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Abstract

Let n > 2 be a given integer. In this paper, we assert that an n-dimensional traveling
front converges to an (n — 1)-dimensional entire solution as the speed goes to infinity
in a balanced bistable reaction—diffusion equation. As the speed of an n-dimensional
axially symmetric or asymmetric traveling front goes to infinity, it converges to an (n —
1)-dimensional radially symmetric or asymmetric entire solution in a balanced bistable
reaction—diffusion equation, respectively. We conjecture that the radially asymmetric
entire solutions obtained in this paper are associated with the ancient solutions called
the Angenent ovals in the mean curvature flows.

Mathematics Subject Classification 35C07 - 35B08 - 35K57

1 Introduction
In this paper we study a reaction—diffusion equation
ou , n
EzAu—W(u), xeR" >0, (1.1)
u(x,0) =up(x), xeR", (1.2)
where n > 2 is a given integer, and ug is a given bounded and uniformly continuous
function from R” to R. The following is the standing assumptions of W € C3[—1, 1]

in this paper

w'1) =0, W(-1)=0, W'(1) >0, W/(-1) > 0, (1.3)

D<) Masaharu Taniguchi
taniguchi-m @okayama-u.ac.jp

Research Institute for Interdisciplinary Science, Okayama University, 3-1-1, Tsushimanaka, Kita-ku,
Okayama City 700-8530, Japan

Published online: 05 April 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-024-02844-6&domain=pdf
http://orcid.org/0000-0002-2002-7572

M. Taniguchi

W) =0, W(-1) =0, (1.4)
Ws)>0 if —1<s<l1. (1.5)

Here W’ and W” are the first and second derivatives of W, respectively. Equation
(1.1) is called the Allen—Cahn equation, the scalar Ginzburg—Landau equation or the
Nagumo equation if

200 _ 172
W(u)zw, —W () =u—u’.

A nonlinear term —W’(u) with (1.3) is called a bistable one. It is called balanced
if W(—1) = W(1), and is called imbalanced if W(—1) # W (1). In this paper we
assume that —W’(u) is balanced. We write the solution of (1.1)—(1.2) as u(x, ¢; ug).
Under the assumption of W stated above, there exists ® that satisfies

" (x1) = W(®(x1)) =0, xR,
— ®'(x1) > 0, x1 € R,
B(—00) =1, D0)=0, ®(oo)=—1.

This @ is called the one-dimensional standing front, and is explicitly given by

/Cb ds l<d<1
—Xx1 = _— —1<d <.
0 2W(s)

Under assumptions (1.4) and (1.3), there exists ® if and only if (1.5) holds true. Let
X =@ xm) eRTL D x =, x,) € R

Now we write r = |x'|. Let ¢ € (k, 00) be arbitrarily given. We put z = x,, — ¢t and
wx’, z,t) =u(x’, x,, t) for (x’,z) € R" and t > 0. Then we have

ow !y 82 ow

— XY=+ |wv—cm+Ww =0 & 9eR" >0,
2 2

ot o 0x; 0z 0z

wx',z,0) =up(x',2), (', z)eR"

We write z simply as x,,. Then we have

ow =L 07w ow , ,

E—Zﬁ—caxn—l—W(w):O, (x',x)) eR", 1 >0, (1.6)
j=1 J

w(x/a xn’ O) = uo(x/rxl'l)v (x/,xn) € Rn' (17)

We write the solution of (1.6)—(1.7) as w(x, t; ugp).
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If v € C%(R") satisfies

9%v 9
Z—+C—U—W()—O ', x,) € R" (1.8)
8x 0x

for ¢ € R, v(x’, x, — ct) becomes a traveling wave or a traveling front of (1.1). We
call (1.8) the profile equation of v(x). We call v a traveling profile and call c its speed.
Sometimes we denote a traveling front v(x’, x,, — ct) simply by (c, v). Now x, is
the traveling direction of (c, v). For a multidimensional traveling front, a traveling
direction of (c, v) might not be uniquely determined. We say that a traveling front is
axisymmetric if we can choose a traveling direction such that v is axisymmetric with
respect to the traveling direction. We say that a traveling front is axially asymmetric
if v is axially asymmetric with respect to every traveling direction.
If a function U (x, t) satisfies

oUu
vl AU - W'(U), (x', 1) e R", (1.9)

U (x’, 1) is called an entire solution in R"~! where

S i (1.10)
ox2’ |

j=1

A traveling front solution to (1.9) is itself an entire solution to (1.9). Now we say that
U(x’', t) is radially symmetric or spherically symmetric with respect to @’ € R"~!
if U is a function of |x’ — a’| and t € R. If U(x’, r) is not radially symmetric with
respect to any @’ € R"~!, we say that U (x’, 1) is radially asymmetric.

Traveling fronts to (1.1) have been studied by [6, 10, 11, 31-34] in R" for n > 2.
Axisymmetric traveling fronts have been studied by [6, 32], and axially asymmetric
traveling fronts have been studied by [31]. A one-dimensional entire solution is studied
by Chen, Guo and Ninomiya [7] and del Pino and Gkikas [9]. It is an interesting
question whether there exists a relation between traveling fronts in R"” and entire
solutions in R”~!. In this paper we show that a traveling profile of (1.8) in R” converges
to an entire solution of (1.9) in R”~! as the speed ¢ goes to infinity. Then, using this
fact, we show the existence of a radially symmetric entire solution and a radially
asymmetric entire solution of (1.9) as the limits of an axisymmetric traveling front
and an axially asymmetric traveling front of (1.8), respectively.

Now we define s, € (—1, 1) by

ss =min{so € (=1, 1)| = W'(s) >0 if 5o <s <1}

and fix 0y € (s4, 1) with —W’(6p) > 0. Now we assert the existence of a radially
symmetric entire solution as follows.
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Theorem 1 (Radially symmetric entire solution) Let Ry € (0, 00) be arbitrarily given.
One has Ugym(|x'], 1) = U(x', 1) forx" € R~ such that one has (1.9) with

— 1 < Uggm(r, 1) < 1, (r,1) € (0,00) x R,
Usym(RO’O) = 6o,

U,
%(n >0, (1) e (0, 00) xR,
AU,
M 1) >0,  (r,t) € (0,00) x R.
;.

Here r = |x'|. One has

lim inf Ugym(r,1) = 1.
t—00 rel0,00)

Ast — —00, Usym(r, 1) converges to —1 on every compact set in [0, 00). For any
fixedt € R, one has

lim Ugym(r, 1) = 1. (1.11)
r—>00

See Fig. 1 for {x’ € R*™' | U(x’, 0) = 6} for U in Theorem 1. Now we assert the
existence of radially asymmetric entire solution.

