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Abstract

The stable reduction theorem says that a family of curves of genus g > 2 over a
punctured curve can be uniquely completed (after possible base change) by inserting
certain stable curves at the punctures. We give a new this result for curves defined over
C, using the Kadhler—Einstein metrics on the fibers to obtain the limiting stable curves
at the punctures.

1 Introduction

Let X1, X»,... be a sequence of compact Riemann surfaces of genus g > 2. A
consequence of the Deligne-Mumford construction of moduli space is the following.
There exists N > 0 and imbeddings 7; : X; < P such that after passing to a
subsequence, T;(X;) = W; C PN converges to a stable algebraic curve, i.e. a curve
W C PN whose singular locus is either empty or consists of nodes, and whose
smooth locus carries a metric of constant negative curvature. The stable reduction
theorem [6, 7] (stated below) is the analogue of this result with {X; : i € N} replaced
by an algebraic family {X; : t € A*} where A* C C is the punctured unit disk.

The imbeddings 7; are determined by a canonical (up to a uniformly bounded
automorphism) basis of H 0 (X;, mKyx,) (here m > 3 is fixed). We are naturally led to
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ask: Can one construct the canonical basis defining 7; explicitly? In Theorem 1.1 we
give an affirmative answer to this question.

The main goal of this paper is to give an independent analytic proof of these alge-
braic compactness results, which is the content of Theorem 1.2. We start with the Bers
compactness theorem, which says that after passing to a subsequence, the X; con-
verge to a nodal curve in the Cheeger—Colding topology. We then use the technique of
Tian [18] Donaldson—Sun [9] which uses the Kédhler—Einstein metric to build a bridge
between analytic convergence (in Teichmuller space) to algebraic convergence (in
projective space). The main difficulty is that unlike the [9, 18] settings, the diameters
of the X; are unbounded and as a consequence, some of the pluri-canonical sections
on X« are not members of L?(X o, wKg), 50 one can’t apply the L2-Bergman imbed-
ding/peak section method directly. In order to solve this problem, we introduce the
“e-Bergman inner product” on the vector space H(X;, mK x;), which is defined by
the L? norm on the thick part of the X; (unlike the standard Bergman inner product
which is the L? norm defined by integration on all of X;) and we show that for fixed
m > 3 the canonical basis defining 7; is an an orthonormal basis for this new inner
product. This establishes Theorem 1.1 which we then use to prove Theorem 1.2 (the
stable reduction theorem).

We start by reviewing the corresponding compactness results for Fano manifolds
established by Tian [18] in dimension two, and Donaldson—Sun [9] in higher dimen-
sions. Let (X;, w;) be a sequence of Kihler—Einstein manifolds of dimension n with
c1 > 0, volume at least V and diameter at most D, normalized so that Ric(w;) = w;.
The first step in the proof of the Donaldson—Sun theorem is the application of Gro-
mov’s compactness theorem which implies that after passing to a subsequence, X;
converges to a compact metric space X, of dimension » in the metric sense, i.e. the
Cheeger—Colding (CC) sense. This first step is not not available in the ¢; < 0 case due
to the possibility of collapsing and unbounded diameter. Nevertheless, the analogue
of this Cheeger—Colding property for Riemann surfaces of genus g > 2 is available
thanks to the compactness theorem of Bers [2].

For the second step, Donaldson—Sun construct explicit imbeddings 7; : X; < PV
with the following properties. Let X; — X in the Cheeger—Colding sense as above.
Then there is a K-stable algebraic variety W, € P¥ such that if W; = T;(X;) then
W; — Wy in the algebraic sense (i.e. as points in the Hilbert scheme). Moreover,
Too : Xoo — Wy is a homeomorphism, biholomorphic on the smooth loci, where

Too(X00) = ll_l)rgo T;(x;) whenever x; = Xqo. (1.1)

We summarize this result with the following diagram:

CCl lHilb (1.2)
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Here the vertical arrows represent convergence in the metric (Cheeger—Colding)
sense and the the algebraic (Hilbert scheme) sense respectively. The horizontal arrows
isomorphisms: 7; is an algebraic isomorphism, and 7, is a holomorphic isomorphism.
For 1 <i < oo, the maps W; — P¥ are inclusions.

The imbeddings 7; : X; — PV are the so called “Bergman imbeddings”. This
means 7; = (sp, ..., sy) where the s, form an orthonormal basis of HO(Xi, —mKyx;)
with respect to the Bergman inner product:

/ (sa,s/g)a);l = Su.p (1.3)
X

Here m is a fixed integer which is independent of i and the pointwise inner product
is defined by (sq, 58) = Sa58 a);” Since the definition of 7; depends on the choice of

orthonormal basis s = (so, ..., sy), we shall sometimes write 7; = T; ; when we
want to stress the dependence on s.
Thus we assume Ric(w;) = —w; and we wish to construct imbeddings 7; : X; —

P¥ such that the sequence W; = T;(X;) C PN converges to a singular Kdhler-Einstein
variety Wy with Ky, > 0.

The condition that W, is a “singular Kéhler—Einstein variety” can be made precise
as follows. Let W C PV be a projective variety with Ky ample. The work of Berman—
Guenancia [1] combined with the results of Odaka [13] tell us that the following
conditions are equivalent.

(1) There is a Kdhler metric @ on W™ such that Ric(w) = —w satisfying the volume
condition [y " = ¢1(Kw)". skip.02in

(2) W has at worst semi-log canonical singularities.

(3) W is K-stable

We wish to construct 7; in such a way that Wy, = lim;_, o 7;(X;) has at worst
semi-log canonical singularities. In this paper we restrict our attention to the case
n=1.

