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Abstract

We prove that, in the flat torus and in any dimension, the volume-preserving mean
curvature flow and the surface diffusion flow, starting C!:!-close to a strictly stable
critical set of the perimeter E, exist for all times and converge to a translate of E
exponentially fast as time goes to infinity.
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Introduction

In this paper we establish global in time existence and convergence towards equilibrium
of two physically relevant volume-preserving geometric motions, namely the volume-
preserving mean curvature flow and the surface diffusion flow.

On the one hand, the first one is the volume-preserving counterpart of the well-
known mean curvature flow, and it is defined as a smooth evolution of sets E; governed
by the law

V; = —Hg, + Hg, ondE,, 0.1)

where V; and Hg, are the outer normal velocity and the mean curvature of 9 E;,
respectively, while Hg, = f, £, He, - The mean curvature flow is a famous evolution
model, with far-reaching geometric and physical applications, which has a rich history
dating back to its use in material science. One notable application is in physical systems
involving multiple phases, such as the motion of grain boundaries in materials science,
as first discussed by Mullins [38].

On the other hand, the surface diffusion flow is a smooth flow of sets E; evolving
according to the law

V, = AgHg, ondE, 0.2)

where Ag, denotes the Laplace—Beltrami operator on 0 E;. Similar to the mean cur-
vature flow, the surface diffusion flow has important applications in material science,
especially in physical systems with multiple phases. It has been proposed in the phys-
ical literature by Mullins [37] to model surface dynamics for phase interfaces when
the evolution is governed by mass diffusion in the interface.

The volume preserving mean curvature flow can be seen as a simplified, second-
order version of the surface diffusion flow as both flows share several common
properties. Indeed, from the evolution laws (0.1) and (0.2) it follows that the vol-
ume of the evolving sets is preserved along the two flows, as can be easily seen from
the following computation

d
—|E,|=/ V,dHN"! =0,
dr AE,
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Stability of the surface diffusion flow and volume-preserving...

the perimeter is decreasing, since the evolution (0.1) satisfies

d 3
—P(E;) =/ V,Hg, dHN ! :/ (Hg, —Hg,)” dHV ! <0,
dr IE, VE,

and an integration by parts shows for (0.2) that

d
—P(Et)=/ V,Hg, dHV ! =—/ |VHE, |2 dHY ! < 0.
de IE, IE,

Moreover, these two evolutions can be regarded (at least formally) as gradient flows
of the perimeter according to suitable metrics. In particular, the mean curvature flow
can be considered as (a volume preserving modification of) the L2-gradient flow of
the perimeter, while the surface diffusion can be interpreted as its H~'-gradient flow.

In both cases, singularities may appear in a finite time even for initial smooth sets
(see [35]), therefore in general only short-time existence results are available, see
for instance [15, 25] for the mean curvature flow and [14] for the surface diffusion
flow (see also [22] for the case of triple junction clusters). Because of the (formal)
gradient flow structure of the two flows, it is reasonable to expect that if the initial set
is sufficiently close to a stable point (or a local minimizer) E of the perimeter, then the
flow exists for all times and asymptotically converges to E. We refer to this property
as dynamical stability. We will properly define the notion of stability in Definition 1.1,
however we can summarize it as follows: stable sets are sets whose boundary has
constant mean curvature and positive definite second variation of the perimeter (i.e.,
they are “stable” for the perimeter functional). In this paper, we will focus on the flat
torus TV, which is particularly interesting due to the variety of possible limit points of
the flows, namely periodic constant mean curvature hypersurfaces. In the Euclidean
space only unions of balls have constant mean curvature, whereas the flat torus admits
a much broader range of such surfaces. However, a full characterization of constant
mean curvature hypersurfaces in T is not available in any dimension. In dimension
N = 2, the only sets with constant mean curvature are discs and stripes (also called
lamellae), while for N > 3 there exist many nontrivial examples, as stripes, cylinders
and triply periodic surfaces known as gyroids.

The aforementioned approach of studying the dynamical stability of stable sets has
been used in many instances in the literature. Concerning the surface diffusion, this
method was employedin [2, 17, 18], where the authors considered the surface diffusion
(also with an extra elastic term) and the Mullins—Sekerka flows in the 2, 3-dimensional
flat torus (see also the survey [11]) and proved the dynamical stability of stable sets.
It should be noted that the flows considered in these works include nonlocal terms,
but their results also apply to the evolution driven solely by the perimeter energy. In
the Euclidan setting, other results for the surface diffusion deal with the stability of
balls [14, 29, 41], infinite cylinders [30], two-dimensional triple junctions [21], as well
double bubbles [1, 20] (see also [29] for similar results in different settings).

Regarding the volume preserving mean curvature flow, recent progresses have been
made in proving the dynamical stability of strictly stable sets in the 3-dimensional flat
torus [39], while older results mainly concern convex sets, balls, or the 2-dimensional
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setting. The dynamical stability of balls has been proven in the Euclidean setting
under various hypotheses on the dimension or on the initial set in [15, 19, 25, 31].
We refer also to [40], where global existence and convergence results for a large class
of geometric evolution laws have been considered, relying on the concept of L?-
maximal regularity for quasilinear parabolic equations. Another interesting approach,
up to now limited to the mean curvature flow, deals with the long-time behaviour of
weak solutions of the flow, in particular the so-called flat flows [4, 32]. Flat flows
are measure-theoretic weak solutions to the mean curvature flow arising as the limit
of a discrete-in-time approximation, based on the minimizing movement scheme, as
the time-step parameter tends to 0. The exponential convergence of flat flows to balls
has been proved in [26] in R2, while in [7] the authors deal with the anisotropic and
crystalline mean curvature flow in RN N > 2, and for convex initial data, showing
the asymptotic convergence to a Wulff shape. Concerning the time-discrete flows, in
[10, 36], the asymptotic convergence to balls in RY, N > 2, is shown in the classical
and fractional settings, respectively. In [9], two of the authors prove the dynamical
stability for the discrete flow of strictly stable sets in the flat torus of any dimension.

In the present paper we are able to prove in any dimensions the dynamical stability
of strictly stable sets in the flat torus both for the surface diffusion flow and the volume
preserving mean curvature flow. By assuming the initial set to be close in the C1!-
topology to a strictly stable set, we obtain global existence and asymptotic convergence
of both the flows to (a translated of) the underlying stable set. This is quite surprising
for the surface diffusion flow, which is a fourth-order flow. Our main result is the
following.

Theorem 0.1 Let E € TN be a strictly stable set and let Ey = E,, C TN be
the normal deformation of E induced by uy € CHLQE) (see Definition 1.2) with
|Eo| = |E|. There exists § = §(E) > 0 such that if ||uol|c1.1 9y < 3, then

(1) the volume-preserving mean curvature flow E; starting from Eq (defined in (1.10))
exists smooth for all timest > 0, and E; — E 4+ 1 ast — 00, for some T € T,
in C* for every k € N exponentially fast;

(i) the surface diffusion flow E; starting from Eq (defined in (1.17)) exists smooth for
all timest > 0, and E; — E + 1 ast — 00, for some T € ™, in Ckfor every
k € N exponentially fast.

Where with exponentially fast we mean that the sets E; can be written as normal
deformations of E + t induced by functions u(-,t) € C*°QE + t) such that

llee (-, t)||ck(aE+r) < Cke_ckt fort > 0.

The main technical novelty of our argument is the use a quantitative Alexandrov-
type inequality, which has been obtained by two of the authors in [9, Theorem 1.3] and
is applied for the first time to a continuous-in-time setting, in this paper. This technique
allows us to treat in a unified fashion both the geometric flows considered. However,
it seems to be quite general, in the sense that it can be adapted to other gradient
flows of the perimeter functional. For instance, we are confident that the Mullins—
Sekerka flow or, more in general, fractional gradient flows of the perimeter could be
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treated analogously, provided one has sufficient control on the Schauder estimates
for the linearized system governing the evolutions. This will be the subject of future
investigations. Moreover, since this stability inequality can be seen as a Lojasiewicz—
Simon inequality with sharp exponents, one is able to derive the optimal decay of
the dissipation along the flow, immediately yielding the exponential convergence in
any norm of the flow to the subjacent strictly stable set. In particular, our line of
proof works in any dimension without the need of deriving energy estimates for the
high derivatives of the curvature, which was one the main bottleneck of the previous
methods developed in [2, 17, 18]. Lastly, the Schauder-type estimates we provide
following the lines of [24] seems to be new in this setting.