Theorem 2 (Radially asymmetric entire solution) Let
O0<RI=R=<-- <Ry_1 <

be arbitrarily given. Then there exists U that satisfies
aU / / / /! / /! n
E(x,I)ZAU(x,t)—W(U(x,t)), (x,1) eR

with

—-1<UX,t)<1, (',1)eR",
j

UQ©.....0,R;.0,....0,00 =0, 1<j<n—1,

U
E(x’,t) >0, x eR'"! reR,
a—U(x’,z)>o, X eR" teR 1<j<n-—1,
Xj
Z Z
U, oo =Xj, oo Xp—1, ) = U1, oo, X, o0, Xp— 1, 1),
x,HeR', 1<j<n-—1
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e
N

_RO

Fig. 1 The evolution of {x’ € RN U@, ) = 0o} for t = 0, 1, where U 1is a radially symmetric entire
solution in Theorem 1. Here 2 < j <n

One has

lim inf U@',t) =1.

1—>00 x/cRn—1

Ast — —oo, U(x', 1) converges to —1 on every compact set in R"~'. For any fixed
t € R, one has

lim UG, 1) = 1. (1.12)

|x/|—>o00

See Fig.2 for {x’ € R*'|U(x’,0) = 6y} for U in Theorem 2. For a reaction—
diffusion equation with an imbalanced bistable reaction term, traveling fronts have
been studied by [16-18, 23, 24, 27-30, 34] and so on, and and entire solutions have
been studied by [3, 5, 13-15, 21, 22, 37] and so on. See [25] for a relation between
traveling fronts in R” and entire solutions in R forn > 2.

This paper and [25] suggest that an n-dimensional traveling fronts converges to an
(n — 1)-dimensional entire solution as the speed goes to infinity in various kind of
reaction—diffusion equations.

This paper is organized as follow. In Sect.3, we summarize the properties of
n-dimensional traveling fronts with a speed ¢ € (0, 00). In Sect.4, we study n-
dimensional traveling fronts as the speed ¢ € (0, 00) goes to infinity and obtain entire
solutions as the limits. We prove the existence of radially symmetric entire solutions
and radially asymmetric entire solutions to (1.1).
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XJ
R, time=0
time=1
- Rj-1 Rj,1 Xj-1
-R.
j

Fig. 2 The evolution of {x’ € R—1 |U',t) = 6g} for t = 0, 1. Here U is a radially asymmetric entire
solution in Theorem 2, where 2 < j <n

2 Discussions

Let U(x’, t) be given by Theorem 1 or Theorem 2. When

At D —1)? u—ul

W (u) " LW = Q.1

for & > 0, the motion of a level set {x' € R"~! |U(x', t) = 0} is approximated by a
mean curvature flow in the limitof e — 0. See [4] for instance. Axisymmetric or axially
asymmetric traveling fronts in Theorem 4 or in Theorem 8 are closely related to those
in mean curvature flows studied by Wang [35]. For a mean curvature flow, a curve or
a surface evolves with time. If a curve or a surface is defined for all ¢ € (—o0, ) with
some fp € R, it is called an ancient solution. A typical example is ancient solutions
studied by Angenent [1] and Angenent, Daskalopoulos and Sesum [8] for a two-
dimensional plane, and they are called the Angenent ovals or the paper clip solutions.
Ancient solutions have been studied by White [36], Haslhofer and Hershkovits [19]
and Angenent, Daskalopoulos and Sesum [2] for a space whose dimension is three or
more. The author conjectures as follows.

Conjecture 1 Let W be given by (2.1). Let U (x', t) be an entire solution in Theorem 1
or in Theorem 2. Let Ty € R be uniquely given by U(0', Ty) = 0 in Theorem 1 or in
Theorem 2. Let 0 < y1 < y2 < o0 be arbitrarily given. Then, as ¢ — 0, a level set
(x' e R* 1| U(x', 1) = 0} converges to an ancient solution of a mean curvature flow
fort € [To —y2, To — y1].

The study on this convergence will give an important insight on entire solutions in
a reaction—diffusion equation and on ancient solutions in a mean curvature flow. Note
that a paper clip solution lies between two parallel lines for all time till it extinguishes.
Ast — —o0, an axially asymmetric entire solution U in Theorem 2 converges to —1
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on every given compact set in R? for n = 3. Thus {x’ € R"~! | U(x/, t) = 0} cannot
lie between two parallel lines as ¢ — —oo. This means that axially asymmetric entire
solutions in Theorem 2 are novel propagation phenomena.

3 Properties of n-dimensional traveling fronts with various speeds

We extend W as a function of class C> in an open interval that includes [—1, 1]. Let
1 : " "
B = 5mm{W (L), W (=D} >o.

Let . € (0, 1/4) be small enough such that [—1 — 26,, 1 4+ 24,] is included in the
open interval and one has

min W) > B, min W) > B.
[u+1]<28, ( ) ﬂ Ju—1]=<28, ( ) ﬂ

Now we put

M=1 w” 3.1
+ |u\2ﬁ?i‘za*‘ ()| 3.1

and introduce a positive constant o by

N B + maxy|<i+2s, |W (1)
Bmin{—®'(x) [x; € R, =148 < ®(xy) <1 -8}

Throughout this paper we assume
—-1l<vx) <1, x eR” (3.2)
and
—1 =68y <up(x) <1+ 8, x e R".
Then u(x,t) = u(x, t; ug) satisfies (1.1) with
—1 =68 <u(x,t) <1+36,, xeR" t>0.

Now the Schauder estimates [34, Proposition 2.9, Lemma 2.6] give

max  sup |Dju(x, t)| < K., (3.3)
I<j<nyemrn t>1

max sup ‘Diju(x,t)| < K,, (3.4)
1<i<n,1<j<n xeRn, t>1

sup [Dru(x, )| < K. (3.5)
xeR”, t>1
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max sup  |D;,D;,Dju(x,t)| < K. (3.6)

I<jisnl=<jpp<nl<j3<n ycprn t>1

Here K, € (0, o0) is a constant depending only on (W, 8., n) and is independent of
ug. We use

3 d , 9 32 . :
DIZ_’ D]=_7 D'=_7 Dljz—v lfl <n, 1 S] <n.
ot B)Cj J 8x/2 3xiaxj'

Lemma 3 Assume ¢ € R and v € C2(R") satisfy (1.8) and (3.2). Then one has

max sup |Djv(x)| < K., max sup |D,~jv(x)| < K., 3.7

1<j<n ycpi 1<i<n, 1<j<n ycpn

max supn |Dj1Dj2Dj3v(x)| < K,. (3.8)

1<ji1=n, 1=jp=n, 15j35n xR

Here K, is a constant in (3.3)—(3.5), and is independent of (c, v) € R x C2(R").
Proof By putting u(x’, x,, t) = v(x’, x, — ct), u satisfies (1.1) with
u(x', x,, 00 =v(x', x,), (x',x,) € R".
Then (3.3), (3.4) and (3.6) give
max sup }Djv(x/, Xp — ct)} < K.,

I<j=<n (x/ x,)eRr, 1<t

- max sup ‘D,-jv(x’,x,, — ct)| < K.,
1<i<n,1<j<n (', xp)eRn, 1<t

_ max sup |DjDj,Djv(x’, xy — ct)| < Ky,
I<jisn, 1=jpsn ISj35n (y/ ) eRe, 1<t ’
which give
max  sup |Djv(x’,x, — )|
1=/=n @ x,)err

<K,,  max sup |D,'jv(x/,x,, — c)| < K.,
1<i<n,1<j<n (x', xp)€R"

max sup  |DjD;Djv(x’,x, — )| < K.
I<jisn, I<psn 1Sj3<n (yr x,)eRn ‘

Thus we obtain (3.7) and (3.8). This completes the proof. O
Now we state properties of axisymmetric traveling fronts as follows.

