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Abstract

Motivated by the analysis of the tunneling effect for the magnetic Laplacian, we
introduce an abstract framework for the spectral reduction of a self-adjoint operator
to a hermitian matrix. We illustrate this framework by three applications, firstly the
electro-magnetic Laplacian with constant magnetic field and three equidistant potential
wells, secondly a pure constant magnetic field and Neumann boundary condition in
a smoothed triangle, and thirdly a magnetic step where the discontinuity line is a
smoothed triangle. Flux effects are visible in the three aforementioned settings through
the occurrence of eigenvalue crossings. Moreover, in the electro-magnetic Laplacian
setting with double well radial potential, we rule out an artificial condition on the
distance of the wells and extend the range of validity for the tunneling approximation
recently established in Fefferman et al. (SIAM J Math Anal 54: 1105-1130, 2022),
Helffer & Kachmar (Pure Appl Anal, 2024), thereby settling the problem of electro-
magnetic tunneling under constant magnetic field and a sum of translated radial electric
potentials.
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1 Introduction
1.1 Tunneling and flux effects

The tunneling induced by symmetries is an interesting phenomenon in spectral the-
ory featuring an exponentially small splitting between the ground state and the next
excited state energies. The magnetic flux has an effect on the eigenvalue multiplicity
which can lead to oscillatory patterns in the spectrum: as the magnetic flux varies,
the eigenvalues may cross and split infinitely many times. Hence it is interesting to
look at the interaction between symmetry and flux effects. We explore this question by
investigating examples of operators involving the magnetic Laplacian (—ihV — A)?
perturbed in various ways by an electric potential, a boundary condition or a mag-
netic field discontinuity. We observe interesting flux effects, manifested in endless
eigenvalue crossings, when adding symmetry assumptions on the electric potential,
the boundary of the domain or the magnetic field discontinuity set.

A braid structure in the distribution of the low lying eigenvalues was predicted
heuristically [11, Sec. 15.2.4] and confirmed numerically [4] for the magnetic Lapla-
cian on an equilateral triangle with Neumann boundary condition and constant
magnetic field. We confirm this prediction by giving a proof for smoothed equilat-
eral triangles and for other examples on the full plane (electro-magnetic Laplacian
and magnetic steps).

Let us introduce a mathematical definition of (semi-classical) braid structure of
lowest eigenvalues. Consider a family of unbounded self-adjoint operators (75)ne(0,1]
on a Hilbert space H. Letus assume that, forevery & € (0, 1], T}, is semi-bounded from
below and denote by A1(7}), 12(T3), - - - the discrete eigenvalues below the essential
spectrum of 7}, counted with multiplicity. In practical examples, the parameter 4 will
be the semi-classical parameter, which tends to 0 and can result as the inverse of the
magnetic field’s intensity in problems involving strong magnetic fields.

Definition 1.1 The lowest eigenvalues of Ty, A1(7},) and A»(T}), are said to have a
braid structure, if

Ve >0, 3he, i €0, |20 =MTh) >0
M (T ) = ri(Tw) =0

According to Definition 1.1, the eigenvalues A1(7}) and A,(7}) exhibit infinitely
many crossings and splittings as the parameter / varies in a right neighborhood of
0 (see Fig. 1). This phenomenon has also been observed in non-simply connected
domains when considering a magnetic Laplacian and assuming an Aharonov—Bohm
magnetic potential. Furthermore, it has been proven in [23] that these crossings and
splittings occur in response to variations in the magnetic flux.

For the semi-classical magnetic Laplacian on a simply connected domain with
Neumann boundary conditions, the spectrum is related with the spectral properties of
an operator which is defined on the boundary. Hence we actually work on another non-
simply connected domain (i.e. the boundary) and therefore flux effects are expected
to exhibit crossings and splittings of eigenvalues. However, this is not the case when
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1/h
Fig. 1 A schematic figure of eigenvalues with a braid structure, occurring in the presence of trilateral

symmetry. The ground state energy has multiplicity 2 infinitely many times. Observe also that the energy
of the second state may have multiplicity 2 while the ground state energy is a simple eigenvalue

the boundary curvature has for example a unique non-degenerate maximum. In this
case the eigenvalues split in the semi-classical limit [12]. It is when non-degenerate
minima are exchanged in the presence of symmetries (like in the case of an ellipse or
a smoothed equilateral triangle), that eigenvalue crossings are expected to occur along
with tunneling effects [6, 11]. We will also prove such a behavior for the electro-
magnetic Laplacian with ‘potential’ wells located on the vertices of an equilateral
triangle, which to our knowledge is quite novel.

1.2 Electro-magnetic tunneling

The analysis in this paper yields new results on the electro-magnetic Laplacian on R?,
Lpp = (—ihV —bA? + V,

where b, h are positive parameters, A = %(—xz, x1) is the vector field generating the
unit uniform magnetic field, curl A = 1, and V is a smooth function.

What we call the wells are the points where V attains its minimum. The pure electric
case where b = 0 was settled for any number of wells z in [21]. We would like to
address the case where b > 0 and n > 2. For n = 2, this problem was considered
in [22, 25] and revisited recently in [10, 17]. The article [22] follows a perturbative
approach (i.e. considers the case b relatively small) and assumes the analyticity of the
electric potential V, while the results in [10, 17] hold for any » > 0 but under the
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assumption that V' is non-positive and defined as a superposition of radially symmetric
compactly supported functions.

1.2.1 Double wells
Suppose that the electric potential V' is as follows
Vi(x) =vo(lx — z1]) +vo(lx — z2]) (1.1)

where vy € C <>Q(E) vanishes on [a, +00), negative-valued on [0, @) and has a unique
and non-degenerate minimum at 0. The wells of V are then z; and z,. We prove the
following theorem that, in particular, rules out eigenvalue crossings for double wells.

Theorem 1.2 Assuming b > 0 is fixed and V is given as in (1.1) with 71 = 0, zp =
(L,0) and L > 4a, then there exists a positive constant &) 1 (vo) such that

hin (A2(Lpp) — A1 (Lhp)) 0 —&p, L (Vo). (1.2)

Moreover

L2 :
& ~ 2 —pming,
b,L(V0) 550 /0 Vvo(p) —vg™dp

where v§" = min, > vo(r).

Remark 1.3 i) The asymptotics in (1.2) was obtained earlier in [17] for b = 1 but
under the assumption that

L >4( |vg'i“|+a). (1.3)

ii) The use of (1.3) in [17] was technical. In fact, assuming (1.3), it is proved in [10]
that

A (Lp1) — A(Lp1) ~ cep(vo, L) (1.4)
AN\O

where ¢;, (vo, L) is the hopping coefficient that will be introduced in (3.15) later
on. The accurate approximation of In ¢, (v, L) was then carried out in [17].
iii) For b # 1, by a change of semi-classical parameter, the condition in (1.3) reads

as follows
L> 4<b_1,/|v(‘)“i“| +a>.

Clearly, this is a very strong condition on L which in particular prevents us from
considering the limit » N\ 0. The novelty in Theorem 1.2 is in improving the
previous condition which could appear as artificial. However, it is still an open
question whether (1.2) holds for 2a < L < 4a. We provide a sufficient condition
on (L, a, vp) that allows for L to be slightly below 4a; see Assumption 3.6.
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iv) The dependence on b in the expression of & 1,(vg) can actually be made more
explicit. We have indeed

Ep1(v0) =b S 2v, L),

where S(-, L) will be introduced in (3.18) later on.

The leading term of &) 1 (vo) in the limit b \, 0 was calculated in [17, Rem.
1.3], and it is consistent with the existing results [20, 29] without a magnetic
field, b = 0, thereby showing a sort of continuity of the tunneling estimate with
respect to the magnetic field’s strength. Studying the transition from b = 0 to
b > 0 when b = b(h) could be an interesting question.

1.2.2 Three wells and eigenvalue crossings
Suppose now that the electric potential V is as follows
Vi(x) =vo(lx — z1]) + vo(lx — z2]) + vo(lx — z30) (1.5)

where vg is the same function as in (1.5) and that the wells z1, z», z3 are located on
the vertices of an equilateral triangle with side length L. We prove then the existence
of a braid structure in the sense of Definition 1.1.

Theorem 1.4 Assuming b > 0 is fixed and V is given as in (1.5) with
|21 — 22| = |z2 — 23] = [z3 — 21l = L > 4a,

then the lowest egigenvalues of Ly, , has a braid structure. Moreover,

lim sup(h In (A2 (L) — A (Eh,b))) = —&p,1.(v0)
AN

with &p.1.(vo) the same positive quantity as in Theorem 1.2.

Not only Theorem 1.4 establishes the existence of infinitely many eigenvalue
crossings and splittings, but it also establishes an accurate estimate for the magnetic
tunneling induced by three symmetric potential wells, thereby extending the recent
results of [10, 17] on double wells.

1.3 Geometrically induced braid structure

We present here results on the pure magnetic Laplacian where the eigenvalue crossings
are induced by a combination of the geometry and the flux in the semi-classical limit.
We shall describe the results when €2 is a smoothed triangle (see Fig 2). That is, Q2
is a simply connected domain, invariant under rotation by 27 /3, with three points of
maximum curvature that are equidistant with respect to the arc-length distance on the
boundary.
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Fig.2 Tllustration of the domain
: a smoothed triangle invariant
under the rotation by 27 /3

1.3.1 The magnetic Neumann Laplacian under constant magnetic field

In the Hilbert space L>($2), we consider the magnetic Neumann Laplacian th =
(=ihV — A)? on ©, with uniform magnetic field curl A = 1 and (magnetic) Neumann
condition

V- (—ihV — A)u|;)Q =0.

Theorem 1.5 Let the domain Q2 be a smoothed triangle, invariant under the rotation by
27 /3 (see Fig. 2). The lowest eigenvalues of the operator .i”hN have a braid structure.

The presence of the Neumann boundary condition plays a vital role in the preceding
theorem. This condition is responsible for the semi-classical localization of the bound
states near the boundary of €2 and this is this localization that gives rise to the observed
flux effects.

1.3.2 The Landau Hamiltonian under a magnetic step

We consider here the Landau Hamiltonian .i”hB = (—ihV — A)? on R? with the
discontinuous magnetic field

on 2,
B =curl A = ). =
¥ e (—1,00) onR"\ Q.

Such magnetic fields have been called ‘magnetic steps’ in the literature, and the semi-
classical limit for the operator Ef has been studied recently in [3, 13] (and in [14] for
¥ = —1). The bound states of the system become increasingly concentrated along the
discontinuity of B in the semi-classical limit. Consequently, we expect the emergence
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of flux effects, and they are indeed realized when €2 is a smoothed triangle with 3-fold
symmetry.

