components are easier to handle. We choose a compact
neighborhood K of u. There is R ∈ N≥1 such that [R−1,∞]n ⊂ K . There is aC∞-function
f on R

M with the properties:

(i) 0 ≤ f ≤ 1;
(ii) f ≡ 1 on the unit cube [R, R + 1]M ;
(iii) f has compact support in the open cube (R − 1

2 , R + 3
2 )

M .

We choose χ ∈ C∞(RMc

∞ ) with compact support in (R− 1
2 ,∞]M

c
such that 0 ≤ χ ≤ 1 and

χ ≡ 1 on [R,∞]Mc
. For n ∈ N

M , we consider the positive Lagerberg form

αM,n = (−1) (n−p)(n−p−1)
2 χ(uMc ) f (uM − n)d ′uM ∧ d ′′uM .

Lemma 7.1.1 implies that

T (αM,n) = T (αM,0)+ O(‖n‖).
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For any ε > 0, we prove now that the positive measure

T MM
∏

i∈M

1

u2+2εi

has finite mass in the region S := [R,∞)M × [R,∞]Mc
. We have

(
T MM

∏

i∈M

1

u2+2εi

)
(1S) ≤

∑

n∈(N≥1)M

(
∏

i∈M

1

n2+2εi

)
T (αM,n)

=
∑

n∈(N≥1)M

(
∏

i∈M

1

n2+2εi

)
O(‖n‖)

≤ O(1)
∑

n∈(N≥1)M

∏

i∈M

1

n1+2εi

<∞.

For I , J ⊂ {1, . . . , n} with |I | = |J | = n − p, Eq. (5.8) yields

|T I J |
∏

i∈I

1

u1+ε
i

∏

j∈J

1

u1+ε
j

≤ 1

2

⎛

⎝T I I
∏

i∈I

1

u2+2εi

+ T J J
∏

j∈J

1

u2+2εj

⎞

⎠

in the region [R,∞)I∪J × [R,∞](I∪J )c . Therefore the left hand side has finite mass in this
region. Finally, using that e−u decreases faster than u−1−ε , we deduce that T has C-finite
local mass. ��
Proposition 7.1.3 Let U ⊂ NΣ be an open subset and V = trop−1(U ). Let T ′, T ′′ ∈
Dp,p(V )S,F be positive and closed currents. If trop∗(T ′) = trop∗(T ′′), then T ′ = T ′′.

Proof This can be proved locally on NΣ . Hence we may assume that Σ is a fan containing a
single maximal dimensional cone with all its faces, so that NΣ = R

n∞ as in Definition 6.1.2.
Then the cones of Σ are given by the faces

σM := {u ∈ R
n≥0 | um = 0 ∀m /∈ M}

of R
n+, where M is ranging over all subsets of {1, . . . , n}. We have the corresponding strata

SM := O(σM )an ∩ V = {(z1, . . . , zn) ∈ V | zi = 0⇔ i ∈ M}
of V . We consider now the canonical decompositions of T ′ and T ′′ from Theorem 6.1.6:

T ′ =
∑

σ∈Σ
T ′σ , T ′′ =

∑

σ∈Σ
T ′′σ .

For M ⊂ {1, . . . , n} and σ := σM ∈ Σ , we recall that T ′σ and T ′′σ are S-invariant, positive
currents with support contained in the closure SM of the stratum SM . The co-coefficients of
the current Tσ := T ′σ − T ′′σ are obtained by first restricting the co-coefficient measures of
T := T ′ − T ′′ to SM and then by extending these measures by zero to V .

We claim that all currents Tσ , T ′σ and T ′′σ are closed. It is clear that T ′ agrees with T ′{0}
on the dense stratum V ∩ T

an and hence T ′{0}|V∩Tan is a closed positive current on V ∩ T
an.