Theorem 4 (Axisymmetric traveling fronts [6, 32]) Let ¢ € (0, 00) be arbitrarily
given. There exists V.(x', x;) = Vsym(lx/ |, x,) such that (c, V.) satisfies the profile
equation (1.8), Vsym (0, 0) = 6y and

—1 < Veym(r, xp) < 1, r>0,x, eR,
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Vs
Y r.x) <0 if r>=0,x, €R,
0x,
Vv,
asym (r,xn) >0 if r>0,x, €R. (3.9)
p

For every 6 € (—1, 1), one has

, V. 2 V. 2
,inf \/( ;rym@,xn)) +( azmv,xn)) Vaym(r, x,) = 6 ¢ > 0.

(3.10)

Herer = |x/|.
Remark 1 As far as the author knows, the uniqueness of Vsym in Theorem 4 is yet to be
studied. Here we denote a traveling front that satisfies Theorem 4 by Viyn,. It depends
on ¢ € (0, 00).

Now we state properties of axially asymmetric traveling fronts in [31] as follows.

Theorem 5 [31] Let
I<ay < - <oy <© (3.11)
be arbitrarily given and let
o = (1,00as, ..., an_1) € R"L (3.12)

Let ¢ € (0, 00) and ¢ € (0, 00) be arbitrarily given. There exists V(x) = V(x; &/, ¢)
that satisfies (1.8) with V (0) = 6y and

—1<Vx) <1, xeR"

D, V(x', x,) <0, (x', x,) € R, (3.13)
. .

VXl ooy =Xj, oy Xn) = VX1, Xy Xy), (K xp) eR", 1< j<n—1,

(3.14)

D;V(x',x,) >0 if x;>0,1<j<n-1,
j

V(,...,0,77,0,...,0,¢) = 6, (3.15)
where a positive number r; (1 < j <n — 1) satisfies

Q

=aj, 2<j<n-—1.
ry
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For every 6 € (—1, 1) one has

inf  {|IVV&', x| V(&' x,) =6} >0. (3.16)

(x/,x,)€R

Let c € (0, 00) be givenand let V. € C 2(RM) satisfy (1.8). Under some condition,
we assert that a level set {(x', x,) | V.(x’, x,) = 6o} is a graph on the whole space
R”~! in the following proposition.

Proposition 6 Fix 0y € (sy, 1) with —W'(0y) > 0 arbitrarily. For any fixed ¢ €
(0, 00), let V. € C2(R") satisfy V. (0, 0) = 6, (1.8), (3.2), (3.14) and

DnVc(x/vxn) <0, (x/,xn) GRn,
DiVe(x',x,) >0 if x;>0,1<j<n-—1

Then, for arbitrarily given no € (0, 00), one has

hm VC(:“’O? cee M09 xn) < 90

Xp—> 00

Now we will make preparation to prove this proposition. For o € (0, 00), we
define

Qn-1(po) = {(XL v X)) €RHE min Jxg] > Mo} : (3.17)

1<j<n—1

Hereafter we simply write €2,,_1(ro) as 2,—1. Let ¢ € (0, 00) be arbitrarily given.
Taking an initial function

9() if x’Eanl, Xn E]R,

3.18
—1 if ¥ eR*N\Q,_1, x, €R, ©.18)

wo(x/v xn) = {

we consider w(x', x,, t; wop) as a solution of (1.6). Since w(x’, x,, t; wo) is indepen-
dent of x,,, we simply write w(x’, £; wo). Now w(x’, t; wp) satisfies

9 n—1 32
al;)_ 3w5+W’(w)=0, ¥ eR'L 1> 0,
X
j=1 J

w(x’, 0) = wo(x)), x e R

Note that w(x’, ¢; wo) is independent of ¢ € (0, 00).

Lemma7 Let wg be given by (3.18). Then w(x’', t; wo) satisfies

lim inf w(’,t; wo) = 1.
t—00 y/cRn—1
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Proof First we prove this lemma forn = 2. Letn = 2. Let § € (0, 8,] be given. There
exists T € (0, oo) such that we have

)
1—Z<w(x,t;9()), xeR, t>T.

Note that w(x, t; 6yp) depends only on ¢ and is independent of x. By applying [34,
Theorem 5.8], there exists 7| € (0, o) with

1)
sup |w(xy, T1; 60) — w(xy, T1; wo)| < —.
[x1]>r1 4

Combining these inequalities together, we have

8
1- 7 < inf w(xy, T1; wo). (3.19)

[x11=r1
Taking S1 € (0, 0o) large enough, we have
w(xy, T, wo) = ®(x1 —81) =48, x1 €R,
which yields
wxi, t+Ti;we) > @(x; — S1 —o8(l—e Py —se P, x1eR,1>0.
Since wy is symmetric in x|, we have

max{®(x; — S| —o8(1 —e ) — e P, o (—x1 + S| + 08(1 — e P)) — 5P}
<w(xy, 4+ T1; wo)

for x; € Rand ¢ > 0. Because the left-hand side of the above inequality is a subsolu-
tion, it is monotone increasing in r > 0 and we can define

Voo(x1) = lim max{®(x; — 81 —o8(1 — e Py —se P,

O(—x1 + S +08(1 — e ') — 8¢ F)
for x; € R. Now vy satisfies

Voo(X1) = W (v (x1)) =0,  x1 €R,
— 1 < veo(xy) <1, x1 €R

due to [26, 34]. Now we will show v, = 1. For this purpose, we begin with

max{®(x; — S| —0d), P(—x; + S1 +06)} < voo(x1) <1, x1 € R. (3.20)
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We define
A =inf{L e R|®(x] — 1) < voo(x1), X1 € R}

and will show A = —oo. We will get a contradiction assuming A € (—oo, S| + o 4d].
Then we have

Q(x; — A) Sveolxr),  x1€R
Using (3.20) and the strong maximum principle, we have
D(x; — A) < vool(x1), x1 € R.

