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Abstract

We give an algebraic criterion for the existence of projectively Hermitian—Yang—
Mills metrics on a holomorphic vector bundle E over some complete non-compact
Kihler manifolds (X, @), where X is the complement of a divisor in a compact Kihler
manifold and we impose some conditions on the cohomology class and the asymptotic
behaviour of the Kihler form w. We introduce the notion of stability with respect to a
pair of (1, 1)-classes which generalizes the standard slope stability. We prove that this
new stability condition is both sufficient and necessary for the existence of projectively
Hermitian—Yang—Mills metrics in our setting.

1 Introduction

The celebrated Donaldson—Uhlenbeck—Yau theorem [8, 28] says that on a com-
pact Kéhler manifold (X, w), an irreducible holomorphic vector bundle E admits
a Hermitian—Yang—Mills (HYM) metric if and only if it is w-stable. After this pio-
neering work, there have been several results aiming to generalize this to non-compact
Kéhler manifolds [1, 15, 19, 21, 22, 25]. A key issue is to understand what role sta-
bility plays on the existence of projectively Hermitian—Yang—Mills (PHYM) metrics.
An interesting special case in the non-compact setting is when (X, E) both can be
compactified, i.e. X is the complement of a divisor in a compact Kihler manifold X
and E is the restriction of a holomorphic vector bundle E on X, and when the Kihler
metric has a known asymptotic behaviour. Under these assumptions, one wants to
build a relation between the existence of PHYM metrics on E and some algebraic data
on E. In this paper, we prove a result in this setting.

Let X be an n-dimensional (n > 2) compact Kédhler manifold, D be a smooth divisor
and X = X\D denote the complement of D in X. Let E be a holomorphic vector
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bundle on X, which we always assume to be irreducible unless otherwise mentioned.
Let E, E|p denote its restriction to X and D respectively. Suppose the normal bundle
Np of D in X is ample. On X we consider complete Kihler metrics e satisfying
Assumption 1 (see Sect. 2 for a precise definition). Roughly speaking, we assume that
w is asymptotic to certain model Kéhler metrics given explicitly on the punctured
disc bundle of Np and there is a decomposition w = wy + +/—199¢, where wy is a
smooth closed (1,1)-form on X vanishing when restricted to D, ¢ is a smooth function
on X. Typical examples satisfying these assumptions are Calabi—Yau metrics on the
complement of an anticanonical divisor of a Fano manifold and its generalizations
[13, 14, 27] (see Sect. 6.2 for a sketch).

To state our theorem, we need two ingredients: the existence of a good initial
hermitian metric on E and the definition for stability with respect to a pair of classes.
The following lemma is proved in Sect. 4.

Lemma 1.1 If E|p is c;(Np)-polystable, then there is a hermitian metric Hy on E
satisfying:

(1) there is a hermitian metric Ho on E and a function f € C*(X) such that
Hy = ef ﬁo,

(2) |AwFphyl = O(r—No), where r denotes the distance function to a fixed point
induced by the metric w and Ny is the number in Assumption 1—(3).

We call Hy conformal to a smooth extendable metric if it satisfies the first condition
in Lemma 1.1. A key feature we use in this paper is that the induced metic on End(E)
is conformally invariant with respect to metrics on E. Therefore the two hermitian
metrics Hy and H( induce the same metric on End(E) and this is the norm used in
Lemma 1.1-(2). Then naturally (following [25]) one wants to find a PHYM metric in
the following set

Pr, = {Hoes L5 € C¥(X, V=Tsu(E, H)), sl + |3s] > < oo}. (1.1)

Here we use «/—Lsu(E, Hy) to denote the subbundle of End(E) consisting of the
trace-free and self-adjoint endomorphisms with respect to Hy. Though Hy in general
is not unique, we will show that if we fix the induced metric on det E, then the set
‘PH, is uniquely determined as long as Hy satisfies conditions in Lemma 1.1 (see
Proposition 4.7).

Next we define stability with respect to a pair of (1,1)-classes, which generalizes the
standard slope stability defined for Kihler classes in [16, Chapter 5]. In the following,
we use Ly (S) to denote the slope of a torsion-free coherent sheaf with respect to a
classa € H1(M)ona compact Kihler manifold M (see Sect. 3.2 for a more detailed
discussion), i.e.

o 1 n—1
e (S) = —rank(S) /M ci(detS) A" .

Definition 1.2 Let M be a compact Kédhler manifold, «, 8 € HU! (M) be two classes,
E be a holomorphic vector bundle over M. We say E is («, 8)-stable if every coherent
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reflexive subsheaf S of E with 0 < rank(S) < rank(E) satisfies either of the following
conditions:

(@) na(S) < uq(E), or
(b) 1a(S) = ne(E) and ug(S) < upg(E).

The main result of this paper is

Theorem 1.3 Let w = wo + dd“¢ be a Kihler metric satisfying the Assumption 1 in
Sect. 2. Suppose E|p is c1(Np)-polystable and Py, is defined by (1.1). Then there
exists a unique w-PHYM metric in Py, if and only if E is (c1(D), [wo])-stable.

By the definition of (¢, B)-stability in Definition 1.2, we have the following con-
sequence.

Corollary 1.4 Suppose w and E satisfy the conditions in Theorem 1.3. Then we have

(1) suppose [wo] = O, then there exists a unique w-PHYM metric in Py, if and only
lf€ is c1(D)-stable.
(2) if E|p is c1(Np)-stable, then there exists a unique w-PHYM in PH,.

Now let us give a brief outline for the proof of Theorem 1.3. For the “if” direction,
we follow the argument in [19, 25] by solving Dirichlet problems on a sequence of
domains exhausting X. A key issue here is to prove a uniform C-estimate. For this we
rely on a weighted Sobolev inequality in [27, Proposition 2.1] and Lemma 5.4 which
builds a relation between weakly holomorphic projection maps over X and coherent
subsheaves over X. For the “only if” direction, we use integration by parts to show
that the curvature form on E can be used to compute the degree of E with respect to
[wo] (see Lemma 5.3). For both directions, the asymptotic behaviour of the Kéhler
metric w plays an essential role.

Then let us compare Theorem 1.3 with some results existing in the literature. In
[25] and [19], by assuming some conditions on the base Kihler manifold (X, w) and
an initial hermitian metric on E, it was proved that for an irreducible vector bundle E
the existence of a PHYM metric is equivalent to a stability condition called analytic
stability. In our case, since we assume that £ has a compactification E on X, the
existence of good initial metrics is guaranteed by the polystablity assumption of E|p.
Moreover the stability we used in Theorem 1.3 is for E which is purely algebraic, i.e.
independent of choice of metrics. In [1], for asymptotically conical Kédhler metrics on
X, it was proved that if E |p is c¢1(Np)-polystable, then there exists PHYM metrics
on E. No extra stability condition is needed in this case. Therefore the necessity of
stability conditions depends on the geometry of (X, w) at infinity. Another typical
example for such a phenomenon is the problem for the existence of bounded solutions
of the Poisson equation on noncompact manifolds. See Sect. 6.1 for a brief discussion.

The paper is organized as follows. In Sect. 2, we discuss the assumptions on the
Kéhler manifold (X, ) and prove a weighted mean value inequality for nonnegative
almost subharmonic functions. In Sect. 3, we give a brief review of some standard
results for hermitian holomorphic vector bundles and give a detailed discussion on
(at, B)-stability used in Theorem 1.3. In Sect. 4, Lemma 1.1 is proved and we also
show that the assumption in Lemma 1.1 is necessary. In Sect. 5, we prove Theorem 1.3
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and give an example which does not satisfy the stability assumption. In Sect. 6.1, we
discuss some other results on the existence of PHYM metrics. In Sect. 6.2, we discuss
some Calabi—Yau metrics satisfying Assumption 1. In Sect. 6.3, we prove a counterpart
of Theorem 1.3 in a different setting where X is a compact Kihler surface and c1(Np)
is trivial. In Sect. 6.4, we discuss some problems for further study.

Notations and conventions

o d° = L1 (=9 +37), 50 dd* = /=T03.

e A =/—1A3d, so in local normal coordinates A f = —Y""_, ag?—g})

e B, (p) denotes the geodesic ball centered at p with radius » and if the basepoint p
is clear from the context, we will just write it as B,.

e In this paper, we identify a holomorphic vector bundle with the sheaf formed by
its holomorphic sections.

e When we integrate on a Riemannian manifold (M, g), typically we will omit the
volume element d V.

e Let (M, w) be a Kihler manifold and (E, H) be a hermitian holomorphic vector
bundle over M. We use C*>°(M, E) to denote smooth sections of E;

WkP(M, E: o, H) (respectivelyW,]f)’f(M, E;:w, H))

to denote sections of E which are WP (respectively Wlka’f ) with respect to the
metric w and H. If bundles or metrics are clear from the text, we will omit them.

2 On the asymptotic behaviour of ®

As mentioned in the introduction, the asymptotic behaviour of the Kéhler metric on
the base manifold is crucial to make the argument in this paper work. In this section we
will discuss these assumptions. Let X be an n-dimensional (n > 2) compact Kihler
manifold, D be a smooth divisor and X = X\ D denote the complement of D in X.
Let L p denote the holomorphic line bundle determined by D.

From now on, we assume the normal bundle of D, i.e. Np = Lp|p is ample unless
otherwise mentioned. Then we know that c; (D) is nef and big. We fix a hermitian
metric hp on Np such that

wp = "/_1®11D

is a Kéhler form on D, where ®y,,, denotes the curvature of i p. Let D (respectively
C) denote the (respectively punctured) disc bundle of Np under the metric /i p, i.e.

C:={6eNp:0<I&l,, <1/2},

2.1
D:={teNp:l&l,, <1}. @1
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We are mainly interested in the region where |§];,,, is small, which will be viewed as
a model of X at infinity. Then we have a well-defined positive smooth function on C

t = —log [}, (2.2)

such that «/—133¢ = wp, where using the obvious projection map p : C — D, we
view wp as a form on C. Then for every smooth function F : (0, c0) —> R with
F'>0and F" > 0,

wp =~ —100F (1) = F'(t1)~/—1091 + F"(t)~/—10t A 9t (2.3)

defines a Kéhler form on C. Let g denote the corresponding Riemannian metric and
rr denote the induced distance function to a fixed point p.

We need a diffeomorphism to identify a neighborhood of D in Np with a neigh-
borhood of D in X. For this, we use the following definition introduced by Conlon
and Hein in [6, Definition 4.5].

Definition 2.1 An exponential-type map is a diffeomorphism ¢ from a neighborhood
of D in Np to a neighborhood of D in X such that

(1) ®(p) =pforall p € D,

(2) d® is complex linear for all p € D,

(3) n(d®,(v)) =vforall p e Dandv € Np , C T,}‘OND, where 7 denotes the
projection T;’O)? — T;’O)?/T;’OD = Np,p.

