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Abstract

In this paper we continue the analysis of non-diagonalisable hyperbolic systems initi-
atedin [25, 26]. Here we assume that the system has discontinuous coefficients or more
in general distributional coefficients. Well-posedness is proven in the very weak sense
for systems with singularities with respect to the space variable or the time variable.
Consistency with the classical theory is proven in the case of smooth coefficients.

Mathematics Subject Classification Primary 351.40 - 35L.81; Secondary 35D99

1 Introduction

This paper continues the analysis of hyperbolic systems with non-diagonalisable prin-
cipal part and variable multiplicities started by Gramchev and Ruzhansky in [27] for
2 x 2 hyperbolic systems and continued by the first author, Jih and Ruzhansky in
[25, 26] for systems of arbitrary size. Here we assume that the system coefficients
are singular, i.e., distributional in x but still continuous with respect to ¢t or when
smoothness is assumed in the space variable we allow singularities in time. Let us
briefly summarise what is known about hyperbolic systems with non-diagonalisable
principal part. Let
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Diu = A(t,x, Dy)u + L(t, x, Dy)u + f(t, x), (t,x) € [0, T] x R",
u(0, x) = g(x),

where A is an upper triangular m x m matrix with real eigenvalues and L is the
matrix of the lower order terms. Note that the eigenvalues might coincide and there-
fore we are dealing here in general with a hyperbolic system with multiplicities and
non-diagonalisable principal part. It is also not restrictive to assume that the matrix
A is upper-triangular since conditions are given in [25] which allow the reduction
into upper-triangular form of the system above. For a non exhausting overview on
hyperbolic problems with multiplicities we refer the reader to [1-13, 1619, 21, 22,
24, 32, 33, 36, 37, 39].

Combining the results proven in [25-27] we have that the Cauchy problem above
is well-posed in anisotropic Sobolev spaces of any order provided that the entries of
A = (a;j) are symbols in C([0, T'], S1(R?")) and the entries of L = (£;}) are symbols
in C([0, T1, S°(R?") fulfilling the following Levi type condition:

iy € C([0, T1, ST7H(R™))

fori > j.In addition, when A depends only on x and assuming intersection of finite
order at points of multiplicity one can obtain a representation formula for the solution
which leads to results of propagation of singularities. See [26] for more details. The
results above heavily rely on the fact that the system coefficients are smooth in space
and at least continuous on time. This is due to the fact that the system is solved making
use of symbolic calculus and Fourier integral operators methods [30].

When the system coefficients are less than continuous in time or less than smooth in
space it might be difficult even to define a notion of solution. Indeed, as a consequence
of Schwartz’s impossibility result such system might fail to have a distributional solu-
tion [31, 34, 35]. For this reason, we want to prove here well-posedness in a very weak
sense. Note that the desire to drop the regularity assumption of the system coefficients
has physical motivation, since this kind of systems naturally arise in wave propagation
into a multi-layered medium, like the Subsoil, or in conical refraction in crystals, see
[19] and references therein.

The notion of a very weak solution has been introduced by the first author and
Ruzhansky in [19]. It is based on the idea of replacing the original problem with a
regularised one, where the coefficients and initial data are regularised via convolution
with suitable mollifiers. This generates a net of hyperbolic problems with smooth
coefficients depending on the regularising parameter ¢ € (0, 1). The corresponding
net of solutions (u.). is said to be a very weak solution if it satisfies some specific
behaviour with respect to the parameter, that we will refer to as moderate. Note that
the notion of very weak solution is inspired by the theory of algebras of generalised
functions [14, 15, 23, 28, 35] however, here we work with nets of functions rather than
equivalence classes and we have full flexibility of regularising coefficients and initial
data with different mollifiers and scales, basing our choice on the intrinsic properties
of the problem we are studying. Moderateness will also be measured according to
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different norms or seminorms which are determined by the function space where we
aim to prove well-posedness: C°°, Sobolev spaces, Gevrey classes, etc.

In the sequel we list the main results obtained in this paper.

We begin by focusing on the Cauchy problem

Diu = A(t,x,Du+ L(t,x, Du+ f(t,x), (t,x) €[0,T] x R",
with initial data u (0, x) = g(x), where

§ :r%—] )"1 (t’ -x)D)C' 012(1‘, X, D)C)
A(t,x, D) = |—/=1" j ,
(125 Do) [ 0 Y Aaj(t, x) Dy,

and

L(I,X,Dx)=|: 18, x) flz(t,x)]

1, ) (Dx) ™! a2(t, x)

We assume that the matrices A and L are defined by pseudo-differential operators
of order 1 and O respectively, with symbols which are not smooth in x. Namely, we
assume that the system coefficients are continuous in ¢ but distributional with compact
support in x. As a toy model one could think about a discontinuous function in x or a
Dirac distribution in x. After regularisation, i.e. convolution with a suitable mollifier

V(o) (X) = (&) " (w(e) " x),

where w(e) — 0 as & — 0, we work on

Diug = Ae(t, x, Dug + Le (1, x, Dy)ue + fe(t,x), (1, x) € [0,T] x R",
ue (0, x) = ge(x), x € R,
where u¢ (0, x) = [g1,6(x), 82.¢ ()] and fe (¢, x) = [ fi,¢(t, x), fa.e(t, x)]", and the
system matrices are
anl)\'l‘] €(t7x)DX' 0126(t7X, Dx)
A [, . D = J= ’ J s ,
ot By [0 Y1 A2jelt, X) Dy,

and

_ e, x)  Lioe(t,x)
Lo, x. Dy) = [zm,g(r,wwxrl ezz,ga,x)] :

By the theory of Fourier integral operators [25, 26] we know that the solution u, =
[u1 e, uz,g]T can be written explicitly via action of FIOs or integrated FIOs on the
initial data, that we will denote here with G?’S and G; ., respectively, with i = 1, 2.
The corresponding phase functions, ¢; . can be also explicitly calculated by solving the
Eikonal equation determined by the system eigenvalues. It turns out that to guarantee
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Sobolev mapping properties of the operators involved in our proof (see [38]) we need
nets of symbols of order 0 as well as some bound on the phase function, namely,

|a$¢i,€(tax’é) - a§¢i,6(t9 ya §)| 2 C(8)|x - }’| fOr X, y € Rn’ S € Rn,
|ay¢i,8(ts Yy, S) - ay¢i,8(ts Y, 77)| Z C(8)|s - ?7| for y € an gs n € an

for i = 1,2. In particular, it is crucial to study the ¢-behaviour of the composition
operator

g?,g =G0 (@1ne+€12e) 0 Gagolyy e(Dy)!

Summarising, we identify the following set of hypotheses which guarantees the hyper-
bolicity of the system as well as its solvability in the very weak sense:

(HI) the coefficients (A1 ¢)e and (A2 ). are real valued and C([0, T'], C*(R"))-

moderate for j = 1, ..., n with compact support in x;
(H2) (kA1j,e)e> (OkA2j,e)e and (£;; ¢), are logarithmic moderate fork, j =1,...,n
andi =1, 2;

(H3) the nets of constants (C(g)), and (c! (¢)), are moderate and
GY M 15— s = O(D).

In detail, we prove that

e if (H1), (H2) and (H3) hold then the Cauchy problem above has a very weak
solution (a solution (u), which is C ([0, T], C*°(R"))-moderate) and it is well-
posed in the very weak sense (Theorem 3.2, Corollary 3.3);

e if A is diagonal and L upper-triangular then (H1) and (H2) are sufficient to get
very weak well-posedness (Corollary 3.4);

e if A and L are both upper-triangular then the Cauchy problem is well-posed in the
very weak sense provided that (H1), (H2) hold and the nets of constants (C(¢)),
and (C~(¢)), are moderate (Corollary 3.5);

o the last two results are easily extendable to matrices of size m x m.

