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Abstract

In this paper, we study Lagrangian surfaces satisfying V*T = 0, where T = —2V*(ALw)
and A is the Lagrangian trace-free second fundamental form. We obtain a gap lemma for
such a Lagrangian surface.

Mathematics Subject Classification 35K55 - 53D12

1 Introduction

Gap phenomena form an interesting topic in differential geometry, with many related results
to be found. Sacks-Uhlenbeck’s well-known energy gap lemma for harmonic maps (see
[12]) is such an example. The following result by Kuwert-Schitzle for the Willmore surfaces
immersed in Euclidean space is one of our motivations:

Theorem (Gap lemma for Willmore surfaces, [3, Th. 1.1] or [7, Th. 2.7]) Let f : ¥ — R"
be a properly immersed (compact or non-compact) Willmore surface, and let £,(0) :=
f’1 (B, (0)). Then there exists €y(n) > 0 such that if

1
liminf—4/ |A]%dp =0
=00 07 J5,(0)

and / IAl2dp < eo(n),
b}

where A is the trace-free second fundamental form of f(X), f is an embedded plane or
sphere.

The small energy condition above is natural in the variational sense since it can be geomet-
rically interpreted as how different of an immersion from being the simplest geometric models
such as planes and standard spheres. Our personal interest is on Lagrangian submanifolds
which often play an important role in symplectic geometry where objects often have a natural
presentation as Lagrangian manifolds. And they also arise in many problems of mechanics
and physics. Models such as the Lagrangian planes, the Clifford torus and Whitney spheres
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are the simplest objects to study in Lagrangian geometry. Followed by Kuwert-Schitzle’s
idea, Luo-Wang proved a similar result under Lagrangian settings:

Theorem (Gaplemma for HW surfaces, [9, Th.4.3]) Let f : ¥ — C2 be aproperly immersed
HW surface, then there exists €g(n) > 0 such that if the norm of the second fundamental
SJorm ||All;2 < €o(n), it must be a Lagrangian plane.

According to their paper, it still remains open if there is a similar gap phenomenon for the
Whitney sphere in the class of HW surfaces (see [9] for the definition). To reformulate, we
introduce a (0,2)-tensor 7 := V(H _w) — % div J H - g and consider the equation V*T = 0
in this paper. From a geometric point of view, the tensor 7 measures the deviation of the
mean curvature vector field from a conformal field and one can easily check that Whitney
spheres satisfy the equation. Therefore it is natural to ask if the Whitney sphere is unique
under some small energy conditions. Instead of considering an energy condition on A, we
introduce a Lagrangian trace-free second fundamental form A (see definition in Sect. 2) for
its close relationship with Whitney spheres. The following is our main result:

Theorem 1.1 Assume f : ¥ — CZ is a properly immersed Lagrangian surface (compact
or non-compact) such that V¥*T = 0, given y € C 61.(2) a positive function that satisfies
[Vy| < %for any R > 0, there exists a constant €y > 0 such that if

/ |APPdp < e,
{y>0}

we have

. . C
/(|VA|2+ HPIAPY dp < < [ |APdp.
z R {y>0}
Combining the previous result with a classification theorem from Lagrangian geometry (see
[4] or [5]), we obtain a gap theorem which answers the above question:

Theorem 1.2 Assume f : ¥ — C? is a properly immersed Lagrangian surface (compact or
non-compact) that satisfies V*T = 0, and let ,(0) = f -1 (B, (0)), then there exists €g > 0
such that if

y 1
/|A|2d,u§eo and 1iminf—2/ |A>dp = 0,
b e 07 Jx,(0)

then f is either a Lagrangian plane in C* or a Whitney immersion.

Our method to prove these therorems is establishing a Bochner type identity for the
Lagrangian trace free curvature as Kuwert-Schitzle. But the difficulty here is that our con-
dition on A does not imply a control on H as in their case. Therefore we write the Bochner
identity in terms of the tensor 7' so that we can make good use of its relationship with A.