Since T ′{0} is a positive current on V , it is clear that the restriction of T ′{0} to V ∩ T an has
locally finite mass near the boundary ∂V := V \ (V ∩ T

an). By the Skoda–El Mir Theorem
[9, Theorem III.2.3] and using that ∂V is a null set for T ′{0}, it follows that T ′{0} is closed on
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V . Using induction on dim(σ ), we can prove similarly that T ′σ is closed for any σ ∈ Σ . The
same arguments show that T ′′σ is closed. Then Tσ is closed as well.

From Proposition 6.1.10, we get the equality of canonical decompositions
∑

σ∈Σ
trop∗(T ′σ ) = trop∗(T ′) = trop∗(T ′′) =

∑

σ∈Σ
trop∗(T ′′σ )

which implies trop∗(Tσ ) = 0 for all σ ∈ Σ .
To prove the proposition, it is enough to show for each σ = σM ∈ Σ that Tσ is zero ,

or equivalently that all co-coefficients T I J
σ are zero for all subsets I , J ⊂ {1, . . . , n} with

|I | = |J | = n − p (see Remark 5.2.4). We prove this by induction on the cardinality
of M ∩ (I ∪ J ). For the initial step, we consider subsets M, I , J ⊂ {1, . . . , n} such that
M ∩ (I ∪ J ) = ∅. Let f be a real valued smooth function on U with compact support in
U \ E I∪J = {u ∈ U | ui �= ∞ ∀i ∈ I ∪ J }. Using trop∗(Tσ ) = 0 and (6.3), we obtain

T I J
σ

(
z−I z̄−J trop∗( f )

) = 0. (7.2)

Using that T I J
σ is a Radon measure, we conclude by a standard approximation argument that

(7.2) holds for all f ∈ C0
c (U \ E I∪J ).

For any g ∈ C0
c (V \ trop−1(E I∪J )), let gav be the natural projection onto the S-invariant

functions given by averaging over the fibers of trop with respect to the probability Haar
measures. By construction, there is a unique f ∈ C0

c (U \ E I∪J ) with trop∗( f ) = gav. The
S-invariance of Tσ implies that

T I J
σ (z−I z̄−J g) = T I J

σ (z−I z̄−J gav) = T I J
σ

(
z−I z̄−J trop∗( f )

) = 0.

This means that the restriction of T I J
σ to the open subset V \ trop−1(E I∪J ) is identically zero.

Since V \ SM is a null set with respect to the Radon measure T I J
σ and since our assumption

M ∩ (I ∪ J ) = ∅ yields SM ⊂ V \ trop−1(E I∪J ), we deduce that T I J
σ = 0.

For the inductive step, the induction hypothesis is that T I J
ρ = 0 whenever ρ = σL ∈ Σ

with |L ∩ (I ∪ J )| < k for some k ≥ 1. Let M, I , J ⊂ {1, . . . , n} with |M ∩ (I ∪ J )| = k
and m ∈ M ∩ (I ∪ J ). We have to show that T I J

σ ( f ) = 0 for σ = σM and any f ∈ C∞c (V ).
Using that V \ SM is a null set with respect to the Radon measure T I J

σ , we may assume
that, in a neighborhood of SM , the function f depends only the variables z j , j /∈ M . By
symmetry, we may also assume without loss of generality that m ∈ I . Write I ′ = I \ {m}.
Let g ∈ C∞c (V ) be the function given by g = zm f . By the assumptions on f , there is a
neighborhood of SM where

∂g

∂zm
= f .

and in this neighborhood, g depends only on the variables z j , j /∈ M , and zm . Consider the
smooth form η = gdzI ′ ∧ dz̄ J on V which has compact support. Since Tσ is closed and has
support on SM , the assumptions on g lead to

0 = Tσ (∂η) = Tσ (± f dzI ∧ dz̄ J )+
∑

j /∈M∪I
Tσ

( ∂g

∂z j
dz j ∧ dzI ′ ∧ dz̄ J

)
, (7.3)

where the sign depends on the position ofm in I . Let us first consider the case wherem /∈ J .
For each j /∈ M ∪ I , we get |M ∩ ((I ′ ∪ { j}) ∪ J