Our long-term goal is to generalize the above theorem of [9] to the case where the
(X;, w;) are smooth canonical models, of dimension n, i.e. X; is smooth and ¢ (X;) <
0. The proof we present here is designed with that goal in mind. There are other
approaches, but this is the one that seems to lend itself most easily to generalization.
We have been able to extend the techniques to the case of dimension two, but that will
be the subject a future paper.

Remark 1.1 One might guess, in parallel with the Fano setting, that the 7; : X; —
PN should be the pluricanonical Bergman imbeddings, that is 7; = T;, s Where s =
(50, . .., sy) and the s, form an orthonormal basis of H%(X;, mK x;) with respect to
the inner product (1.3). But as we shall see, this does not produce the correct limit, i.e.
Weo, the limiting variety, is not stable. In order to get the right imbedding into projective
space, we need to replace 7; ; with T:s, the so called e-Bergman imbedding, defined
below.

We first need to establish some notation. Fix g > 2 and € > 0. If X is a compact
Riemann surface of genus g, or more generally a stable analytic curve (i.e. a Riemann
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surface with nodes whose universal cover is the Poincaré disk) of genus g, we define
the e-thick part of X to be

Xe = {x € X :inj, > €}

Here inj, is the injectivity radius at x and the metric w on X is the unique hyperbolic
metric satisfying Ric(w) = —w. It is well known that there exists €(g) > 0 such that
for all X of genus g, and for all 0 < € < €(g), that X\ X, is a finite disjoint union of
holomorphic annuli.

Next we define the “e-Bergman imbedding” 7y : X — PV.Fix 0 < € < €(g)
and fix m > 3. For each stable analytic curve of genus g, we choose a basis s =
{50, ..., 58N, } of H*(X, mKy) such that

/ (S, Sg) 0 = 8y 8
Xe

Here (sq, sg) = soSpw; ™ is the usual pointwise inner product. Such a basis is uniquely
determined up to the action of U(N + 1). Let T : X < PNn be the map T¢ =
(50, .., 8N,,). Let W = T (X). One easily checks that W is a stable algebraic curve
and T¢ : X — W is a biholomorphic map. In particular, we have the following simple
lemma.

Lemma 1.1 If Xo and X, are stable analytic curves, and s, s' are orthonormal bases
for H(Xo, mKx,) and HO(X/O, mKXé) respectively, then the following conditions
are equivalent

(1) Xo ~ X|, (i.e. Xo and X{y are biholomorphic).
2 [T;/(X(/))] € UWN+1)- [T (Xo)]
3) [T;/(X(/))] € SLIN +1,0) - [T (Xo)]

Here [T; Xo] € Hilb is the point representing T; Xo € PV inHilb, the Hilbert scheme.

Now let X; be a sequence of stable analytic curves of genus g (e.g Riemann surfaces
of genus g). Then a basic theorem of Bers [2] (we shall outline the proof below) says
there exists a stable analytic curve X, (for a precise definition see Definition 2.1)
such that after passing to a subsequence, X; — Xo. By this we mean X;eg — X5
in the pointed Cheeger—Colding topology (see Definition 2.2). Here, for 1 <i < oo,
X;eg C X; is the smooth locus. This provides the analogue of the left vertical arrow
in (1.2).

Theorem 1.1 Let X; be a sequence of stable analytic curves of genus g. After passing
to a subsequence we have X; — X in the Cheeger—Colding sense as above. Then
there is a stable algebraic curve Wy, and orthonormal bases s; of H 0(X;,mK Xi )
such that if W; = Tf (X;) then W; — Wy in the algebraic sense, i.e. as points in the
Hilbert scheme. Moreover, Too| X satisfies property (1.1).

The idea of using Teichmuller theory to understand moduli space was advocated
by Bers [2-5] in a project he initiated, and which was later completed by Hubbard—
Koch [11]. They define an analytic quotient of “Augmented Teichmuller Space” whose
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quotient by the mapping class group is isomorphic to compactified moduli space as
analytic spaces. Our approach is different and is concerned with the imbedding of the
universal curve into projective space.

Remark 1.2 . As we vary €, the maps T differ by uniformly bounded transformations.
We shall see that if 0 < €1, €2 < €(g) then Tl.El =g;o Tié2 where the change of basis
matrices g; € GL(N + 1, C) converge: gi — goo € GL(N + 1, C). In particular,
lim; 7' (X;) and lim; T.*(X;) are isomorphic.

As a corollary of our theorem we shall give a “metric” proof of the stable reduction
theorem due to Deligne-Mumford [6, 7]:

Theorem 1.2 Let C be a smooth curve and f : X° — C° be a flat family of stable
analytic curves over a Zariski open subset C° C C. Then there exist a branched cover
C — C and a flat family f X->C of stable analytic curves extending X° X & CO.
Moreover, the extension is unique up to finite base change.

In addition we show that the central fiber can be characterized as the Cheeger—
Colding limit of the general fibers. More precisely:

Proposition 1.1 Endow X, with its unique Kdhler—Einstein metric normalized so that
Ric(w;) = —wy. Thenforeveryt € CO there exist points p,l, s pleX, = o
such that the pointed Cheeger—Colding limits Y ; = lim,_,o(X;, p,j ) are the connected
components of Xo\X where Xo := f~1(0) and & C X is the set of nodes of Xy.
Moreover the limiting metric on X  is its unique Kdhler—Einstein metric.