Theorem 1.6 Assume that 2 is a smoothed triangle, invariant under the rotation by
21 /3 (see Fig. 2). The lowest eigenvalues of the operator th have in the semi-classical
limit a braid structure.

We therefore have an example where the eigenvalues of the Landau Hamiltonian on
the full plane cross and split infinitely many times. This is the consequence of having
a sign changing magnetic field with a discontinuity along a simple smooth curve.

Recently, an estimate for the tunneling induced by a smooth magnetic field that
vanishes non-degenerately along a smooth curve has been established in [1]. It seems
natural to expect the existence of a braid structure in that setting too when adding
symmetry assumptions.

1.4 Organization

The paper is organized as follows. Since we work with various symmetry configura-
tions, Section 2 is devoted to an abstract spectral reduction to a hermitian matrix (so
often called the interaction matrix in the literature on tunneling effects [16, 20]). This
provides us with a robust methodology when analyzing tunneling effects in various
settings. Loosely speaking, all we need is the construction of adequate quasi-modes.

In Sect. 3 we discuss the electro-magnetic Laplacian. Our investigation has two
ingredients, the first is to appply the abstract methodology in Sect. 2, and the second
is to control the errors produced by the interaction terms; the later task is achieved
by using the analysis in the recent work [17]. Section 3 concludes with the proofs of
Theorems 1.2 and 1.4.

In Sect. 4, we prove Theorem 1.5 by applying the results of Sect. 2. The control of
the error terms and the computation of the interaction term were done in [6].

Finally, in Sect. 5, we prove Theorem 1.6 by applying the constructions in Sect. 2.
We will be more succinct here since the analysis is similar to Sect. 4. The control of
the error terms and the asymptotics of the interaction terms were done in [13] and are
actually rather close to those in [6].

2 Abstract framework for a spectral reduction to a hermitian matrix

The strategy of reducing the spectral analysis of Schrodinger operators to that of a
hermitian matrix goes back to [20]. It was presented in the survey works [9, 16],
and was adapted to other type of operators [6, 18, 19]. Nevertheless, it should be
emphasized that the scheme of proof (as described for example in [9]) can not be
immediately transposed to some of the cases considered in our applications, due to
the absence of optimal Agmon estimates.

In this section we consider a family of operators dependent on a positive semi-
classical parameter 7 < 1. Assuming the existence of certain quasi-modes (see
Assumption 2.1 below), we can approximate the eigenvalues of the operator with those
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of the matrix of its restriction on a specific basis (Proposition 2.4 below). Assuming
an additional symmetry hypothesis (Assumption 2.6 below) we can relabel the eigen-
values and spot their possible crossings and splittings as the semi-classical parameter
approaches 0 (Egs. (2.20), (2.21) and Paragraphs 2.4.2, 2.4.3).

2.1 Preliminaries

Consider a Hilbert space H endowed with an inner product (-, -) and a family of self-
adjoint unbounded operators Ty: Dy, — H, h € (0, 1]. Assume furthermore that,
for every h € (0, 1], Ty, is semi-bounded from below and has a sequence of discrete
eigenvalues

Ar(h) = ha(h) < A3(h) < ... < Xp = inf 0ess(T7) € RU {+00},

counted with multiplicity. By the min-max principle the eigenvalues can be represented
as

An(h) = Migg ﬁaMX (Tho, @)
h
dim(M)=n \ll¢]=1

We will work under additional assumptions on the operators (73)xe(0,1]-

Assumption 2.1 (n wells) Let n > 2 be an integer. There exist positive constants
G1, 62,63, ¢, pand hg € (0, 1] such that, for all 4 € (0, ko], there exists a subspace
En =span(up, 1, ..., up,) C Dy such that:

(1) maxi<i<y | Thup || = O(e=S1/h).

1405y i =,
(2) (uniunj) = O(e=S:/h .

(3) Ang1(h) = ch?.

It results from (2) above that dim(Ej) = n for 4 small enough. As a consequence
of Assumption 2.1, we now prove that the operator 7} has precisely n eigenvalues
that are exponentially small in h, and there is a gap to A,11(h), since it is at least of
polynomial size in 4.

Proposition 2.2 Under Assumption 2.1, there exist positive constants C, h| such that,
forh € (0, h1],
An(h) < Ce=S1/h, (2.1)

In particular A, (h) < Ayy1(h) for h sufficiently small.
Proof Since dim(Ej) = n, we can use the min-max principle. Let ¢ = > U,

be in Ej,. Then, the triangle inequality and Cauchy—Schwarz inequality, together with
(1) and (2) from Assumption 2.1, provide the existence of constants A and A,, such
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that if / is small enough,

(Tug. &) <D loj| - el - [ Thaen j 1l - Nunall < Are™ V(1 + Aze™S2M) Y " a2,
Jk J

On the other hand, we can use (2) of Assumption 2.1 to bound the norm of ¢ from
below. We get indeed constants A3 and A4 such that, if & is small enough,

112 = (1 — Ase™S2/" — Age™S) 3" a2
J

This gives the bound in (2.1). Combining this bound with (3) in Assumption 2.1 we
conclude that that A, 1(h) > A, (h) if h is sufficiently small. O

We want to link the quasi mode constructions {uy, ;} to the low-lying eigenvalues
of Tj. To do this, we want to show that the symmetric matrix U, = (u; ¢),

Ujk = (Thup,j, upk), (2.2)
does not differ much (component-wise) from the matrix W, that will be constructed
as the restriction of T}, to the eigenspace

n
Fiy = @) Ker(Ty, — 1;(h)). (2.3)
j=1

written in an orthonormal basis. We will do the approximation in two steps. We first
consider the projected functions

Uh,j = I, upn,j

and show that the norms |lvs ; — up, ;|| are small. Since the span of {uy ;} is
n-dimensional by Assumption 2.1 (2), it will follow that the {vj, ;} are linearly
independent, and thus constitute a basis for Fj,.

Proposition 2.3 If Assumption 2.1 holds for Ey, then for h > 0 sufficiently small, we
have dim(F},) = n, and the vectors

Ui = Mpup; @ €{l,---,n}),
form a basis of Fy,. Moreover they satisfy

max || — up; | = O(h~Pe=S1/M), (2.4)

1<i<n

Proof Since we count multiplicities, we know in general that dim(F,) > n. However,
by (3) in Assumption 2.1, we get from Proposition 2.2 that dim(F},) = n.
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With vy ; = Ilg,up,; we note that u,; — vy, € H © Fy. Since Ty, restricted to
H 6 F}, is bounded below by ch? by Assumption 2.1 (3), we find that

1T (un,i — vl = ch?lup; — vnill.
On the other hand, According to Assumption 2.1 (1) and (2), and Proposition 2.2,
1T @ni = vn)ll < I Tunill + 1T il < Ce™ S0,

Combining these inequalities we get (2.4). From this and Assumption 2.1 (2), we find
that {vs.1, ..., vn,n} are linearly independent, and hence a basis for Fj,. O

2.2 Reduction to a matrix through a suitable orthonormal basis

The aim in this subsection is to find an orthonormal basis for Fj, such that the matrix of
the restriction of 7} in this basis can be well approximated. Later in the applications to
multiple wells problems this matrix will be according to the previous literature called
the interaction matrix.

The basis {vj, j} of F}, that we just constructed will, in general, not be orthogonal.
We construct, by a symmetry-preserving Gram—Schmidt procedure an orthonormal
basis {wy, j}. The matrix W, will be the matrix of T}, restricted to Fj, written in this
new basis {wy, ;}.

Letus denote by Gy, = (g (h))1<i, j<n the Gram matrix of the basis {vy 1, . .., v 5}
of Fy,, where

9ij = (Vn.i, Vn,j)- (2.5)

Since the {vy,, ;} are linearly independent, the Gram matrix becomes positive definite,
SO G;l/ 2 is well defined and positive definite. We obtain an orthonormal basis V), =

{wn.1, ..., wnn}of Fy as follows!

Whp,1 Uh,1

=g, ' : |. (2.6)

Wh,n Uh,n

We consider the restriction of 7}, to the space Fj; and denote by Wy, = (W;j)1<; j<n
its matrix in the basis Vj,, so w;; = (Tpwp,;, wy, ;). The matrix Wj, is hermi-
tian, with eigenvalues {A1(h), ..., A,(h)}. The next proposition controls how Wj, is
approximated by the matrix Uy defined by (2.2).

1 We could have worked in the basis obtained by the standard Gram—Schmidt process but the downside is
that the Gram—Schmidt process does not respect the symmetry invariance that we will impose later.
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Proposition 2.4 Let

Ap = |Th|p, Il = max |2;(R)],
1<i<n
C, = h—pe—Gl/h _I_e—min(62,63)/h, 2.7

en = (Ap + Cp)Cy.

Then the matrix R, = (r;;),
Rh = Wh - Uh, (2-8)

is symmetric, and satisfies
rij = O(en) . (2.9)

Proof Step 1. Proposition 2.3 says that
(Uh,is V) = (i un,j) + O(h~Pe=S1/M),
With | denoting the n x n identity matrix, we get from (2) in Assumption 2.1,
G, =1+ 0O(Cp)
so that
G, =1+ 0.

It follows then that
lwh,i — vp,ill = O(Cp),

(2.10)
I Thwn,i — Thon,ill = O(AnCh)

where in the second estimate in (2.10), we simply combine the first estimate and the
definition of Aj,.
Step 2. We may write

Wi = (Thwp,i, wa,j) = (Thvn,i, vp,j)
+{Thvn,i, wn,j — Vp,j) + {Th(Wh,i — Vpi)s Wh,j)-

Using this identity, (2.10) and Proposition 2.3, we get
(Thwp,i, wp,j) = (Thvn,i vn,j) + O(ARCh). (2.11)
Then, we use
(Thon,isvn,j) = (Thuni, up,j) + (Thitp,iy Vn,j — up,j) + (Vni — Wi, Thvn,j).
By Proposition 2.3 and (1) in Assumption 2.1, we have

(Thuni,vn,j —un,j) = O(h~Pe21/hy = O(C}),
(n,i — un,i, Thon,j) = O(ARCh).
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So we get
(Thon,i, vn,j) = (Thup,i, up,j) + Olen), (2.12)

which together with (2.11) implies (2.9). O

An immediate consequence of Proposition 2.4 is an improved lower bound on the
lowest eigenvalue A1 (h).

