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Abstract

We show that, under certain geometric conditions, there are no nonconstant quasiminimizers
with finite pth power energy in a (not necessarily complete) metric measure space equipped
with a globally doubling measure supporting a global p-Poincaré inequality. The geometric
conditions are that either (a) the measure has a sufficiently strong volume growth at infinity,
or (b) the metric space is annularly quasiconvex (or its discrete version, annularly chainable)
around some point in the space. Moreover, on the weighted real line R, we characterize all
locally doubling measures, supporting a local p-Poincaré inequality, for which there exist
nonconstant quasiminimizers of finite p-energy, and show that a quasiminimizer is of finite
p-energy if and only if it is bounded. As p-harmonic functions are quasiminimizers they are
covered by these results.
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1 Introduction

The Liouville theorem in classical complex analysis states that there is no bounded noncon-
stant holomorphic function on the entire complex plane. Its analogue for harmonic functions
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says that there is no bounded (or positive) nonconstant harmonic function on the entire
Euclidean space R”. This latter Liouville theorem is a consequence of the fact that positive
harmonic functions on the Euclidean space satisfy a Harnack type inequality.

Harnack inequalities hold also for solutions of many nonlinear differential equations, such
as the p-Laplace equation

Apu = div(|VulP72Vu) =0, 1< p < oo,

whose (continuous) solutions are p-harmonic functions. It then follows that every positive p-
harmonic function on the entire Euclidean space R” must be constant. A similar conclusion
holds for global solutions of the .4-harmonic equation div. A(x, Vu) = 0 with A of p-
Laplacian type, whose theory in weighted R” has been developed in Heinonen et al. [30].
Note that 2-harmonic functions on unweighted R” are just the classical harmonic functions.
For quasilinear equations and systems on R" (with p = 2), bounded Liouville theorems and
their connection to regularity of solutions were studied in e.g. [34,45,53].

In the setting of certain Riemannian manifolds, Harnack inequalities leading to the Liou-
ville theorem for positive p-harmonic functions were considered in Coulhon et al. [20]. A
similar Liouville theorem on graphs, whose (counting) measure is globally doubling and
supports a global p-Poincaré inequality, was obtained in Holopainen and Soardi [42]. In
the last two decades, Harnack inequalities for p-harmonic functions, as well as for quasi-
minimizers, were extended to metric spaces equipped with a globally doubling measure
supporting a global p-Poincaré inequality, see Kinnunen and Shanmugalingam [46], Bjorn
and Marola [14] and Bjorn and Bjorn [7]. Thus we know that the Liouville theorem holds
for positive quasiminimizers (including positive p-harmonic functions) also in such settings.
Recently, a combinatorial analogue of harmonic functions (p = 2) was developed in Ntalam-
pekos [55] for generalized Sierpiriski carpets, where the standard Poincaré inequality might
not hold, and the bounded Liouville theorem for such functions was established therein,
see [55, Theorem 2.74].

Here, and in the rest of the paper, 1 < p < oo is fixed. By a quasiminimizer we mean
a function that quasiminimizes the p-energy, i.e. there exists Q > 1 such that for all test

functions ¢,
/ gidp < Q/ S dit, (1.1)
p#0 #0

where g, stands for the minimal p-weak upper gradient of u, see Definition 3.1. On R”
and Riemannian manifolds, g, coincides with the modulus of the usual gradient. Quasimin-
imizers were introduced in Giaquinta and Giusti [24,25] as a unified treatment of variational
inequalities, elliptic partial differential equations and quasiregular mappings, see [15] for
further references. When Q = 1, (1.1) defines p-harmonic functions. Under the assump-
tions considered in this paper, any quasiminimizer has a continuous representative and the
discussion in this introduction is intended for these continuous representatives.

Since p-harmonic functions are local minimizers of p-energy integrals as in (1.1) with
Q = 1, itis natural to ask whether there are nonconstant p-harmonic functions (or quasimin-
imizers) with finite p-energy on these metric measure spaces. Such a finite-energy Liouville
theorem for p-harmonic functions on Riemannian manifolds with nonnegative Ricci curva-
ture was obtained in Nakauchi [54] for p > 2. See also Holopainen [37], Holopainen et
al. [39] and Pigola et al. [57] for Liouville type theorems on such manifolds under various
other constraints on the p-harmonic functions. The manifolds in these papers, as well as
in [20], are all equipped with the Riemannian length metric and the corresponding volume
measure.
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Bounded, positive and L?-Liouville theorems for harmonic functions (p = 2) and nonlin-
ear eigenvalue problems (p > 1) on certain weighted complete Riemannian manifolds were
established in e.g. [51,62,63]. See also [23,50,65] and the references therein for bounded
and LY-Liouville theorems for (sub)harmonic functions (p = 2) on unweighted complete
manifolds.

The primary focus of this paper is to see under which geometric conditions on the underly-
ing metric measure space the finite-energy Liouville theorem holds for p-harmonic functions
and quasiminimizers. When the bounded Liouville theorem holds, answering this question
boils down to finding out whether there are unbounded p-harmonic functions or quasimini-
mizers with finite energy. The following is the first main theorem of this paper.

Theorem 1.1 (Finite-energy Liouville theorem) Let X be a metric space equipped with a
globally doubling measure | supporting a global p-Poincaré inequality. Assume that one of
the following conditions holds:

(a) There is a point xo € X and an exponent o > p such that

i p(B(xo, 7))
imsup ——— >

a
r—00 r

0, (1.2)

i.e. i has volume growth of exponent a at infinity.

(b) X is annularly quasiconvex around some point xo € X (see Definition 5.1).

(c) X = (R, u), where p is a globally doubling measure supporting a global p-Poincaré
inequality.

(d) X is bounded.

Then every quasiminimizer on X with finite energy is constant (up to a set of zero p-capacity).
In particular, this applies to p-harmonic functions with finite energy.

In fact, in case (d), there are no (essentially) nonconstant quasiminimizers whatsoever, see
Proposition 3.8. To avoid misunderstanding, we alert the reader to the fact that the functions
in Theorem 1.1 are global quasiminimizers or p-harmonic functions, defined with respect
to the entire metric space X. This means that p-harmonicity has to be interpreted properly.
For example, if X is a sufficiently regular open subset of R”, then p-harmonic functions
automatically satisfy the zero Neumann condition on d X, see Example 3.3. This is caused by
the fact that since X is regarded as a metric space in its own right, 3 X is not a boundary within
X and hence the test functions ¢ in (1.1) are not forced to vanish on 9 X. The same is true
also for less regular domains such as the interior of the von Koch snowflake curve, provided
that one interprets the zero Neumann condition in a generalized sense. This phenomenon
persists even if X is the closure of the above open sets in R”.

We will show by examples that if i supports only local versions of the doubling condition
and the p-Poincaré inequality, then the bounded, positive and finite-energy Liouville theorems
can fail, even for weighted R"”, n > 1. For measures on the real line R satisfying such local
assumptions we will also show that, surprisingly, the bounded and finite-energy Liouville
theorems are equivalent, while the bounded and positive ones are not, see Theorems 1.2
and 1.3. We therefore distinguish between these three types of Liouville theorems.

A key ingredient in our proof of Theorem 1.1 is an estimate which follows from the
weak Harnack inequality and controls the oscillation of u on balls in terms of its energy, see
Lemmas 4.1 and 4.3. Combined with the volume growth (1.2) or applied to chains of balls
provided by the annular quasiconvexity, it leads to parts (a) and (b) of Theorem 1.1. A similar,
but more precise, estimate for p-harmonic functions with respect to ends in certain complete
Riemannian manifolds was given in Holopainen [36, Lemma 5.3]. As a byproduct of the
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proof of Theorem 1.1 we obtain lower bounds for the growth of the energy and oscillation
of nonconstant quasiminimizers on large balls, see Corollaries 4.2, 5.7 and 5.8. The global
estimates in this paper can also be applied more locally to capture the geometry of the space
in different directions towards infinity (so-called ends). We pursue this line of research in our
forthcoming paper [13].

The geometric conditions (a) and (b) are quite natural. A condition similar to (b), assum-
ing that the diameters of spheres grow sublinearly, was recently used to prove a Liouville
type theorem for harmonic functions of polynomial growth on certain weighted complete
Riemannian manifolds, see Wu [64, Theorem 1.1].

The annular quasiconvexity from (b) is clearly satisfied by weighted R”, n > 2, and the
case n = 1 is covered by (c). So Theorem 1.1 covers all weighted R”, n > 1, with globally
p-admissible weights, including the setting considered in Heinonen et al. [30]. In complete
spaces, annular quasiconvexity follows from sufficiently strong Poincaré inequalities, by
Korte [47, Theorem 3.3]. In Lemma 5.4 we show that in noncomplete spaces, such Poincaré
inequalities imply a discrete analogue of the annular quasiconvexity, which also implies the
conclusion of Theorem 1.1.

