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Abstract

We study the density of rational points on a higher-dimensional orbifold (P"~!, A) when A
is a Q-divisor involving hyperplanes. This allows us to address a question of Tanimoto about
whether the set of rational points on such an orbifold constitutes a thin set. Our approach
relies on the Hardy—Littlewood circle method to first study an asymptotic version of Waring’s
problem for mixed powers. In doing so we make crucial use of the recent resolution of the
main conjecture in Vinogradov’s mean value theorem, due to Bourgain—Demeter—Guth and
Wooley.
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1 Introduction

This paper is about the arithmetic of rational points on higher-dimensional orbifolds, in
the spirit of Campana [4]. We shall be concerned with orbifolds (P"1, A), where A is a
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Q-divisor that takes the shape

d 1
A= (1 _ f) Di,
—d mi

1

for irreducible divisors Dy, . .., D, on P"~! and integers mo, . .., m, > 2. The arithmetic of
Campana-points on orbifolds interpolates between the theory of rational and integral points
on classical algebraic varieties, thereby opening up a new field of enquiry.

The orbifold (P"*~!, A) is said to be smooth if the divisor Y i_o Di is strict normal cross-
ings and it is said to be log-Fano if —Kpn-1 » is ample, where Kpn-1 o = Kpr-1 + A.
Very recent work by Pieropan, Smeets, Tanimoto and Vérilly—Alvaradoy [11] builds on the
programme of Campana [4], by studying the distribution of Campana-points on vector group
compactifications. Inspired by the Manin conjecture for rational points on Fano varieties
[7], they formulate in [11, Conj. 1.1] a new prediction for the density of Campana-points of
bounded height on arbitrary smooth log-Fano orbifolds.

We shall address this conjecture in the special case (P"—1, A), when the divisors
Do, ..., D, form a set of distinct hyperplanes in P"~!, all defined over Q. Then (P"~!, A)
is log-Fano precisely when

1
n—(r+1)+Z;>O.
i=0

Since m; > 2 this forces us to have r < 2(n — 1). It turns out that the analysis is rather easy
when r < n — 1, a case that is covered as a special case of concurrent work by Pieropan and
Schindler [10] on toric varieties. The first really challenging case is when r = n, in which
case the condition for being log-Fano is

n

ZL_>1.

izo M
We shall take
D-:{{x":(’} if0<i<n-—1,
{coxo+ -+ +cn—1x,—1 =0} ifi =n,
for a fixed choice of non-zero integers co, . .., c,—1. We let

for given integers m; > 2. The Campana-points in (P"~!, A) are defined to be the
rational points (xg : --- : x,_1) € P""1(Q), represented by primitive integer vectors
X0y ..., Xp—1) € Z:ao for which x; is m;-full for 0 <i <n — 1 and coxg + - - - + c—1Xn—1
is m,-full. Here, we recall that a non-zero integer x is said to be m-full if p” | x whenever
there is a prime p such that p | x.

We employ the height function H : P*~1(Q) — R, given by

H(xp:- - :xp—1) = max [x;],
0<i<n-—1
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Arithmetic of higher-dimensional orbifolds 1073

if (x0, ..., X,—1) € Z" is primitive. This is the standard exponential height associated to the
line bundle L = Ops—1(1). The counting function of interest to us here is then

. 1 - gcd(xo, - - . ,.xn_l) =1 .
NP, A; B)=§# XEZ?&O ;x| < B, x; is m; -fullV i , (1.1)
CoxXQ + -+ Chp—1Xn—1 = X

where X = (xp,...,x,) and |X| = maXo<;<y, |x;|. If [L] denotes the divisor class of a
hyperplane section in P"~! and A is the effective cone of P!, then we define

a=a(L,A) =inf{t € R:t[L] + [Kpr-1 + A] € Acsr} .

Moreover, we define b = b(L, A) to be the codimension of the minimal supported face of
Acfr that contains the class a[ L]+ [ Kpi—1 + A]. With these definitions in mind, the conjecture
[11, Conj. 1.1] predicts that there exists a constant ¢ such that

NP !, A; B) ~ ¢B%(log B)" ™, (1.2)

as B — o0o. (As a matter of fact, [11, Conj. 1.1] allows for the removal of a thin set of
rational points from P"~1(Q), a topic that we shall return to in our discussion of Theorem 1.2
below.) In our example, the degree function gives an isomorphism Pic(P"~!') = Z. Under
this isomorphism At = R>( and the line bundle L has degree 1. Moreover, Kps—1 has
degree —n and A has degree Y ;_ (1 — m%_). Hence

n n
1 1
a:inf{teR:t—}—l—E 20}22 — 1.

m; m;
i=0 ' i=0 !

Furthermore, the minimal supported face of Acf which contains O is {0}, which has codi-
mension 1 in Aegr, whence b = 1.

In the special case mg = --- = m, = 2, work of Van Valckenborgh [14] establishes
an asymptotic formula for N (]P’”_l, A; B) for all n > 4, which agrees with (1.2). Drawing
inspiration from this, we have the following generalisation, which is also in accordance with
(1.2).

Theorem 1.1 Assume that mg, ..., m, > 2 and
1
- >1 (1.3)
0 on mi(m; + 1)
i#]

for some j € {0, ..., n}. Then there exist constants ¢ > 0 and n > 0 such that

noo 1 noo 1 q_

N(Pnfl’ A, B) — CBZi:O m; 1 + o0 (BZ’ZO m; 1 ’]) .
The implied constant in this estimate is allowed to depend on my, ..., m,,n and

o, - - -, Cn—1, a convention that we shall adopt for all of the implied constants in this paper.

There is an explicit expression for the leading constant ¢ in (3.14) and (3.15), as a convergent
sum of local densities. It can be shown that ¢ > 0 if the underlying equations admit suitable
non-singular solutions everywhere locally.

Let us return briefly to the case mg = --- = m, = 2, so thata = % and b = 1. When
n = 3 we have the following lower bound, in which the exponent of log B is at odds with
the asymptotic formula (1.2).
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1074 T. Browning, S. Yamagishi

Theorem 1.2 Letn =3 and mg = m| = mr = m3 = 2. Then
N(P?, A; B) > Blog B.

As explained by Pieropan, Smeets, Tanimoto and Varilly-Alvarado [11, § 3.5], the points
contributing to the lower bound for N (P2, A; B) in this result actually correspond to rational
points contained in a thin set in P2(Q). Let X be an integral variety over Q. Recall from
Serre [13, §3.1] that a thin set is a set contained in a finite union of thin subsets of X (Q)
of type I and I1. Here, a type I thin subset is a set of the form Z(Q) C X(Q), where Z is
a proper closed subvariety, and a type 11 thin subset is a set of the form f (Y (Q)), where
f 1Y — X is a generically finite dominant morphism with dim ¥ = dim X, deg f > 2 and
Y geometrically integral. Theorem 1.2 illustrates that it is important to allow the possibility
of removing thin sets of rational points from the statement of [11, Conj. 1.1].

On the other hand, when mo = m| = m> = 2 and n = 2 we expect the counting function
to satisfy an asymptotic formula of the form (1.2) with associated constants a = % andb = 1.
In fact, Browning and Van Valckenborgh [2] have produced an explicit constant ¢ > 0 such
that

NP, A: B) > (1 + o(1))B2,

as B — oo.

A well-known result of Cohen [5], as expounded by Serre [12, Thm. 13.3], states that
the set P"~1(Q) is not thin. At the workshop “Rational and integral points via analytic and
geometric methods” in Oaxaca (May 27th—June 1st, 2018), Sho Tanimoto raised the question
of whether the same is true for the set of Campana-points. Our next goal is to provide some
partial evidence in favour of this.