Corollary 2.5 If Assumption 2.1 holds, then there exist positive constants C, hy such
that, for h € (0, h1],
)"l(h) > _Ce—min(61,262,263)/1’l. (213)

Proof It follows from Holder’s inequality and (1)—(2) in Assumption 2.1 that u;; =
O(e’el/h), where u;; is introduced in (2.2). By Proposition 2.4, we have

An < [IWall < Ul + IRxll = O™y + O(ALCh + CP)
which yields
(1= 0(Cw) Ay < OE V") +O(CH).

To conclude, we just notice that C;, = o(1). O

As we will see in the next subsection, we can actually say much more about the
spectrum of these matrices, when we impose some symmetry condition involving 7},
and the choice of the uy, ;.

2.3 Implementing invariance assumptions

Our task in this subsection is to analyze the case when the matrix Wy, of 7},|r, enjoys
certain invariance properties. We shall see that this corresponds to what occurs in
the case of symmetric wells in the applications, starting from the double well case
as mathematically considered by E. Harrell [15] and later extended to the multiple
wells case in [20, 21, 28, 29]. Here we mainly follow in a more abstract way [21] and
the heuristic presentation given in [11]. We denote by Z, the cyclic group of order n
and by g — p(g) a faithful unitary representation of Z, in H. We denote by a,, its
generator, so a) = e where e is the identity element of the group.
In addition to the properties in Assumption 2.1, we assume

Assumption 2.6 (1) The operator 7), commutes with p(g) for all g € Z,,.
(2) upiv1 = pladup; forl <i <n-—1.

Remark 2.7 In the applications considered in this article, the Hilbert space will be
H = L*(Q) where € is a domain in R%. We first consider the unitary representation
po of Z, as the group G,, of the n-fold rotations, i.e. the representation such that

polan) = gn

is the rotation in R? by 277 /n around the origin in R2.
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We let the rotation g, act on functions as
(M (gn)u) (x) = u(g, ' %). (2.14)

This gives by extension to any element of G, a representation of G, in L?(Q) if
Q C R? is a domain invariant by G,, and we then define p by

p (@) = M(po(g)) -
Equivalently to Assumption 2.6, we can then write in this case

Assumption 2.8 (1) Q C R? is a domain invariant by G, and H = L*(Q).
(2) The operator T;, commutes with‘ M(gn).
(3) upiv1 = M(gnup;i =up1(g,'x)forl <i <n-—1.

Assumption 2.6 permits to treat more general situations which for example occur in
the case of manifolds or in the case of higher dimension.

Remark 2.9 If n = 2 we can define another group of symmetry G defined by the
reflection gz(g) = ( - ) We can then consider a variant of Assumption 2.6 by
instead assuming that the domain €2 is invariant by the reflection g» and that u, » =
M(g2)up.1. This symmetry invariance was assumed by the papers considering the
magnetic tunneling induced by the geometry of the domain [1, 6, 13, 24]. Notice that
M (g>) does not commute with 7}, and that we have consequently to compose M (g2)
with the complex conjugation I' in order to get

TTM(g) =TM(g)T) .

Proposition 2.10 If Assumption 2.6 holds, then the orthonormal basis Vj
={wn1,..., wpn} of Fy satisfies,

Whit1 = plagwp; (1 <i<n-1).

Proof Recall that{wy, 1, ..., wp n}isdefined in (2.6) by the Gram matrix starting from
the basis consisting of the vectors v, ; = I1g,up;, 1 < i < n. It suffices to observe
that the projector I1f, on the eigenspace Fj, commutes with p(a,,). Actually, since T},
commutes with p(a,) = M(g,), we get, for every z in the resolvent set of T}, that
(z — Th)_l,o(an) = play)(z — T,)~ !, and consequently, the identity I1g, p(a,) =
p(ay)I1F, follows from Cauchy’s formula.

Let us give a more hands-on argument for this commutativity. If {wp 1, ..., wp .} 18
an orthonormal basis of F}, consisting of eigenvectors of Ty, then, since 7, commutes
with p(a,), we get that p(a,)wp,1, . .., p(a,)wp,, are eigenvectors of T;, and form an
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orthonormal basis of Fj,. Consequently

n

Mg, p(an)u =Y (pan)u, p(@n)wh i) p(an)w i
k=1

n
= . wp i) plan)wik = plan)Tlpu.
k=1

O

The matrix of p(a,) in the basis V), is the same as the matrix of the shift operator
7 on £%(Z/nZ), whose matrix is given by

Tjk=0jr1kforl <j,k<n (2.15)

where §; x denotes the Kronecker symbol, with i computed in Z/nZ. When n = 2 and
n = 3, the matrix 7 is respectively given by

0 0 1
<(1) é) and 1 0 0
01 0

We observe that

The property that the operator 7;, commutes with p(a) implies that the matrix Wy, (of
Th|F, in the basis Vj,) commutes with 7, i.e., TW;, = Wy 7. Note that this invariance
condition yields that

n—1
Wi =) LT, (2.16)
k=0

for some coefficients Io(h), ..., I,_i (h) € C. Here t° denotes the identity matrix.
The Hermitian property of Wy, gives, in addition,

Ip(h) e R, Ix(h) = I,y (h) fork=1,...,n—1. (2.17)

Notice that the matrix Uy, introduced in (2.2) satisfies the same properties as W,.
Hence we can also write

n—1
U, = Z Je(h)tk, (2.18)
k=0
for some coefficients Jy(h), ..., J,—1(h) € C and the Hermitian property of U, also
implies
Joth) e R, Jy(h) = J_x(h) fork=1,...,n—1. (2.19)

@ Springer



Flux and symmetry effects on quantum tunneling

All these invariant matrices (W}, or Uj) share the property to be diagonalizable in
the same orthonormal basis of eigenfunctions e (k = 1, ..., n) whose coordinates in
our selected basis are given by

(er)e = 0* D with @, = expQin/n).

It is then easy to compute the corresponding eigenvalues.

In particular, we get an explicit representation of the eigenvalues of Wj; which
illustrates when n = 3,4, the possibility of eigenvalue crossings (i.e. change of
multiplicity).

Io

e When n = 2, W;, assumes the form <I
1

§1> with I; real. This matrix has two
0

eigenvalues
M=1Io—|Nhl, A2 =1o+ [I]. (2.20)

e When n = 3, W), assumes the form

Iy I I
Wy=|0L Ih ©
L I I

with I} = peig, o > 0,0 € [0, 2m). This matrix has three eigenvalues
2
i = Iy + 2p cos 9+(k—1)? , kel{l,2,3}. (2.21)

e When n = 4, we meet the matrix

Iy I L I

L Iy LT I

W, = 2
" L L1 Iy I
L L L Iy

with I real and I} = pel?, p > 0,0 € [0, 27). We refer to [11] for a further
discussion of this case. Figure 3 illustrates the braid startucture of the eigenvalues
of the matrix W,.

2.4 Applications
2.4.1 Additional hypothesis

We can strengthen the estimate of Aj in (2.7) if we assume additionally that?

2 We shall see in the applications that the rough estimate of Ji (k) by Holder’s inequality and (1)—(2) in
Assumption 2.1 is not sufficient to the accurate estimate of tunneling.
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1/h
Fig.3 A schematic figure of four eigenvalues with a braid structure in the case of a rotational symmetry of
order 4

Assumption 2.11 There exists a positive constant & such that

& <2 min &, (2.22)
<J=
Jie(h) o 0 %" k=0,---,n—1), (2.232)
and
[Ty ()] o e (G+o)/h, (2.23b)

Proposition 2.12 There exist positive constants C,hg > 0 such that, if Assump-
tions 2.1 and 2.11 hold, then for all h € (0, hol, the symmetric matrix R, = (r;;)
introduced in (2.8) satisfies

IRel =, O0(e739h) = o(1J1()]).
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Proof This follows by applying Proposition 2.4 (the same argument as in Corol-
lary 2.5). Indeed, we have by the first identity in (2.23),

Ap =0 1 01c). (2.24)
Inserting (2.24) into the definition of ¢, in (2.7), we obtain that
e, = O(8y) where 8, = Cpe™ /M 4 C2 = O35/, (2.25)

We can improve the bounds (2.9) of the symmetric matrix R, into r;; = O(8). To
finish the proof, we observe that, by the second identity in (2.23), 5 = o(|J1(h)]). O

2.4.2 Thecasen =2

A first consequence of the previous analysis is a full understanding of the case corre-
sponding to n = 2 where the symmetry g» reads (x1, x) — (—x1, —x2). Assuming
that Assumptions 2.8 and 2.11 hold, we get from (2.20) and Proposition 2.12

A (k) — Ay (k) = 2|J1(W)| + o(|J1 (h)]). (2.26)
2.4.3 The case n = 3, braid structure of eigenvalues

Suppose that Assumptions 2.8 and 2.11 hold with n = 3. Let Iy(h), I;(h) be as
in (2.16) and let us write

Li(h) = p(h)e?™ where p(h) > 0 and 6(h) € [0, 27).

Then, by (2.21), we have a relabeling w1 (h), n2(h), and u3(h) of the eigenvalues
A1 (h), Ap(h), and A3(h) of T, with p = p(h) and 6 = 6(h). Moreover,

Io(h) = Jo(h) + OGy), I1(h) = Ji(h) + O@p) ~ Ji(h) (2.27a)
with §; = 0(11 (h)) defined in (2.25) and
Jo(h) = (Thup1, up1), Ji(h) = (Thup1, up2). (2.27b)

Notice that there is possibility for eigenvalue crossings between
e /1(h) and up(h) if O(h) € {27/3, 5/3};
o p2(h) and pu3(h) if 6(h) € {0, 7};
e 11(h) and u3(h) if O(h) € {m/3, 47 /3}.
The point s then to seek an accurate approximation of ¢ (h). Notice that (2.27) yields
11 (h) hzo J1(h). Defining 6 (h) by Ji(h) = p1(M)e'™ we can approximate 6 (h)

by 61 (h) modulo 27 Z. This could confirm the predicted braid structure mentioned in
[4, 11]. We will consider in detail three models where such a phenomenon holds (see
Theorem 3.9, Section 4, and Section 5).
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3 Electro-magnetic tunneling
3.1 Introduction
In this section, the Hilbert space is H = Lz(Rz), and for given n € N we consider

g = gn to be rotation around the origin by 27 /n, and M (g) to be as in (2.14). We are
interested in the spectrum of the electro-magnetic Schrodinger operator

Lpp = (—ihV —bA)? + V,

where b, h > 0, and |
A(x) = 5(_x2’x1)' 3.1

Notice that A generates the constant magnetic field curl A = 1. For the potential V
we assume that

V e C®(R% R), (3.2a)
V=<0, (3.2b)
V is invariant by the rotation g, . (3.2¢0)

Moreover, we assume that

The minimum of V is attained at n non-degenerate minima. (3.2d)
Then it results from the invariance property of V that these minima are n equidistant
points of R? \ {0}. We will refer to these points as the wells.