Now we take R’ € (1 + |A|, 00) large enough such that we have

1
sup | D' (x1)] < —.
11> R~ 1= |A| 4o

Then, we take h € (0, 1/(20)) small enough such that we have
D(x; — A +20h) < veolxy) if |x1] < R.
If |x1| > R’, we have
1
O(x1 — A+20h)—P(x; —A) = ZGh/O @' (x1 — A +2600h)db.
Using
|x1 — A +200h| > |x1| — |A —200h| > R —1—|A|,
we have
1
0<20h/0 (—CI>’(x1 —A+290h)) do <h if |x;|>R.
Then, using
|®(x; — A+20h) —P(x; —A)| <h if |x| >R,
we find
d(x; —A)>DP(x; — A+20h)—h if |x1| >R
Thus we get
D(x; — A+20h) —h < P(x] — A) < voolxy) if |x1| > R.
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Combining the two estimates stated above together, we obtain
O(x; — A+20h) —h < veo(xy), x1 € R.
Then we have
O(x) — A+20h —che Py —he ™' <voo(x1), x1€R, 1>0.
Sending ¢t — oo, we obtain
D(x; — A+0h) <veol(xy), x1 € R.

This contradicts the definition of A. Thus we obtain A = —o0 and v = 1.

We will prove the lemma by induction. Let N be any integer with N > 3. We prove
this lemma for n = N assuming that it holds true for all n with n < N. We have
x' = (x1,...,xy—1). Recall

(x,) 9() if x/eQN_l,
w, =
0 —1 if ¥ e RV-"\Qy_1.

Now w(x’, t; wo) satisfies

aw Nl a2y
oY SE AW =0, ¥ eRV >0,
j=1 %%;

w(x’,0; wp) = wo(x), x € RN

where

Qn-1=1(x1,...,xy-1) € RN7!
1<j<N—1

min |x;| > ,uo} .

Now we have x” = (xi, ..., xy_2) € RN"Z and

I<j<N-2

QN2={(XI,~-7XN2)€RN_2 min |le2#0} :
If |[xy—1] > mo, we have

Oy if x" € Qn_2,
w(x', xy_1,0) = T

—1 if x"eR \Qy_2.
Using

1 if x" € QN_Q,

x// —
Xy () {o if x" e RV-"2\Qy_s,
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we have
w(x”, xy-1,0) = =1+ (1 +60) xay_, (x").

By the assumption of the induction, Lemma 7 holds true forn = 2, ..., N — 1. Let
8 € (0, 8] be given. There exists 7> € (0, oo) such that we have

8
L= <we -1+ 0+0)xay,), *¥e€ RN 1> 1.
By applying [34, Theorem 5.8] again, we have

, 8
inf  |w(x”, xy—1, To; wo) —w(x, t; =1+ (1 + 60 xay_,)| < 7

[xn—1]=r2

by taking r, € (0, oo) large enough. Thus we obtain

1)
1—=< inf w&”, xy_1, Tr; wp). (3.21)
[xn—1]=r2

Then we can start the argument to prove Lemma 7 for n = 2 replacing (3.19) by
(3.21), and we obtain

lim inf wx”, xy_1,t; we) = 1.
100 (x/ xy_1)eRN-1

Thus Lemma 7 holds true for n = N. Now it holds true for all n > 2. This completes
the proof. O

Proof of Proposition 6 Assuming the contrary, we have

lim V.(uo, ..., 1o, Xn) = 6o

Xp—>00
for some g € (0, 00). Since V,(x’, x,,) is monotone non-increasing in x,,, we have
wo(x, xp) < Ve(x',x), (¢, xy) € R
Here wy is given by (3.18). Taking the both sides as initial functions in (1.6), we have
wx’, xn, t; we) < Ve(x', x,), (x',x,) €R", t>0.

Letting + — oo and applying Lemma 7, we obtain V. = 1, which contradicts (3.13),
(3.15), and (3.16). Now we complete the proof of Proposition 6. O

Now we modify Theorem 5 in a form that is more useful for our discussion. Let

O0<RI=R=<- <Ry 1 <@ (3.22)
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be arbitrarily given. In [31], we study an imbalanced reaction—diffusion equation

au_

PPl Au— W) +k/2Ww), xeR", t>0.

Then @ is the planar front with its speed k. The profile equation for a profile v with
its speed ¢ € (0, 00) is given by

9
Av e W) +k/2W(@) =0, (¥, %) € R". (3.23)
Xn

For sufficiently small k > 0, say, k € (0, ko) for kg € (0, ¢), we define a pyramidal
traveling front solution vy to (3.23) associated with a pyramid

, Cz_kz
px’) = TmaX{Iml, lx2l —az, ..., Ixp—1| — an—1}

foraj € [0,00) (2 < j <n—1).For

/ k /
vo(x', xp) = @ E(xn —p(x)) ),
one can define

ve(x’, x,) = lim w(x,t; vg) on every compact set in R".
11— 00

For pyramidal traveling fronts, one can see [34] for instance. Now we have z; € R
with

u (0, zx) = 6o.

Hereafter we write v (x', x,, + zx) simply as v (x’, x,). Now we have
v (0, 0) = 6

and

—1l<u&'x) <1, (' x,) eR",
Dyv(x’,x,) <0,  (x',x,) e R",
4 Z
V(X1 ooy =Xy X)) = Uk(X1, oo Xy e X)), (X x) €RY, 1< j<n—1,
Djve(x',xy) >0 if x;>0,1<j<n-—1.

For every n € (0, 00), taking
aj=Ajm), 2<j=<n-1
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given by [31, Lemma 1], we obtain

J

(0, ....0,8,(m.0,....0.) =6, 1<j<n-—]I

with
0< Si1(n) < S () < < 8-1(n) < 00,
M = &’ 2 < ] <n-— 1.
Si(m) Ry

Using

lim S§1(n) =0, lim §;1(n) = oo,
n—0 n—>00

we obtain a positive number ¢ with
S1 = R;.

Thus we have

J
ve(0,...,0,R;,0,...,0, &) = 6, I<j<n-—1
with a positive number . Then we define

V(x', xn) = gin}) v (x’, xp) (3.24)

for all (x’, x,) in every compact set in R”. Now we have V (0, 0) = 6 and

1<V, x) <1, (x', x,) € R",
DnV(x’,x,,) <0, (x’,xn) e R,
< <
VXt ooy =Xj, oo X)) = VX1, X, Xy), (XL x) eRY, 1<j<n—1,
D;V(x',x,) >0 if x;>0,1<j<n-—1 (3.25)

See [31] for detailed arguments.
Now we state axially asymmetric traveling fronts as follows.