Associated to any type II thin subset 2 € P"~!(Q) coming from a morphism ¥ — P"~!
of degree d > 2 is a degree d extension of function fields Q(Y)/Q(z1, ..., t,—1). We let
Q(Y)%2! be the Galois closure of Q(Y) over the function field Q(zq, . .., t,—1) of P"~! and
we let Qg C Q(Y)5 be the largest subfield that is algebraic over Q. Finally we let Pg be
the set of rational primes that split completely in Qg. It follows from the Chebotarev density
theorem that Pg has density [Qg : Q]! in the set of primes, since Qq/Q is Galois. Next,
let

. lem (ged(mo, p — 1), ..., ged(my,, p — 1))
Qm = rime : , 1.4
" {pp :HOSiSnng(mivp_]) (14
for any m = (my, ..., m,) € Z';z“l. The following result provides an explicit condition on

the possible thin sets in P"~1(Q) that the Campana-points in (P"—1, A) are allowed to lie in.

Theorem 1.3 Assume that my, ..., m, > 2 and (1.3) holds. Let Q be a thin set contained in
a finite union | J; 2, where each Q; C P"~1(Q) is a thin subset of type I or II. Assume that

.. #pePo,NQm:p<x}
lim inf
X—00 (x)

>0 (1.5)
whenever Q2; is type II. Then

N1
No@®"~!, A; B) = og(B==07 "),

where No(P"~1, A; B) is defined as in (1.1), but with the additional constraint that the point
(xg:- - :xp—1) € Q.
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Arithmetic of higher-dimensional orbifolds 1075

Assuming that (1.3) holds, we may combine this result with Theorem 1.1 to deduce that
the Campana-points in (P"~!, A) are not contained in any thin subset of P"~!(Q) satisfying
the hypotheses of the theorem.

The statement of this result is rather disappointing at first glance, but in fact the conclusion
is false when the condition (1.5) is dropped. To see this, take mg = --- = m, = 3 and
n > 12. Then Z?:() % —-1= ”52 and (1.3) holds in Theorem 1.1. Consider the thin set

Qo c P 1(Q) that arises from the morphism

Z—->P (o ix) e (0 Xes),s

where Z C P" is the cubic hypersurface xS + -+ x;f_l = x.}. Then the counting function

Ng, (P"1, A; B) has exact order B"%2 for sufficiently large n. However, (1.5) fails in this
case. Indeed, Qm is the set of primes p # 1 mod 3, whereas Pgq, is the set of primes
p = 1 mod 3, since Qq, = Q(+/=3). This shows that it is hard to approach Tanimoto’s
question in full generality through counting arguments alone.

The hypothesis (1.5) is a little awkward to work with. If one restricts attention to m such
that

ged(mj,my)y =1 for0<j < j <n, (1.6)

then Qp, is equal to the full set of rational primes. Moreover, it follows from the Chebotarev
density theorem that Pg has density [Qgq : Q17L, for any type II thin subset Q. Thus the
conditions of Theorem 1.3 are met for any thin set. However, the assumption (1.3) is too
stringent to cope with a sequence of integers > 2 that satisfies (1.6).

Our proof of Theorems 1.1-1.3 relies on an explicit description of m-full integers x. For
such integers every exponent of a prime appearing in the prime factorisation of x can be
written km + (m + r), for integers k > 0 and 0 < r < m. Thus any non-zero m-full integer
x can be written uniquely in the form

m—1
x = sign(x) u™ 1_[ T (1.7)
r=1
foru, vy, ..., v,—1 €N, such that ,uz(v,) =1forl <r <m —1and ged(v,, v,v) = 1 for

I1<r<r<m-1.

It may be instructive to illustrate this notation by discussing the special case mg = - - - =
my = 2, in which case Campana-points in (IP’"_I, A) correspond to vectors u, v € N+ and
€ € {£1}"*! with each v ;j square-free, for which

2.3 2 3 2.3
€ocoupVy + -0+ €q—1Cp—1U;,_ 1V, = €4U,V;,.

When n = 3 we can clearly find vectors v € N* with square-free components and € € {#1}*
in such a way that

—€Q - 63C()C]sz8 cee vg’ = [

Fixing such a choice and applying [8, Thm. 7] to estimate the residual number of u € N*
that lie on the split quadric, with u; < ,/B/ vj3 for 0 < j < 3, we readily deduce that
N(]P’z, A; B) > Blog B, as claimed in Theorem 1.2

Returning now to the case of general myo, ..., m, > 2, we summarise the structure of the

paper. Under the representation (1.7) it follows that Campana-points on (P"~!, A) can be
viewed through the lens of Waring’s problem for mixed exponents. Given its proximity to
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1076 T. Browning, S. Yamagishi

Vinogradov’s mean value theorem, this is an area that has received a radical new injection of
ideas at the hands of Wooley [16,18,19] and Bourgain, Demeter and Guth [1]. Based on this,
in Sect. 2 we shall give a completely general treatment of the counting function associated
to suitably constrained integer solutions to the Diophantine equation

> vy =N,

0<j=n

for given N € Z and non-zero cj, y; € Z, in which the vectors u are asked to lie in a
congruence class modulo H. In this part of the argument we shall need to retain uniformity
in the coefficients y; and in the modulus H. It is here that the condition (1.3) arises. The
resulting asymptotic formula is recorded in Theorem 2.7. In Sect. 3 we shall use Theorem
2.7 to establish the version of orbifold Manin that we have presented in Theorem 1.1. One
of the chief difficulties in this part of the argument comes from dealing with the coprimality
conditions implicit in the counting function N (P"~1, A; B).Next, in Sect. 4 we shall combine
Theorem 2.7 with information about the size of thin sets modulo p (for many primes p) to
tackle Theorem 1.3.

Finally, when H = landc; = y; = 1 forall0 < j < n, itis easy to derive from Theorem
2.7 an asymptotic formula for the mixed Waring problem. The following result may be of
independent interest.

Theorem 1.4 Assume that my, ..., m, > 2 and (1.3) holds. Let R(N) denote the number of
representations of a positive integer N as

N =xp0+- - +xm.
Then there exists n > 0 such that
My TC+ )
o )
where S(N) is given by (2.19).

A L S
R(N)= G(N)NZI:O m; ]+0(N21:0 m; 1 r/)7

There is relatively little in the literature concerning asymptotic formulae for R(N) for
mixed exponents. The best result is due to Briidern [3] who obtains an asymptotic formula
for R(N) when mg = m; = 2, under some further conditions on the exponents, the most
demanding of which is that

n

Zi>l.

m
i=2 !

Theorem 1.4 is not competitive with this, although it does not suffer from the defect that 2
must appear twice among the list of exponents. It remains an interesting open challenge to
prove an asymptotic formula for R(N) for any value of n, when m; =2 +i for0 <i <n.

When m = mg = --- = m,, which is the traditional setting of Waring’s problem, the
condition in (1.3) reduces to n > m? + m. This shows that our approach is not completely
optimal in the equal exponent situation, since as explained in [19, Cor. 14.7], we know that
n > m? —m + O(y/m) variables suffice to get an asymptotic formula in Waring’s problem.
It seems likely that by combining methods developed by Wooley in [17] and [19, §14], one
can recover this loss. (The authors are grateful to Professor Wooley for this remark.)
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Arithmetic of higher-dimensional orbifolds 1077

2 The Hardy-Littlewood circle method

We shall assume without loss of generality that2 < mg < mj < --- < mj,. Our assumption
(1.3) translates into

1
1 > 2.1)
0<j<n mj (mj + )
In what follows it will be convenient to set
“1

I' = — —1. 2.2
> o (2.2)

=0

Let N € Zandlete = (co,...,cp) € (Z\{OD"T. Let H e N,y € N**! and leth €
{0,1,..., H — 1}"*!, The main results in this paper are founded on an analysis of the
counting function

yjujlj <B,for0<j<n
Me;y(B;h, H; N) =#{u e N : u=hmod H ) (2.3)
s
Zogisn Cj?’j“j'/ =N

We shall view ¢ as being fixed, once and for all, but y can grow and so we will need all of
our estimates to depend explicitly on it. In Theorems 1.1 and 1.3 we shall take N = 0 and
¢y = —1, whereas in Theorem 1.4 we take H = 1,c; =y; =land B = N.