Notice that, when dealing with a fixed b > 0 we can reduce the analysis to the case
where b = 1 by introducing an effective semi-classical parameter = b~ & so that

Ly = b*((—ihV — A)? +572V). 3.3)

So we will assume henceforth that b = 1. To relate with the discussion in Sect. 2, our
operator T}, is the electro-magnetic Laplacian shifted by a certain scalar A (k).

Ty = Ln — A(h), Ly = (—ihV —A)?> + V. (3.4)

Note that the assumption in (3.2c) implies that 7, commutes with M (g). Hence the
condition of invariance of the preceding section holds. The shift constant A(%) in (3.4)
will be chosen as the ground state energy of a reference single well operator.

3.2 Single well ground states

Let us first discuss the one well operator.
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3.2.1 Preliminary discussion and assumptions

There are various possible approaches to create one well problems in the presence
of multiple wells. The approach considered in [20, 21] starts from a general electric
potential V and introduce suitable Dirichlet conditions to create an infinite barrier
leading to a one well problem. The so-called LCAO® approach, frequently used in
Physics and Atomic Chemistry, and considered in [10, 17], particularly applies when
V is a superposition of single well potentials.

Asin[10, 17], we consider a radial single well potential. More precisely, we assume
in this section that V = vg, where vg € C° (Rz) is a non-positive radial function
satisfying

0o (x) = vo(|x]) & v§™ = minvy(r) <0,

suppvg C D(0,a) == {x € R? : |x| < a}, (3.5)
vy (M) = {0} & v(0) > 0.

We choose D(0, a) as the smallest closed disc containing supp vy, i.e.

a=a(vy) =inf{r >0 : Vol +o00) = 0}. 3.6)

3.2.2 Preliminary inequalities

As in [17], we will encounter various errors of exponential order which are defined in
terms of the function vg and the constant

L > 2a(vg) . 3.7

With (vg, L) as above, a = a(vg) and with

r 2 .
d(r) = dy (r) = fo \/% +uo(p) — VN dp, (3.8)

we introduce the four constants (we will often skip the depends on vy and L)

So = So(vo, L) :=d(L),
Se = Sa(vo, L) == d(a) +d(L — a),
S, = S,(vo, L) == d(L — a), (3.9

. L
§ =38 L) = oi?i;[?r +d(r) +d(L — r):|.

3 for Linear Combination of Atomic Orbitals.
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Notice also that, since vg vanishes on [a, +00), we can express the constant S, as

follows
a [,.2 ) L—a [,2 .
Sa = Zf — +vo(r) — vy dr + / — —yy"tdr.
o V4 0 4

It is important when comparing the errors to compare the three constants introduced
in (3.9).

Proposition 3.1 Assume that vy and L satisfy (3.6) and (3.7). Then we have, with
a = a(v),

Sa(vo, L) < S,(vg, L) < S(vo, L) < mln(So(vo, L) + Sq (v, L)) (3.10)

Moreover, if vy and L satisfy L > 4a(vy), then 2$’a(v0, L) > 3‘(1}0, L).

Proof The inequality S4 < S, is obvious. The other inequalities in (3.10) are proved
in [17, Prop. 3.3]. So assume that L > 4a and let us prove that 28, > S. Notice that
S, =S, + d(a) and S < L” + S, hence

R R R L—a La
2Sa—S>2Sa—Sa—— / —+vo(p)—v{)m“d,o -
zp/2
—4al
> "o
4
O
3.2.3 The one well approximate eigenfunction
Consider the single well operator
Y — (—ihV — A)? + vy (3.11)
whose ground state energy is
A(h) = inf o (Lp). (3.12)

Since vy < 0, £;" is smaller (in the sense of comparison of self-adjoint operators)
than the Landau Hamiltonian (—i2V — A)2. Hence we have by the min-max principle

A(h) <h. (3.13)

In light of the conditions on vg in (3.5), we know from [17, Thm. 2.1] that (k) is
a simple eigenvalue and that £;" has a positive radial ground state satisfying, for any
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relatively compact domain K of R?,

wh (x) = up(x)), /R P dx =1, e My ()] ) = OB,

(3.14)
An important term in the context of tunneling is the hopping coefficient defined in
[10, 17] (in the case n = 2) by

iLx
cn(vo, L) = / 00 (), (), (X1 + L, x2)e 7 dx (3.15)
D(0,a)

where a = a(vg) (see (3.6)).

As observed in [10], the hopping coefficient is a negative real number and an
accurate estimate of it was established recently in [17, Sec. 4 & Eq. (4.32)], which we
recall below.*

Proposition 3.2 Assume that vo and L satisfy (3.5) and (3.7). Then there exists a

positive constant S(voy, L) such that

%ig})(h In [cx (vo, L)[) = —S(vo, L). (3.16)

Moreover, A
Sa(vg, L) < S(vg, L) < S(vg, L) (3.17)

where S, (v, L) and S’(vo, L) are introduced in (3.9).

We shall use Proposition 3.2 later on in the proof of Proposition 3.5 when dealing
with n potential wells (n > 2). Let us recall the definition of S(vg, L) given in [17,
Eq. (4.25) and (4.26)]. We have

S(vo, L) == —F(vp) + inf W(r,1), (3.18)
rel0,a]
te(0,400)

where a = a(vg) is introduced in (3.6) and, with d introduced in (3.8),

. i 2
i (a4 4N +a
a a2 _,’_4|v(r)nm| + |U0 |1n ( 0 ) —d(a),

F = - '
(vo) 7 > Ao

r?+ L? vgin| 1
W(r,t) =d(r)+ 7 (2t+1)+Tln 1+; — Lryt(t +1).

(3.19)
The following proposition deals with a term similar to the hopping coefficient and plays
a key role in the approximation of various error terms that we will encounter later, e.g.
when we verify Assumption 2.1 for an electro-magnetic Schrodinger operator with
multiple wells, as in Proposition 3.4.

4 Notice that the estimate of ¢, (v, L) does not require the assumption L > 4(a(v0) + vg‘i“) imposed

in [10] (see also [17, Theorem 1.4]).
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Proposition 3.3 We have, as h — 0,
iLxy —Sa+o(1)
w ::/ up (X)up(x; + L, xp)e™2n dx = (’)(e h )
D(0,L)

where a = a(vg), L > 2a and S, is defined in (3.9b).

Proof We can estimate w in the same way as the hopping coefficient ¢ (vg, L) was
estimated in [17, Prop. 3.5].

The only difference is that in the expression of ¢; (vg, L) (see (3.15)) we encounter
the potential energy term vy in the integrand and the integral is consequently over the
smaller disc D(0, a). Hence the new term to estimate corresponds to wy below, w3
being of the same type as w; after a symmetry.

We decompose the integral defining w into three terms

w=w;+ w2+ w3,

iLx
wi =/ w, (O, (x1 + L, x2)e 7 dx,
D(0,a)
iLx
wy = / up (oup (x1 + L, X2)CT’2 dx,
D(0,L—a)\D(0,a)

iLx
ws = / W () (61 + L, x2)e 7 dx |
DO, L)\D(0,L—a)

Step 1: Contribution of the integral in D (0, a). We express the integral defining
wj in polar coordinates

2r  pa o
wy = / / wn (P (Vr? + L2 4 2Lr cos0)e " r dr. (3.20)
0 0
In light of the decay property in (3.14), we get
w] = O(h_le_s/h),

where

§= it { inf [d0)+dW/r?+ 12+ 2Lrcoso)]].

0<0<2m L O<r<a

Since v/r2 4+ L2 +2Lr cos® > L — r and since r > d(r) is non-decreasing,
S > Oinf (dr)+d(L —r) =d@) +d(L—a)=S5,
<r<a
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where S, is introduced in (3.9b). Notice that the penultimate identity follows from the
fact that

(L — r)2 __,,min
4 0

<0 0O<r<a).

a0y +d@ =1 = |7+ vor) — omin
ar r r)] = 1 vo(r) — vy
Therefore, we have that

wy = O(h e Salhy, (3.21)

Step 2: Contribution of the integral in D(0, L) \ D(0, L — a). We argue as in
Step 1. Expressing the integral defining w3 in polar coordinates

iLr sinf

2 L
w3 = / / up(rup (\/r2 + L2 +2Lrcosf)e 2 rdr, (3.22)
0 L—a

we get
w3y = O(h~le=S'/hy,

where

0<6<2m \L—a<r<L

S’ = inf < inf (d(r) + d(\/rZ + L2+ 2Lrcos 9)))

> inf_ (d(r)+d(L~r))

L—a<r

= inf (d() +d(L — 1)) = S,.

Therefore, we have that
w3y = O(h~le S/l (3.23)

Step 3: Contribution of the integral in D(0, L — a) \ D(0, a). We express the
integral defining w; as follows

L—a 2
wy = / up(r) <[ Ky (r, 9)d9>r dr, (3.24)
a 0

where

iLr sinf

Kn(r,0) = uy (\/r2 + L2+ 2Lr cose) e 2

Observing that fora <r < L —a,wehavea < L —r < L —a and

p;:\/r2+L2+2chos92L—r>a,

so up (o) has a nice integral representation [10, Eq. (2.9)]. Consequently, the integral
of Kj, with respect to 6 is computed as in [10, Prop. 5.1]. In fact, we have (see [17,
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Eq. (3.23)-(3.24)])

2 2 L2 +o00
f Ku(r,0)d6 = Cyexp <—r + ) / Gu(r.1)dt (3.25)
0 0

4h

where

2+ LZ);) @14 e, (Lr«/t(t +1

Gp(r,t) =exp <— o .

> , (3.26)

Cy, a are constants and z +—> Iy(z) is the modified Bessel’s function of order O (see
[17, Lem. 5.2]).
Letn € (0, 1) and observe that [17, Lem. 4.1],

L—a 2 L2 n
/ up(r)| Cpexp L + / Gu(r,t)dt |rdr
a 4h 0

L—a
= O(efﬁ/h)/ up(Mup (VL2 + r2)rdr.

