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Abstract
Let G be a connected Lie group. An unrefinable chain of G is defined to be a chain of
subgroups G = G0 > G1 > · · · > Gt = 1, where each Gi is a maximal connected
subgroup of Gi−1. In this paper, we introduce the notion of the length (respectively, depth)
of G, defined as the maximal (respectively, minimal) length of such a chain, and we establish
several new results for compact groups. In particular, we compute the exact length and depth
of every compact simple Lie group, and draw conclusions for arbitrary connected compact
Lie groups G. We obtain best possible bounds on the length of G in terms of its dimension,
and characterize the connected compact Lie groups that have equal length and depth. The
latter result generalizes a well known theorem of Iwasawa for finite groups. More generally,
we establish a best possible upper bound on dimG ′ in terms of the chain difference of G,
which is its length minus its depth.

1 Introduction

The maximum length of a chain of subgroups of a finite group G is called the length of
G. This invariant arises naturally in several different contexts and it has been the subject of
numerous papers since the 1960s (see [6,9,11,12,17,20,21], for example). The dual notion
of depth is defined to be the minimal length of a chain of subgroups
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1458 T. C. Burness et al.

G = G0 > G1 > · · · > Gt = 1, (1)

where each Gi is a maximal subgroup of Gi−1. The depth of finite solvable groups was
studied by Kohler [14], and more generally by Shareshian and Woodroofe [19] in relation to
lattice theory. We refer the reader to [3,5] for recent work on the length and depth of finite
groups and finite simple groups.

In [4], we extended these notions to algebraic groups. Let G be a connected algebraic
group defined over an algebraically closed field of characteristic p � 0. The length and
depth of G, denoted by l(G) and λ(G), are defined to be the maximal and minimal length of
a chain of subgroups as in (1), respectively, where each Gi is a maximal connected subgroup
of Gi−1. The length of G can be computed precisely. Indeed, if B is a Borel subgroup of
Ḡ = G/Ru(G) and r is the semisimple rank of Ḡ, then [4, Theorem 1] states that

l(G) = dim Ru(G) + dim B + r . (2)

For simple algebraic groups, this generalizes a theorem of Solomon and Turull [21, Theo-
rem A*] on finite quasisimple groups. Several results on the depth of algebraic groups are
also established in [4]. For example, if p = 0 we can calculate the exact depth of every simple
algebraic group G, obtaining λ(G) � 6, with equality if and only if G is of type A6 (see [4,
Theorem 4]). We also show that the depth of an algebraic group behaves rather differently
in positive characteristic. For example, [4, Theorem 5(iii)] states that the depth of a simple
classical type algebraic group tends to infinity with the rank of the group.

In this paper we initiate the study of length and depth for connected Lie groups. Let
g be a finite dimensional semisimple Lie algebra over C with compact real form g0 (so
g0 is a compact Lie algebra over R with g0 ⊗R C ∼= g). Under the Lie correspondence,
g0 is the Lie algebra of a compact semisimple (real) Lie group G. We write G(C) for the
corresponding complex Lie group, which can be viewed as a semisimple algebraic group over
C. For example, if g = sln(C), then G = SUn and G(C) = SLn(C). Up to isomorphism
and isogenies, the compact simple Lie groups are as follows:

SUn (n � 2), Spn (n � 4 even), SOn (n � 7), G2, F4, E6, E7, E8. (3)

More generally, it is well known that any compact connected Lie group G is of the form
G = G ′Z(G)0, where G ′ is a commuting product of compact simple Lie groups and Z(G)0

is a torus (a direct product of k copies of T ∼= SO2, the circle group). We will write Cln to
denote any one of the classical type groups SUn , Spn and SOn . We will also write Tk for a
k-dimensional torus.

It is natural to transfer the definition of length and depth from algebraic groups to Lie
groups. So we define the length l(G) of a connected Lie group G to be the maximal length of
a chain of (closed) subgroups as in (1), where each Gi is a maximal connected subgroup of
Gi−1 (a sequenceof subgroupswith this property is called anunrefinable chain). Similarly, the
depth λ(G) is the minimal length of such a chain. Note that these parameters are independent
of any choice of isogeny type. In particular, we may (and will) always assume that if G is
a nonabelian compact connected Lie group, then G ′ = ∏

i Si is a commuting product of
simple groups given in (3).

We are now ready to state our main results. For a classical type group G = Cln , define

fG(n) =
⎧
⎨

⎩

2n − 2 if G = SUn
3
2n − 1 if G = Spn
n + � n

4 � − 1 if G = SOn .

(4)

Our first result determines the exact length of every compact simple Lie group.
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The length and depth of compact Lie groups 1459

Theorem 1 Let G be a compact simple Lie group.

(i) If G = Cln is of classical type, then l(G) = fG(n).
(ii) If G is of exceptional type, then l(G) is as follows:

G G2 F4 E6 E7 E8

l(G) 5 11 13 17 20

As an immediate corollary, we deduce that

2r � l(G) < 3r

for all compact simple Lie groups G of rank r . In view of (2), we also note that

l(G) = O(r−1l(G(C))).

In fact, it is easy to see that l(G) � 2r , independently of Theorem 1. Indeed, let T be a
maximal torus of G, let {α1, . . . , αr } be a corresponding set of simple roots and consider a
chain of Levi subgroups

G > Lr−1 > · · · > L1 > T ,

where {α1, . . . , αk} is the set of simple roots in the root system of Lk . Then we get

l(G) � l(T ) + r = dim T + r = 2r .

We can use Theorem 1 to calculate the length of an arbitrary compact connected Lie group
G. Recall that G = G ′Z(G)0, where the commutator subgroup G ′ is semisimple (or trivial)
and Z(G)0 is a torus (see [13, Theorem 4.29], for example).

Theorem 2 Let G be a compact connectedLie groupandwrite z = dim Z(G)0, r = rank(G ′)
and G ′ = ∏t

i=1 Si , where each Si is simple. Then

l(G) = z +
t∑

i=1

l(Si ).

In particular, z + 2r � l(G) � z + 3r − t .

We now discuss the relationship between the length of a compact Lie group G and its
dimension. We trivially have l(G) � dimG. The next result shows that l(G) is close to
dimG if and only if G is almost abelian.

Theorem 3 Let G be a compact connected Lie group.

