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Abstract

The aim of this paper is to study singular solutions for a one-dimensional nonlinear
diffusion equation. Due to slow diffusion near singular points, there exists a solution
with a singularity at a prescribed position depending on time. To study properties of
such singular solutions, we define a minimal singular solution as a limit of a sequence
of approximate solutions with large Dirichlet data. Applying the comparison principle
and the intersection number argument, we discuss the existence and uniqueness of a
singular solution for an initial-value problem, the profile near singular points and large-
time behavior of solutions. We also give some results concerning the appearance of a
burning core, convergence to traveling waves and the existence of an entire solution.
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1 Introduction

In this paper, we consider positive solutions of the nonlinear diffusion equation

uy = U")y, 0<m<1, (1.1

B4 Eiji Yanagida
y-aska@msc.biglobe.ne.jp

Marek Fila
fila@fmph.uniba.sk

Jin Takahashi

takahashi @c.titech.ac.jp

Department of Applied Mathematics and Statistics, Comenius University, 842 48 Bratislava,
Slovakia

Department of Mathematical and Computing Science, Tokyo Institute of Technology, Tokyo
152-8552, Japan

Graduate School of Mathematical Sciences, University of Tokyo, Tokyo 153-8914, Japan

Published online: 08 May 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-024-02882-0&domain=pdf

M. Fila et al.

where x € R is the spatial variable and ¢ € R is the time variable. Usually, this
equation is called the fast diffusion equation, because the diffusion rate is large for
small u > 0, although the diffusion rate becomes small if # > 0 is large.

Suppose that a solution of (1.1) is defined for x > £(¢) and ¢ on a subinterval of R,
and is singular at x = £(z), that is,

lim u(x,t) = oo,
x &)

where the singular point £(¢) is a given smooth function of 7. Then we are led to the
study of the fast diffusion equation on a half line

up=W"xx, x>E@). (1.2)

When &(¢) is constant (£ (z) = £(0)), the singularity is called “standing”. An example
(see [2], for instance) of a solution with a standing singularity is the self-similar
solution given by

1

1
- . t I-m . 2m(1 +m) 1-m
u(x,t) := Dm{—(x “E0)? } , D, = {—1 _— } , (1.3)

where (x, 1) € (£(0), 00) x (0, co). When &(¢) depends on ¢, we say that the solution
has a moving singularity. An example (see [11]) of a solution with a moving singularity
is a traveling solution given by

u(x, 1) == h(c)(x —et) ™7,  xe(ct,00), t €R, (1.4)

where ¢ > 0 and

1

m m

To study more general singular solutions, we introduce the initial-value problem

ur = U™ )xx, x>£&(1), 0<t<T e (0,00], (16
u(x,0) =uo(x), x>§0), o

where ug(x) is assumed to be positive and continuous but not necessarily bounded in
x € (£(0), 00). By a “singular” solution of (1.6), we mean a function u(x, ¢) with the
following properties:

(S1) u(x,t) satisfies (1.2) in the classical sense for r € (0, T').
(82) u(x,t) > ocasx | &(¢) foreveryr € (0, T).
(S3) u(x,t) — uop(x) ast | 0 uniformly in x on any closed interval in (£(0), co).
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Solutions with moving singularities...

Such solutions are called “extended continuous solutions” in [3] and references therein,
since they are continuous with values in [0, co].

In order to study singular solutions of (1.6), our key idea is to consider a sequence
of approximate problems and its limit. For every n € N, let u,, be a regular solution
of the following problem with a cut-off initial value and a (large) boundary value at

x =&(1):

uy = (U")x, x>&@1),0<t<T,
u(@),t) =n, O0<t<T, (L.7)
u(x,0) = min {uo(x), n}, x > £(0).

The existence and uniqueness of a solution of (1.7) follows from setting u.(x, 0) =
min {uo(x) + ¢, n} and applying the standard approximation argument based on [19].
Then the comparison principle implies that {u, } is monotone increasing in n for every
x > &(t) and t+ > 0. We say that a solution u# of (1.6) is a “minimal” singular
solution if u, (x,t) — u(x,t) asn — oo for every x > &(¢) and ¢ > 0. In fact, the
minimal singular solution is smaller than any other singular solutions of (1.6) (see
Remark 2.11 (iii) in Sect. 2). We note that, if a singular solution of (1.6) exists, then
it is an upper bound for the approximating sequence, which implies the existence of a
minimal singular solution.

Let us notice here that the minimal singular solution is a uniquely determined object
which does not depend on the particular choice of an approximating sequence {u,}
of regular solutions. It is not difficult to see that every sequence {u,} converging to a
singular solution of (1.6) monotonically (in n) from below produces the same minimal
singular solution. In other contexts, minimal solutions occur in various studies of
unbounded solutions. They are sometimes called “proper” solutions (see [10, 30] for
example). The advantage of minimal solutions consists in their uniqueness and in the
fact that they inherit intersection-comparison properties of classical solutions via their
approximating sequences.

The main aim of this paper is to discuss the existence and uniqueness of singular
solutions of (1.6), their profile near £(¢), appearance of a zone where {u,} tends to
infinity (burning core), as well as the large-time behavior of solutions. We also give
some results concerning the existence and stability of solutions that travel with constant
speed (traveling semi-wavefronts), and the existence of a solution which exists for all
t € R (entire solution). In summary, in the terminology of [3], we develop a theory
of extended continuous solutions with moving strong singularities in one dimension
as stated among new directions in [3, p. 178]. Both, one space-dimension and moving
singularities are mentioned there separately.

As far as we know, all previous studies of moving singularities concern the higher
dimensional case when & (7) is a curve (or some other time-dependent set) in RY with
N > 2. See [5-8, 20] for the fast diffusion equation, [16, 17, 27] for the linear heat
equation and [12, 13, 17, 18, 21-25, 28] for semilinear heat equations. Results on
standing singularities for the fast diffusion equation can be found in [2, 3, 7, 14, 15,
26, 30], for example.
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This paper is organized as follows. In Sect. 2, we summarize our main results. In
Sect. 3, we prove the existence of a singular solution for the initial-value problem
(1.6). In Sect. 4, we study the profile of singular solutions near £(¢). Sect. 5 is devoted
to uniqueness for the initial-value problem (1.6) under some additional conditions. In
Sect. 6, we show the appearance of a burning core in the case where & () decreases. In
Sect. 7, we discuss the existence of traveling solutions, and study their properties. In
Sect. 8, we study the large-time behavior of singular solutions, and prove the asymp-
totic stability of traveling solutions. In Sect. 9, we prove the existence of an entire
solution.

2 Main results

Main results of this paper are listed as follows. Our first result is concerning the
existence of a singular solution of the initial-value problem (1.6) in the case where
&(t) is nondecreasing.

Theorem 2.1 If&(t) isnondecreasingint € [0, T), then there exists a singular solution
of (1.6).

The next result shows that the profile of a singular solution near £(¢) is in some
range for r > 0 and the leading term as x |, £(¢) depends crucially on &'(¢) > 0.
Theorem 2.2 Assume that &(t) is nondecreasing int € [0, T). Let u be any singular
solution of (1.6) defined on (0, T).

(i) Ifc(t —t) > &E(r) —&(¢) fort € [0, T) with some constantc > Oandt € (0, T),
then there exists a(t) > 0 such that

ulx, ) Zza(m){x =&} =, xe @), 5@+ 1.

In particular, if £(t) = £(0), then

t

m} ) € (0,00) X [0, 71,

ulx,t) >u(x,t) = Dm{

where U is the self-similar solution given by (1.3).
(ii) Forany t € (0, T) with £(t) > £(0), there exists (1) > O such that

u(x,7) < B(o){x —E(f)}_ﬁ, x € (§(r), 5@+ D).
(iii) If £(t) is differentiable at t € (0, T) and §'(t) > 0, then

1
u(x,v) = {hE" (@) +o(Mx — @) =n, x| &(0).
We note that «(7), B(t) > 0 may become small or large depending on initial values

when x —£(0) > 0is small, and that the strength of the singularity of u(x, ¢) fort > 0
may be different from that of uo(x).
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Since we impose arather mild condition (S2) at £ (¢), itbecomes a nontrivial question
to ask about uniqueness of a singular solution for (1.6). First we give a simple sufficient
condition.