Now we can state the assumptions for the Kihler metric w on X. We consider a
special class of potentials:

H = {F(t) : F(t) = At? for some constant A > 0 and a € (1, Ll]} .(2.4)
n—

Assumption 1 Let w be a Kihler form on X and g be the corresponding Riemannian
metric. We assume that

(1) the sectional curvature of g is bounded,

(2)  can be written as wy + +/—19d¢, where ¢ a smooth function on X and wy is a
smooth (1, 1)-form on X with wg|p = 0,

(3) there exists an exponential-type map ® from a neighborhood of D in Np to a
neighborhood of D in X and a potential F € H such that

}¢*(60) — (1)F|gF = O(r;NO) for some number Ny > 8. (2.5)

Remark 2.2 There are (lots of) other potentials F' besides those given in (2.4) making
the argument in this paper work, but for simplicity of the statement and some com-
putations we only consider potentials in . The order in (2.5) is not optimal either
and again we just choose the number 8 for a neat statement. From now on, unless
otherwise mentioned, Ny denotes the number in (2.5).
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Here are the main properties we will use for Kihler metrics defined by the potentials
in ‘H. For simplicity of notation, we omit the subscript for the dependence on F.

Proposition 2.3 For the Kiihler metric defined by a potential F = At € H, we have

(1) The metric is complete as |&|p, — O,

(2) r~13,

(3) Vol(B,(p)) ~ r"(1=2),

(4) if 0 is a smooth form on D with 0|p = 0, then |0, = 0(e™%) for some § > 0.

Conditions (1)—(3) follow directly from (2.3) and (2.4). Condition (4) can be proved
directly by doing computation in local coordinates on D as in [14, Section 3]. For
completeness and later reference, we include some details.

Proof of (4): We choose local holomorphic coordinates z = {z,-};.:ll on the smooth
divisor D and fix a local holomorphic trivialization ep of Np with |egln, = eV,
where ¥ is a smooth function on D satisfying v/—199% = wp. Then we get local
holomorphic coordinates {zy, ..., z,—1, w} on C by writing a point £ = weo(z). Then
in these coordinates we can write (2.3) as

wF = V=1F'()y;;dz AdZj+ F" ()1 (%w — 1/f,~dz,~> A (‘%w - 1/1de./> :

(2.6)
Then it is easy to check the following estimates:
dzil, = Aoy (dzi AdZ)| ~ 117
2 |w|2 -5t
ldwly, ~ —— < Ce * forsome s > 0
F"(1) (2.7
F'o" F' () —n (77 _ )
w'}NT«/—l il]dz,-/\dzi Adw A dw.
Then (4) follows directly from (2.7). O

Remark 2.4 Actually, from the proof of Proposition 2.3-(4), we can give an effective
lower bound for §. For example, for 2-forms, § can be chosen to be any positive number
sufficiently close to (and less than) 1/2. However § > 0 is sufficient for our later use.

Remark 2.5 Although not needed in this paper, we mention that following the compu-
tation in [27, Section 4] or [3, Section 3], we can show that | Rm| < cr2G-D,

In Assumption 1, we only assume the asymptotics of the Kéhler forms. To get the
asymptotic behaviour of the corresponding Riemannian metrics, we need to show that
the complex structure of X and D are also close to each other (with respect to the
metric gr). When D is an anticanonical divisor, the following result is proved in [14,
Proposition 3.4]. For a general smooth divisor D, the author learned the following
proof from Song Sun.
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Lemma2.6 Let Jp and Ji denote the complex structure on D and X respectively.
And ®*Jz :=dPoJgo(d @)~ denote the pullback of J under an exponential-type
map ®. Then we have

Vi (@*Jg —Jp)| = 02" for all k > 0 and € > 0. (2.8)
8F

Proof Since d® ), is complex linear for all p € D, we know ®*J — Jp is smooth
section of End(7 D) vanishing on D. But this is not enough to get the bound claimed
in (2.8). We will use the integrability of ®*J5 and property (3) in Definition 2.1. In
the following, we ignore the pull-back notation.

Around a fixed point in D we can choose local holomorphic coordinates
{w, z1 ..., zy4—1} of the total space of Np so that the zero section is given by w = 0.
Then we can write fora = 1, ..., n — 1 that

Tz = N—10;, + Pudi + Qupds, + O (|w|2) ’
where P, and Qg are linear functions of w and w, i.e. there are smooth functions py
and pg of {z;} such that P, = pyw + pzw and a similar expression for Q,g. There

are no type (1, 0) vectors in the linear term of the right hand side because J )3( = —id.
Since J5 is integrable, we know that

[0 = V=150, 0, = V=TU50,
= 210y oy — 28/ T8 Qupdz, + O (Iw))

is still of type (1, 0) with respect to Jy, which coincides with Jp when restricted to
D. Therefore

0w Po = pa = 0.

By the property (2) and (3) in Definition 2.1 and the following standard exact
sequence of the holomorphic vector bundles on D

0— 7% — 710% Np — 0,

we know that on D, the dz, component of 9 ,yaw is tangential to D. Note that by
definition we have 9 g 0w = Ly, J, therefore we know that

é]yaw(afa) = [awv J)?afa] = l;c?aw + 8w Qaﬂaz,s +0 (|w|)

Since on D, the dz, component of 9 ,Yaw is tangential to D, we obtain pz = 0. So
we have fora =1,...,n—1

Jgdey = N=10,, + Qupiz, + O <|w|2> . 2.9)

@ Springer



J.Zhang

Now on D we consider the local basis of holomorphic vector fields (with respect to
Jo):

ep = Woy,eq =0;,,a=1,...,n—1

and correspondingly e,, ¢, the conjugate vector fields, and e”, ¢* the dual frame etc.
Then we can write

Jg—Jp=Y Jld e (2.10)

where i, j range from 1, ..., n, 1,...,7. Then (2.9) implies that we have ’Jl.j’ =

O (Jw]) forall i, j. Then the lemma follows from the explicit expression of the Kéhler
metric on D, see (2.7). O

From the assumption (2.5) on the Kéhler form and (2.8) on the complex structure
asymptotics, we obtain that for the corresponding Riemannian metric

|o%g —grl,, = o). 2.11)

It is also useful to write down the Riemannian metric gr explicitly in real coordi-
nates. Note that the set {& € Np : |£];,,, < 1} is diffeomorphic to R4 x Y, where ¥
is a smooth (2n — 1)-dimensional S! bundle over D. Let F(r) = At® € H. Then we
can write the Riemannian metric g as follows

gr =dr’ + Cir2 0" gp + 2= 002, 2.12)

where gp is the corresponding Riemannian metric for wp and 6 is a connection 1-form
on Y such that d6 = wp.

From the asymptotic of the Riemannian metric tensor (2.11), the explicit expression
of the Riemannian metric g in (2.12) and conditions in Assumption 1, one can directly
show the following result.

Lemma 2.7 Suppose (X, w, g) satisfy Assumption 1, then

(1) the volume growth of g is at most 2, i.e. there exists a constant C > 0 such that
Vol(Bg(p)) < CR? for all R sufficiently large.
(2) for large numbers K, o = 2 and 8 = % -2, (X,w) is of (K, «, B)-polynomial

growth as defined in [27, Definition 1.1],
(3) if 6 is a smooth form on X vanishing when restricted to D, then

61y = 0¢™™).
That (M, g) is of (K, «, B)-polynomial growth is important for us since we need
the weighted Sobolev inequality in [27, Proposition 2.1] to prove a weighted mean

value inequality in the next subsection.
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2.1 A weighted mean value inequality

In this subsection, using a weighted Sobolev inequality in [27], we prove a weighted
mean value inequality for nonnegative functions which are almost subharmonic. This
is important when we run Simpson’s argument to get a uniform C%-estimate. As usual,
r denotes the distance function to a fixed base point induced by a Riemannian metric.

Lemma 2.8 Let (X, g) be a Riemannian manifold which is of (K, a, B)-polynomial
growth as defined in [27). Let u be a nonnegative compactly supported Lipschitz
function satisfying Au < f in the weak sense. Suppose that | f| = O(r~N), for some
N > 2+ a + B, then there exist C; = Ci(n, N) such that

lull i < €y /(1 +r N+ G 2.13)

Proof The following argument is the standard Moser iteration with the help of the
weighted Sobolev inequality in [27, Proposition 2.1].
Lety = 25 Note that we have [ u” Au < [u” f forany p > 1. Integration by

parts and using that | f| = O(r—"), we have
1
/|vu%|2 < Cp/up(1+r)_N.

Letdu = (1+r)"Nd V, and without loss of generality, we may assume d u has total
mass 1. Then the weighted Sobolev inequality shows that
1

L 1
2y 2y ptl 5\ 2 | 2
/ dup §C(/|Vu2|) §Cp2</upd,u> .

Applying the triangle inequality and Holder inequality, we get

p+1 p+1
uz2 —fuzdp

1

1 1
<f u(”“)ydu) v <C /u%ﬂdu + C2P% <f u”du)z
3 D
P
<C (/ up+ldu> + CZP% </ “pHdM) '

Let p; = y',i =0, 1,.... We have for any i

| v . CN\F
</u”’“d,u> < leup’d,u—l—Czpi (fup’dp.) .

Either there exists a sequence of pi; = such that f u? idu < 1, which implies
that [|u||z~ < 1, or there exists a smallest iy such that and [u”idu > 1fori > ip.In
the second case, we have
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€
Pig

lull, piy < max {”M”Ll(dﬂ)» Cp,, } = Cillullprgu + C2

1
</ upt+1d,u>y < Cpi/upidu, fori > ip.

Iterating gives that

lullLoe = ll_l)nolo Nl Lri @y < Cllullprig < Cillullpray + Ca.

2.2 The assumption on the degree a

The only reason why we need to assume @ < -5 is that the volume growth of the

corresponding Riemannian metric is at most 2. In fact we have the following easy but
useful degree vanishing property for Riemannian manifolds with at most quadratic
volume growth.

Lemma 2.9 Let (M, g) be a complete Riemannian manifold with volume growth order
at most 2. Let u € C®(M) satisfying |Vu| € L? and Au € L', then

/ AudVg = 0.
M

Proof By the Cauchy—Schwarz inequality and the assumption on the volume growth,
we have

1
1 2
- |Vu|dVg§C</ |Vu|2dVg> — 0as R — oo.
R JBog\Bg Byr\BR

Therefore there is a sequence R; — oo such that faBR. [Vu| dS — 0. Since Au is
integrable, [}, AudVy = lim;—.cc [ Au dV, for any sequence R; going to infinity.
Using Stokes’ theorem, we have t

/ AudVy
BRi

5/ |Vuiu| dS — 0 as R; — o0.
BBR’,

2.3 Assumption on ®d and ®

By Proposition 2.3 and the assumption on the decomposition of w = wg + /—199¢,
we know that (2.5) is equivalent to say that

O*(V=1809) —wp| = 0@;"). (2.14)
8F
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Writing ®*(v/—100¢) — wr as d(®*dp — d°F) and integrating this exact 2-form,
we can show the following result, whose proof is similar to that given in [14, Lemma
3.7].