This paper is organised as follows: in Sect.2 we collect some preliminaries on
regularisation and very weak solutions for hyperbolic equations. The main results are
proven in Sect.3. In Sect.4 we prove that very weak solutions recover the classical
solutions in the limit as ¢ — 0 in the case of smooth coefficients. We also discuss
some examples and we show how to adapt our methods to coefficients which are
singular in time rather than in space. The paper ends with an Appendix devoted to the
L2-boundedness of Fourier integral operators [38]. In particular, we formulate precise
bounds for FIOs depending on ¢ of the type encountered in the paper.

2 Preliminaries: regularisation and very weak solutions

In this section we recall the notion of very weak solution as introduced in [19]. The main
idea, which goes back to algebras of generalised functions, consists in regularising
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the equation coefficients via a Friedrichs type mollifier ¥ (v € C[R"), v > 0
with [ ¢ = 1). In other words, given a compactly supported distribution u on R", we
generate a net of smooth functions (u.)., where ¢ € (0, 1], by writing

Ue = U * Yy (e)s
where
Vo) () = (@) "V (x/w(e)),

and w(¢) is a positive function converging to 0 as ¢ — 0 with w(g) > ce“ for some
¢, a > 0, uniformly with respect to €. It is clear that u, converges to u as ¢ — 0. In
addition, the net (u,). fulfills some extra properties with respect to the parameter ¢
that are illustrated in the proposition below. For a detailed proof of we refer the reader
to [19, 28, 35] and reference therein.

Proposition 2.1 (i) Ifu € £'(R") then there exists N € Ny and for all « € Njj there
exists ¢ > 0 such that

10% (U % Yop(e)) (X)| < caw(e) N1l

forall x € R" and ¢ € (0, 1].
(ii) If f € C°(R") then for all a € N there exists ¢ > 0 such that

10 (f * Vo) ()] < c,

forall x € R" and ¢ € (0, 1].

(iii) If f € C°(R") and mollifier v has all the moments vanishing, i.e.,
Jrn W (X)dx = 1 and [g, x*Y (x)dx = 0 for all multi-index o with |e| # 0,
then for all o € N§ and for all g € Ny there exists ¢ > 0 such that

104 (f * Yo(e) (X) = f(X))] < co(e)?,

forall x € R" and ¢ € (0, 1].

It follows that the nets obtained via convolution with a mollifier are moderate or
negligible with respect to the seminorms of C°°(R") (see Definition 2.1). Analogously,
one can replace C*°(R") with C*°([0, T] x R™). In the sequel, K € R" stands for K
is a compact set in R”.

Definition 2.1 (i) A net (vy), € C®(R")©-1 js C*®-moderate if for all K € R”
and for all o € Njj there exists N € Ny and ¢ > 0 such that

10%ve (x)| < ce™V,

uniformly in x € K and ¢ € (0, 1].
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(i) A net (vp), € C®(R") O is C®-negligible if for all K € R", « € NJ and
q € Ny there exists ¢ > 0 such that

[0%vs (X)] < ce?,

uniformly in x € K and ¢ € (0, 1].
(iii) A net (ve)e € C®([0, T] x R")©O-1 js C®-moderate if for all K € R” and for
all [ € No and @ € Njj there exists N € Ng and ¢ > 0 such that

1059% v (1, x)| < ce™,

uniformly int € [0, T], x € K and ¢ € (0, 1].
(iv) Anet (ve)e € C®([0, T] x R")©1lis C®-negligible if for all K € R”, k € Ny,
a € Nj and g € Ny there exists ¢ > 0 such that

10K 9% ve (1, x)| < g9,

uniformly int € [0, T],x € K and ¢ € (0, 1].
(v) Anet (vy)e € C([0, T], C®°@®R" O is C([0, T], C*®(R"))-moderate if for all
K & R" and for all & € N there exists N € No and ¢ > 0 such that

10%ve (£, x)| < ce™V,

uniformly in ¢ € [0, T],x € K and ¢ € (0, 1].
(vi) A net (v,), € C®([0, T] x R is ([0, T], C®(R™))-negligible if for all
KeR"'ae Ng and g € Ny there exists ¢ > 0 such that

|37 ve (f, x)| < cef,

uniformly in ¢ € [0, T],x € K and ¢ € (0, 1].

Remark 1f we are dealing with nets of numbers then we will measure moderateness
and negligibility in terms of the module in C or R and we will simply talk of moderate
and negligible nets. Analogously, we can state the definitions above for vectors by
replacing C*°(R") with C*°(R")™. We will still talk of C*°-moderatenss and C*°-
negligibility.

2.1 State of the art on hyperbolic equations with low regular coefficients

In this subsection we give a brief state of the art on hyperbolic equations with low
regular coefficients, with particular focus on the very weak well-posedness of the
corresponding Cauchy problem.

We begin by recalling that the Cauchy problem for ordinary differential equations
has been investigated already in [28] in the context of Colombeau algebras of gener-
alised functions. The results obtained there (Theorem 1.5.2 [28]) can be rewritten at
the net level as follows, for the Cauchy problem
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Xe(t) = Fe(t, x:(1)),
xg(to) = X0,¢5

(1)
where 7 € R, (F.), is a net in (C®°(R*))" and (x,), is a net of initial conditions.
In the sequel we are making use of the standard norm in R!*” that for the sake of
simplicity we will continue to denote with | - |.

Proposition 2.2 Let (F,), be a net in (C>°(R'™))" such that

(i) forall k € Ny and o € Njj there exists N € Ng and ¢ > 0 such that
1098 Fe(t, x)| < ce™N (1 + (2. )PV,

Sforall (t,x) e R x R" and ¢ € (0, 1].
(ii) there exists ¢ > 0 such that

Vi Fe(z, X)HLOO(RHn) = O(]Ingl).

For all & € (0, 1] the Cauchy problem (1) has a unique solution x, € C>®(R!*m)"
such that if (xo.¢)e is moderate then (x;), is C°°(R)-moderate as well. The solution
(x¢)e is unique modulo, negligible perturbation, i.e., if we perturb the initial data
with a negligible net (i.e., xo ¢ + ne, where (ng); is negligible) then the corresponding
solution will differ from (x¢)e by a C*°-negligible net.

For the sake of simplicity we say that (V, F;). is logarithmic moderate, i.e., it is
moderate on (0, 1] and fulfilling logarithmic type near 0. Note that one can reformulate
the proposition above on a finite time interval [0, 7'] and replace the polynomial bound
in (i) with an assumption of compact support with respect to the x-variable.

Proposition 2.2 can also be stated for nets that are only continuous with respect to
t. This means to set k = 0 and replace C*° with C([0, T'], C*°(R")). Continuity with
respectto? € [0, T]and smoothness with respect to x will be the standard assumptions
throughout this paper for our nets of functions.

Let us now consider the scalar case, i.e., the Cauchy problem for first order hyper-
bolic equations. In detail, let

n

Dyw, = Zaj,s(t, X)Djwe + age(t, x)we,

j=1
we (0, x) = woe, 2
where Dj = Dy, the coefficients a; , are real-valued forall j = 1, ..., n. The equa-

tion coefficients are compactly supported distributions with respect to x regularised
by convolution with a mollifier ¢ that we assume non-negative and with integral 1. In
detail,

- aj S C([O9 T] X g/(Rn))’

—ag € C([0, T] x E"(R")),
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— wp € &'(RM).
and

—aje(t,x)=1(a;t,)*Ype)x) forj=1,...,n,
= ap,e(t,x) = (aop(t, -) * Yo(e)(x),
— wo,e(X) = wo * Ye(x).

Definition 2.2 We say that the Cauchy problem

n

Dyw = Za.j(t,x)Djw +ap(t, x)w,
j=1
w(0, x) = wo

admits a very weak solution (w,), if the net (w;), solves the regularised problem (2)
and it is C ([0, T'], C°°(R"))-moderate.