We now outline the strategy of the proof, which is based on the gradient flow struc-
ture of the evolution. Firstly, applying the Alexandrov-type inequality [9, Theorem
1.3], combined with the quantitative isoperimetric inequality of [3], we are able to
bound the velocity in terms of the displacement. By iterating this procedure for the
whole time of existence and using higher order estimates, we can extend the flow for
all times. In order to do so, we need to show that the short-time existence and regularity
results depend only on the bounds of the initial datum. This is not a priori clear from
previous existence results [14, 15]. More precisely, we rely on Schauder estimates
on the linearized problem solved by the flows, which is a quasilinear perturbation of
the heat equation for the mean curvature flow and a quasilinear perturbation of the
biharmonic heat equation for the surface diffusion flow. While Schauder-type esti-
mates for general quasilinear parabolic PDEs of the second order are well known (see
for instance [16]), we couldn’t find a precise reference for the fourth-order equation.
Although an approach by scaling (in the spirit of [28]) could be feasible by working
in local coordinates, we preferred to rely on the estimates provided in [24], where
time-weighted Holder norms are employed. After establishing the global existence of
both flows, we obtain the exponential convergence up to translations via a Gronwall-
type inequality. This is where it comes into play the optimality of the exponent in the
Alexandrov theorem [9, Theorem 1.3], which yields the exponential rate of conver-
gence. Finally, we prove the convergence of these translations by exploiting the decay
of geometric quantities along the flow, as in [2].

We conclude by highlighting that a similar stability result for the surface diffusion
flow has been obtained by the second author and collaborators in [13] using different
techniques (that are shown in details in dimension N = 4 and listed for any general
N), assuming different hypotheses on the initial datum, depending on the dimension
N. In particular, they consider initial sets E close to the strictly stable set in C! and
such that the energy

/ |VN_2H|2dHN_1+/ |VH|> dH V!
dEg dEp

is sufficiently small.
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1 Preliminary results

In this section we collect some preliminary results and we fix the notations.

We denote by TV the N-dimensional flat torus, which is the quotient of RN by ZV .
The function spaces C*(TN) and Wk-P(TN), for k € N and p € [1, 0o], are defined
as the restriction of CK(RV) and Wl];’cp (RM), respectively, to the functions that are
one-periodic. With B, (x) we denote the ball in RY of center x and radius r, while B,
will be a short-hand notation for B, (0). Given x € RY, we will write x = (x/, xy)
where x’ € R¥=! and xy € R. Similarly, we denote by B/ (x') ¢ RV~! the ball in
RN=! with radius > 0 and center x’ € RV~

Moreover, we denote by ¢, C some constants, which could be changing from line
to line and always depend on the dimension N, and by % (or equivalently 9;) the
partial derivative with respect to the variable ¢. Let F C TV we denote with distz(-)
the distance from the set F and with C11(3F) the set of functions continuously
differentiable with derivative Lipschitz continuous on 9 F'.

Given a smooth closed (N — 1)-manifold © c TV we denote byvy : ¥ — SN
the outer normal to X, by By the second fundamental form of ¥, and by Hy, its mean
curvature, that is the trace of By. For every vector field X : ¥ — RY we let X, to be
the tangential part of X, that is X;(x) = X(x) — X(x) - vs(x)vx(x), and for every
function f € L(Z) we denote with

P ; N-1
f= HN-I(X) /2 fan

the mean of f over X.

Let E c TV be a open set with smooth boundary and let X : TV — RV be a
vector field of class C2. We consider the associated flow @ : TV x (—1,1) — TV
defined by

D
i =X(®) &,0 =1, (L.1)

where I : TV — TV denotes the identity, and we say that E; = ®(E,¢) is the
variation of E associated to & (or to X). If in addition it holds |E;| = |E| for every
t € (—1, 1), we say that E, is a volume-preserving variation of E.

We now recall some results on sets of finite perimeter, referring to [33] for the basic
definitions and proofs. We say that a measurable set E C TV is a set of finite perimeter
if

P(E) := sup{/ div(X)dx : X e C'(TV,RM), |X]| < 1} <oo. (1.2
E

Moreover, by De Giorgi’s structure theorem, we have P(E) = HN=1(3*E) where
0*E is a suitable (N — 1)-rectifiable subset of d E. The first and second variation of
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the perimeter at E with respect to the flow & are defined as follows
2

_d 2 _4d
SP(E)[X]:= E’r:oP(Et)’ 3°P(E)[X]:= a2 lizo

P(E)).

It is well known that, for any set of finite perimeter £, we have

3P(E)[X]=/ divy (X)dHN !,
0*E

where div; (X) is the tangential divergence of X on E and it is given by

div; (X)(x) = div(X)(x) — vg(x) - VX(x) forallx € 9*E. (1.3)

Moreover, if E is a open set with C2-boundary we have

8P(E)[X]:/ dive (X)dHN ! =/ Hpvg - X dHV L
JE E

Finally, the second variation formula for perimeter on open sets of class C? (see for
instance [3, Section 3]) is given by

PPENXI = [ (190 ve)P = 1BeP X ve)?) @
IE
—/ HEdiv,(X,(x.uE))dHN—lJr/ He (divX)(X - vg) dHV 1,
oE oE

where V; f (x) = (V f).(x) denotes the tangential derivative of E. Since the expres-
sion above only depends on the normal component of the velocity field X, we also
denote by 6 P(E)[¢] and 82P(E )[¢], respectively, the first and the second variation
of the perimeter at E, where ¢ = X - vg.

Let E be a critical point of the perimeter. It should be noted that the translation
invariance of the perimeter implies that the second variation becomes degenerate along
flows of the form ® (x, ) = x + tn, where 7 € R". Because of that, we denote by

H'(OE) := {(p € H'(BE) : / pdHN- = o} :
oE

and by 7' (3 E) the subspace generated by the functionsv; : dE — Rfori =1,..., N,
defined as v; := ¢; - vg where ey, ..., ey is the standard orthonormal basis of RV .
We then set T+ (3E) to be the orthogonal subspace of T(dE) in the L?—sense, that
is

T+E) = {gp € H'(JE) : / evidHN 1 =0, i= 1,...,N} .
dE
After defining all the spaces, we can finally give the notion of stability.
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Definition 1.1 We say that a set E C TV of class C? is a strictly stable set if it is a
critical set, that is § P(E)[¢] = O for all p € H'(E), and the second variation of the
perimeter is positive definite, in the sense that

8P(E)[g] > 0, Vg € T(DE)\ {0}.

We now recall some technical results that will be useful in the following. We start
by recalling the definition of normal deformation of a set and a result which ensures
that any W2 ?-small normal deformation of a smooth set can be translated in a way
so the projection on the subspace 7 (E) becomes small.

Definition 1.2 Let E C TV be an open set of class C'. For every f € L*(JE) such
that || £l L5 ) 1s sufficiently small, we define the normal deformation of E induced
by f the set E ¢ having as boundary

OEr :={x+ f(xX)ve(x): x € IE}.
Lemma 1.3 [3,Lemma3.8] Let E C TV be of class C3 and let p > N — 1. For every
8* > 0 there exist C > 0 and n > 0 such that if F is a normal deformation of E

induced by some ¥ € C*(dE) with 1V lw2rE) < N, that is F = Ey, then there
existo € TN and ¢ € W>P (D E) with the properties that

lol = Clivllw2reey: lelw2ror) < ClYIlw2r o

and

F+o0=E,, ’/ (vadHN_l
9E

<8 lel2pE)-

We now recall the definition of inner and outer ball condition.

Definition 1.4 We say that a open set E C TV satisfies a uniform inner (respectively
outer) ball condition with radius r if there exists r > 0 such that for every x € 9E
there exists a ball B.(y) C E (resp. B,(y) C E€) with x € B, (y).

Note that all sets E C TV of class C!! satisfy a uniform inner and outer ball
condition (see e.g. [8]). Arguing as in the proof of [3, Lemma 3.8], we can prove the
following result.