Lemma 2.10 There exists a real I-form n outside a compact set of C with

—No+1+1
lgp = OCrp * ©)

such that
O*(V/—100¢) — wp = dn

Proof Choose a cut-off function y which equals 1 on {0 < |£];, < d}and O on
{I&]n,, > 28} for some § > 0. Let

0 =d(x(®*(dp) —d°F))
. . . —No+1+2
And it suffices to write 6 = dn with |nl,, = O(rp or +“).
We identify C with R4 x Y in such a way that the Riemannian metric g can be
written as dr? + g, where r is the coordinate function on R and g, is a metric on
{r} x Y?"=1 that depends on r. Then 6 is supported on the region {r > ro} for some

ro > 0. Then there exist a 1-form « and a 2-form B supported on the region {r > ro}
such that 9, s« = 0 and 9,18 =0

0 =dr na+p.

7]:/ adr.
ro

0 is closed, therefore do + 9.8 = 0 and then one can directly check that 6 = dn.
Since dr A a is perpendicular to 8 and we assumed [0|g, = O(r;NO), we obtain that

Then we define

lalgr = O(r;NO). Fix a smooth background Riemannian metric g on Y. Then from
(2.12) and (2.11), we obtain the following estimate

2011y -
-Dg.

2
C_lr2(1_5)§ <g =<Cr
Then the estimate for |n|g, follows from a direct computation. O

Remark 2.11 A similar argument can be applied to dd¢ directly on X (using Assump-
tion I) and we obtain that there exists a cut-off function x supported on a compact set

and a smooth real 1-form ¥ supported outside a compact set satisfying [/| = O(r I+ )
such that
dd‘p = dd“(x¢) +dy
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This is quite useful when we want to integrate by parts on X.

We assumed that wy is a closed (1,1)-form on X and vanishes when restricted to
D. In particular, |: gc1(D) A a)g_l = 0. Then by the Lelong—Poincaré formula, we
obtain the following.

Lemma2.12 Let S € H(X, Lp) be a defining section of D and h be any smooth
hermitian metric on Lp. Let f = log |S|%l, then we have

/ dd“f nwl™t =0.
X

3 Hermitian holomorphic vector bundles

Firstly let us recall the definition of projectively Hermitian—Yang—Mills metrics. Given
a hermitian metric H on a holomorphic vector bundle E, there is a unique connection
compatible with these two structures and it is called the Chern connection of (E, H).
Let Fy denote the curvature of the Chern connection and we call it the Chern curvature
of (E, H). Let E be a holomorphic vector bundle on a Kdhler manifold (X, w).
A hermitian metric H is called an w-projectively Hermitian—Yang—Mills metric (-
PHYM) if

r(AyFp).

Ay Fg = 1
wtH rank(E)

dg. (3.1

Accordingly the Chern connection is called an w-PHYM connection if (3.1) is satisfied.
A hermitian metric H is called an w-Hermitian—Yang—Mills (w-HYM) metric if

Ay Fg = Aldg

for some constant L. We also use the notation F ﬁ to denote the trace-free part of the

curvature form, i.e. Fﬁ = Fy— rt;r(nf{IE)) idg. Then (3.1) is equivalentto say A, Fi =o0.

Remark 3.1 Note that the PHYM property is conformally invariant, i.e. if a hermitian
metric Hy satisfies (3.1), then H = Hye/ also satisfies (3.1) for every smooth function
f. Moreover to get a HYM metric from a PHYM metric, it suffices to solve a Poisson
equation, which is always solvable for a constant A such that fX (tr(ApFg)—2)o" =0
when M is compact.

3.1 Basic differential inequalities

Let E be a holomorphic vector bundle and H, K be two hermitian metrics on £, then
we have an endomorphism 4 defined by

(s, tyg = (h(s), )k .
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We will write this as H = Kh and h = K ~! H interchangeably. Note that / is positive
and self-adjoint with respect to both H and K. Let 0y and dx denote the (1, 0) part of
the Chern connection determined by H and K respectively. By abuse of notation, we
use the same notation to denote the induced connection on End(E). Simpson showed
that

Lemma 3.2 [25] Let H = Kh, then we have

(1) 3y = dg +h~'dx (h); . i}
(2) Axh = hy/=1(AFy—AFx)+v/—1Ad(h)h~ 0 (h) where Ax = /—1 A ;
(3) Alogtr(h) <2(|AFgly + |AFklk).

Moreover in (2) and (3), if det(h) = 1 then the curvatures can be replaced by the
trace-free curvatures F=.

3.2 Slope stability

If |tr(Ay Fry)| € LY, the w-degree of (E, H) and w-slope of (E, H) are defined to be

V=1 V=1
deg, (E, H) = —/ tr(Ay Fr)o" = —/ tr(Fy) A o™
2nw Jy 27 Iy

deg,(E. H) 32

HolE, H) = rank(E)

Now let us assume M is compact. Integration by parts shows that the degree defined
above is independent of the metric H and only depends on the cohomology class of
[w] € H*(X, R), i.e. by the Chern—Weil theory,

deg, (E) = / ci(E) Ao L.
M

Moreover for any coherent subsheaf S of E, one can define its w-degree as follows
(see [16, Chapter 5]). It is shown that det S := (A" S)** is a line bundle, where r is the
rank of S and define

degw(S):[ ci(det §) A "L (3.3)
M

As before we define 114, (S), the w-slope of S, to be Crlzgl”(’((g)) . Note that for the definition

of w-degree and w-slope, we do not need w to be a Kihler form at all, and a real closed
(1, 1)-form is enough. That is for every real closed (1, 1)-form «, we can define

deg,, (5) =/ ci(det $) AL
M

The slope 114 (S) is defined similarly as before and we will use the notation (S, &)
and p, (S) interchangeably.
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We have the following definition which generalizes the standard slope stability
defined for Kéhler classes in [16, Chapter 5].

Definition 3.3 Let M be a compact Kéihler manifold, «, 8 € H L1(M) be two coho-
mology classes, E be a holomorphic vector bundle over M.

(1) We say E is «a-stable if for every coherent reflexive subsheaf S of E with 0 <
rank(S) < rank(E), we have uy(S) < uq(E); E is a-polystable if it is the
direct sum of stable vector bundles with the same «-slope; E is a-semistable if
for every coherent reflexive subsheaf S of E with 0 < rank(S) < rank(E), we
have pq (S) < o (E);.

(2) We say E is («, B)-stable if every coherent reflexive subsheaf S of E with 0 <
rank(S) < rank(E) satisfies either of the following conditions:

(@) 1a(S) < po(E), or
() 1a(S) = pa(E) and g (S) < upg(E).

From the definition, we know that if 8 = 0, then E is («, §)-stable if and only if
it is ae-stable; if E is a-stable, then it is («, B)-stable for any class 8. In applications,
typically the first class o has some positivity. For example, in our Theorem 1.3, o =
c1(D) is nef and big.

Remark 3.4 For every coherent subsheaf S of a holomorphic vector bundle £, we have
an exact sequence of sheaves:

0—8S— §* — §/S - 0,

where S** /S is a torsion sheaf and supports on an analytic set with codimension at least
2. Then by [16, Section 5.6], we know det S = det(S**). In particular, we know that E
is «e-stable (respectively («, 8)-stable) if and only if the conditions in (1) (respectively
(2)) hold for every coherent subsheaf of E.

3.3 Coherent subsheaves and weakly holomorphic projection maps

Let (E, H) be a hermitian holomorphic vector bundle over a Kdhler manifold (M, w).
Suppose S is a coherent subsheaf of E, since E is torsion-free, then S is torsion free

and hence locally free outside ¥ which is a closed analytic set of codimension at

least 2. Moreover on X\ X we have an induced orthogonal projection map 7 = 7 §{

satisfying
r=n"=x% (id—m)odrw =0. (3.4)

Outside the singular set X, the Chern curvature of (S, H|g) is related to the Chern
curvature (E, H) by

Fs.y = Fg.pls — 0w A dm. (3.3)

Let us mention a result in current theory:
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Theorem 3.5 [10] Let ¥ be a closed analytic subset of codimension at least 2 in a
Kdhler manifold (M, w). Assume T is a closed positive current on M\'X of bidegree
(1, 1), i.ea (1, 1)-form with distribution coefficients, then the mass of T is locally finite
in a neighborhood of . More precisely, every p € X has a neighborhood U € M
such that

/T/\w"_1 < 00.
U

Applying the above theorem to tr(v/—1d7 A d7), one gets
7w € Wh2(M, End(E); o, H). (3.6)

In general, an element 7 € Wllo’f (M, End(E); w, H) is said to be a weakly holomor-
phic projection map if it satisfies (3.4) almost everywhere. By the discussion above,
we know that for a coherent subsheaf S of E, & §1 is a weakly holomorphic projection
map. A highly nontrivial result due to Uhlenbeck and Yau [28] is that the converse is

also true (see also [24]).

Theorem 3.6 [28] Suppose there is a weakly holomorphic projection map 7, then there
exists a coherent subsheaf S of E such thatm =& g’ almost everywhere.

If X is compact, deg,, () defined in (3.3) can be computed using the curvature form
Fs p. The following result is well-known, see [16, Section 5.8]. We include a simple
proof using Theorem 3.5.

Proposition 3.7 Let (E, H) be a hermitian holomorphic vector bundle over a compact
Kdhler manifold (M, w) and S be a coherent subsheaf of E. Then

V=1
deg, (8) = —— / tr(Fs. ) A" !, (3.7)
2 M\%

where deg,, (S) and Fs g are defined in (3.3) and (3.5) respectively.

Proof Let r denote the rank of S. Since S is a subsheaf of E, there is a natural sheaf
homomorphism

d: (AN — (NEY* =ANE.

Note that @ is only injective on M\X in general. Let A" H denote the metric on
A"E induced from H, then ®*(A" H) defines a singular hermitian metric on (A" S)**
which is smooth outside ¥ and whose curvature form is equal to tr(Fs, g). Since ®
is a holomorphic bundle map, by choosing a local holomorphic basis of (A" S)** and
A"E, it is easy to show that ®*(A"H) = fK, where K is a smooth hermitian on
(A" S)™, the function f is positive smooth outside X and converge to O polynomially
along X.
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Then by Theorem 3.5, it suffices to prove the following: for every smooth positive
function f on M\ satisfying Alog f € L!, and | f| = O(dist(-, £)¥) for some k
one has

/ Alog f 0" = 0. (3.8)
M

Note that |log f| € L?, then (3.8) follows from the Cauchy—Schwarz inequality and
existence of good cut-off functions. More precisely, since ¥ has real codimension at
least 4, it is well-known that there exists a sequence of cut-off functions y. such that
1 — xc is supported in the e-neighborhood of ¥ and we have uniform L? bound on
AXe-

We briefly describe a construction of these cut-off functions. Let s be a regularized
distance function to X in the sense that s : M — R is smooth and satisfies that
there exist positive constants Cy such that

Cy 'dist(x, T) < s(x) < Codist(x, T) and |VEs| < Cydist(x, £)!* for all k > 0.