Theorem 2.3 Assume that & (t) is nondecreasing int € (0, T). If ug(x) is nonincreas-
ing in x € (£(0), 00), then there exists at most one singular solution of (1.6).

In the case where u((x) is not monotone in x € (£(0), co), we must impose the
following additional conditions on the initial data to prove the uniqueness:

(U1) There exists Co > 0 such that {ug(x)"}" > —Co for all x € (£(0), c0).

(U2) up(x) — ooasx | £(0), and there exist x; € (£(0), o) and § € (0, x; — £(0))
such that ug(x) is nonincreasing in x € (§(0), x; + ) and strictly decreasing in
x € (x1 —8,x1+96).

(U3) There exist x5 € (x1, 00) and § € (0, xo — x1) such that ug(x) is nonincreasing
inx € (x — §, 00) and strictly decreasing in x € (xo — 8, x2 + 8).

We may replace (U3) with the following alternative condition:

(U3’) There exists a constant C; > 0 such that ug(x) > Cy for all x € (£(0), 00).

Theorem 2.4 Assume that £'(t) > 0 for t € [0, T). If uo(x) satisfies (U1), (U2), and
(U3) or (U3), then there exists at most one singular solution of (1.6).

Remark Tt seems that the condition (Ul)can be relaxed somewhat. Indeed, it would
be possible to extend Theorem 2.4 to more general initial values that can be well
approximated by some smooth initial values satisfying (U1). However, since the class
of initial values satisfying (U1), (U2), and (U3) or (U3’) is rather wide, we will not
pursue this possibility in this paper.

In the case where £(7) decreases, we will show that a burning core (a region where
a solution becomes infinite in some sense) appears for x € (£(¢), £(0)].

Theorem 2.5 Assume that £(t) < £(0) fort € (0, T). If ug(x) — oo as x | £(0),
then the approximating sequence {u,} defined by (1.7) has the following properties:

(i) Foreveryt € (0,T), u,(x,t) — oo asn — oo uniformly in x € (£(t), £(0)].

(ii) For everyt € (0, T), uy(x,t) — u(x,t) as n — oo uniformly in x € [£(0) +
p, 00), where p > 0 is an arbitrary constant, and u(x, t) is the minimal singular
solution of (1.6) with £(t) replaced by E(t) = £(0) and ii(x,0) = ug(x) for
x > £(0).

When the singular solution of (1.2) exists globally in time, we are interested in
its large-time behavior. The following theorem shows that any two singular solutions
attract each other, and which implies that the large-time behavior of singular solutions
of (1.2) is independent of initial values.

Theorem 2.6 Assume that §'(t) is uniformly continuous in t € [0, 00) and satisfies
c1 < E'(t) < cyfort € [0, 00) with some constants cy,cy > 0. Let uy(x, t), ua(x, t)
be any positive singular solutions of (1.2) such that ui(x, 0), u>(x,0) - L > 0 as
x — 00. Then these solutions satisfy |u1(x, 1) —ur(x, t)| — 0 ast — oo uniformly
inx € [E(t) + p, 00), where p > 0 is an arbitrary constant.
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When £(¢) moves with a constant speed, we expect the existence of a solution
of (1.2) which travels without changing its waveform. The existence and stability of
traveling wave solutions for parabolic PDEs has been studied extensively in the context
of reaction-diffusion equations (see [11, 29] and the references cited therein). When
a traveling solution is defined on a half-line and is not extendable for all x € R such
as the solution given by (1.4), it is called a (strict) semi-wavefront solution (see [11,
Sect. 2.1]). Although the existence of unbounded semi-wavefronts is discussed in [11,
Chapter 11] including more general equations than (1.1), only little is known about
their stability.

The following two theorems are concerning the existence and stability of a two-
parameter family of traveling semi-wavefronts.

Theorem 2.7 Assume &(t) = ct for t € R with some constant ¢ > 0. Then for any
constant L > 0, there exists a positive singular solution of (1.2) for t € R of the form
u = ¢(z), where ¢(z) = ¢(z; ¢, L) is a positive function of z = x — ct € (0, 00) with
the following properties:

(i) (@™ +c¢' =0 forz > 0.
(ii) ¢'(z) <0 forz € (0,00), (z) = ocasz | 0and p(z) — L as 7 — oo.
(iii) max {h(c)z_ﬁ, L} <92 < h(c)z_ﬁ + L for z > 0, where h(c) > 0 is
given by (1.5).
(iv) ¢(z2) = ¢(z; ¢, L) is continuous in (c, L) € (0, 00) x [0, 00) for every z > 0,
and ¢(z; ¢, L) is decreasing in ¢ € (0, 00) and increasing in L € [0, 00).

Theorem 2.8 Assume that §'(t) > 0 fort € [0,00). Let p > 0 be an arbitrary
constant.

(i) If€'(t) > ¢ > 0ast — oo and uy(x) — L > 0 as x — oo, then the singular
solution of (1.6) satisfies u(x,t) — ¢(x — ct;c,L) ast — oo uniformly in
x € [§(t) + p, 00), where ¢ is as in Theorem 2.7.
(i) If&'(t) — Oast — oo, then the singular solution of (1.6) satisfies u(x, t) — 0o
ast — oo uniformly in x € (£(1), &(t) + p].
(iii) If §'(t) — oo ast — oo and ug(x) — L > 0 as x — oo, then the singular
solution of (1.6) satisfiesu(x,t) — L ast — oouniformlyinx € [£(t)+p, 00).

Any solution of (1.2) thatis defined forall € R is called an entire (in time) solution.
The following result gives a sufficient condition for the existence of an entire singular
solution. (Some properties of this entire solution will be given in Proposition 9.1.)

Theorem 2.9 Assume that &(t) satisfies ¢y < §'(t) < ¢ fort € R, where c1,cy > 0
are constants. Then for any L > 0, there exists a positive solution of (1.2) defined for
allt € R such that u(x,t) — ocoas x | &(t) and u(x,t) — L as x — o0 for every
teR

One of the main tools to prove these theorems is a comparison method. A nonneg-
ative function u™ (x, t) (resp. u~ (x, t)) defined on a domain in (x, t)-space is called a
supersolution (resp. subsolution) if it satisfies

@y = {@hHm}, . @esp. ) < {@)"}, )
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(in the sense of distribution) on a space-time domain. We note that the minimum
of two supersolutions is a supersolution, and the maximum of two subsolutions is a
subsolution. The standard comparison principle holds for (1.1), but we must be careful
when we consider a singular solution or a singular supersolution.

We will use the following lemma frequently in the subsequent sections.

Lemma 2.10 Let u(x, t) be a (not necessarily singular) solution of (1.6). Let u™(x, t)
be a supersolution of (1.1) defined for x € (n(t),o0) and t € [0, T) with some
7 € (0, T] such that u™(x,t) — oo as x | n(t) for everyt € [0, ). Assume that
E(t) < n(t) < oofort €0, 1) and ug(x) < ut(x,0) for x € (n(0), 0o). Then the
inequality u(x,t) < ut(x,t) holds for x € (3(t),00) and t € [0, 1) if one of the
following conditions is satisfied:

(C1) There exist constants C > 0 and p > 0 such that u(x,t) < C for any x €
(@), §() + p)andt € [0, 7).

(C2) u(x,t) is a minimal singular solution for t € (0, ).

(C3) &(t) < n(t) fort € [0, 7).

Proof First we assume (C1). We take C > 0 sufficiently large, and define

c N
mx’t)::{ : x € [E0),E@) + p@)], e 0.1,

ut(x, 1), x € EW+pt), 00),
where
p(t) :==inf{p > 0:ut (@) +p,1) < C} € (0, 00).

Since u = C satisfies (1.1), &7 (x, ) is a supersolution of (1.1) defined for x €
[£(?), o0) and ¢t € [0, 7). Then we can apply the standard comparison principle to show
that u(x,t) < ' (x,t) forx € [E(t),00) and t € (0, 7). Since i (x,¢) < u™(x,t)
for x € (n(t),00) and t € [0, 7), the proof in the case of (C1) is completed.