Note that we do not require the space X to be complete. This makes our results applicable
also e.g. in the setting of Carnot—Carathéodory spaces, which in general need not be complete
but do support a global doubling condition and a global 1-Poincaré inequality, see Jerison [44,
Theorem 2.1 and Remark, p. 521] and Franchi et al. [22]. In this setting, p-harmonic func-
tions were first studied in Capogna et al. [17], and are solutions to subelliptic equations on
the original Euclidean spaces. Carnot—Carathéodory spaces include Heisenberg groups and
are themselves special types of metric measure spaces that satisfy our global assumptions;
see Hajtasz and Koskela [28, Section 11] and Remark 2.7. Many results about p-harmonic
functions on Carnot—Carathéodory spaces are thus included in the corresponding theory on
metric spaces, studied in e.g. Shanmugalingam [60], Kinnunen and Shanmugalingam [46],
Bjorn and Marola [14] and Bjorn and Bjorn [7].

When X is noncomplete, the choice of test functions in (1.1) is a delicate issue, cf. [10]. Our
choice of test functions stems from a desire to preserve the standard properties of p-harmonic
functions, such as maximum principles and Harnack inequalities, while including as many p-
harmonic functions as possible. In particular, the p-harmonic functions on B(0, 1)\ {0} C R”"
are not the same withrespectto X = R"\ {0} as withrespectto X = R", regardless of whether
{0} is of p-capacity zero or not, cf. Examples 3.2 and 3.9. On the other hand, Theorem 1.1 is
new even on unweighted R” when p < 2 (see Nakauchi [54] for p > 2), and its proof would
not have been simpler had only the complete case been covered. Readers not comfortable
with noncomplete spaces might prefer to assume that X is complete, in which case most of
our results are new as well.

Under the assumptions of Theorem 1.1, quasiminimizers on complete spaces are assumed
to belong to Sobolev type spaces on every compact subset of X and can be tested in (1.1) by
test functions ¢ with compact support. Noncomplete spaces often possess too few compact
sets, which should therefore be replaced by bounded ones in the above two properties, see
Definition 3.1. Moreover, by the assumed Poincaré inequality, every function with finite
energy automatically belongs to the above Sobolev type spaces.

Volume growth conditions at infinity, similar to (1.2), have been used to classify so-
called parabolic and hyperbolic ends in metric spaces and Riemannian manifolds, see e.g.
[20,27,36,38]. They also play a role in capacity estimates for large annuli [11] and are related
to global Sobolev embedding theorems [7, Theorem 5.50].

In classical conformal geometry, Riemann surfaces have been classified according to
the nonexistence of nonconstant harmonic functions which are bounded, positive and/or of
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finite energy, see e.g. [16,56,58]. Similar results for Riemannian manifolds can be found
for example in [26], [27, Section 13] and [58]. This theory has been extended to include
p-harmonic functions in [3,35], and to the setting of metric measure spaces in [38,40]. The
studies undertaken in these papers for metric measure spaces did not take into account the
energy of the global p-harmonic functions as we do here.

We consider quasiminimizers in the Liouville theorem, which means that our results
directly apply also to solutions of the .4-harmonic equation

div A(x, Vu) =0, (1.3)

where A : R" x R" — R" is a vector field that satisfies certain ellipticity conditions
associated with the index p and a globally p-admissible weight w, as in Heinonen et al. [30].
Note that by [30, Section 3.13], such .A-harmonic functions are quasiminimizers. Since
Riemannian manifolds of nonnegative curvature satisfy a global doubling condition and a
global 1-Poincaré inequality, p-harmonic and .4-harmonic (in the sense of (1.3)) functions
on such manifolds can be treated by Theorem 1.1 as well.

Another reason for including quasiminimizers in our study comes from geometric con-
siderations similar to those described above. The geometric programme of classifying metric
measure spaces according to quasiconformal equivalences seeks to identify two metric mea-
sure spaces as being equivalent if there is a quasiconformal homeomorphism between them.
It follows from [31, Section 7], [32, Theorem 9.10] and [48, Theorem 4.1] that given
two uniformly locally Ahlfors p-regular proper metric spaces supporting uniformly local
p-Poincaré inequalities, any quasiconformal homeomorphism between them induces a mor-
phism between the corresponding classes of quasiminimizers with finite energy. However, it
does not in general induce a morphism between the classes of p-harmonic functions. Now
if one of the two spaces supports a nonconstant quasiminimizer with finite energy but the
other does not, then there can be no quasiconformal equivalence between them. Thus the
results developed in this paper give a useful tool in quasiconformal geometry and provide a
framework for potential-theoretic classifications of unbounded metric measure spaces. Such
a study is currently being carried out by the authors in [13].

On the unweighted real line R, both the volume growth condition (1.2), witha > p > 1,
and the annular quasiconvexity fail. At the same time, the only p-harmonic functions on R are
affine functions, and for such functions the global energy is clearly infinite unless the function
is constant. Even in this simple setting, it is not trivial to show that there are no nonconstant
quasiminimizers with finite energy, but we do so in Sect. 6 when proving Theorem 1.1 (c). A
similar question for the unweighted strip R x [0, 1] is addressed in Example 7.1. Note that
even on the unweighted real line, quasiminimizers have a rich theory, see e.g. Martio and
Sbordone [52].

On weighted R, equipped with a locally doubling measure supporting a local p-Poincaré
inequality, we give the following complete characterization of when the bounded and finite-
energy Liouville theorems hold.

Theorem 1.2 Let 1 be a locally doubling measure on R supporting a local p-Poincaré
inequality. Then the following five conditions are equivalent:

(a) There exists a bounded nonconstant p-harmonic function on (R, ).

(b) There exists a nonconstant p-harmonic function with finite energy on (R, w).
(c) There exists a bounded nonconstant quasiharmonic function on (R, ).

(d) There exists a nonconstant quasiharmonic function with finite energy on (R, ).
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(e) There is a weight w such that du = w dx and
o0
/ w!/1=P) dx < co. (1.4)
—00

We also show that under the local assumptions of Theorem 1.2, a quasiharmonic function
on weighted R is bounded if and only if it has finite energy, see Proposition 6.5. This equiva-
lence may be of independent interest, in addition to implying the equivalence of the bounded
and the finite-energy Liouville theorems on weighted R.

Examples 6.7 resp. 7.2 show that on some spaces there exist global p-harmonic functions
that are bounded but without finite energy, and vice versa. For examples of Riemannian
manifolds where the finite-energy Liouville theorem for harmonic functions holds but not
the bounded Liouville theorem, we refer to Sario et al. [58, Section 1.2].

The Liouville theorem is often given for positive functions, but this is not always equivalent
to the bounded (or finite-energy) Liouville theorem, as demonstrated by the following result
(together with Theorem 1.2).

Theorem 1.3 Let 11 be a locally doubling measure on R supporting a local p-Poincaré
inequality. Then the following are equivalent:

(a) There exists a positive nonconstant p-harmonic function on (R, ).
(b) There exists a positive nonconstant quasiharmonic function on (R, ).
(¢) There is a weight w such that dj = wdx and

0 00
min{f wl/d=m dx,/ wl/d=p dx} < 0. (1.5)
—00 0

If diu = wdx on R" and w is any positive function which is locally bounded from above
and away from zero, then it is easy to see that p is locally doubling and supports a local
1-Poincaré inequality. It follows that, for n = 1, one can easily construct weights such that
(1.5) holds but (1.4) fails.

The paper is organized as follows. In Sect. 2 we provide the necessary background about
Sobolev type spaces on metric spaces. In Sect. 3 we discuss (quasi)minimizers and p-
harmonic functions in spaces equipped with a locally doubling measure supporting a local
p-Poincaré inequality. Since it is not assumed that the underlying metric space is complete,
the choice of test functions in (1.1) plays a crucial role. We prove a general weak maximum
principle, which despite its name does not follow from the strong maximum principle. We
also show that in bounded spaces, all global quasiharmonic functions are locally constant;
from which Theorem 1.1 (d) follows (under the global assumptions therein).

Sections 4—6 are devoted to the proofs of (a)—(c) of Theorem 1.1, respectively. Moreover,
in Sect. 5 we discuss connectivity properties of the space, including a discrete version of
annular quasiconvexity. Growth estimates for the energy and the oscillation of nonconstant
quasiharmonic functions are also proved therein. Section 6 contains a rather exhaustive
study of quasiharmonic functions and functions with finite energy on R, equipped with a
locally doubling measure supporting a local p-Poincaré inequality, leading up to the proofs
of Theorems 1.2 and 1.3. Theorem 1.1 (c) is then a direct consequence of these considerations.