Remark 1.3 A slightly modified proof also gives the log version of stable reduction,
i.e for families (X;, D;) where D; is an effective divisor supported on n points and
K x, + D, is ample. We indicate which modifications are necessary at the end of Sect. 3.

Remark 1.4 In [16] and [17], Theorems 1.1 and Corollary 2.1 are shown to hold for
smooth canonical models of dimension n > 1. But these papers assume the general
version of Theorem 1.2, i.e. of stable reduction. In this paper we do not make these
assumptions. In fact, our main purpose here is to prove these algebraic geometry results
using analytic methods.

We shall first prove Theorem 1.1 under the assumption that the X; are smooth, and
Theorem 1.2 under the assumption that the generic fiber of f smooth. Afterwards we
will treat the general case.

2 Background

Let X be a compact connected Hausdorff space, letr > Oand ¥ = {z1,...,2:} € X.
We say that X is a nodal analytic curve if X\ X is a disjoint union Y7 U --- U Y, of
punctured compact Riemann surfaces and if for every z € X, there is a small open set
z € U C X and a continuous function

f:U = {(x,y) € C*: xy =0}
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with the properties:

(1) f(z) =1(0,0)
(2) f is a homeomorphism onto its image
(3) flu\(z) is holomorphic

If r = 0 then X is a compact Riemann surface.

Definition 2.1 We say that a nodal analytic curve X is a stable analytic curve if each of
the Y; is covered by the Poincaré€ disk. In other words, each of the Y; carries a unique
hyperbolic metric (i.e. a metric whose curvature is —1) with finite volume.

If X is a stable analytic curve we let K x be its canonical bundle. Thus the restriction
of Ky to X\ X is the usual canonical bundle. Moreover, in the neighborhood of a point
z € X, thatisinaneighborhood of of {uv = 0} C C2, asection of K x consists of a pair
of meromorphic differential forms 7 and 1, defined on u = 0 and v = 0 respectively,
with the following properties: both are holomorphic away from the origin, both have
at worst simple poles at the origin, and res (1) 4+ res(n2) = 0.

We briefly recall the proof of the above characterization of Ky for nodal curves.
A nodal singularity is Spec(B) where B = C[U, V]/(V? — U?). Then C[U] —
C[U, V]is generated by V which satisfies the monic equation V2—U? = 0. According
the Lipman’s characterization of the canonical sheaf [12] if B = C[V]/(f) where
C = C[Uy, ..., U,] and f is a monic polynomial in V with coefficients in C, and if

= Spec(B), then K is the sheaf of holomorphic (n, n) forms on X, which can

be written as F - % where w : X — Spec(C) and F is a regular function

on X. In our case, f(V) —U?so f’ (V) = 2V which means that Ky is free of
rank one, generated by or equlvalently . If we consider the map C — X given
by ¢t +— (¢, t) then =+ d” pulls back to 4. On the other hand, if we consider ¢ +— (t, —t)
then 44 o+ pulls back to —£

If X is a compact Rlemann surface of genus g > 2, then vol(X) = 2g — 2. If X
is a stable analytic curve, we say that X has genus g if ) jvol(Y;) = 2g — 2. Here
the volumes are measured with respect to the hyperbolic metric and the Y; are the
irreducible components of X"°€.

Let X be a stable analytic curve. The following properties of Kx are proved in
Harris-Morrison [10]:

() (X, mKy) =Qm —1)(g — 1) := N, — Lifm > 2.
(2) mKy is very ample if m > 3
(3) If m > 3 the m-pluricanonical imbedding of X is a stable algebraic curve in PV»

Next we recall some basic results from Teichmuller theory. Fix g > 0 and fix S,
a smooth surface of genus g. Teichmuller space 7, is the set of equivalence classes
of pairs (X, f) where X is a compact Riemann surface of genus g and f : § — X
is a diffeomorphism. Two pairs (X1, fi) and (X7, f2) are equivalent if there is a
bi-holomorphic map # : X; — X5 such that fz_l oho fi : § — §isin Diffy(S),
diffeomorphisms isotopic to the identity. The pair (X, f) is called a “marked Riemann
surface”. The space 7, has a natural topology: A sequence 7, € 7, converges to Too
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if we can find representatives f, : S — X,, 1 < n < oo such that the sequence of
diffeomorphisms fogl o h o f, converges to the identity.

The space 7, has amanifold structure given by Fenchel-Nielsen Coordinates whose
construction we now recall. Choose a graph I' with the following properties: I' has
2g — 2 vertices, each vertex is connected to three edges (which are not necessarily
distinct since we allow an edge to connect a vertex to itself). For example, if g = 2,
then there are two such graphs: Either v; and v, are connected by three edges, or they
are connected by one edge, and each connected to itself by one edge.

Fix such a graph I'. It has 3g — 3 edges. Fix an ordering e, ..., e, on the edges
where n = 3g — 3. Once we fix " and we fix an edge ordering, we can define a map
(R4 x R)* — 7, as follows. Given (I1, 01, ..., [, 0,) € R2" we associate to each
vertex v € I the pair of pants whose geodesic boundary circles have lengths (/;, [}, Ix)
where ¢;, ¢}, e, are the three edges emanating from v. Each of those circles contains
two canonically defined points, which are the endpoints of the unique geodesic segment
joining it to the other geodesic boundary circles.

If all the 6; = 0, then we join the pants together, using the rules imposed by the
graph I', in such a way that canonical points are identified. If some of the 6; are
non-zero, then we rotate an angle of /;6; before joining the boundary curves together.