We organize this paper as follows: in Sect. 2 we introduce some elementary notions
on Lagrangian submanifolds as well as the Willmore functional. Section 3 is devoted to a
curvature estimate for Lagrangian surfaces which is essential for us to get the main gap
theorem. In Sect. 4, we will give a connection between our problem and the case of studying
gap phenomena for the HW surfaces.
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2 Preliminary on the Lagrangian geometry

In this section, let’s recall some elementary notions in the Lagrangian geometry. Let C?2=R*
be the 2-dimensional complex plane with the standard metric ds* = dxi2 +d yi2 (also denoted
as ( , ))and w = dx; A dy; be the standard symplectic structure associated with it. Let
J be the standard complex structure of C? such that J? = —idc2. These structures above
satisfy the relationship: (V, W) = w(V, JW) for any vectors V and W. Here we order the
coordinates as (x1, y1, X2, y2). We denote the connection on C? induced by the Euclidean
metric as D. Now for an immersion f : ¥ — C2, we define the second fundamental form
A= (D2 f )J-, i.e. the normal part of the second order covariant derivative of f, the mean
curvature H = tr A, and the trace-free second fundamental form A := A — % g ® H as usual.

Definition 2.1 Let X be a surface in C2, with tangent and normal bundles, 7% and N %,
respectively. Then ¥ is Lagrangian if and only if one of the following equivalent conditions
holds:

(1) w restricted to X is zero,
(2) JTY = NX, where J is the standard complex structure on C?,

We usually treat f(X) and X as the same if there is no confusion. Hence the first condition
has an alternative version:

Definition 2.2 An immersion f from a surface ¥ into C? is called a Lagrangian immersion
if ffo=0.

The second condition allows us to choose frames properly which will be helpful when we
are doing geometric calculations.

The Lagrangian subspaces or planes are the simplest Lagrangian surfaces in C2, and there
are also some well-known but non-trivial examples such as the Clifford torus and Whitney
spheres.

Example 2.1 (Lagrangian planesin C?) All2 dimensional subspaces of R* whose restriction
of symplectic form w to this subspace is identically equal to zero is called Lagrangian planes.

Example 2.2 (Whitney immersions in C2)
(O3 S? s ?
2.1

r —
(x1, x2, x3) —> ———=(x1, x1x3, X2, x2x3) + C
I+ x3

is a family of Lagrangian immersion. Here we embed S? into R3 with center at the origin to
get its local coordinates at first. The image of ® in C? is called a Whitney sphere and denoted

—
as Sy, and the constants r and C will be referred as the radius and the center respectively.
Topologically, it is well-known that there is no embedded sphere in C? as a Lagrangian
submanifold. Whitney spheres have possibly the simplest behaviour in this case because
they only have one double point.

Castro-Urbano [4] (or Ros-Urbano [11] for higher dimensional case) proved the following
famous classification theorem:

Theorem ([11, Th. 2]) Let ¥ : M — C" be a Lagrangian immersion of an n-dimensional
submanifold M, then

A, w) = %{(v, w)H + (Jv, H)Jw + (Jw, H)Jv}
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holds for any vectors v and w tangent to M if and only if ¥ (M) is either an open set of the
Whitney sphere or is totally geodesic.

This reminds us of a classical theorem in R” which states that if A = 0, the immersion is
either a plane or a standard sphere. Catro-Urbano’s result is much more complicated to prove
than this classical theorem. Motivated by this, we can define a similar quantity for Lagrangian
surfaces:

/i(v, w) = A(v, w) — %{(v, w)H + (Jv, HYJw + (Jw, H)Jv}. 2.2)

We call A the Lagrangian trace-free second fundamental form and an immersion is Lagrangian

v

umbilical if it satisfies A = 0.

3 Estimates for Lagrangian surfaces with locally small L>-norm of A
3.1 Preparations

Let {e;} be a local orthonormal frame for ¥ and we denote h; = (H, Je;) = H_w(e;) and
Ajjx = (Alei.ej), Jer) = ALw(e;, e, er) in local orthonormal coordinates. We would like
to point out that A is fully symmetric:

Ajjk = (De;ej, Jex) = —(ej, J Deer) = (Jej, De,er) = Aikj, 3.

where D is the connection of the ambient space C2. Hence it doesn’t matter which two of its

three indices are contracted. We denote g as the induced metric on X by f, V as its connection

and dpu as the induced area form. For any tensor fields S e '(TY ® --- @ TX QN X) on
\—;—/