We conclude the paper in Sect. 7 by showing that the finite-energy Liouville theorem
holds in the unweighted infinite strip R x [0, 1] and that it fails in a weighted binary tree, see
Examples 7.1 and 7.2. The latter example also produces an unbounded p-harmonic function
with finite energy.
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2 Preliminaries

We assume throughout the paper that 1 < p < oo and that X = (X, d, ) is a metric space
equipped with a metric d and a positive complete Borel measure p such that 0 < pu(B) < oo
for all balls B C X. For proofs of the facts stated in this section we refer the reader to Bjorn
and Bjorn [7] and Heinonen et al. [33].

A curve is a continuous mapping from an interval. We will only consider curves which are
nonconstant, compact and rectifiable, i.e. of finite length. A curve can thus be parameterized
by its arc length ds. A property holds for p-almost every curve if the curve family I" for
which it fails has zero p-modulus, i.e. there is a Borel function 0 < p € L?(X) such that
fy pds = oo forevery y € I'.

Definition 2.1 A measurable function g : X — [0, 00] is a p-weak upper gradient of
u: X — [—oo, co] if for p-almost every curve y : [0,1,] — X,

lu(y (0)) —uly ()] = / gds,
v

where the left-hand side is considered to be oo if at least one of the terms therein is £00.

The p-weak upper gradients were introduced in Koskela and MacManus [49], see also
Heinonen and Koskela [31]. If u# has a p-weak upper gradient in LIIZ)C(X ), then it has a
minimal p-weak upper gradient g, € L{ (X) in the sense that for every p-weak upper
gradient g € sz)c(X) of u we have g, < g a.e., see Shanmugalingam [60]. The minimal
p-weak upper gradient is well-defined up to a set of measure zero. Note also that g, = g,
a.e.in {x € X : u(x) = v(x)}, in particular gmin{u,c} = gu X{u<c} a.€., for c € R.

Following Shanmugalingam [59], we define a version of Sobolev spaces on X.

Definition 2.2 For a measurable function u : X — [—00, 0], let

1/p
lullyrrxy = (/ Iul”du+inf/ g’ du) ,
X 8 Jx

where the infimum is taken over all p-weak upper gradients g of u. The Newtonian space on
X is
NYP(X) = {u s lullyrxy < 00}

In this paper we assume that functions in N Lr(X) are defined everywhere (with values
in [—o0, 00]), not just up to an equivalence class in the corresponding function space. The
space Nl’p(X)/N, where u ~ v if and only if ||u — v| y1.»(x) = O, is a Banach space and a
lattice, see [59]. For a measurable set £ C X, the Newtonian space N Lr(E) is defined by
considering (E, d|g, t|g) as a metric space in its own right.

Definition 2.3 The (Sobolev) capacity of a set E C X is the number

Cp(E) = C)(E) = inf [lu]l [, -

where the infimum is taken over all u € N7 (X) such thatu = 1 on E.

A property is said to hold quasieverywhere (q.e.) if the set of all points at which the
property fails has Cj,-capacity zero. The capacity is the correct gauge for distinguishing
between two Newtonian functions. If u € N7 (X), then u ~ v if and only if u = v qee.
Moreover, if u, v € NI]O’CP(X) andu = v a.e.,thenu = v q.e.

@ Springer



834 A.Bjorn et al.

Welet B = B(x,r) = {y € X : d(x,y) < r} denote the ball with centre x and radius
r > 0,andlet AB = B(x, Ar). We assume throughout the paper that balls are open. In metric
spaces it can happen that balls with different centres and/or radii denote the same set. We will
however adopt the convention that a ball B comes with a predetermined centre xp and radius
rp. In this generality, it can happen that B(xg, r9) C B(xy, r1) even when ro > rq, and in
disconnected spaces also when ro > 2r;. If X is connected, then B(xq, ro) C B(xy, r1) with
ro > 2ry is possible only when B(xg, ro) = B(x1,r1) = X.

We shall use the following local assumptions introduced in Bjorn and Bjorn [9].

Definition 2.4 The measure u is doubling within B(xg, ro) if there is C > 0 (depending on
xo and rg) such that

n(@2B) = Cu(B)

for all balls B C B(xg, o).

We say that u is locally doubling (on X) if for every xo € X there is some r9 > 0
(depending on x¢) such that p is doubling within B(xo, r¢).

If i is doubling within every ball B (xg, ro), thenitis semilocally doubling, and if moreover
C is independent of xo and rg, then u is globally doubling.

Definition 2.5 The p-Poincaré inequality holds within B(xg, ro) if there are constants C > 0
and A > 1 (depending on xg and rg) such that for all balls B C B(xg, ro), all integrable
functions u on AB, and all p-weak upper gradients g of u,

1/p
][ |M_uB|dM§CVB<][ g”du> , 2.1)
B LB

where up == fpudu = n(B)~ [pudp.

We also say that X (or ) supports a local p-Poincaré inequality (on X) if for every
xo € X there is some rp > 0 (depending on xg) such that the p-Poincaré inequality holds
within B(xq, o).

If the p-Poincaré inequality holds within every ball B (xo, r¢), then X supports a semilocal
p-Poincaré inequality. If moreover C and A are independent of x¢ and r¢, then X supports a
global p-Poincaré inequality.

Remark 2.6 1f X is proper (i.e. every closed and bounded subset of X is compact) and con-
nected, and pu is locally doubling and supports a local p-Poincaré inequality, then w is
semilocally doubling and supports a semilocal p-Poincaré inequality, by Bjorn and Bjorn [9,
Proposition 1.2 and Theorem 1.3]. This in particular applies to R” equipped with the
Euclidean distance and any measure satisfying the local assumptions.

Remark 2.7 If X is locally compact and supports a global p-Poincaré inequality and u is
globally doubling, then g, = Lipu a.e. for Lipschitz functions u on X, by Theorem 6.1 in
Cheeger [18] together with Lemma 8.2.3 in Heinonen et al. [33] (or Theorem 4.1 in Bjorn
and Bjorn [10]). (Here Lip u is the upper pointwise dilation of u, also called the local upper
Lipschitz constant.) Moreover, Lipschitz functions are dense in N7 (X), see Shanmugalin-
gam [59].

Hence if X = R”, equipped with a p-admissible measure as in Heinonen et al. [30],
then g, = |Vu| foru e N L.p(X), where Vu is the weak Sobolev gradient from [30]. The
corresponding identities for the gradients hold also on Riemannian manifolds and Carnot—
Carathéodory spaces equipped with their natural measures; see Hajtasz and Koskela [28,
Section 11].
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If X is connected (which follows from any semilocal Poincaré inequality, see e.g. the proof
of Proposition 4.2 in [7]), then the global doubling property implies that there are positive
constants o < s and C such that

@) =i @) e2)

whenever x € X and 0 < r < R < 2diam X. Example 2.3 in Adamowicz et al. [1] shows
that o may need to be close to 0.

Fixing r > 0 and letting R — oo in (2.2) shows that X has volume growth (1.2) of
exponent ¢ = o at infinity, but it is often possible to have a larger choice of «. At the same
time, necessarily o < s. Itis easy to see that (1.2) is independent of xq. The set of all possible
« in (1.2) is an interval which may be open or closed at the right endpoint. When the right
endpoint does not belong to the interval, there is no optimal choice of «.

A measurable function u is of finite energy on an open set Q2 if it has a p-weak upper
gradient in LP (), in which case its energy on € is given by [, g& du. It follows from
[7, Proposition 4.14] or [33, Lemma 8.1.5 and Theorem 9.1.2] that if u is locally doubling
and supports a local p-Poincaré inequality, then functions with finite energy on €2 belong to
Nllo’cp (£2). Similar arguments can be used to show that under semilocal assumptions, functions
with finite energy on €2 belong to the space NIL’C’? gist (§2). See Sect. 3 below for the definitions

1, 1,
of N,,7(2) and Nlocl,]dist(Q)'

3 Quasiminimizers and their test functions

We assume in this section that [ is locally doubling and supports a local p-Poincaré inequal-
ity. We will take extra care to avoid the requirement that the metric space is complete or even
locally compact.

Let Q2 C X be open. We say that f € Nll)’cp (R2) if for every x € 2 there exists ry > 0 such
that B(x,r,) C Qand f € NVP(B(x, ry)). Traditionally, e.g. in R" and other complete
spaces, a quasiminimizer u on 2 is required to belong to the local space Nﬁ)’cp (2) and the
quasiminimizing property is tested by sufficiently smooth (e.g. Lipschitz or Sobolev) test
functions ¢ with compact support in 2 (or with zero boundary values) as follows:

/ g dp < Q/ Surgdit.
9#0 p#0

When X is noncomplete there are several natural choices corresponding to Nllo’cp (2) aswell as
several choices of natural test function spaces, and contrary to the complete case these do not
all lead to equivalent definitions. Thus we might obtain different classes of quasiminimizers
by considering different test classes of ¢ and by requiring that u belongs to various choices
of local Newtonian spaces. See Bjorn and Bjorn [10, Section 6] and Bjorn and Marola [14]
for related discussions.