Lemma 1.5 Let E C TV be of class C*® and letm > 0. There exists ) = n(m, E) > 0
such that, for every k € N, u € CK(JE) with lullcraey < m, llullcoygy < n and for
every o € TN with |o| < n, then E, 4+ o can be written as a normal deformation of
E induced by a function v : 9E — 0E such that

lvllcoary <20, llerar) < Cllullcrgey + 1o D,

where C = C(E) > 0.
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Proof Being the set E smooth, it satisfy the uniform inner and outer ball condition,
hence there exists a positive radius » > 0 such that the signed distance sdg from the
set E, defined by

distyz(x)  ifx € E€

sd =
£() —distyp(x) ifx € E,

is a function of class C* (from the regularity of 9 E) in the r-tubular neighborhood
(0E),, that is (0E), := {x: distyg(x) < r} (for further properties of the distance
function see [23, section 14.6]). Since, for some k > 2, u has C k_norm bounded by
m, we also have |[u||c1.1(5 ) < m. Then, there exists a radius p = p(m, E) such that
J0E, satisfies a uniform inner and outer ball condition of radius po. We can assume
without loss of generality that p < r.

We now let n < p/2 to be chosen later, take any |o| < n and set F = E, + o.
Clearly, F still satisfies a uniform inner and outer ball condition of radius p. Then, for
every y € dF there exists x € dE, such that y = x 4 o, hence we have

distyr (y) < lo| +distye(¥) < 1+ lullcop, < 20,

and in particular 0 F C (3E)2, C (dE),. We now define the map 7, : 0E — JE as
Ty(x) == mp(x +u(x)ve(x) +0) =y —sde(y)Vsde(y), (1.4)

where g is the projection map on dE and y = x + u(x)veg(x) + o0 € 9F. By
choosing 7 smaller, by interpolation, it holds [[u|lc1yg) + o] < %, which implies
that the function x — x 4 u(x)vg(x) + o is a diffeomorphism (since it is a small

perturbation of the identity). Moreover, since E is of class C*° (and possibly for n
smaller), T g } oF - dF — O E isadiffeomorphism of class Ck, C*-close to the identity.

Therefore, T, € CK(3E) and, by (1.4), we get
17w — ke < Cllullcrr) + loD). (1.5)

Moreover, using again (1.4) and the invertibility of the map x — x + u(x)vg(x) + o,
we obtain

1T, = Hiekor < Clullerpr) + o). (1.6)

Using the fact that 7}, is adiffeomorphism and (1.4), we can find afunctionv : 0E — R
such that F is the normal deformation of E induced by v, more precisely for every
x € JF it holds

x+ux)vepx) +o =T,(x) + v(T,(x)ve (Ty(x)).
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Finally, using the above expression and the bounds in (1.5) and (1.6), we conclude
that

lvllcroae) < ||T,;1||Ck(aE)(||M||ck(aE) +lol+1Tu — IicrpE))
< Clllullcrey + lo D),
for some constant C = C(E) > 0. 0O

Let E, F C TV be measurable sets. We define a L!-distance between E, F modulo
translations (also known as the Fraenkel asymmetry of the set E related to F') as

a(E, F) := min |EA(F + x)|.
xeTVN

The following quantitative isoperimetric inequality has been proved in [3]. As a
consequence of this result, strictly stable sets are of class C* (see [33]).

Theorem 1.6 [3, Corollary 1.2] Let E C TV be a strictly stable set. Then, there exist
n =n(E), C = C(E) > 0 such that

Ca’(E,F) < P(F) — P(E)

forall F C TN with |F| = |E| and a(E, F) < 1.

We now recall the quantitative version of Alexandrov’s theorem proved in [9, The-
orem 1.3], which can be also seen as a Lojasiewicz—Simon inequality with sharp
exponents. It will be the main tool to prove the exponential stability of the geometric
flows considered. We slightly rephrase the conclusion as it will be more useful in the
following.

Theorem 1.7 [9, Theorem 1.3] Let E C TV be a strictly stable critical set. There
exist §* € (0,1/2) and C = C(E) > 0 with the following property: for any f €
CY'(3E) N H*(OE) such that | f || c1¢ypy < 8* and satisfying

Ef| = |E|, '/ Fop dHN!
oE

<8I fll20E) (1.7)
setting %Ef (x) = HEf (x + f(x)ve(x)) for x € IE, we have

I £l ory < ClHe, — He, 20k (1.8)

Remark 1.8 Note that Eq. (1.8) in particular implies that, under the hypotheses of
Theorem 1.7, for any A € R it holds

I laror) < CIlHZE; — M2@E)- (1.9)

We conclude this section by recalling the Poincaré and Gagliardo—Nirenberg
inequalities on smooth hypersurfaces (see [6] for instance).
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Lemma 1.9 Ler & C TV be a smooth closed hypersurface and f € H'(Z). There
exists C = C(X) > 0 such that

If = flliz2s) < ClVe fllgis)s
where we recall V. f ==V f —(Vf - -vy)vx.
Theorem 1.10 Let ¥ C TN be a smooth closed hypersurface. Let I, m, k € N be
such that 1 <1 < m, andlet 1 <r < oo. There exists a constant C, depending on

these constants and on ., with the following property: for every u € WhP () we
have

1—
IV'uC OllLres) < ClluC O ymer s G Ol 1l

where

LY (S W
p N-1 r N-—1 q
forall 6 € [l/m, 1) for which p is nonnegative.

1.1 Short-time existence for the mean curvature flow
GivenT > Oand Eg C T an open smooth set, the volume-preserving mean curvature
flow in [0, T') starting from Ej is the family of sets (E;)o<;<7 Whose outer normal
velocity is given by

Vi(x) = —Hg,(x) + Hg,, x € dE;, t € (0, T). (1.10)
We remark that this equation should be intended as follows: there exist a smooth open
set E C TV and a 1-parameter family of smooth diffeomorphism ®; : dE — TV
given by ®;(x) = x +u(x, t)vg(x), such that ®¢(0E) = dEpy, ®;(0E) = dE;, and

ru(x, 1)v(x) - v, (P;(x)) = —HE, (®;(x)) + Hg,, x € 9E, t € (0, T).

Assuming that the flow starting from Eq exists, following classical computations
(see for instance [34]) one can deduce that the evolution equation satisfied by u is

du = Agu+ (A(x,u, Vu), VZu) + J(x, u, Vu) + Hg,
where Afg is the Laplace-Beltrami operator on dE, A is a smooth tensor such that
A(-,0,0) =0, and J is a smooth function.
In order to prove the stability of such flow, we need the following short-time

existence result.
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Theorem 1.11 Lete > 0, let B € (0, 1) and let E C TN be a smooth open set. There
exists § = (e, E, B) > O with the following property: if Eq is the normal deformation
of E induced by ug € C"'(3E), |luollc11 35y < 8, and | Eo| = |E|, then there exists
T > 0, which only depends on E, B and the bound on |luollc1.1(yE), such that the
volume preserving mean curvature flow E; starting from E exists in [0, T'), the sets
E, are normal deformation of E induced by u(-,t) € C*°(dE) forallt € (0,T), and

sup |[u(, Dllcrspr) < & (1.11)
te(0,7)

Moreover, for every k € N, there exist two constants ¢y = cx(N) > 0 and Cy =
Cr(E) > 0 such that

sup 1% VEF2u( Dllcory < Celluolleripe) + 1. (1.12)

te(0,7)

We remark that the proof of this result is classical and can be derived from the
Schauder estimates for quasi-linear parabolic equations, as u solves a lower-order,
nonlinear perturbation of the heat equation. In the following section we will provide
a brief outline of the proof for an analogous short-time existence result for the surface
diffusion flow (see Theorem 1.21). Similar and simplified arguments would prove the
previous result for the mean curvature flow, which is a second order flow.

For the sake of completeness, we provide here an alternative proof of Theorem 1.11
which follows from some results found in the literature. Even if these results are shown
in the ambient space R”, the same arguments can be repeated in the flat torus. The
first part of the Theorem is the short-time existence result of [15].

Theorem 1.12 [15, Main Theorem] Let E C TV be a smooth open set and B &
(0, 1). There exists § = 8(E, B) > 0 with the following property: if Eg is the normal
deformation of E induced by ug € C1(3E), luollcrioey < 8, and |Eo| = |E|, then
there exists T > 0, only depending on E, B and the bound on |luol|c1.1 (5 ), such that
the volume-preserving mean curvature flow E; starting from Eq exists in [0, T), and
the sets E; are normal deformations induced by u(-,t) € C*E) forallt € (0, T).
Furthermore, the mapping (t, Eg) — E; is a local smooth semiflow on CLP(E).