The existence of such aregularized distance function can be derived from [26, Theorem
2 on page 171]. After a rescaling, we may assume s < 1 on M. For every € > 0, let
pe be a smooth function which is equal to one on the interval (—oo, e~1) and zero on
(2 + &1, 00). Moreover we can have |p/| + |p/| < 10. Then we define

Xe = pe(log(—logs)),

and we can directly check they satisfy the desired properties. O

Motivated by the above result, Simpson [25] uses the right hand side of (3.7) to
define an analytic w-degree of a coherent subsheaf on a noncompact Kéihler manifold.
Typically one needs to assume |A,Fy| € L' to ensure the first term of (3.5) is
integrable. Then the degree of a coherent subsheaf is either a finite number or —oo
depending on whether [d77| € L. In general, this analytic degree depends on the
choice of the background metric H. And a key observation in this paper is that when
E has a compactification and H is conformal to a smooth extendable hermitian metric,
this analytic degree does have an algebraic interpretation, see Lemmas 5.3 and 5.4.

3.4 Dirichlet problem

We have the following important theorem of Donaldson:

Theorem 3.8 [9] Given a hermitian holomorphic vector bundle (E, Hy) over (Z, )
which is a compact Kdhler manifold with non-empty boundary 0 Z, there is a unique
hermitian metric H on E such that

(1) Hlyz = Holyz,
(2) V—1A,Fy = 0.
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As observed in [19], one can do conformal changes to H to fix the induced metric
on det E and still have it to be a projectively Hermitian—Yang—Mills metric.

Proposition 3.9 [19] Given a hermitian holomorphic vector bundle (E, Hy) over
(Z, w) which is a compact Kdihler manifold with boundary, there is a unique her-
mitian metric H on E such that

(1) H|yz = Holyz and det H = det H,
(2) N=1AuFz =0,

3.5 Donaldson functional for manifolds with boundary

Next we recall Simpson’s construction [25] for Donaldson functional. We follow
the exposition in [19, Subsection 2.5] and focus on compact Kéhler manifolds with
boundary.

Let (Z, w) be a compact Kéhler manifold with boundary, (E, Hp) be a hermitian
holomorphic vector bundle. Let » be a smooth section of End(E) which is self-adjoint
with respect to Hy. Then for any smooth function f : R - Rand ® : R x R — R
respectively, we can define

f(b) € C*°(End(E)) and @ (b) € C*°(End(End(E)))

as follows: at each point p € Z, choose an orthonormal basis {e;} of E such that
b(ej) = Aie;. Let {e;’} denote its dual basis, then set

f(b)(ei) = f(ri)e;and P (b)(e] ®ej) = P(hi, Aj)e) ®ej.

Recall that for any two hermitian metrics H and H», there is a smooth section s of
End(E), which is self-adjoint with respect to both H; and H, such that H, = Hje*
and det H = det Hy if and only if tr(s) = 0. Let Pp, denote the space of hermitian
metrics H of E such that

det H = det Hyand H|yz = Hplyz.

Let W (A1, Ap) denote the smooth function

M — (i —A) -1

5 if A1 # Ap
WAy, A2) = (A2 —21) 3.9)
! if A = Ao
Then put
M,(Hy, Hy) = ./—1/ tr(s Ay Fr, )" +/ (\I—’(s)(és), és)Hl "
z z

Mochizuki proved the following important result
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Theorem 3.10 [19] If H € Py, is an w-PHYM metic, then M, (Hp, H) < 0.

3.6 Bando-Siu’s interior estimate

The following result shows that to get a local uniform bound for a sequence of PHYM
metrics, it suffices to have a uniform C°-bound.

Theorem 3.11 [2, 15] Let Ba(p) C (M, w) be a geodesic ball of radius 2 contained in
a Kdéhler manifold such that By (p) is compact. Let (E, Hy) be a hermitian holomorphic
vector bundle over By(p). Suppose H = Hye® is an w-PHYM metric with tr(s) = 0,
then for any k € Nand p € (1, 00) there exists a smooth function Fy , which vanishes
at the origin and depends only on the geometry of By(p) such that

L°°(32(P))> '

k42
i’

k
< Fip (Il + 3 | Vi P
Ly~ P < t ; Ho %0

4 Existence of a good initial metric

In this section, we continue to use notations in Sect. 2 and always assume the Kéhler
metric on X satisfies the Assumption 1. We begin by working on the model space
(C, we), where we = ddF(t) for some potential F(t) € H. Using the explicit
expression of w¢ in (2.3), it is easily to show that

Lemma 4.1 Let E be a holomorphic vector bundle on D and p*(E) be its pull back to
C. Suppose Hp is a metric on E satisfying ~/—1A,, Fu, = Mdg for some constant A,

o 2
then H = ¢ -1l p*(Hp) defines ametric on p*(E) satisfying ~/—1A . Fy =
0.

Remark 4.2 If n = 2, the metric H actually is a flat metric on p*(E).

Let E be a holomorphic vector bundle on D. We still use p to denote the projection
map from D to D. Then we can compare the holomorphic structure on E and p*(E|p)
as follows. In a neighborhood of D, which we may assume to be C, we fix a bundle
map ® : E — p*(E|p) such that ®|p is the canonical identity map and ® is
an isomorphism as maps between complex vector bundles. Then @ pulls back the
holomorphic structure on p*(f |p) to E. Now we have two holomorphic structures
on E and denote them by 91 and 3,. Then the difference

B =0 —0
is a smooth section of A% (End(E)) and is 0 when restricted to D. Locally near a point
in D, choose holomorphic coordinates {z1, ..., z,—1, w} such that D = {w = 0}.

Using these coordinates, B can be written as f;dz' 4+ hdw where f; and & are smooth
sections of End(E) and f;|,=o = 0.

@ Springer



Hermitian—-Yang-Mills connections on some...

Now suppose we have a Hermitian metric H on p* (E|p) |c, then via @ we view it
asa metric on E|¢. Let 9; denote the (1, 0) part of the Chern connection determined
by 9; and H. Then one can check that

n=20d— 09 =—p*,

where 8*# denote the smooth section of A"?(End(E)) obtained from 8 by taking the
metric adjoint for the End(E) part and taking conjugate for the 1-form part. Locally
= fl.*” dz' +h*#dw. Since H is only defined over C, a priori f*# and h*# are only
defined on C. Note that the operator g is conformally invariant with respect to the
choice of metric H, so if H = ¢/ H for some function f € C*(C) and metric H on
E, fi*” and h*H are smooth sections over D. Then we can compute the difference of

curvatures for (51, H) and (52, H):
F3 =0 +0d=F; 4+ 0B+ diu+[B ul 4.1

where we abuse notation to use the same symbol d and 9 to denote the induced
connection on End(E). Again note that the induced metric (and hence the Chern
connection) on End(E) is conformally invariant for metrics H on E. Therefore F 5 H

Fé.,H is a smooth End(E) valued (1, 1)-form over D and iik)(Féz,H — F{)],H) = 0.
Then by Proposition 2.3, we obtain there exists a § > 0,

|F52,H - Fé],H}wC’H = 0(67&)'

Combining this and the previous lemma, we proved that

Proposition 4.3 Let E be a holomorphic vector bundle on D. Suppose there is a
metric Hp on E|p satisfyiﬁg ~—=1Ayp, Fu,, = Aid for some constant A, then there is
a Hermitian metric H on E|¢ satisfying:

(1). there is a hermitian metric H on E and a function f € C*(C) such that H =
e/ H, and
(2). |Awe Fr| = 0(e™%") for some § > 0.

Motivated by this, we can give the proof of the Lemma 1.1.

Proof of Lemma 1.1. By the Donaldson-Uhlenbeck—Yau theorem there exists a hermi-
tian metric Hp on E|p such that

vV —=1Ay, Fr, = Aid. 4.2)
Extend Hp smoothly to get a hermitian metric Ho on E. Using the diffeomorphism
® given in the Assumption 1-(3) we get a positive smooth function on X by abuse of

notations stilled denoted by 7, which is equal to (®~1)*# outside a compact set on X.
Define a hermitian metric on E using

HO = en—ltﬁo‘ (43)
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Then we claim that

|AwFr,| = O~ N0), (4.4)

From the construction, Fy, = F Ho — Mflitid, where F' Ho is smooth bundle valued

(1,1)-form on X. Recall that for a 2 form 6,

no A w1
At = ————.
w
Since we assume that |®*(w) — we| = O(r~No), then (4.4) will follow from the

following estimate on C: there exist a § > 0 such that

‘ch <<D*(FH0) - n)‘jop*dd%) = 0(e™ ). (4.5)

By (2.8) and (2.10), we can easily show that there exists a § > 0 such that
|®*dd°t — dd“t| = |d((®*Jg — Jp) odt)| = O(e™). (4.6)

Using the same argument as we did before Proposition 4.3, we can show that there
exists a 6 > 0 such that

" (Fz,) = p*(Fg, Ip)| = 0™, @7

Then (4.5) follows from (4.2), (4.6) and (4.7). O

Remark 4.4 Recall that we use S € H°(X, Lp) to denote a defining section of D.
Then from the definition of ¢, we know that there exists a smooth hermitian metric &
on Lp such that t = — log |S|ﬁ.

Remark 4.5 From the above discussion, we also obtain that |Fg,| = o@r'=%). In
general, we can not expect a higher decay order for the full curvature tensor Fy, since
it has non-vanishing component along the directions tangential to D, butif n = 2 we
actually proved that

| Friglo = O~ N0). (4.8)

From the proof given above, the assumption that E|p is cj(Np)-polystable is
used crucially to have a good initial metric Hy satisfying (1) and (2) in Lemma 1.1,
which both are important for the proof. We show the assumption that E|p is c¢1 (Np)-
polystable is also necessary subject to the conditions in Lemma 1.1. More precisely,
we have that

Proposition 4.6 Suppose there is a Hermitian metric Hy on E satisfying:

(1). |AwFHy = O (r—Noy), where as before Ny is the number in (2.5), and
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(2). there is a_hermitian metric Ho on E and a function f € C>®(X) such that
Hy = e/ H,,.

Then ﬁ0|D defines a PHYM metric with respect to wp € c1(Np), i.e, E|D isci(Np)-
polystable.