Our choice of test functions is based on the desire to have as large as possible collection of
quasiminimizers while retaining potential-theoretic properties such as maximum principles
and weak Harnack inequalities for such quasiminimizers. For instance, insisting on compact
support could lead to a very small class of test functions if X is not locally compact, and
then properties such as the Harnack inequality and maximum principles might fail, see
Examples 3.3 and 3.4 below.
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We follow the notation in [10] and define
NS”’(Q) ={gla:peN"’(X)andp =0in X \ Q},
Gaist(2) = {G C Q : G is bounded and open, and dist(G, X \ 2) > 0},
NP () = {u : @ — [—00, 00] : u € N"P(G) forall G € Gai (D)},

Ny () = {9 : @ — [~00,00] : ¢ € Ny'””(G) for some G € Gaist ()},

where the closure is with respect to the Sobolev norm || - || y1.(x)- We emphasize that the
class Ggist (€2) depends not only on €2 but also on the ambient metric space X. Here we adopt
the convention that dist(G, @) > 0 for all G. In particular, this means that the requirement
dist(G, X \ ) > 0 is trivially satisfied for all G when Q2 = X.

Definition 3.1 A function u € Nlt'cpdist(ﬂ) is a quasiminimizer in 2 if there exists Q > 1

such that
/ gudp < Q/ T 3.1)
p#0 9#0

forall ¢ € N&'é’ist(Q). If O = 11in (3.1), then u is a minimizer.

Any quasiminimizer can be modified on a set of capacity zero so that it becomes continuous
(by which we mean real-valued continuous in this paper). This follows from the results
in Kinnunen and Shanmugalingam [46, p. 417]. The assumptions in [46] are global and
guarantee local Holder continuity of quasiminimizers. See Bjorn and Bjorn [10, Theorem 6.2]
for how the arguments apply in our situation. Such a continuous representative is called
quasiharmonic or, for Q = 1, p-harmonic. The strong maximum principle, saying that if
a quasiharmonic function attains its maximum in a domain then it is constant therein, also
holds, see [46, Corollary 6.4] and [10, Theorem 6.2].

The following example shows why it is essential to use the nonstandard space NIL’C{J dist (€2).

Namely, requiring only u € ng! (2) in the definition of quasiminimizers would cause
problems with Harnack inequalities and the weak maximum principle.

Example 3.2 Consider the locally compact space X = R"” \ {0} and let | < p < n. The
function u(x) = |x|?=™/(P=1 is p-harmonicin X asan open subset of R”. As C}:" oh =0,

it therefore follows that (3.1) holds for all ¢ € N L.r(X). However, u ¢ Nli)’cp dist (X) since
B(0, 1) N X € Gg4ist(X), and thus u is not p-harmonic on X in the sense of Definition 3.1.

Had we only required that u € Nllo’cp (X), this would instead have been an example of a
positive p-harmonic function violating the Harnack inequality supg u < Cinf g u and the
weak maximum principle (3.2) below. On the other hand, by [10, Theorem 6.2] the strong
maximum principle would still hold. See [10, Section 6] for further discussion.

If X is proper, then NIL’C’? i () = NIL’CP () and (3.1) can equivalently be based on
test functions from N7 (X) (or Lip(X)) with compact support in 2. Our definition of
quasiminimizers then coincides with the usual definitions used in the literature, see Bjorn [5,
Proposition 3.2].

In the setting of Riemannian manifolds, the notion of global p-harmonic functions usually
requires the test functions to be of compact support rather than just vanishing outside some
set G € Ggist(X), see e.g. Cheeger and Gromoll [19] or Ferrand [21, Theorem 4.1]. Since
studies on Riemannian manifolds often do not focus on understanding the boundary of the
manifold itself, such a class of test functions is appropriate there. We are interested in the
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influence of the global structure, including the boundary, and therefore use the test function
class N(} ’(fist(X ). For proper metric spaces and complete connected Riemannian manifolds
these two test function classes coincide, as mentioned above.

The following two examples further illustrate what can happen when one uses different
classes of test functions.

Example 3.3 Let X = R"~! x (0, 00) be equipped with the Euclidean distance and the
Lebesgue measure. Note that this is a locally compact space. Let

Q=(—1,D"1%(0,1) and u(x)= x,.

Then u is not p-harmonic in €2 (seen as a subset of X) because the restriction v to €2 of the
unique p-harmonic function in (—1, 1)” C R” with boundary data f(x) := |x,| will have
smaller energy on 2 than u, since f is not p-harmonic in (—1, 1)". Indeed, the function
¢ = v — u belongs to N(;,’(ﬁst(Q) and can thus be used in Definition 3.1, even though it does
not have compact support in €2.

In fact, one can see that p-harmonic functions in subsets of X, as defined in Definition 3.1,
satisfy a zero Neumann boundary condition on the “missing boundary” R"~! x {0}, while
this is not in general true for p-harmonic functions defined using test functions with compact
support.

In spaces which are not locally compact the following example shows that the situation
can get even worse if one uses test functions with compact support.

Example 3.4 Let X = R"\Q",n > 2,equipped with the Lebesgue measure, and p > n. Since
the capacity C1(Q") = 0, we conclude that 1-almost no curve in R” hits Q", and hence X
inherits the global 1-Poincaré inequality from R". It thus follows from Shanmugalingam [59,
Theorem 5.1] thatevery u € N7 (X) has a continuous representative v ~ u. If u has compact
support in X, then so does v, but then v has to be identically O by the density of Q".

Hence, using only test functions with compact support would mean that every contin-
uous Newtonian function is p-harmonic, which would violate all types of weak Harnack
inequalities as well as both the weak and strong maximum principles.

The weak maximum principle will be an important tool in proving Theorem 1.1 (b) in
Sect. 5. We will only need it under global assumptions (of doubling and a p-Poincaré
inequality), but we take the opportunity to deduce it under only local assumptions. Due
to the possible noncompleteness, it does not seem to be covered in the literature even under
global assumptions, nor does it follow from the strong maximum principle, despite its name,
cf. Example 3.2.

Theorem 3.5 (Weak maximum principle) Assume that X is connected. If u is quasiharmonic
in 2and G € G4ist (2), with & # G # X, then

supu = supu. 3.2)
G G
Connectedness does not follow from the local p-Poincaré inequality (in contrast to the
semilocal p-Poincaré inequality) and needs to be imposed explicitly. That connectedness
cannot be dropped, even if we require 0G # &, follows by letting

X =Q=B(x,2)UB(y,2) C R", where |x — y| > 4,

and G = X \ B(y, 1), together with the p-harmonic function u = x 3Gy
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Proof As X is connected and @ # G # X, the boundary G # @. By continuity, sup; u >
supyg 4 7 —oo, and there is nothing to prove if sup,; u = 0o. By adding a constant, we
may thus assume that supy; u = 0. Let

inG
A={xeG:u@x)>0) and =" "
0, imX\G.

Then ¢ is continuous in X since G € Ggis(€2), and ¢ € Né’p(A) - Né”(ﬁsl(ﬂ). Hence

/gé’du=/g5dM§Q/g,f_wdu=0,
A A A

and so g, = 0 a.e. in A. Since ¢ = 0 outside A, we also see that g, = O a.e.in X \ A, and
thus a.e. in X. It follows from the local p-Poincaré inequality and the continuity of ¢ that ¢
is locally constant. As X is connected, ¢ is constant in X. In particular, u, = ¢ is constant
in G. Since sup,; u = 0, (3.2) follows. O

It is also important to know that the suprema in (3.2) cannot equal co. This follows by
continuity of u if G is compact, and by the weak maximum principle (and continuity) if 9G
is compact. In general we have the following result.

Proposition 3.6 Assume that 1 is semilocally doubling and supports a semilocal p-Poincaré
inequality. If u is quasiharmonic in Q and G € Ggist (), then u is bounded on G.

The proof of this fact under global assumptions in Bjorn and Marola [14, Corollary 8.3]
applies verbatim under semilocal assumptions. We do not know if this result holds under
only local assumptions, although Remark 2.6 implies that it does if X is in addition proper
and connected.

In the rest of this paper we are primarily interested in global quasiminimizers (but for
some results in Sect. 6), in which case certain issues disappear compared with the situation
for arbitrary open subsets of X. Note that

1, s
Ny B (X) = NgP(X) = N"P(X)

and so for functions on all of X, Definition 3.1 coincides with several of the other definitions
considered in Bjorn and Bjorn [10], but may still differ from the classical notions of p-
harmonic functions and quasiminimizers, cf. Example 3.2.

Under global assumptions, also in noncomplete spaces, the following positive Liouville
theorem is implied by the Harnack inequality obtained in Kinnunen and Shanmugalingam [46,
Corollary 7.3].

Theorem 3.7 (Positive Liouville theorem) Assume that ju is globally doubling and supports a
global p-Poincaré inequality. Then every positive quasiharmonic function on X is constant.