The following result, is the net-version of the well-posedness results obtained in
[14, 29, 34]. It shows that a transport equation with singular coefficients admits a very
weak solution under suitable choice of the regularising scale. In the sequel we say that
anet of function is logarithmic moderate if its L°°([0, 7] x R")-norm is estimated by
a logarithmic scale.

Proposition 2.3 Let the coefficients (aj ). be C([0, T1, C*°(R"))-moderate for j =
1, ..., nwith compact support in x. Suppose that (a; ¢ )¢ are real valued and (3raj ¢)e
as well as (ap ¢ )¢ are logarithmic moderate (k, j = 1, ..., n). Then,

(i) the Cauchy problem above admits a very weak solution (w) which is compactly
supported with respect to x.
(ii) If ao ¢ as well as wog ¢ are real-valued then the solution (w¢), is real valued as
well.
(iii) Negligible perturbations of the coefficients and initial data lead to a negligible
perturbation in the very weak solution.

In [14] the authors investigated further the properties of the very weak solution (wg),
and proved that it can be written as the action of a Fourier integral operator (FIO) on
the initial data (wo ). We summarise here the main steps of their argument, mainly
to solve the Eikonal equation to determine the phase function of the FIO and to solve
a certain transport equation to determine its symbol. As expected, we will work with
nets of FIO’s, phase functions and symbols depending on the regularising parameter
e e (0,11

2.2 Nets of phase functions
We begin by constructing the phase function of the FIO making use of the characteristic

curves associated to the principal part of the equation. This means to solve the linear
Cauchy problem
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Orpe(t, x,8) =Y _aj(t,x)d;pe(t, x, )
j=1 (3)

$:(0,x,8) =x - &.

Under the assumptions on coefficients (a; ¢ ) in Proposition 2.3, the Cauchy problem
above is solved by a C ([0, T'], C*°(R"))-moderate net (¢, ), which can be written as

Pe(t,x,8) =Y wpc(t, 0)&,
=1

where w; . withl =1, ..., n are solutions of the Cauchy problem

n

e (t,x) =Y aje(t, X)djore(t, x),
j=1

wy (0, x) = x;. @

We recall that the characteristic equations associated with the Cauchy problem (4) are
given by

d
Eyz,s(x, t;8) = —are(s, Y1,e(x,1;8), ..., Vne(X, 15 5)),

vie(x,t;t)=x; for [=1,...,n. 5)
The solutions yj ¢, ..., ¥u.e are the components of the characteristic curve

Ye = ()/1,5, e Vn,a)

associated the differential operator Z;': 1aj.¢(t, x)D;. The following proposition has
been proven in [14] in the context of generalised functions of Colombeau type. For
the advantage of the reader we present here a detailed proof at the net level.

Proposition 2.4 Let the coefficients (aj.)s be real valued C([0, T], C*°(R"))-
moderate, compactly supported in x and let (diaj ) be logarithmic moderate
(k,j = 1,...,n). Then, the solution w; ¢(t,x) of the Cauchy problem (4) can be
written as

t
wpe(t,x) =y e(x,1;0) =xz+/ e (T, V1,e(X, 1T), ..o, Vne(x, t; T))dT,
0

forl=1,... n
Proof From Proposition 2.3 it is easy to show that there exists a real valued solution

wj ¢ It remains to prove that wy ¢ (¢, x) = y1.¢(x, t; 0). This comes from the fact that
wy ¢ 1s constant along the characteristic curves y, (x, ¢; 5)
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d

d_a)l,é‘(s’ Vl,s(xa t; S)a L) )/n,s(xa t; S)) - 0
S

Hence,

@ e(t, V(X 158), ooy Ve (X, 151) = @60, y1,e(x, 1, 0), ..., Yne(x, 150))
for each t € R. This implies wy (f, x) = y1.¢(x, t; 0). By solving directly the char-

acteristic equations and making use of Proposition 2.2 we know that y; .(x, ¢; 0) is
C®°-moderate and it has the following form

s
Vie(X,1;8) = x5 — / e (T, V,e(x,1T), ..., Vnelx, t; T))dT,
t

then
t
wre(t,x) =y e(x,1;0) = x +/ a1 (T, V1,e(X, 15T), ., Vne(x, 15 T))dT.
0

This completes the proof. O

As a straightforward consequence we obtain the following result for the Eikonal
Cauchy problem (3).

Corollary 2.5 If the coefficients (a; ¢) are real valued C ([0, T1, C*°(R"))-moderate
with compact support in x with (0ra; ). is logarithmic moderate (k, j = 1,...,n)
then the phase function

n n
Pe(t, X, 6) = Y et )& =Y yielx, 15 0)8,
=1 =1
n t
=) xif +%‘1/0 a6 (T, Y1,e(X, 15T), oo Yue (X, 15 T))dT,
=1

solves the Eikonal Cauchy problem (3).

2.3 The transport equation in this context

We now pass to solve the transport equation, in other words to solve the Cauchy
problem (2) with initial condition set to 1. i.e.,

Dl‘bs(t’-x) = Z aj,é‘(t5-x)Djb€(tvx) +a0,€(tax)b8(ta-x)v (6)
j=1

be(0,-) = 1.
The characteristic equations of the Cauchy problem (6) have the form
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d
%Vl,s(x» t;8) = —are(s, Y1,e(X, 15 8), ..., Vne(x, 1;5)),

yl,&‘(xat; t) :xla

and therefore
N
Vie(X,1;8) =x; — / ae(T, Y1,6(x, 85T), oo, Vne(x, 5 T))dT
t

forl =1, ..., n. By solving

d .
EZ(S) =1a0,:(S, V1,6(X,258), ..., Yne(x,1;5))z(s),

z(0) =1,
we deduce that

. t . .
be(t, x) =€ Jo aO,s(TaVl,e(xwtwT)a»-w)’n,s(xst,f))df. 7

Using Proposition 2.3 and integrating along the characteristics we have the following
result.

Proposition 2.6 Let the coefficients (aj ). be C([0, T1, C*°(R"))-moderate for j =
1, ..., nwith compact support in x. Suppose that (a; ¢ )¢ are real valued and (3raj ¢)e
as well as (ap ¢ )¢ are logarithmic moderate (k, j = 1, ..., n), then the solution (be),
of the Cauchy problem (6) is expressed by

.ot - . .
be(t, x) = é' Jo a0,6 (5. V1,6 (X,158), ...V e (x,155))ds (8)

and is C ([0, T], C°°(R"))-moderate.

We are now ready to write the solution of the Cauchy problem for first order hyperbolic
equations in terms of a FIO formula. In other words we prove that the Cauchy problem
in Definition 2.2 admits a very weak solution which is the action of a family of
parameterised FIO’s on the initial data. The results of the following subsection are
extracted from [14] where were originally stated in the context of generalised functions
of Colombeau type.

2.4 Fourier integral operator formula

Proposition 2.7 Let the coefficients (aj ). be C([0, T], C*°(R"))-moderate for j =
1, ..., nwith compact support in x. Suppose that (a; ¢ )¢ are real valued and (3raj ¢)e
aswell as (agp ¢ )¢ are logarithmic moderate (k, j = 1, ..., n). Then the solution (w¢),
of the Cauchy problem (2) is C ([0, T], C*°(R"™))-moderate and can be written as

n

we (t, X) = Fp, (be)(wo,e)(t, x) 1= f 00X p (1, x)io ¢ (§)dE, )
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where the phase function ¢, is defined by Corollary 2.5 and symbol b, by Proposi-
tion 2.6.