Next, we assume (C2). Let {u,} be the approximate sequence defined by (1.7).
Since u, (x, t) is bounded as x | £(t), we have u, (x,t) < u™(x,t) for every n € N.
Letting n — oo, we see that the minimal solution satisfies u(x,?) < u*(x,t) for
x € (n(t),oc0)andt € (0, 7).

In the case of (C3), if we restrict the spatial domain of u(x, ¢) to [n(t), 0o0), then
we can apply the case of (C1) to show that u(x, 1) < u™(x, t) for x € (5(t), oo) and
t €[0, 7). O

Remark2.11 (i) In the case of &£(t) = n(t), the comparison principle may not hold
for a non-minimal solution of (1.6).

(ii) If a supersolution is defined on a bounded interval (n(z), £(¢)) and satisfies
u(x,t) — oo asx | n() and u(x,t) — oo as x 1 ¢(¢), then the same
argument as above at ¢(¢) shows that a similar result to Lemma 2.10 holds for
x € (), ¢@)andr € (0, 7).

(iii) By Lemma 2.10 with (C1), the solution of (1.7) is smaller than any singular
solution of (1.6). This implies that the minimal singular solution is smaller than
any other singular solutions (if they exist).
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The next lemma can be proved in a similar manner to Lemma 2.10. So we omit the
proof.

Lemma 2.12 Letu(x, t) be any singular solution of (1.6). Letu™ (x, t) be a subsolution
of (1.1) defined for x € [£(t),00) and t € [0, t) such that u™ (x, t) is bounded as
x | &) foreveryt € [0, T). Assume that ug(x) > u (x,0) for x € (£(0), 00). Then
the inequality u(x,t) > u™ (x, t) holds for x € (§(t), 00) and t € [0, 7).

3 Existence of singular solutions

Throughout this section, we assume that & (¢) is nondecreasing in ¢ € (0, T'). First, we
give a sufficient condition for the existence of a singular solution of (1.6).

Lemma 3.1 Suppose that the approximating sequence {u,} defined by (1.7) is bounded
above by a continuous function u(x,t) defined for x € (£(t),00) andt € (0, T).
Then there exists a singular solution of (1.6) satisfying 0 < u(x,t) < u(x,t) for
x € (@),o0)andt € (0,T).

Proof The standard comparison principle with respect to initial values and boundary
conditions implies that the sequence {u,} is monotone increasing in n for every (x, 7).
Since the sequence is assumed to be bounded, there exists a limiting function u(x, )
satisfying

u(lx,t) = nli)n;ou,,(x, t) <u(x,t).

Then the standard parabolic regularity implies that u(x, t) satisfies (S1).

Next we show that u(x, ) is singular at £(¢). By the boundary condition and con-
tinuity, for every ¢t € (0, T), there exists p,(¢) > 0O such that u,(x,7) > n — 1
for x € (§(t),&(t) + pn(t)). Since {u,} is monotone increasing in n, we have
u(x,t) >n—1forx € (£(t), £(t) + p,(t)). Since n € N is arbitrary, this implies that
u(x, t) satisfies (S2).

It remains to show that u(x, t) satisfies the initial condition. Let £(0) < x¢ < x1 <
X3 < x3 < oo be arbitrarily fixed. We take (large) n € N and (small) § € (0, T') such
that

u(x, 1) <n,  (x,1) € [xo, x3] x (0, 8].
Let u™(x, t) be a solution of

(u+)l = {(M+)m}xx1 (-x9t) € (x03x3) X (Ov 8)1
ut(x,0) = ug(x), x € (x0, x3),
ut(xo,1) =n, ut(x3,t) =n, te(0,5),
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where uar (x) is a continuous function satisfying uar (x) = up(x) for x € [x1, x2],
uaL(x) > ug(x) for x € [xg, x3], and ug(xo) = uar(xg) = n. Since

Uun(x0,1) < u(x0, 1) < u™(x0,1), un(x3,0) <uxs, 1) =u'(x3,1), 10,38l
the standard comparison principle implies that
up(x, 1) <ut(x,1),  (x,t) € [x0, x3] x (0, 8].
Hence, letting n — oo , we obtain
ux,t) <ut(x,1),  (x,t) € [x0, x3] x (0, 8].
Thus we have shown
up(x, 1) <u(x,t) <ut(x,1), (x, 1) € [x0, x3] x (0, 8].

Since u, (x, 1) — ug(x) and u™ (x, 1) — up(x) ast | 0 uniformly in x € [x1, x2] C
(x0, x3), we conclude that u(x, t) satisfies (S3). O

We introduce a useful way to construct a supersolution of (1.1).

Lemma 3.2 Assume that u,(x,t) andup(x, t) satisfy (1.1), ug > 0, (ug); = 0,up >0
and (up); > 0for (x,t) € I x (0, T), where I is an open interval. Then

S|—

Ut 1) = {ua (e, 0 + up(x, )"}
satisfies
ur={whHm .. x.0elx©7).

Proof By direct computation, we have
U = WO @)™ wa)e + (up)™ ™ up)i ).

Since (u4); > 0 and (up), > 0 by assumption, and U > u, and U > u,, we
obtain

U > wa)e + ) = {wa)™ )+ {@)™} -
Then by
fwnm,, ={wo™,, +{w)"),,

we obtain the desired inequality. O

Let us now show the existence of a singular solution of (1.6).
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Proof of Theorem 2.1 We construct a supersolution by modifying the explicit solution
given by (1.3). Define

U*@J;mbyz{quJVﬁ+quJVq%, (x,1) € (a,b) x (0, T), (3.1)

where u, and u;, are solutions of (1.1) given by

1 1
t+1 |t t+1 |Tm
ug(x,1) 1= Dm{m} , up(x,t) = Dm{m} ,

respectively, and D,, is the constant given in (1.3). Since (u,); > 0 and (up); > O for
(x,1) € (a,b) x (0, T), we can apply Lemma 3.2 to show that U™ satisfies

ur={whHm . (1 e@b) x (7).

XX
Note that minye.p) U (x, 15 a,b) - coasb —a — 0.

Now, fix T € (0,T). Let {U,j} be a set of functions defined by Uk+(x, 1) =
UT(x,t;ar, by), k=1,2,3, ..., such that

E) <ap <bp <oo, | Jla, br) = ((r), 00),
k=1

and Uk+(x, 0) > up(x) > u,(x,0) for x € (ax, by). Then by Lemma 2.10 with (C2)
and Remark 2.11 (ii), we have

Mn(xat)SU[j_(x’t)? (x,t)e(ak,bk)x[(), T]’
for every n € N and k € N. Hence we obtain

up(x,7) <ut(x,7) = ir]:f U,j'(x, 7), x € (§(1), 00),

for every n € N. This implies that the approximating sequence {u, (x, )} is bounded
above by u™(x, 7). Since T € (0, T) can be arbitrarily chosen, Lemma 3.1 implies
the existence of a singular solution of (1.6) forz € (0, T). O

4 Asymptotic profile
Throughout this section, we assume that &£(¢) is nondecreasing int € (0, T'), and study

the profile of singular solutions near &(¢). Before giving a proof of Theorem 2.2, we
give a useful way to construct a subsolution of (1.1).
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Lemma 4.1 Assume that a function u(x,t) satisfies (1.1), u > 0 and u; > 0 for
(x,t) € I x (0, T), where I is an open interval. Then for any constant d > 0,

S|=

U™ (x,1) == {max {u(x,)" — d, 0}}

is a subsolution for (x,t) € I x (0, T).
Proof If u(x,t)™ > d, we have
U~ —{wHm = W) = " = {OOT = " g
Since u; > 0 by assumption and U~ < u, U~ satisfies U, < {(U‘)m }xx for
(x,t) € I x (0, T) in the sense of distribution. Hence U ~ is a subsolution.

We give a proof of Theorem 2.2 by using this lemma.

Proof of Theorem 2.2 First, modifying the traveling solution given by (1.4), we define

u”(x, 1) == {max {h(c)"(x —c(t — 1) — &(r)) 7" —d,0}}",

S|=

where d > 0 is a constant. Then by Lemma 4.1, u™ is a subsolution of (1.1). By the
assumption on t and ¢ in (i), we have —c(t — 1) — &(7) > —£&(¢) for ¢ € [0, 7) so that
u (x,t) > u (£(),t) < ooasx | ). Moreover, since ct — &(t) > —&£(0), we
have

u” (x,0) = { max {h(c)" (x +cT — g(r))‘lﬁm —d, 0}}% <up(x), x € (£(0),00),

if d > 0 1is sufficiently large. Hence we can apply Lemma 2.12 to show that u(x, 7) >
u~ (x, t) for x € (£(t), 00). Hence there exists a(t) > 0 such that

w(x, 1) > u"(x, 1) > a(@)x —EO} T, x e (1), £() + D).