In bounded spaces the situation is particularly simple, even under our standing local
assumptions.

Proposition 3.8 If X is bounded, then all quasiharmonic functions on X are locally constant,
and thus constant in each component.

Proof Let u be quasiharmonic on X. Since X is bounded and dist(X, @) > 0, we see that

1, 1,
Niol it (X) = NP (X) = Ny b (0.

loc,dist
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Testing (3.1) with —u € Ny’ (X) then yields

/ g dp < Q/ gl du=0.
u7#0 u#0

This, together with the local p-Poincaré inequality and the continuity of u, shows that u is
locally constant. O

Proof of Theorem 1.1 (d) Since X supports a global Poincaré inequality, it is connected (see
e.g. [7, Proposition 4.2]). Therefore, the theorem follows directly from Proposition 3.8. O

Example 3.9 That all quasiharmonic functions on X are constant can happen even for
unbounded spaces, as seen by letting X = [0, co) or X = (0, 00) (equipped with any locally
doubling measure supporting a local p-Poincaré inequality). To see this, let 0 < a < oo,
G={xeX:x <a}and ¢p(x) = u(a) —u(x) € Nol”é’ist(G). Then,

fo ghdp < Q/O Girpdi =0,

and u must be constant in (0, a) for each a > 0, and thus in X.

4 The proof of Theorem 1.1 (a)

In view of Proposition 3.8, we assume in this section that X is unbounded and that v is
globally doubling and supports a global p-Poincaré inequality, with dilation constant i. We
also fix xy € X and set B, := B(xop, r) for r > 0.

The goal of this section is to prove Theorem 1.1 (a). To do so, we need an energy growth
estimate for quasiharmonic functions in terms of the oscillation of the function. This estimate
will also be crucial when establishing Theorem 1.1 (b) in the next section.

Lemma 4.1 Let u be quasiharmonic in a ball 2\ B. Then,

. C}’B P 1/p

oscu :=supu —infu < — 17 gudn . “4.1)
B B B w(B)P \Jorp

In particular, if the volume growth condition (1.2) holds, then there is an increasing sequence

of radii rj — oo such that

(osc u)p < Cr’-’_a/ ghdpu. 4.2)
By; 7 Jus,

Lemma 4.3 below shows that (4.1) is essentially sharp. If the volume growth condition
(1.2) holds for all sufficiently large radii, then (4.2) holds for these radii.

In addition to depending on X and u, the constant C above is also allowed to depend on
the quasiminimizing constant of u. The same is true for similar estimates in the rest of the
paper, where C will denote various positive constants whose values may vary even within a
line.

Proof Using the weak Harnack inequality (see Kinnunen and Shanmugalingam [46, Theo-
rem 4.2] or Bjorn and Marola [14, Theorem 8.2]), we get that

SUPufuzB+C][ (M_MZB)+dM§MZB+C][ lu — uzpldju.
B 2B 2B
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Applying this to —u, we also obtain that
—infu < —urp + C][ lu —urpldu.
B 2B

Combining these two estimates with the Poincaré inequality gives us

p I/p Crg » 1/p
oscufc][ Iu—uzgldusCrB<][ g du) 57(/ g du) .
B 2B 2B w(B)YP\ Jop°"

The second claim of the lemma now follows directly by applying (1.2) to the above
inequality. O

Proof of Theorem 1.1 (a) Given the validity of the volume growth condition (1.2), we are able
to apply (4.2). Since u has finite energy and @ > p, letting j — oo shows that u is bounded.
Hence u is constant by the positive Liouville theorem 3.7. |

If the volume growth exponent« > p, then Lemma 4.1 also provides the following growth
rate for the energy of nonconstant quasiharmonic functions.

Corollary 4.2 Let xo € X and let u be a nonconstant quasiharmonic function on X. If there
is o > p such that

B
lim sup “(a’) -0, 4.3)
r

r—0o0

then there is a sequence rj — 00 such that

/ ghdn>cri?.
B j

"j

If moreover
Jiminf 2B _ . (4.4)
oo @
then
/ gl dpu > Cr*=P forall large enough r. 4.5)

.

The energy grows also when « = p, by Theorem 1.1 (a), but in this case we have no
control on how fast it grows.

Proof Since u is nonconstant there exists R > 0 such that oscpg, o U > 0. By (4.3), there is
a sequence r; /' 0o, with each r; > R, such that M(Brj) > Cr;?‘. Thus, by Lemma 4.1 and
the doubling property,

Cu(B;,) P _ P _
/ g,fduz%(osc u) ECr? p(osc u) ZCr‘; P,
5 .

" r; Br; /2. Br/oa

If (4.4) holds, then w(B,) > Cr® for all » > R and (4.5) follows. O

Note that there may exist nonconstant p-harmonic functions on X with zero oscillation
on some ball, see Bjorn [6, Example 10.1] (or [7, Example 12.24]), so we need to choose R
large enough in the proof above.

There is also a reverse inequality to the one in Lemma 4.1.
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Lemma 4.3 Let u be quasiharmonic in a ball B. Then,

C I/p
oscu > _=TB / g,f du .
B w(BYP\J1p

Proof The Caccioppoli inequality (see Kinnunen and Shanmugalingam [46, Proposition 3.3]
or Bjorn and Marola [14, Proposition 7.1]) yields

C P C p
/ ghdn < = <oscu) du = —,u(B)(oscu) . =]
b8 rp JsN B g 5

5 The proof of Theorem 1.1 (b)

Inview of Proposition 3.8, we assume in this section that X is unbounded and that v is globally
doubling and supports a global p-Poincaré inequality, with dilation constant L. We also fix
xo € X and set B, := B(xq, r) forr > 0.

If 1 satisfies (1.2) with @ < p and u is a nonconstant quasiharmonic function with finite
energy, then (4.2) tells us that the oscillation of u on balls B; increases at most polynomially
in r;. Since the volume growth could be too small in relation to p, the above proof of
Theorem 1.1 (a) does not apply. In this case we are still able to deduce the finite-energy
Liouville theorem, provided that a suitable geometric condition is satisfied. We first define
the notion of annular quasiconvexity referred to in the statement of Theorem 1.1 (b).

Definition 5.1 X is annularly quasiconvex around x if there exists A > 2 such that for all
r > 0, each pair of points x, y € By, \ B, can be connected within the annulus B, \ B,/ by
a curve of length at most Ad(x, y). We say that X is annularly quasiconvex if it is annularly
quasiconvex around every xo € X with A independent of x.

In certain complete spaces, annular quasiconvexity follows from a global g-Poincaré
inequality for some sufficiently small ¢ > 1, see Korte [47, Theorem 3.3]. In Lemma 5.4
we show that in similar noncomplete spaces, such a global g-Poincaré inequality implies
a discrete analogue of annular quasiconvexity, which also implies the conclusion of Theo-
rem 1.1(b).

Definition 5.2 X is sequentially annularly chainable around xg if there are a constant A > 1
and a sequence of radii r; " oo such that for every j and x,y € 9B, we can find a
chain of points x = x1,...,x, = yin Bar; \ B/ satisfying d (xg, xg41) < r;j/8AA for
k=1,...,m—1.

Proof of Theorem 1.1 (b) This is a direct consequence of the following two results. O

Theorem 5.3 If X is sequentially annularly chainable around some point xo, and u is a
quasiharmonic function on X with finite energy, then u is constant.

‘We postpone the proof until after the proof of Lemma 5.6. The following lemma provides
us with a sufficient condition for sequential annular chainability.

Lemma 5.4 If X supports a global o -Poincaré inequality with the dimension exponent o > 1
as in (2.2), or if X is annularly quasiconvex around x, then X is sequentially annularly
chainable around x (for every sequence rj /' 00).
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Proof Let X be the completion of X taken with respect to the metric d and extend u to X
so that M(X \ X) = 0. This zero extension of y is a complete Borel regular measure on X
by Lemma 3.1 in Bjorn and Bjorn [10]. Proposition 7.1 in Aikawa and Shanmugalingam [2]
shows that  supports a global o-Poincaré inequality on X. Moreover, it satisfies (2.2) with
unchanged s and o.

Theorem 3.3 in Korte [47] shows that X is annularly quasiconvex. Hence, there exists
A > 1 such that every pair x, y € BB, can be connected by a curve y in Ba, \ By, As which
provides us with a suitable chain in X. To conclude the proof, replace each x; € X in the
chain by a sufficiently close point in X.

If X is annularly quasiconvex around xo, then we can use X instead of X in the above
discussion to obtain suitable chains in X itself. i

Remark 5.5 A weaker global g-Poincaré inequality with ¢ > o, together with the global
doubling property, implies that the completion X is quasiconvex. Such quasiconvexity is,
however, insufficient for our proof. Indeed, the space {(x1, x2) € R2: xjxp > 0}, equipped
with the Euclidean metric and the 2-dimensional Lebesgue measure, supports a global g-
Poincaré inequality for every ¢ > 2 (see [7, Example A.23]) and satisfies (2.2) with 0 = 2,
but is not sequentially annularly chainable.