We let e(z) = exp(2miz) for any z € R. Let

B; = (B/yp)"/™,
and

Sj(a) = Z e(ozcj)/jumf),

lthfB_,’
u=h; mod H
for 0 < j < n. Then we may write
1
M,y (B;h, H; N) = / Sy (a)dar, 2.4)
0

where

n
Sy (@) =e(=aN) [ ] Sj@).
j=0
Note that we may freely assume that y; < B for 0 < j < n, since otherwise
M,y (B;h, H; N) = 0. Let § be such that

0<d< ! . 2.5)
2n + S)my(m, + 1)

We define the major arcs 9 to be

m=|J Mg,

0<a<q<B®
ged(a,q)=1
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1078 T. Browning, S. Yamagishi

where
M(a, q) = {a €[0,1): |a —a/q| < B~'+).
We define the minor arcs to be m = [0, 1)\9N.

2.1 Contribution from the major arcs

In the standard way we shall need to show that on the major arcs our exponential sums can
be approximated by integrals, with acceptable error. The following result is a straightforward
adaptation of familiar facts.

Lemma21 Leth, He NU{0} withO<h < H.LetX > 1. Letac Z,q €N, p € Rand
oa=a/q+ B. Then

x 2 a(Hk—i—h)’” .
Z e(au™) —H ; ( >/0 e(BX"7™)dz

1<u<X
u=h mod H

+0(q+4qX"Bl).

Proof Let X' = (X —h)/H.If X' < q then the absolute value of the left hand side is trivially
bounded by ¢ + 1, and so we may proceed under the assumption that X’ > ¢. We write

Z e(qu™) = Z e(@(Hx +h)™) + 0(1)

Isu<X O<x<X’
u=h mod H

q—1 m
e <M> S e(B(Hx + )™+ 0().

k=0 1 0<x<X’
x=k mod g
The inner sum is
D e(B(Hx+h)") = > e(B(gHy +h + HK)™).
O<x<X’ —k/q<y<(X'—k)/q

x=k mod ¢

An application of the Euler—-Maclaurin summation formula to this sum now yields the result.
O

Now let = a/q + B € 9M(a, q). We apply Lemma 2.1 with X = B;, and « (resp. a)
replaced by acjy; (resp. ac;jy;). Thus acjy; —ac;y;j/q = Bcjy; and

q+qB}"1Bcjvil < g +qBIBl < BY.
Put

L nooa
Je(L) :/ e(—AN/B) 1_[ / e (rcjz"i) dzda
-L iz 0

and set &, (L; h, H; N) to be

1 aN " a )
Yo X (-1 X e(Semumrn).
<L 0< =

= gcdla.q)=1
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for any L > 1. Then it follows from Lemma 2.1 that

n

f Fy(@)da = Ge.p(B% h, H; N)Je(B® )l'[ +0(E1(y H)), (2.6)

Hn+lp
where

Ei(y;H)= B~ Z Z(st yrl=y max H( )

<<
oyt Jr<e<ly

Taking H > 1 and observing that B; > 1 forall 0 < j < n we see that

1 1\
/l

<<y

On executing the sum over ¢ we therefore conclude that

[Tz Bj (1 1
E\y; H) €« —=——(—+---+— | Be™", 2.7
1y H) < B <30+ +Bn) 27

It remains to analyse the terms G, (B%;h, H; N) and J¢(B?%) .
Beginning with the singular series, it follows from [15, Theorem 7.1] that

Hk + h)™
Z B (x( + ) ) < gcd(x,q)l/qul_l/m"'e (2.8)
0<k<q q
for any ¢ > 0. Therefore

n

‘ > qnl+l ) e<_ﬂ>n Ze<gcjyj(Hk+hj)m/>‘

X<q<Y O<a<q j=0 0<k<q
ged(a,q)=1

L Ex(y; H; X, Y),

where
"
Ex(y; H: X, Y) = H"™' 3 g ™ [Teed(y;, )'/™.
X<q<Y j=0

Put

o n
Ex(y; H)y=H""' Y """+ [ ] ecdtyj, '/ 2.9)

q=1 Jj=0

Clearly Ex(y: H; B, 00) < B0E»(y; H) and Ex(y; H; 0, 00) < E2(y: H).
In view of (2.1), we have

Z L 3. (2.10)
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1080 T. Browning, S. Yamagishi

Let us define

o0

1 aN
Soytitim=3 i X (=)
q:lq O<a<q q
ged(@,q)=1 (2.11)
SIS (*C;VJ(kaLh)’”f).

j=0 0<k<q
This is absolutely convergent, since (2.10) yields
n
1 .
Sey(h H: N) < Ex(y: H:0,00) < Ex(pi HY < H'H ]9, @12)
Jj=0
Moreover,
Sey (B’ h, H; N) = ¢y (h, H; N) + O (B Ea(y; H)). 2.13)

Turning to the singular integral, it follows from [15, Lemma 2.8] that

1
/ e (re;z™ ) dz < min{1, [A|7'/™7},
0

Thus, in view of (2.10), we deduce that

n

[1\235 ]E[

0

1
/ e (rcjz™i)dz
0

_yn L
da <</ |)"| J=0 m da < B_(SF.
e

Hence
o0 n 1
Je = / e(—AN/B) l_[ / e (rcjz"i) dzda
—00 =0 0 ’

is well-defined, and we have
3 — Je(B) < BT < B (2.14)
We are now ready to conclude our treatment of the major arcs. Note that

[Tj—0 B, B"

HHlB H”+1H l/mj'

On combining (2.6), (2.12), (2.13) and (2.14), we therefore obtain the following result.

Lemma 2.2 Assume that (2.10) holds. Then

Se.p(h, H; N B Ey(y: H
/ 7, (a)dar = ey 1)/\5c B' 40 Ei(y: H) + 2y 1 )
o+l 1—[ mj Hn+l 1—[ B /’"1
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2.2 Contribution from the minor arcs

According to work of Wooley [19, Eq. (1.8)], the main conjecture in Vinogradov’s mean
value theorem asserts that for each ¢ > 0 and ¢, k € N, one has

k(k+1)

2t
/ kl Ze(akxk—i—ak_lxk_l+-~-+a1x) de < X'Te 4+ X272 (2.15)
[0,1)

1<x<X

This result was established recently by Bourgain, Demeter and Guth [1] using £-decoupling
and also by Wooley [18,19] using efficient congruencing. The following mean value estimate
is a straightforward consequence of their work.

Lemma 2.3 Letk € Nand let s be a real number satisfying s > k(k+1). Let A, H € Z\{0}
and h € 7. Then we have

1 \)
/ ’ 3 e(@AHx + 1| da < X7,
0

1<x<X
where the implied constant does not depend on A, H or h.

Proof Let 2t be the largest even integer such that 2¢ < s. Then it follows that 7 > k(k+1)/2.
Hence

K 2t

1 1
/ > e(@A(Hx + )| da < X'Y—”/ > e(@A(Hx + Y| de
0

I<x<X 0 I<x<X

On considering the underlying equations of the integral on the right hand side using the
orthogonality relation, we deduce that the integral on the right hand side is the number of

I<xi,....,%,y1,..., % <X (2.16)
such that
t t
> AHx; +h)* =" AHy; + ). (2.17)

i=1 i=1

It therefore follows that

s

1
/ > elaA(Hx +h)")| da < X% > I(n),
0

l<x<X n=(n,.....ng_1)eZ""!
—tX/<nj<tX/

where I (n) is the number of (2.16) satisfying (2.17), for which

J J_ .
§ :xi _§ :yi =nj,
i=1 i=1

for 1 < j < k. We may clearly write

2
e (—n.a')de,

1 (m) =/ ‘ Ze(akA(Hx + R+ )
[0, ¥

I<x<X
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1082 T. Browning, S. Yamagishi

where & = (o, ..., 1) and o’ = (ag—1, ..., «1). Summing trivially over n, the right hand
side of our estimate is
2t

k(k—1)
K X 2 / Z e(akA(Hx—l—h)k—i—otk,lxk*l 4+ 4ax)| da
0D |} S=x

2t

kk—1)
=X 2 / Z e(akxk—i—ozk,lxk_l + -4+ ox)| de,
[0, 1)¥

1<x<X

where the last equality is an immediate consequence of the fact that

t t
I(O):#{l§x1,...,xt,y1,...,yt§X:inj:Zyi] (lgjfk)}.
i=1

i=1

An application of (2.15) now yields our result. O

We also require the following Weyl type estimate, which is another consequence of the
recent work on Vinogradov’s mean value theorem. We omit the proof since it is obtained by
invoking the main conjecture (2.15) in the proof of [16, Theorem 1.5].