Proof By these two assumptions, we have V—1AoFg, + Ao fid| = O(r—Noy. In

particular the trace-free part of A, Fy7, decays like r~No_ Since

ol _ g )
Ho Ho  rankE

id

is a smooth bundle valued (1,1)-form on X, its pull-back under ® to D is a smooth
bundle valued 2-form satisfying that its restriction to D is of type (1,1) and

| A @*(F )l = 0~ 0).

From the explicit expression of the Kéhler form wfr in (2.3) and the assumption on
the potential F in Assumption I, we know that

Aoy (Fi7 1p) = 0.

O

Next we can show that the set Py defined in (1.1) is unique if we fix the induced
metric on the determinant line bundle. More precisely, we have

Proposition 4.7 Suppose we have two metrics Hy and H satisfying the condition (1)
and (2) in Lemma 1.1 and det Hy = det Hy, then

P, = Pw,-

In particular, there exists a constant C > 0 such that C -1 Hy < Hy < CH.

Proof By condition (1) in Lemma 1.1, we know that there are smooth hermitian metrics
H( and H and smooth functions fy and fi on X such that fori =0, 1

H, = ﬁieﬁ.

And by doing a conformal change, we may assume det Ho = det H.Leth = H, 'H..
Since det Hy = det Hy, we have

H, = Hoh.

From the proof of Proposition 4.6, we know that H,|p are PHYM. By the uniqueness
of PHYM metrics on compact Kéhler manifolds, we know that

V(h|p) =0,
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where V denotes the induced connection on End(E) from the Chern connection on
(E, Hp). From this and noting that Hy is conformal to an extendable metric, we can
check directly that

|Vh| € L*(X; w, Hp)

Then from the definition of Pg,, we obtain that Py, = Pp,. O

5 Proof of the main theorem

We first prove a lemma on the degree vanishing property.
Lemma 5.1 Let (X", w) be a complete Kdihler manifold and B be a d-closed (k, k)

Sform with | |B|@" finite for some 1 < k < n — 1. Suppose w = dn for some smooth
X
1-form n with |n| = O(r), then / B A "k =0.

Proof Fix a base point p € X and let pr be a smooth cut-off function which is 1 on
Br(p), 0 outside Bor(p) and |Vpg| < % where C is a constant independent of R.
Integrating by parts, we have the following

/ BAH
X

lim/ prB A"k
R—00 JByp(p)

n—k

< C lim L An|o",

1

— ’ﬂ AW
k=00 J Byp(p)\Br(p) R
which is bounded by C /BZR(P)\BR(P) |B] w". And this term tends to 0 as R — oo since
1Bl € L. o

From now on, we assume w = wo—+dd€y is a Kéhler form satisfying the Assumption
1 in Sect. 2. Note that we only proved that dd“¢p = d for a smooth form y with

Y| = 0(r1+al) (see Remark 2.11). Therefore we can not apply Lemma 5.1 directly.
Typically we have a definite decay order for ||, so we can still use integration by
parts to show some degree vanishing properties. More precisely, we have

Lemma5.2 Let B be a d-closed (k, k) form for some 1 < k < n — 1, satisfying
1Bl = O@r—No). Then

f B A (ddp)'F =0.
X

Proof By a similar integration by part argument as in the proof of Lemma 5.1, it
suffices to show that

|
lim — / ‘,3 A (ddo) 1 Ay | (ddcp)" = 0.
Bar(p)\Br(p)
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This follows from the facts that || = O~ N), |y| = 0(r1+$) and the volume
growth order of w is at most 2. O

The following two lemmas are crucial for us since they relate information on X
and that on X.

Lemma 5.3 Let Hy be the metric constructed in Lemma 1.1. One has the following
equality:

/ z_ltr(FHO)/\a)"_l =ﬁcl(E)A[wo]"_l. 5.1
X <7 X

Proof Firstly, recall that
nte(Fpy) A 0"~ = Aptr(Fry)o™.

By the construction in Lemma 1.1, we know that |A,tr(Fg,)| = O (r—™). Since
the volume growth order of w is at most 2, we know that A, tr(Fp,) is absolutely
integrable. Therefore the left hand side of (5.3) is well-defined.

By the Chern-Weil theory, for any smooth hermitian metric Hy on E we have

— -1
/761(E)/\[w0]"_1 :/thr(FHo)/\wg_l.

X

By the construction (4.3), Hy = eC! Hy for some constant C and ¢ defined in Sect. 4.
Moreover by Remark 4.4, 1 = —log|S |,21 for some smooth hermitian metric on L p.

By Lemma 2.12, we obtain that fx dd°t A a)g_l = 0. So we have

/;01(5) A [a)o]"_l = / z;ltr(FHg) A 0)871. (5.2)

X X

Using (5.2) and w = wo + dd ¢, to prove (5.1), it suffices to show that for any
k=1,...,n—1,

/ tr(Frp) A w78 A (ddCo)k = 0. (5.3)
X

Case 1. 1 < k < n — 2. Since wo vanishes when restricted to D, by Lemma 2.7,
we know that |wg| = O (r—Noy. Combining this with Remark 4.5, we know that
tr(Fr,) A a)g_l_k is a closed (n — k, n — k)-form with decay order at least r=No,
Therefore Lemma 5.2 implies that its integral is 0.

Case 2. k = n — 1. If n = 2, then by (4.8) we can still apply Lemma 5.2. If n > 3,
note that though |A,tr(Fy,)| = O (r—Noy, |tr(Fp,)| is not in L!in general. So we
can not apply Lemma 5.2 directly. Instead we shall use the asymptotic behaviour of
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tr(Fp,) obtained from the construction. Integrating by parts and pulling back via @,
we know that

/ tr(Fp,) A (ddp)"~" = lim tr(Fp,) A (ddp)" "> A dy
X i~>0J (g, =€)

— lim o* (tr(FHO) A (dd )2 A dcw) .

>0 )15, =6

Then by (2.5), Lemma 2.10 and the assumption Ny > 8, we obtain that the right hand
side of the above equality equals

lim O*(tr(Fpp)) A (dd°F ()" "2 ANdF(1).

=0 Jig) =6
By (4.6) and (4.7), we know that it equals

Arank(E)

lim (p*tr(FHO) -

i~>0J g, =6

ddct) AddF ()" 2 Ad°F(1). (5.4)

Note that when restricted to the level set of ¢,

- -2 2 n-2
(dd°F ()" = F'(1)" a2,
Therefore ( p*ir(Fg,) — S5ELdd 1) A (dd°F(1))"2 = 0 by (4.2). o

Lemma 5.4 Suppose E |p is c1(Np)-polystable and let Hy be the metric constructed
in Lemma 1.1.

(1). Let S be a coherent reflexive subsheaf of E. If S|p is locally free and a splitting
factor of E|p, then 57t§1° e L3(X; w, Hp).

(2). Let w € WIIO‘CZ(X, E'QE; o, Hy) be a weakly holomorphic projection map. If
dm € L>(X; w, Hy), then there exists a coherent reflexive subsheaf S of E such
that m = 7'[;10 a.e. and S|p is a splitting factor of E| p.

Proof A crucial point here is that Hy is conformal to a smooth extendable metric Hp.
In particular, for a coherent subsheaf S of E, the projections induced by Hy and H ) are
the same. Note that by [4, Lemma 3.23 and Remark 3.25], for every coherent reflexive
subsheaf S of E, S|p is torsion free and can be naturally viewed as a subsheaf of E|p.

(1) Let 7 = 71?0. Then 7 is smooth in a neighborhood of D and dx|p = 0

by assumption. Note that JT;IO = 1|y, so it suffices to show ar € L2(X, w, ﬁo).
Fix small balls U; of X covering D such that there are holomorphic coordinates

{z1,...,2n—1, w} on each U; with DN U; = {w = 0} and E is trivial on each ball
U;. Under these coordinates and trivializations we can write

o = E_)ani + 5w7rd111,
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where we view 5Zn and 9,7 as matrices of smooth functions and 5Zn |lw=0 = 0. So we
have |3,77| < C|w| and |9, 7| < C. Then the result follows from the explicit estimate
given in (2.7).

(2) Given a projectionmap € Wllo’f(X, E*®E; w, Hy) withdm € L*(X; w, Hp),
we first prove the following:

Claim 7 € Wl2(X; Wy, ﬁo)for a fixed (hence any) smooth Kéhler metric wy on X.

Since |7'r|ﬁ0 < 1 and by [7, Lemma 7.3], it suffices to show a7 € L*(X; Wy, Hop).
By (2.8) and (2.11), we may assume in local coordinates around D the Kéhler metric
w is exactly given by the model space. We choose local holomorphic coordinates
z={z } 11 on the smooth divisor D and fix a local holomorphic trivialization eg of Np

with |eglp, = e ¥ where Y is a smooth function on D satisfying +/— 881# = wp.

Then we get local holomorphic coordinatea {z1, ..., Z,—1, w} on C by writing a point
& = wep(z). Choose a basis of (0, 1)-forms le .dz,—1, ? — 0;;%dz;. Then we
can write

- _ dw - -
omr = fidZi +h(5 — 8Zi1/dei),

where f; and & are sections of End(FE). Notice that dz; is perpendicular to the = —
az,. ¥dz;. Since 9 is in L? with respect to w, by (2.7) we know that

—log |w|)(n*1)(afl)+a72

/ (1A~ og o)~ + 142~ Tog fwl)>~<) ¢ dh. < .

lw?

(5.5)

Then we know that f; — hézi Y, % are all L?-integrable with respect to the Lebesgue
measure. Therefore the claim is proved:

_ _ h _ —
o = (fi — hd,¥)dz + —dib € L*(X; wy, Ho).
w

Then Uhlenbeck—Yau’s result (TEeorem 3.6) implies that there exists a coherent sub-
sheaf § of E such that 7 = 7 g 0 outside the singular set of S. Taking the double
dual, we may assume S is reflexive. By the integrability condition (5.5), 37 ? Olp =0,

which means that S|p is a splitting factor of E|p since E|p is polystable. O
Now we are ready to prove the main theorem. We decompose it into two proposi-
tions.

Proposition 5.5 Suppose there exists an w-PHYM metric H in Py, then E is
(c1(D), [wo])-stable.

Proof Suppose there is a Eeﬂexive subsheaf S of E with 0 < relnk(g) < rank(_E ) such
that 1(S, c1(D)) = c1(E, c1(D)), we need to show that uu(S, [wo]) < w(E, [wo]).
By [18] for any coherent refelxive sheaf £ on X, we have

p(&, c1(D)) = u(€lp, c1(D)Ip) = u(€lp, c1(Np)).
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(When €& is a vector bundle, this follows from the fact that the first Chern class ¢ (D)
is the Poincaré dual of the homology class defined by the divisor D. For a general
reflexive sheaf, the key point is to show that ¢ (€)|p = ¢1(€|p) using the fact that £
is locally free outside an analytic set of (complex) codimension at least 3.) Therefore
we have

©w(S|p,c1(Np)) = w(E|p, c1(Np)). (5.6)

By assumption, E|p is ¢ (Np)-polystable, so (5.6) implies that S|p is locally free
and is a splitting factor of E|p. Then by Lemma 5.4, we have

I e L*(X; o, Ho).