Inparticular, if §(#) = §(0) fort € [0, t], thenitfollows from the comparison principle
that

t

m} D € €0).00) x [0.7],

ulx,t) >ulx+e,t)= Dm{

where u is the self-similar solution given by (1.3) and & > 0 is an arbitrary number.
By taking the limit as ¢ |, 0, the proof of (i) is completed.

Next, let U (x, t; a, b) be the supersolution of (1.1) given by (3.1), where we
take a = £(tr) > £(0) and b € (£(7), () + 1) sufficiently close to £(7) such that
Ut (x,0; E(t), b) > ug(x) forx € (¢(t), b). Then by Lemma 3.2 and the comparison
principle, we obtain

u(x,7) <U(x,1;6(1),b), x € (&), b).
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Since u(x, t) is continuous inx € [b, £(t) + 1], foreach t € (0, T), there exists S(7)
such that

u(x,7) < B(){x — S(T)}_ﬁ, x € (), 8@+ D).
This proves (ii).

Finally, we consider the case where &'(t) > 0. Let u, be a semi-wavefront solution
given by

ta(x. 1) = h(@){x — a(t — 1) — £(0)) 77,

and let u; be another semi-wavefront solution of (1.4), which travels leftward, given
by

1
up(x, 1) :=hb){—x —b(t — 7 —68) +&(r)} T,
where a, b are constants satisfying 0 < a < &(t) < b. Then we take small § > 0
such thata(t —t) < &(r) — &(¢) fort € [t — 6, 7).
Let us consider the behavior of u(x, t) for t € [t — §, t]. By Lemma 3.2, we can
define a supersolution of (1.1) by

1
ut(x, 1) := {ua(x, O™ 4 up(x, t)m}ﬁ.
If we take b — a > 0 and § > 0 small enough, then
ulx,t—8) <ut(x,T—98), xe€ (1) —ad E(x)+2bd),

and ™ (x, t) has a singularity at n(t) = £(z) +a(t — 1) > £(t) fort € [0, 7). Hence
by Lemma 2.10 with (C3) and Remark 2.11 (ii), we obtain

ux,7) <ut(x,1), x € (&), E(T)+ D).

This implies that
1
limsup {x — £(0)} ™" u(x, 1) < h(a).
x£(7)

Letting a 1 &'(7), we obtain

lim sup {x — E(t)} = u(x, ) < h(&'(v)). “.1)
x{£(7)

Next, we fix ¢ > &’(7) arbitrarily, and define a subsolution of (1.1) by

3=

u” (x, 1) == { max {h(c)" (x —c(t — 1) — é(r))_% —d, 0y},
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Then we can take small § > O such that c(t — ) > &(t) — &(¢) fort € [t — 6, 1),
and take large d > O such that u(x, v —8) > u~ (x, 7 — 8) for x € (§(r — §), ).
Then, by Lemma 4.1 and the comparison principle, we obtain u(x, 7) > u™ (x, 7) for
x € (&(1), 00). Hence taking the limit as x | &(t) and then letting ¢ | &'(t), we
deduce that

lilﬁg%n)f {x — é(r)}ﬁu(x, 1) > h(&'(1)). “4.2)

Therefore, (4.1) and (4.2) imply that

. - 1 /
lfsm(r)u(x’ Ofx — (D)} T = h(E (7).

X

This completes the proof of (iii). O

5 Uniqueness

In this section, we prove the uniqueness of a singular solution of (1.6). We first prove the
uniqueness by assuming that the initial value uo(x) is nonincreasing in x € (£(0), 00).

Proof of Theorem 2.3 Let u be the minimal singular solution of (1.6). If ¢ (x) is nonin-
creasing in x € (£(0), 00), then for every n, the solution u,, (x, t) of (1.7) is decreasing
inx € (£(¢),00) fort € [0, T). Hence u(x,t) is decreasing in x € (£(t), co) for
every t € [0, T'). Then by the comparison principle, any singular solution # satisfies

ulx +u,t) <ulx,t) <ulx—pu,t), x €E@)+pm,00), t €[0,7),

where 1 > 0Oisan arbitrarily small constant. Letting u | 0, weobtainu(x, t) = u(x, t)
for x € (§(¢), 00) and ¢ € [0, T'). This proves the uniqueness. O

Next, we consider the case where the initial value uq(x) satisfies (U1), (U2), (U3)
or (U3’). We need to modify the above proof when ug(x) is increasing for some
x € (£(0), 00). To this end, we show that the minimal singular solution of (1.6)
inherits the properties (U1), (U2), (U3) and (U3’).

Lemma 5.1 Assume that £ (t) is nondecreasing int € (0, T'). Then the minimal singu-
lar solution of (1.6) has the following properties:

(i) Ifuo(x) satisfies (U1), thenu;(x,t) > —Coforallx € (£(t),00)andt € (0, T).
(ii) Ifuo(x) satisfies (U2), thenthere existt € (0, T1and 8y > Osuchthatu,(x,t) <
Oforx € (§(t),x1 4+ o) and t € (0, 7).
(iii) If uo(x) satisfies (U3), then there exists T € (0,T] and 8¢ > 0 such that
ux(x,t) < 0forx € (xa —8p,00) and t € (0, 7).
(iv) If ug(x) satisfies (U3’), then u(x,t) > Cy forall x € (£(t),00) andt € (0, T).
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Proof Let u(x,t) be the minimal solution of (1.6). For each k € N, let iy (x, t) be a
solution of (1.2) satisfying it (&(¢), t) = k for t > 0 and

k—Ar{x —£O)},  x € (&0, &I,

ug(x,0) = 1o (x), x € (&, 00),

where Ay > 0 is a constant defined by
Ay =min{A e R: k — A{x — £(0)} = up(x) forall x > £(0)} > 0
and & is defined by

& :=min{n > 0:k — A{n —§(0)} = uo(n)}.

Let U (x, t; a, b) be the supersolution given by (3.1) with £&(T) < a < b such
that UV (x,0; a, b) > ug(x) for x € (a, b). If k is sufficiently large, we can define
xi(t) > &(T) uniquely by

UT(xi(t), t;a,b) =k, (UG (0),t;a,b) <0, te[0,T).

Then by Lemma 2.10 with (C3) and Remark 2.11 (ii), itg (x, t) satisfies utx(x, 1) < k
for x € [E(t), xx(¢)] and @i (x,t) < UT(x,t;a,b) for x € [x¢(t), b). This implies
that iy (x, ¢) has a local maximum at x = £(¢). Hence we obtain (i), (£(t),1) <0
fort € (0, T).

Given any n € N, we take k > n such that ug(x,0) > u,(x,0) for x > £(0)
and (ug)x(£(t),1) < Ofort € (0, 7). Then by Lemma 2.10 with (C2), iy satisfies
uy(x,t) < up(x,t) < u(x,t)forx > &(t) and ¢+ > 0. Since u(x, t) is minimal, we
have iy (x,t) — u(x,t) as k — o0o. On the other hand, by differentiating (1.2) and
i (§(1), 1) = k by t, we have {(itx)/}; = m{(ix)™ " (i) }cx and

d
0= Z{ﬁk(é(f), D} = @) (E@), 1) + @)x (), NE" (1) < (@r) (1), 1),
respectively. Hence wy (x, 1) := (ug);(x, t) satisfies

(W) = m{(@)™ " widx, x € (£(1),00), t € (0,T),
wi(E(), 1) > 0, t€(0,T),
wi (x, 0) = {iig(x,0)0")" > —Co, x € (£(0), 0),

where (U1) is used for the last inequality. Then the maximum principle implies
wk(x’t):(i’ik)t(xat) 2 _COa X € (é(t)v OO), r e (Oa T)