Thus we see that 7, is a manifold which is covered by a finite number of coordinate
charts corresponding to different graphs I' (each diffeomorphic to (R x R)") If we
allow some of the /; to equal zero, then we can still glue the pants together as above,
but this time we get a nodal curve. In this way, (R>o x R)" parametrizes all stable
analytic curves.

Teichmuller proved that the manifold 7, has a natural complex structure, and that
there exists a universal curve C; — 7, which is a map between complex manifolds,
such that the fiber above (X, f) € 7, is isomorphic to X. Moreover, if X — B is
any family of marked Riemann surfaces, then there exists a unique holomorphic map
B — T, suchthat X is the pullback of C, . Fenchel-Nielsen coordinates are compatible
with the complex structure, i.e. they are smooth, but not holomorphic (although they
are real-analytic).

Remark 2.1 One consequence of Teichmuller’s theorem is the following. Let ¥ — B
be a holomorphic family of marked Riemann surfaces and let F : B — (R4 x R)”
be the map that sends 7 to the Fenchel-Nielsen coordinates of X;. Then F' is a smooth
function. In particular, X; — Xg. This shows that in the stable reduction theorem, if
a smooth fill-in exists then it is unique.

Now let X be a compact Riemann surface. A theorem of Bers [2], Theorem 15 (a
sharp version appears in Parlier [15], Theorem 1.1) says that for g > 2 there exists
a constant C(g), now known as the Bers constant, with the following property. For
every Riemann surface X of genus g there exists a representative 7 = (X, f) € 7,
and a graph I' (i.e. a coordinate chart) such that the Fenchel-Nielsen coordinates of
7 are all bounded above by C(g). This is analogous to the fact that PV is covered by
N + 1 coordinate charts, each biholomorphic to CV, and that give a point x € PV we
can choose a coordinate chart so that x € C"V has the property |x il < 1forall j.In
particular, this proves PV is sequentially compact.
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Bers [2] uses the existence of the Bers constant to show that the space of sta-
ble analytic curves is compact with respect to a natural topology (equivalent to the
Cheeger—Colding topology). For the convenience of the reader, we recall the short
argument. Let X; be a sequence of Riemann surfaces. Then after passing to a sub-
sequence, there is a graph I" and representatives ; = (X, f;) € 7, such that the
Fenchel-Nielsen coordinates of 7; with respect to I" are all bounded above by C(g)
(this is due to the fact that there are only finite many allowable graphs). After passing
to a further subsequence, we see 7; — 7o € (Rx0 x R)". If 7o € (R4 x R)" then
the limit is a smooth Riemann surface. Otherwise, it is a stable analytic curve X .
Thus

Xoo =UL_ X% and XoF =uh_ ¥* (2.4)

where the second union is disjoint, and Y* = X%\ F* where X* is a compact Riemann
surface and F* € X* a finite set, consisting of the cusps.

Corollary 2.1 Let p%, € Y. Then there exist pi], cee pf‘ € X such that in the pointed
Cheeger—Colding topology, (Y%, p% ) = lim;_ (X ;, p%). Moreover, for every open
9] J J J

set p&, € U, CC Y there exist open sets p¥ C UY C X; and diffeomorphisms
YUY — U% sothat (f*)*0% — o and (f*)*JY — J% where o and o%, are
J 00 J j J 00 i’ 00 J 00

the hyperbolic metrics on U;‘ and US,, and J;?‘ and Jg, are the complex structures on

U and US,

Definition 2.2 In the notation of Corollary 2.1, we shall say w; — wq in the pointed
Cheeger—Colding sense and we shall write X; — Xco.

Remark: Odaka [14] uses pants decompositions to construct a “tropical compactifica-
tion” of moduli space which attaches metrized graphs (of one real dimension) to the
boundary of moduli space. These interesting compactifications are compact Hausdorff
topological spaces but are no longer algebraic varieties.

3 Limits of Bergman imbeddings

Now let X be as in the theorem, and let #; € C? with t; — 0. Let X; = X;; and
fix a pants decomposition of X;. Then Bers’ theorem implies that after passing to a
subsequence we can find a nodal curve X, as above so that X; — X .

In order to prove the theorem, we must show:

(1) X is independent of the choice of subsequence.
(2) After making a finite base change, we can insert X, as the central fiber in such a
way that the completed family is algebraic.

We begin with (2). Let X be a hyperbolic Riemann surface with finite area (i.e.
possibly not compact, but only cusps). The Margulis “thin-thick decomposition” says
that there exists e(g) > 0 with the following property. There exists at most 3g — 3
closed geodesics of length less that €(g). Moreover, for every € < €(g) the set

X\Xe = {x e X:inj, <€}
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is a finite union of of holomorphic annuli (which are open neighborhoods of short
geodesics) if X is compact, and a finite union of annuli as well as punctured disks,
which correspond to cusp neighborhoods if X is has singularities. We call these
annuli “Margulis annuli”. Moreover, V (¢), the volume of X\ X, has the property
lime—0 V(e) = 0. An elementary proof is given in Proposition 52, Chapter 14 of
Donaldson [8].

Now we define a modified Bergman kernel as follows: For convenience we write
€ = €(g). This is a positive constant, depending only on the genus g. Let X be a stable
analytic curve. For n1, n2 € HO(X, mKy) let

(s ). = / MR oK (3.5)
Xe

and ||n ||£ = (n, ne. If wereplace X by X, we get the standard Bergman inner product.