Lemma24 Letk > 2 and let oy, ..., a1 € R. Suppose there exist a € Z and q € N with
ged(a, q) = 1 satisfying |ax —a/q| < q 2 and g < X*. Let

0<o <—.
- T kk—=1)

Then

Z e(akxk +ak—1xk_l+"'+a1x) < X1+£(q—1+X—l+qx—/<)D’,

1<x<X
forany e > 0.

Using this result we obtain the following bound for the exponential sum on the minor arcs.
Lemma2.5 Lete > 0. Then

1
1 5 _——_—
e T
SUp [y (@) & B~ s ey, T
aem

Proof Tt will be convenient throughout the proof to write

o(my) = ————.
) = G D)
Let o € mand let 8 = ac,y, H™. We put
5 . 1-5 B
B=min{2B "%, —— ¢ .
Cnlyn Hn2Mn

When B < 1itis clear that Sq () < 1. Since y,, < B we have
Bl/m,,ftsa(m,,)+€yn_l/mn+(7(mn) > 1 > Sn(ot)

in this case. Thus we may suppose that B> 1.
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By Dirichlet’s theorem on Diophantine approximation we know there exist b € Z and
1 <r < B such that ged(b, r) = 1 and

\B—b/rl <1/(rB) < 1/r%.

Note that b # 0 since @ € m. For simplicity let us write A = c¢,y, H™. We claim that
bA > 0.Butif bA < 0 then

|B—=>b/r| =|aA —=b/r| =a|A|+ |b|/r > 1/r,
since o« > 0, which is a contradiction. This establishes the claim. Let A’ = A/ gcd(A, b) and
b’ =b/gcd(A,b).
Let X = (B,, — h,)/H. First suppose B,,/2H > X. Then B, < 2h, < 2H. In this case

we clearly~ have S, (o) < 1, which is satisfactory. Thus we suppose B,/2H < X. In this
case r < B < X" and Lemma 2.4 yields

S =3 e(ﬂ (x+%> ”>+0(1)

I<x<X

< X1+€(r*1+X*1+rX*mn)U(mn),

(2.18)

for any ¢ > 0. Next, we note that

1

[AlB = |A|
If 2B'=% < B/|c, v, H™2"n| it follows that
! 1 1
- r||lj4|’| =ArB B B

On the other hand, if 2B'=% > B/|c, v, H""2"| then

‘ |2'] 1 |c,,|y H'"n2Mn 1

- < —.
r|A| |A|rB |A|B B

il =l
r|A’|

p-7l=le-

We now verify that 1 < |b'| < r|A’|. We’ve already seen that |b'| > 1, so we suppose that
|b'| > r|A’|. Since a € [0, 1) we have
1 ‘ |b'|
< |la —
rlA’l — rlA’|

1
~ |A|rB’

whence 1 < B < |A’|/|A| < 1. This is a contradiction, so that we do indeed have 1 < |b| <
r|A’|. We also have ged(r|A’|, |b/|) = 1. Finally, « € M if r|A’| < B® and B exceeds an
appropriate constant. But this is a contradiction, so that #|A’| > B® and (2.18) becomes

1/my+e
Sn(Ol) < W('A/|/B8 + (B/|A|)_]/m" + |A|/Bs)g(mn)
l/mn+£ 1/ s ( )
- —1/my o (my
< A ((B/]A]) +|A|/B%

< Bl/mn—&’(mnH‘s |A|(7(mn)—1/mn'
This completes the proof of the lemma, since o (m,) — 1/m, = —1/(m, + 1). O

We now have the tools in place to establish the following bound for the minor arc con-
tribiution.
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1084 T. Browning, S. Yamagishi

Lemma 2.6 Assume that (2.1) holds and let ¢ > 0. Then
n s n -
—— mi+
[ sl <ar-sion 1,
m =0 j=0

Proof Let ¢, = m, (m, + 1) and let £g, - - - , £,_1 > 0 be such that

0<j<n J

In the light of (2.1) we can assume that £; > m;(m; + 1) forall 0 < j < n — L. It now
follows from Holder’s inequality and Lemma 2.3 that

1 |n—1

/ []5)()|da < sup |Sn(oz)|~/ []5)()|de
m j:0 aem 0 j:O

n—1, . 1/¢;
< sup S| | (/ |s,(a)|4‘da)
aem ]=O 0

(fj—mj-

aEm " Vi ’

j=0 "

since H > land y; < Bforall0 < j < n — 1. We apply Lemma 2.5 to estimate S, (@).
Finally, observing that

1 1 1 1 B 1

-—t—=-——+ = - )
m; Ej m; mj(mj—l—l) mj—l—l

forall0 < j <n — 1, we obtain

1

n _
1 s L L —7“

/ | | S](O[) doa K< Bmn '"”("1”+1)+8 Yn mn+l | | B"i i

m =0 j=0

1
m mi+1

< B" ~ D 1_[ v ,
j=0

as required. O

2.3 Final estimate

We may now bring together Lemmas 2.2 and 2.6 in (2.4), in order to record the following
estimate for the counting function (2.3).

Theorem 2.7 Assume that 2 < my < --- < my and (2.1) holds. Let § satisfy (2.5) and let
&g > 0. Then
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Se.p(h, H; N)J B Ey(y H
Moy (B: b, H; Ny= 2 QBN gty 0 (g a4 222000
H"t l_[j Oyj H"* l_[]:() j l
n
) Br—mﬂl—[y]ﬂ/(mﬁl) ’

j=0

where E1 and E; are given by (2.7) and (2.9), respectively.

We end this section by indicating how this implies Theorem 1.4, for which we observe that
M.y (B;h, H; N) = R(N)when H =1,B = Nandc; = y; = 1for0 < j < n. The error
term s clearly in the desired shape and recourse to (2.11) shows that &, (h, H; N) = G(N),
with

e}

eB(N):an—l+1 > ( )]_[ e ( ) (2.19)

g=1 O<a<q j=0 0<k<gq
ged(a,q)=1

Finally, the standard arguments described in Chapter 4 of Davenport [6] readily yield

00 L [Tl +50)
J :/ e(—X) / e (A7) dzdh = —— 5~
) JUO p <0) O

This therefore completes the proof of Theorem 1.4.

3 Orbifold Manin: proof of Theorem 1.1

We now turn to the task of proving an asymptotic formula for the counting function
N (]P’”_], Aj; B) in Theorem 1.1. We shall assume without loss of generality that 2 < mg <
- < my, so that (1.3) implies (2.1). The counting function can be written

ged(xg, ..., x,) =1

n—1 A. 1 n+1 )
NP, A; B) = 2# XGZ |x|<B x; is mi-fullVO<i<n ¢,
coxo + -+ cn—1Xp—1 + Ccpxn =0

where we henceforth follow the convention that ¢, = —1. In view of (1.7), we may write
ged(xp, ..., xp) =1, |X| < B
X —:I:um’ Hm’ ! ml+rV0<] <n

w (v],r) =1, ng(v],ra vj) =1
coxo + -+ cpxp =0

1
1 4. _ +1
NE A B) = #yxeZig

Suppose that we are given vectors s and t with coordinates s; € N and ¢; , € N for
0<j<nandl <r <mj; — 1. It will be convenient to introduce the set
x] _um/ l—Im/ 1 m/+rvo<j <n

Me(B:s,t) = {x € (NO[1, B! 1 (v] r) =1, gcd(v] V) =1
coxo+ - Fepx, =0
S |Mj and tir | vj,r‘v’j,r
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1086 T. Browning, S. Yamagishi

Given € € {#1}"T! let ec denote the vector with coordinates €jc;j. Then

N(P" l’ A; B) = E Z #(Mee(B; 1, 1) NZ +1), 3.1

prim
ec{£1)nt!

where 1 is the vector with all coordinates equal to 1.