Taking the limit as k — oo, we obtain u;(x, t) > —Cy. Then the maximum principle
implies (i).
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Next,let U (x, t; a, b) be the supersolution given by (3.1) with£(0) < a < b < x|
such that Ut (x,0; a, b) > ug(x) for x € (a,b). We take T € (0, T] such that
£(t) < a,and take M > 0 and X; € (a, b) such that

M > min Ut (x,t;a,b), UT(X,15a,b)=M, US(F, t;a,b)<0.

x€(a,b)

5.1

Let u,(x,t) be the solution of (1.7) with sufficiently large n. By (U2), u,(x, 0)
crosses the level line u = M exactly once. Moreover, for ¢ € (0, ), u, (x, t) satisfies
u,(x,t) > M if x — £(t) > 0is sufficiently small and u,, (X1,1) < UT(X1,t;a,b) <
M . Since the intersection number of u,, (x, t) withu = M in (£(¢), X1) is nonincreasing
int > 0, u,(x,t) intersects with u = M exactly once in (§(¢), x1) forevery ¢ € [0, 7).
(See [1] for the nonincreasing principle of the intersection number.) This property holds
for any M satisfying (5.1). Hence u, (x, t) is decreasing in x € (&(¢), X] for every
large n and ¢t € [0, t). Taking the limit as n — oo, we conclude that the minimal
solution u(x, t) is nonincreasing in x € (£(¢), x1] for ¢ € [0, 7). Then the maximum
principle implies (ii). The assertion (iii) can be proved in the same manner.

Finally, since u = C satisfies (1.2), the maximum principle implies (iv). O

We say that a singular solution of (1.6) is “maximal” if it is larger than any other
solutions. Let us show that the minimal singular solution of (1.6) is also maximal for
small # > 0.

Lemma 5.2 Assume that £(t) is nondecreasing int € (0, T). If up(x) satisfies (U1),
(U2), (U3) or (U3’), then the minimal singular solution of (1.6) is maximal for small
t>0.

Proof First we consider the case where (U1), (U2) and (U3) are satisfied. We shall
construct supersolutions of (1.6) in an inner region (£(¢), x; 4+ &), an outer region
(x2 — §, 00) and an intermediate region (x; — §, xp + &) separately, and glue them at
some points in (x; — 8, x1 +8) and (xa — §, x2 + 6).

Let u(x, t) be the minimal solution of (1.6), and let T > 0, Co > 0, x1 and x, be
as in Lemma 5.1. We take § > 0 smaller if necessary so that Lemma 5.1 (ii) and (iii)
hold for 6y = 5. We take a constant C; > 0 such that

u(-xv l) > Cls (xs t) € (-xl - 51 X2 +8) X (07 T)v (52)
and set
(1 +s)ym —1 1 i
Cy = max —=maxi——1,2r‘—1}>o. (5.3)
s€[0,1] s m

Letd := (x1 + x2)/2, and define
Y (x,t) := oe’ cosh(g(x — d)), (x,1) € (£(0), 00) x (0, 00),

@ Springer



M. Fila et al.

where o, p, ¢ > 0 are constants. In the intermediate region, we define

Uint (X, 1) := {u(x, H" + P (x, t)}i, (x,1) € (x1 =8, x24+8) x [0, 7).
(5.4)

In the inner region and the outer region, we define

Uin(x,t) : =ulx — uy, t), x € (&), x1+98), te(0,1),
Uour (X, 1) : = u(x — Uy, t), X € (xp —8,00), t € (0, 1),

where 1, (2 > 0 are constants. We note that ui“;(x, t) and uj,'u, (x, t) satisfy (1.1). Let
¢ > 0 be a small parameter. Then by (U2), u1, w2 > 0 can be determined uniquely
by

up(xr — p1)™ —uo(x)™ =& =uo(xa — )" —uo(x2)", (5.5

and satisfy wq, up | Oase | 0.

Later, it will be shown that by imposing some appropriate conditions on u;,, Ui,y
and u,,;, the following matching conditions are satisfied at some points y;(¢) €
(x1 —§8,x1+8) and yr(¢) € (x2 — 8, x2 + §):

uin(y1(8), 1) = uine(y1(1), 1), (5.6)
Wint(V2(£), 1) = Uy (y2(2), 1), (5.7

respectively. Then we can define a function

uin(x, 1), x € (§(0), y1(1)),
ut(,0) =14 uinx,0),  x €@, 0Ol
uOul‘(-xvt)’ X € (yz(t)voo)a
that is continuous in x € (£(¢), oo) fort € [0, 7).

We shall show that u™ (x, t) becomes a supersolution if 7, §, o, p, g > 0 satisfy the
following conditions:

rei" q* > CoC;™Ca, (5.8)
C"oeP" cosh(q(x; —d —8)) < 1, (5.9)
o cosh(q(x] — d)) = ¢, (5.10)
—qve? —a? < {(uo)"} (x1 — 1) — {(uo)™Y (x1), (5.11)
o cosh(q(xy — d)) = ¢, (5.12)
gver —a? > {(uo)"} (xa — u2) — {(u0)"} (x2). (5.13)

If ¢ > 0 is sufficiently small, then we can find such constants in the following order:
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e Wetakeo € (0, ¢) and g > O satisfying (5.10). Then (5.12) also holds by d —x; =
x2 —d.

e We take g > 0 larger and o > 0 smaller to satisfy (5.11) and (5.13).

e We take p > 0 satisfying (5.8).

e We take § > 0 smaller and v > 0 smaller to satisfy (5.9). (Recall that Cy, Cy, C3
can be taken independently of small > O and § > 0.)

Now let us consider the intermediate region. By (5.4), we have

Win)t — {Win)" xx = (um + W)%_l{mum_lut + 1pt} — ") xx — Yax

1
m

= +v)r

—1 m_1 1 m 1
u —1}u,+a(u +1//)m Yr — Yax.

The first term in the right-hand side is estimated as follows. By (5.2) and (5.9), we
have

u "y < C;"oeP" cosh(q(xy —d —8)) < 1, (x,1) €[x1 —8,x+68] x [0, 1),
so that
(u™ + Iﬁ)%_lum_l —1=(1+ 1//14_”’)%_1 —1>0.
Hence by Lemma 5.1 (i), we obtain
(@™ + )7 =" = Uy = —Cof (™ +y)7 = 1},
Moreover, by u="y < 1 and (5.3), we have
@+ ) = (L u )T — 1 < Cu My < O Gy,
Hence the first term is estimated as
(@ + )7 w1~ 1, > —CoCT™Ca,
On the other hand, the second term satisfies

1 I lem
(" +)" = —

m

v,

SRS

1
(u™ + w)ﬁfllﬂ > Eulfmw
m
and the third term satisfies —,, = —g 2. Thus by (5.8), we obtain

1—m

PC1
m

(Wint)r — {(Mint)m}xx > <_ COCrmCZ + - q2>¢f > 0.
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Next, we consider the inner region. By (5.5) and (5.10), we have

int (x1,0) = {uo(x))™ + ¥ (x1, 0)}
= {uo(x1)™ + o cosh(q(x; — d)}ir = {uo(x)" + e}

=uo(x1 — (1) = ujn(x1, 0).

Hence the matching condition (5.6) is satisfied at t = 0 if y1(0) = x1. On the other
hand, by (5.10), (5.11) and g (x; — d) < 0, we have
ufh)x(x1,0) = {(uo)™Y (x1) + ¥ (x1, 0) = {(u0)™} (x1) + o'g sinh(g (x| — d))
= {(wo)™Y (x1) — q\/oz{coshz(q(xl —d)) -1}

={(uo)"} (x1) — gV e> —o?
< {@o)"Y (x1 — 1) = (ul))(x1,0).

Hence we obtain

(Win)x(x1,0) > (Uins)x(x1,0).

These imply that u;, (x, 0) and u;,;(x, 0) intersect transversally at x;. Hence u;, (x, 1)
and u;j,s (x, t) also intersect transversally near xj if # > 0 is small. More precisely,
if T > 0 is sufficiently small, then there exists a continuous function y;(¢) € (x1 —
8, x1 + &) such that

uin(Y1(8), 1) = uine (Y1 (), 1),  Win)x (Y1), 1) > Win)x(y1(2), 1), t €0, 7).
Finally, we consider the outer region. In the same manner as the inner region, we
have uin (x2, 0) = tour (x2, 0) by (5.5) and (5.12), and (ins)x (x2, 0) > (Uour)x (x2, 0)

by (5.12) and (5.13). Hence for sufficiently small T > 0, there exists a continuous
function y»(t) € (x2 —§, x2 +6) satisfying the matching condition (5.7) together with

Wing)x (Y2(2), 1) > (Uour)x (y2(2), 1), t €0, 1).