The solution of the inhomogeneous Cauchy problem

n
Dyw(t, x) = Zaj,s(t, X)Djwe(t, x) + ap(t, x)we(t, x) + fe(t, x),
j=1

we (0, 1) = wo e (x), (10)
where the net (f;), is C([0, T'], C*°(R"))-moderate with compact support in x, can

also be expressed into FIO form. We begin by noting that Fourier integral operator
Fy, (b;) of Proposition 2.7 is given by

Fyp, (be)(wo e)(t, x) = / P UXDp (1, )i ¢ (€)dE
Rn

=be(t,x) [ O ()dg
Rn

= be(t, X)wo,e (ve (x, 1; 0)).

It defines, for each r € R, a map

U (1) = Fy, (be)(t) 2 wo,e — Fy, (be)(wo,e)(t, ),

such that U, (0) = I and

1
-1 . - .
Ug (l) U — bs([’ ys(x’o; t))v()/a()ﬁ Os t))

Hence, we obtain the following statement.

Theorem 2.8 Let the coefficients (aj )s be C([0, T], C*°(R"))-moderate for j =
1, ..., nwith compact supportin x. Suppose that (a; ¢ )¢ are real valued and (3raj ¢)e
aswellas (aop ¢ )¢ are logarithmic moderate (k, j = 1, ..., n). Then the solution (w¢ )
of the Cauchy problem (10) is C([0, T], C*°(R"))-moderate and can be written as

1

t
we (1, x) = Fg, (be)(1) (w(),e +l/0 be(t. 7(.0: 7))

Sfe(T, ve (-, 05 r))dr) (%),
(11)

where the phase function ¢. is defined Corollary 2.5 and symbol b, by Proposition 2.6.

In the rest of the paper we will focus on hyperbolic systems with irregular coefficients.
More precisely, we will formulate conditions on the principal part and the lower order
terms matrix (Levi conditions) which will guarantee the existence of a very weak
solution. Our analysis will also investigate different levels of singularity of the system
coefficients and how they relate to the corresponding very weak solution.
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3 Hyperbolic systems with irregular coefficients
We want to study the Cauchy problem for 2 x 2 systems of the type
Diu = A(t,x,Du+ L(t,x, Du+ f(t,x), (t,x) €[0,T] x R",

with initial data u (0, x) = g(x), where

Z’!:l)‘lj(hx)Dx- aipp(t,x, Dy)
A(t,x,Dy) = J / ,
( g X) [0 Z;":l)\aj(tvx)Dx_/
and
L1t x)  Lia(t, %)
L(t,x,Dy) = _ ,
(tx. Do) [ma,x)(m 1322(t7x):|

are matrices of pseudo-differential operators of order 1 and 0, respectively,and A;; € R
fori = 1,2 and j = 1, ..., n. Differently from [25] we drop here the assumption
of smoothness with respect to x, so the entries of the matrices above are assumed
to be low regular in x, namely discontinuous or in general distributional. Passing to
regularisation via convolution with a mollifier we are lead to study the regularised
Cauchy problem

Diu, = A (t, x, Dy)ue + Le(t, x, Dy)ue + fe(t, x), (t,x) €[0,T] x R",
ug(O, x)=g5(x), x € R,
(12)

where (0, x) = [g1,6(x), g2, (0)]" and fo(t, x) = [f1,6(t, %), f2,6(1, )", with

Eir%—l)tl's(tax)D)r ape(t, x, Dy)
Ag(t,x,Dy) = | == j ’ ,
(x By [ 0 S haje (. X) Dy,

and

Lo(t,x,D,) = [ L11,6(2, %) elZ,E(t,x):| ,

€21,6(t, x) (D)~ €226 (2, x)

where (A1j.¢)e, (A2j.e)e € C([0, T1, C®@®R") U for j = 1,...,n, are real-valued
and (a12,¢)e and ({ix ) are nets of symbols of order 1 and O respectively, i.e.,
(@12.6)e € C([0, T1, S] o(R" x R") @M and (£ ¢)e € C([0, T1, S7 o(R" x R™)) -1
fori,k=1,2.

We will prove that the original Cauchy problem admits a very weak solution by
carefully analysing the Sobolev well-posedness of the regularised Cauchy problem
(12). This will require some preliminary work inspired by [25] and the notions of
Sobolev moderateness and negligibility.
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3.1 Preliminaries: Fourier integral operators and Sobolev norms

Foreach A;; .,i = 1,2, j = 1,...,n, we will be denoting by G?’swo,)3 the solution
to

(13)

Diw, = 27:1 )"ij,é‘(ta x)Dx,- we + & (1, x, Dx)we,
we (0, x) = wo ¢ (x),

and by G; ; f, the solution to

Dyw, = 2?21 )\ij,s(t, x)ij we + Zii,s(ta x, Dx)wg + f€(t7 x),
we(0,x) = 0.

These are Fourier integral operators where the phase function ¢; . is defined by Corol-
lary 2.5 and symbol

bi o (1, x) = & Jo lite @ e (Ei), e (x.158))ds

by Proposition 2.6 for i = 1, 2. Namely, for

n t
i (1, %, §) = x& + Z;;/O Mij e (T, ve(x, 15 DT = i e (x, 13 0,

j=1

the operators G? R and G; ¢, i = 1, 2, are given by

Gy cwo.e(t, x) = Fy, , (bie) (wo ) (1, ) := fR e!Pe 0B, (2, x)o ¢ (€)dE,

= bi,s(ts x)wo,s(yi,s(xa t; 0))

and
! 1
Giefe(t,x) = Fy; , (bi o)) (l /0 mfe(ss Vie(, 05 S))d5> (x)
! 1 ) )
= b () (z /0 TGO e e e 1000 s))ds)

t
. . 1

=i el Vie (Vie (x,1:0),0:8)5 —iy§ bi o (t, x) fo(s, V)dydéds

/0 fR bie (s, Vie (Ve (¥, 15,00, 05.9) ’

t
= / /2 elm(yi.g(x.t;O).O;s)E—l.vEAi,s(S, t,x) fe (s, y)dyd Eds.
0 R n

Combining Proposition 2.7 with Theorem 2.8 we easily obtain the following propo-
sition which describes the mapping properties of the operators G?’ . and Gj ¢.
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Proposition 3.1 Assume that
(HI) The coefficients (Aij¢)e are C([0, T], C*°(R"))-moderate for i = 1,2 and

Jj =1,...,nwith compact support in x.
(H2) The coeﬁ‘iczents (Aij,e)e are real valued and (0x);j ¢)e as well as (¢ ¢): are
logarithmic moderate fork, j =1,...,nandi =1, 2.

The operators G?, . and G; ¢ map C([0, T], C*°(R"))-moderate nets with compact
support in x into nets of the same type. The same holds with moderate replaced by
negligible.

We recall that pseudo-differential operators are a special kind of Fourier integral
operators so in the sequel we will also deal with nets of pseudo-differential operators
which will therefore have the same mapping properties of GO More precisely, we
will work with the following nets of symbols, where the symbol class 7'y (R" x R")
is defined as the set of all a = a(x, &) € C°(R" x R") such that

Vo f NG, 3Cap >0 1 [9%00a(x, )] < Caple)" P V(x.£) e R" x R".

Definition 3.1 (i) A net (a;). € C®(R" x R")Wis S (R" x R")-moderate if
for all K € R" and for all &, B € Njj and there ex1sts N € Np and ¢ > 0 such
that

)P0l ac(x. &) < ce,

uniformly in& € R*, x € K and ¢ € (0, 1].
(i) A net (az); € C®R" x RO 11 g ST (R" x R™)-negligible if for all K € R”
and for all o, B € Njj and there exists ¢ € No and ¢ > 0 such that

()P0 0L ag(x, £)] < ce?,

uniformly in & € R?, x € K and ¢ € (0, 1].

Finally, we denote by C([0, T, S{" O(R" x R™))©11 the space of net of all sym-

bols (ag(t, x,§))e € ST'H(R" x R")(O 11 which are continuous with respect to ¢ and
in analogy with the definition above we can define moderate and negligible nets
in C([0, T, S}y (R" x R™))O-1 by employing uniform estimates with respect to
te[0,T].