(i) l(G) = dimG if and only if G is a torus.
(ii) dimG − l(G) � dimG ′ � 3(dimG − l(G)).
(iii) For a collection C of compact connected Lie groups, the set

{dimG − l(G) : G ∈ C}
is bounded if and only if the set

{dimG − dim Z(G)0 : G ∈ C}
is bounded.
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1460 T. C. Burness et al.

Note that part (ii) above implies parts (i) and (iii).
The method of proof of Theorem 3 also enables us to characterize algebraic groups whose

length is close to their dimension; see Proposition 4.4 below.
As for lower bounds on l(G) in terms of dimG, we show the following.

Theorem 4 Let G be a compact connected Lie group and let α = √
248 − √

128. Then

l(G) � 5 · 2−3/2(
√
dimG − α).

In particular, l(G) � (5 · 2−3/2 − o(1))
√
dimG, where o(1) = odimG(1).

This may be compared with Theorem 3 of [4], showing that l(G) > 1
2 dimG for algebraic

groups G over algebraically closed fields.
The proofs of Theorems 3 and 4 rely on the classification of compact simple Lie groups

and on Theorems 1 and 2 above. The first lower bound in Theorem 4 is best possible; indeed
it is attained for G = E8. Similarly, the second lower bound is asymptotically best possible,
since

lim
n→∞

l(SOn)√
dim SOn

= 5 · 2−3/2.

In addition, we characterize compact connected Lie groups G of small length as follows.

Theorem 5 Let c be a positive integer and let G be a compact connected Lie group satisfying

l(G) � 5 · 2−3/2(
√
dimG + c).

Then either dimG is c-bounded, or G has a normal simple subgroup of typeSOn of c-bounded
codimension.

Here c-bounded means bounded above by some function of c only.
Next we turn to the depth of compact Lie groups. For simple groups, we have the following

result (see [4, Theorem 4] for the analogous statement for simple algebraic groups over C).

Theorem 6 If G is a compact simple Lie group, then

λ(G) =

⎧
⎪⎪⎨

⎪⎪⎩

2 if G = SU2

4 if G = SUn (n � 4, n �= 7), SO7, SO2r (r � 4), E6

5 if G = SU7

3 in all other cases.

In particular, λ(G) = λ(G(C)) − 1.

We do not obtain a precise formula for the depth of an arbitrary compact Lie group, but
we give bounds, as follows.

Theorem 7 (i) Let S be a compact simple Lie group and let k be a positive integer. Then

λ(Sk) = λ(S) + k − 1.

(ii) Let G be a compact connected Lie group and set z = dim Z(G)0 and G ′ = ∏m
i=1 S

ki
i ,

where the Si are pairwise non-isomorphic simple groups. Then

z +
m∑

i=1

(ki + 1) � λ(G) � z +
m∑

i=1

(ki + λ(Si ) − 1).
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The length and depth of compact Lie groups 1461

By Theorem 6, the upper bound on λ(G) in (ii) is at most z + 1 + ∑
i (ki + 3).

Our next result concerns compact Lie groups G satisfying the condition l(G) = λ(G).
Finite groups with this property were characterized by Iwasawa [10] – they are precisely the
supersolvable groups. For algebraic groups over algebraically closed fields, a partial result
was proved in [4, Theorem 6], but not a full characterization. For compact Lie groups, we
prove the following result.

Theorem 8 Let G be a compact connected Lie group. Then l(G) = λ(G) if and only if G is
a torus or G ′ = SU2.

More generally, the chain difference of G is defined by cd(G) = l(G) − λ(G). This
invariant has been studied for finite groups and finite simple groups (see [2,5], for example),
with particular interest in groups with chain difference one. Here we determine the compact
Lie groups with this property.

Theorem 9 Let G be a compact connected Lie group. Then cd(G) = 1 if and only if G ′ =
SU3, (SU2)

2 or SU3SU2.

Our next result bounds the length of G ′ in terms of the chain difference of G.

Theorem 10 Let G be a compact connected Lie group. Then l(G ′) � 2cd(G) + 2. Conse-
quently, dimG/Z(G) is bounded above by a fixed quadratic function of cd(G).

The above bound on l(G ′) is best possible. Indeed, if G = G ′ = (SU2)
k where k is any

positive integer, then l(G) = 2cd(G) + 2. The quadratic function mentioned in the second
assertion of Theorem 10 is given explicitly at the end of Sect. 4.10.

Combining Theorem 10 with part (iii) of Theorem 3, we immediately obtain the following
somewhat surprising consequence.

Corollary 11 The following are equivalent for a collectionC of compact connectedLie groups.
(i) The set {l(G) − λ(G) : G ∈ C} is bounded.
(ii) The set {dimG − l(G) : G ∈ C} is bounded.
(iii) The set {dimG − λ(G) : G ∈ C} is bounded.

Indeed, conditions (i)–(iii) are all equivalent to the set {dimG − dim Z(G)0 : G ∈ C}
being bounded.

We refer the reader to [18] for results on the length and depth of non-compact Lie groups.
The layout of the paper is as follows. InSect. 2weprove some results on the subgroup struc-

ture of compact Lie groups, in particular determining their maximal connected subgroups.
Section 3 contains some further preliminary results on lengths and depths of compact groups
which are needed for the proofs of the main results. These proofs are given in Sect. 4.

2 Subgroups of compact Lie groups

The following result provides a close link between the connected subgroups of a compact Lie
group G and the connected reductive subgroups of the corresponding complex Lie group.
This result is surely well-known, but we have been unable to find a proof in the literature.

Lemma 2.1 Let G(C) be a complex semisimple Lie group, with compact form G. There is
a bijective correspondence between G-conjugacy classes of connected subgroups of G, and
G(C)-conjugacy classes of connected reductive subgroups of G(C).
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1462 T. C. Burness et al.

Proof LetX denote the set of connected subgroups ofG, andY the set of connected reductive
subgroups in G(C). For X ∈ X , let XC ∈ Y be the complexification of X . Define

φ : X/G → Y/G(C)

to be the map that sends the class XG to the class (XC)G(C). We shall show that φ is a
bijection.