We need to develop an inclusion-exclusion argument to cope with the coprimality condi-
tion in this expression. To ease notation we replace ec by ¢. Let x € A¢(B; 1, 1). It is clear
that ged(xo, ..., x,) > 1if and only if there exists a prime p and a subset I € {0, ..., n}
for which p | u; forall j € I and also p | ]_['rn:/;l vj, forall j ¢ I. (Note that I is allowed
to be the empty set here.)

Let ¢ denote the set of all possible vectors g € Nt with 1 < gj <mj—1for0 <j <n.
Let P = {2,3,5,...} denote the set of primes and let % be a non-empty finite collection
of triples (g; p; I) where g € ¢, p € P and (possibly empty) I < {0, ..., n}. Let Z(p)
be the subset of % containing all the triples in % with prime p. In what follows we adhere
to common convention and stipulate that a union over the empty set is the empty set and a
product over the empty set is 1. We let

I#zpn=J 1 ad J@gzpn= [J {0....n0\L
(g p;DeZ (p) (g DeZ (p)
g'=g

Next, we define a(%) to be the vector in N**! with coordinates

aj= [] »p ©<j=<n, (32)
peP
JEI(Z (p))

and we define b(#) to be the vector in NZLO ;=1 With coordinates

bj, = I1 p, (O<j<nl<r<m;—1). (3.3)
peP
jeJ(g;% (p)) for some ge¥
satisfying gj=r
It is easy to see that (a(%),b(#)) # (1,1) as soon as # #* (). Moreover, when # =
{(g; p; 1)} we see that A¢(B; a(g; p; 1), b(g; p; I)) is precisely the set of x € A¢(B; 1, 1)
satisfying p | uj forall j € [ and p | v; ¢, forall j ¢ I.In particular, it is now clear that

B LD NZp = Ae(Bs LD\ ) Ae(Bsa(g pi D.b(g: pi D). (B4
gevq
peP
1<{0,...,n}

We proceed by establishing the following result.
Lemma 3.1 Given any Z # ), we have

Me(B;a@),b@#) = | Ae(Bsa(g p; ), b(g; p; ).
(g p; ez

Proof Let x belong to the intersection on the right hand side. Then, given any (g; p; I) € %,
mj—1 mj+r

wehave p | ujforallj € ITandp |v;,if j ¢ I andr = g;, where x; = u;n’ IT.2 (e
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Therefore, p | u; for all p such that j € I(%(p)) and p | v; , for all p such that

jie U 0.0

(g p;DeZ(p)
gj=r

Thus (3.2) and (3.3) imply that a; | u; and b;, | v;,, whence it follows that
X € A (B;a(#),b(#)). On the other hand, if x € A:(B;a(#),b(#)) then we may
reverse the argument to deduce that x also belongs to the intersection of all the sets
Ne(B;a(g; p; I),b(g; p; 1)) for (g; p; I) € Z%. This completes the proof of the lemma.

O

Given vectors s and t composed from positive integers, let

w (s, t) = Z(—l)k HZ  #Z =k, (s,t) = (a(#),b(%))}.
k=1

‘We henceforth set
w(1,1) =1.

Then, on combining the inclusion-exclusion principle with Lemma 3.1, we obtain

oo
# | ABia p; D,b(g p; D) ==Y (=D Y #4(B;a(#), b(#)
gy k=1 #% =k
peP
1<{0,...,n}
== ) @t #AM(B:s 1)
(s,0#(1,1)

Note that#.4¢(B; a(#Z), b(#)) = 0 when #% is sufficiently large with respect to B. Bringing
this together with (3.4), we conclude that

#AB L) NZIEL = " (s, t) - #Me(B; 5, 1), (3.5)
st
It remains to asymptotically estimate these quantities.
We collect together some properties of the function @ (s, t).

Lemma3.2 Let (s, t) # (1,1) and let p € P. We let sIP) be the vector whose jth coordinate
is st = P Si) and tiP) be the vector whose (j, r)th coordinate is tJ[-pr] = p¥air) Then

the following are true:

(i) @(s,8) =[] ,ep o (s!71, t1P]);
(ii) @ (s, t) = 0 if one of the coordinates of s or t is divisible by p*;
(iii) @ (s, t) = O ifone of the coordinates of s or t is divisible by p, but there exists 0 < j <n
V) N v
Jj j,1 Jomj—1 ’
(iv) wsP) ey « 1.

with s

Proof Tt follows from the definitions of a(#) and b(%) that

a(#) =[|a#@p)) and b#)=]][bZ(p)).

peP peP
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where we define multiplication of vectors by multiplying the corresponding coordinates. We
clearly have (s, t) = ]—[pep(s”’], tlPly and #7 = ZpeP #%(p). Thus

[T =6 t?)=T]> 1w,

peP peP k=1
671 tPh£1)

where
, #H =k
T,,(k):#{%g%x{p}x{o,.. n}: (i1, 7] ):(a(%),b(%))}

It follows that

l_[ o (s (Pl = Z(_l)k Z 1_[ Ty(kp) = w (s, t),

peP k=1 > kp=k peP
(stP) tlrly£(1,1) kp>0

which thereby establishes (i).
To prove (ii) we note that it is not possible for p2 to divide any coordinate of a(%(p)) or
b(%(p)) for any prime p and Z # 0. Thus @ (s!P], tP1) = 0 if one of the coordinates of
stPl or tIP] is divisible by p2.

Next, to prove (111) let (s,t) # (1,1) and assume without loss of generality that p |

S1t1,1 + - - t,m—1 and s2 [Pl t[pl] == tg n]lz 1 = L. Suppose there exists % such that

(s, t) = (a(#), b(#)). Then we have ﬁ(p) # (), and also
2€{0,....ny =1@(p)H VU | I (@& 2(p)).
gevq

If 2 € I(%(p)) then p | s2. On the other hand, if 2 € J(g; Z(p)) then p | 15 4,. In either
case we have a contradiction, whence @ (s, t) = 0.

Finally, to prove (iv) we note there are only O (1) options for Z(p) for any fixed p € P.
It now follows from the definition that

o (8171, 41Ph] < > #A(p)  #%(p) =k} < 1,
k=1

as required. O

Given ¢ > 0, it follows from Lemma 3.2 that
n
o) <[[s5 ] .- (3.6)
j=0 I<r<m;—1

We now proceed by studying
> w(s.t) - #Me(B:s. 1),

st

Let

mj—1

m, l_[ tm,-&-r mj+r
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Then

m, m,»—l m+r m;
l_[ jr ’ij <B

p)
Ne(B;s, t) = XEN”“'M(v/’t/’)_1 ,
gcd(vjrtj,,u“/t”)_l

ZO<]<n C]y] _0

where the indices runover 0 < j <nand 1 <r <r’ <mj; — 1. For each s and t we let

Z(l)

v

denote the sum over all v satisfying y; < B, ged (vj,,tj,r, vj,,/tj,,/) = land p? (vj,rtj,,) =
1. (If there is no v which satisfies the above conditions then the sum is considered to be 0.)
We may now write

(1
#A(Bis, )= ) Mey(B),
v

where M¢;, (B) = M,y (B; 0, 1; 0), in the notation (2.3). Guided by Lemma 3.2, we let