We can now go back to our regularised Cauchy problem. As explained in detail in
[25] the solution of the Cauchy problem (12) can be written as

Ule = U?,g + Gie((@12,e + Li2e)une), (14)

Uz,e = Ug,s + G2,8(521,8<Dx)_114115), (15)
where

Ui(?s = G?,ggi,s + Gi,e(fi,e), i=1,2. (16)
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We want to prove that a smooth solution exists by proving that it belongs to every
Sobolev space H*. This means to make use of the Sobolev mapping properties of all
the operators involved above.

Plugging (15) in (14), we obtain

Ule = 0?,5 + Gl,a(alz,st,s(Ezl,s(Dx)_lul,s)) + Gl,s(flz,st,a(Zzl,s(Dx)_lul,s)),

A7)
where
00, = GY g6 + Gre(f1.0) + Gre((@ne + L12,0)UY,). (18)
By employing Proposition 5.2 in the Appendix we have that
IGievlims <TC'(e) sup  sup [[8fAje(s. 1, 1)l V],
1,5€[0,T] |B1<2n+1 (19)

IGY vllgs < C'(e) sup — sup  |[8Fb; (1, )| oomny 0]l 15
1€[0,T] |8|<2n+1

where C’(¢) depends on the positive nets C(g), Cq,;(¢) and C ,i (€) appearing below:

|0 i,o (1, %, §) — i o (t,y,6)| = C(e)lx —y| for x,y eR", § €R",
10y@ie(r,y,6) — 0ydie(t, y, M| = C(e)l§ — | for y eR", &, neR”,

and

|8;(8$¢i,8(t7 ya g)' S COl,l'(S)v
18,3, §i.c (1, 7. 6)] < Cpi(e),

forallr € [0, T],for 1 <|«|,|B]l <2n+2andi =1, 2.
In the sequel, we introduce the concept of H®-moderate, H*-negligible nets, and a
very weak solution of Sobolev order s.

Definition 3.2 (i) Anet (v,), € H®(R")1is H¥-moderate if there exists N € Ny
and ¢ > 0 such that

|1ve (|| s gy < ce™™,
uniformly in € € (0, 1].

(ii) A net (ve)e € H*(R") O is HS-negligible if for all ¢ € Ny there exists ¢ > 0
such that

[ve CO | sy < ce9,
uniformly in ¢ € (0, 1].
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Analogously, one can replace H*(R") with C([0, T'], H*(R")) and state the corre-
sponding notions of C ([0, T], H* (R"))-moderate and C ([0, T'], H* (R"))-negligible
net. This will appear in the following notion of very weak solution of Sobolev order s.

Definition 3.3 We say that the Cauchy problem

Diu = A(t,x, Dy)u + L(t, x, Dy)u + f(t, x),
u(0, x) = go(x)

admits a very weak solution (ug). of Sobolev order s if the net (u.). solves the
regularised problem (12) and it is C([0, T'], H*(R"))-moderate.

We are now ready to investigate the Cauchy problem (12) more in detail.

3.2 Hyperbolic systems with non-diagonalisable principal part

Consider the regularised hyperbolic system of type

Dfué‘ = Ab‘(t’xa Dx)ue + Lé‘(ta X, DX)MS + fe(tvx)v (t’x) € [O’ T] X Rn’
ug(0,x) = ge(x), x € R,

where u:(0,x) = [g1.:(x), g2.:(0)17 and fu(t,%) = [f1.6(t, %), fre(t, 017, with
the Ag(f, x, Dy) and L (t, x, D) given by

Zn*l )"]€(tﬂx)DX alzé‘(t’x’Dx)
A t,X,D = J= J> J ’ )
o2 D) [ 0 Sy haje(t, 1) Dy,

and

Le(t,x, D) = |: Li1,e(2, x) K]z,g(t,x)i| ’

€21.6(t, X)(Dy) ™! €20 £ (2, X)

where (A1j.¢)e, (M2j.e)e € C(0,T], C®M@RM)OM for j = 1,...,n and (a12,¢)e
and ({jx.¢)e are nets of symbols of order 1 and O respectively, i.e., (a12.¢)s €
C(0,T1, 8 g@®R" x RO and (Lixe)e € C(0, T, 8P (R x R7)OH for
i,k=1,2.

The net of solutions (u.). of this hyperbolic system can be formulated in terms of
operators G?’ . and G; . introduced in Sect. 3.1 if the following hypotheses hold:

(H1) The coefficients (A1 ¢)e and (A2} ), are real valued and C([0, T'], C*°(R"))-
moderate for j = 1, ..., n with compact support in x.

(H2) Also, (0kA1j,e)es (Okr2je)e and (£;; ¢)e are logarithmic moderate for k, j =
1,...,nandi =1, 2.

Note that these assumptions allow to write (u1.¢)s and (42,¢)e as in (14) and (15).
More details can be found in Theorem 2.8.
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In order to prove the existence of a very weak solution we start from the component
u1 e and the equation

Uje= 17?,5 +G1.6(a12,6Gae(€a1.6(Dy) lup ) + Gl,s(412,502,8(321,a(Dx)_lul,s)),

where
U, =GY 816+ Gre(fie) + Gre((@ine + L12.)UY).

We make use of the Banach fixed point theorem assuming the additional hypothesis:
(H3) The operators G?) . and G;  map H*-moderate and C ([0, T'], H*(R"))-moderate
nets into themselves, respectively and

g?,g = G0 (@126 + €12.e) 0 Gag 0 by o (Dy) !

has the operator norm in H* strictly less than 1
1GY el 115 = O (D).

Note that g? . acts continuously on H* since it is of order 0.

Let us now work on better understanding the hypothesis (H3). We have that (H3) holds
if

IG 1.6 0 a12,6 0 Gae 0 £a1,6 (D)~ 15— s
< TCi(e)A1(8)ain(e)Ca(e)Az(e) L1 (e) = O(1),

and

[[G1e0li2e0Gaeoloe(Dy) s ms
<TCi(e)A1(e)L12(e)Ca(e)Az(e)L21(e) = O(1),

where
Ai(e):= sup  sup [|9PA; (s, t, 0)|[omny for i =12,
1,5€[0,T]|8|<2n+1

ap(e) == sup  sup [[(§) 7 00l arn et x, )l maxwr):
tel0,T] |a|,|B1<2n+1 :

Lip(e):= sup  sup [|30€12.6(t, x)||Lo@n).
t€[0,T]1B1<2n+1

Loi(e) == sup  sup [[88€r1 (. x)l oo,
t€l0,T]|B1<2n+1
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and Cj(¢) and C;(¢) include the combination of constants C(¢), Cqy,; (¢) and Cg ; (€)
from

|ar§¢i,8(taxa€) - a§¢i,é‘(t9 y5 S)' 2 C(8)|x - y| fOr X, y € Rn9 S € Ri‘l,
|ay¢i,8(t1 Yy, s) - 8}’¢i,8(ts Y, 77)| 2 C(8)|s - T)| fOr y € an és n € an

and that

105 0 pi e (2, ¥, §)| < Cai(e), |8y8§¢i,8(ta v, &) = Cgile),

forl < |af, |8 <2n+2andi =1,2.

We refer the reader to the appendix at the end of the paper for the Sobolev mapping
properties of Fourier integral operators that we have employed above. Note that the
nets of constants Cy ; (¢), Cg,; (¢) are automatically moderate while C(¢) and C ~1(e)
are assumed to be moderate to make sure that our operators have the right Sobolev
mapping properties. The stronger hypothesis (H3) is required to allow a fixed point
argument independent of the parameter ¢. We therefore conclude that (H3) can be
written as

(H3) the nets of constants (C(¢)), and (C~1(¢)), are moderate and
G el s 1 = O(1).