)| < k. Hence the induction hypothesis
gives

T (I ′∪{ j})J
σ

( ∂g

∂z j

)
= 0
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and (7.3) implies Tσ ( f dzI ∧ dz̄ J ) = 0 and

T I J
σ ( f ) = iq

2
Tσ ( f dzI ∧ dz̄ J ) = 0.

Now consider the case where m ∈ J . We put J ′ := J \ {m}. For each j /∈ M ∪ I , we write

h j = z̄m
∂g

∂z j
∈ C∞c (V ).

This function depends only on the variables (z j ′) j ′ /∈M and zm and, in a neighborhood of SM ,
satisfies

∂h j

∂ z̄m
= ∂g

∂z j
.

For the compactly supported smooth form α j = h jdz j ∧ dzI ′ ∧ dz̄ J ′ on V , we deduce as
above that

0 = Tσ (∂̄α j )

= Tσ

(
± ∂g

∂z j
dz j ∧ dzI ′ ∧ dz̄ J

)
+

∑

j ′ /∈M∪J
Tσ

(
∂h j

∂ z̄ j ′
dz̄ j ′ ∧ dz j ∧ dzI ′ ∧ dz̄ J ′

)
.

For j /∈ M ∪ I and j ′ /∈ M ∪ J , we get |M ∩ ((I ′ ∪ { j}) ∪ (J ∪ { j ′})| < k. Hence our
induction hypothesis gives

Tσ

(
∂h j

∂ z̄ j ′
dz̄ j ′ ∧ dz j ∧ dzI ′ ∧ dz̄ J ′

)
= 0.

This implies

Tσ

(
∂g

∂z j
d z̄ j ∧ dzI ′ ∧ dz̄ J

)
= 0.

for all j /∈ M ∪ I which implies T I J
σ = 0 by (7.3) as before. This completes the induction

and proves the result. ��
In general the map trop∗ : Dp,p

+ (V ) ∩ Dp,p(V )S,F → Dp,p
+ (U ) is not injective as the

following example shows.

Example 7.1.4 Consider P
1
C
as a toric variety. Then the (0, 0) current that sends the form

f (z)dz∧ id z̄ to the value f (0) is a non-zero positive invariant current, but its image by trop∗
is zero. Thus, in Proposition 7.1.3 the closedness condition is necessary.

Theorem 7.1.5 Let U ⊂ NΣ be an open subset, V = trop−1(U ). Denote by Dp,p(U )cl,+
the cone of positive closed currents on U and by Dp,p(V )

S,F
cl,+ the cone of S- and F-invariant

positive closed currents on V . Then the map trop∗ induces a linear isomorphism

trop∗ : Dp,p(V )
S,F
cl,+

∼−→ Dp,p(U )cl,+ (7.4)

of real cones.

Proof By Lemma 5.1.5, Proposition 4.2.3 and Proposition 5.1.13, the linear map in (7.4) is
well-defined. Surjectivity follows from Propositions 6.2.2 and 7.1.2, while injectivity was
proven in Proposition 7.1.3. ��
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The isomorphism in Theorem 7.1.5 respects the support of currents.

Proposition 7.1.6 For T ∈ Dp,p(V )
S,F
cl,+, we have

trop−1(supp(trop∗ T )) = supp(T ).

Proof Recall that the support of a current T is defined as the complement of themaximal open
setW such that T |W = 0. LetC := supp(trop∗(T )).WriteU ′ = U \C and V ′ = trop−1(U ′).
Then trop∗(T )|U ′ = 0 and hence Proposition 7.1.3 yields T |V ′ = 0 which means

supp(T ) ⊂ trop−1(supp(trop∗(T ))).