Thus it is shown that u™ (x, 1) is a supersolution of (1.6) for ¢ € [0, 7). Hence any
other singular solution # of (1.6) must satisfy

u(x,t) <u(x,t) < u+(x, 1), x € (E(t),00), t € (0, 7).

Here ut(x,1) | u(x,t) as ¢ | O uniformly in x € (£(t) + p,00) and t € (0, T),
where p > 0 is an arbitrary constant. Hence we conclude that u(x, ¢) is maximal for
small 7 > 0.
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In the case where (U3) is assumed instead of (U3), we define v/ (x, t) := ogeP'~9*
and

ut(x, 1) := uin(x, 1), xe€E@+u,L, il tel0,1).
, ) Uing (X, 1), x € (y1(t), 00), t € ([0, 7).

Then the maximality can be proved in the same way as above. O

Now we are in a position to prove the uniqueness.

Proof of Theorem 2.4 By Lemma 5.2, the minimal singular solution of (1.6) is maximal
for ¢ € (0, t), which implies the uniqueness at least for small # > 0. Suppose that the
singular solution is unique for ¢ € (0, #,,] but is not unique for ¢ > #,,. By Lemma 5.1,
the minimal solution u(x, ¢) inherits the properties (U1), (U2), (U3) and (U3’) for
every t € (0, T). Hence by applying Lemma 5.2 to the initial value u(x, t,,), it is
shown that the singular solution of (1.6) is unique if ¢t — #,, > 0 is sufficiently small.
This contradiction proves the uniqueness of a singular solution of (1.6) fort € (0, T).

]

6 Burning core

In this section, we show the appearance of a burning core by assuming that £ (r) < £(0)
fort € (0, T).

Proof of Theorem 2.5 We assume 0 < T < oo without loss of generality, and define
Ux.t) = (T — )7 g(x),

where g is a positive C2-function. Since

1 m m "
Uy==7——(T=DTmgl), UM =T -0Tn{g®)"},
—m

u = U (x,t) satisfies (1.1) if g satisfies the equation

1
gM"+-——g=0. (6.1)
1—m
For this equation, we impose the initial condition
g0) =keN, g'&0)=-C¢ <0,
where Cy > is a (large) constant such that

uo(x) > Tﬁ{k —Cr(x —£(O)},  x € (6(0), §(0) + k/Cy).
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Since g™ is concave by (6.1) and (g")’(£(0)) < 0, g(x) must vanish at some x > £(0).
On the other hand, integrating (6.1) on [x, £(0)], we obtan

1 £@0)
&™) (x) = (g™ (¢0) + m/ g(s)ds.

Since g(s) > g(£(0)) = k for s € (x, £(0)) if g’(s) < O for s € (x, £(0)), the right-
hand side of this equality must vanish at some x < &£(0). Hence there exist ag, by € R
with ar < £(0) < by such that g(x) is decreasing in x € (ag, by), g'(ax) = 0 and
g(br) = 0. Now we define a subsolution of (1.1) by

(T —)Figlar).  (x.1) € (—00. ax] x (0. T),
W (D= (T —Fagx),  (x.1) € (. b) x (0, T),
0, (x,1t) € [bg,00) x (0, T).

Let u,, be the solution of (1.7) with n > Tﬁg(ak). Then we have u; (x,0) <
uy(x,0) for x € (§(0), 00) and u; (§(2), 1) < n = u,(§(r), 1) fort € (0, T). Hence
by the comparison principle, we obtain

u (x, 1) < up(x, ), x € ((t),00),te(0,T). 6.2)

Here, since u; (x, t) is nonincreasing in x € R, we have

1

u (x, 1) = (T — DFRGE) = (T — Nk, (x.1) € (=00, EO)] x [0, T).

Hence u; (x,t) — oo as k — oo uniformly in x € (=00, §(0)] for every r € (0, T).
Since {u,} is increasing in n, we see from (6.2) that u,(x,t) — oo asn — o0
uniformly in x € (£(¢), £(0)] for every ¢t € (0, T). This proves (i).

Let {i1,,} be a sequence of solutions of (1.7) with &£(¢) replaced by E(t) = £(0),
and let u(x, t) be the corresponding minimal singular solution of (1.2) with a standing
singularity at £(0). Fix t € (0, T) arbitrarily, and take j, k,n € N with j < (T —

1 1

t)T=mk and n > T T=n k. Then we have

i (E0), ) =j < (T — 1)k < (T — )Tk
=ug (£(0),1) <n=u,(£0),1), tel0,1]

Hence, by the comparison principle, we obtain
ﬁj(xs t) S ui‘l(xa t) S ’Z(-x9 t)v (-xv l) e [5(0)9 OO) X [07 t]'
Here, letting j — oo, we see that u,(x,t) — #(x,t) as n — oo uniformly in

x € [E(0) + p, o0) for every ¢t € [0, T], where p > 0 is an arbitrary constant. Since
T € (0, T) is arbitrary, the proof of (ii) is complete. O
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7 Traveling semi-wavefronts

In this section, we consider the existence of a two-parameter family of traveling semi-
wavefronts and their properties.

Proof of Theorem 2.7 If u = ¢(z) > 0,z = x — ct, satisfies (1.2) with &£(¢) = ct, then
@ must satisfy

@ +cg =0, z>0. (7.1)

Suppose that this equation has a decreasing solution such that ¢(z) — oo asz | 0
and (¢(z), ¢'(z)) — (L, 0) as z — oo. Then, integrating (7.1) on (z, 00), we have

@™ +cp=cL, z>0. (7.2)

Rewriting this equation as

/

¢ +5-0 (1.3)
=M@ —L) m '
and integrating this on (0, z), we obtain
o
1
/ ——ds == (7.4)
o) S _m(S — L) m

Since the function

° 1
Fo = g

satisfies F(¢) — oo as ¢ | L, F(p) — 0as ¢ — oo and F'(p) < 0, it follows
from the implicit function theorem that a smooth positive function ¢(z) from (0, co)
to (L, 00) is defined by (7.4), and ¢ satisfies (7.1), (7.2) and ¢'(z) < O for z >
0. Moreover, it is easy to see from (7.3) and (7.4) that ¢(z) — oo as z | 0 and
(p(2), ¢'(z)) — (L,0) as z — oo. Thus it is shown that there exists a unique @
satisfying (i) and (ii). The properties of ¢ in (iv) are easily derived from (7.4).

It remains to prove (iii). By (7.3) and ¢(z) > L > 0, we have

(p@—Ly _ ¢

o) — L™~ m’
Integrating this on (0, z], we have

_ 1 .
(1 —m){p(z) — L}—m m
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so that

c(l —m) =T _ _ L
o(z) < TZ +L=h(c)z T +L, z>0.

Similarly, integrating

') ¢

P> T m

on (0, z], we obtain

cl—m) |7 ™% L
@) 21—z =h(c)z"Tm, z>0.
m
Since ¢(z) > L, (iii) is proved. O

8 Large-time behavior

In this section, we shall show that all singular solutions of (1.2) attract each other if
they have a common limit L as x — oo. This particularly means that the large-time
behavior of singular solutions is independent of initial values, and is determined only
by &(¢) and L. In order to prove this, we introduce a moving frame (z, t) = (x —&£(¢), t),
and rewrite (1.2) as

v= " +EOv, 2> 0, 8.1

where v(z, 1) := u(z + £(¢), t). In the following, we frequently use the following
lemma.

Lemma 8.1 Let ¢(z; ¢, L) be the function as in Theorem 2.7.