We remark that the local smooth semiflow property in particular implies that
l(-)]lc1.5 depends continuously on |lug|| 1.6 (see for instance [5, pag. 66]). In par-
ticular, for every ¢ > 0 there exists §(E, e, 8) > 0 and T(E, ¢, B) > 0 such that if
lluollcr.p < & then

lu(-, t)llc1.p <& foreveryt e (0,T). (1.13)

In order to obtain the higher-order regularity inequalities, we apply some curvature
estimates obtained recently in [27].

Theorem 1.13 [27, Theorem 1.1] Assume that Eg C RN is an open bounded set
satisfying a uniform inner and outer ball condition with radius r. Then, there exists
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atime T = T(r, N) > 0 such that the volume preserving mean curvature flow E;
starting from Eq exists in [0, T') and it satisfies a uniform inner and outer ball condition
of radius r /2. Moreover, it is smooth in (0, T') and satisfies for every k € N

k 2
sup (FIHE ) = G (1.14)
1€(0.7) HGE)

where Cy depends on k, |Eg|, r.

Before proving the short time existence result, we remark a classical result
concerning the uniform ball condition.

Remark 1.14 Let E be a smooth set satisfying a uniform ball condition of radius rg.
Then every small C'!-normal deformations of E satisfy a uniform ball condition of
radius r ~ rg. Indeed, it is easy to see that if E¢ is the normal deformation of E
induced by f € C1'!(9E), then the Hausdorff distance between E and E f is bounded
by [ fllco k- Furthermore, since Vsdg, = vg, and vg, can be written as

p R s\
UEf = (VE — Z 1—{—/{i}vi> (1 + Z m) s (115)
i=1

i=1

where the family {v;};=1,.. ny—1 denotes an orthonormal frame of the tangent space on
JdE (see [9, eq. (3.3)]), by differentiating (1.15) one can see that

Isde, —sdelicrigr) < CellfllcrioEy

which then implies that E s — E in CU1if || f||c1.1 — 0. Therefore, by [8, Theorem
2.6] and [8, Remark 2.7] one infers that the radius r of the uniform ball condition of
the set £ depends continuously on || f|c1.1 when it is small enough. In particular,
for every ¢ > 0 there exists 6(rg, €) > 0 such that, if || f|c1.1 < 6 then

lre —r| <e. (1.16)

Proof of Theorem 1.11 By Theorem 1.12 there exist a time 7/ > 0 and a family of
evolving functions u(-, ), which are smooth in (0, 7') and satisfy the inequality
(1.11). The second bound follows from classic elliptic regularity arguments that we
now sketch.

Fixt € (0, T'), from the bound on sup,¢ o 7 l#|lc1.6(5 £y and (up to rotations) for
any given point x = (x’, xy) € dE we can parametrize in a cylinder C = B/.(x) X
(=L, L) both dE and 0 E, as graphs of smooth functions g, g;. From Theorem 1.13
there exists a time 7" (depending on E, § by Remark 1.14) such that the evolving sets
E, satisfy a uniform inner and outer ball condition of radius r/2 for any ¢ € (0, T").
Letus set 7 = min{T’, T"}. From estimate (1.14) we get that

\% 1 Vg ®V
Hg, = div & = <I _ Y& ® gzt) : Vi
V14 Vg ? VT4 1Vl 1+ Vgl
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is bounded in L2(B/ (x)) by a constant which depends on | Eg|, T, r. Then, by uniform
geometric Calderon—Zygmund inequality (see [12, Section 3] or [3, Lemma 7.2])
we deduce that, for some p < r, in the ball B} (x) the function g is bounded in
H Z(B/’, (x")) by a constant, depending only on the L2-bound on Hg, , the norm of the
coefficients of the elliptic operator, which are in turn bounded by |lug|| 1,1 thanks to
the previous step. Iterating this procedure, we bound the higher norms H* (B /’) (x)) of
g, for every k € N. Then, we conclude by means of Sobolev embeddings and by a
covering argument. [

1.2 Short-time existence for the surface diffusion flow
We now consider the evolution called surface diffusion flow, defined by

Vix) = Ag HEg, (x), x €9dE;,, t (0, 7). 1.17)
As for the mean curvature flow, the equation above means that there exist a smooth
openset E C TV and a 1-parameter family of smooth diffeomorphism ®, : E — TV
such that &, (x) = x + u(x, t)ve(x), ®;(0E) = E; and

Ou(x, Ve (x) - vg, (P (x)) = Ag, HE, (®;(x)).

Assuming that the diffeomorphisms above exist, arguing as in [34, pag. 21], one can
deduce that the evolution equation satisfied by u is

o = —AZEIM— AE,(VE'VE,)AE,M+

Ag, P(x,u,Vu)
VE - VE, VE

t

—AzEtu+f(x,u,Vu,V2u,V3u), (1.18)

where P is a smooth function (assuming that # and Vu are small), the function J can
be written as

f(x, u, Vu, Vzu, V3u) = (él, Vzu) + (éz, Vu® Vzu) + (Bg, V3u) + 54

and By, By, Bz and by are tensor-valued, respectively scalar-valued functions depend-
ing on (x, #, Vu) and smooth if their arguments are small enough. Here, with a little
abuse of notation, V denotes the covariant derivative on 0 E.

On the other hand, linearizing the Laplace—Beltrami operator yields the evolution
equation (compare with [18, Section 3.1])

oru = —A2Eu + (A(x, u, Vu), V4u) + J(x,u, Vu, Vzu, V3u), (1.19)

where A is a smooth 4th-order tensor, vanishing when both 4 and V# vanish, and J
is given by

J = (B1,Vu ® V2u) + (B, Vu) + (B3, V2u ® Vu ® VZu)
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+(B4, V2u ® V2u) + (Bs, VZu) + b, (1.20)

where B;, i = 1,...5 and bg are smooth tensor-valued, respectively scalar-valued
functions depending on (x, u, Vu).

In this subsection we want to prove a short-time existence result for the surface
diffusion flow, in particular we will obtain a priori estimates that will be used to prove
the stability of the flow. We will follow the classical approach of linearization and
fixed point to solve the nonlinear evolution problem, and then employ Shauder-type
estimates to show higher order regularity of the flow. We will follow closely what has
been done in [18], combining it with the results of [24].

To start we recall some classical results concerning the Cauchy problem for the
biharmonic heat equation on a smooth Riemannian manifold ¥ with metric g, which
is the solution to the following problem

(1.21)

du=—A%u+ f(x,t) onX x [0, c0)
u(-,0) = ug on X,

once the functions f, ug are assigned.

Theorem 1.15 (p.251, [16, Theorem 2]) Given (X, g) a smooth Riemannian manifold,
there exists a unique biharmonic heat kernel with respect to g denoted as by, € C* (E X
¥ x (0, oo)). Moreover let T > 0, for any integersk, p,q > 0and forany (x, y,t) €
Y x X x (0, T) we have

n+4k+p+q

1
10FVEVIbe(x, y, )lg < Ct™ & exp{—8(t #dy(x, y))

4
3

L (1.22)

where | - |, = \/g(-,-), Vx and V, are covariant derivatives with respect to g, and
the constants C,8 > O dependon T, g and p + q + 4k.

Given the biharmonic heat kernel b, € COO(E x 2 x (0, oo)) on (X, g) and a
function ug € C%(X), we define for (x, 1) € ¥ x (0, 00)

Suo(x, 1) =/2bg(x,y,t)uo(y)dVg(y) (1.23)

where V, is the Riemannian volume form. Hence, as usual, Sug is the solution to the
homogeneous Cauchy problem

{8,U+A22v=0 on ¥ x (0, +00) (124

v(-,0) = up(-) onX.

Moreover, since the biharmonic heat kernel is smooth for every r > 0, we get Sug €
C OO(E x (0, +oo)). We now collect some results, which are shown in [24], about
the solution of (1.21). The following Schauder-type estimates on the solution of the
homogeneous problem (1.24) can then be proved, see [24, Theorem 3.8]. In particular,

@ Springer



D. De Gennaro et al.

we modify slightly the formulation of the result, to fit our purposes. One can inspect
the proof of [24, Theorem 3.8] (see pag. 7487,7489 in particular) to check the result.