¥, we define its covirant derivative as V-S = (Dyx $)L and its adjoint covariant derivative

as V1*§ = —eiJle_S. We can verify that they have the relationship

/(VLS, T)du:/(S, vV T)du
D) )

foranytensorfields S e N'TY¥® - - QTEQNX)and T e '(TE®---Q TEQ®NX).In
— —

r r+1
the following, we will omit the superscript of V= if there is no confusion and hence the rough
Laplace operator on the normal bundle can be written as AS = —V*V . The fundamental

curvature functions of submanifold geometry can be expressed as

_ Lo ey Lige _Lap
K =S(H]" = [A]) = Z1H]" = 1Al (3.2
(VxA)(Y,Z) = (VyA)(X, Z), (VxH)(Y,Z)= (VyH)(X, Z), (3.3)
RY(X,Y)p = Alei, X)(A(ei, Y), §) — Aei, Y)(A(ei, X), §). (3.4)

for any tangential vector fields X, Y and normal vector fields ¢.
The following proposition links those geometric quantities together:

@ Springer



An energy gap phenomenon for the Whitney sphere 1605

Proposition 3.1 Assume f : ¥ — C? is a immersed Lagrangian surface (compact or non-
compact), then its Lagrangian second fundamental form A satisfies

. 3
|A]> = |A]? - Z'H'z’ 3.5

. 1
—2V*(A_w) = V(H_w) — 3 divJH -g. 3.6)
Proof Inlocal orthonormal coordinates, we denote Av,-.,-k = (A(e,-.ej), Jey) = /Lw(e,-, ej,er).

We use either property (3.1) or definition (2.2) to see that Avi ik is fully symmetric. Hence we
have

|A]> = Ajjr AU
1
= [Aijk = 3 Gijhic + 8ixhj + 8xhi) P
— A-‘kAijk _ éhhi
ij 4 i
For the second identity, we use Codazzi equation (3.3) to get
~V* (A o) (e, ¢)) = Aijii
1 .
= Ajji1 — Z(Sij divJH +h;j+hj;)
1 .
= A,'[[’j - Z(S,‘j divJH + 2h[,j)

1
= hl‘,]’ - Z((Slj divJH +2hi’j).

Definition 3.1 We define a (0,2)-tensor
T = —2V*(ALw) = V(H o) — %div JH - g,
or in local orthonormal basis:
Tyj = —2Aiji1 = hij — %hl,lgij,
where we have used Einstein’s summation convention.

One can see that 7' is symmetric and actually the trace-free part of V(H _w). To proceed we
need a Bochner type identity which allows us to work globally. To make it clearer, instead
of presenting it with coordinate free form straightly, we will introduce its local form at first
and switch to its global form later in subsect. 3.2.

Proposition 3.2 (Bochner identity) If f : £ — C2 is a properly immersed Lagrangian
surface, in local coordinates we have

Aijk,mm = 3KAvijk
Tijk — 38 Timm | Titi — 38ikTimm | Titj — 38ikTjmm
3 3 3 '

3.7)
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Proof Writing A under local coordinates:
. . 1
Aijk,mm = Aijm,km + Z((Sijhm,km - 8ijhk,mm + (Simhj,km - 5ikhj,mm
+ Sjmhi,km - 8jkhi,mm)’
we commute the second order derivative of A by Ricci’s identity:
Aijnl,km = Avijm,mk + Alijfkm + AvlimRi'km + Alint[11km'
Hence
. v . . 1
R.H.S. = Ajjmmk + Alijfkm + AlimRﬂ'km + Alinllnkm + Z(hj’ki + hi g
- aikhj,mm - ajkhi,mm)~

Now by the definition of A again, we may commute the order of j and m:

Aijmmk = Aimm, jk + %(Simhm,jk = 8ijhm,mk + Simhm, jk — Simhjmk + SmmMi jk — 8jmhi mi)-
So
R.H.S.= Aimm jk + Atjm Rl + Atim Rl + Arij Ry + %(hj,ki + By k)
= Sikhj mm — 8jkhimm) + %((Simhm,jk — 8ijhm,mk + Simhm, jk
— S8imhj mk + Smmhi, jx — 8jmhi mk),

where /me, jk = 0 because A is trace-free.
For surfaces, we have R;jx; = K(gixgji — gii&jk) by definition. It holds

R.H.S. = AljmK SuSim — Simbik) + Atim K S8 jm — 8imjx) + Aij K (SicSmm
— 8mbkm) + i(hj.ki + hikj — Sikhjmm — 8jkhimm) + %(simhm,jk
— 81 mk + Simhum ik — Simh jmk + Smmhi ik — 8 jmhi mk)
= 3K1‘L’jk + %(Zhi,jk +hijgi +higg) — %(‘Sikhj,mm + 8jkhi mm + 8ijhm,mk)

2hi jx + hjxi + ik — Sikhjmm — 8jkhimm — 8ijhm,mk
2 .