Now fix m > 3. Choosing orthonormal bases with respect to the inner product (3.5)
defines imbeddings T : X; — PNm and TS, : Xoo — PN, which we call e-Bergman
imbeddings. Our goal is to show

Theorem 3.1 Let X1, X», ... be a sequence of stable analytic curves of genus g. Then
there exists a stable analytic curve X such that after passing to a subsequence if
necessary, X; — X in the Cheeger—Colding topology. For 1 < i < oo, we fix an
orthonormal basis s; of H O(X;, mKx). Then there exists a choice of orthonormal
basis s, for Xoo such that after passing to a subsequence,

lim T: = T;Oysoo (3.6)

1
11— 00

In other words, if x; € X; and xoo € Xoo With X;j — X0, then
T (xi) = Ty (Xo00)

We assume first that the X; are smooth and then later explain how to remove this
assumption. The proof of Theorem 3.1 rests upon the following.

Theorem 3.2 Fix g > 2 and m, € > 0. Then there exist C(g, m, €) with the following
property.

Islle < lisllerz = C(g,m, €)lslle

for all Riemann surfaces X of genus g and all s € H(X, mKx).

To prove the theorem, we need the following adapted version of a result of
Donaldson—Sun. We omit the proof which is very similar to [9] (actually easier since
the only singularities of X, are nodes so the pointed limit of the X; in the Cheeger—
Colding topology is smooth).

Proposition 3.1 Let X; — X be a sequence of Riemann surfaces of genus g converg-
ing in the pointed Cheeger—Colding sense to a stable curve X . Fix {sg°, ..., s3;} €
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HY(Xoo, mK Xoo) an €-orthonormal basis of the bounded sections (i.e. the L%(X o)
sections, i.e. the sections which vanish at all nodes). Then there exists an € -orthonormal
subset

{s. ... sh} S H(X;,mKx,)

such that for 0 < a« < M, we have

i o0
Sa—>Sa

in L? and uniformly on compact subsets of Xoc. In particular, if x; € X;eg
Xi = Xoo & s;(x,-) — 55°(xo0) forall O

<a<M &= T %) — Ty (xco). (3.7

where Tl.v’6 : X:eg — PM js the map xi +— (sé, - sjll)(xi)for 1 <i<o0.

Proof of Theorem 3.2 Let X; — X as in Proposition 3.1. Choose (s§°, ..., sj;) and
(t(‘))O e t}fj) which are € and €/2 orthonormal bases of the subspace of bounded
sections in H%(Xoo, mKx,) in such a way that 13° = A5°s2° for real numbers 0 <
1 < 1. Choose s, — sS° and ., — t2° as in Proposition 3.1 in such a way that
th = Alsi with0 < A, < 1. Clearly

A= A >0 for O<a<M (3.8)
Choose additional sections s/, and #/, for M + 1 < & < N so that {s}, ..., s} and
{ti, ... 1},} are € and €/2 bases of H*(X;, mKy,) and t, = Als), with0 < Al, < 1

forO <a < N.

Now assume the theorem is false. Then there exists X; — X as above such that
AL — 0 for some . We must have @ > M + 1 by (3.8). Choose M +1 < A < N
such that )\fx — Oifand only if A < a < N. Since ||s&||Lz(XE) = 1 we may choose
s°(e) € HO(XE, Kx,. | xe,) such that

Sé|xf — sgo () for M 4+ 1 < «a < Nuniformly on compact subsets of X, (3.9)

Let TF : X; — Wf C PV be the Kodaira map given by the sections sé, cees sf\,
and let W5, = lim; o Wf. Let

TS : XS, < WS and TU¢: Xoe — PM

be the Kodaira maps given by (sg°, ..., sy7, Sy, (€), ..., sy (€)) and (sg°, .. ., s37).
Thus

ToTS = T2 xe, (3.10)
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where 7 : PY = P¥\{zg = --- = 2y = 0} — PM is defined by (20, ..., zy) >
(2o, - - . » 2p). Moreover

T(We NP © TL4(X50)
Now the definition of A implies

€/2

G/Z(XE)CZ —{zeWgéz:zA:zAH:“-:ZN:O}

Thus (3.10) implies

v 6/2 v,€/2

(X58) > w(ZLP NP o a(TLA(XE) = TA(XE)

Since the second set is constructible,

€/2 v,e/2

T(Ze NPY) = T " (Xod\Ze)
where T, C Xoo\ X, is a finite set.

Let Xoo € X8\ . Then T2
€/2

(X00) = m(Weo) for some wyo € Ze/2

€/2

N
NPy,
Choose w; € W, (xi) = w;.

Then (3.7) 1mphes

such that w; — we and choose x; € X; such that 7;

T () = weo = (T

N Tiv 6/2(xi) N Tv ,€/2

(xi)) = 1(Weo)

(Xo0) = Xi = X0

Thus we see that if xoo € X\ Z¢ there exists x; — xoo such that

€/2 €/2

Iim 7,77 (x;) € Zx
11— 00

Let xoo € Xoo. We say that xo is an e-good point if for every x; — Xoo,
lim; 5 00 sl’;( (xj) = 0forall A < o < N. The set of e-bad points is finite (otherwise
W&, would have infinitely many components by the intermediate value theorem). Also,
every point in X gg is e-good.