To see that φ is surjective, let Y ∈ Y , and let Y0 be a maximal compact subgroup of Y .
Then Y0 is contained in a maximal compact subgroup G0 of G(C), which is conjugate to G
– say G = Gg

0 with g ∈ G(C). Hence Y g
0 � G, and Y g is the complexification of Y g

0 . It
follows that the class YG(C) is in the image of φ.

It remains to show that φ is injective. Let X1, X2 ∈ X , and suppose XC

1 and XC

2 are
conjugate in G(C), say XC

2 = (XC

1 )g . Then X2 and Xg
1 are maximal compact subgroups

of XC

2 , hence are conjugate in XC

2 , so X2 = Xh
1 with h ∈ XC

2 � G(C). Now consider the
Cartan decomposition of G(C):

G(C) = GP

(see [13, p. 446]). Write h = kp with k ∈ G, p ∈ P . Then for x1 ∈ X1, letting x2 = xh1 we
have

x1kp = kx2 p
x2 .

Now x1k, kx2 ∈ G and p, px2 ∈ P , so by uniqueness in the Cartan decomposition, x1k =
kx2. It follows that Xk

1 = X2, so X1 and X2 are conjugate in G. This proves the injectivity
of φ, as required. �


Since the complexification map X → XC is inclusion-preserving, the following is an
immediate consequence of Lemma 2.1.

Corollary 2.2 There is a bijective correspondence between conjugacy classes of maximal
connected subgroups in G and conjugacy classes of maximal connected reductive subgroups
in G(C).

Here, by maximal connected reductive subgroups in G(C), we mean subgroups that are
maximal among connected reductive subgroups of G(C).

In the next two results we use Corollary 2.2, together with known results on the subgroup
structure of G(C), to describe the maximal connected subgroups of compact simple Lie
groups. For subgroups of maximal rank, this was done by Borel and de Siebenthal [1].

Proposition 2.3 Let G = Cln be a compact simple Lie group of classical type with natural
module V of dimension n over C, and let M be a maximal connected subgroup of G. Then
one of the following holds:

Table 1 The maximal connected reducible and tensor product subgroups of compact simple Lie groups of
classical type

G Reducible subgroups Tensor product subgroups (n = ab)

SUn (SUk × SUn−k )T1 SUa ⊗ SUb

Spn Spk × Spn−k , SUn/2T1 Spa ⊗ SOb

SOn SOk × SOn−k , SUn/2T1 (n even) SOa ⊗ SOb, Spa ⊗ Spb
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The length and depth of compact Lie groups 1463

Table 2 The maximal connected
subgroups of compact simple Lie
groups of exceptional type

G M

G2 A2, A21, A1

F4 B4, C3A1, A22, A1G2, A1

E6 D5T1, A5A1, A32, F4, C4, A2G2, G2, A2

E7 D6A1, A5A2, A7, E6T1, G2C3, F4A1, A21, A2, A1

E8 E7A1, E6A2, D8, A8, A24, G2F4, A2A1, B2, A1

(i) M is a reducible or tensor product subgroup of G, as listed in Table 1;
(ii) G = SUn and M = Spn (with n � 4 even) or SOn;
(iii) M is a compact simple Lie group acting irreducibly on V , and M is not isomorphic to

a classical group on V .

Proof LetG(C) = Cl(V ) be the corresponding complex simple classical group. Elementary
considerations (see the first two paragraphs of the proof in [16, p. 279]) show that themaximal
connected subgroups of G(C) are among the following:

(a) parabolic subgroups,
(b) stabilizers of non-degenerate subspaces of V ,
(c) tensor product subgroups of the form Cla(C) ⊗ Clb(C), where n = ab,
(d) classical subgroups Spn(C),SOn(C) of G(C) = SLn(C),
(e) simple subgroups acting irreducibly on V .

Hence themaximal connected reductive subgroups ofG(C) are those in (b)–(e), togetherwith
those Levi subgroups that aremaximal among connected reductive subgroups. By [1] (see the
table on p. 219), the only such Levi subgroups are of the form SLn/2(C)T1 inG(C) = Spn(C)

or SOn(C). Now the conclusion follows from Corollary 2.2. �

Proposition 2.4 Let G be a compact simple Lie group of exceptional type and let M be a
maximal connected subgroup of G. Then the possibilities for M are listed in Table 2.

Proof The results of Dynkin [7] show that the maximal connected subgroups of the complex
simple group G(C) are parabolic subgroups, together with subgroups as in Table 2, but
excluding the subgroups D5T1 < E6 and E6T1 < E7 (these are of course Levi factors of
parabolics). By [1], these two Levi subgroups are the only ones that are maximal among
connected reductive subgroups of G(C). Hence the maximal connected reductive subgroups
of G(C) are precisely those in the table, and the result now follows via Corollary 2.2. �


3 Length and depth: preliminary results

We start by recording some elementary properties of the length and depth of connected
Lie groups, which we will use repeatedly throughout the paper. Note that the proof of [6,
Lemma 2.1] goes through to give part (i).

Lemma 3.1 Let G be a connected Lie group with a connected normal subgroup N.

(i) l(G) = l(N ) + l(G/N ).
(ii) λ(G/N ) � λ(G) � λ(N ) + λ(G/N ).
(iii) l(G) = 1 + max{l(M) : M maximal connected in G}.
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1464 T. C. Burness et al.

(iv) λ(G) = 1 + min{λ(M) : M maximal connected in G}.
Lemma 3.2 If G is a connected compact Lie group, then

λ(G) = λ(G ′) + dim Z(G)0.

Proof We proceed by induction on the dimension of G. The conclusion is clear ifG is a torus
(every maximal connected subgroup has codimension 1), so assume G = G ′Z with G ′ �= 1
and Z = Z(G)0. Set z = dim Z(G)0 and let M be a maximal connected subgroup of G such
that λ(M) = λ(G) − 1.

If G ′ � M , then M = G ′Z0 with Z0 of codimension 1 in Z , and induction gives

λ(M) = λ(G ′) + dim Z0 = λ(G ′) + z − 1,

hence λ(G) = λ(G ′) + z.
Now assume G ′ �� M . Then M = M1Z , where M1 is maximal connected in G ′. By

induction, λ(M) = λ(M ′
1)+ z+ z1, where z1 = dim Z(M1)

0. Now λ(M1) � λ(M ′
1)+ z1 by

Lemma 3.1(ii), so λ(M) � λ(M1)+z. By the definition of depthwe have λ(G ′) � λ(M1)+1.
Hence λ(G) = λ(M)+1 � λ(G ′)+z. Finally, Lemma 3.1(ii) implies that λ(G) � λ(G ′)+z
and the proof is complete. �

Lemma 3.3 Let G be a connected compact Lie group.