Since T is S-invariant, then C ′ := supp(T ) is also S-invariant. Write V ′′ = V \ C ′. By the
invariance of C ′, we have V ′′ = trop−1(U ′′) for an open subsetU ′′ ⊂ U (see Remark 3.1.3).
Since T |V ′′ = 0, it is clear that trop∗(T )|U ′′ = 0. Therefore

trop−1(supp(trop∗(T ))) ⊂ supp(T ),

concluding the proof of the proposition. ��
Example 7.1.7 In the case U = NR and V = T

an our Correspondence Theorem 7.1.5 gives
a new interpretation of the tropical currents introduced by Babaee and Huh [2, Chapter 3],
[3, Section 2].

Let Δ be a polyhedron in NR of dimension p which is integral R-affine, i.e. a polyhedron
given by finitely many inequalities ϕ ≥ c with ϕ ∈ HomZ(N , Z) and c ∈ R. The argu-
ment map from polar coordinates induces an S-equivariant fibration of the S-invariant subset
trop−1(Δ) ⊂ T

an over a real torus of dimension n − p with fibers of complex dimension
p. Integration of a complex (p, p)-form over the fibers and then integrating the resulting
function on the real torus with respect to the probability Haar measure defines a complex
current TΔ ∈ Dn−p,n−p(Tan). For details of the construction of TΔ, we refer to [3, Definition
2.3].

Let δΔ denote theLagerberg current of integration overΔ defined in [11, 3.6]. The complex
current TΔ is by construction S-invariant. We get furthermore trop∗(TΔ) = δΔ by a similar
argument as in the proof of Lemma 4.2.5. Then Lemma 5.1.5(iii) yields that TΔ is F-invariant.

If C = (C ,m) is a weighted integral R-affine polyhedral complex of pure dimension p
with weights m in the sense of [11, 3.1, 3.3], then one defines

TC :=
∑

Δ∈C
dimΔ=p

mΔTΔ ∈ Dn−p,n−p(Tan), δC :=
∑

Δ∈C
dimΔ=p

mΔδΔ ∈ Dn−p,n−p(NR).

Since trop∗(TΔ) = δΔ, we clearly have trop∗(TC ) = δC .
If C is an effective tropical cycle, then TC is closed and positive by [3, Theorem 2.9]. The

same is true for δC by [11, 3.7]. We conclude that TC is the unique closed positive current in
Dn−p,n−p(Tan)S,F such that trop∗(TC ) = δC .

7.2 The analogue of the Skoda–El Mir Theorem for tropical toric varieties

We will prove a tropical analogue of the Skoda–El Mir Theorem. In this subsection, U is an
open subset of NΣ and E is the intersection of U with a union of strata closures.

Let T ∈ Dp,p(U \ E) be a positive Lagerberg current. We pick ρ ∈ Σ and choose toric
coordinates on Uρ as in Definition 6.1.2. By Proposition 5.2.6, the co-coefficients T I J are
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real Radonmeasures onUρ \(E I∪J ∪E)with total variationmeasure |T I J |.Wewill consider
the open immersion

i I JE : Uρ \ (E I∪J ∪ E) −→ Uρ \ E I∪J .

Definition 7.2.1 Let T ∈ Dp,p(U \ E) be a positive Lagerberg current. We say that T is
extendable by zero to U if for any ρ ∈ Σ , any toric coordinates onUρ and all subsets I , J of
{1, . . . , n}with |I | = |J | = n− p, the Radon measure T I J admits an image Radon measure
with respect to i I JE (see Appendix A). In other words, there is a (unique) Radon measure
i I JE (T I J ) onUρ \ E I∪J which agrees with T I J onUρ \ (E I∪J ∪ E) such thatUρ ∩ E \ E I∪J
is a null set with respect to i I JE (T I J ).

Lemma 7.2.2 If T is extendable by zero to U, then there is a unique Lagerberg current
T̃ ∈ Dp,p(U ) such that for any ρ ∈ Σ and all toric coordinates on Uρ , the co-coefficient
(T̃ )I J is induced by the Radonmeasure i I JE (T I J ) for all I , J . Moreover, we have T̃ |U\E = T
and the Lagerberg current T̃ is positive.