Theorem 1.16 Suppose ug € C1(2) and fix T > 0. Then there exists C1(X, T) > 0
such that

sup |[[[Suolgllcriczy < Cilluollcricsy, (1.25)
te(0,7T)

Furthermore, for anyl, k € N, we have

k
sup it
1e(0,T)

= Cluolicrics). (1.26)
c%(X)

| @' VS0

for some constants C; y > 0 depending onl, k, X and T .

In order to study the evolution problem (1.19) we introduce the following two
Banach spaces. Fix 0 < T < ocoand 0 < 8 < 1. We define

Yr o= {u € COS x (0. 1)) : llully, < oo], (1.27)
where
1 18
lullyy = sup (12t Dllcocgy + 125 [ Do) )
te(0,7)
,t+h) — t
+  sup sup l%+g|u(x + )ﬂ u(x. O (1.28)
(6, )ESX(0,T) 0<h<T—t ||

and [-]p is the usual Holder seminorm. Similarly, we introduce the space

Xr = {u € CUS x (0, 7)) : u-, 1) € CHD), llullx, < oo}, (1.29)

where
4 1,k 1.8
lullx, = sup (Zr‘f*znv"uc, Dlicogs) + 12TV, Dlescs)
te(0,7) k=0
1 1,8
+12[[u(-, D)l cocsy + 127 #[ul, l)]cﬂ(z))
B |IViu(x,t +h) — Viulx, t
+  sup sup 12t V7ul ) > O, Dl
(x,1)eSx(0,T) 0<h<T—t |h|3
B |osu(x,t+h) — o;u(x,t
+ sup sup t%+?| Lt )ﬂ 42 )l. (1.30)
(x.)€LX(0,T) O<h<T—t |h|3
Proposition 1.17 The spaces (Y, || - |ly;) and (X7, || - ||x;) are Banach spaces.
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The proof of the completeness of the spaces Y7 and X7 is standard, indeed one can
prove directly that all Cauchy sequence converge to a function in the space and the
candidate limit is obtained using a diagonal argument.

Remark 1.18 Since the norm Zi:o ||Vku||co is equivalent to the norm |lul|co +
||V4u||co for C*(X), we have that the norm || - | x, defined in (1.30) is equivalent to
the following norm

k k
P S AL h) = Viu(x, Dlg

3
’
lully, = lullx, + 5 sup sup -
k=0 (x,0)eXx(0,T) O<h<T—t |h| %

Now we study the nonhomogeneous initial value problem

(1.31)

8,u+A22u=f onX x (0,7)
u-,0) =0 on X,

where f is a function on X x (0, T'). Given the biharmonic heat kernel b, € C OO(E X
¥ x (0, T)) on (X, g), the solution (if it exists) to the nonhomogeneous problem
(1.31) should be given by Duhamel’s principle

t
Vf(x,t) ::/0 /):bg(x,y,t—s)f(y,s)dVg(y)ds, (1.32)

and, forevery A > 0, Vf € C®(Z x (%, A).

We then recall the following fundamental Schauder-type estimates proved in [24]
on solutions of (1.31) (see [24, Remark 3.12] for the final comments on the constant
).

Theorem 1.19 [24, Theorem 3.10] Fix0 < T < o0, if f € Y7, then Vf € X7 and
there exists a constant C > 0 depending on ¥, T such that

IVFlxy = Clfllyy- (1.33)

Moreover, equation (9; + A%)Vf = f holds in the classical sense on = x (0, T) and
thus Vf € C®°(X x (0, T)).

We now turn our attention to the evolution equation (1.19), and use the results

above for the particular choice ¥ = 9 E with the Riemannian metric induced by the
Euclidean one. We consider the map

Flul(x) := (A(x, u, Vi), Viu) + J(x, u, Vu, Vu, Vu), (1.34)

where A, J are the operators defined in (1.19). We now provide the fundamentals
estimates on f[u], which represents the nonlinear error generated linearizing (1.19).
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Lemma 1.20 For any &, m > O there exist T, § > 0 depending on E, ¢ with the
following properties. For every ug € CY1(X) and € Xt satisfying Wlx, <mit
holds

fI¥ + Sup] € Yr. (1.35)
Moreover, if |uollc1.1(xy < 8 it holds

If[Suollly; < e(lluolicri(gy +1- (1.36)

Finally, Y1, V2 € Xt satisfying ||¥i|lx, < m, it holds

| f¥1 + Suol — fl2 + Suollly, < el — vallx;,. (1.37)

Proof Let T < 1 to be chosen later and fix &, m > 0. We prove only equation (1.36),
giving a sketch of the proof for (1.37) and (1.35) as they are analogous; we also drop
the dependence on the set E in the norms. For clarity of exposition, we prove the
results for the simplified error term

Flul(x, 1) := (A(x, u(x, 1), Vu(x, 1)), Viu(x, 1)) + (B, Vu(x, 1) ® Vu(x, 1)),
(1.38)

where B is a (constant) tensor of the same dimension of V3u ® VZu with ||B|| < 1.
The general case is explained in the appendix, but follows by analogous computations.
We will also write A(x, ¢) and assume implicitly the dependence on u, Vu.

Firstly, we prove (1.36). In what follows we use the short-hand notation u = Suy.
From the definition of f [-] we have

I FTullico < 1Al collV*ullco + IV ull ol V2ull co,
[Flulles < IV*ullco sup (ITIPIAG +1,0) — AGx, D) + 1Al co[VAul s

TeTN

HIV3uleslIV2ull o + 1V ull o [V2ules. (1.39)
Then, we multiply by £7 the first equation in (1.39) to get
1o~ L R} 113 2
12| flulllco = [Allcot2 [V ullco + 1383 |Vl co || VZull co-

By (1.26), with the choice of [ = 0, k = 0, 1, 2, we have that all the termst% ||V4u||co,

(3 |V3u|| co and || V2u|| o are bounded by [u||-1.1 (times a constant that depends on
E which we can suppose equal to one for simplicity). We now fix § > 0 sufficiently
small, depending on € and E, so that || A|| -0 is bounded by &, which can be done since
A is a smooth tensor and A(-, 0, 0) = 0. Finally, taking 7" small enough, depending
on ¢ and E, we conclude

l ~
sup 12| flulllco < ellugllcrr.
te(0,7T)
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Therefore, taking into account the full expression for the error term f[u] given by
(1.34), one can show that

1
sup 12 flulllco < Ce (lluollcrr + 1),
te(0,7)

where the last constant comes from the term bg.
Concerning the Holder seminorm in space, we first remark that

[A(x +7,1) — A(x, 1)
[7|A

<[AG, u, Vu)lep + 12Allcolulcp + 1103 Al co[Vules,
7eTN

where 9, A and 93 A denote the derivative of A(x, y, z) with respect to the second and
third components. Therefore, employing again the bounds in (1.25) and (1.26) we can
bound

[Ax +7,1) — A(x, 1)
|71

1
12| V*u | co sup < elluollcrs (1.40)
T

where we took § > 0 sufficiently small, depending on ¢ and E, such that

[AC, u, V)]s + 1024l colulcs + [103Allco[Vulcs < &,

Tb

which is possible since A is smooth and A(-, 0, 0) = 0. Thus, multiplying by 13+
the second equation in (1.39) we obtain

118 =
G Flulles < t5eluollns + 1Al cor 25 [Vl s

11,8 11 B
AV [ VPull o + 1503 V3 ot ¥ V20l
(1.41)

Then, all the terms in (1.41) with the norms of u# can be bounded employing (1.25)
and (1.26), thus we can make the right-hand side above as small as needed taking 7', §
small enough. Analogous calculations show a similar inequality for the complete error
term f[u].