(i) Assume that &' (t) > c fort € [0, T). Then for any constants a, b > 0,

I|=

Vi@ ={eG@—aic, )" +b}", z€(a, ), tel0,T),

is a supersolution of (8.1).
(ii) Assume that 0 < &'(t) < c fort € [0, T). Then for any constants a, b > 0,

3=

V7 (2) = {max{p(z +a;c, L)" —b,0}}", z€(0,00), 1€[0,7T),
is a subsolution of (8.1).
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Proof By &’(t) > ¢ and ¢’ < 0, we have

[V + 8O0, = @) +E O™ + b)),
= —cp' +E O + by
< —c(l+bg™")n g +E D)1+ bp™™m g
= (£'() — cJ(1 + bp™™)n g < 0.

Hence V7 is a supersolution of (8.1). Similar computations show that V™ is a subso-
lution of (8.1). O

Now we are in a position to prove Theorem 2.6.
Proof of Theorem 2.6 Let L > 0 and ¢ € [c1, ¢3] be fixed, and let v¢ be the minimal
singular solution of (8.1) with the initial condition v°(z, 0) = ¢(z; ¢, L). Since ¢ <
&'(t) < c¢p by assumption, ¢(z — €;¢1, L) and ¢(z + €; ¢, L) with ¢ > 0 are a

supersolution and a subsolution of (8.1), respectively. Moreover, by Theorem 2.7 (ii)
and (iv), we have

v(z,0) = ¢(z;¢, L) < o(z;¢1, L) <oz —¢e;¢1, L),  z€(g,00),
v(z,0) = ¢(z;¢, L) > ¢(z;¢2, L) > p(z+&;¢2, L), z€(0,00).

Hence it follows from Lemma 2.10 with (C3) and Lemma 2.12 that

v9(z, 1) < p(z —&;¢c1, L), (z,1) € (g, 00) x [0, 00),
v(z,t) > p(z+¢&;¢2, L), (z,1) € (0, 00) x [0, 00).

Letting ¢ |, 0, we obtain
@(z; c2, L) <v°(z, 1) < ¢(z;¢1, L), (z,t) € (0, 00) x [0, 00). (8.2)

We define

S

vie, 150) = vz =0, 0" +0}", z€(, 00), 1 €][0,00),

where 6 > 0 is a parameter. Since {v°(z,0)}” = ¢"(z;¢, L) > 0 for all z > 0, it
follows from Lemma 5.1 (i) with Co = 0 that u“(x, 1) := v°(x — &(¢), t) satisfies

0 < @)(x, 1) = (W) (x =), 1) = &' OW)(x = £(), 1)
= W)z, 1) = E' Oz, 1), (z,1) € (0,00) x (0, ).
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Hence vt = {(v)" + 9}% satisfies
WH —{wH —E O 1),
— {(UC)m + 9}%_1(1}0)’"—1(1)0)[ _ {(vc')m + G}ZZ
— £ O] + 0} Oy @),

= [{1 +o) ) — 1]{(vc)t — &)} >0.

Namely, v*(z, t; 0) is a supersolution of (8.1).
Let v be any singular solution of (8.1) satisfying v(z,0) — L as z — oo. If
6 > 0 is sufficiently large, then 0 < v(z,0) < v (z,0;8) for z € (A, 00). Then by
Lemma 2.10 with (C3), we obtain
0<v(z,t)<vi(z,1;0), (z,1) € (0, 00) x [0, 00).

Therefore, by (8.2), v satisfies

0 < (1) < oz — 00, LY +0}7,  (2,1) € (6, 00) x [0,00). (8.3)

Here we define
67 (@) :=inf {6 >0:v(z,1) <v(z,1;0) forz € (6, 00)} = 0.
Then for each t > 0, we have
0<v@n) =vi@not@), z€@ 1), ). (8.4)
Again by Lemma 2.10 with (C3), we have
vz, t+ 1) <vt(t+1;01(1), ze @), 00), T el0,00),

which implies 87 (t + ) < 67 (¢) for T > 0. Hence we conclude that #(¢) is nonin-
creasing in t € [0, 00).

We shall show that 8% (z) | 0 as t — oo. Suppose on the contrary that 87 () |
O > 0ast — oo. Forany d > 0,

V7 (2) = { max{p(z — Oc: ¢, L)" —d,O}}%, (z,1) € (oo, 20) X (0, 00),

is a subsolution of (8.1) and satisfies V™ (2) < vT(z, 0; 0s) for z € (0o, 00). Hence
by Lemma 2.12, we have

V7 (2) <v1(z,1000),  (2,1) € (B, 00) X [0, 00).
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On the other hand, by Theorem 2.7 (iii), we can take x1, x3 > O such that 0 < x| <
oo < x3 and

1
v(z,0) < Vi" (@) = {pz —x1:¢, L)" + x3}",  z € (x1,00).
Then there exists p; € (x1, 00) such that
V(@) V@ < V(@) 20T (@ 1500),  (2.1) € (Buo, p1) X [0, 00). (8.5)

Similarly, we can take x7, x4 > 0 such that 0 < x4 < 85, < x2 and

1
(2, 0) < V3 (@) i={p —x2i e, )" + x4}, z € (x2,00).
Then there exists p» € (x2, 00) such that

vz, ) <V, () < V(@) v (2, 1 00),  (2,1) € (p2,00) x [0, 00).
(8.6)

Since 6o < 07 (1), by (8.5) and (8.6), there exists z7(¢) € [p1, p2] such that
v @), ) =v @), 567 @) (8.7

atsome z 1 (t) € [p1, p2]. Moreover, we see from (8.4) that v(z, t) and vT (z, t; 671 (¢))
must be tangent at 7 = z7(¢) € [p1, p2].

Now, by the uniform continuity of §’(¢), we can apply the Ascoli—Arzela theorem to
show that there exists an increasing sequence {f;} such that ; — oo and §'(t + ;) —
&L, (1) as i — oo uniformly in 7 € [0, 1], where £ (¢) is a differentiable function of
t € [0, 1]. Let [o7, 02] be an interval with0 < o1 < p; < p2 < 02. By (8.2) and (8.3),
v9(z, 1), v5(z, 1), v(z, t) and v,(z, t) are bounded for (z, ¢) € [o1, 02] x [0, 00). Hence
there exists a subsequence of {#; } (still denoted by {#;}) such that v+ (z, t+#;; 0% ()) and
v(z, t +1;) converge to their limiting functions vz, (z, 1) and v (2, 1), respectively, as
i — oo uniformly in (z, #) € [o1, 02] X [0, 1]. Then the standard parabolic regularity
implies that v (z, ) and v (z, 1) satisfy

(Voo)r = {(Uoo)m}zz + Eéo(t)(voo)za (z,1) € [o1,02] x [0, 1],
and

(W) = (W) "o + 8D, (z,1) € [o1,02] x [0, 1],
respectively. Furthermore, by (8.4) and (8.7), v (z, 0) and v (z, 0) satisfy vao (z, 1) <
v;“o(z, t) for z € [0, 02] and are tangent at some z € [py, p2] for every ¢ € [0, 1].
Since v (z, 1) < vjo (z,t) for z € [o1, p1)U(p2, 02] by (8.5) and (8.6), the maximum
principle implies

vOO(Z7 t) < U+(Z7t; 900)5 (Z7 t) € [1017 /02] X (O’ 1]
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Then by continuity, if i is sufficiently large, then
vzt 1) < v @t 1070+ 1), (20 €lpr, p2] x [0, 1],

However, this contradicts the fact that v(z, #;+¢) and v+ (z, t;+1; 7 (t;+1)) are tangent
at some z € [p1, p2]. Thus it is shown that 0% (¢) | 0 and v*(z, t; 07 (¢)) — v (z, 1)
as t — oo uniformly in [p, 00), where p > 0 is an arbitrary constant.

Similarly, if we define

v (2, 1;0) == {max{v(z + 6,1)" — Q,O}ﬁ, (z,1) € (0,00) x (0, 00),
and
0~ (t) :=inf {§ > 0:v(z,1) > v (z,1) forz € (0,00)} € [0, 00),

then we can show that 67 (¢) | 0 ast — oo. Hence v~ (z,t; 0~ (1)) — v°(z,t) as
t — oo uniformly in [p, 00). Since

V(z, 107 (1) <v(z, 1) vz, 10T (1), ze€ @), 00), t€l0,00),

we conclude that v(z, ) — v°(z, t) as t — oo uniformly in z € [p, 00).