Lemma3.1 Let x € X;Zg and A+ 1 <o < N. Then for every R > 0 we have

lim > =0 (3.11)
=0 JBr(x;)

Proof Assume first that Bog(x;) contains only good points. If (3.11) fails, there exists
¢ > 0 such that for infinitely many i we have fBR()Ci) |7i|2 > ¢. Since |7i (xo0)| = 0
we see that |t; |2(xlf) = ¢ for some xlf € Bpr(xc0). After passing to a subsequence
X! = x5 € Bap(xoo)and|7; |2(xl.’) — ¢. This contradicts the assumption that By g (x;)
contains only good points. To prove the lemma, it suffices to show that all points are
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good. Suppose not and assume x, is a bad point and choose R so that x is the only
bad pointin By g (x~). Assume that (3.11) fails and that fBR(x,-) |tf‘|2 > ¢VOol(BRr(xx0))
for infinitely many i. Since all points in Br\B, are good, the previous step implies
for every 0 < r < R and for i sufficiently large,

vol(Bgr (x
][ P > c- vol(Br(xeo)) , g lim 12 = 0
B (x;) vol(B; (xo0)) 7= J BRr(xj)\B, (x))

But £/ is a holomorphic section so this contradicts the maximum principle if r is
sufficiently small. O

Now we can complete the proof of Theorem 3.2. Assume A < N and fix A + 1 <
o < N. Choose xo € Xrozg and x; — Xoo. Choose R > 0 so that Xf/z C Bgr(x;) for
alli. By Lemma 3.1 we see that 1 = fXé/Z |t(§'[|2 — 0, a contradiction.

We conclude thatifn; € HO(XJ, mKy ) is asequence such that the norms || ||§ =
(nj, nj e =1, then after passing to a subsequence, we have (fj‘?‘)*nj — 1o fOr some
Noo € HO(XLEE, mKyx_ |yee) with ||n]le = 1. Here the f¥ : U¥ — U are as in the
statement of Corollary 1 anﬁ this is true for all U% and all . Moreover, an orthornormal
basis of HO(Xj, mKXj), which is a vector space of dimension (2m — 1)(g — 1), will
converge to an orthonormal set of (2m — 1)(g — 1) elements in H 0(XLE8, mK Xoo)-
The main problem is to now show that these (2m — 1)(g — 1) elements extend to
elements of H%(Xo0, mK X )- If they extend, then they automatically form a basis
since H®(X oo, mK X.,) has dimension (2m — 1)(g — 1) and this would prove Theorem
3.1.

To proceed, we make use of the discussion of the Margulis collar in section 14.4.1
of [8]. Let A > 0 be the length of C a collapsing geodesic in X ; which forms a node
in the limit in Xo,. We fix j and we write X = X ;. Let

A, = {zeC:il <zl A<argr) ST — A}/ ~

where the equivalence relation identifies the circles |z| = 1 and |z| = ¢*™*. Then [8]
shows A injects holomorphically into X in such a way that 1 < y < ¢*™* maps to
C. The point is that the segment 1 < y < e>™* is very short - it has size A. But the
segments A N {arg(z) = A} and A N {arg(z) = &= — A} have size 1. So for A small, A is
a topologically a cylinder, but metrically very long and narrow in the middle but not

narrow at the ends. In other words, the middle of A is in the thin part, but the boundary
curves are in the thick part.
Inz
T=exp|i—
P

The transformation
maps A; to the annulus
A, = {exp(—(r —1)/1) < |t] < exp(—1)}
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To summarize: We are given a sequence X ;, and a geodesic C; in X ; that collapses
to a node v in Y¥ for some «. We are also given a sequence of orthonormal bases
{nj.1.....njn}of HO(X;, kKx,) where N = (2k — 1)(g — 1) and nj , = Noo,u-
Here 1o, is a section of kK x o 0n X2, Fix p and write nj =nj,uand Noo = Noo, -
We need to show that 7., extends to all of X .

We may view 7 as ak formon A, ; or on Aﬁ\j and 7o as a k form on the punctured
disk A). Write n; = f;(2)dz" = hj(r)dt* and noo = hoo(t)d . The discussion in
[8] shows that if we fix a relatively compact open subset U C Aé), then h; — heo
uniformly on U (this makes sense since U C A;L,_ for j sufficiently large).

Since [|n;l,2 = 1 we have uniform sup norm bounds on the thick part of X j- Thus

il xn. < C(e) (3.12)

We want to use (3.12) to get a bound on the thin part. In z coordinates, (3.12)
implies

e = Mm@ ()| < C(e) ifarg(z) = rorarg(z) =27 — A (3.13)
since the boundary curves arg(z) = A and arg(z) = 2w — A are in the thick part. Here

we write 7 for n; and f for f; to lighten the notation.
Now

Im(z) = —exp(hargt)(sin(rln|t]) (3.14)

if we write f(z) = g(t), then (3.13) implies
C
lg(D)] < % fort € 0A’ (3.15)

Since f(z)dz* = h(r)dt* = g(r)(g—i)k dt* and j—f = % we see for A small

1

dz
lhj(t)] < I

dt

k 1 |z[*Ak 2
< —

Tk b T gk

where the last inequality follows from the fact 1 < |z| < 2. Writing
uj(v) = hj(r)c

Thus we see |u;(r)| < 2 for T € dA’. The maximum principle now implies that
luj(r)] < 2 for r € A’. Since this is true for all X;, we see that any limit us
must satisfy the same inequality in the limit of the annuli, which is a punctured disk:
|hoo(T)| - |T|¥ < C. This shows % has at most a pole of order k.
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Fig.1 A) Ir|= R

Moreover u(0) is the residue

drt

u(0) = lim uj(r)? (3.16)

1
J—> 0 27'[\/—1 |T|=r

Here 0 < r < exp(—1) is any fixed number (independent of ;).
To summarize, we have now seen that a collar degenerates to a union of two punc-

tured disks and so the limit of the #; is a pair of k forms, N = Ueo(T) (d%)k and

floo = loo(T') (dr—f,,)k where u and i are holomorphic in a neighborhood of the origin
in C. There is one final condition that we need to check in order to verify that the limit
is in H%(X o, kKx.): Let R = exp(—1),r = exp(—m/2X;) and € = exp(—m/A;)
(so €x; /r = r). We must show i (0) = (—D*u(0).