If (H3) holds, then we will apply Banach’s fixed point theorem in the space X (¢) :=
C ([0, t], H*(R™)) for t € [0, T] with the norm

utellxay = sup ||ure(T, )llas.
0<t<t

Note that we can rewrite the equation for u; . as
70 0
Ule = U],g + g],gul,s-

Using composition of Fourier integral operators and hypothesis (H3) we have that
the 0-order Fourier integral operator G? . maps X(¢) continuously into itself and for
small time interval it is a contraction, in the sense that there exists 7* € [0, T'] such
that

||g?,s(” = Wlxa < CT*[|u — vllx7+), (20)

with CT* < 1. The existence of a unique fixed point u; . for the map Q?’ R is provided
by Banach’s fixed point theorem and is equivalent to say that the operator / — Q?’ e 18
invertible on [0, 7] for all values of . It therefore follows that (u1 ). inherits the
moderateness properties of (U ?’ )e- Note that as already observed in [25] the constant
C does not depend on the initial data so the argument can be iterated to cover the full
interval [0, T'].

We have therefore proven the following general result.
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Theorem 3.2 Let us consider the Cauchy problem

Diu = A(t,x, Dx)u+ L(t,x, Du+ f(t,x), (,x)el0,T]xR",

M(O,x):g(x), x € R,
21
where
Zn—] )\lj(t$-x)Dx alZ(LX, DX)
A(t,x,Dy) = J= J
(1.0 [ 0 S haj(t, 00Dy,

is an upper triangular matrix of first order differential operator and

_ L, x) £, x)
L@ D) = [zm(r,xxm‘ €22(I,X)} ’

is a matrix of pseudo-differential operator of order 0 with £1> of order —1, continuous
with respect to t and such that

(i) all coefficients of A(t,x, Dy) and L(t, x, Dy) are in C([0, T], E'(R™)) with
compact support in x,

(ii) theinitial data g; (x) € £ (R") and the source term f;(t, x) € C([0, T], £'(R™))
with compact support in x fori =1, 2.

Assume that (H1), (H2), (H3) are satisfied. Let the nets of regularised initial data
(gi.e)e and the right-hand side (f; ¢)e be H*T'~'-moderate and C([0, T], H*+~1)-
moderate for i = 1,2, respectively. Then the net of solutions (ug). is a very weak
solution of anisotropic Sobolev type, i.e. u; ¢ is C([0, T, H“H_l)—moderatefori =
1,2.

Remark Note that when regularising a distribution with compact support with a molli-
fier which is also compactly supported we automatically get a moderate net of smooth
functions with compact support and therefore a moderate net of any Sobolev order.

The existence of a very weak solution in the sense of Definition 2.2 follows from
the following corollary.

Corollary 3.3 If (HI) and (H2), (H3) hold then the Cauchy problem (21) has a very
weak solution (ug)e, i.e., a net (ug)e which solves the regularised Cauchy problem
and it is C ([0, T], C*°(R™))-moderate.

Remark Negligible perturbations of the system coefficients and the initial data leads
to a negligible perturbation in the solution. This follows from the fact that our nets
of operators maps negligible nets into negligible nets. For this reason we say that our
Cauchy problem is well-posed in a very weak sense.
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3.3 Special cases of the hyperbolic system in (21)

In this subsection, we analyse some special cases of Theorem 3.2. First, we assume that
the matrix L(z, x, D) of the lower order terms is upper triangular and that A(z, x, Dy)
is either diagonal or in upper triangular form. In both these cases the hypotheses (H1)
and (H2) are sufficient to prove Theorem 3.2.

Corollary 3.4 Let us consider the Cauchy problem (21) with a diagonal matrix of first
order differential operators A(t, x, Dy) and an upper triangular matrix of 0-order
pseudo-differential operator L(t, x, Dy) as

Z’?_l A1j(t, x) Dy, 0 i|
A ta ) D = /= / )
( * X) [ O Z’;:] )"Zj(tv-x)ij
and
|, x) £12(2, x)
L(taanX)_ [ 0 EZZ(I,X)}’
where

(i) all coefficients of A(t,x, Dy) and L(t, x, Dy) are in C([0, T], E'(R™)) with
compact support in x,

(ii) the initial data g; (x) € E'(R") and the source term f;(t, x) € C([0, T], &'(R™))
with compact support in x fori = 1, 2.

Assume that (H1) and (H2) are satisfied. Then the net of solutions (u.). of the reg-
ularised problem is a very weak solution, i.e. (u; ¢) is C([0, T], C*°(R"))-moderate
fori = 1,2 and can be written as

= G?’ggl,g +Grefie+ Gl,e(ﬁlz,eUg,g)
Uz e = G(z),ggz,s +Grefre = Ug,a-

Corollary 3.5 Let the matrices A(t, x, Dy) and L(t, x, Dy) in the Cauchy problem
(21) be both upper triangular.
Let
(i) all coefficients of A(t, x, Dy) and L(t, x, Dy) are in C([0, T], E'(R™)) with
compact support in x,
(ii) theinitial data g; (x) € £ (R") and the source term f;(t, x) € C([0, T], &'(R™))
with compact support in x fori =1, 2.

Assume that (HI) and (H2) are satisfied. Assume that there exist moderate nets of
constants (C(¢)), and (C~1(&)), such that

|0 @ie (2, x,6) — i (t, y,6)| = C(e)|lx — y| for x,y eR", § €R",
10y ie(t, ¥, &) — 0ydic(t. y. M = C(e)[§ —nl for y eR", &, neR", (22)

@ Springer



C. Garetto, B. Sabitbek

foralli =1, 2. Then the net of solutions (u). of the regularised problemis a very weak
solution of anisotropic Sobolev type for all s € R, i.e. (u; )¢ is C([0, T], H”l’l)—
moderate fori = 1, 2 and can be written as

e =GY,81e +Girefie+ Gre((@ne + €12.0)U3,).
Uz e = Ug,g = Gg,ggZ,s + G2,8f2,£’

where Uge is defined in (16).

Remark 1t is important to note that Corollary 3.4 is independent of the hypothesis
(H3) and that Corollary 3.5 only requires the hypothesis on the phase function which
guarantees the right Sobolev mapping properties for our Fourier integral operators.
This is due to the fact that the Banach fixed point theorem is not required for the
proof of Corollaries 3.4 and 3.5. It is also clear that Corollary 3.4 and 3.5 hold for
m x m-systems as well. It is indeed sufficient to formulate the hypotheses (H1) and
(H2) withi = 1, ..., m and assume that (22) holds fori =1, ..., m.

We now focus on 2 x 2-systems where the hypothesis (H3) is needed to prove
the existence of a very weak solution. For the sake of the reader we reformulate
Proposition 5.2 for the operators involved in (H3). This will apply to a scenario where
the matrices A(z, x, D) and L(¢, x, Dy) are not as in the previous two corollaries.
Let ¢; o(t,x,&) = yie(x,1;0)6. We have that if there exists constants C, Cy, Cg
independent of ¢ € (0, 1] such that

[Vie(x,1:0) = yie(y,1;0)| = Clx —y| for t €[0,T], x,y e R",
10y¥ie(y,1:0)- (§ =) = ClE —n| for t €[0,T], y e R", &, neR",

and
109716 (y. 1:0)] < Ca 18,0 (i e (. 1:0) - £)] < Cp, forr €[0,T], y € R",

forl < |a|, |B] <2n+2andi = 1, 2, and the lower order terms £;> . and {31  have
derivatives up to order 2n + 1 which are bounded with respect to the parameter ¢ as
well, then the hypothesis (H3) is automatically fulfilled. This corresponds to a case of
higher regularity of the coefficients which is treated in the next corollary.