In the above situation, we say that T̃ is the extension of T by zero to U .

Proof For ρ ∈ Σ and a choice of toric coordinates, Remark 5.2.4 shows that there is a
unique current T̃ ∈ Dp,p(Uρ)with co-coefficients induced by theRadonmeasures i I JE (T I J ).
Clearly, we have T̃ |Uρ\E = T |Uρ\E and T̃ does not depend on the choice of toric coordinates.
Moreover, the extensions T̃ constructed on the open covering (Uρ)ρ∈Σ agree on overlapping.
By glueing, we get a Lagerberg current on U also denoted by T̃ . Using Lemma 6.1.4 for
A := E ∩Uρ , we deduce easily that T̃ is again a positive Lagerberg current. ��
Definition 7.2.3 Let T ∈ Dp,p(U \ E) be a positive Lagerberg current. Generalizing Defi-
nition 6.2.1, we say that T has C-finite local mass on U if for all ρ ∈ Σ the co-coefficients
T I J , which may be seen as real Radon measures on Uρ \ (E ∪ E I∪J ), satisfy the condition
that the Borel measures on Uρ , given as the image measures

j I JE

(
|T I ,J |

∏

i∈I
e−ui

∏

j∈J
e−u j

)

with respect to the open immersion j I JE : Uρ \ (E ∪ E I∪J )→ Uρ , are locally finite on Uρ .

Theorem 7.2.4 Let T ∈ Dp,p(U \ E) be a closed positive Lagerberg current which has
C-finite local mass on U. Then T is extendable by zero to U and the extension T̃ of T by
zero to U from Lemma 7.2.2 is a closed positive Lagerberg current on U.

Proof We may assume that U = Uρ for some ρ ∈ Σ and we choose toric coordinates as
in Definition 6.1.2. Since the function

∏
i∈I e−ui

∏
j∈J e−u j is locally finite on U \ E I∪J

and since T has C-finite local mass on U , the Borel measure i I JE (|T I J |) is locally finite on
U \ E I∪J and hence T is extendable by zero to U . By Lemma 7.2.2, the extension T̃ of T
by zero to U is a positive Lagerberg current on U .

Let V := trop−1(U ) and let D := trop−1(E). Note that D is the intersection of the open
subset V of X an

Σ with a union of strata closures and hence is a closed analytic subset of the
complex toric manifold X an

Σ . By our correspondence theorem (Theorem 7.1.5), there is a

unique closed positive current S ∈ Dp,p(V \ D)
S,F
cl,+ with trop∗(S) = T . Using that T has

C-finite local mass onU , it follows from (6.4) that S has finite local mass on V . The complex
Skoda–El Mir Theorem (see [9, Theorem III.2.3]) shows that the extension S̃ of S by zero
to V is a closed positive current on V . By construction, we have trop∗(S̃) = T̃ and hence T̃
is a closed Lagerberg current. ��
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Corollary 7.2.5 Let T ∈ Dp,p(U ) be positive and closed with canonical decomposition
T =∑σ∈Σ Tσ from Theorem 6.1.6. Then every Lagerberg current Tσ is positive and closed.

Proof By Theorem 6.1.6, every Tσ is a positive Lagerberg current. We know from Propo-
sition 7.1.2 that the closed positive Lagerberg current T has C-finite local mass. These two
facts show that every Tσ has C-finite local mass.

We prove that Tσ is closed by induction on the dimension of σ . By construction T{0} is
the extension by zero of T |NR∩U . Hence T{0} is closed by Theorem 7.2.4. We assume now
that Tτ is closed for all τ with dim(τ ) < dim(σ ). Hence

T ′σ := T −
∑

dim(τ )<dim(σ )

Tτ

is closed. Since Tσ |Uσ = T ′σ |Uσ we deduce that Tσ |Uσ is closed. As Tσ is the extension by
zero of this last current, Theorem 7.2.4 implies that Tσ is closed. ��
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Appendix A: Reminder about Radon and regular Borel measures

For the convenience of the reader, we gather the used conventions about Radon measures and
some basic facts. In this paper, we deal only with measures on locally compact Hausdorff
spaces which have a countable basis, so let us consider such a space Y .