Theorem 8 (Axially asymmetric traveling fronts) Let ¢ € (0, 0o) be arbitrarily given.
Let {Rj}1<j<n—1 satisfy (3.22). There exists V(x) = V(x; ¢) that satisfies (1.8) with
V(0) = 6y and

—-1<Vx) <1, xeR"
Dnv(x/axn) < O’ (x/,xn) € an
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< 4
VXl ooy =Xj, ooy Xp) = VX1, Xy, Xy), (K xp) eR", 1< j<n—1,
D;V(x',x,) >0 if x;>0,1<j<n-1,
i
V(@,...,0,R;,0,...,0,0) =69
with a positive number ¢. For every 0 € (—1, 1) one has
inf {|VV(x’,x,,)||V(x’, xn)=9} > 0. (3.26)

(x/,x,) R

See Fig. 3 for the level set {(x’, x,,) | V(x', x;,) = 0} of V in Theorem 8.

Remark 2 The uniqueness of V in Theorem 8 is yet to be studied. It is an open problem
to show V in Theorem 8 equals Vsyp, in Theorem 4 if Ry = Ry = --- = R, 1.

Proof Using (3.25) and Proposition 6, we obtain
D,V(x',x,) <0, (x',x,) € R".
It suffices to show

0 < liminf & < limsup & < oo.
k=0 k—0

Assume lim sup;,_, o &x = 0o. Then we have ¢ = oo and
V(R1,0,...,0,x,) > 6y, x5, €R (3.27)
Using
V(R1,0,...,0,n) < V(R1,R1,..., Ry, m), neR
and applying Proposition 6, we have

lim V(R1,0,...,0,n) < lim V(Ry,Ry,..., Ry, 1) < 6.
n— 00 n— 00

This contradicts (3.27). Next we assume lim inf; o ¢ = 0. Then we have

J
V(©,...,0,R;,0,...,0,0) =6, 1<j<n-—1L

Then we find

J

D;V(©O,...,0,R;/2.0,....0,00 =0, 1<j<n—1I
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Fig.3 A level set of axially
asymmetric traveling front
V(x; c¢) in Theorem 8. Here
2<j<n-—1

ol
/,;/'IZ{/': X
Ity
Uy,
i

Thus the maximum principle gives
D;V(x',x,) =0 if x; >0

for1 < j <n—1.Then V isindependent of x; for 1 < j < n — 1 and is a function
of x,, thatis, V (x,, — ct) is a one-dimensional traveling front solution to (1.1). Since a
one-dimensional traveling front solution to (1.1) and its speed is uniquely determined,
we obtain ¢ = 0. This contradicts ¢ € (0, c0).

Then, taking a subsequence if necessary, we can define ¢ € (0, co) with

=li .
¢ = am G
Then V given by (3.24) satisfies Theorem 8. See [31] for detailed arguments. O
Let 0 € (—1, 1) be arbitrarily given. We define R = Ry by

_ ., =DK1 +0)
R=1+-— (3.28)

and have

(n — DK.(1+6) < W(O)R.
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For any given (&1, ..., &,—1) € R""!, we define D = Dy by

D=¢—-R&E+R)XxE-RE+R) x...

X (En—1 — R, Eqm1 + R) CR™L. (3.29)
We have
D C BE;v/n—1R),
where

B(E/; /o — 1R) = {x/ c R*1 | |x/ _8" < +/n —1R}.

Let ¢ € (0, 0o) be arbitrarily given and let V € C 2(R™) satisfy (1.8), that is,

n 92
A4
) :W tem = W(V) =0, & x) e R, (3.30)
iy z

with (3.2), (3.13), (3.15), (3.14) and (3.16). Now V in Theorem 8 satisfies these
assumptions. For any 6 € (—1, 1), we define gy (x’) by

Vix',qgox') =6, x' eR"L (3.31)

Then we have g € C'(R*™). If z9 € R satisfies gg(0') < zo, we can uniquely
determine x,9Z € (0, oo) with

46(0, ""Orx;f_]) =20

and have

s = max {|¥'] | € R, go(x') =20}

The following proposition plays an important role when we take the limits of
traveling fronts as ¢ — oo.

Proposition 9 Let ¢ € (0, 00) be arbitrarily given and let 6 € (—1, 1) be arbitrarily
given. Assume V € C2(R") satisfies (3.30), (3.2), (3.13), (3.14), (3.15) and (3.16).
Then one has

/ IVV (', go(x)[* dx’ = 4QRY"2[W()R — (n — K.(1+6)] > 0.
D
(3.32)

where R is defined by (3.28). The right-hand side is independent of ¢ € (0, 00).
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We write the right-hand side of (3.32) as A(6, R)? |D| with

A0, R) = \/% [(WER — (n — DK (1 +6)].
Then (3.32) is written as
/ IVV (¥, qo(x')|” dx’ = A@, R)?|D| > 0.
D

Let 51 be arbitrarily given with

—1<s1 <6 <1,

0 < W(si) < W©)

(3.33)

The volume of D is given by (2R)"~!, and the surface area of the boundary of D

is given by 2(n — 1)(2R)"~2. Using (3.28), we have
K.(1+0)[0D| < W) |D|

for every (£1,...,&—1) e R"L.

We define
Q={(x",x)|x eD,s1 < V(x', xp) <0)}.
Letv = (vq, ..., v,) be the outward normal vector on d2. We have
R=IpUluUly,
where

F@ = {(x/v -xl’l) |x/ € D’ V(x/7 xn) = 9}:
N ={(x"x)x" €D, V&, x) =51},
1—‘f = {(x/3 xn) |xl € BD, Sl S V(x/3 xn) S 9}

Now we have

div (Vv = Vay L2 (|VV|2)
1V = — .
Xy 0xy, 2 0xy

Multiplying (3.30) by —D,, V, we have

aiv (yy) 410 (vvi) W L w2
—div - —c
0x, 2 0x, ax, 0xy
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Integrating the both hand sides over 2 and using the Gauss divergence theorem, we

get

v 1 av\?2
/ ——(VV, 1) + =|VV |, dS—c/ dx—l—/
aQ 3)6,, 2 Q axn Q 3

Here dS is the surface element of 9<2. Using

vv
VZW OHFQ,
we get
av(vv )+1|VV|2 1|VV|8V
— ,V — V= ——
axy, 2 " 2 dxp
Similarly, using
vV
V:—W OHFI,
we get
VWV + 29V Py, = svv Y
- ,V) + = V= = —
9x, 2 "2 dx,

Using v, = 0 on I}, we have

aV(vv v) + 1|VV|21) __9
dxn ’ 2 T

X

We have

d

Xn

on [p.

on 7.

\%
(VV,v) on [.
n

(W(V)) dx = 0.

/;Dn (W(V)) dx = /D (W(s1) = W(0)) dx = (W(s)) — W(0)) ID].