To check this, let T = i—’ Then Fig. 1 remains the same, with t replaced by 7 and

k ek N
f@dt = u;@) (d—r> = u;(e;/D) (=D <d7r) = i;(7) <dTT>
T 7 z
Now we see

PN .ﬂ_ﬁ__k/ L
/m_ru,(r) L= (L) S =t [ oS

|Tl=e;/r IT|=r

In the second integral, the factor of (—1) outside the integral is due to the fact that
the orientation of the circle has been reversed and the (—1) inside the integral comes
from the change of variables. The second identity is a result of the fact that u(7) is
holomorphic on the annulus {T € C : €;/r < T < r}. Taking limits as j — oo we
obtain i(0) = (—1)*u(0). This establishes Theorem 3.1 when the X; are smooth.
Now assume the X; are stable analytic curves, but not necessarily smooth. The
Fenchel-Nielsen coordinates of X; determine a point [X;] € (R>o x R)". The simple
observation we need is that (R x R)" € (R>o x R)" is dense so we may choose
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a smooth Riemann surface X i such that [X;] € (R>0 x R)" is ¢; close to [X;] where
€; — 0 (i.e. X; is smoothable). Now Corollary 2.1 implies that after passing to a
subsequence, X; - X inthe pointed Cheeger—Colding topology. We conclude that
X; — X as well. Moreover, one easily sees that Tf and ff have the same limit.
This proves (3.6) and completes the proof of Theorem 3.1 O

Remark 3.1 The proof of the log version Theorem 3.1 is almost the same. The only
observation we need is the following. If X is a compact Riemann surface and D =
p1+ -+ + pn is a divisor supported on n points such that Kx + D is ample, then
X\ D has a unique metric w such that Ric(w) = —w and w has cusp singularities at
the points p ;. Moreover, just as in the case n = 0, X has a pants decomposition. The
only difference is that we allow some of the length parameters to vanish, but this does
not affect the arguments. In particular, we can use the Fenchel-Nielson coordinates
to find a limit of the (X ;, D;) (after passing to a subsequence) and the Tf are defined
exactly as before.

Now suppose X; is a sequence of compact Riemann surfaces of genus g converging
analytically to a nodal curve X, and let 1; be a Kihler metric on X; is the same class
as the Kidhler—Einstein metric w;. We have seen that w; — wqo, the Kihler-Einstein
metric on X, in the pointed Cheeger—Colding sense. Let wo, be a Kihler metric
on X ;Zg and assume @; — @« in the pointed Cheeger—Colding sense. Let T;(@;) :
X; — PV be the embedding defined by an orthonormal basis of H(X;, 3Ky,) using
the metric @; on the thick part of X; and define Too (0o0) : Xoo — PN similarly. Thus
the T; and T, of Theorem 2 can be written as 7; (w;) and T, (wo) and in this notation,
Theorem 2 says T; (w;) = Too(woo)

Corollary 3.1 After passing to a subsequence
Ti(wi) = Too(@oo)
Proof. Since @ and we are equivalent on the thick part of X, we see that
Ti (&) = yi o Ti(wi)

where y; € GL(N + 1, C) has uniformly bounded entries as does yl._l. Thus after
passing to a subsequence, ¥ — Yoo € GL(N + 1, C) and

'lim T (w) = 11—1>nolo Vi 0 Ti (W) = Yoo © Too(@eo) = Too(@oo)

1—> 00

Remark: The proof shows we only need to assume @; — @q, on the thick part of X .

4 Existence of stable fill-in
Proofof Theorem 1.2 Let f : X0 — C® = C\{p1, ..., pm} be a flat family of stable

analytic curves of genus g > 2. We first observe that we can find some completion
(not necessarily nodal) Y — C of the family X — C°. To see this let Q.y0,co be
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the sheaf of relative differential forms (i.e. the relative canonical line bundle when
X is smooth). Then the Hodge bundle f, K yo,co is a vector bundle over C° of rank

3g — 3 (see page 694 of Vakil [V]) and f*K?é?/CO is a vector bundle 5,(,)1 of rank
Np —1:=Q2m —1)(g — 1) for m > 2. Choose &,, — C an extension of the vector
bundle £ — CY to the curve C.

For example, let U € C° be any affine open subset over which 8,2 is trivial and
let sg, ..., sy, be afixed O(U) basis. Then if p; € V C CY is an affine open set
such that V\{p;} C U, then define £(V) to be the O(V) submodule of 50(V\{pq,~})
spanned by the s,.

Once € is fixed, we choose m > 3 and let X0 < P(£%) C P(€) be the canonical
imbedding. Then we define

Y S P©) 4.1

to be the flat limit of X — €Y inside P(€) — C.

Now we complete the proof of Theorem 1.2. To lighten the notation, we shall assume
m = 1 and write C* = C\{0} where 0 := p1. Suppose t; € CY with t; — 0 and such
that we have analytic convergence X; — Xo wWhere X is an stable analytlc curve.
We wish to show that there exists a smooth curve C and a finite cover uw: C—>C
with the following property. If we let ¥ = u ~1(0) (a finite set) there exists a unique
completion f X—C of p*x° — C\E with Xo = _1(0) forall0 € ¥.