Similarly, the examples X = R and X = R x [0, 1] with 0 = 1, demonstrate that the
sequential annular chainability can fail even if X supports a global 1-Poincaré inequality.
Thus the global o-Poincaré inequality in Lemma 5.4 cannot be replaced by a weaker one,
and it is essential that o > 1.

The following lemma sets a bound on the effective length of chains in Definition 5.2 and
will be used to prove Theorem 5.3.

Lemma5.6 Letd > Oand A > 1. Assume that x = X1, ..., X, = yisachainin By, \ By/a
satisfying d (xi, xp+1) < 6r, k =1,...,m — 1. Then there is a constant Ny, depending only
on 8, A and the doubling constant, such that x and y can be connected by a chain of balls
{Bk}k ]k N < Ny, with radii 26r andcentres Yk € Bar \ Brja sothat x € B!, y € BY and
B* 0 B*L is nonempty for k = 1, — 1

Moreover, T B¥ C Boa, \ Brj2a if‘c 5 1/48A.

Proof Using the Hausdorff maximality principle and the global doubling condition, we can
find a cover of Bp, \ By, by at most Ny balls

= B(Jx,8r) with 3 € Bar \ By/a,

such that %gk are pairwise disjoint, see for example Heinonen [29, Section 10.13]. Here Ny
depends only on §, A and the doubling constant (and in particular is independent of r).
Foreachl = 1,...,m — 1, there exists k; such that x; € B¥ . 1t then follows that
X|4+1 € 2B% . From the sequence {2§k1 };";ll we can therefore extract a subsequence {Bk},’cv= h
such that x € B!, y € BY, and such that BX N B/ is nonempty if and only if [k — j| < 1. As
it is extracted from the enlargements of balls in the above cover, we must have N < Nj.
The last inclusion follows directly if T < 1/45A. |

Proof of Theorem 5.3 Let {r;}77 .
We can find x, y € BBrj so that

x0 and A be as in Definition 5.2. Fix j for whichr; > 8AA.

1
— > 2 A
lu(x) —u(y)| = 3 ggs u
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Let x = x1, x2, ..., X, = y be the chain from Definition 5.2. Lemma 5.6, with § = 1/8AA
and T = 2A, provides us with a chain of balls {B"}]Z(V:1 of radii rj /4A A, such that

2)B* C Boar; \ Byjpn. k=1,....N,

and BX N B**1 is nonempty fork = 1,..., N — 1, where N < Ny. Find z; € B¥ N Bk,
k=1,...,N —1,andlet zo = x and zy = y. We thus get that, using Lemma 4.1,

N N
() = = Y luz-n) —u(@l = 3 joseu

k=1 k=1

N 1/p
<< %(/ g du) :
AN = p(BYP Joy

Since p is globally doubling, we have u(B¥) ~ u(By;) and so (with C now depending also
on A, A and Nyp)

Cr: 1/p
e~ = (| dan)
/’L(Brj ) Banrj\Br; /20

By Lemma 4.3,

1/p C
(/ gﬁw) < —u(B:)"?oscu.
By rj By;

Using the weak maximum principle (Theorem 3.5) we see that

oscu = osc u < 2lu(x) — u(y)|.
Brj aBrj

Combining the last three estimates shows that

1/p 1/p
(/ o du) < c(/ o du) . 5.1)
Brip Baarj\Br; /20

Now, if u has finite energy, then the right-hand side in (5.1) tends to 0 as j — o0, and
hence the left-hand side also tends to 0, showing that g, = 0 a.e. The Poincaré inequality
thus shows that u is constant a.e., and since u is continuous it must be constant. O

The estimate (5.1) in the above proof of Theorem 5.3 also provides a growth rate for the
energy of nonconstant quasiharmonic functions. We express this for annularly quasiconvex X,
in which case the growth is at least polynomial. If X is only sequentially annularly chainable,
then the growth depends on the corresponding sequence.

Corollary 5.7 If X is annularly quasiconvex around xo and u is quasiharmonic on X, then
there is a constant 8 > 0 such that whenever 0 < r < R,

p P p
/B, sldn=c(%) /B m (5.2)

If u is nonconstant on B, then || B, gl du > 0, by the p-Poincaré inequality. Thus from
(5.2) we see that if X is annularly quasiconvex around xo, then || Br gk dp must grow at least

as fast as R?. Note that there may exist nonconstant p-harmonic functions on X with zero
oscillation on some ball, see Bjorn [6, Example 10.1] (or [7, Example 12.24]).
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Proof Forr > 0, let
1(r) = / g du.
Since X is annularly quasiconvex around xg, the estimate (5.1) holds for all » > 0 and hence

I(r/2A) < CP[IQ2Ar) —I(r/2MN)].
Adding C?1(r /2A) to both sides of the inequality yields that (after replacing r /2A by r),

I(r) < T(4A>r).

CP+1
Finally, an iteration of this inequality leads to (5.2) with

_log(1+C7F)
T log4A?

Corollary 5.7 and the comment following its statement, together with Lemmas 4.1 and 4.3,
lead to the following estimates which complement the upper bound (4.2). A similar result
was obtained for harmonic functions (p = 2) on certain weighted Riemannian manifolds,
see Wu [64, Proposition 2.4].

Corollary 5.8 If X is annularly quasiconvex around xo and u is quasiharmonic on X, then
there exists B > 0 such that for all sufficiently large R > r,

R 1+8/p w(B,) 1/p R 1+B/p=s/p
oscu > C(—) ( ) oscu > C(—) oscu,
1(BR)

Br r B, r )

where s is the dimension exponent from (2.2). Moreover, if W(Bgr) < CR? for all sufficiently
large R and u is nonconstant, then there is C > 0 such that

%sc u> CRPIP for sufficiently large R. 5.3)
R

If u is Ahlfors p-regular and supports a global p-Poincaré inequality, p > 1, then by
Korte [47, Theorem 3.3], the assumption of annular quasiconvexity is automatically satisfied,
and thus (5.3) holds in this case. Also in spaces that are not Ahlfors regular, the estimate
w(Bg) < CRP canhold for large R. Forinstance, in R”, equipped with the measure d ju (x) =
[x]* dx for some —n < o < p — n, the condition w(Bg) < CR? in Corollary 5.8 is satisfied
for large R, and so (5.3) holds even though u(Bg) < CRP fails for small R if n + o < p,
when xo = 0. Note that this measure is globally doubling and supports a global 1-Poincaré
inequality.

6 The proofs of Theorems 1.1 (c), 1.2and 1.3

Incontrastto R”,n > 2, the real line R is not annularly quasiconvex, and thus Theorem 1.1 (b)
is not applicable. It is well known that the only p-harmonic functions on unweighted R
are the linear functions x — ax + b, where a,b € R are arbitrary. From this, both the
positive and finite-energy Liouville theorems for p-harmonic functions follow directly. The
positive Liouville theorem for quasiharmonic functions on unweighted R is a special case of
Theorem 3.7, but the finite-energy Liouville theorem for quasiharmonic functions requires
some effort to prove even on unweighted R.
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It turns out that this fact can be shown in greater generality, namely on weighted (R, 1),
where u is globally doubling and supports a global p-Poincaré inequality. Moreover, under
only local assumptions, we characterize the measures for which the bounded, positive and
finite-energy Liouville theorems hold. This is the main aim of this section.

We will use the following recent characterization of local assumptions on R. Recall that
w is a global Muckenhoupt A, weight on R, 1 < p < oo, if there is a constant C > 0 such
that

p—1
(][ wdx) <][ w!/4=m dx> < C for all bounded intervals I C R. 6.1)
I I

Theorem 6.1 (Bjorn et al. [12, Theorem 1.2 and Proposition 1.3]) The following are equiv-
alent for a measure p on R:

(a) w is locally doubling and supports a local p-Poincaré inequality on R.
(b) du = wdx and for each bounded interval I C R there is a global Muckenhoupt A,
weight W on R such that W = w on I.

Moreover, under the above assumptions, every u € NIL’CP (R, ) is locally absolutely contin-
uous on R and g, = |u'| a.e.

As discussed in Sect. 3, most of the general results on p-harmonic functions and quasi-
minimizers are still available under local assumptions, with the exception of the bounded
Liouville theorem.

Throughout the rest of this section, diu = wdx is a locally doubling measure on R
supporting a local p-Poincaré inequality. In particular, w > 0 a.e. We also fix the open
subset Q2 = (0, 00) of the metric measure space (R, 11).

On the real line R, the dilation constant A in (2.1) can be taken to be 1, see [12, Propo-
sition 3.1]. Note that nonconstant quasiharmonic functions on €2 and on (R, p) are strictly
monotone, by the strong maximum principle.