Z(Z)

s,t
e Lt < B and ged (¢, tj,,7) = 1, together
j,r PR ’
with the condition that none of the coordlnates of s or t is divisible by p? for any prime
p and if one of the coordinates of s or t is divisible by p then p | s;t;1...1jm;—1 forall
0<j=<n
We want to apply Theorem 2.7 with H = 1 and N = 0. Let § > 0 satisfy (2.5) and let
Ge;y = G,y (0, 1; 0). Then, on appealing to Lemma 3.2 and (3.6), we deduce that

denote the sum over s, t satisfying s " IL2

3
Z @ (s, t) - #4:(B;s, t) = M(B) + O (B”*’ Z F,~(B)> , (3.7)

st i=1

for any ¢ > 0, where

n
(2) (D) N 1 .
MB)=B"Y " ws)Y ) Seyde[[r, "
s,t v j=0

Moreover, in view of (2.7) and (2.9), the error terms are given by

Fi(B) = B(2n+5)5 Z B_]/mk 2(2) Z(l) —l/mj ’
v

J#k
[e’e} 1/m;j
_ @) cd(y;. )™
_ S 1-T'+e
F(B) =B Z > Z Hil/m, :
v g=1 Vi
2 1 _
F3(B) = B im0 Z“z“ i,

v J ()
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We now need to estimate these three error terms. In doing so it will be convenient to set
mj+1 2mj—1 mj m/ 1 ml+r

j.1 o vjamg landf}_s‘ l—l ]1

Now for any t > 1 we have

00 B/t 1/m+1) B\ V/m+1)
Z 1 < Z Um+2 2m—1 < ? :

m+1 2m—1 V2yeney Up—1=
] R U SB/T 2 m—1

w; =v

Similarly,

m+1 2m 1
vy U

1 1/m
8/ . |
Using these estimates it follows that

! @ (B\YmuAD
Fi(B) < B@n+5)8 Z B~ 1/mi Z (7) 1_[ Tj J
Tk

k=0 s.t j=0
J#k
« B V/mu(mi+D)+@n+5)3 Z(z) ;1/(m/+1>’
s.t Jj=0
-1 .
where we recall that 7; = s Il ;"ﬁ Lemma 3.2 now yields
Z(z) _1/(mj+1) < 1_[ 1 + l_[(zmj _ 1)p_mj/(mj+l) & 1 (38)
s,t j=0

since Z;l'zo mj/(mj+ 1) > 1. (Note that the factor 2m ; — 1 on the right hand side comes
from taking into account the 2m ; — 1 possibilities where the factor p appears in s; or ¢;.)
We have therefore shown that

F1(B) K B 1/mn(ma+1)+Q2n+5)8

Turning to the estimation of F,(B), we may write

F(B) < B Y q" " fig) (@),

q=1
where
m/ m/+l 2mj—1 1/m;
2) n ng( "'[j,rrij—l’q)
fl(q)= Z 1_[ m;j m/+1 2mj—1 ’
st j=0 Sj tjl colim—
ng(wj g)'/mi
fZ(q) = Z 1_[ l/m/ .
wjfB j=0
w2(wj =1

We first show that
m+r’ q)l/m

3 12 (x) ged(x

&
sy <q" (3.9)

x<Bl/(mtr)
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if r > 1. To see this we note that the left hand side is at most

1 (x)
Zdl/m Z x(m+r)/m :
dlq x<Bl/m+r)
dlxm+r
When p2(x) = 1, any d | x™*" admits a factorisation d = d1d2 dn":jr',r such that
di...dpsr | x, where u?(d;) = 1 and ged(di,dj) = 1 fori # j. If we write
x =x'dy ...dy4r, then this sum is

dm+r)]/m

@ ...d"T |
= Z d ... dm+r)(m+r)/m Z x/m+r)/m”

. ddlqdm, X' <BYOED (dy...dyr)
=da]

m+r

The inner x’-sum is absolutely convergent since » > 1. The remaining sum over d | ¢
is O(g®) for any ¢ > 0, by the standard estimate for the divisor function. This therefore
establishes (3.9).

An application of (3.9) immediately yields

n mj—1 2. mj+r 1/m;
w(vjr) ged(u; o, q) ™ .
r@=<[TTI > i <", (3.10)
j=0 r=1 . < gl/mj+n Vi

for any ¢ > 0. Next, let

@ n Cd(‘L’ ) 1/m;
fir@= 3 ot (gfi’q
J

forany ¢ > Oand T > 1, where 7; = 5 " ]_[ - ;n; . In particular we have f|(g) <
f1.1(g). We claim that
fr.7(q) < gbetmotFmn) e @3.11)

for any sufficiently small ¢ > 0. Once achieved, it will follow that

Fy(B) < B¢,
since (2.10) implies that ' — 1 > 1.
To check the claim we let .7 denote the set of vectors (1, ..., 7,) € N't! with the
property that for any prime p we have val,(z;) € {0,m, ..., 3m; — 1} and, furthermore, if
Pl T...7, then val,(z;) > Oforall0 < j < n. Associated to any (7o, ..., 7,) € J isa

unique choice for s, t. Thus we find that

d 1/m;j
frr(g) K T— Z 1_[ 2 <gc (7j, q))

(10,....tn) €T j=0
L = ]_[ 1+ 1‘[ S prinag vy @)/ /m2e0
p J=0mj<a;<3m;—1

When p 1 g the corresponding local factor takes the shape
1+ 0(p—n—1+2s(m0+-~-+mn)).
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Alternatively, when p | ¢ the factor is O (p0mo++mn)y Assuming that ¢ is sufficiently
small this therefore concludes the proof of (3.11).
Finally we must analyse

() (D -
F3(B) =B~ m"(m"H)Z Z l/(m/H)

=0

We note that
1 1/(m+1)
Z (vm-H 2m 1) < logB.
v{n+lmvr2nirifllsB 1 m7
Applying (3.8) to handle the resulting sum over s and t it easily follows that
8
F3(B) < B mmtm#0 **,

for any ¢ > 0.
We substitute our bounds for the error terms back into (3.7). This yields

D @ (s.0) - #A(Bis. 1)
st (3.12)
— M(B) + 0 (BF+€ {B_mn(nin+l)+(2n+5)(S + B_mn(nfnJrl) ]) .

Remark 3.3 Let us rerun the above argument, with the special choice (s, t) = (1, 1), since it
will be used again in the proof of Theorem 1.3. The starting point is to write

(¢Y)
#A(B; 1, 1) = Y " Mey(B),
v

mj—1 m
where now y has components y; = [],2, jf

ultimately leads to the conclusion

. Tracing through the argument, this

#Ae(B; 1,1) = M (B) + 0 (BT [ pmmmm * @90 4 pmman ) - (3.13)

for any ¢ > 0, where

~ (1 -1
M(B) = Br Z 6c;ydc 1_[ /mj
v

We are now ready to complete the proof of Theorem 1.1. Repeating the arguments used in

-1
(3.11) during our analysis of F,(B), itis easy to remove the constraint 5 i ]_[ ;nrH <B

from the summation overs, tin the main term M (B). The total errorin domg thls isO(BT—m),
for some 11 > 0. We proceed under the assumption that (2.1) holds and § satisfies (2.5). We
may combine (3.1) and (3.5) with (3.12) in order to conclude that N(]P’”_l, A; B)is

csB" 40 (B”S {B*er(ZnJrS)B 4 B G 4 g })

for any ¢ > 0, where

Z decZw(s t)Z() 66”I/m/

ec{+1}) n+1 s,t J—O ]/j
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The error term is of the shape claimed in Theorem 1.1 and so it remains to analyse the quantity
cB.