Corollary 3.6 Let us consider the Cauchy problem (21) with given a diagonal matrix
of first order differential operators A(t,x, D) and a matrix of 0-order pseudo-
differential operator L(t, x, Dy) as

Zn'—l A1j(t, x) Dy, 0
A t’ ) D = /= / ’
(1.3 b [ 0 Y Aaj(t, x) Dy,
and
_ 0 L@, x)
L(t’anx) - |:521(t,x) 0 }7
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where

(i) the diagonal elements A1j, A2j € C([0,T], Ck+1(R")) for j =1,...,nand
k > 2n + 1 with compact support in x;
(ii) the initial data g(x) € £ (R") and the source term f;(t, x) € C([0, T], E'(R™))
with compact support in x, fori = 1,2;
(iii) the non-diagonal elements £15(t, x), £>1(t,x) € C([0, T], Ck(R™)) with com-
pact support with respect to x.

Then the net of solutions (u¢). of the regularised problem is a very weak solution
of Sobolev type for all s € R, i.e. (u; ¢)e is C([0, T1, H®)-moderate fori =1, 2.

Proof of Corollary 3.6 The enhanced regularity of the coefficients allows (H1), (H2),
and (H3) to be satisfied automatically with constants that do not depend on ¢. Under
assumptions (H1) and (H2), we can express the (1), components as:

Ule = G(l),ggl,s + Gl,efl,s + G1,£(£12,eu2,£)7
Upe = Gg,sgz,a + Goefr,e +Goe(l21 cUte).

By substituting u» . into the equation of u| ., we get
0 0
Ule = U]’g + g]’sul,é"
where

1710,5 = G?,sgl,s +Grefie+Gre(tinoGY ,826) + G (120 Gagefre),
g?,g =G1g0l12:0G2 04001 .

Note that G ? . 18 a zero-order operator. In other words it is not necessary in this specific
case to assume that the entry below the diagonal in the matrix L(z, x, D) is of order
—1. Thus, one can prove that Q?y . has the operator norm in H* strictly less than 1 due
to (H3) and the argument previously seen in (20). Moreover, U 3 . 18 H*-moderate.
By applying the Banach fixed-point theorem, we prove the existence of very weak
solution (41.¢)e, 1.€., (U1,¢)e is C([0, T'], H®)-moderate. Finally, we obtain uy . by
substituting u . into the equation for uy ;. O

4 Consistency and applications

In this section, we prove that our result is consistent with the classical well-posedness
result obtained in [25] when the system is regular enough. In detail, we show that
every very weak solution converges to the classical solution when it exists, namely
when the system has smooth coefficients with respect to x. In addition, we discuss
some examples of physical relevance.
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Theorem 4.1 Consider the Cauchy problem (21), where A(t, x, Dy) is an upper tri-
angular matrix of first-order pseudo-differential operators and L(t, x, D) is a matrix
of zero-order pseudo-differential operators, continuous with respect to t, of the form

er—])"lj(trx)DX‘ 012(t,x,Dx)
A(t,x, Dy) = J= J
(1.0 [ 0 S haj(t, 00Dy,

and
_ L@, x) L, x)
Lt %, Dx) = [em,x)(ml en(z,xJ '

Assume that all coefficients of A(t, x, Dy) and L(t, x, Dy) are continuous in t, smooth
and compactly supported with respect to x, the initial data g;(x) € C°(R") and
fit,x) € C([0, T], C°(R")) fori = 1,2 and s € R. Hence,

(i) the Cauchy problem (21) has a unique solution u with components u; €
C(0,T],CX@®R") fori =1,2;
(ii) the Cauchy problem (21) has a very weak solution (ug)e, i.e., the components
(i ¢)e are C([0, T1, C*°(R™))-moderate fori =1, 2.
(iii) the net u.(t, -) converges to u(t,-) as e — 0 in Lz(Rﬁ) uniformly with respect
tot €[0,T].

Proof of Theorem 4.1 (i) The well-posedness of the Cauchy problem can be derived
from the results presented by the first author, Jih, and Ruzhansky in [25].

(i1) The existence of a very weak solution of anisotropic Sobolev type is obtained
from Theorem 3.2. Note that since the coefficients are smooth the hypotheses (H1)-
(H3) are fulfilled with constants independent of ¢.

(iii) Let (u¢ ), and u be a very weak solution and the classic solution of our Cauchy
problem, respectively. Our argument is independent of the choice of the mollifier and
the scale we are using in our regularisation, so we namely prove that every very weak
solution produced in this way is convergent to the unique classical solution.

We now compare the classical Cauchy problem with solution u, with the regularised
one with solution (u,),. It follows that

Di(ug —u) = Ag(ug —u) + Le(ug —u) + (fe — f) + Re, (8, x) €[0,T] x R",
(ue —u)(0, x) = (g — ) (x), x e R,

where
Re(t,x) =[(Ag — A)(t, x, Dx) + (L — L)(t, x, D) Ju(z, x).
Repeating the argument in Theorem 3.2, we arrive at

Vie=Ul, + Greo(@ne + L) 0 Goe o la1e(Dy) Vi,
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where

Vie=u1e—uy,
U, =GY (81 — 8+ Gre([f1.e — il + Rie)
+ G0 (ain,e +Li2e) 0 [G(z),s(gz,s —82) +Goe(fre — f2) + G2 Ro ],

and

Ry e :=[(A1,e —AD(E, x, Dy)uy + (@12, —ap)uz + i1, — L1Duy + (L12,e — L12)uzl,
Ry e :=[(A2,e —A2)(t, x, Dy)up + (€21, — D)(Dx) " uy + (€22,e — £22)un].

By using the hypothesis (H3) and the Banach fixed-point theorem with CT < 1, we
get

IViell 2@y = IIU?,glle(Rg) +11Greo (@12, +£€12e)0Ga g0 eZ],s(Dx)_lvl,eHLZ(RI;)
< N0 cllp2@ny + CTIVLell 2y

0
= ||U1’5||L2(Rg)-

Note that because of the regularity of the coefficients the operators involved above
fulfill estimates which are independent of the parameter ¢ € (0, 1]. We therefore have
that ||U10,8||L2(R';) — Oase — Osince ||g1.e —gl||L2(Rf;) — 0,11 f1.e —f1||L2(R§) -
0, [Ihie — Aillzowny — 0, [1€) Nan.e — a)lle@axry) — 0, and [|€;, —
LijllLeorny — Ofori, j = 1,2 as & — 0. This gives that |[u; , — ”l||L2(R';) — 0.
From the continuity assumption we have that all the limits above hold uniformly with
respect to ¢ € [0, T]. This yields to ||u, — ’4||L2(R§) — 0 as ¢ — 0 uniformly with
respecttot € [0, T]. O
We conclude this section with the analysis of few examples where the system coeffi-
cients are less than continuous or in general distributions with compact support.

4.1 Examples

For the sake of simplicity we work in space dimension 1. Let us consider the Cauchy
problem

Doy — H(x)Dy aia(t, x, Dy) b, x) Lo, x)
U= u—+ _1 u
0 H(x) D, £21(t, x)(Dx)™" €22(t, x)

u(0,x) = g(x),

where (¢,x) € [0, T] x R, u(0, x) = [g1(x), gz(x)]T with g1, g2 € £'(R) and the
operators aj and ¢;; are pseudo-differential operators of order 1 and O respectively
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continuous with respect to 7. For the moment we assume that only the coefficients
on the diagonal of the matrix A are non-regular, i.e., H is the Heaviside function
(H(x) = 1 forx > 0and H(x) = 0 for x < 0). One could in principle replace
H with any discontinuous but bounded function. Note that already in this situation
the system is not treatable within the classical theory of hyperbolic systems with
multiplicities that as in [25, 26] requires smoothness with respect to the variable x. It
is therefore meaningful to look at the regularised problem and at the net (i), of its
solutions. In detail,

Doy, — | He@)Dx anat. x, Dy) i, x) Lo, x)
tUe = Ug + —1 Ug,
0 H,(x) Dy £21(2, x)(Dx) " 222, x)

ug (0, x) = ge(x),

where

He(x) = (H * Yy (e) (x),
81,e(x) = (g1 % Ve)(x),
82,:(x) = (g2 % V) (x).