Lemma 6.2 A function u is p-harmonic on the open subset Q = (0, 00) of (R, w) if and only
if there are constants a, b € R such that

X
u(x) =>o +a/ w/1=P gt x e Q. (6.2)
0
Moreover, the energy of u on Q2 is

o0 o0
/O Iu’lpd,uzlalp/O w!/=P gg, (6.3)

which is finite if and only if u is bounded.
The corresponding statements for functions on (R, ) are also true, with the function u
given by (6.2) being p-harmonic on (R, @).

Proof Assume first that i is p-harmonic. By Theorem 6.1, u is locally absolutely continuous
on Q and g, = |u’| a.e. We may assume without loss of generality that u is nondecreasing.
Moreover, u is a weak solution of the equation

div(w|Vu|P~>Vu) = 0,

see Heinonen et al. [30, Chapter 3]. Thus in this one-dimensional case we see that in the
weak sense,
W' P w()) =0, (6.4)
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and hence u’ (1) = aw(¢)/1=P) a.e. for some a > 0 (see Hormander [43, Theorem 3.1.4]).
From this (6.2) follows, as u is locally absolutely continuous.

Conversely, if u is given by (6.2), then u is locally absolutely continuous on €2 and (6.4)
holds, i.e. u is p-harmonic.

Finally, the energy of u is clearly given by (6.3) and since the integrands in (6.2) and (6.3)
are the same, u is bounded if and only if it has finite energy.

The corresponding proof for functions on (R, 1) is similar. |

In the rest of this section, we fix the function
u(x) = /OX w/U=P gr, x eR, (6.5)
which is p-harmonic by Lemma 6.2. Note that
/x(u')” dp = u(x) — u(xop). (6.6)
X0

Lemma 6.3 Let v be a locally absolutely continuous function on [0, oo) with finite energy
JoS WP dp < oo

oo
(a) If/ w=P) gt < o, then v is bounded.
0
o0
(b) If/ w!/U=P) gt = oo, then v satisfies
0

bl
am e =0 6.7)

where u is given by (6.5).

Proof By replacing v by |v| if necessary, we may assume that v > 0. Statement (a) follows
directly by Holder’s inequality, since

X X 1/p X 1-1/p
|v<x>—v(0)|s/ |v’<r>|dts(f Iv’l”du> (/ w““‘"’dr)
0 0 0

is uniformly bounded for all x > 0.
To prove (b) assume (for a contradiction) that fooo w!/1=P) 4t = 0o and that there exists
6 > 0 such that

lim sup v(x) 26.

—_— >
X—>00 u(x)]—l/p
As v has finite energy, there is xo > 0 such that

o0
/ WPdu < 8P. (6.8)
X

0
By assumption, limy_, » u#(x) = oo. It follows that there is x; > xo such that v(x;) >
28u(x)' =P > 2u(xp) . In particular,
vx) = v(xo) > Jvlen) > Su(x)' 7P = S (u(xr) —u(x)' . (6.9)

Next, we compare the energy of v with that of u on the interval [x¢, x1]. It is easily verified
that v has the same boundary values on [xq, x1] as the function au + b, where
_ v(xr) —v(xo)

u(xy) — uxo) >0 and b =wv(xo) — au(xo).
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Since u is p-harmonic (by Lemma 6.2), it has minimal energy on these intervals and hence,
using also (6.6) and (6.9), we obtain

X X _ p
/ WlPdp = a"/ Wy dp = <M> u(x1) — u(xo)) > 87.
X0 X0 u(xy) — u(xo)

As this contradicts (6.8), it follows that (6.7) is true. m|

Lemma 6.4 Letu be asin (6.5). If v € C([0, 00)) is quasiharmonic on (0, 00), v(0) = 0 and

lim inf V()]

R =0 (€10

then v = 0.

Proof By assumption, there is a sequence x j = 00, x; > 0, such that

[v(x))l

AL,
j—oo u(x;)1=1/p

Since v(¢) has the same boundary values on [0, x;] as the function a;u(t), where a; =
v(x;)/u(x;), the quasiminimizing property of v, together with (6.6), yields

v(x
/ WP dp < Q|aj|1’/ Wy dp= o PO
0 u(x;)P=
where Q is a quasiminimizing constant of v. Hence, v’ = 0 a.e. and as v is locally absolutely
continuous (by Theorem 6.1), it must be constant. ]

Proof of Theorem 1.1 (c) This is a direct consequence of the positive Liouville theorem 3.7
and the following result. |

Proposition 6.5 Ler v be quasiharmonic on (R, ) or on the open subset Q2 = (0, c0) of
(R, ). Then v has finite energy if and only if it is bounded.

Proof First, consider the case when v is quasiharmonic on Q. By monotonicity, the limit

I
lim v(x) = v(l) — / V' (t) dt
x—0 0

exists (finite or infinite). Holder’s inequality implies that

1 1/p ; pl 1-1/p
< (/ [v'|? dp,) </ wl/=p) dl) i
0 0

where the last integral is finite by Theorem 6.1 and the local A, condition (6.1). This shows
that if v is unbounded at O then it has infinite energy.

We can therefore assume that v € C ([0, 00)) and v(0) = 0. We consider two exhaustive
cases:

LIf [ w!/(1=P) di = oo, then the “only if” part follows from Lemmas 6.3 (b) and 6.4. To
see the “if”” part of the claim, note that the definition (6.5) of u implies thatlimy_, oo u(x) =
and hence (6.10) holds whenever v is bounded. Lemma 6.4 shows that v = 0 and thus of
finite energy.

2.1f [° w!/U=P) dt < oo, then the “only if” partis a direct consequence of Lemma 6.3 (a).
Conversely, assume that v is bounded and nonconstant. Then, by monotonicity, limy_, 5 v(x)

1
V(1) dt
0
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exists and is finite. Since u is bounded (by Lemma 6.2), we can, after multiplication by a
constant, assume that

0 < lim v(x) = lim u(x) < oo. (6.11)
X—>00 X—> 00

Let x > 0 be arbitrary. Since v has the same boundary values on [0, x] as the function au,
where a = v(x)/u(x), the quasiminimizing property of v (with a quasiminimizing constant

Q) yields
X )4 X
/ WP du < Q’v(x) / WP dp.
0 ux)| Jo

Since u has finite energy (by Lemma 6.2) and in view of (6.11), letting x — oo shows that
also v has finite energy.

Finally, if v is quasiharmonic on (R, ), then applying the above to both (0, o) and
(—o00, 0) yields the result. O

We are now ready to obtain the following characterization, from which Theorems 1.2
and 1.3 will follow rather directly.

Proposition 6.6 The following are equivalent for the open subset Q = (0, 00) of the metric
measure space (R, p):

(a) There exists a bounded nonconstant p-harmonic function on Q.

(b) There exists a nonconstant p-harmonic function with finite energy on Q.
(c) There exists a bounded nonconstant quasiharmonic function on <.

(d) There exists a nonconstant quasiharmonic function with finite energy on Q.

(e)

o0
/ w0=) gt < co.
0

Proof The equivalences (a) < (b) < (e) follow from Lemma 6.2, while Proposition 6.5
implies that (c) < (d). The implication (a) = (c) is trivial.

Finally, to prove that —(e) = —(c), let v be a bounded quasiharmonic function on 2
with v(0) := lim,;_.o v() = 0. The definition (6.5) of u implies that lim,_,~ u(x) = oo,
and hence (6.10) holds. We can therefore use Lemma 6.4 to conclude that v = 0, i.e. (c)
fails. ]

Proof of Theorem 1.2 That u is absolutely continuous follows from Theorem 6.1. Moreover,
any nonconstant quasiharmonic function on (R, w) is strictly monotone by the strong maxi-
mum principle. Thus the implications (a) = (¢) = (e) and (b) = (d) = (e) follow immediately
from applying Proposition 6.6 to both (0, co0) and (—o0, 0). Conversely, Lemma 6.2 shows
that (e) = (a) & (b). O

Proof of Theorem 1.3 (c) = (a) By Lemma 6.2, the function u, given by (6.5), is p-harmonic
on (R, ©). On the other hand, by (c) it is bounded from above or below (or both), and thus
either a + u or a — u is a positive nonconstant p-harmonic function on (R, n) if a € R is
large enough.

(a) = (b) This is trivial.

(b) = (c) That u is absolutely continuous follows from Theorem 6.1. Let v be a positive
nonconstant quasiharmonic function on (R, ). Since v is strictly monotone it is either
bounded on (—o0, 0) or on (0, co) (or both). In either case, (c) follows from Proposition 6.6
applied to either (—o0, 0) or (0, 00). ]
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The results above raise the questions of whether, in a metric space supporting a locally
doubling measure and a local Poincaré inequality there can exist a bounded quasiharmonic
(or p-harmonic) function with infinite energy, and whether there can exist an unbounded
quasiharmonic (or p-harmonic) function with finite energy. Both questions have affirmative
answers. In the latter case this is shown in Example 7.2 below, and in the former case in the
following example.