Now, let u1(x, t), us(x, t) > 0 be singular solutions of (1.2) such that u (x, 0), us
(x,0) > L > 0asx — oo, and set vi(z,t) := ui(z + &(t),t) and v2(z,t) =
uy(z + &(1), t), respectively. Then we have

lur(x, 1) —up(x, )| = |vi(z, 1) —va(z, )| < |vilz. 1) — v¥(z, 1)
+‘vz(z, 1) —v°(z, t)| -0

as t — oo uniformly in x = z + £(¢) € [£(¢) + p, 00). This completes the proof of
Theorem 2.6. O

Next, we consider the case where £'(r) — ¢ as t — oo. Applying Theorem 2.6,
we obtain the following proposition.

Proposition 8.2 Assume that £'(t) is nonnegative, bounded and uniformly continuous
int € [0, 00), and that ug(x) — L > 0 as x — oo. Let ¢(z; ¢, L) be the function as
in Theorem 2.7, and p > 0 be an arbitrary constant.

(i) If limsup,_, o, &'(t) < c, then there exists a(t) > 0 such that «(t) — 0 as
t — oo and the singular solution of (1.6) satisfies

ulx, 1) = ex =) c, L) —a), xel[f@)+p,00), 1€ (0,00).

(i) Ifliminf,_, o &'(t) > c, then there exists B(t) > Osuch that B(t) — Oast — o0
and the singular solution of (1.6) satisfies

ux, 1) <@ —5§@);c, L)+ p@), xel[§@)+p,00), 1€ (0,00).
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Proof Given ¢ > 0 and p > 0, we take zo > p such that ¢(z9; ¢, L) < L 4+ &. Then
we have

o(z;c+6,L) > L > @(zo;c, L) —e > ¢(z;c,L) — ¢, Z € [z0, 00).
On the other hand, by Theorem 2.7 (iv), if 6 > 0 is sufficiently small, we have
@(zic+8,L) > ¢o(zic, L)y —e,  z€[p,20]
Hence there exists 6 > 0 such that
oz c+8,L) >¢(z;e,L)—e, z€[p,00). (8.8)

By the assumption in (i), we can take 7; > 0 such that £'(r) < ¢+ 6 fort € [11, 00),
and denote by u“(x, t) a solution of (1.2) with u“(x, t;) = ¢(x — &(#1); ¢, L). Since

u (x,t) =¢px —£E@);c+98,L), xe(&(),00),1telt,o0),
is a subsolution of (1.2), we have
u(x, 1) = @x —&();c+4,L), xe§@®),00),1€[n,00).  (89)
On the other hand, by Theorem 2.6, there exists o > #; such that
lu(x,0) —u(x,t)| <&, x€(E@)+p,00), t € [tr,00).
Hence by (8.8) and (8.9), we obtain

u(x,t) >u(x,t)—e>p(x —&E@);c+98,L)—¢
>@(x —&@1);c,L)—2¢, x€(E@)+p,00), t €[t 00).
Since ¢ > 0 is arbitrary, (i) is proved.

Similarly, for any & > 0 and p > 0, there exists a small § > 0 such that ¢(z; ¢ —
8,L) < ¢(z;c, L)+ ¢ for z € [p, 00). By the assumption in (ii), we can take t; > 0
such that £'(r) > ¢ — § for t € [t1, 00). Then there exists , > #; such that

ux,t) <u(x,t)+e<px —&@1);c—8,L)+e
<(p(-x_§(t)aca L)+287 X € (S(t)—i_paoo)v re [1‘2700)

Since ¢ > 0 is arbitrary, (ii) is proved. O

Proof of Theorem 2.8 First, we consider the case where £/ (1) — ¢ € (0, co)ast — 00.
By Proposition 8.2, the singular solution of (1.6) satisfies

p(x —&@);c, L) —a@t) Sulx, 1) <px —§&@);c, L) + @),
x € &)+ p,00), t € (0,00).
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where a(t), B(t) — 0 ast — oo and p > 0 is an arbitrary constant. This proves
Theorem 2.8 (i).

Next, we consider the case where £/(r) — 0 as t — oo. Fix ¢ > 0 arbitrarily. Let
u be the singular solution of (1.6). For a function (), let & be a solution of

iy = (") xx, x>n®),0<t<T,
u(x,0) =ipx), x>n0)=£(0),

where iig(x) > uo(x) and ig(x) < 0 for x > 7(0). Then i, (x,¢) < 0 for all
x € (n(t),00) and ¢ € (0, 00). If n(0) = £(0) and n'(¢) > &'(¢) for t > 0, then

u (x,t) :=ua(x+n@)—E®),1)
is a a subsolution of (1.6), because

@) = (@) ex = {0/ (1) = &' OYx + dy — @) xx
={n'®) —& Oy <0, xe(§@),00), t€(0,00).

Moreover, if (t) — ¢ as t — 0o, then by Proposition 8.2 (i), & satisfies
u(x,t) > ex —n();c, L) —a(t), x € (n(t),00), t € (0, 00).
Thus we obtain

u(x,t) >u" (x,t) =a(x +n@) — &), 1) > p(x —&():c, L)
—a(t), xeE@)+p,00), t € (0,00).

Here, by Theorem 2.7 (iii), ¢(z; ¢, L) — oo as ¢ | 0 uniformly in z € [p, 00), and
a(t) — 0 by Proposition 8.2 (i). Since ¢ > 0 is arbitrary and i (x, ) is decreasing in
x € (&(t), 00), the proof of Theorem 2.8 (ii) is complete.

Similarly, if 0 < n/(¢) < &'(¢) and n'(t) — c ast — oo, then

ut(x, 1) :=a(x +nt) — (1), 1)
is a supersolution of (1.6) so that
ux, 1) <ut(x,1) < p(x —£@); ¢, L) + B(@0).

Since ¢ > 0 is arbitrary, Theorem 2.7 (iii) and Proposition 8.2 (ii) imply Theo-
rem 2.8 (iii). O
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9 Entire solution

In this section, we prove the following proposition concerning the existence of an
entire solution and its properties. (We note that Theorem 2.9 follows immediately
from this proposition.)

Proposition 9.1 Assume that £(t) satisfies ¢y < &'(t) < ¢y for all t € R, where
c1, ca > 0 are constants. Then for each L > 0, there exists a positive solution of (1.2)
defined for all t € R with the following properties:

(i) u(x,t) > ocasx | &Et)andu(x,t) - L as x — oo foreveryt € R.
(ii) us(x,t) > 0and uy(x,t) < 0 forall x > £(t).
1

(iii) h(c2){x — S(t)}_ﬁ Su(x,t) < h(e){x —&@)}) T forall x > &(1).
Proof Let ¢(z; ¢, L) be as in Theorem 2.7. We define

ut(x, 1) = px —£@1); c1),

R.
WD) = g — e, N E

Then we have u™(x,t) < u'(x,t) for x € (£(t),00) and ¢t € (0, c0) by Theo-
rem 2.7 (iv). We compute

uf (1) = {@H) My = =" (0¢ (x = E@icn) — {px —E@ )"},
={c1 = &'} (x — &) 1) 2 0,
up (v, 1) = {(@)"hex = =E' 09" (x = E0);i ) — {o(x —E@) )"}
={—&n}'(x—&0): ) <0.
Hence u™ and u™ are a supersolution and a subsolution of (1.1), respectively, defined
forall t € R.

Let {#;} be a decreasing sequence such thatt;, - —oo asi — 00, and let u; denote
the unique singular solution of the initial-value problem

e ={@)™),,.  x>EW0, >0,

ui(x, ;) =u (x, 1), x> &)
Then by the comparison principle, we have
um(x, 1) SuiCx, ) <ut(x,0),  x € (E@),00), 1 € (1, 00).

These inequalities imply that the sequence {u; (x, t)} is increasing in i and is bounded
above by u™ (x, t). Then by the same argument as in [4, 9] (see also [5, Sect. 4]),
we can show that {u;(x, )} converges to an entire solution of (1.2) asi — oo, and
the entire solution lies between 1~ (x, t) and u™ (x, t) for all 1 € R. Moreover, since
(ui)x(x. ;) < 0and {(u)™} (x.1;) > 0 for x € (§(t;),00), the entire solution
satisfies u,(x,7) < 0 and u,(x,t) > O for all x € (£(t),o0) and ¢t € R. This
completes the proof. O
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