Now we calculate

A
(VV,v) ds
It axn

=(w71) (-

Using

A%
> ds.
0x,

/ (_ﬂ) ds:[ © —51)dS < (6 — s)|D].
Iy 8xn aD
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Then we obtain
1 VvV
—/ IVV| (— ) ds
2 Iy 8xn
1 v v \?
z—/ |VV|<— )dS—i—c/( ) dx
2 n 0xp Q \0x,

+ (W () = W(s1)) |D| = Ky(6 — 51)[0D
> (W(6) — W(s1) ID| = K«(6 — s1)[0D].

Sending s; — —1, we obtain

1 v
-f VV| (— ) dS > W(0)|D| — K+(6 + 1)|aD] > 0. (3.34)
2 Iy 8xn

Now we use the following lemma.

Lemma 10 One has

/DWV(x’,qe(x/))Fdx/: IVV(x)] (—

oV
) das.
0xy,

Iy

Proof Differentiating
V(x',qo(x) =0
by x;, we have
D;V(x',qo(x") = —D,V(x', qo(x)D;jge(x"), 1<j<n—1
Then we have
—D, V(x', go(x"))D1go (x")
YV, gox) = :

D, V¥, 4o (x')Dy_145 (x")
D,V (x', qo(x))

—Digp(x”)
=D,V (x, go(x')) :

—D,_196(x")
1

Then we have

|VV(x', g9 (x")| = =D, V(x', ga(x"){/1 4 |Vga (x')|2,
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where

aqp aqg
Vo (x') = (8—;{1@’), axq : (x')) .
-

Since v is the outward normal vector at 92, we have

_ VYV 1 <—qu(x’)) on Iy
| :

N N Vo (x)2

Thus we obtain

vV
IVV(x, go(x")] (— . (x’,%(x’))> ds

Iy
/ 4 oV / 4 N2 /
= [ IVV(, qox )| ——— ", qo(x)) | /1 +1Vge(x')]”dx
D 0xp
= f IVV(x', go(x")I* dx’.
D
Now we complete the proof. O

Now we give a proof for Proposition 9.
Proof of Proposition 9 Combining (3.34) and Lemma 10, we have
1
5/ IVV(x', go(x")|* dx’ > W()|D| — K+(1 +60)[3D|
D

> Q2R)"'W(0) —2(n — DQR)"*K.(1+0)
> 2Q2R)" 2 [W@O)R — (n — DK.(1 +6)] > 0.

This completes the proof. O
Now we show the following assertion.

Lemma 11 Under the same assumption of Proposition 9, one has
vli)ngoinf{V(x/, X)) | (X', x,) € R, VX', x,) > 6o, dist((x', xp,), Tp) > v} = 1.
Here
Iy ={(x, x2) | V(x', x1) = 60}

Proof Let § € (0, §,] be given. As was mentioned in the proof of Lemma 7, there
exists 71 € (0, 0o) such that we have

)
1—Z<w(x,T1;90), x eR.
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Let (x{, zo) belongs to
{(x, xp) € R" |V (X', x) = 6, dist((x', x,), [) > v}.
Then we have
b0 <V x), if (& x) € B((xp,20);v)
By applying [34, Theorem 5.7],
wx, T3 60) <wx T V) if (&, x,) € B((x(, 20); v/2)

if v € (0, oo) is large enough. Then we have
s ’ . _ /
- 1° w((xg, zn), T1; V) = V(xg, 20)

if v € (0, 0o) is large enough. Since we can take § € (0, 8,] arbitrarily small, the
lemma follows from this inequality. O

The following proposition asserts that Proposition 6 holds true for every 6 <
(—1, 1). That is, for a traveling front V,, every level set {(x', x,) | V.(x/, x,) = 6}
is a graph on the whole space R" 1.

Proposition 12 Let ¢ € (0, 00) be arbitrarily fixed. Let V.(x) satisfy
V.(0',0) =6,

(1.8), (3.2), (3.13), (3.14) and (3.15). Then, for any given g € (0, 00) and for any
given 0 € (—1, 1), one has

lim Ve(uo, ..., po, Xp) < 0.
Xp—> 00

Proof Now we define

lim  sup V.(uno,--., 1o, Xn) < 6 forevery uo € (0,00) ¢ .

Xn>00 ¢ (0,00)

0= {9 e(—1,1)

Proposition 6 implies (s, 1) C ©. We define 6, = inf ®, and will show 0o, = —1.
To do this, we will get a contradiction assuming 6, € (—1, s4]. Then we choose
{0;}j=1 C © with
0o < 0 <0 if i <j,
lim = 6.

Jj—o00
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Now we define

Roo = max Ry € (0, 00).
0€[000,54]

Now V, satisfies Proposition 9. We write the right-hand side of (3.32) as A (6, Ry)? |Dg],

that is,

2
A0, Rg) = \/R_ [W(O)Rg — (n — DK, (1 +0)] > 0.

0

We define

A= min A0, Ry) € (0, 00).

0€[000,54 ]

We set

E=(no+1,....po+1)eR",

Using Proposition 9, we have n’j € Dy, with

vV

> Ay > 0.

(3.35)

(3.36)

Here Dy, is given by (3.29) with & in (3.36)and R = Ry;. Using Lemma 3, we can

have ¢y € (0, 1/2) with

A
|VV(x))| = %" >0 if |x' =7} <o,
where ¢ is independent of j > 1. Then we define x(¢) by
d VVe(x(t
_x(t):_ﬂ’ 0<t<ep,
dr IVVe(x ()]
x(0) = n/j.

Then, using

4y —(wvv, )= vy, < A 0
E( c(x(1)) = < c(x (1)), E(l)) =—|VVe(x(@))| < 0 t € (0, g9),

we have

£0Aoo

Ve(x(e0)) < 0j — —
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Now we have
x(&0) € 41,

where €2,,_1 is given by (3.17). Using an assumption (3.15), we have

g0A
VC(IJ«(),...,,U«(),XH) <0]_ 200
with x,, € Rfor j > 1. This contradicts the definition of 6,. Thus we obtain 65, = —1.

This completes the proof.
4 Proof of Theorems 1 and 2, and the limits of traveling fronts as the
speeds go to infinity
Let &’ in (3.12) be arbitrarily fixed with (3.11). Let Ry € (0, c0) be arbitrarily fixed.
Let V.(x) = V(x;a’,c) be given by Theorem 8 for every ¢ € (0, 00). Now V.
satisfies
AV, +cDy Ve = W'(V,) =0, xeR"
with
V.(0',0) = 6.
Now we take ¢, € (0, 0o) that depends on ¢ € (0, co) such that we have
V.(R1,0,...,0,Z) = 6o, I<j<n-—1.