We will choose the scale w(¢) later in order to make sure that the hypothesis (H2)
holds.

We can reformulate the regularised problem in terms of Fourier integral operators
follows

e =Gy .81+ Gre((an + L)uze),
Uze = G 826 + Gae(bar(Dx) Mupe).

where

; t . A
G0 gt x) = / A He(ONE o Lig et He0DMT 5 g
R

_ efot ij(r,x+Hg(x)r)drgj’8(x + Ho(x)1),
! . oy . ~
Gj,sfe(t, x) — / / el(X+Hs(X)t)‘§efs ZII(T,X'FHS(X)T)d‘[fe(S’ E)des
0 JR

t
_ / efs[ ij(r,x—&-Hs(x)T)drfg(S’x + H.(x)(t — 5))ds,
0

for j =1,2.

Let us now set o~ !(g) = In(e~!). Note that in this case the assumptions (H1)
and (H2) are immediately fulfilled. Indeed, (H;), is real-valued and moderate and
H] = V() is logarithmic moderate. In addition || He || L>~ < 1.

In the special case when both the matrices of the principal part and the lower
order terms are diagonal the assumption (H3) is not needed. In detail, if ;o = 0 and
L1p = €r; =0, then
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t
e = e EIHHTDIT g, (4 4 H (x)0),

!
Uy = eJo (T xtH: () DodT o) (0 4 H (x)1).

In general for a full matrix L one would need the assumption (H3) to be fulfilled as
well. This is investigated in the following example where we also handle singularities
in time.

Let

Doy — | M1ODx an(t. x. Dy) L@, x) Lo, x)
U = u+ 4 u
0 A2(1) Dy €11, x)(Dx)™" €2(t, x)

u(0,x) = g(x),

where (t,x) € [0,T] x R, A;, i = 1,2, are distributions with compact support in
[0, T'], and the coefficients of the matrix of the lower order terms are distributions
with compact support in ¢ and smooth in x. For the sake of simplicity we assume that
ay € C([0, T, S ((R*)). As usual we have that u(0, x) = [g1(x), g2(x)]” with
g1, &2 € £'(R). Instead of regularising in x this time we regularise in 7 and restrict the
domain of our nets to the interval [0, T'] after regularisation. We obtain

Ae(t)Dy ajnp(t, x, Dy) bitet,x)  L12e(2,x)
Diu, = ug + _ Ug,
0 A2,¢(t) Dy L21,6(t, x)(Dx)™" £ (t, x)
ug(0, x) = go(x),

where

)H',s(t) = A; * Ww(s)’
for ¢t € [0, T']. In order to guarantee that (H1) and (H2) are fulfilled we assume that
the coefficients X; are real valued for i = 1,2 and we regularise the coefficients

Lii, i = 1,2 via a logarithmic scale, i.e., o () = In(e™ ). It is easy to solve the
corresponding Eikonal equation and compute the phase functions ¢; .. Indeed,

t
Gie(t, x, &) = x§ +$/0 Aie(s)ds.
It follows that

|8§'¢i,€(tv-x’§) - ag‘ﬁl’,&‘(t’ yvé)| = |-x _J’| fOr X,y € an E S Rna
|ay¢i,£(t, yvé) - a_)’¢i,€(t7 )’7 77)| = |$ - 77| for y € Rl’l’ E? 77 € Rl’l’

and therefore the net C (¢) required in (H3) is identically equal to 1. In addition, since
the regularisation is not effecting the variable x all the constants involved in (H3) are
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independent of the parameter ¢ are therefore (H3) is trivially satisfied. It follows that
our Cauchy problem is well-posed in the very weak sense.
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Appendix: L2-boundedness of Fourier integral operators
In this appendix we state an important theorem by Ruzhansky-Sugimoto [38] on the

global L? boundedness of FIO for amplitudes which are independent of the variable
x. This theorem will be later applied to integrated FIOs.

Theorem 5.1 (Ruzhansky-Sugimoto [38]) Let operator T be defined by
Tuw = [ [ @ E0D a0 uedyds, 3)

where A(y, &) € Coo(Rg X Rg), and ¢ (v, &) € COO(R’; X Rg’) is a real-valued

function. Assume that |3;‘ BfA(y, &)| is uniformly bounded for |a|, |B| < 2n+ 1. Also
assume that

10 (x,§) — 0 (y,6)| = Clx —y| for x,y €R", § eR",
10y (y,8) — 0yp(y, m| = Cl§ —n| for y eR", &, neR", (24)

and that
10505 (v, §)| < Cas |8y3§¢(y,$)| < Cg, (25)

for 1 < |al,|B| < 2n + 2. Then the operator T is L*>(R")-bounded, and satisfies

7122 <€ sup  [1959f AQ, )o@y,
la],|B1<2n+1 ;

where C' depends on the constants in (24) and (25).

Note that since I'y = I'y = R" in Theorem 5.1, we may write the following
assumption

|det d,dy¢(x, y)| > C >0, forallx,yeR",

@ Springer


http://creativecommons.org/licenses/by/4.0/

Hyperbolic systems with non-diagonalisable principal part...

instead of (24).
Let us now consider operators of the type

t .
Gu(t,x):f/ PN At s, x)ii(s, €)dEds
O n
t . .
- / / / SHXO-E A s Vuls, y)dydEds
0 n n
t
:/ Ku(t,s, x)ds,
0
where
Ku(t,s,X)=/ / PO A s X u(s, y)dydé.

It follows that

t
1GuOllsg) = [ KO lu2qagyds < Ko il oo
= t|K* |2 2l oo ryy L2 (RE) -

In order to apply Theorem 5.1, we compute the adjoint of operator K

(Ku,v):/ / / PEXE=E At s Xu(s, y)dydET(s, x)dx
Rn n Rn

=/ / / el E—ivEA (L, 5, x)V(s, x)dxdEu(s, y)dy

:/ / / e IPUXETIVEN G s x)v(s, x)dxdEu(s, y)dy
= (u, K*v),

where

K*v(t,s,x)=/ / eTETIOCYEA (5, y)u(s, y)dydE.

Now the adjoint operator K* has the same form as the operator 7 in Theorem 5.1.

Proposition 5.2 Let operator K* be defined by

K*u(t,s, x) = X ETICEYE At s vyu(s, y)dyd 26
(t,s,x) (,s, y)u(s, y)dyd§, (26)

where A(t,s,y) € COO(R’;,) is continuous withrespecttot,s € [0, T]and ¢(t, y, &) €
C Oo(]R; X Rg) is a real-valued function continuous with respectto t € [0, T]. Assume
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that |8;/A(s, t, )| is uniformly bounded for |y| < 2n + 1. Also assume that

|ag¢(t,x,%') - aé(l)(t’ ya$)| 2 C|x _y| f()r re [05 T]a X,y ERna E ERn’

|ay¢(t’ yvg) - ay¢(t1 Vs 77)| = C|é - 77| for re [03 T]’ y € Rn? s’ ne Rn»
27)

and that

0y 0 (., y, )| < Ca, |3y3§¢(t,y,§)| < Cg, (28)

forl < |a|, |B| < 2n+2, uniformly with respect to all the variables. Then the operator
K*(t,s, ) is L2 (R")-bounded, and satisfies

sup [|K*(t,s,)||2s;2 <C" sup  sup |I3§7A(t,s,y)I|Lw(R;),
t,s€[0,7] t,5€[0,T] |y|<2n+1

where C' depends on the constants in (27) and (28).
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