(i) λ(G) = 1 if and only if G = T1.
(ii) λ(G) = 2 if and only if G = T2 or SU2.

Proof Part (i) is obvious, so let us consider (ii). IfG = T2 thenλ(G) = 2 byLemma3.2; and if
G = SU2, thenG has amaximal connected subgroup T1 byCorollary 2.2, soλ(G) = 2 again.
Conversely, suppose G is a connected compact Lie group with λ(G) = 2. By Lemma 3.2,
either G = T2 or G = G ′. In the latter case, G has a maximal connected subgroup T1 by part
(i), and it follows that G = SU2. This completes the proof. �

Lemma 3.4 Let G(C) be a complex semisimple Lie group,with compact formG. Then l(G) <

l(G(C)).

Proof It follows from Lemma 2.1 that l(G) � l(G(C)). To see that the inequality is strict,
we apply [4, Corollary 2], which states that every unrefinable chain of G(C) of maximum
length includes a maximal parabolic subgroup. �


In the statement of the next result, we refer to the function defined in (4).

Lemma 3.5 Let H = Clk be a compact simple Lie group of classical type and let N =
N (H , k) be the minimal dimension of a nontrivial irreducible complex representation of the
simply connected cover of H such that N > k and H is not isomorphic to a classical group
ClN . Then for any simple Lie group G = ClN , we have fG(N ) > fH (k).

Proof The complex irreducible representations of H are the restrictions of those of the
corresponding complex simple group Clk(C), which are parametrized by dominant weights.
Hence the values of N (H , k) can be read off from [15], and they are listed in Table 3. By
definition of the function fG , for G = ClN we have fG(N ) � 5

4N − 1 and fH (k) � 2k − 2.
For H �= SO7, it is routine to check that 5

4N −1 > 2k−2 and thus fG(N ) > fH (k). Finally,
if H = SO7, then N = 8 and fG(N ) � 9, which is greater than fH (k) = 7. The result
follows. �
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Table 3 The values of N (H , k)
in Lemma 3.5

H N (H , k)

SUk

{
4, 6, 10
1
2 k(k − 1)

k = 2, 3, 4 (resp.)
k > 4

Spk

{
10
1
2 k(k − 1) − 1

k = 4
k > 4

SOk

{

2� k−1
2 �

1
2 k(k − 1)

7 � k � 14, k �= 8
k = 8 or k > 14

Lemma 3.6 Let H be a compact simple Lie group of exceptional type, and let N = N (H)

be the minimal dimension of a nontrivial irreducible complex representation of the simply
connected cover of H. Then

l(H) < min{ fG(N ) : G = ClN }.
Proof The values of N = N (H) and m = min{ fG(N ) : G = ClN } are as follows:

H G2 F4 E6 E7 E8

N (H) 7 26 27 56 248
m 7 31 32 69 309

The result for H = E8 follows immediately (since m > dim E8). In the remaining cases,
choose a maximal connected subgroup M in H such that l(M) = l(H) − 1. We need to
show that l(M) � m − 2. This is obvious if dim M � m − 2, so we may assume that
dim M � m − 1 and we can use Lemma 2.4 to read off the possibilities for M . We then
combine Lemmas 3.1(i) and 3.4 with the expression in (2) to produce an upper bound on
l(M). For example, if H = E7 and M = D6A1 then

l(M) = l(D6) + l(A1) � l(D6(C)) + l(A1(C)) − 2 = 43 � m − 2.

In this way, it is easy to check that l(M) � m − 2 in all cases, unless (H , M) = (E6, F4)
or (G2, A2). In the first case, by considering the maximal connected subgroups of M = F4,
we deduce that l(M) � 24. Similarly, l(A2) � 4 and the result follows. �

Lemma 3.7 If G = Cln is a compact simple classical Lie group, then l(G) � fG(n).

Proof For G = SUn , we have the following unrefinable chain of connected subgroups of
length fG(n) = 2n − 2:

SUn > SUn−1T1 > SUn−1 > · · · > SU2 > T1 > 1.

Similarly, if G = Spn with n = 2k, there is an unrefinable chain

Sp2k > Sp2 × Sp2k−2 > (Sp2)
2 × Sp2k−4 > · · · > (Sp2)

k

of length k − 1. Since Sp2 ∼= SU2 has length 2, it follows that l((Sp2)
k) = 2k and thus

l(G) � 3k − 1 = fG(n).
Finally, consider G = SOn . Suppose first that n is not divisible by 4, and write n = 4k+ s

with 1 � s � 3. There is an unrefinable chain

SOn > SO4 × SOn−4 > · · · > (SO4)
k × SOs

123



1466 T. C. Burness et al.

of length k. Since SO4 ∼= (SU2 × SU2)/Z2, SO3 ∼= SU2/Z2 and SO2 ∼= T1 (where Z2 is a
cyclic group of order 2), we see that l((SO4)

k × SOs) = 4k + s − 1 and the result follows.
Similarly, if n = 4k, then the above chain SOn > · · · > (SO4)

k has length k − 1 and thus
l(G) � 5k − 1 = fG(n). �


4 Proofs of themain results

4.1 Proof of Theorem 1

First assume G = Cln is a compact simple Lie group of classical type. We prove that
l(G) � fG(n) by induction on n. In view of Lemma 3.7, this will complete the proof of part
(i) of Theorem 1. Choose a maximal connected subgroup M of G with l(M) = l(G) − 1;
we need to show that l(M) < fG(n). The possibilities for M are given by Proposition 2.3.

Consider first the reducible subgroups in Proposition 2.3(i). If G = SUn , then M =
(SUk × SUn−k)T1 and by induction we deduce that

l(M) � (2k − 2) + 2(n − k) − 2 + 1 = 2n − 3 < fG(n)

as required. A similar argument applies when G is a symplectic or orthogonal group. For
example, if G = Spn and M = SUn/2T1, then

l(M) = l(SUn/2) + 1 � n − 1 < fG(n).