By the decay properties of uj, in (3.14), we get (using also (3.10) for the last estimate)

L—a 2 L2 n
a 0

= 0%/,

for sufficiently small 5.
Now we deal with the following integral

L—a rZ + L2 +00
f up(r){ Cpexp| — / Gy(r,t)dt |rdr,
a 4h "

which is asymptotically equivalent to [17, Lem. 4.4]

L—a 400 _
j% ) «/7610(r)/’7 go(t)exp(—w) drdr,

where F(vg), W(r, t) are introduced in (3.19) and m(vg), go(¢) are introduced in [17,
Eq. (3.17) and (4.5)] as follows

,/1+2v(/)’(0) za|vmm| a +4|vmm 1/4
m(vo) =
la +4|Um1n|+a

) 1\ 3 /T2 -1)
= ——— |1 —
20() t5/4(t+1)1/4< + t)

)
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and the function ag is defined as follows

= L1420 /’ 1’ 1! 2%0)
r)= —4 ——€X — P P v —
YOI T T T h 2ae T T e

Of importance to us is that

—F(v9) + inf W(r,t) > S,,
(r,t)€la,L—a]lxRy

which follows by the same argument as used in the proof of [17, Prop. 4.5]; for
convenience, we provide details in Appendix A.

We get eventually
wy = Ol Satot/iy (3.27)

With (3.21) and (3.23), this achieves the proof of the proposition. m]

3.3 Verifying Assumption 2.1—superposition of single well potentials

We study the specific case where the potential V' is given by
n
V()= volx — ), (3.28)
k=1

where v is the non-positive radial function satisfying (3.5) and (we identify C and
R?)

L .
%= g2ikr/n 1 S 0. (3.29)
V2 —2cos2m/n)

The wells in this setting are the points {zx}1<k<, Which are selected so that
dist(zk, zk+1) = L. (3.30)

Let us verify that V satisfies (3.2¢). Our construction of the points zx is such that
Zk+1 = &2k, for k € Z/nZ. Since v is radial, we have

1

vo(g 'x — z0) = vo(lg~ ' (x — gz)]) = vo(x — Zkt1)-

Consequently, (3.2¢) holds and 7, commutes with M (g). We still have to check that
Assumption 2.1 holds with the choice in Assumption 2.8 (3).
We introduce the functions
w k() = x (x =z (x — z)e " HFAOM (1 <k <), (3.31)

where
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® (Zk)1<k<n are the points introduced in (3.29);

e A is the vector field introduced in (3.1);

e x eCX (Rz; [0, 1]) is a radial cut-off function satisfying x = 1 on D(0, L) and
supp x C D(0, L + n) with n € (0, 1) fixed arbitrarily.

The phase term in (3.31) is due to the effect of magnetic translation, which ensures
that ¥k (x) = up(x — z)e U AW/h gatisfies

L%k =Ah)Yn i where L3 = (—ihV — A)* +0(- — 20). (3.32)

The above constructions ensures that Assumption 2.8 (3) holds (since z - A(g,; lyy =
(gn2) - A(x)). Moreover, the next proposition shows that Assumption 2.1 holds too.

Proposition 3.4 Let T), and A(h) be as in (3.4) and (3.12) respectively. The conditions
in Assumption 2.1 hold with the following choices:

@ {uni,...,upn}areasin(3.31);
(b) any constants &1, G,, G3, p satisfying

S1€(0,8,), 63¢€(0,25,), &3€(0,5,), pe,1], (3.33)

where S’a is introduced in (3.9).

Proof Step 1. We have by (3.31) and (3.32),

k= Tuttne = (—h2(Ax0) +20A(V ) - (<ihV = A) + e Y 00k = 20) )Yk,
i#k
(3.34)
where xx(x) = x (x — zk).
Since ry,  is supported in D(zx, L + 1) \ D(zk, L — a), we get by using (3.14) and
the decay of the ground state uy, that

Irnkll = Oh=/2e=5alh), (3.35)

Step 2. We have
lun il = lhunll® = /Rz“ — x| dx.

Since 1 — x? is supported in R? \ D(0, L), we get by the decay of w, that
lun > =14 O™t e2%0/M)
where S is introduced in (3.9a).
Let us now consider i # j. We first inspect the case where |z; — z;| = L, which

occurs only if j = i £ 1. By a change of variable, we check that (thanks to the

@ Springer



Flux and symmetry effects on quantum tunneling

invariance by rotation)

(up,1,upp) ifj=1i+1

<Mh,i7u]1,/>: —_— ... .
’ (up1,up2) ifj=i—1

By (3.31), the function uy, 14} 2 is supported in D(z1, L + 1) N D(z2, L + n). Then,
we perform the following decomposition

(up,1,up2) =&+ &+ &

where,

&= / up(x — 2D)up (x — zp)e TR AD gy
D(z1,L)

&= _/ (1= x(x — 22))un(x — 2)up (x — z2)e 1720 AM gy
|[x—z1|<L
— Oh~12e=50/hy

& wp 1 (Xup 2 (x) dx = O(h~1/2e=50/hy,

T JL<|x—z1|<L+n
O<|x—z2|<L+n

In fact, in D(zy, L) N D(z2, L + 1), we have

w1 (D 2(x) = x (x — 22)up(x — z)up(x — zp)e G 72AD)

with uj, aradial function. By a change of variable (the translation x > x —z; followed
by the rotation by the angle « defined by z; — z2 = |71 — z2]e'%), we get

[&1] =

iLx
/ up (Xup(xr + L, 362)6272 dx|,
D(O,L)

and by Proposition 3.3, we get
£ = O(h~12e=Garto/hy 4 Op=1/2e=S0/hy — O(efﬁg/h)’
where in the last step we used the inequalities Sa <S4 < So from Proposition 3.1.
If |zi — 2| # L, then (upi , up,j) = O(h~"/2e”Catot/ly 4 O(n=1/2e=5%/") by

a similar argument.
Step 3. Let us now estimate X,,11(#) from below. Consider a partition of unity on

R2, Yo gkz = 1, where

L
forl <k <n, gkzlonD<zk,§>, supp &k C D(zx, L — a),
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and

n
L
suppgo C Qo =R*\ [ J D (Zk, 5) :
k=1

Then, we have,
vo(x —z))¢k(x) =0fori #k, 1 <k <n,
and
vo(x —z;))o(x) =0forl <i <n.

Pick a function f in the domain of £;. We have the decomposition formula

n

(Taf. f) =Y ALY @ ). Sefin) + ((=ihY — Ao fi). Lo fi)

k=1

—h* > VeI fall® = A(h).

k=0

By the min-max principle, we have
izl gz ((=ihV = AP @p_ L) — () — Monh?,
where
Mo = max VGl
Finally, we use the well known asymptotics (see [17, Prop. A.1])

Ah) =1 (L) = o™ + Erh+ OY?), ML) = vf™ + Exh + O(h/?),

where £1 = ,/1 + Zv(/)’(O) and £, > E{, and we conclude that

Ant1(h) > (E2 — EDh + OHh3/?).

The next proposition allows us to verify Assumption 2.11.

Proposition 3.5 With Jo(h) = (Thun 1, un 1) and Jy(h) = (Thup 1, up2) we have
To(h) = O(h~le=25a0.L)/hy
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and
Ji(hy = e /ey vy, L) + O(h~ e 500D/,

where ¢, (vo, L) is the hopping coefficient introducedin (3.15), S’a (vo, L) and So(vo, L)
are introduced in (3.9) and

B L?sin(27/n)
2 —2cos(2m/n)’

¢n =
Moreover,
hin|Ji(h)|] ~ —S(vo, L),
n|Ji( )lh\O (vo, L)
where S(vo, L) is introduced in (3.18).
Proof From (3.34), we have

Jo(h) = (L — M) up, wp) = / o (OO dx
L—a<|x—zj|<L+n
_ O(h—le—ZS‘a/h).

We now move to estimate Ji(h). First let us recall that the symmetry relations in
Assumption 2.8 (3) imply that up 1 = M(g)un.» and?

Ji(h) = (Thup,1, up2) = (Thtpn, up,1) = (Tnttn,1, Wpn).
Similarly to the previous estimate of Jy (%), by (3.32) and (3.34) we have
Ji(h) = J{P(h) + O(h~ e %0/M),

where
I ) = / 00 (X — 22w (¥ — 21Uy (x — g @I AN gy
D(zn,a)
Notice that (z, — z1) - A(x) = (z, — 21) - A(x — 2, + z1). By a translation, we get

TP (k) = e Comi A/l fD o0y OO0 2 DT A dy,
,a

With ¢, = m, we have z, = (£,,0) and z; = (€, cos(2m/n), ¢,

sin(27r/n)). Hence

@n —21) AR = 20 - Az) = ‘%".

5 This formulation will be helpful since z,, lies on the x-axis.
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Observing that |z, —z1| = L, we write z, — 7] = LeiPr where B, € (0, 7]. We denote
by Rg, the rotation by f, around the origin. Noticing that

u-A(Rg,v) = (jou) CA) (u,veR?,

we get that

— L
mnmnn= () ()2

The change of variable y > x = R}gnly yields

I (h) = 72 / 0o ()up (x1 + L, x2)uy (e 2" dy
D(0,a)

where we used that the functions vg, uy, are radial and that
IRg,x + 20— 21| =[x + Ry (za — 20)] = |(x1 + L, x2).
Now we have that e ~1¢n/2/ la PP(h) = ¢x(vo, L) and by Proposition 3.2

hn|J{P(h)] ~ —S(vo, L).
hN\0

The same asymptotics holds for | J; (k)| because So(vo, L) > S(vg, L). O
From now on, we work under the following assumption on (vg, L).

Assumption 3.6 With a = a(vg) introduced introduced in (3.6) and L > 2a, the func-

tion v satisfies 2Sa (vo, L) > S(vo, L), where S,l (vo, L) and S(vg, L) are introduced

in (3.9) and (3.18) respectively.

Remark 3.7 By Proposition 3.1, Assumption 3.6 holds if L > 4a(vg).

We fix the choice of &1, G, &3 as in (3.33) but with the additional condition that

S(vo, L) <2 mm S;.

J<

This is possible under Assumption 3.6 since S(vg, L) < ZS'a (vg, L). Therefore, (2.22)
holds with S = S(vg, L) and Proposition 3.5 ensures that the other conditions in
Assumption 2.11 hold too®.

6 This is explicitly done for n = 2, 3 and can be easily justified for n > 4.
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3.4 The case n = 2: Double wells

We choose here V to be the double well potential defined by (3.28) for n = 2. We
therefore have two wells

L L
Zl:<_3’0>, Z2:<E,0), L >2a>0. (3.36)

A straightforward application of (2.26), Propositions 3.4 and 3.5 (and Section 2.4.2)
yields the following.

Theorem 3.8 Assuming the conditions in (3.5) and in Assumption 3.6 are fulfilled,
then the following asymptotics holds,

hin (A2(h) — A1(h)) o S0 ), (3.37)

where S(vo, L) is the constant introduced in (3.18).