= 3K Ajji +

Substituting terms like #; jx with (T;; ¢ + %Sijhg,lk) above, we get

2Tijk + Tjki + Tikj Sjkhi +8ikchy o Sichjmm + 8jichimm
4 8 8
2Tij .k + Tjk,i + Tik,j — SirTjmm — 8k Tim,m
2 ;

R.H.S.=3KA;ji +

=3KA;jr +

Since A is fully symmetric, we can apply the method of symmetrization to get (3.9) as desired.
]
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3.2 Curvature estimates
The methods we use in this part are similar to Kuwert—Schitzle’s work in [7].

Lemma 3.1 Assume f : & — CZ is a properly immersed Lagrangian surface (compact or
non-compact), and let y be a cut-off function with ||Vy ||~ = T, then we have:

JLAVAR + 1HPIAP)
b
< (V'T,H)y"du+C | |Al'y"du+CT [Al“d . (3.8)
P x {y>0}
where C is a positive constant independent of f.
Proof Multiplying (3.9) by A we get
AijkmmAT* = 3K A, AT*
n (Tij,k - %Sikam,m n Tix,i — %5jkTim,m 4 Tik,j — ésiijm,m> Ak (3.9)

3 3 3

Since A is trace-free, terms like 8;; Tim,m A/¥ will vanish. Now (3.9) becomes

(AA, Ay = (VT, A) + 3K |A%. (3.10)
Using the Gauf} equation (3.2) and proposition 3.1, we have K = @ - |Az|2 . Multiplying
(3.10) by 2 and integrating it on the surface, we have

. . . 3 . 3 v
/(AA,V2A>dM=/<VT,V2A>dM+*f |H|2|A|2V2du—*/ Ay du.11)
) ) 8 ) 2 5
As for the L.H.S., we obtain
LHS. = —/ (V*VA, y*A)dp
>
=—/ |vA|2y2du—2f<vA,yW®A>du.
> M)

Now for the first term of R.H.S., we use the definition of 7" and integrate it by parts

/<vr,y2/i>du=f<T,y2V*/i>du—2f<T®w, yA)du
)} X )

| ;
z_,/(T,r>y2dﬂ_2/(T®VV,yA>du
2 J)s z

1 1 A
:77/ (T,VHffdivJH~g)V2dM*2/ (T®Vy,yAydu
2 Js 2 z

1 y
:_,/(T,VH)yzdu—Z/(TQQV%VA)dM

2 ) )

1 y
=—§f( T, H)J/zdﬂ‘i‘/<T»H®VJ/>)’dM—2/<T®V)’aVA)dM-
x ) )
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1608 L. Zhang

Hence with the help of |T| < ¢|VA| and [Vy| < CoI'? we have
. 3 .
/(IVA|2+§|H|2|AI2)V2du
M)
_ l * 2 § X142 _ X X
= (V'T, H)y“du + [Al"y"dpn —2 | (VA,yVy ® A)du
2 Js 2 Js >
—f<T,H®w>ydu+2/<T®w,w§>du
> >
1 3 . v 1 .
< —/W*T, H>y2dﬂ+*/ |A|4V2dM+CoF2/ |A|2du+*/ VAP du
2 /s 2 Js {y>0} 2Js
+cor2/ \H Pd
{y>0}
1 3 v 1 .
< —f<V*T, H>y2du+*/ |A|4y2du+*/ |VA|2y2d+cr2/ |APdp.
2 Js 2 Js 2J)s {y>0)
O

We now need the general Sobolev inequality of Michael-Simon to absorb |. 5 |/i [*y2du.

Theorem (Sobolev inequality with m = 2, [10, Th. 2.1]) Let f : & — C2 be an immersion
and v be a non-negative C Cl (U) function on X, where U < C2 is a domain contains f(Z).
Then

2 2
/vzdugc</ |Vv|du> —l—c(/ v|H|du> , (3.12)
) ) x

where H is the mean curvature vector and c is a constant independent of f .
Lemma 3.2 Under the same assumption as in Lemma 3.1,

2
|A|2du)

(3.13)

/ |A|“y2dusCf |A|2du/<|wi|2+|H|2|A|2>y2du+cr2(f
) {y>0} P {y>0}

holds.