Define

= {(t,z) € C° x HibP") : z € T;}

where 7, is the set of all Hilbert points [T (X;)]. Here T : X; — PNm ranges over the set
of all Bergman imbeddings. In particular, 7, € Hilb(PV»)isasingle G = SL(N,,+1)
orbit.

We claim that Z° € C? x Hilb (IP’N m) is a constructible subset. To see this, let
U C CY be an affine open subset and let oy, . . ., oy, be afixed O(U) basis of &, (U).
This basis defines an imbedding

S ' U) > UxP" 4.2)

given by x +— (7 (x), 0o0(x),...,0on,(x)). Define H : U — Hilb(PVn) by H(t)
= Hilb(§(X;)) and define the map

fu:GxU — Ux Hilb(PV") given by(g, 1) — (t,g - H())

Then fy is an algebraic map so its image is constructible. This shows Z°|y is con-
structible for every affine subset U  C° and hence Z° is constructible.

Now we fix 0 < € < e(g) and let W; = T;(X;;) where T} is the e-Bergman
imbedding. Then (3.6) implies T;(X;) = W; — TOO(XOO) = Yoo, a stable algebraic
curve in PNm Let Z — C be the closure of ZO in C x Hilb(PV») € C x PM. Here
PM 5 Hilb(PV») is chosen so that there is a G action on PM which restricts to the G
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action on Hilb(PV). Then Z is a subvariety of C x Hilb(P¥) whose dimension we
denote by d. Let Z; the fiber of Z above t € C. Then [Y] € Zo.

To construct C we use the Luna Slice Theorem: There exists W C CM+! a Gy
invariant subspace such that [Yoo] € P(W) C PM and such that the map

P(W) x Lie(G) — PM given by (x, £) — exp(£)x

is a diffeomorphism of some small neighborhood Uy x V C P(W) x Lie(G) onto
an open set 2 C PM  with Uw < P(W) invariant under the finite group Gyy,. After
shrinking Uy if necessary, the intersection of a G orbit with Uy \[Yo] is a finite set of
order m1|m where m = |Gyl In other words, the quotient Gy,]\Uw parametrizes
the G-orbits in PM that intersect Uyy.

Note that €2 contains (#;, [Y;]) for infinitely many i so (C x P(W))NZ is a projective
variety C1 of dimension at least one. Moreover, if we let C, be the union of the
components of C containing {0} x [Y], then C> contains infinitely many of (¢;, [¥;])
so the image of Co — C contains infinitely many # and thus C; — C is surjective.
On the other hand, C, — C is finite of degree m (this follows from the construction
of U(W)).

Let C C C1 be an irreducible component of C; containing (#;, [Y¥;]) for infinitely
many i. Let H C Gy, ) bethesetofall o0 € G|y, such that o (C) = C. Then H has
order d for some d|m; and C — C is finite of degree d.

Finally, we have C € Z C C x Hilb(P¥»). This gives us a map C — Hilb(PV»).
If we pull back the universal family we get a flat family X — C which extends
X0 x ¢ C 0. This completes the proof of Theorem 1.2. O

5 Uniqueness of the stable fill-in

Letw : X* — A* C A be an algebraic family of stable curves genus g. We claim
that there exists a unique stable analytic curve X such that X; — X in the Cheeger—
Colding sense as ¢t — 0. This will establish the uniqueness statement of Theorem 1.2,
and since existence was demonstrated in the previous section, it completes the proof.

Let S : X* — A* x PN» a5 in (4.2). For each t € A*, the set o, =
(oo(t), ..., 0N, (1)) is a basis of HO(X,, mKx,). Lets, = (so(t), ..., sn, () be the
orthonormal basis of H(X,, mK x,) obtained by applying the Gram-Schmidt process
to the basis o, and let ¢ : X, — P be the map T = TE Here 0 < € < €(g) is
fixed once and for all. Remark 2.1 implies that t +— [TG(X ¢)] defines a continuous
function A* — Hilb. Let

7:A*xSL(N+1,C) — A* x Hilb
and
f: A* - A* x Hilb

@ Springer



J.Song et al.

be the maps

z(t,g) = (1,8 [T (X)D and f(1) = z(t, [T(X)]).

Let F = Im(f) € A x Hilband Z = Imz € A x Hilb. Let 7 : F — A and
mz : Z — A be the projection maps and Fy = 7[;1(0), Zy = ngl(O). Observe
that Fy C Hilb is closed and connected (this easily follows from the fact that A* is
connected and Hilb is compact and connected). Moreover, Theorem 3.1 implies that
every element of Fj is of the form 7€ (X() for some stable analytic curve X and some
basis s. N
Claim: Fy is contained in the U (N + 1) orbit of [ Xg].

Assume the claim for the moment, and let us show that it implies uniqueness.
Suppose there exist subsequences 7;,#; € A* such that X;, — Xp and Xf/ - X;.
We must show that Xo ~ X, i.e. X and X, are isomorphic stable analytic curves.
Theorem 3.1 implies there are bases s and s” such that [T (Xo)], [T (Xy)] € Fo
so T3 (Xg) € UWN + 1) - T (Xo). Now Lemma 1.1 implies Xo ~ X{,. This gives
uniqueness. -

Theset U = SL(N +1,C) - [T (Xo)] € Zo is open since dim Zg = dim SL(N +
1, C) and the stabilizer of [T} (Xo] is finite. Lemma 1.1 implies

FonU < U(N+ DIT{(Xo)] € U 5.1)

Now U (N + [T (Xo)] is compact and Fj is connected, so Fo N U = Fy. Thus the
claim follows from (5.1). |
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