Finally, we show how to bound the Holder seminorm in time appearing in || f [u]llyy -
We fixt € (0,T),h € (0, T —t). To ease notation, we omit to write the evaluation at
x in the following. We have by the very definition of f[u](¢) that

| fLul( +h) — flul@)]
<A@t + h), Vu(t + h)), V'u@ + h)) — (A (@), Vu@)), V)]

+1(B, <V3u(t +h) @ Vul + h))) — (B, <V3u(t) ® Vzu(t)))|.
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Now by the triangular inequality we obtain

(A u(t + h), Vu(t + h)), Viu@ + h)) — (Au(t), Vu()), Viu ()|
< IAllcolV*u(t + h) — V*u@)| + 1183A )l co | Vu(t + 1) — Vu @)V u ()]l co
+||82A||Co|u(t+h) —u(t)|||V4u||C0, (1.42)

and analogously

(B, <V3u(t 1) V2ul + h))) — (B, (V3u(x, 1 ® Vu(x, t)))l

< 1V2u(t +h) = Vu®lIV2ullco + IV3ull ol V2ult + h) — V2u()l. (1.43)
Therefore from formulas (1.42) and (1.43), we obtain

| fTud(t + 1) — flul@)]
< (I192A Nl colut + k) — u(®)| + 133A] co| Vult + h) — Vu@®)|) [V*u ()]l co
+ [ Allcol Vi + h) = Viu@)| + V2 ul + h) — Vu@)|[Vu co
+ 1V3ullco|V2u(r + h) — VZu (o).
Applying again (1.25), (1.26), and using the smallness of || A|| -0, we conclude (1.36)
by taking 7', § small enough.

Following the computations above one can easily prove that if ug € C“(E) and
¥l x, <m,itholds

fIY + Supl € Yr.

The only difference is that, in addition to (1.25), (1.26) one can directly exploit the
definition of || -|| x, to obtain the required bounds. Also the proof for (1.37) is essentially
the same, only much more tedious to write. We show the computations only for the
term sup; (o, 1) 12 llco appearing in the norm of Y7 and for the simplified error
term (1.38). For u; := v; + Sup we can write

| flur] = fluzll = ‘(A(x, ur, Vuy), Viur) — (A(x, uz, Vuz), V*uz)

+(B, (V3u; ® V2uy — V3uy @ VZuy))

< IV*uillico (191 Allcolyrr — Wl + 182 Allco| Vi — Vi)
+ 1Al co V2P — V4|
+ IV3urllco| V21 — V2| + Vsl o VYt — V3.

Multiplying the inequality above by 17 we have
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1 ~ ~
21711 = fluz)]
3 1
= (I9%1llco (1101 Allco + 13102401c0) + 12 (IAlleo + Vw1l o)
1
+ 151Vl co ) 191 = Vallx

Lrs 1 1
< 3 (2 IVh ol Aller + 1Al o + 5193l o + 1922l o ) 11 = Yl xi-

Again, by definition of || - || x, and by (1.25), (1.26) we conclude taking 7', § small
enough. O

We are now able to prove a short-time existence result for the surface diffusion
evolution. Thanks to the previous lemmas, we provide also higher order regularity
estimates depending on the C!-!-bound on the initial datum only. The proof follows
closely the corresponding one in [18, 24].

Theorem 1.21 Let ¢ > 0 and let E C TV be a smooth open set. There exist § =
6(e, E), T =T(e, E) > Owiththefollowing property: if Ey is the normal deformation
of E induced by uy € CV1(9E), luollcriae) < 68, and |Eo| = |E|, then the surface
diffusion flow E; starting from Eq exists in [0, T), the sets E; are normal deformations
of E induced by u(-,t) € C*°(9E) forallt € (0,T), and

sup ||’4||CZ(3E) <e. (1.44)
te(0,T)

Moreover, for every k € N\ {0}, there exist constants Cy = Cr(e, E) > 0 such that

sup  [IV* 2ullcopy < Crllluollcrige + 1. (1.45)
te[%,T)

Proof In this proof we denote by C > 0 a constant that depends on N and E and may
change from line to line. Fix ¢ > 0.

Step 1: We show existence for (1.19) via a fixed point argument. Let 7 < 1,§ < 1
to be chosen later, and let u; € C*°((0, T); C*°(0E)) be the solution of

oy = —A%ul ondE x [0,7),
ui(-,0) = up onodFE,

where ug € C1(3E) is such that [Jug llc119Ey < d. The solution exists and it is given
by (1.23), thatisu; = 0+ Sug =: ¥ + Sup. Moreover (1.44) and (1.45) are satisfied
by u; thanks to Theorem 1.16, for § small enough depending on . Let now u» be the
solution of

dur = —A%up + flur] ondE x [0, T),
uz(+,0) = up ondE,
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where f[u] is defined as in (1.34). By (1.23) and (1.32), the unique solution is given
by uy = Vfluil+ Sug = Vf[Sug]l + Sug =: ¥» + Sug. Moreover, by Theorem 1.19
and (1.36) we have the estimate

I¥2llx, < Cllf[Suollly; < Ce(lluolicrige +1) <m,
for m sufficiently large. We are then led to define an iterative scheme. We set u1, us

as above and for n > 3 we let u,, be the solution to

:atu,, = —A2u, + flup_1] ondE x [0, T), (1.46)

up(-,0) = ug on dE,

and we splititasu, = Sug+ V flu,—1] =: ¥, + Sup. We will show that the sequence
Yy is converging in X7. To do so, assume that ¥; € X7 for j =1,...,n — 1 with

1Vjllx, <m.

Then, by Theorem 1.19 and Lemma 1.20 we get ¥, € X7 and

I1Vnllx;y = IV flun—11llx; < Cll flun—11lly; = Cll f[¥n—1 + Suollly,
n—1

< CY 1Y)+ Suol = fI¥j—1 + Suollly, + Cll f[Suollly,

j=2

n—1
< C(lef')(nuoncu(m +1)
p

+oo

< Cs(l + 28j>(||140||c111(35) + 1)
=1
= Ce(lluollcrigey + 1) < m. (1.47)

Moreover, Lemma 1.20 implies that, for §(¢, E), T (¢, E) small enough, it holds for
alln >3

11 — I,/fn”XT < ellyn — I;[fnfl”XT,

therefore v, is a Cauchy sequence and admits a limit point ¢ satisfying

I¥lix, < Ce(luollcrigr) + - (1.48)

We thus showed the existence of a fixed point u = ¥ + Sug for the problem (1.46).
Finally, by (1.25) and (1.48) it holds
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||u||02(aE) =¥ + Su0||c2(aE) < I¥lx, + ||SMO||C2(3E)
< Ce(lluolicrige) + - (1.49)

Step 2: By (1.49) we get straightforwardly that (1.45) holds for k = 0, 1, 2. In order
to prove (1.45) for k > 3, we consider x € d E and we work under local coordinate,
B/ = U C JE such that the metric (g"j),;jzl ,,,,, N—1 of O E satisfies %8,:,' < glbf < 248;j.
Note in particular that the operator —A% is uniformly elliptic in U. In the following
we identify B, and U C dE. We also set g; as the metric on dE; (see [34, pag. 20]
for details). Observe that u restricted to B). x [L,T) is of class C* by the previous
step. Recalling that u = ¥ 4+ Sug, we have that the function i satisfies

O = = ALY + (B + AL (Suo) + ' =1 —AL Y+ . (1.50)
Taking V, in (1.50) shows that the function Vv satisfies the equation
0Ve¥ = —Ay Vel — (Vg gl Wiju — 8 (Vesgt ) Wikt + Vo f
= —A, V¥ +F, (1.51)

where the error term F contains the derivative of i up to order four. To estimate
F y first ob that, by (1.26), it foll
I ||Cﬂ/4([%n;cﬂ(3r)) we first observe that, by ( ), it follows

19 (@ + A2)Su0)) lesseqt .oy = Celluollcrios + 1.