When Ry € (0, 00) is arbitrarily given and we consider Viym given by Theorem 4, we
define ¢, € (0, c0) by

Vsym(ROa ¢e) = 0.
We take the limit of V. as ¢ — oco. We have

sup |[W/(Ve(x)| < IW'llcr-1.17 < o0,
xeR”

where

W'llcr—1,11 = max |W'(s)].
[s|<1

Using Lemma 3, we have

sup |AV.(x)| < nK, < oo.

xeR”
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Using
AV, — W'V, K W llcr—
0 < —D, V.(x) < e (x) (Ve(x)) < nK + [|Wilc( L R,
c c
we obtain
lim sup |D,V.(x)| = 0. “4.1)
€00 xeRn
Using Lemma 3, we have
sup D}V (o) = K. 4.2)
xeR”

where K, € (0, co) is independent of (c, V). Combining (4.1) and (4.2), we obtain

lim sup |D2 Vc(x)‘ =0. 43)
€00 xeRr
Indeed, we define m, € [0, co) by
3Kume = sup  [D2V.(x',x,)|,

(x7, xp)€R?

and have

‘Dﬁ Vc(y/a Yn)

> 2K, m,
for some (y’, y,) € R". Using (4.2), we have

D2Ve(y'sz)| = Kame if 1z =l < me,

and have
}Dn Vc(y/v Yn+mc) — Dy Vc(y/v Yn — mc)| > 2K, (mc)2 .

Combining this inequality and (4.1), we get lim._, o, m. = 0, that is, (4.3).
Now we introduce
Xn — &

t=— ,
C

that is, x,, = ¢, — ct. Then we define
uc(xlvt)z Vc(xlv CC_Ct)v (xlﬂt) eRn'
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Now u. satisfies

—1<ux',t) <1, x',t) e R",
4
uc0,...,0,R;,0,...,0,0) =6, 1<j<n-—1,
Diuc(x’,t) >0, x eR" reR,
Djuc(x',1)>0, x' eR"™ teR 1<j<n—1,
Z Z
Ue(XT,y ooy =Xjy ooy X1, 8) = Ue(XT, oo Xy ooy X1, 1), x e RV
teR 1 <j<n-—1

Now we have

oV, 1 du,
e ) = —— ), (1) e R
0xy, c ot
Then we find
n—1 .2 2
0“u a7V, ou
T 00+ ST L) = S ) = W e 1) =0,
j=1 %%j i
(x', 1) e R". 4.4)
Now we introduce
U' 1) = Cl_i)ngo ue(x', 1) 4.5)

on every compact set in R”. The heat kernel in R"~! is given by

1 12
G(x',t) = — exp (— |i1t| ) , x eR >0
Let #jnit € R be arbitrarily given. Using (4.4), we get

uc(x', 1)

=/ 1G(x’—y/,t—tmn)uc(y/,tmn)dy/
Rn—=

t
+f (f GG =yt =) (W ey ) + DRV e — cs) dy/) ds
finit \JR"™

@ Springer



Entire solutions with and without radial symmetry...

for t > fipir. Taking the limit of ¢ — oo for the both sides, we find
Ux', 1)

= / 1 G(x' =yt — tini)U (Y, tini) dy’
R”*

t
+/ (fR 1 Gx'—y,t—s) (_W/(uc(y/, s))) dy’) ds
15 n—

nit

for t > tinit, which gives

-1
aU / E 32U / / U /
— 1) = — ') — W (U, 1)), x' 1) eR"
Bt( ) jE_l 8x]2( ) (U(x', 1)) (x', 1)

for t > finir. Since fpic € R is arbitrary, we obtain

U 2 0tu
D=2 S - WU D), @ eR"
j=1 "7

with

j
U@,...,0,R;,0,...,0,00 =6, 1<j<n-—1L.

Thus the limit of an n-dimensional traveling front V, gives an (n — 1)-dimensional

entire solution U as ¢ — oo. The gradient in R”~! is given by
V' =Di,...,Dy_1).
The properties of U is as follows.
Proposition 13 Let
O<RI<R<...R_ 1 <

be arbitrarily given. Then U given by (4.5) satisfies
—1
W N PU U / n
&= S @ - WU, ek
j=1 J
with
—1<UX.,t) <1, (x',t)eR",

L

UQ©,...,0,R;,0,...,0,00 =6, 1<j<n-—1,

(4.6)
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DU ,1) >0, x eR'! reR, 4.7
D;jUx',1)>0 if x;>0,1eR, 1 <j<n-1, 4.8)
D;U',t)=0 if xj=0,1eR, 1 <j<n-—1,

J j

UKty =X Xn ) = UL o XX, (X ) €RY, 1< j <n— 1.
4.9)
One has
sup DU, 1)| < L. (4.10)
(x/, t)eR”

sup |DJ-U(x/, t)| < L,, sup
(x/, t)eR? (x’, t)eR”

D?U(x’,t)‘ <L, 1<j<n-—L
4.11)
Here L, € (0, 00) is a constant depending only on (W, n).

Proof The proof follows from the argument stated above. For the proof of the Schauder
estimate (4.10) and (4.11), see [34, Proposition 2.9] for instance. O

Now we introduce the following useful lemma.

Lemma 14 (Parabolic Harnack inequality) Let t1 and t; satisfy —o0o <t} < tp < 0Q.
Let a € (0, 00) be arbitrarily given. Let D be given by (3.29). Assume

DcC{x erR! |xj > a}
for some 1 < j <n — 1. Then one has

sup D;U(x",11) < C inf D;U(x', 1),
x'eD x'eD

where a constant C depends only on (R,n,a, M,ty — t1) and is independent of
(E1,.... &) €eR" L andt) e R

Proof Forevery 1 < j <n — 1, we have

(D, — A +W'(U))D;U=0, x' eR"' >0,
DjUZO, if Xj>0,t€R,
D;U=0, if x;=0,1€eR,

where A’ is defined by (1.10). Then, using (4.8), we obtain

(D —A'+M)D;U 20, x'eR"' t>0,
DjUZO, if Xj>0,l‘€R,
D;U=0, if x;=0,1t€eR,
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forevery 1 < j <n — 1. Here M is given by (3.1). Then this lemma follows from a
general theory on the parabolic Harnack inequality [12, Chapter 7, Theorem 10]. O

Now we show that U converges to 1 uniformly in x’ € R"~! as t — oo.

Lemma 15 Under the same assumption of Proposition 13, one has

lim inf U@x',1) =1.

1—>00 x/cRn—1

Proof Using Proposition 13, we have
U(Ry—1, ..., Ra1) = 0o.
Let ©2,,_1(R,,—1) be defined by (3.17). Then we have
Ux') =6 if x' € Qu1(Ru1).
Now Lemma 7 gives

lim inf w',rU)=1.
1—>00 y/cRn—1

This completes the proof. O

Combining Proposition 13 and Lemma 15, we obtain
D,Ux',t) >0, (x',t) e R".