The dependence on B in the factor cp arises from the definition of the sum Z(l). A
straightforward repetition of our arguments above suffice to show that

cg=c+ O(B™™)

for some 1, > 0, where c is the constant that is defined as in cp, but with the summation
conditions y; < B removed from Z(l), for 0 < j < n. This shows that N(]P’”“, A; B) =
¢B" 4+ O(B" ") for an appropriate > 0, as claimed in Theorem 1.1. To go further, we adopt
1+1 2m,—l fo
or

PR S 1)
the notation s™w = (s, " wo, .. , si"w,,), where we recall that Wj =V

0 < j < n.Changing the order of summation, we may write

n 2
i Wi -Vjmi—1)
Tae ¥ RN S ot qy

b
" [T)
+1 n .t w i=05j
ec{£1}" VENZj:O(mI ) l_[j =0 t|V

with the understanding that t | v means ¢; , | v; , for all j and . We claim that

GECS myy %E T(V p)

= 1
Zw(s t)l_[] -~ ]_[ Jim =) (3.15)

t|v

where
K =0 mod pT

— # 1k mod pT : 2i=0€iCiWik; . 3.16
e (V. P) [ modp 3j suchthatpfk Vi Vmj—1 (3.16)

This will complete our analysis of the leading constant ¢ in Theorem 1.1.
To check the claim we put c;. = €jc; for 0 < j < n. It follows from (2.11) and
multiplicativity that

6c/;s‘“w _ l_[ 1 <1 + i 7 (pt)>
7] HsMw s
l_[j:O Sj [17] pa

r J =05;
where
1
%smw(pt) = o) Z 1_[ Z (70 S . wjkm >
P 0<a<p Jj=0 0<k<p’
ged(a, p')=1
Letting

n
N(p") =#{kmod p" : Y ¢}s wik;’ =0mod p" 1,
j=0

we deduce that
6c’;s"‘w _ 1—[ lim N(PT) ]—[ lim N(PT)
l_[}}:o Sj T—00 p”T n 2

T nT
P P —®p Hj:() S
PIso---sn Plso--sn
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Next, we put

pr(st)_{kmode Z ch] " =0 mod pT }
P|Sj:>P|k

for any (s, t) such that (s,t) = (s!P!, tlP]). It is clear that N(pT) = #2, 7(s, t) when
ptso...sy and that N(p")/ ]_[;!ZO sﬁ.p] =#2), 1(s,t) when p { 50...s,. It follows that

Ser.gm
¢/;sMw 1—[% (s, 1),
1_[] =05j
where
#2 t
2.0 = lim T2pTEY
T—00 p”T

Using the fact that t | v if and only if t[?] | vIP] for all p, it follows from part (i) of Lemma
3.2 that

Zw(s t)ﬁ‘”"’sw =]_[< 3 w(s,t)-#%p(s,t)).
=0"°J

P (s =GP el

t\V tIvlrl

On the other hand, on appealing to the inclusion-exclusion principle and the definition of @,
for any prime p we return to (3.16) and see that

MV p) =42, (L) —# ) Zpr@g p; D, b(g p; D)
(gp:iD)
b(g: p; 1) [v1P)

=#2, 7. D+ Y (=DF > #2, r@®). b))

k=1 R =k
HA=%(p)
b(2)|vP!

= Y oE0-#2,76.10).

(s.H)=(s"1.17])
tvir]

Dividing by p"T and taking the limit T — oo, we are now easily led to the proof of the
claim (3.15).
4 Thin sets: proof of Theorem 1.3

Let I = 3"
Q c P"~1(Q) be a thin set. Theorem 1.3 is concerned with an upper bound for the quantity

=0 — 1, as in (2.2). In this section we assume that (1.3) holds and we let

ged(xg, ..., xp—1) =1

IX| < B,x; is m;-fullY0O <i <n
coxo + -+ Ch—1Xn—1 = X
(x0 : -+ xp—1) € Q2

1
NoP" ' A:B) = 2# er"“.
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under the conditions on €2 that are stated in the theorem. Let us write No(B) =
Ng (IP’"_I, A; B) to ease notation. All of the implied constants in this section are allowed to
depend on the thin set 2.

We shall proceed by using information about the size of thin sets modulo p on a set of
primes p of positive density. Our thin set €2 is contained in a finite union U’ 1 §; of thin
subsets of type I and type II. We shall abuse notation and write £2;(F,) for the image of
Q; in P"~ ](IF ) under reduction modulo p. Similarly, we shall write SZ (F),) for the set of
IF,-points on the affine cone over this set of points.

Let ©; c P"~1(Q) be a thin subset of type I. Then it follows from the Lang-Weil estimates
[9] that there exits C; > 0 such that

#Qi(Fy) < C1p" 2, @.1)
for every sufficiently large prime p.If Q; C P"~!(Q) is a thin subset of type II, then according
to Serre [13, Thm. 3.6.2] there exists a constant ¥ € (0, 1) such that

#Qi(Fp) <ip" 4.2)

for every sufficiently large prime p € Pg,, in the notation introduced before the statement of
Theorem 1.3.
We take advantage of this information by noticing that

ged(xg, .., xp—1) =1

x| < B,x; ism;-fullVO <i <n
X0t Cnm1Xn—1 = Xp

(xo:--:xp—1) mod p € Q;(Fy)Vp €

Nao(B) < Z# X € Z"“
i=1

for any finite subset of primes .;. We stipulate that min ¢ &, p is greater than some absolute
constant depending only on []7_, |c;|m; and the thin subset ;. Let

H;i = 1_[ p
pESi

and put

=[] &®,).

PESi
Given b’ = (b, ..., b,_1) we let
by = cobo + -+ + cp—1bn—1 (4.3)
and we put b = (b, ..., b,). Appealing to (1.7) and putting ¢, = —1, we deduce that

Nq(B) is

gcd(xo, ... x,,)_l x| < B
' x]—:i:um’]_[ m’+r\7’0<j<n
+1
Z Z #1xely '/’L(UJ')_l ng(UJV’UJV/)_l
i=1beQy coxp + -+ cpxy, =0
x = b mod H;
ng(MOU)O» ces Upwy) =1
u'l ‘wj < B, 0<] <n

t (l/) =
SZ Z Z Z# ueNn+]:Xj:0<J<n€JCJwJ ].:0 ,

i=1l ee{£1})+1 vV  beQy, Y
u;: w] =b;mod H;,0<j<n
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mij—1 m jtr . .
wherew; =7, ’1 i dz(l ) denotes a sum overv = (vo, - .., vy) € N"*l satistying

j < B and the coprlmahty conditions
ged (v, vi) =1, w?(vj,) =1, ged(wo,..., w,) = 1. (4.4)

(This should not be confused with the notation Zg) in Sect. 3, in which the condition
gcd(wo, ..., w,) = 1 does not appear.)
Let us define

(@) (z)
Quly = [T ey
peSi
where

Qii?ﬁ{hem“\w} ' w; = b; m°d”f°r°<f<”}.

for someb’ € Q;(F))

In view of the coprimality conditions we are only interested in b # 0 mod p forall p € ..
Thus, for each p € ./; and h € Qi;)p we have

W' wj #0mod p forsomej € {0,...,n}. (4.5)
With this notation, we may write

wJSB 0<j<n

NQ(B)<Z DN, ueN”+1'XJ:O<J<”e]cjw]] —0

i=l ee{£1}n+1 V heﬂii?ﬂy u = h mod H;
bt}

Note that #Q(’) < H, "+l We now seek to apply Theorem 2.7 to the inner sum, much as
in (3.13). Let n > 0 be sufficiently small and assume that § is chosen so that (2n + 5)§ =
m 31, where we have found it convenient to set m, = maxo< <, m ;. This is plainly
satisfactory for (2.5). We take ¢ = 7 in the statement of Theorem 2.7 and we assume that H;
satisfies

8 1
H'™ < min{ B0 €71 Bintnern ~GrH)memny g (4.6)
where the second equality is true provided that » is small enough in terms of 7, and n. Under

this assumption it can be verified that the overall contribution from the error term in Theorem
2.7is O(B"="). It follows that

Na(B) <<Z -y Z(l) > Seewll £ 0) 5’11;]0)—1—8 L @)
w

i=1 i es{£l}r v hEQ<l) : H =0
1
since Jee K 1.
Before proceeding with an analysis of the singular series, we first record some estimates

. (@) .
for the size OfQW;p’ foranyi € {1,...,1}.

Lemma 4.1 We have #Qx?p < myp" forany p € ;.