Similarly, if G = SOn and M = SOk × SOn−k , then induction gives

l(M) � k +
⌊
k

4

⌋

− 1 + n − k +
⌊
n − k

4

⌋

− 1 < fG(n).

Next suppose that M is a tensor product subgroup, as in Proposition 2.3(i). Here induction
clearly gives l(M) < fG(n), except possibly in the casewhereG = SOn andM = Spa⊗Spb,
with n = ab > 4. Here induction yields

l(M) � 3

2
(a + b) − 2 � 5

4
ab − 2 = fG(n) − 1

as required.
SupposeG = SUn andM = Spn or SOn , as in Proposition 2.3(ii). If n = 2 thenM = SO2

and l(M) = 1 < fG(n) = 2. For n � 3, induction gives l(M) � 3
2n−1 < 2n−2 = fG(n).

Finally, suppose M is as in Proposition 2.3(iii). Here M is simple and acts irreducibly on
the natural module V . Also M is not isomorphic to a classical group on V . If M is classical,
say M = Clk , then induction gives l(M) � fM (k) and Lemma 3.5 shows that this is less
than fG(n). Similarly, if M is of exceptional type, Lemma 3.6 gives l(M) < fG(n). This
completes the proof of part (i) of Theorem 1.

NowassumeG is of exceptional type.As before,we choose amaximal connected subgroup
M of G with l(M) = l(G) − 1. The possibilities for M are recorded in Table 2. By applying
part (i), it is an easy exercise, starting with the case G = G2 and working down the rows of
the table, to compute l(M) in every case. In this way, we obtain the values for l(G) recorded
in part (ii) of the theorem. For example, if G = F4 then by taking M = B4 we can construct
a chain

F4 > B4 > B2A
2
1 > A4

1 > A3
1T1 > A3

1 > A2
1T1 > A2

1 > A1T1 > A1 > T1 > 1
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of length 11. Similarly, in the other cases we take

(G, M) = (G2, A2), (E6, D5T1), (E7, D6A1), (E8, D8)

to build chains of length 5, 13, 17 and 20, respectively.

4.2 Proof of Theorem 2

As in the statement of the theorem, let G be a compact connected Lie group and write
G = G ′Z(G)0, where G ′ = ∏t

i=1 Si is a commuting product of simple groups. Then
Lemma 3.1(i) implies that l(G) = z + ∑

i l(Si ), where z = dim Z(G)0. Let ri = rank(Si )
and r = ∑

i ri = rank(G ′). Then 2ri � l(Si ) � 3ri − 1 by Theorem 1, hence

z + 2r = z +
∑

i

2ri � l(G) � z +
∑

i

(3ri − 1) = z + 3r − t

as required.

4.3 Proof of Theorem 3

Let G = G ′Z(G)0 be a compact connected Lie group.

Lemma 4.1 If G is simple, then l(G) � 2
3 dimG, with equality if and only if G = SU2.

Proof This follows easily from Theorem 1. �

Denote �(G) = dimG − l(G). The additivity of dim and l implies the additivity of �,

namely �(G) = �(G/N ) + �(N ), where N is a connected normal subgroup of G.

Lemma 4.2 If G is semisimple, then �(G) � dimG � 3�(G).

Proof The first inequality is trivial for any compact connected Lie group G, and the second
reduces to the case where G is simple, by additivity. For G simple we have 3l(G) � 2 dimG
by Lemma 4.1, which yields dimG � 3�(G) as required. �

Lemma 4.3 We have �(G) = �(G ′).

Proof This is clear since �(G) = �(G ′) + �(Z(G)0) and �(Z(G)0) = 0. �

We can now prove Theorem 3. It suffices to prove part (ii), namely

�(G) � dimG ′ � 3�(G).

In view of Lemma 4.3, this reduces to �(G ′) � dimG ′ � 3�(G ′), which is Lemma 4.2
(since G ′ is semisimple). This completes the proof of the theorem.

A similar method enables us to characterize connected algebraic groups G, over alge-
braically closed fields, of large length. We clearly have l(G) � dimG, and by [4, Theorem
3] equality holds if and only ifG = R(G).At

1 for some t � 0, where R(G) is the radical ofG
(and the extension is not necessarily split). Here we extend this by showing that dimG−l(G)

is bounded if and only if the codimension of R(G).At
1 is bounded, where t is the multiplicity

of A1 in the semisimple group G/R(G). More precisely, we prove the following.
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Proposition 4.4 Let G be a connected algebraic group over an algebraically closed field. Set
�(G) = dimG − l(G) and let t � 0 be as above. Then

�(G) � dim(G/R(G).At
1) � 8�(G).

Proof If G is simple and not isomorphic to A1, then by applying [4, Corollary 2] we deduce
that

l(G) � 7

8
dimG,

with equality if and only if G = A2, and this implies

�(G) � dimG � 8�(G).

For an arbitrary connected algebraic group G, write G/R(G) = At
1S1 · · · Sk , where t, k � 0

and each Si is a simple algebraic group that is not isomorphic to A1. Since � is additive
and �(R(G)) = �(A1) = 0, we conclude that �(G) � dim(G/R(G).At

1) � 8�(G), as
required. �


4.4 Proof of Theorem 4

We first express the length of a simple classical compact Lie group in terms of its dimension.

Lemma 4.5 Let S = Cln be a simple classical compact Lie group and let d = dim S. Then

l(S) =

⎧
⎪⎪⎨

⎪⎪⎩

2
√
d + 1 − 2 if S = SUn

3 · 2−1/2 ·
√
d + 1

8 − 7
4 if S = Spn

5 · 2−3/2 ·
√
d + 1

8 − 2k+3
8 if S = SOn,

where n ≡ k(mod 4) and 0 � k � 3.

Proof This follows from Theorem 1 and the well known formulae for the dimensions of the
relevant groups. �

Corollary 4.6 Let S and d be as in Lemma 4.5.

(i) l(S) � 5 · 2−3/2 · √
d − 9

8 in all cases.
(ii) We have

lim
d→∞

l(S)√
d

=
⎧
⎨

⎩

2 if S = SUn

3 · 2−1/2 if S = Spn
5 · 2−3/2 if S = SOn.

The next result also deals with exceptional groups.