Secondly, we remark that the other terms of F' can be bounded analogously, recalling
that they contain derivatives of i up to order four and using (1.48), to show that

||F||Cﬁ/4([%,7);cﬂ(3;)) = CS(””O“CU(BE) +1). (1.52)

Note now that 9; + A;t is a uniformly parabolic operator, since the coefficients of Ag,r

are close to the ones of A% depending on ||lu(-, 1) c1.19E) as ggu —gg = B(x,u, Vu)
and B is a smooth function with B(x, 0, 0) = 0, see again [34, pag. 20]. Since V,
solves (1.51), by the standard interior Schauder estimates and the bound (1.52), there
exists C > 0, which depends on T and thus on ¢ and E, such that

IVe¥ etz myconca < € (I leasqz ryespy + 196V lcoggy 3.1y
< Ce(lluollcripey + 1),

where we noted that [|¥|| - (B x[%.T)) < IVl x, and employed again (1.48). Finally,
we conclude

sup [IV2ullcoary < Cllluolleriaey + 1)
re[T.17)
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By induction, one can prove (1.45) forevery k e N. O

2 Stability
2.1 Stability of the volume preserving mean curvature flow

In this subsection, we study the evolution by mean curvature (1.10) of normal defor-
mations of a strictly stable set, as defined in Definition 1.1. Suppose that E is a strictly
stable set and that Ey = E,, is a smooth normal deformation of E. By Theorem 1.11,
the volume preserving mean curvature flow starting from Ej exists in a short time
interval, and the evolving sets E; can be parametrized as normal deformations of the
set E induced by functions u(-, ) satisfying

ui(x, v, (p) - vE(x) = — (Hg, (p) —HE,) x € JE,
u(-,0) = uo

where p = x 4+ u(x, t)vg(x) and H E = fa E, Hg, . The scalar product above (see for
instance [9, eq. (3.4)]) can be written as

—1/2

N-1

(O, u(x, 1))
(14 kj(ulx, 1))?

ve (p)-ve(x) = | 1+

)

j=1
where «;(x) and 7;(x) are, respectively, the principal curvatures and the principal
directions of E atx. In particular, we remark that vg, (p) - ve (x) = 14+O0([lu(-, )|l g1)-
We can then prove the first part of the main result, that is Theorem 0.1, concerning the
long time behaviour of the volume preserving mean curvature flow.

Proof of (i) Theorem 0.1 Lete, 8(e) € (0, 1) to be chosen later. In the following, if not
otherwise stated, the constants depends on N, E and may change from line to line.
Fix for instance § = 1/2 and suppose that § is smaller than the constant given by
Theorem 1.11. We also use the short-hand notation 7 ¢ := (7g|g f)_l.

Step 1. We start by proving that P(E;) — P(E) < Ce™“ as long as the flow exists.

Let ug € C'(3E) with |lug|lc11 < 8 < 1. By Theorem 1.11 there exist a time
T > 0, which depends on E and the bound on |[ugllc1.1 < 1, and a smooth flow E;
starting from Eg for ¢t € [0, T'). Moreover, E; = E, (s and u(-, t) satisfies (1.11) and
(1.12). Without loss of generality we can assume 7 < oo.

We notice that, considering ¢, § smaller, the value of 7" does not change.

We recall the following well-known identities, holding along the smooth flow

d d _
—|E/| =0, —P(E;)=—|Hg, —H 2.1
2l 5 D (En) IHE, — HE, 2.1

|12
L2(3E)"

Let §* be the constant given by Theorem 1.7, p > N — 1 and n = n(§*, p)
given by Lemma 1.3. By estimates (1.11), (1.12) and by interpolation we have that
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luC, Ollw2rory < nforevery s € [T/2,T), up to taking & smaller and therefore §

smaller. Thus for any t € [T /2, T) we can apply Lemma 1.3 to find o; € TV and a
function %(-, t) such that E, + o, = Ej(. ;) and

lot| < Cllu(-, f)”wlp(aE)a (-, l‘)”wln(aE) < Cllu(, f)”wlp(aE),

/ u(-, Hvg,
JE,

Furthermore, Lemma 1.5 (taking § smaller if needed) implies that [|i(-, )llc1(5E) <
8*. We then apply Theorem 1.7 to the set E; + o; to obtain

< 8 i, Ol 20k

@G, O moe)y < CNlHE+0, — Ml20E) (2.2)

forany A € R, where we recall 5%, 5, (x) = HEg, (x +i(x)vg (x)). From the previous
equation, first by the change of variable y = x+1i(x, t)vg (x) (estimating the Jacobian
with the bounds on # and Lemma 1.5), and then by translation invariance, we arrive
at

laC. Ol g oe) < CIHE 40, — M 2(0E,+0) = CIHE, — Al29E,)-  (2.3)
We now claim that

P(E; +0;) — P(E) = P(Ej(.) — P(E) < Clla(-, D)3, 2.4

0E)’

which is a classical result but we provide a proof for the sake of completeness.
Let us define, for every x € 0 E, the function

N—1 5 2 2
(3,1t (x, 1)) :
Qx) = (1 + Z (1 + K (i(x, t))z)

Jj=1

where t1(x), ..., Tv—1(x) and k1 (x), ..., kn—1(x) are, respectively, the principal
directions and curvatures of d E at x. Then by [9, Lemma 3.1] we have

N-—1
P(Ei +o01) = P(Eg(.n) = /aE ) [T (A +xwit. x)) a1V~ ()

i=1

P(E) +/ (Hgi(-, 1) + OG-, %) + 0(Di(, n|*)) drN~!
E

IA

P(E)+HE/ ﬁ(-,t)dHN_l+C/ (@C, )% + [Di(-, 0))*) dHN !
oE IE

PE) + CllaC. Dl -

IA
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where we have used that Hg = Z,N:]l

/ a(, ) dHN!
oE

which follows from the fact that | E;| = | Eg| (see [9, Remark 3.2]). Hence, we prove
the claim in (2.4).

We now define the Lyapunov functional &(t) = P(E;) — P(E), which is non
increasing by (2.1). Moreover, by translation invariance, from (2.3), (2.4) and for any
X € R we have

k; and the inequality

§C/ i, )2 dHN 1,
JoE

P(E)) = P(E) = P(E + ) — P(E) < CIHE, — M35, (25)

Since for any ¢ € (0, T) Eq. (2.5) for the particular choice of A = I:IE, implies

&'(t) = —|Hg, — He, <—CEW),

2
”LZ(SE,) =
by Gronwall’s inequality we conclude (recalling &(0) > &(T /2))
E) < E0)e €T v e [T/2,T). (2.6)

Step 2. We now show that the flow exists forevery ¢ > 0 and it converges exponentially
fast to E up to translations.

Up to taking § smaller, we can use the quantitative isoperimetric inequality in
Theorem 1.6 to find the existence of translations 7; such that

CIEA(E, +1)* < P(E;) — P(E) < P(Eo) — P(E).

Furthermore, since all the evolving sets {E; };¢[7/2,T) satisfy a uniform inner and outer
ball condition by Remark 1.14, by classical convergence results (see e.g. [8, Theorem
3.2]) we have that E; + 7, is C!—close to E. In particular, there exist smooth (by the
implicit map theorem) functions v(-, ¢) : 9E — R such that E; 4+ 7; = Ey(. 1) and

] < max distyg, (x) < luC, Dllcogry + v Dlecopr) < 2e,

x€dE;+o;
up to taking § smaller. Therefore, recalling (2.6), we have
G, D115 < C(P(Eg) — P(E)e“U=T/2). @2.7)
By Lemma 1.5, we also have [[v(-, D)llckggy < CUluC, llckpgy + |7 for every
k > 2.Foreveryt € [T /2, T), by combining the previous estimate with (1.12), (2.7)

and interpolation inequalities, for any / € N there exist k(I) € N, 0(l) € (0, 1) and
C = C(E, ) > 0 such that
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k 2]
IV 0(, Dllco < CloC DI G, D1l " < T30 (P(Eg) — P(E)ze €T/,
(2.8)

Choosing &(0) = P(Ey)— P(E) small (hence choosing § small) we can then apply
again Theorem 1.11 with the new initial set Ey(.,7/2) = ET/2 + Tr/2 t0 get existence
of the translated flow up to the time 37 /2. We remark that, by uniqueness, the flow
above is well defined since it coincides in [T /2, T) with the flow E; translated by t;
and estimate (2.6) now holds for all + € [T /2,37 /2). Since now the bound (2.8) is
uniform along the flow, choosing at every step the times t = nT /2, we can iterate
the procedure above to prove that the flow exists for all times ¢ € [0, co). Moreover,
for every t € (0, oo) there exists a translation 7; such that E; + 7, = Ey(. ;) with v
satisfying (2.8). In particular, we have that v — 0 exponentially in C* for any k, as
t — oo and thus E; + 7, — E in CF for every k. This also implies (reasoning as in
(2.3)) that |HEg, — I:IE[ lz2(9E) — O exponentially fast.

Step 3. We conclude by showing the convergence of the whole flow to a translate of
E.