Example 6.7 Let ;4] and u» be locally doubling measures on R supporting local p-Poincaré
inequalities. Then = 1 ® w2 islocally doubling and supports a local p-Poincaré inequality
on R?, cf. Bjorn and Bjorn [8, Theorem 3], which can be proved also under local assumptions.

By Theorem 6.1, there are weights wy and w; such thatdu; = w; dx, j = 1, 2. Assume
that

* 1
/ w]/( _p)dt<oo,
— 00

and let u; be any bounded nonconstant Q-quasiharmonic function on (R, w1), which exists
by Theorem 1.2, and which has finite energy by Proposition 6.5.

Extend u; to R? by letting u(x, y) = uj(x) for (x, y) € R2. Thenu is Q-quasiharmonic in
(Rz, 1), by Corollary 8 in [8]. (When Q = 1, i.e. the p-harmonic case, this can be deduced
directly from the p-harmonic equation.) Since u is bounded, it follows that the bounded
Liouville theorem fails in (RZ, Ww).

Now g, (x,y) = gu, (x) = Iu’l(x)l a.e., by Theorem 6.1, and thus

/Rz ghdp = uz(R)/Rgﬁ’, dui,

where the integral on the right-hand side is finite, since « has finite energy. Hence u has finite
energy if and only if w2 (R) < oo, in which case also the finite-energy Liouville theorem
fails in (R?, it). When u2(R) = oo (e.g. when p1 is the Lebesgue measure), u is an example
of a bounded quasiharmonic function with infinite energy, which is p-harmonic if Q = 1.
We do not know if the finite-energy Liouville theorem holds in this case.

7 Further examples in the absence of annular chainability

Example7.1 X = Rx [0, 1]is an example of a space for which Theorem 1.1 is not applicable.
We shall show that if X is equipped with the Lebesgue measure dm = dx dy then every
quasiharmonic function v on X with finite energy must be constant.

The main ideas are as in Sect. 6, but extra care needs to be taken in the y-direction. Let
v be a nonconstant quasiharmonic function on X with finite energy. Recall that g, = |Vv|
a.e., see Remark 2.7. For x € R let

t(x) = min v(x,y) and T(x) = max v(x,y).
O0=<y=<l 0<y<l

As v has finite energy, it follows from Lemma 4.1 that

1/p
lim (T(x) —t(x)) < lim c(/ |Vv|Pdm> = 0. (7.1)
x—>+00 x—>F00 (x=22,x+21)x[0,1]

By the strong maximum principle, 7 and ¢ are strictly monotone functions on R, and because
of (7.1) we can therefore assume that they are both strictly increasing and that #(0) = 0. We
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shall now show that 700 )
. X . t(x
am g = e =0 (7:2)

Since (7.1) implies that

t(x) T(x) —t(x)
m =1 _— =
x—o00 T(x) X—00 T(x)

’

it suffices to consider the second limit in (7.2). Fix § > 0O arbitrary. As v has finite energy,
there is xo > O such that

IVu|P dm < §7. (7.3)
(x0,00)x[0,1]
Assume that there exists x; > xo such that #(x;) > 28x11_1/p > 2T (x0). Then for all
y €0, 1],
1-1
v(xy, y) —v(xp, y) > t(x1) — T (xp) > %t(m) > 0x, v 7.4

It is easily verified that v(-, y) has the same boundary values on [xq, x1] as the function
a(y)x + b(y), where
v(x, y) — v(xo, y)

a(y) = >0 and b(y) = v(xg, y) — a(y)xo.
X1 — X0

Since linear functions on R minimize energy, we obtain as in the proof of Lemma 6.3 that
for each y € [0, 1],
/’“ (v(x1, y) — v(xo, ¥))?
X

a s pd > p — =
) [0xv(x, )7 dx = a(y)"(x1 — x0) 1 —xg)P-]

L

where the last estimate uses (7.4). Integrating over y € [0, 1], gives

1 X1
/ / [0y v(x, Y)IP dxdy > 87,
0 Jxo

which contradicts (7.3). So lim sup,_, o, #(x)/x'~1/P < 26, and letting § — 0 proves (7.2).
Finally, forn =1,2,..., let

Q={x,yeX:0<vx,y)<Tm}D@O,n) x[0,1],
which is bounded since limy,_,, t(x) = 0o by (7.1) and the positive Liouville theorem

(Theorem 3.7). Compare the energy of v on €2, with the energy of the piecewise linear
function v, = T (n) max{0, min{1, x/n}}. Note that v = v, on 9$2,,,

T(n)

Oxvn(x,y) = X{0<x<n} ae.onX

and dyv, = 0. Using the quasiharmonicity of v (with a quasiminimizing constant Q), we
thus obtain from (7.2) that
T (n)?
/ Volrdm < [ (Vom0 [ (Vo an=0 )
©.mx[0,1] o Q nP

as n — oo. This implies that Vv = 0 a.e. in (0, oo) x [0, 1], and thus, by continuity, v is
constant therein. By the strong maximum principle, v is constant on X.

We saw in Theorem 1.2 that on the real line one can never have an unbounded quasihar-
monic function with finite energy. The following example shows that there are spaces which
admit unbounded p-harmonic functions with finite energy.
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Example7.2 Let G = (V, E) be the infinite binary rooted tree, with root vy € V having
degree 2 and all other vertices having degree 3. The edge between two neighbouring vertices
a and b will be denoted [a, b]. Each edge is considered to be a line segment of length 1,
which makes G into a metric tree. Each vertex, but for the root, has three neighbours: one
parent and two children; the root has two children but no parent.

Fixing one geodesicray y = {v; }‘;":0 starting at the root vy and with v; | being a child of
v;, we equip G with the measure 4 as follows. On the edge [v;, vj11] we letdpu =27/ dm,
where m is the usual one-dimensional Lebesgue measure. On edges [a, b] € E that do not
belong to the ray y, we let dju = 27F dm, where vy is the unique vertex on the ray y that is
closest to [a, b].

Because of the uniform bound on the degree, the measure p is locally doubling and
supports a local 1-Poincaré inequality with uniform constants rp, C and A independent of xg.

A function 4 : G — R is p-harmonic in the sense of Definition 3.1 if and only if it is
linear on each edge and

D lub) — u(@)|P > wb) — u@)p(la, b)) =0 (7.5)

b~a

holds for each vertex a, where the sum is over all neighbours b of a, see Andersson [4],
Holopainen and Soardi [41], Shanmugalingam [61, Lemma 3.3] and Bjoérn and Bjorn [7,
Lemma A.27].

We now construct two nonconstant p-harmonic functions on G with finite energy, one
bounded and one unbounded. Both functions need to be linear on each edge, so we only need
to define them on the vertices. We start with the unbounded one.

Letu(vj) = j, j =0, 1,.... This defines u on the fixed ray y. Each vertex v; € y has
two children v and, say, v;H.We letu(v}) = —l and u(v}) =uj_)+1=jifj > 2.
Since

w(vj—1,v;D) =27 = 2u(lv;, vj41D) = 2u([v;, Vi, ifj =1,

and u([vg, v1]) = u([vo, v/l]), this makes u satisfy the p-harmonic condition (7.5) at all
vertices v; € y. To define u on the remaining vertices we prescribe its change along each of
its edges as follows. Any vertex a ¢ y has one parent b and two children ¢ and ¢’, and the
corresponding three edges have equal masses. Letting

u(c) —u(a) = u(c') — u@) = =217 (u(b) — u(a)) (7.6)

recursively makes u satisfy the p-harmonic condition (7.5) at all vertices, and thus u is
p-harmonic on G.

We will now see that u has finite energy. Let G ; be the subgraph of G consisting of v}
together with all its descendants and corresponding edges. Because of (7.6), the gradient g,
on the edges of G at distance k — 1 from v} is (21/0=P)k "and u’s energy on G is thus

o0 [e.¢]
/G_g{fdu=2“~’22"(2‘/“"’))""=21‘f Soken =12,
J k=1 k=1

Since g, on y and the adjacent edges is constant 1, while the measure behaves like 27/, the
total energy on G is thus

[e.¢]
/ gé’duzZ(fi +27 +/
G

o0
gl d,u) =442 2M07P <o,
=0 Gjti

k=1
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i.e. u has finite energy. Clearly u is unbounded along the ray y, while it is bounded on G ;
for each j, and thus bounded from below.

The following modification produces a bounded nonconstant p-harmonic function & on
G.Letu(vg) =0,u(vj)=1,j>1,u =uonGy,

a=2Y""Dy —1)+1 onG,

and # = 1 on G, j > 3. Then u is a bounded nonconstant p-harmonic function on G.
Moreover, [; g2 du < 27/(P=1 [~ el di < 00, i.e. also i has finite energy.
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