Claim o € L*(X; o, Hy) = L*(X; w, H).

For simplicity of notation, in the following we omit the dependence on S. By the
definition of Py, and H € Ppy,, we know that H = Hoe® with |is||; + [[ds]|,, <
oo. The claim follows directly from the following pointwise inequality (outside the
singular set X of S)

o) < € (191 + 157 "1) 5.7)

where C is a constant independent of points and all the norms are with respect to H.
Let ro, r denote the rank of § and E respectively. Near any given point p € X\ X, we
can find a local holomorphic basis {ey, ..., e, €+1, . .., e-} of E such that

S = Spanfey, ..., ey},

(ei, €j>H0 (p) = éij,

5<ei,ej>HO (p)=0forl <i,j<rpandro+1<i,j<r.
In the following we use Einstein summation convention and use 7, j to denote numbers

from 1 to r, «, B to denote numbers from 1 to ry. Under this basis Ho can be written
as

e, ®eq+ H()’i/gHN(faeiv ® eq,

where we view Hy = (Hp;j) = (<e,~,e.,~)HO) as a matrix and ﬁo = (I-Nlo,aﬁ) =
() 4,) 38 a submatrix of Ho. Then

07" |(p) = " 10 Ho.ia|(p)-

i,0

Similarly, 7 can be written as e ® eq + Hig ﬁﬂ"‘eiv ® e,. Note that as a matrix
H = Hoh, where h is the matrix representation of e* under the basis {e;}_,. Since
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Is]l o« < 00, we have

877 1(p) = € (3 13Hial (p) + 1343 (p)))
= € (D 18Ho.al(p) + 13031 (p) )

< ¢ (167"1(p) +1351(p))

which gives (5.7).
Letm =m 5{{ . Using the Chern—Weil formula and the fact that H € Py, is PHYM,
we have

Aott(Fs i) = Aptr(Fg g o ) — |97 |?

rank(S) Ati(F ) |5 |2
= ——A,tr —|om|”,
rank(E) @ E.Ho

and consequently is L.

Claim

1
rank(S)

/ tr(Fs.i) Ao~ = u(S, [wo)).
X
Assume this for a moment, then by Lemma 5.3, we know that

1(S, [wo]) < p(E, [wol),

and equality holds if and only if 37 = 0. Suppose 3 = 0. Since I7lg, = 7lyy <

Clrly < C. Again by [7, Lemma 7.3], there is a global holomorphic section of

End(E), which is still denoted by 7, such that 7 = nf a.e. and 72 = 7. Note

that since rank(sr) = tr(s) is real valued and holomorphic, it follows that ranks is
a constant. Thus E holomorphically splits as the direct sum of ker 7 and I, which
contradicts with our assumption that E is irreducible. Therefore we prove that

(S, [wo]) < p(E, [wo)).
Proof of the claim: since H € Pp,, we have
tr(Fs, ) — tr(Fs o) = d0u,
for a bounded real valued smooth function u with |Vu| € L%. By Lemma 2.9,

/tr(FS,H) Aol = /tr(Fg,Ho) AL
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By the same argument in Lemma 5.3, we can show

/ t(Fs, 1) A @' = (S, [wo)).

Hence we complete the proof of the claim. O

Proposition 5.6 Ler Hy be the metric constructed in Lemma 1.1. Suppose E is
(c1(D), [wol)-stable, then there exists a unique w-PHYM metric H in Pp,.

Proof Uniqueness is easy, for convenience we will review the argument. Suppose we
have two w-PHYM metrics Hy, Hy € Py,.Leth = H| 'H,. By the definition of P,
we know that det 7 = 1 and £ is both bounded from above and below and |34| € LZ.
Then by taking the trace of the differential equality in Lemma 3.2-(2), we get

Aptr(h) = —|3hh~3 |2,

By Lemma 2.9,

/|éhh*%|2 - —/Awtr(h) —0.

Therefore dh = 0 and since £ is self-adjoint with respect to H;, it is parallel with
respect to the Chern connection determined by (3, H;). Then its eigenspaces give a
holomorphic decomposition of E which contradicts the assumption that E is irrducible
unless % is a multiple of identity map. Since det 2 = 1, it must be that 4 is the identity
map, i.e. H] = Hj.

For the existence part, we follow Simpson and Mochizuki’s argument [19, 25]. For
completeness, we include some details. Let {X;} be an exhaustion of X by compact
domains with smooth boundary and we solve Dirichlet problems on every X; using
Donaldson’s theorem (Theorem 3.8). Then we have a sequence of PHYM metrics H;
on E|y; such that H;|yx; = Holpx,; and det H; = det Hp. Let s; be the endomorphism
determined by H; = Hoh; = Hpe®'. Then we have s;[yx;, = 0 and tr(s;) = 0.

We argue by contradiction to prove a uniform C%-estimate for s;. First note that by
Lemma 3.2, ¢% satisfies the elliptic differential inequality

Alog(tr(e™)) < [AFg|. (5.8)
Therefore tr(e’') satisfies the weighted mean value inequality in Lemma 2.8. Since
tr(e®) and |s;| are mutually bounded, we know that |s;| also satisfies the weighted
mean value inequality (2.13). Lemma 2.8 plays an essential role since it ensures that

after normalization we can have a nontrivial limit in Wllo’f. Suppose there is a sequence
s; such that supy, 8|y, — 00 asi — oo. Then by Lemma 2.8, we obtain

I; :/ Isi |y (1 +7) "N — o0.
Xi
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Letu; =1 Isi. Then by Lemma 2.8 again we obtain there is a constant C independent
of i such that

/ lug|(14+7)" =1 and |u;] < C, (5.9)
Xi

where the norms are with respect to the back ground metric Hy. Then following
Simpson’s argument, we can show that

Lemma 5.7 After passing to a subsequence, u; converge weakly in le’cz to a nonzero
limit uoo. The limit u satisfies the following property: if ® : R xR — R is a positive
smooth function such that ® (A1, A2) < (A1 — )\2)—1 whenever Ly > A, then

‘/__1/ tr(uooAFHo)—i-/ (® (1oo) (éuoo),éuoo)Ho <0. (5.10)
X X
Proof By Theorem 3.10

\/—_1/ tr(u,-AFHO)—i—l,-/ (¥ i) (9ui) , dui)y < 0. (5.11)
X; X

i

By the definition of ¥ in (3.9), we know that as [ — o0, [W (I11,[X;) increases
monotonically to (A} — Ag)_l if Ay > Xy and oo if A; < X;,. Fix a & as in the
statement of the lemma. We know that for all A > O there exists /4 such that if
[Ai| < Aand! > l4, then we have

D (M, ha) < 1WAy, ). (5.12)

Since sup |u;| are bounded, its eigenvalues are also bounded. Then by (5.11) and
(5.12), we obtain that for i sufficiently large

\/—_1/ tr(uiAFHO)—I-/ (@ (i) (9u;) , dui)y, <0 (5.13)
X

Xi

Again since sup |u;| is bounded we can find @ satisfying the assumption in the
lemma and ®(u;) = cq for all i, where c( a fixed small positive number. Then by
(5.13) and the construction of Hy, there exists a positive constant C such that

/ |du;|> < C.
X

Therefore by a diagonal sequence argument and after passing to a subsequence we
. 1,2 .. . a 2

may assume u; converge weakly in W, to a limits ux, with f x Ul < C. We

claim that uo, # 0. Indeed by (5.9), there exists a compact set K € X independent

of i such that

N =

/ lui|(14+r)"N >
K
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Since on compact sets the embedding from W2 to L' is compact, after taking the

limit, we get [¢ [uool(1 + )~ > 1. In particular us # 0.

Next we prove (5.10). By the uniform boundedness of u;, the O(r—N0) decay
property of |A Fy,| and the nonnegativity of the second term of the left hand side in
(5.13), we know that there exists €; — 0 such that for any j > i, we have

\/—_lf tr(u; A Fpy) +/ (Cb (uj) (E_Ju/) , 514./)1_10 < €.
X; X

Note that (® (u;) (du;) , duj), = |q>%(uj)(5uj)|§,0. By [25, Proposition 4.1], we
know that on each fixed X;, <I>%(uj) — ®7(us) in Hom (L%, L9) forany g < 2.
Since du j converge weakly in L2(X;) to dune, we obtain that QD% (u j)(éu j) converge
weakly to > (o) (QUoo) in LI (X;) forany g < 2. Then we know that forany g < 2,

HCIJZ(MOO)(MOO)H < lim inf an(u,)(u,)H

L9(X;) j—o0 L9(X;)

< Vol(X;)i~ 11m1an<I>2(u])(u])‘

L2(X;)

§V01(X,~)q—1< — hm J_/ tr(u; AFHO))
< Vol(X;)i ™! <e,» —J—_1/ tr(uooAFHO)>.
Xi

Let g — 2, we obtain

\/_/ tr(uoc A Fry) + HCDZ (uoo)(uoo)‘

L2(X; )
Letting i — o0, the inequality (5.10) is proved. O

Simpson’s argument in [25, Lemma 5.5 and Lemma 5.6] can be applied verbatim
to the infinite volume case, so we have

Lemma 5.8 [25] Let u~o be a limit obtained in the previous lemma. Then we have

(1) The eigenvalues of ux, are constant and not all equal.
(2) Let ® : RxR — (0, 00) be a C*®°-function such that ® (ki, )»j) =0ifA; > Aj.
Then ® (1) (duso) = 0.

Let A1 < A2 < -+ < Arnk(k) denote the eigenvalues of ux. Let y be an open
interval between the eigenvalues (since eigenvalues of u, are not all equal by the
previous lemma, there exists such a nonempty interval). We choose a C°-function

y : R —> (0, 00) such that p, (A;) =1if A; < y,and p, (A;) =0if X; > y. Set
7y = py (o), see Sect. 3.5 for the definition. Then one can easily show that [19,
25]
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(1 n)% =y, (id — m,) om, = 0 and 7, is self-adjoint with respect to Ho.
2) [y 10my* < oo.

Moreover using (5.10), Simpson proved that
Lemma 5.9 [25] There exists at least one y such that

1
tr(my)

- 1
(J—_l/;(tr(nyAFHO) —/X|any|2) > mnk(E)\/—_I/Xtr(AFHO).