Let us prove the convergence of the translations {7;};>0. By compactness we can

find a sequence t, — oo such that 7;, — 7. Defining

D(F, G) = / distyg (x) dx, 2.9
FAG

following the computations of [2, pag. 21] we see

d

dt JE, A(E-1)

= |/ divesdec Vi Gove, () d
E;

d
—D(E;, E —
'dt ( ts T)

diStaEft (x)dx ‘

— |- / sdp s (x)(H, (x) — H, (1) dHV ' (x)

AE;

IA

P(Eo)|HE, — HE, 125 ( sup diStaE—r(X)>

X€dE;

< Ce ¢ (sup distaE_,(x)> < Ce ¢, (2.10)

xeT¥N

where we recall that V; is the velocity of the flow in the normal direction (see (1.10)).
Clearly, condition (2.10) implies that D(E;, E — t) admits a limit as t — +o00. By
the previous step and since 7;, — 7, we deduce that

D(E;{E—1)— 0 ast — +oo.

@ Springer



D. De Gennaro et al.

Assume now thato € TV is the limit of 7, along a subsequence s, — coasn — +00.
By the previous step, E;, — E — o, therefore

0= lim D(E,.E—1)=DE —0,E—1),

n——+o00

which implies 0 = t by definition (2.9). This concludes the proof as the exponential
convergence follows from Step 2. O

2.2 Stability of the surface diffusion flow

We now focus on surface diffusion flow, which we defined in (1.17). As in the pre-
vious subsection, we consider E a strictly stable set and Eg = E,, a smooth normal
deformation of E. By Theorem 1.21, the surface diffusion flow starting from E exists
smooth in an interval [0, T'), moreover the evolving sets E; can be written as normal
deformations of E induced by functions u(-, t) satisfying

uy(x, ), (p) - vE() = Ag,Hg, (p) Vax € IE,
u(x,0) =upx)

where p = x + u(x, t)ve(x).

Now, we aim to show the stability result (ii) of Theorem 0.1 for the surface diffusion
flow. Due to the similarity of the arguments needed with those employed to prove item
(i) of Theorem 0.1, we will only highlight the main differences between the two.

Proof of (i) Theorem 0.1 Firstly, Theorem 1.21 ensures the existence of a smooth flow
E, fort € (0, T) of normal deformations of E induced by functions u(-, 1) € C*(9E)
and satisfying (1.44) and (1.45). We recall the following identities, holding along the
flow E; as long as it exists smooth,

d d )
E|Et| =0, EP(Et) = /3E Hg, (X) A HE, (x) dx = —|VHE, 24, < 0.
(2.11)
Denoting by Cp, the constant in the Poincaré inequality of Lemma 1.9, we get
”HE, — I:IE, ||L2(3Et) = CE, ||VHEt ”LZ(BE,)'

Combining the previous inequality with (2.11), we obtain

d _
—P(E;) < —Cg,|HE, — Hg,

2
dt ”Lz(BE,)'

Since [|u(-, D)|lcrie) < ¢ for every 1 € (0,T), the Poincaré constants Cg, are
uniformly bounded in the same time interval and the bound depends on E,, [[u[lc1.1(5 )
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(see e.g. the results in [12]). Thus, we obtain the estimate %P(E,) < —C|Hg, —
H E, ||i2 GE) uniformly in (0, 7). We then conclude by following the same arguments
of part (i). O
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Appendix A: Sketch of a general proof of the Lemma 1.20

In this appendix we complete the proof of Lemma 1.20 in the general case, i.e.
considering the full nonlinear error term given by (1.20).

Proof As in Lemma 1.20, let T < 1 to be chosen later. We prove only Eq. (1.36),
since the proof of the Egs. (1.37), (1.35) is completely analogous.
We set

flul(x,t) := (A(x, u(x,t), Vu(x, 1)), V4u(x, 1))
+J(x, ulx, 1), Vu(x, 1), Viu(x, 1), Vu(x, 1)).

Since the estimates for the first term of f[u] have been presented in the proof of
Lemma 1.20, we focus on bounding the terms of J (x, u, Vu, V2u, V3u) with respect
to the norm || - ||co. Considering the term (B, V3u ® VZu), we have

(B1, Vu ® VZu) < | BillcollVu ® VZulco < ClIVullco| Vil co,
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aslong as ||u|| -1 is small. Hence, with the same arguments presented for the functional
(B, V3u ® VZu) we obtain

1
sup 12 (B, Vu ® VZu) < elluo||c1.1
te(0,7)

by choosing T = T (¢) small enough. We analogously treat the other terms, so we
have

(B2, V3u) < | BallcolV3ullco, (B3, Vu ® V2u ® V2u) < [|Bsllcol| V2ull2y
and

(Bs. V2u ® VZu) < ||Ballcoll V2ullZo. (Bs, VZu) < | Bslcol|VZul| o

Following the arguments of Lemma 1.20, we obtain

1
sup 12 (By, Vu) < &lluollcr,
t€(0,T)

1
sup 12 (B3, VZu ® V2u @ V2u) < ellugll 1,
t€(0,T)

1
sup 12 (By, Viu ® V2u) < ellugllc
1€(0,T)

and

1
sup 12 (Bs, V2u) < e|ug| 11
te(0,7T)

In the end we have that ||bg||c0 < C = C(E).
Therefore, taking 7' small we obtain

1
supt2||bgllco < e.
1

We now focus on the Holder seminorm in space. We present the calculations only for
(B1, V3u ® V2u), being the other analogous. A straightforward computation shows
(using the triangular inequality) that

[(B1(x + h, u(x + h), Vu(x + b)), Viu(x +h) ® Vu(x + h))
—(By(x, u(x), Vu(x)), Vu(x) ® V2u(x))|
< (A1 By ll co + lu(x + k) — ux)[ 13281 |
HIVulx + h) — Vu)[183B11lco) | V2ull co | V2]l co
HIBillco (V3 (x + ) = V3u)[1V2ull co + 1V ull co | V2ulx + h) — Vu(x)).
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Therefore, as in the case J(x, u, Vu, V2u, V3u) = (B, Viu x Vzu), using formula
(1.25) and (1.26) we obtain the thesis.

Finally, we show how to bound the Holder seminorm in time appearingin || f[u]|ly; .
We fixt € (0,7T),t € (0, T — ¢t) and, for simplicity, we omit the dependence on x.
For the first term, we have

(B, V3u(t + 1) ® VZu(t + 1)) — (B, Vou(t) ® V2u(t))|
< IB1lco [Vt + 0 = VulIV2ullco + 192 + ) = V2u@1Vul o |

+(192B1llcolu®) — u(t + )| + 193 B Vu(t) = Vat + 1)) [V ullco | V2ull co.

Then, for the second, third and fourth terms we get, respectively,

(By, V3u(t + 1)) — (Bo, V3u(®))| < 1Ballcol V2ult + 7) — V3u(0))|

+(I182B2ll colu(t) — u(t + )| + 183 Boll| Vue(t) — Vau(t + 0)[) 1 V3ull co,
[(B3, VZu(t + 1) ® VZu(t + 1) ® V2u(t + 1)) — (B3, VZu(t) ® V2u(t) ® V2u())|
< 311B3llco|V2u(t + 7) — V2u)|[V2ull %

+(102 B3l colu(®) — u(t + T)| + 103 B3| Vu(t) = Vu(t + 0)) | V2ull%o,

and

|(Bg, V2u(t + ) ® Vu(t + 1)) — (Bs, V2u(t) ® V2u(1))|
< 2| Ballcoll V2ull co | V2u(t 4 7) — VZu(t)|
+(I182Ballcolu(t) — u(t + ) + 193 B4 | [Vu(t) — Vu(t + 1)) | V2ul Zo-

Finally, for the last two terms we have

|(Bs, V2u(t + 1)) — (Bs, VZu ()| < || Bsllco|Vu(t 4+ 7) — VZu(t)|
+(I182Bs | colu(t) — u(t + T)| + [183B5 | [Vu(t) — Vu(t + 1)) | V2ull co

and

b6, u(t + ), Vu(t + 1)) — b (-, u(r), Vu(1))|
= (192bsllco + 1836 [l co) (lu(z + ) —u(@®)| + |Vu(t + 1) = Vu@)]).

Therefore, we can conclude with the same arguments used for (B, Viu® Vzu). O
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