Proof Suppose without loss of generality that p { wo and let iy, ..., h, € F,, be such that
h?’ wj =bjmod pforl < j < n, forsomeb’, where by = cgl (by—c1by—---—cy_1bp_1).
Then there are at most mq < m, choices for ig. This confirms the lemma. O
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Lemma 4.2 Assume that p € %; and p { wj for 0 < j < n. Then we have

w0~ (p — D#Q;(F)p) ifp € Qm,
WP T A ml(p — D#Qi(Fp)  otherwise,

where Qn, is defined in (1.4).

Proof Letz € Q;(IF),). Either there are no points in Qg) » corresponding to z, or else we may
assume that there exists h € IF’I’)“ \ {0} such that

bj =h wjmod p

for 0 < j < n, for some (by, ..., b,) € FZ‘H such that (by : -+ : b,—1) = z, in which b,
satisfies (4.3). Then the number of points in Qx) » associated to z is at most the number of

a e IF;‘, and k € IF;Z,“ such that ab; = kmwj mod p for 0 < j < n. For fixed a € F?%,
since w;j # 0 mod p for 0 < j < n, it follows that the number of k is precisely the number
of solutions to the set of congruences

ah’’ = k' mod p,

for0 < j <n.

If b; = O then it forces h; = 0, and so k; = 0. Suppose without loss of generality that
bj #0for0 < j < Randbgy| =---=b, =0. Letus fix a choice of a primitive element
g € Fj andputa = g", where | <u < p — 1. Then

#{k eIF'Z,+l :ah'}” = k;.nj mod p for0 < j < n}
=#{(x0,....xp) € )T : x" =afor0 < j <R}

=#{(zo,...,zR) € (Z)(p — NZyR+1 . Mty = umod p— 1}

"for0<j <R

B ]_[fzogcd(mj,p— 1) if ged(mj, p—1)|ufor 0<j <R,
o otherwise. '

In this way we see that
> e HlkE Frtt ah’}” = k;"j mod p for0 < j < n}
aclky,

_ l_[OSiSn ng(mia pP— ]) (
~ lem (ged(mg, p — 1), ..., gcd(m,, p — 1))

p—1.

The factor in front of (p — 1) is 1 when p € Qu and at most m!, in general. The statement
of the lemma now follows. O

We are now ready to analyse the singular series in (4.7). Let us put c;. = ¢jc; for indices
0 < j < n.We recall from (2.11) that

S |

n
Se;w(h, Hi;O):ZW Z l_[ Z e(SC}wj(Hik"‘h/’)mj)'

g=1 O<a<q j=0 0<k<gq
ged(a,q)=1
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Put
1 .
Pu(p) =~ > 1_[ ) ( }wj(Hik"‘hj)m’)a
P O<a<p' Jj=0 0<k<p’
gcd(a, p')=1
so that
o0
Gewh. H; 0) =] | (1 + Z%(p’)) : (4.8)
4 t=1
If p t H; then
RS 3 I | D et |
t=1 O<a<p' Jj=0 0<k<p!
ged(a, p')=1

It now follows from (2.8) that

H<1+i§é’w(p’)>= i 6Inl+1 > l_[ 2 ¢ <7cw’km]>

ptH; =1 q=1 O<a<q j=0 0<k<gq
ged(q, Hy)=1 ged(a.q)=1
00
1 Yicomr
< > " l_[gcd(q )™,
q=1 j=0
ged(q, Hi)=1

for any ¢ > 0. Moreover, in the usual way, for any prime p we have

T
1+ 2y =p " "N, (4.9)
t=1

where
n
N(p") =#{kmod p” : > cjw;(Hik; +h;)" =0 mod p"
j=0
In order to deal with primes p | H;, we require the following simple form of Hensel’s lemma.

Lemma4.3 Letm,y, T € Nandlet A, B € Z. Assume that p is prime such that p ¥ Amy
and Ay™ + B = 0 mod p. Then

#{x mod p” : Ax™ + B=0mod p’, x =y mod p} = 1.
Let p | H;. Then H; = pH/ for some H] € N that is coprime to p. It readily follows that
n
N(pT)y = p" 4 {kmod p" ' : Zc}wj(pkj +h;)™ =0mod p"
Jj=0
If h mod p is a solution to the congruence

cowohy® + -+ -+ chw, k" =0 mod p,
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then necessarily it is a non-singular solution by (4.5), since each prime p | H; is large
enough that p ¢ ]_[j c}mj. Hence for 7 > 1 it follows from Lemma 4.3 that N(pT) =

pHpnT=D — pnT+1 Bringing this together with (4.8) and (4.9) we conclude that

Gerw(h, Hi; 0) = H; [] <1+21 » ))

ptH,
<« Hl Z _O mj l_Ing(q w/)m
q=1 j=0
ged(q, Hi)=1

Inserting this into (4.7), our work so far has shown that

t
No(B) < B" Y U(B, H;)+ B, (4.10)
i=1

for any n > 0, where

L
U(B. H)_Hn Zmz Z =00 +sl—[gcd(ql,/ij) ,.

v 0] q= j=0 w;
heQy br oed(q, H) 1

Let 1 < i < t and recall that H; = Hpe% p. Appealing to (4.1), (4.2), together with
Lemmas 4.1 and 4.2, we deduce that

Cym"p"~! if pfw;V j andQ; istypel,
#Qy), < 1" if ptw;V j. Qi is type Landp € Po; N Qm,

my p" otherwise,

for some k € (0, 1).
Suppose first that ; is type I and let w (H;) = #.#;. Then

(@) :
#Qw;Hl- _ l_[ Cim} l—[ . — (Clmg)w(H,) Py
H' ~ p * H; Cim”!
! plHi Pl Hi plged(H;,wo...wp)

p}fwomwn plwo...wn

< H7E ged(Hi, wo . .. wy),

for any ¢ > 0. But then it follows that

1

_ 1=37" nrte ged(g, wi)™i
U(B, H) < H, 1“2 ged(Hy wo .. ) Z g ~7m ]"[ij.
g=1 j=0  W;
ged(g. Hy)=1

Observe that val,(w;) > m; + 1 whenever p | w;. In this way we can see that

ged(Hi, wo .. wp) | _ =1

val
p 1/m; -

n J m

l_[/ =0 w *
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for every prime p such that p | H; and p | wg ... w,. Thus, on removing common factors of
w; with H;, one easily concludes that

1
e o~ =Yg e oy ged(g, w) ™
UGB, H) < H W gH) Y Y o« Il v
w;<B q=1 j=0 wj
ged(w;, Hy)=1 ged(q, Hi)=1
(4.4) holds

where g(H;) = l_[p\Hi 1+ O(p“/’”*)). It is an elementary exercise to show that

czaogH»‘—‘/'"*)

H) <
g(Hi) = exp( loglog H;

for an absolute constant C; > 0. Taking g(H;) < H; for any & > 0, it now follows from
(2.10) and (3.10) that U (B, H;) < Hi_l+2£. Once inserted into (4.10) and choosing .#; in
such a way that H; is a small enough power of B for (4.6), this shows that thin subsets of
type I make a satisfactory overall contribution.

Suppose next that €2; is type II. We may assume that p > m, /« for each p | H;. Then

(@)

#QW;H,' my
— < K my < K —
H" K
! plH; plH; p|H; plged(Hi,wo...wn)

plwo..w,  plwo...wp PEPQ;NQm
pEPQiQO
< gcd(Hi, wg ... wy) l_[ K.
pIHi
P€PQ;NQm

We choose .; to be set of primes 1 < p < log B/loglog B drawn from the set Po, N Qp.
In particular H; satisfies (4.6). Moreover, it follows from our assumption (1.5) that this set
of primes has positive lower density o, say. But then

olog B

1 (loglog 8)2
[ «=r= -
K
pl|Hi plHi
pEPQi NQm

Feeding this into the argument that we have just given yields

Cy(log H)'=V/m« log(1/k)olog B 1
log log H; (loglog B)? (log B)100°

U(B, H)) € exP<

from which it follows that the thin subsets of type II make a satisfactory overall contribution
to (4.10) under the assumption (1.5). This completes the proof of Theorem 1.3.
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