3.4.1 Discussion

Let us introduce the following classes’ of admissible (vo, L), where v satisfies the
conditions in (3.5), and

o/ = {(vg, L) : L > 2a(vg) and (3.37) holds},
AW ={(vo, L) : L > 4(a(vo) +/lv" ]},

7S {(vo, L) : wvp satisfies Assumption 3.6}

S = ((vy, L) : L > 4a(vo)}.

By Proposition 3.1, we have

LQ{HKS c EHKS

and by Theorem 3.8

TS .

The earlier results in [10, 17] yield that
oV o

However, our results are much stronger since 27"V is a proper subset of o7 HKS

7 #FSW is the admissible class introduced by Fefferman-Shapiro-Weinstein and HKS refers to the
admissible classes introduced in this paper.
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3.4.2 Proof of Theorem 1.2

In light of (3.3), it suffices to apply Theorem 3.8 with the effective semi-classical
parameter i = b~ 'h and the effective potential defined by b~2vg. We then obtain
&p.1(v0) = bS(b™ v, L).

3.5 The case n = 3: Three wells and flux effects

Let us assume that n = 3 so that V defined by (3.28) is a potential with three wells

L L L
a=_—=(-1, V3., m=—=(-1.-V3), 3=—(10),

V3 2V3 V3
which are located on the vertices of an equilateral triangle with side length L and let
D C R? be its interior. The area of D is then “/TgLZ. The flux of the magnetic field in
Dis

V3L?

1
o = —/ curlAdx = . (3.38)
27 Jp 8w

By Proposition 3.5, we have and
Jo(h) = O(e=2%/My with S(vg, L) < 28, .
and

S(vg, L 1
1)1 len(vo, L)] = exp (_M)

h

Recall that it was proved in [10] that ¢, (vo, L) is a negative real number. So we infer
from Proposition 3.5,

e—2ni<1>/hjl(h) ~ ¢p(vo, L) and cp(vg, L) ~ —|Ji(h)|.
) hN\O

Therefore, we conclude that
iy o= =W = [T )
( S(vo, L) + 0(1)>
= exp B .
AN h

Recall that by (2.27),
Ii(h)y ~ Ji(h), (3.39)
AN

andthat I, (k) = |11 (h)|e?™, with @ (h) € [0, 2). Itresults from (3.39) that | I (k)| ~

|J1(h)|, and also ‘ . )
e19(h)—2n1<1>/h—171 ~1. (3.40)
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If for a given constant ¢ € (0, 1) we introduce the set

. 0] 1
N(co)z{he(O, 1], dist <E+E’Z> Zco}, (3.41)
then
Vh € N(cy), 0O <CD+1 CD+1 <1 1
c0), <C0_h 3 h 3 < co < 1,

and it results from (3.40) that (since 6 (h) € [0, 277) in the definition of /] (h))

o(h) (212011 Lo (3.42)
= 2n|l—4=-|—+= . .
0 n2 | T2 ©

heMco)

Now by paragraph 2.4.3 we get crossing of eigenvalues quantified via the following
functions

2
a(x) = cos (x + ?) — cos (x),

4 2w
b(x) = cos (x + ?> — cos <x + T) .

Theorem 3.9 Assume that the conditions in (3.5) are fulfilled and that V is defined
by (3.28) with n = 3. If Assumption 3.6 holds, then there is a relabeling
w1(h), ua(h), w3(h) of the eigenvalues 1i(h), A2(h), A3(h) of the electro-magnetic
Schridinger operator Ly, such that the asymptotics

(3.43)

—S(vo, L 1
ua(h) = ) = (@(®/h) +o(1) exp( (vo, L) + of ))

h
—S(o, L) + 0(1))
h

(3.44)

p3() = wa(h) = (B(®/h) +o(1)) exp (

hold for all L > 2a(vy).
Moreover, there exists a sequence (h1 k), ha(k), h3(k))k>k0 which converges to 0
such that, for all k > ko we have B

0 <hitk+1) <h3k) < ha(k) <hi(k) <1
and
pi(h1() = pua(h1(k)), pi(ha(k)) = pa(ha(k)), u2(h3k)) = pua(ha(k)).
Proof To get the asymptotics in (3.44), we use the computations in Paragraph 2.4.3
and (3.39). Then we approximate |Jj (#)| by Proposition 3.5.

As indicated in (3.42), the function 4 +— 6(h) will not be continuous on any open
right neighborhood of 0, since, as /& decreases towards 0, it will necessarily make
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infinite many jumps of size 2w. Given € > 0 we can, however, avoid the jumps by
restricting € to the union of an infinite number of small disjoint intervals Z;, k € N,
with the right endpoint of Z; 1 is less than the left endpoint of Z, and moreover such
that & maps each such interval continuously onto the interval (e, 2w — €). This follows
from (3.40) and the fact that 4 — I (k) is continuous. In each interval Z; we can find
hi(k), ha(k) and h3(k) such that

T 2
O(h1(k)) = 3 0(ha(k)) = R 0(h3(k)) = 7.

In fact, since h — ®/h + 1/2 is strictly monotone and since 7 /3, 27r/3 and & are
well separated, we can, eventually by starting our counting on a larger k (which means
that we consider smaller %), impose that i1 (k) > hy(k) > h3(k) holds. We conclude
that we get the eigenvalue crossings as indicated in Paragraph 2.4.3. O

4 Smoothed triangles and Neumann boundary condition
4.1 Introduction
4.1.1 Geometric setting
In this section, €2 is a bounded open set of R? with C* boundary I'. The Hilbert space
is H = L?(Q) and we will assume (see below for the invariance assumption) that we
are in the situation considered in Remark 2.7.

We assume that I is a simple curve and denote its length by |I'| = 2L.LetR/2LZ >
s > y(s) be the arc-length parameterization of I" such that the unit tangent vector

7(s) = y(s) turns counterclockwise. Let us denote by k the curvature along I" defined
as follows

Y (s) = k(s)v(s)
where v(s) is the unit normal to I" at y (s) pointing inward €.

Definition 4.1 We introduce the maximal curvature along I' as follows

kmax = SE%%§Z k(s) 4.1)

and call a point zg € I' a curvature well if zo = y (sp) and k(s9) = kmax. The point
Z0 is said to be a non-degenerate curvature well if furthermore k” (s9) < 0. We denote
by Iy the set of curvature wells.

Consider a positive integer n and the rotation by 27 /n denoted by g,. We assume

that
Q is invariant by the rotation g, (4.2a)
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and that we have n non-degenerate curvature wells

Po={z1 =y, -,z = y(sn)} (4.2b)

with®
) 2L, .
si=0U—D—, K(s)) <0 (1=j=n). (4.20)
n

The symmetry assumption yields that
Zjiri=gnzj; (I1<j<n-1). (4.2d)

and 5L oL
y (s + 7) =guv(s), k <s + 7) =k(s) (s eR/2nZ). (4.2e)

4.1.2 The magnetic Neumann Laplacian

We are interested in the magnetic Neumann Laplacian JhN = (—ihV — A)?, in the
Hilbert space L*(£2), where the magnetic field B = curlA = 1 is uniform® and
generated by the magnetic potential A introduced in (3.1). The operator ,i”hN acts on
functions u € H*(R) satisfying the (magnetic) Neumann condition

V- (=ihV — A)ulr = 0.

The case of double curvature wells corresponding to n = 2 was treated in [6], where
the symmetry was generated by the reflection g, (see Remark 2.9). Here we focus
on the case with n > 3 curvature wells and where the symmetry is generated by a
rotation. When n = 3, a typical example is the smoothed triangle (Fig. 2). When 2 is
an equilateral triangle the heuristic discussion is given in [11] but no rigorous result
can be given since the authors were unable to have a sufficiently accurate control of
the tunneling. Numerically, this has been computed in [4] which in particular gives
the enlightening picture predicting eigenvalue crossings (Fig. 4). We refer to [5, Sec.
5] for rigorous analysis in the case of polygons and to [27] for a comprehensive study
of the magnetic Laplacian.

The investigation of th can be connected with Section 2 after shifting by a constant
£(h) and taking the operator T}, as follows

Ty = 2N — e(h). (4.3)

The shift constant £(/) will be defined by the ground state energy of an operator with
a single curvature well.

8 We identify R/2LZ and [0, 2L).
9 We can handle any magnetic field intensity » > 0 by a change of semi-classical parameter.
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Fig.4 Eigenvalue crossings in an equilateral triangle

Two constants are important in our analysis. First we meet a magnetic flux like term
that controls the eigenvalue crossings and is defined by

Qo = || — |I'[§o = [€2] — 2LEo, (4.42)

Secondly the following constant controls the strength of the tunneling and is defined
by

2 2L/n
S, = NL Kmax — k(s) ds. (4.4b)
(1)) (o) Jo

The definition of ®( and S, involves universal constants related to the de Gennes
model. We recall that, for £ € R, ,uiv (&) denotes the lowest eigenvalue of the Neumann
realization of the Harmonic oscillator on the semi-axis R :

N d? 2
Vgl =~ + ¢+ D) (4.52)

Minimizing over £ € R we get the de Gennes constant

© = inf 7' (§) = 1 (§0). where & = —y/®o. (4.5b)

Denoting by ug the positive L2- normalized ground state of hN [£o], the constant C;
appearing in (4.4b) is defined by

_ L@

C
! 3

(4.5¢)
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4.2 Reduction to tubular domain

In a tubular neighborhood of the boundary, we can work with adapted coordinates
(s,t) € R/2LZ x R4 that are linked to Cartesian coordinates as follows

(x1,x2) = T (s,1) == y(s) — tv(s). (4.6)

There exists a geometric constant &y > 0 such that the above transformation is
invertible when 0 < ¢ < g¢; the image of ® is the tubular neighborhood of I"

I'(eg) = {x € Q : dist(x, 9RQ) < &o} 4.7
and for x € ['(eg), (s, 1) = .7~ 1(x) means that s is the arc-length coordinate of the
projection of x on I and 7 is the normal distance from x to I". We will refer to s as the
tangential variable and to ¢ as the normal variable.

Let us understand the action of the operator in (2.14) in these adapted coordinates.
Let u be supported in I'(gg) and v = M (g)u. Then by (4.2¢), U(s, ) = vo .7 satisfies

f)(s,t)=ft<s—2—L,t>, i=uo7. 4.8)
n

The Hilbert space L?(T'(g9)) is transformed to the weighted space
Lz((R/2LZ) x (0, &9); ads dt), a(s,t) =1 —tk(s).