Lemma 4.7 Let S be a compact simple Lie group and set

α = √
248 − √

128 = 4.4343 . . . (5)

Then

l(S) � 5 · 2−3/2(
√
dimG − ξ),

where ξ = α if S = E6, E7, E8, otherwise ξ = 1.
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Proof If S is classical, this follows from Corollary 4.6 (since 5 · 2−3/2 = 1.7677 . . . > 9/8).
For S exceptional, the lower bound follows from Theorem 1. �


Note that the inequality in Lemma 4.7 is essentially best possible. For example,

l(E8) = 20 = 5 · 2−3/2(
√
dim E8 − α)

and

l(F4) = 11 > 5 · 2−3/2(
√
dim F4 − 1) = 10.9797 . . .

Set

β = 5 · 2−3/2 = 1.7677 . . . (6)

and define α as in (5).
We will need the following elementary inequalities.

Lemma 4.8 Let x, y be real numbers.

(i) If x � 1 then 1 + β
√
x � β

√
x + 1.

(ii) If x, y � 3 then
√
x + √

y � √
x + y + 1.

(iii) If x, y � 78 then
√
x + √

y � √
x + y + α.

Proof This is easily reduced to quadratic inequalities in one variable. For example, let us prove
part (ii). By squaring both sides of the required inequality we reduce it to

√
xy � √

x + y+ 1
2 ,

namely to xy � x + y+√
x + y+ 1

4 . Since (x −3)(y−3) � 0 we obtain xy � 3(x + y)−9
so it suffices to show that 2(x + y) � √

x + y + 9.25. Let w = √
x + y. Then we have to

show that 2w2 −w −9.25 � 0, which follows from the fact that w �
√
6 > (1+√

75)/4. �


Let G be a compact connected Lie group. We prove Theorem 4 by induction on dimG,
the base case dimG = 1 being trivial. Suppose dimG > 1 and let N �= 1 be a connected
normal subgroup of G of minimal dimension. If Z(G)0 �= 1 then N is a 1-dimensional torus.
Set x = dimG/N . By the induction hypothesis, l(G/N ) � β(

√
x −α) and by applying part

(i) of Lemma 4.8 we obtain

l(G) = 1 + l(G/N ) � 1 + β(
√
x − α) � β(

√
x + 1 − α) = β(

√
dimG − α),

as required.
We therefore may assume Z(G)0 = 1, so G = ∏t

i=1 Si is semisimple. If t = 1 then G is
simple and the result follows from Lemma 4.7. So suppose t � 2. We may assume N = S1,
and set x = dimG/N and y = dim N . Then x � y � 3. Suppose first that N �= E6, E7, E8.
Then the induction hypothesis, Lemma 4.7 and part (ii) of Lemma 4.8 yield

l(G) = l(G/N ) + l(N ) � β(
√
x − α) + β(

√
y − 1) � β(

√
x + y − α) = β(

√
dimG − α).

It remains to deal with the case where N = S1 is E6, E7 or E8. Then x � y � 78. Combining
part (iii) of Lemma 4.8 with the induction hypothesis we obtain

l(G) � β(
√
x − α) + β(

√
y − α) � β(

√
x + y − α) = β(

√
dimG − α).

This completes the proof.
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4.5 Proof of Theorem 5

Let the constants α and β be as defined above in (5) and (6). Let G be a compact connected
Lie group with

l(G) � β(
√
dimG + c).

Let N be a connected normal subgroup of G. If l(G/N ) > β(
√
dimG/N + c + α) then

l(G) > β(
√
dimG + c) + (l(N ) − β(

√
dim N − α)) � β(

√
dimG + c)

since l(N ) � β(
√
dim N − α) by Theorem 4. This is a contradiction, so

l(G/N ) � β(
√
dimG/N + c + α). (7)

In particular, if z = dim Z(G)0 then z < β(
√
z+ c+α) and thus z is c-bounded. Therefore,

we may assume that G is semisimple.
Suppose G has t factors of type E8, so there is a connected normal subgroup N with

G/N = (E8)
t . By (7), we have

20t � β(
√
248t + c + α)

and we deduce that t is c-bounded. In the same way, we see that the number of exceptional
factors of G is c-bounded so we may assume that G is a product of classical groups. If
G/N = (SUn)

t for some n and t , then (7) implies that

2t(n − 1) � β(
√
t(n2 − 1) + c + α)

and thus n and t are c-bounded. The same conclusion holds if G/N = (Spn)
t .

Therefore, to complete the proof we may assume that G = ∏k
i=1 SOni , where k � 2 and

n1 � ni � 7 for all i . By Theorem 1, we have

l(G) =
k∑

i=1

ni +
k∑

i=1

�ni/4� − k � 5

4

k∑

i=1

ni − 7

4
k, and

β
√
dimG = 5

4

√
√
√
√

k∑

i=1

ni (ni − 1).

Claim. If (n1, . . . , nk) is a k-tuple of integers with k � 2 and n1 � ni � 7 for all i , then
either (n1, k) = (7, 2), or

5

4

k∑

i=1

ni − 7

4
k − 5

4

√
√
√
√

k∑

i=1

ni (ni − 1) �

√
√
√
√

k∑

i=2

ni . (8)

Since G = ∏k
i=1 SOni and l(G) � β(

√
dimG + c), the claim implies that

∑k
i=2 ni �

(βc)2 and thus the normal subgroup SOn1 has c-bounded codimension. Therefore, it suffices
to prove the number-theoretic claim.

First assume the ni are all equal. We need to show that

5

4
kn1 − 7

4
k − 5

4

√
kn1(n1 − 1) − √

(k − 1)n1 � 0

for (n1, k) �= (7, 2). If k is fixed, the expression on the left hand side is increasing in n1 and
it is routine to verify the desired bound.
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Now assume that at least one ni is less than n1, say n2 < n1, and set

f (n2, . . . , nk) = 5

4

k∑

i=1

ni − 7

4
k − 5

4

√
√
√
√

k∑

i=1

ni (ni − 1) −
√
√
√
√

k∑

i=2

ni

so it suffices to show that f (n2, . . . , nk) � 0. Note that if x, y, z � 0 are real numbers and
y � z2 + 2z

√
x , then

√
x + y � z + √

x . Therefore, since we have

16

25
+ 8

5

√
√
√
√

k∑

i=1

ni (ni − 1) � 16

25
+ 8

5

√
2n2(n2 − 1) � 2n2

and

1

16
+ 1

2

√
√
√
√

k∑

i=2

ni � 1

16
+ 1

2

√
7 � 1,

it follows that
√
√
√
√2n2 +

k∑

i=1

ni (ni − 1) � 4

5
+

√
√
√
√

k∑

i=1

ni (ni − 1)

and
√
√
√
√1 +

k∑

i=2

ni � 1

4
+

√
√
√
√

k∑

i=2

ni .