Proof Substituting v = |A|2y in (3.12), we have
[ 1At
b

2
§c<[ |A||V/i|ydu> +c</ |A|2|Vy|du>
x )

< a/ |A|2duf (VAP + | HPIAP)y du +cr2</
{y>0} z {y>0}

2

2
+c<[ |A|2|H|ydu>
)

2
|Aqu>.
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Proof of the Theorem 1.1 By combining Lemma 3.1 and Lemma 3.2, one can straightfor-
wardly get

/ (VAR + | HPIAP)ydu < c//
b {y>0}

2
+C’F2/ |A|2du+C’F2</ |A|2du> .
{y>0) {y>0)

} |A2dp < €, it holds

|A|2du/2(|wi|2+|H|2|A|2>y2du

. 1
If we choose €g < min{l, 57} and assume f{y>0

‘ ‘ C'T? .
/ (VAP + [HPIAP)y du < i / APdp < ch/ APdL.
2 L= C" [l o 1APd1 Jiy=0) (r>0)

lety € C'(R) be a non-negative function which satisfies:

1, ¢
0,

IV 1A
— =

V() = {

and y(p) = w(%|f(p)|) € CCl (X) be the cut-off function for any p € ¥ and radius R > 0,
then " < % holds and we obtain

. . C
/(|VA|2 +HPAP)y?dp < = |AI%dp
b {y>0}

as dersired. ]

Proof of the Theorem 1.2 Letting R — oo in (3.14), we have A=0 by the arbitrariness of
cut off function y. Then using the classification theorem for Lagrangian umblical surfaces
(see [4,11]), we see that f is either a Lagrangian plane or a Whitney sphere. O

4 On the relationship with Willmore immersion

For an immersed surface f : ¥ — R”, the Willmore functional is defined by

W(f) = /2 APdy, @.1)

where we denote d . as the induced area element on X by f.
The Euler-Lagrange operator of (4.1) is

W = AH + Q(A)H, 4.2)
where
QA)p =37 _ Alei. ej)(Alei. e)). d) 4.3)

under an orthonormal basis {e1, e2}. The following lemma reveals the relationship between
T and the Euler—Lagrange equation of the Willmore functional:

Lemma4.1 If f : £ — CZisaproperly immersed Lagrangian surface, the Euler—Lagrange
equation of the Willmore functional can be reformulated as:

1 y .
W= AH + §|H|2H + Q(A)H + A(JH, JH).
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1610 L. Zhang

or in the dual form associated with the symplectic form w:
1« . .
Wow = —2V*T+§|A|2H_na)+ Q(A)H + ALw(JH, JH). 4.4)
Proof By (4.2) and (4.3), we have

0(4)
= Al(e;, ej)<A(€i, ej)s H)

. 1 v 1
=[Ajjn + Z((Sijhh +8inhj + 8;nhi)1[Aijs + Z((Sijhs +8ishj +8shi)l{Jes, H)J ey
. . v 5
= Aijs{Aijn, H)Jes, H) Jen + AyjnhihjJer + S| HIPH
. . 5
= Q(AH + A(JH,JH) + §|H|2H.

Using the Ricci identity (3.4), the Gaul} equation (3.2) and the Codazzi equation (3.3), we
calculate

V*T(e;) = —Tkik

1
= —hj i + 55kih1,1k

1
= —hj i+ E(hi,ll + heRy;)

lA(H Y(ei) Eh
5 _Jw)(e; 5 hi

= —lA(HJw)(el') - l(ﬂ - ﬁ)HJw(el‘),
2 2" 8 2
where K is the Gaussian curvature of the surface. Substituting the above two formulas into
(4.2) we complete the proof. O

The Willmore Lagrangian surface is a Lagrangian surface satisfying the Euler-Lagrange
equation (4.2) Now let’s recall Urbano and Castro’s classification theorem as follows:

Theorem (Uniqueness of Willmore Lagrangian spheres, [5, Cor. 1]) The Whitney sphere is
the only Willmore Lagrangian surface of genus 0 in C2.

Then we obtain a gap-lemma for Willmore Lagrangian surfaces.

Corollary 4.1 (Gap theorem for Willmore Lagrangian surfaces) Let f : ¥ — C? be a closed
Lagrangian surface satisfies W = 0O, then there exists a universal constant €q such that if

/ |Al%du < e,
)

f is a Whitney immersion.

Proof Using the GauB-Bonnet formula and (3.5), we see that if f is Lagrangian immersion,
we have

. 1 .
/ |AlPdp = ff APdu =27 x ().
s 2 s
If f 5 |/§|2d 1 is sufficiently small, x (¥) must be non-negative, which means that it is either

a sphere or a torus. However the result of [7] eliminates the torus case given the Willmore
energy is sufficiently small. O
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