After a gauge transformation to eliminate the normal component of A, see [11, App. F],
the action of the operator .,?hN is transformed into

3 k
Sy = —h*a""9a0, +a”! <—ihas +yp—t+ %)z2>

k
xa”! <—ih3s +y0—t+ %ﬂ)

where Q|
T
=—==9 4.9
W= =7 (4.9)
and
o= B dx is the magnetic flux in 2.

_ZQ

The change of variables, t = hY/27 and s = o, transforms R/2LZ x (0, &) and the
measure to a ds d¢ to

Iy = (R/2LZ) x (0,e0h™"?) and aj(o,7) =1 — h'/*1k(0).
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Moreover, it transforms the Hilbert space L?((R/2LZ) x (0, &o); adsdt) to the
Hilbert space L2(I; @y, do dt), and the operator %, to hAj, where

k
Ny = =@, 0.0, +ay, " <—ih1/280 +h Py -+ hl/z%tz)

k
xa, ! (—ihl/zag +h 7y — T+ hlﬂgrz) . (4.10)

Let us consider .4}, in Lz(f‘h; ay dodt), with domain!®
Dom(,/ﬁ,) ={ue Lz(f'h; dadt) : 83u, 83u € Lz(l:‘h; dadr),
Ozut|r—9 =0, u|,=80h—1/2 = 0}.

The study of the eigenvalues of .%/, can then be compared with those of N, (see [6,
Prop. 2.7]).

Proposition4.2 Let N € N and S,, be the constant introduced in (4.4b). There exist
K > S, C, hg > 0 such that, for all h € (0, hol and 1 < k < N, we have,

1 - 1
M (LYY — Ce™ KM < (M) < (LYY + Ce KT

where Ak(th ) and A (N are the k-th eigenvalues, counting multiplicity, of the
operators th and N, respectively.

Recall that we are interested in applying the results in Sect. 2 to the operator 7},
obtained by shifting the operator th (see (4.3)). Effectively, that is related to the

operator obtained by doing the corresponding shift to the operator N,
Tn = N — h~e(h). 4.11)

Our next task is to verify Assumptions 2.1 and 2.8 (they will both hold for f‘h and Ty)
and this will require the construction of certain quasi-modes (¢, ;)1<i<». Let us make
the following two observations:

(i) The assumption in (4.2a) implies that T, commutes with M (gn), hence the
condition of invariance by rotation holds.

(i1) For every fixed labeling n, the eigenfunctions of Ty corresponding to the n’th
eigenvalue decay exponentially in the (rescaled) tangential variable; more pre-
cisely, given an eigenfunction f; of T; with corresponding eigenvalue A, (Th,
there exist positive constants Cy,, h,, o, such that

Vh e (0, hyl, [e“kf(|affn|2+|fn|2)dsdrsck _ I faldsdr.
Iy Ty

10" Since ap = O(gpllklloo), and g9 < 1, the vector space with weighted measure Lz(f‘h; ay dadt) is the
same as the space with the flat measure L2 (f‘h; dod r) with equivalent norm.
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The relevance of (i) above is that we can construct quasi-modes of 7j, obeying
the symmetry invariance properties as in Assumption 2.8, and in turn we can use
these quasi-modes to produce quasi-modes for the initial operator T} in (4.3). The
observation in (ii) asserts that the eigenfunctions of fh, once rescaled to the initial
tangential variable r = i/, can be ignored in the interior of the domain .

The expression of the operator Jﬁ, (and hence Th) involves the effective semi-
classical parameter 4 := h'/2, This leads us to adjust our setting by working with the
operators

T = N — A(h) 4.12)
and
My = —a;, " drande +a; ' — - ( ) 2
h = —a; Orapd; +a, 170y +h! w—T7+h—
1 . (U) 2
xa, | —ihds + B! Yo—T+h—= 4.13)
where

ap(o,t) =1 — htk(o) = an(o, t), A(h) =h"'emh).

4.3 The single well problem
4.3.1 Definition of the operator
Let us recall that by (4.2a) and (4.2b), we have on the interval (—2L/n,2L/n) a

single non-degenerate maximum, s; = 0, of the curvature k(s). Let us fix a positive
n < min(}‘, ﬁ) and consider the following set

- 2L 2L
1-\}(Ll) — <__ +n, = - 77) x (0, eoh 1.
s1 n n

Now we consider the operator

. _ k(o
Ji/h(l) —ay, 19, and; + a, (—1718(7 +h 1)/0 -7+ h%tz)

way (—ma F Ry — 7+ e (0) 2) (4.14)

with domain

Dom( M) = (u € L*(T}): dodr) : 0%u, 32u € L*(T'}); dodr),
Orulr=0 = 0, ul—pyp-112

=0, uld:i(ZL/nfn) =0}.

@ Springer



B. Helffer et al.

We denote by A (%) the ground state energy of the operator ./, M-t s simple and can
be expanded as follows [7, 12]

1/4 3|k2| 3/2 i/2
MR~ ©p = 3Cikmaxh+ C1OY | o2 43 5 w2, 4.1
(h)h 0 0 — 3Crkmaxh + Cq 0 > ) 51’]77: (4.15a)

j=4

where (81,j);>1 are real constants and ky = kg (0) < 0. Moreover there exist real
constants (82, ;) j>1 such that the second eigenvalue satisfies

1/4 3|k2| 3/2 i/2
ha(h) ~ ©0 = 3Cikmnli+3C10 ,/Th 24y 5 0l (4.15b)

j=4

and there is a spectral gap

ha(h) = 2(h) ~ 2C) 01/4‘/3|k2|h3/2

Functions in the domain of Jl/h(l) can be extended to the full half-plane Ri =RxR;
after multiplication by a suitable cutoff function. We could have considered the single
well problem in an alternative manner by truncating the curvature and extending it by
0 outside I‘(I; and also the weight function ay, to get an operator in R2 Due to the
exponential decay of bound states, the spectra agree up to exponentlally small errors
that are negligible compared with the estimate of the tunneling [6, Prop. 2.7].

4.3.2 Approximation of ground states

The ground states of JV (D concentrate near the curvature well s1 = 0[6, Corol.6.1]
and one can expand them in a WKB form.

Let ¢p,1 be a normalized ground state of ,/1%(1). We introduce the function

Qi(0) = Vkmax — k(s) dg, (4.16)

(n )”(Eo) [0,0]

where [0, o] is the segment joining 0 to o oriented counter-clockwise; in particular
Jo.o1 = f: ifo <0and [, = Jy if o > 0. The ground state ¢j, | is approximated

as follows. Let K C (—% +n, 2L—n — n) be a compact interval, then we have [6,
Prop. 6.3 & Eq. (2.5)]

1N (g, | — emino/ 2 H = O(h™ 4.17
[ M = e )| L =06, @)

where (t) = (1 + |/%)!/? and yy is introduced in (4.9).
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The function vy is defined as follows

Yr1 = xWn1 (4.17b)

where x € C°(R; [0, 1]) satisfies

L L L L
—— +2n, — - 2n), suppx C (—— +n,— - n) (4.17¢)

X:lon(
2n 2n 2n 2n

and the function Wy, ; has the following expansion [6, Thm. 2.8]

1 X .
P12 —iok/hg, | (5. 1) ~ h% ij (0, T)h?, (4.17d)
Jj=0

where
bo(o, v) = fo(o)uo(r)

and the sequence of functions (b;(o, 7));>1 can be constructed by recursion [7,
Thm. 5.6].

4.4 Construction of quasi-modes

Now we can introduce the following quasi-modes for .7

Ort = XPn1s Pno = Mar, - Phn = MnPrn-1, (4.18)

where (see (4.8))
Mapu(o,T) =u (O’ — £, r) . (4.19)
2n

Notice that (Z‘;ﬁ, i 1s supported in f‘g)n defined as follows
- (i 2L 2L
iy = ((i —) = 4pi = - n) x (0, 0h™ /%),
Y n n

This yields quasi-modes for the operator T}, in (4.3) obtained from .7}, by the change
of parameter 7 = h'/2; more precisely, we introduce

fihi=¢n; (h=h"? 1<i<n). (4.20)
Notice that by (4.17a),
20D i 50, 7) — PN (0 2L /n, 7)) = O™),
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and by (4.2e),

h.,n

2C) °
B2(0) + D1 (0) = —/ N
PO Wy @) Jot e

=S,on T} NI}

2L 5
®dy(0) = Oy (a — —> on'®
n

where S,, is introduced in (4.4b).

To obtain quasi-modes for the operator 7} in (4.3), we truncate, re-scale and pull
back the quasi-modes i, ; to the Cartesian coordinates via the transformation in (4.6)
and finally renormalize. More precisely, we introduce

un,i(6) = h™ " xo(tC0) /02 )i i (s (o), ™1 21(0)) (4.21)
where xo € C°(R; [0, 1]) satisfies suppxo C (—&o, g0) and xo = lon[—eo/2, £0/2].
4.5 Estimates of interaction coefficients
We need to estimate

Jo(h) = (Thup,1, up,1) and Jy(h) = (Thup,1, up,2).

By the exponential decay of u;, 1 and up 2, we may write
Jothy = ko + O™ KM () = ny + 0K
where K’ > S,, and
Jo=(Tidn1.dn1). = (Tidn1. dn2)

The term Jy is estimated as O(e(~2S+em/ hl/z) where ¢ is a positive constant
independent of / and 1. We fix now the choice of n < 1 so that 25, — cn > S,.
The term J; is calculated as in [6, Sec. 7.2.1] (see also [8, 26])

Ji = A0t Linhe=Su/M'2 (5514 C L O(RT/4)

where C,. € C\ {0} is a constant independent of /.
Writing Cy = |Cy|e'* and recalling the definition of @ in (4.4a) and the relation
h=h'?, we get

Ii(h) h:o |C*|h13/Seia0+2id>0/nh'/2e—Sn/h'/4 (4.222)
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and
Jo(h) = o(Ji(h)). (4.22b)
AN0)

4.6 Application whenn = 3.

Let us assume that n = 3. The functions u, ; introduced in (4.21) satisfy the conditions
in Assumptions 2.1, 2.8 (in Remark 2.7) and 2.11. In fact,

e By (4.18) and (4.20), we check that the symmetry invariance in Assumption 2.8
is respected.

e The symmetry invariance and (4.17a) ensure that uj, ; satisfy the conditions in
Assumption 2.1 with &1, G5, 63 € (0,S,) arbitrarily close to S,; we fix the
choice so that S, < 2min;<;j<3G;.

e The estimates in (4.22) ensure that Assumption 2.11 holds with & = S,,.