These bounds imply that f (n2 + 1, n3, . . . , nk) � f (n2, . . . , nk), so f is minimal when
ni = 7 for all 2 � i � k. Finally, we note that

f (7, . . . , 7) = 5

4
n1 + 7k − 35

4
− 5

4

√
n1(n1 − 1) + 42(k − 1) − √

7(k − 1)

is an increasing function in both n1 and k, and by setting (n1, k) = (8, 2) we see that
f (7, . . . , 7) > 0. This justifies the bound in (8) and the proof of Theorem 5 is complete.
In the other direction, if G has dimension d , or has a normal subgroup isomorphic to SOn

of codimension d , then l(G) � β(
√
dimG + c), where c is d-bounded; indeed, this follows

easily from Lemma 4.5.

4.6 Proof of Theorem 6

This is very similar to the proof of the analogous result for complex simple Lie groups (see
[4, Theorem 4]). Let G be a compact simple Lie group of rank r . It will be convenient to
adopt the Lie notation for classical groups, so that Ar = SUr+1 and so on. By Lemma 3.3,
we have λ(G) � 2, with equality if and only if G = SU2, so we may assume r � 2. Note
that λ(G) � 3, with equality if and only if G has a maximal A1 subgroup.

If G = Cr , then by applying [8] and Corollary 2.2, we see that G has a maximal A1

subgroup and thus λ(G) = 3. Next assume G = Br , with r � 3. If r � 4 then λ(G) = 3.
However, if r = 3 then G does not have a maximal A1 subgroup, so λ(G) � 4. In this case,
equality holds since

B3 > G2 > A1 > T1 > 1
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is an unrefinable chain. Similarly, by arguing as in the proof of [4, Theorem 4], we see that
λ(G) = 4 ifG = D2r , or Ar with r � 3 and r �= 6. Since A2 has a maximal A1 subgroup, we
have λ(A2) = 3, so to complete the proof of Theorem 6 for classical groups, we may assume
that G = A6. Here λ(G) � 5 since B3 is a maximal subgroup and λ(B3) = 4 as above. In
addition, λ(G) � 4 since G does not have a maximal A1 subgroup. Let M be a maximal
connected subgroup of G. By inspecting [8], we deduce that either M = B3, or M = A5T1,
A4A1T1 or A3A2T1 is the Levi factor of a maximal parabolic subgroup of G. If M is a Levi
factor, then λ(M) � λ(Ak) for some k ∈ {3, 4, 5} and we conclude that λ(M) � 4 for each
connected maximal subgroup M of G. Therefore λ(G) = 5.

Finally, if G is an exceptional group, then we can repeat the argument in the proof of [4,
Theorem 4]. We omit the details.

4.7 Proof of Theorem 7

We first prove part (i). Let G = Sk , where S is a compact simple Lie group. We proceed by
induction on k, noting that the case k = 1 is obvious. Assume k � 2. Then G has a maximal
connected subgroup M = D(S2) × Sk−2 ∼= Sk−1, where D(S2) is a diagonal subgroup of
S2. By induction, λ(M) = λ(S)+k−2 and thus λ(G) � λ(M)+1 = λ(S)+k−1, proving
the required upper bound for λ(G).

To establish the lower bound, let πi : G → S be the i-th projection map and let M be
a maximal connected subgroup of G such that λ(M) = λ(G) − 1. If πi (M) = Mi < S
for some i , then M = Mi × Sk−1, so by induction λ(M) � λ(Sk−1) = λ(S) + k − 2
and hence λ(G) � λ(S) + k − 1. Otherwise, πi (M) = S for all i , so M is a product of
diagonal subgroups of various subsets of the simple factors of Sk , and maximality forces
M = D(S2) × Sk−2 ∼= Sk−1. Hence again by induction we have

λ(G) = λ(M) + 1 = λ(S) + k − 1,

proving the lower bound. This establishes part (i).
Now consider part (ii), where z = dim Z(G)0 and G ′ = ∏m

i=1 S
ki
i . The upper bound for

λ(G) follows from part (i) and Lemma 3.1(ii). We now prove the lower bound by induction
on

∑
i ki . We have λ(G) = λ(G ′) + z by Lemma 3.2, so we may assume that G = G ′. The

case
∑

i ki = 1 is trivial, so assume
∑

i ki � 2. Let M be a maximal connected subgroup of
G such that λ(M) = λ(G) − 1. As above, without loss of generality, one of the following
holds:

(a) k1 � 2 and M = D(S21 ) × Sk1−2
1 × ∏m

i=2 S
ki
i .

(b) M = M1 × Sk1−1
1 × ∏m

i=2 S
ki
i , where M1 is maximal connected in S1.

In case (a), induction gives λ(M) � (
∑m

i=1(ki + 1)) − 1 and the result follows. The same

applies in case (b), unless k1 = 1. In the latter case, let N = ∏m
i=2 S

ki
i , so M/N ∼= M1.

Since M1 �= 1, an elementary argument (see [4, Lemma 2.5]) shows that λ(M) � λ(N ) + 1.
Induction gives λ(N ) �

∑m
i=2(ki + 1) and hence λ(G) = λ(M) + 1 �

∑m
i=1(ki + 1), as

required.

4.8 Proof of Theorem 8

Let G be a compact connected Lie group and write G = G ′Z(G)0 and z = dim Z(G)0. By
Lemmas 3.1(i) and 3.2, we have l(G) = l(G ′) + z and λ(G) = λ(G ′) + z. In particular, the
result is trivial if G is a torus, so assume that G ′ �= 1.
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By Theorem 1, the only compact simple group satisfying l(G) = λ(G) is G = SU2.
Hence if G ′ = SU2, then l(G) = z + 2 = λ(G).