For K ∈ {R, C} and a compact subset Z of Y , we write C0
Z (Y , K) for the space of K-

valued continuous functions on Y with support in Z equipped with the topology induced
by the supremum norm. The space C0

c (Y , K) of K-valued continuous functions on Y with
compact support is the direct limit of the spaces C0

Z (Y , K). We equip C0
c (Y , K) with the

direct limit topology in the category of locally convex topological vector spaces (see [4, III
§1 no 1]).

We define the space of real Radon measures on Y as the topological dual of C0
c (Y , R).

Observe that our Radon measures are precisely the measures considered by Bourbaki [4, III
§1 no 3+5]. Ifμ : C0

c (Y , R)→ R is linear withμ( f ) ≥ 0 for all 0 ≤ f ∈ C0
c (Y , R), then we

call μ a positive linear functional. Note that μ is then continuous and gives rise to a positive
Radon measure. The Riesz representation theorem shows that there is a unique regular Borel
measure μB on Y such that

μ( f ) =
∫

Y
f dμB
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for all f ∈ C0
c (Y , R). Recall that a Borel measure λ on Y is regular if and only if it is locally

finite, i.e. any point has an open neighborhoodU with λ(U ) <∞ [8, Prop. 7.2.3 and 7.2.5].
In contrast to Radon measures, we always assume that a Borel measure is positive.

A real Radon measure μ : C0
c (Y , R)→ R can be written as the difference μ = μ+ −μ−

of positive Radon measuresμ± which are induced by locally finite (positive) Borel measures
μB±. The Hahn–Jordan decomposition theorem tells us that the Borel measuresμB± are unique
if one requires them to be minimal. The positive Radon measure |μ| := μ+ + μ− is called
the total variation measure of μ. We call |μ|B(Y ) = μB+(Y ) + μB−(Y ) the total variation
of μ. Observe that μB+ − μB− is not necessarily a signed Borel measure as it has only well
defined finite values onμB±-finite Borel sets. The standard example is the real Radonmeasure
onRwith density function sin(x)with respect to the Lebesgue measure which is not a signed
Borel measure as the total space R has no well-defined mass.

A complexRadonmeasureonY is defined as a continuous linear functionalμ : C0
c (Y , C)→

C. It is clear that the real and imaginary part of μ are real Radon measures. From this, we
conclude as above that μ corresponds locally on an open subset U of Y to a complex Borel
measure μB

U . The total variation measure of μB
U is the unique Borel measure |μB

U | on U
such that there is a Borel measurable function θ : U → R with dμB

U = eiθd|μB
U | [21, 6.1,

6.12]. The Borel measures |μB
U | glue to a Borel measure on Y which is associated to a Radon

measure |μ| on Y called the total variation measure of the Radonmeasureμ.We call |μ|B(Y )

the total variation of μ.
Let g : X → Y be a continuous map of locally compact Hausdorff spaces which admit

a countable basis. We say that a real or complex Radon measure μ on X admits an image
Radon measure under g if the image measure g(|μ|B) is a locally finite Borel measure.

Assume that the real or complex Radon measure μ on X admits an image Radon measure
under g. If μ is a real Radon measure on X , then we write μ = μ+ − μ− as above. By
our assumption the image measures f (μB+) and f (μB−) are locally finite and define Radon
measures f (μ)+ and f (μ)− on Y . We call the real Radonmeasure f (μ) := f (μ)+− f (μ)−
the image measure of μ under f . If μ is a complex Radon measure μ on X , we define the
image measure f (μ) by treating the real and the imaginary part of μ separately.

It is straightforward to check that real and complex Radon measures always admit image
Radon measures under proper maps.
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