Applying (2.21), we get a similar result to Theorem 3.9 (by following exactly the
same argument). In fact, there is a relabeling w1 (h), ua(h), na(h) of the eigenvalues
A1(h), Aa(h), A3(h) of the Neumann magnetic Laplacian Eﬁlv with the asymptotics

-S
pa(h) — pi(h) = (a(®o/3vh + ag) + o(1))|Cl exp (1_§>
e n (4.23)
a(h) —pa(h) =, (b(®0/3v + ag) + 0(1))|Csl exp (hl_é)

where a(-) and b(-) are introduced (3.43).
Moreover, there exists a sequence ((h1(k), ha(k), h3(k))
0 such that, for all k > ko we have

k>ko which converges to

0 <hitk+1) < h3k) < ha(k) < hi(k) < 1
and
pr(hi(k) = pa(h1(k), pi(h2(k)) = ua(ha2(k)), pa(hzk)) = ps(hsk)).

In particular, this finishes the proof of Theorem 1.5.

5 Magnetic steps

5.1 Introduction

In this section, we work in the plane and the Hilbert space is H = L2(R?). Consider
a positive integer n and denote by g = g, the rotation in R? by 27 /n. We are then in
the setting of Remark 2.7 with the domain being all of R2. Recall the definition of the

transformation

M(gu(x) =u(g™'x) (u e L*(R?)).
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Let © C R? be an open bounded subset of R? with C* boundary I'. We assume
that €2 satisfies the conditions in (4.2).
Let A : R?> — R? be a vector field such that

1 on

» onR>\ Q SR

B = curlA = {

where —1 < ¥ < 0 is a fixed constant. The magnetic field B = By q is a step
function, hence called a magnetic step ([3] and references therein). The boundary I'
is the discontinuity curve of the magnetic step, and sometimes is called the magnetic
edge ([13] and references therein).

Consider the Landau Hamiltonian on R>

P = (—ihvV — A)? (5.2)

with semi-classical parameter 4 and magnetic field B as in (5.1). The symmetry con-
ditions in (4.2) allow us to prove that the eigenvalues of .th exhibit a braid structure
in the semi-classical limit. The proof and the construction are very similar to those for
the Neumann problem in Section 4 modulo the following slight modifications:

i) Use the model operator on the full real line from [2].
ii) Introduce adapted coordinates on a curved strip defined by the boundary I', via
the signed normal distance to I" and the tangential arc-length distance along I'.
iii) Use a modified single well operator, with magnetic steps, analyzed in [3].
iv) Construct quasi-modes and apply the abstract results in Section 2.

Most of the computations were carried out in [3, 13] so we will be rather succinct
and just present the key constructions.

5.2 Model on the real line

On L*(R), consider the family of Schrodinger operators, parameterized by £ € R,

2
f)ﬁ[é]:—ﬁ+Vﬁ($, 7), (5.3)
where £ € R is a parameter and
Vo (&, 1) = (& +b19(f)"5)2a by () =1r, (1) + 91r_(7). (5.4)

We denote by 1y (§) the ground state energy of h[£], and according to [2], we can
introduce the constants B, ¢y as follows

By = inf uy () = uy(Cy), (5.5
EeR
where ¢y < 0, is the unique minimum of @y (-) and we have ug (&) > 0.
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Let ¢p be the positive L2-normalized ground state of h,[¢p]. We introduce the
negative constant [2]

1/1
M3@) = 3 (5 = 1)6090 019} (0). (5.6)

5.3 Adapted coordinates and single well problem

Recall that y : R/2L7Z — R? is a counter-clockwise oriented arc-length parameter-
ization of the curve I" and that, for s € R/2LZ, v(s) is the unit normal to I" at y (s)
which points to the interior of the I". We can adjust the coordinates (s, ¢) introduced
in (4.6), by allowing ¢ to have negative values. We therefore set

T(s,t) =y(s)—tv(s) ((s,t) €e R/2LZ x R).
We introduce the curved strip
f‘(so) ={xe R? : dist(x, ") < g}
and we choose gy > 0 so that .7 is one-to-one on R/2LZ x (—&g, &p) and that f(so)
is the image of R/2LZ x (—e&g, g9) by 7.

We assign to a function u defined on I'(gg) the function it = u o 7 defined on
R/2L7Z x (—e9, €o)- The Hilbert space L2(F (&0)) is then transformed to the weighted
space

Lz((]R/ZLZ) X (—e&g, £9); ads dt), a(s,t) =1 — tk(s)
and the action of the transformation M (g) is still given by (4.8).

Note that the action of .Z) B on I'(gg) is transformed to (after, possibly, a gauge
transformation)

ZE = —h*a 908, +a”! (-mav + 90 — by (Dt + %bly(t)t )

xa~ (—1h8 + v — by (1)t + Qb@(t)t )

where the constant yg and the function by are introduced in (4.9) and (5.4) respectively.
We do the scaling (o, ) = (s, h~1/2¢) and introduce the effective semi-classical
parameter 7 = h'/2. We obtain the operator

Mo = —a; ' dcand; +a; < ihdy +h~ 'y — bet + hﬁbﬁ )

xXay (—1h8 +hr! Yo — byt + hgb ) 5.7
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where!!
ap(o, 1) =1 — htk(o).

Our single well problem is defined as follows. Fix a positive n < min(}—W éﬁ) and
consider

. 2L 2L
r;‘;z(——jtn ——n)X( eoh™! eoh ™).
L n

n
We introduce the operator on L2 (F,(l ,)7 apdo dr)
M =M 5.8
o — <ThY (5.8)

with domain
Dom( M) = {u € L*(F}): dodr) : 82u, 92u € LA(I}); do dr),
Ulr—tggn-12 = 0, Ulo=t@L/n—y) = 0}.

We denote by A (%) the ground state energy of the operator JV a ) ; it is simple and can
be expanded as follows [3, 13]

A(h) o Be + M3(kmaxhi + | th, (5.9)

and the splitting between A (k) and the second eigenvalue 1, (h) is estimated as follows

A (B) — A(R) h:o /whm_

5.4 Quasi-modes and application

In order to apply the results in Section 2 we introduce the operator
T =L —eh)

and construct suitable quasi-modes. With i = h'/2, we choose £(h) = hi(h), where
A(h) is the ground state energy of the single well operator L/I%(lly) introduced in (5.8).

Let ¢>ﬁ | be a normalized ground state of ,/Vh( and choose x € C*(R; [0, 1])
satlsfylng (4.17¢). We introduce the quasi-modes

bhy = XPh1 Bho = Mabh e B, = A, (5.10)

1 The function by now depends on the variable 7.
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where ., is introduced in (4.19). We obtain quasi-modes for the operator 7j, by
truncation, re-scaling and pulling back to Cartesian coordinates; more precisely we
introduce

uh () = h™ Yo (e /M 2Yay (s, ™' Pe(x)) (5.11)

where xo € C2°(R; [0, 1]) is as in (4.21) and &) , = ¢} ., with h = h'/2.
We move then to the calculation of the following two terms

Jo(h) = (Tyuj 1, ujy 1) and Ji(h) = (Tyuj) |, ujy »).

That is essentially done in [13]. We introduce the following ‘distance’

— 2L/n
Sﬂ(’l}) = M kmax - k(S) ds
My (&) Jo

and the flux like term
Oy =[] —2LEy.
We have
Jo(h) = O(e(*ZSn(ﬁ)Jrcn)/hm)
where c is a positive constant independent of /2 and 7, and
Ji(h) = 2% mhe=Ss M (. 9)n13/8 1 O(hn'5/%))
where C,(¢) € C\ {0} is a constant independent of A.
We fix now the choice of n < 1 so that 25,(3) — cn > 5,(#) and we write
Ci (D) = |Co(9)]e @) We get

JL(h) :0 |C*(ﬁ)|h13/8€ia0(19)+2i<b19/nhl/zefsn(z?)/h1/4 (5.12a)

and
Jo(h) N o(J1(h)). (5.12b)

Letus now assume thatn = 3, which corresponds to the setting in Theorem 1.6. The
functions u? h.i introduced in (4.21) satisfy the conditions in Assumptions 2.1, 2.8 (in

Remark 2.7) and2.11. Applying (2.21), we get arelabeling 1¢1(h), pa(h), ua(h) of the
eigenvalues A1 (%), A2 (h), A3(h) of the Landau hamiltonian .Z}; B with the asymptotics

S0
o) = i) = (a(@s/3Vh+a0(9) +o(D)ICo(@) exp <_hf/(2 )>

—55(
) = pa(h) = (6(®9 /33 + ao(@) + (1) C(@)exp <_hf/(2 )>
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where a(-) and b(-) are introduced (3.43).
Moreover, there exists a sequence ((hl(k), ho(k), h3(k))
0 such that, for all k > ko we have

k>ko which converges to

O<hitk+1) <hzk) <hytk) <hitk) <1
and

i (h1(0) = p3(h1 (), pi(h2(k)) = pa(ha(k)), pa(h3(k)) = pa(h3k)).

In particular, this finishes the proof of Theorem 1.6.

Appendix A Minimizing the function W(r, t).
Let W be the function introduced in (3.19). Using the inequality +/7(¢ +1) <t + %
we get .

Jgin|

W(r t)>d(r)+—ln<1+l>+ﬂ(t+l> (A1)
= 2 ‘ 2 2) '

Consequently, the minimum of W (7, ¢) over [a, L — a] X KJF is attained at (rg, tg) €
[a, L —a] x R;. By [17, Remark 4.8],

inf W(r,t) > inf{ inf Y(r,t), inf V(L —a, t)} . (A2
(r,t)€la,L—a]xR4 (r,0)€l0,a]lxR4 teR4

Recalling F(vg) from (3.19), we have by [17, Eq. (4.18) and Prop. 4.5],

—Fo)+  inf  W(r, 1) =S, L) > S, (A.3)
(r,0)€l0,a]lxR4

where S(vg, L) and S, are introduced in (3.9).
The function

G(1) |v6nin|1 (1+ 1)+a2 -
= ——1n - — -
2 )2 2

has a unique minimum on R,

1 |vmin|
0
fe=1 =+ -
*k az

~
| —
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By (A.1) (forr = L — a), we get

inf W(L —a,t)>d(L—a)+G(,)

teRy
: 2
a |vmin| <\/ a? + 4log™ | + a)
=d(L —a) + —/a® + 4o + —2—1 4 :
(L@t gya T = 4log
Consequently,

— F(vg) + inf W(L —a,t) >d(L —a)+d(a) = S,. (A4)
[€R+

Collecting (A.3) and (A.4), we infer from (A.2) that

—F(vo) + inf Y(r,t) > S,.
(r,t)€la,L—a]lxR4
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