Conversely, suppose that l(G) = λ(G). Write G ′ = ∏t
i=1 Si , a commuting product of

simple groups Si . Then l(G) = z+∑
i l(Si ) and λ(G) � z+∑

i λ(Si ). Hence l(Si ) = λ(Si )
for all i , so G ′ = (SU2)

t and l(G) = z + 2t . It remains to show that t = 1. To see this,
suppose t � 2 and note that there is an unrefinable chain

(SU2)
2 > D((SU2)

2) > T1 > 1,

so λ((SU2)
2) = 3. Therefore, λ(G) � z + 2t − 1 < l(G), a contradiction. This completes

the proof.

4.9 Proof of Theorem 9

By Theorems 1 and 6, we see that SU3 is the only compact simple Lie group with chain
difference one. It follows easily that the compact semisimple Lie groupswith chain difference
one are SU3, (SU2)

2 and SU3SU2. The rest of the argument is very similar to the proof of
Theorem 8 above.

4.10 Proof of Theorem 10

We start with some preparations.

Lemma 4.9 Let S be a compact simple Lie group. Then

l(S) � 2cd(S) + a,

where a = 2 if S = SU2,SU3,SU4; a = 1 if S = Sp4,SO7; and a = 0 in all other cases.

Proof It suffices to show that l(S) � 2λ(S) − a, which is easily deduced from Theorems 1
and 6. �


Next, we deal with homogeneous semisimple groups.

Lemma 4.10 Let S be a compact simple Lie group and let k � 2. Then

l(Sk) � 2cd(Sk),

unless S ∼= SU2, in which case l(Sk) = 2cd(Sk) + 2.

Proof We have l(Sk) = kl(S) and λ(Sk) = k+λ(S)−1 (see Theorems 2 and 7). Combining
these equalities with the values of l(S) and λ(S) (see Theorems 1 and 6), we easily obtain
the required conclusion. �


Lemma 4.11 Let G be a compact connected Lie group with G ′ = ∏m
i=1 S

ki
i , where the Si

are pairwise non-isomorphic simple groups and ki � 0. Then

cd(G) = cd(G ′) �
m∑

i=1

cd(Skii ).

Proof This follows from Lemmas 3.1 and 3.2. �


123



1474 T. C. Burness et al.

We can now prove Theorem 10.
Lemma 4.11 enables us to reduce to the case whereG is semisimple.WriteG = ∏m

i=1 S
ki
i

wherem � 5, ki � 0 and the Si are pairwise non-isomorphic simple groups as in (3), labelled
so that S1, . . . , S5 are SU2,SU3,SU4,Sp4,SO7, respectively. Set

G1 = Sk11 ×
∏

2�i�5, ki=1

Si ,

and

G2 =
∏

2�i�5, ki�2

Skii ×
m∏

i=6

Skii .

Note thatG = G1×G2, l(G) = l(G1)+l(G2) and cd(G) � cd(G1)+cd(G2), so it suffices
to show that

l(G) � 2(cd(G1) + cd(G2)) + 2.

Now

l(G2) =
∑

2�i�5, ki�2

l(Skii ) +
m∑

i=6

l(Skii ).

By Lemma 4.10 we have l(Skii ) � 2cd(Skii ) if 2 � i � 5 and ki � 2. Similarly, Lemma 4.9

gives l(Si ) � 2cd(Si ) for 6 � i � m, which yields l(Skii ) = ki l(Si ) � 2kicd(Si ) � 2cd(Skii )

for these values of i . Applying Lemma 4.11, we conclude that

l(G2) � 2cd(G2).

Therefore, to complete the proof of the main statement of Theorem 10, it remains to show
that

l(G1) � 2cd(G1) + 2. (9)

First observe that

l(G1) = 2k1 + 4k2 + 6k3 + 5k4 + 7k5

and let γ � 0 be the number of non-zero ki with 2 � i � 5. It will be useful to highlight
the following unrefinable chains (the existence of these chains follows by combining [8] and
Corollary 2.2):

SU3 > SU2, SU4 > Sp4 > SU2, SO7 > SU4, SO7 > G2 > SU2.

If γ = 0 then the bound in (9) follows from Lemma 4.10 (it is trivial if k1 = 0 or 1). For
γ > 0, we make use of the above unrefinable chains to bound λ(G1). Suppose γ = 1, say
G1 = (SU2)

k1 × SU3. Then l(G1) = 2k1 + 4 and (SU2)
k1+1 < G1 is a maximal connected

subgroup, so Theorem 7(i) yields λ(G1) � k1 + 3 and thus l(G1) � 2cd(G1)+ 2. The other
cases with γ = 1 are just as easy and we omit the details. Similar reasoning applies when
γ > 1. For example, suppose G1 = (SU2)

k1 × SU3 × SO7. Here l(G1) = 2k1 + 11 and
there is an urefinable chain

G1 > (SU2)
k1+1 × SO7 > (SU2)

k1+1 × G2 > (SU2)
k1+2,
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so λ(G1) � 3 + 2 + k1 + 1 = k1 + 6, cd(G1) � k1 + 5 and thus l(G1) � 2cd(G1) + 1.
Similarly, if γ = 4 then l(G1) = 2k1 + 22 and

G1 > (SU2)
k1 × SU3 × (SU4)

2 × Sp4

> (SU2)
k1 × SU3 × SU4 × Sp4

> (SU2)
k1 × SU3 × (Sp4)

2

> (SU2)
k1 × SU3 × Sp4

> (SU2)
k1+1 × Sp4

> (SU2)
k1+2

is unrefinable (here we are using the fact that a diagonal subgroup D(S2) < S2 is maximal
for a simple group S), so λ(G1) � 6 + 2 + k1 + 1 = k1 + 9 and cd(G1) � k1 + 13. In this
way, one checks that the bound in (9) holds and the proof of the first (and main) statement
of Theorem 10 is complete.

To prove the second statement, recall that, by Theorem 4 we have

β(
√
dimG ′ − α) � l(G ′),

where the constants α, β are defined as in Sect. 4.4 (see (5) and (6)). Combining this with
the first assertion of Theorem 10 we obtain

dimG/Z(G) = dimG ′ � (β−1l(G ′) + α)2 � (β−1(2cd(G) + 2) + α)2.

This completes the proof.

OpenAccess This article is distributed under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/),which permits unrestricted use, distribution, and repro-
duction in any medium, provided you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons license, and indicate if changes were made.
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