Lemma 16 Under the same assumption of Proposition 13, let py € (0, 0o) be arbi-
trarily given. Then one has

lim U(po, ..., 1o, t) < 6o
——00

Proof Assume the contrary. Then we have
U(uo, ..., 1o, 1) = 6, t e R.
Let 2,_1 be given by (3.17). We have
Ux',t)>6y, x eQ,_1,teR.
Let 7o € R be arbitrarily given. We have
U/, to) =6y, x Q1.
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Lemma 7 implies
U/, t+1) >wk' t;wy) x e€Qu_1,t>0.

Thus, for any given § € (0, 1 — 6p), we have T € (0, oo) that depends only on § such
that we have

inf U@, T+1)>1-8.

x’e]R”’l
Since fy € R can be chosen arbitrarily, we have
Ux',t)>1-6, x' eQ,_1,teR.

This contradicts (4.7). Now we complete the proof. O

Let 6 € (—1, 1) be arbitrarily given. For x’ € R"~!, we define /4 (x’) by
U’ hg(x") =6

if it exists. Lemma 15 and Lemma 16 imply that hg(x’) exists for every x’ € R"~!
and every 6 € [6p, 1).

Lemma 17 Under the same assumption of Proposition 13, let R be given by (3.28),
and let D be given by (3.29) for every &' € R"~!. Then one has

/ |V'U (', h@(,(x’))|2 dx’ > A(6y, R)|D)?* > 0. (4.12)
D
Let 0 € (—1, 0y) be arbitrarily given. If hg(x') is defined for all x' € D, one has

/ VUK, hox)|* dx’ = A@, R)IDP* > 0. (4.13)
D

Proof Proposition 9 implies
/ IVVe(x', goyx)|* dx’ = A6o, R)IDI? > 0
D

for any ¢ € (0, 00). Combining this inequality and (4.3), we obtain (4.12) as ¢ — oo.
Consequently, Proposition 9 implies

/ IVV.(x, go(x')|* dx’ = A@, R)IDI* > 0
D

for any ¢ € (0, c0). Combining this inequality and (4.3), we obtain (4.13) as ¢ — oo.
O

@ Springer



Entire solutions with and without radial symmetry...

Now we assert
D;iUx',1)>0 if x;>0, reR (4.14)
forany given 1 < j < n— 1. Indeed, in view of (4.8), wehave D;U = 0inR" if D; U
takes zero at some point with x; > 0 by the maximum principle. Then, using (4.6),
we have U (0, 0) = 6. Combining this equality and (4.6) forall1 < j <n — 1, we

have V'U = 0 in R". This contradicts (4.12) in Lemma 17. Thus (4.14) holds true.
Now we assert the following lemma.

Lemma 18 For every 6 € (—1, 0y), one has
lim U@x',t) <6
t——00

for every x' € R"™1. That is, ho(x') is defined for every x' € R"~1.

Proof For arbitrarily given 4 € (0, 00), we consider (4, ..., tg) € R~ We take
& e R"! such that D given by (3.29) satisfies

D C Qu—1(14).

Here €2,_1(u4) is given by (3.17). Lemma 17 and (4.11) imply that there exists
g0 € (0, Hp) such that we have x(, € D with

lim U(xy, 1) < 6 — &o.
t——00
Then, using Proposition 13, we have
lim U(ug, ..., 1le,1) < By — &o.
t——00

Since p4 € (0, 00) can be taken arbitrarily large, we complete the proof. O

Lemma 18 implies that, as t — —oo, U(x’, t) converges to —1 on every compact
set in R”~!. Now we state the following assertion.

Lemma 19 Let U be given by (4.5) and let 6 € (—1, 1) be arbitrarily given. For any
&1,....86,1) € R"! let D be given by (3.29). Then one has

/ VU, hg(x/))|2 dx’ > A0, R)*|D| > 0, (4.15)
D

max |V'U(x’, hg(x"))| > A, R) > 0. (4.16)
x'eD

Let a € (0, 00) be arbitrarily given. One has

inf {|V'U&', 1) | (&, 1) e R", min_|xjlZa, UG, 1) =60} > 0. (417)
=j=n—
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Proof Equation (4.15) follows from Lemmas 17 and 18. Equation (4.16) follows from
(4.15). It suffices to prove (4.17) in

O={(x1,....,x,—1)| min x; > a}.
I<j<n-1
Let R = Ry be given by (3.28). We define

Rmax = R, € (0, 00).

max
pel(0—-1)/2,(1+6)/2]

Let Dpax be

Diax = (61 — Rmax; §1 + Rmax) X -+ X (§4—1 — Rmax, &n—1 + Rmax) C 0.

Let v € R satisfy

U, ....6_1,7)=6.

Let L, be as in Proposition 13. We have

1.

0—1 in{l+6,1—-20 146
_1<T§U<%'1,...,§n1,f—mm{ * }>< + <

2L, -2
For some
0 e[(®—1)/2,(1+6)/2],

we have

U (51, o ErT— min{l 42—LQ>; 1 —9}) _o
that is,

hy (&) = 7 — min{1 —;—L@* 1-— 0}.
Here
g = (&, ... &)
We find
omax IV'U(x', he (x))]
> A6, Ry)

> min {A(p. R,) | p € [0 — 1)/2. (1+6)/21} > 0.
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Thus, for some 1 < jo <n — 1, we have

vn—1 max D;U(x', hy(x'))

X’ €Dmax

> min {A(p, R,) | p € [(6 — 1)/2, (1 +6)/2]} > 0.

Now we have (&1, ...,&,-1) € Dmax- Using the parabolic Harnack inequality in
Lemma 14, we obtain

0<

1
= min {A(p, Rp) | p € [0 — 1)/2, (1 +6)/2]}

< max DU, hy(§))

X’ €Dmax

/
= max DjOU(x,r—

X" €Drmax

min{l +6,1—0}
2L,
<Cp min D; U’ 1)

X' €Drmax

S CODJOU(Sla ~~-9$n—19t)
<Co |VU &, ....6-1.7)]|.

Here Cy € (0, 00) is a constant depending only on (M, n, Rmax, 6, L) and is inde-
pendent of (&1,...,&,-1,7) € R". Now we proved (4.17) and this completes the
proof. O

Proofs of Theorem 1 and Theorem 2 Now we prove (1.11) and (1.12). Let U be given
by (4.5). Let a € (0, o0) be arbitrarily given. Using Lemma 19, we have

lim inf{U(x/,t) |Ix'] = @, min |xj] > a} > 6
H—>00 1<j<n-—1

for every t € R. By combining Lemma 7 and [34, Theorem 5.8], there exists T, €
(0, o0) for any given ¢ € (0, 1) such that we have

lim inf {Ux', 1+ T) ||x| = pu} > 1—¢

H—>00
for every ¢ € R. Thus we obtain

lim UX',t)>1—¢

|x/|—o00

for every t € R. Since ¢ € (0, 1) can be taken arbitrarily, we obtain (1.11) and (1.12).
The other assertions in these two theorems follow from Proposition 13, Lemmas 15,
18 and 19. O
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