By Lemma 5.4, we get a filtration of E_ by coherent reflexive subsheaves S; whose
restrictions to D are splitting factors of E|p. Since we assume that E|p is c¢1(Np)-
polystable, we know that for every i

11(Silp, c1(Np)) = w(E|p, c1(Np)).
Then again by [18], we have
(i, c1(D)) = u(E, c1(D)). (5.14)

Note that Lemma 5.9 is equivalent to the statement that there exists at least one S;
such that

/tr(FSi,HO)Aw"‘l E/tr(FE‘HO)/\a)"_l.
X X

Then by Lemma 5.3,

(S, [wo]) = pu(E, [ax)). (5.15)

which contradicts with the (c{ (D), [wg])-stability assumption. Therefore we do have
a uniform CY-estimate for s;.

Bando-Siu’s interior regularity result Theorem 3.11 can be applied to get local
uniform estimate for all derivatives of s;. Then we can take limits to get a smooth
section s € End(E), which is self-adjoint with respect to Hp and tr(s) = 0 and more
importantly

sl < oo andH = Hpe® is a PHYM metric.
Then we use Mochizuki’s argument in [19, Section 2.8] to show that
|as| € L*(X, », H).

Indeed taking the trace of the equality in Lemma 3.2-( 2) and noting that H; = Hoh;
is PHYM, we have

Atr(h;) = —tr(hiv/=TAFp) — |h§é(hi)|2. (5.16)
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Since deth; = 1 and h;|yx;, = id, we know that V,, tr(h;) < 0, where v; denotes
the outward unit normal vector of 9 X;. Integrating (5.16) over X; and using Stoke’s
theorem in the left hand side, we obtain

1_
/ lh?a(h)|* < —/ tr(hiv/—TAF).
X Xi

Since we have uniform C-estimate for s; = log h;, there exist constants C; and Co
independent of i such that

/ 19s;|* < clf 10hi|> < Cy.
X; X;

Leti — oo, we have [y |9s|2 < Cs. O

On the stability condition. Note that global semistability is known [18], if we assume
the restriction to D is semistable. There do exist irreducible holomorphic vector bun-
dles which are polystable when restricted to D but not globally stable, even under

more restrictive assumptions that X is Fano and D € |K -l |
Example 5.10 Recall that for holomorphic vector bundles S, Q over a complex

manifold M, all exact sequences 0 — S — E — Q — 0 of holomorphic
vector bundles are classified by elements § € H (M, Hom(Q, S)) and in par-
ticular the exact sequence splits holomorphically if and only if the corresponding
element § = 0. Now taking M to be CP! x CP!, D to be a smooth anticanoni-
cal divisor. Then c1(D) is a Kihler class and D itself is an elliptic curve. Choose
Hom(Q,S) = L = pj(OQ2)) ® p5(O(=2)). Then by the Kiinneth’s formula,
dim H'(M, L) = 3. Note that deg(L|p) = 0, which by Serre duality implies
dim H'(D, L) = dim HO(D, L*) < 1. So there exists a class 8 € H'(M, L) cor-
responding to a non-splitting exact sequence of holomorphic vector bundles whose
restriction to D splits as a direct sum of two line bundles with the same degree.
Therefore E itself is not ¢y (D)-stable but E|p is ¢ (Np)-polystable. Such an E is
irreducible, because if E = L; & Lo, then deg(L;, c1(D)) = deg(L;|p) = 0 since
E|p is polystable of degree 0, which implies that S has to be one of the L; and Q is
the other one. This contradicts with the construction of E.

6 Discussion
6.1 More results on the existence of PHYM metrics

By Donaldson’s theorem on the solvability of Dirichlet problem (Theorem 3.8), the
elliptic differential inequality (Lemma 3.2-(3)), the maximal principle and Bando-
Siu’s interior estimate (Theorem 3.11), we get the following well-known existence
result.

Theorem 6.1 Let (M, w, g) be a complete Kiihler manifold, E be a holomorphic vector
bundle on M. Suppose there exists a smooth hermitian metric Hy on E such that the
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equation
L
Au = |AFp| (6.1)
admits a positive solution u. Then there exists a smooth hermitian metric H = Hpe®
satisfying
tr(s) =0, |s|g, < Cru and AF = 0.

Moreover, if u is bounded and |A Fp,| € L' then |ds| € L.

There are many examples for which (6.1) has a positive solution and even bounded
solutions [1, 21, 23].
(1) Suppose (M, g) is asymptotically conical and |AF ﬁ0| = 0@r27¢) for some
€ > 0, then (6.1) admits a solution u with |u| = O(r—°).
(2) Suppose (M, g) is non-parabolic (i.e admits a positive Green’s function) and
|IAF 1#0| e L', then (6.1) admits a positive solution.

(3) Suppose (M, g) has nonnegative Ricci curvature, |AF ﬁol = 0@~ %) and

1
Vol(B,)

| 1arhi= o007,
B,

for some € > 0, then (6.1) admits a bounded solution. In particular, if (M, g)
has nonnegative Ricci curvature, volume growth order greater than 2, |A F ﬁo =

O(r~%) and |IAF ﬁ0| € L', then (6.1) admits a bounded solution.

Theorem 6.1 can not be applied to (X, w, g) satisfying Assumption 1 since we do
not know whether (6.1) admits a positive solution (for this volume growth order at most
2 is akey issue). And actually Theorem 1.3 tells us that there are some obstructions for
the existence of w-PHYM metrics which are mutually bounded with the initial metric.

Such a phenomenon also appears when we seek a bounded solution for the Poisson
equation

Au=f 6.2)

on a complete noncompact Riemannian manifold (M, g) with nonnegative Ricci cur-
vature. Suppose f is compactly supported for simplicity, then we know that

(1) if the volume growth order is greater than 2, i.e. there is a constant ¢ > 0 such that
Vol(B,) > cr?t€ for some € > 0, then (6.2) admits a bounded solution. (Since
by Li-Yau [17], (M, g) admits a positive Green’s function which is O (r~¢) at
infinity, a bounded solution of (6.2) is obtained by the convolution with the Green’s
function.)

(2) if the volume growth order does not exceed 2, i.e. there is a constant C > 0
such that Vol(B,) < C(r + 1)2, then (6.2) admits a bounded solution if and
only if f v [ = 0. (For the “if” direction, see [11, Theorem 1.5]. For the “only
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if” direction, suppose we have a bounded function # and a compactly supported
function f such that Au = f. Then by Cheng—Yau’s gradient estimate [5], we
obtain |Vu| < % for some C > 0 independent of . Multiplying u both sides in
(6.2) and integrating by parts, we obtain that [Vu| € L?. Then Lemma 2.9 implies
Sy f=0)

Next we discuss another result whose proof is similar to the proof of Theorem 1.3.
Let (X, @) be an n-dimensional (n > 2) compact Kihler manifold, D be a smooth
divisor. Let @p = w|p denote the restriction of ® to D and X = X \D denote
the complement of D in X. Let Lp be the line bundle determined by D and § €
HY%X,Lp)bea defining section of D. Fix a hermitian metric 7 on Lp. Then after
scaling h, the function t = —log |S|i is smooth and positive on X. For any smooth
function F : (0, co) —> R with |F'(t)| — 0ast — oo and F”(¢) > 0 there exists a
large constant A such that

w = Aw + dd°F(t) (6.3)

is a Kéhler form on X. By scaling @ we may assume A = 1. One can easily check
that @ is complete is and only if || loo VF" = oo and it always has finite volume. In
the following, we always assume the function F satisfies |F’(¢)| — 0 as t — oo and
F”(t) > 0. Then we can state assumptions on w.

Assumption 2 Let w be the Kéhler form defined by (6.3) and g be the corresponding
Riemannian metric. We assume that

(1) the sectional curvature of g is bounded.
(2) C~'t=2*€ < F"(1) < C for some constant C, ¢ > 0 and ¢ sufficiently large.

A consequence of these assumptions is that (X, g) is complete and of (K, «, B)-
polynomial growth defined in [27, Definition 1.1], so we can use the weighted Sobolev
inequality as we did for the proof of Lemma 2.8.

Let E be an irreducible holomorphic vector bundle on X such that E |p is wp-
polystable. Then by Donaldson—Uhlenbeck—Yau theorem, there exists a hermitian
metric Hp on E | p such that

Agy Fij, = 0. (6.4)
Extend Hp smoothly to get a smooth hermitian metric Hy on E. Then by (6.4) and
Assumption 2-(2), one can easily show that
Lemma 6.2 There exists a 8 > 0 such that |AwFIJ{‘OI = 0(e™).

Then we have the following result

Theorem 6.3 Suppose (X, w) satisfies Assumption 2 and E|p is @p-polystable. Let
Hy be a hermitian metric as above ami PH, be defined by (1.1). Then there exists an
w-PHYM metric in Py, if and only if E is w-stable.

Using the argument in Proposition 5.5, the “only if” direction follows from
Lemma 2.9 and the following lemma.
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Lemma 6.4 For every smooth closed (1,1)-form 6 on X, we have

/0/\50”_1 =/ N (6.5)
X X

Proof Firstly note that since there exists a positive number ¢ > 0 such that v > co
and f " < 00, the left hand side of (6.5) is well-defined. Therefore it suffices to show
thatforany 1 <k <n—1

/ O AR A (ddFF = 0.
X
Let S¢ denote the level set {|S|, = €}. By integration by part, it suffices to show that

111% OAND" VKA @AF T ANAF =0. (6.6)
€—> Se

Case 1. k = 1. Note that with respect to the smooth back ground metric @, Vol(S¢) =
O(e) and |d°F| < C|F'(t)|e ! on S.. Then (6.6) follows from the assumption that
|F'| = 0ast — oo.

Case 2.2 < k < n — 1. Then (6.6) follows from the fact that |F’(t)] — O ast — o0
and d°t Adt = 0. O

For the “if” direction, the argument in Proposition 5.6 applies. We will not give the
details and just point out the following two observations which make the argument
work in this setting. The key points are

(1) Assumption 2 and Lemma 6.2 ensure that we can apply the weighted mean value
inequality proved in Lemma 2.8.

(2) We have L2(X,w) C L*(X,®) since w > c@ for some ¢ > 0, therefore by
Uhlenbeck—Yau’s theorem (Theorem 3.6) a weakly projection map 7 of E over
X with |d7| € L?(X, w) defines a coherent torsion free sheaf S of E.

6.2 Calabi-Yau metrics satisfying Assumption 1

As mentioned in the Introduction, there do exist interesting Kihler metrics satisfying
the Assumption I, which contain Calabi—Yau metrics on the complement of an anti-
canonical divisor of a Fano manifold and its generalizations [13, 14, 27]. We will call
them Tian—Yau metrics. Here we give a sketch for the construction of these Calabi—Yau
metrics and refer to [13]-Section 3 for more details.

Let X be an n-dimensional (n > 2) projective manifold, D € |K §1| be a smooth

divisor and X = X\ D be the complement of D in X. Suppose that the normal bundle
of Din X, Np = K}%llp is ample. Fixing a defining section S € HO(X, K%l) of the
divisor D whose inverse can be viewed as a holomorphic volume form 2x on X with
a simple pole along D. Let Qp be the holomorphic volume form on D given by the
residue of Qx along D. Using Yau’s theorem [29], there is a hermitian metric 4 p on
K ; | p such that its curvature form is a Ricci-flat Kdhler metric wp with

@ Springer



J.Zhang

o = W=D Qp A Q)

by rescaling S if necessary. One can show that the hermitian metric 4 p extends to a
global hermitian metric A5 on K ; such that its curvature form is nonnegative and
positive in a neighborhood of D.

By glueing a smooth positive constant on a compact set, we get a global positive

1
smooth function z which is equal to (—log|S |%17); outside a compact set. For any
X

A € R, we denote hy = hge_“‘ and vy = n"ﬁ(— log |S|%A)%, which is viewed as
a smooth function defined outside a compact set on X.

We denote by HC%+(X) the subset of Im(HCZ(X, R) — H2(X,R)) consisting of
classes £ such that | y €7 > 0O for any compact analytic subset Y of X of pure dimension
p > 0.

Then Hein—Sun—Viaclovsky—Zhang proved the following result.

Theorem 6.5 [13] For every class t € H3+(X), there is a unique Kdhler metric w € €
such that

(1) " = (V=1)"Qx A Qy, and
(2) |Vfu(a) —/=100v4)|w = O <e512>f0rs0me 8,A>0andalll > 0.

And from the construction in [13]-Section 3, we have the decomposition v =
wo + dd€p, where wy is a smooth (1,1)-form on X vanishing when restricted to D.
And by Theorem 6.5 and the estimate in [14, Proposition 3.4], one can directly check
that these Kdhler metrics satisfy Assumption 1.

Remark 6.6 1t was proved in [14] that Tian—Yau metrics w7y can be realized as the
rescaled pointed Gromov—Hausdorff limits of a sequence of Calabi—Yau metrics wg
on a K3 surface. We expect that wry-PHYM connections we obtained in this paper
give models for the limits of wx-HYM connections on the K 3 surface.

6.3 On the ampleness assumption of the normal bundle Np
In this subsection, we first explain why we assume the normal bundle of D is ample and
then discuss the case where the normal bundle is trivial on compact Kéhler surfaces.

Let us start with a question. Suppose we have a nontrivial class « in A1 (X) and
D € X a smooth divisor, when does

p(€, a) =pnlp,alp) (6.7)
hold for every coherent reflexive sheaf £ on X ? A sufficient condition is that
"2 A (o —c1(D)) =0in H" " 1(X).

In order to have the above equality, a natural (possibly the only reasonable) choice is
that o = ¢ (D).
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To make the argument in this paper work, we also need the following property: if a
vector bundle F on D is polystable with respect to «|p and S is a coherent subsheaf
of F with the same «|p-degree as F, then S is a vector bundle and is a splitting
factor of F . (Note that this does not follow from the definition since «|p may not be a
Kihler class. For example if «|p is 0, then definitely it does not satisfy this property.)
In general in order to have this property, we need «|p to be a Kihler class. This is one
of the reasons why we assume that the normal bundle of D is ample, i.e. c;(D)|p is a
Kihler class. Another reason is that by assuming Np is ample, on the punctured disc
bundle C we have explicit exact Kéhler forms, which give models of the Kihler forms
on X.

However if X is a compact complex surface, in which case the divisor D now is
a smooth Riemann surface, then the property mentioned above always holds. Note
that on a Riemann surface D, the slope of a vector bundle is canonically defined and
independent of the choice of cohomology classes on D.

Lemma 6.7 Let X be a compact Kéhler surface and D be a smooth divisor. Suppose
Elp is polystable. Let S be_a coherent reflexive subshiaf of E. Then u(S, c1(D)) =
W(E, c1(D)) if and only if S|p is a splitting factor of E|p.

Using this, most of the arguments in Sect. 5 can be modified to work for divisors D
with ¢1(Np) = 0 in complex dimension 2. In the following, we assume c{(Np) = 0
in H3(D, R). Then it is easy to see that c1 (D) is nef and by the global 99-lemma on
D, we know that there exists a hermitian metric 2 p on Np with vanishing curvature.
Let L p be the line bundle determined by D and § € H°(X, Lp) be a defining section
of D. Then we can extend /& p smoothly to get a smooth hermitian metric # on L p and
after a rescaling, we may assume that # = —log |S |i is positive on X. In this case, we
can consider (at least) all monomials potentials with degree greater than 1

H:={F(@)=Ar": A> Oisaconstantand a > 1} . (6.8)

Assumption 3 Let w be a Kihler form on X and g be the corresponding Riemannian
metric. We assume that
(1) the sectional curvature of g is bounded.

(2) the form w can be written as wy + +/ —109F (¢) for some F € H, where wy is a
smooth closed (1,1)-form on X.

Suppose (X, w, g) satisfies Assumption 3, then we have the following conse-
quences:
e the Riemannian metric g is complete and has volume growth order at most 2,
e (X, g)is of (K, 2, B)-polynomial growth as defined in [27, Definition 1.1] for
some positive constants K and S.

Let E be an irreducible holomorphic vector bundle over X such that E|p is
polystable with degree 0. Then by Donaldson—Uhlenbeck—Yau theorem (for Riemann
surfaces this was first proved by Narasimhan and Seshadri [20]), there exists a hermi-
tian metric Hp on E|p such that

AwpFry, =0.
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Since D is a Riemann surface, this is equivalent to say that Hp gives a flat metric on
E | D> i.e.

Fu,y = 0. 6.9)

Extending Hp smoothly to get a hermitian metric Hy on E then by (6.9) and the proof
of Lemma 1.1, we know that H is already a good initial metric in the following sense:

|Fripl = O(e™"). (6.10)

Then we have the following result, whose proof is essentially the same as that for
Theorem 1.3. We just point out the difference.

Theorem 6.8 Suppose (X, w) satisfies Assumption 3 and E|p flat. Let Hy be a her-
mitian metric as above and fHo be defined by (1.1). Then there exists an w-PHYM
metric in Py, if and only if E is (c1(D), [wo])-stable.

The argument in Sect. 5 can be applied if Lemma 5.3 still holds. The analog of
Lemma 5.3 in this case is the following lemma, for which we need to assume E|p is
flat.

Lemma 6.9 Suppose (X, w) satisfies Assumption 3 and E|p is flat. Let Hy be a her-
mitian metric as above. Then we have the following equality:

/1 _
/ > tr(Fpy) Ao = /7 c1(E) A [wo].
X T

X

Proof By Chern—Weil theory, it suffices to show that

V=1 .
/ tr(Fe,) A ddg = 0. (6.11)
X 2

The argument in Lemma 2.10 can be used again to show that there exists a cut-off
function x supported on a compact set and a smooth 1-form i supported outside a
compact set such that

dd°p = dd®(x¢) + di.

Moreover || grows at most in a polynomial rate of . Then (6.11) follows from
integration by parts and (6.10). O

Example 6.10 Let X = CP' x D, where D is a compact Riemann surface. Then
D = {oo} x D is a smooth divisor with trivial normal bundle. Fix a Kéhler form
wp on D and also view it as a form on CP! x D via the pull-back of the obvious
projection map. Note that up to ascaling [wp] € ¢1 (CP') in H1(X). We can consider
asymptotically cylindrical metrics on X = C x D given by the Kéhler forms

w=wp + /190D (—log 1z1%) = wp + %v—ldz ANdzZ,
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where z denotes the coordinate function on C and ¢ = ®” is a positive smooth function
defined on R such that ¢(¢) = e’ when ¢ is sufficiently negative and ¢(¢) = 1 for
t sufficiently positive. Then one can easily check that (X, w) satisfies Assumption 3
with F(r) = t2. Let E be an irreducible holomorphic vector bundle on CP! x D such
that E | p is flat. Then by Theorem 6.8, we know that

Eadmits an w — PHYM metric inPy, if and only if Eis (cl (D), cq ((C]P’l)) — stable.

Similar examples as in Example 5.10 show that the condition (cl(D), c1 ((CIF’I))-
stability is non-trivial. More specifically, let D be a Riemann surface with genus
g > 1 and k > 2 be an integer. Then similar argument as in Example 5.10 shows that
there exists a non-splitting extension

0— O — E— pi(Opi(—k)) — 0,

whose restriction to D splits. Then one can easily check that E is irreducible and not
(c1(D), c1(CP"))-stable.

6.4 Some problems for further study

Let (X, w) satisfy the Assumption I. As illustrated by Theorem 6.5 it is more natural to
assume a stronger condition on the background Kihler metric w. More precisely, we
assume that in (2.5) the right hand side is replaced by O (e—%r ao) for some &g, g > 0
and we also have the same bound for higher order derivatives. Under these assumptions
and motivated by the result of Hein [12] for solutions of complex Monge—Ampere
equations, we make the following conjecture.

Conjecture 1 The solution s obtained in Proposition 5.6 decays exponentially, i.e
|VkS| = O(E_S’Q)forsame S, >0andall k > 0.

Note that the key issue is to prove that |s| decays exponentially, since all of the
higher order estimates will follows form standard elliptic estimates.

It is also an interesting problem to study the notion of (¢, 8)-stability. From the
definition, we have the following consequence:

Proposition 6.11 Letr a, B € H“'(M) be two classes on a compact Kiihler manifold
M. Suppose « € H*(M,Z) and o A B = 0. Then a holomorphic vector bundle E
is («, B)-stable if and only if E is a-semistalbe and there exists an €y > 0 such that
o + eB-stable for all 0 < € < €.

It is natural to consider the following problem. Let E be a (c1(D), [wy])-stable
holomorphic vector bundle on X. Then by Proposition 6.11, we know that E is
[wol + € ¢y (D)-stable for € positive and sufficiently small. Donaldson—Uhlenbeck—
Yau theorem says that for every Kihler form w in [wg] + e’lcl(D), there exists an
w-Hermitian—Yang—Mills metric on E. In our setting, it is natural to consider the
following Kihler forms
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we = wo + € 10 + dd(xep) € [wol + € 'er(D), (6.12)

where 6, is a closed nonnegative (1,1)-form in ¢ (D), supported and positive in
an e-neighborhood of D and y. is a cut-off function which equals 1 outside an e-
neighborhood of D and O in a smaller neighborhood of D. The Kihler forms are
chosen such that

we — o = wy +dd¢ in C,.(X).

Conjecture 2 Suppose ElD is cl(ND)—polysta_ble and (c1(D), [wg])-stable. Let H,
denote the Hermitian—Yang—Mills metric on E with respect to the Kdhler form we.
Then there exists smooth functions fc on X such that

H.ele — H in C22.(X),

where H is the hermitian metric constructed in Theorem 1.3.
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