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Abstract

Let Q c R"M 5 > 2 bean open set with Ahlfors—David regular boundary satisfy-
ing the corkscrew condition. When €2 is quantitatively connected (i.e., it satisfies the
Harnack chain condition) it is known that for any real elliptic operator with bounded
coefficients, the quantitative absolute continuity of elliptic measures (i.e., its member-
ship to the class A) is equivalent to the fact that all bounded null solutions satisfy
Carleson measure estimates. In turn, in the same setting, it is also known that these
properties are stable under Fefferman—Kenig—Pipher’s perturbations. Nonetheless, it
has been an open problem to show whether, without connectivity, the previous two
conditions remain equivalent or whether there is a Fefferman—Kenig—Pipher pertur-
bation theory. In this paper we settle the question of whether, for general real elliptic
operators in sets without any connectivity assumption, quantitative absolute continuity
of the elliptic measure (expressed via a corona decomposition for the elliptic measure)
and Carleson measure type estimates for bounded null solutions are equivalent. We
show that any of these conditions is also equivalent to the fact that the Green function is
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comparable, in the corona sense, to the distance to the boundary. Our characterization
has profound consequences. First, we extend Fefferman—Kenig—Pipher’s perturbation
result to sets which are not necessarily connected, and this is the first result in this
general setting. Second, in the case of the Laplacian, and more generally for L'-Kenig—
Pipher non-symmetric operators with variable coefficients, our conditions characterize
the uniform rectifiability of the boundary. Last, our results generalize previous work
in settings where quantitative connectivity is assumed.

Mathematics Subject Classification 42B37 - 28A75 - 28A78 - 31A15 - 31BO5 -
35J08 - 35J25 - 42B25 - 42B35
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1 Introduction and main results

The study of the relationship between the geometry of an open set and the absolute
continuity properties of its harmonic measure has attracted considerable interest over
the last century, with remarkable progress over the last two decades. In summary, the
emerging philosophy is that rectifiability along with suitable connectivity hypothesis
is sufficient for absolute continuity of harmonic measure with respect to the surface
measure, and that the rectifiability of the boundary is necessary. The first evidence
comes from F. and M. Riesz [33], who showed that for a simply connected domain
in the complex plane, rectifiability of the boundary implies that harmonic measure is
absolutely continuous with respect to arclength measure on the boundary. The converse
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was established in [2], where it was proved that, in any dimension and in the absence of
any connectivity condition, every piece of the boundary with finite surface measure is
rectifiable, provided surface measure is absolutely continuous with respect to harmonic
measure on that piece.

On the other hand, some connectivity property seems to be necessary for absolute
continuity to occur, since Bishop and Jones in [6] constructed a uniformly rectifiable
set E on the plane and some subset of F with zero arc-length which carries positive
harmonic measure relative to the domain R?\ E. Considering this point, a big effort
has been recently made to understand in what open sets @ C R"*! and for what
elliptic operators L the elliptic measure w; is quantitatively absolutely continuous
with respect to surface measure o := H" | aq On the boundary, which is formulated
as wp € A (o) (cf. Sect.6). One context where this theory has been satisfactorily
developed is that of 1-sided chord-arc domains, that is, open sets which satisfy the
interior corkscrew and Harnack chain conditions (quantitative openness and connect-
edness respectively) with an Ahlfors-David regular boundary. Under such background
hypothesis, for the Laplacian, [3, 11, 22, 23] give a characterization of ® € Ay, (o) in
terms of uniform rectifiability of the boundary (a quantitative version of rectifiability),
which is also equivalent to the fact that 2 satisfies an exterior corkscrew condition and
hence 2 is a chord-arc domain. Recently, in [28] (see also [26] and [29]), these charac-
terizations have been extended to the so-called Kenig-Pipher operators, that is, elliptic
operators with variable coefficients whose gradient satisfies an L?-Carleson measure
condition. On the other hand, in the setting of 1-sided chord-arc domains it has been
established that for general elliptic operators one can characterize w;, € Ax(0) in
terms of the fact that all bounded null solutions satisfy Carleson measure estimates
(cf. [9]). Additionally, the papers [8, 9] extend the fundamental work of [15] to the
setting of 1-sided chord-arc domains and establish that the A, property is stable
under Carleson perturbations. Finally, the 1-codimensional case of [12] establishes
that uniform rectifiability of the boundary is equivalent to the fact that the associated
Green functions for some class of elliptic operators are well approximated by affine
functions.

However, in the absence of the Harnack chain condition, the quantitative absolute
continuity of the harmonic or elliptic measure becomes delicate as can be seen from
the Bishop-Jones counterexample. In [25] (see also [19, 31]) it was shown that in an
open set with Ahlfors-David regular boundary, if the associated harmonic measure
satisfies the weak-A, property (a quantitative version of the absolute continuity)
then the boundary is uniformly rectifiable. This latter property is in turn equivalent
to the fact that all bounded harmonic functions satisfy Carleson measure estimates
or are e-approximable (see [16, 24] and also [5] for a class of elliptic operators with
variable coefficients). Thus, even without strong connectivity assumptions (like in
the Bishop-Jones counterexample), some estimates on harmonic functions—which
in more topologically benign environments are equivalent to the Ao, property of
harmonic measure—remain valid.

The geometrical characterization of the weak-A , property of harmonic measure—
and hence the solvability of the L?-Dirichlet problem for finite p, see for instance
[18]—was obtained in [4]. Assuming that an open set 2 satisfies natural (and optimal
in a certain sense) background conditions (more precisely, interior corkscrew condition
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and Ahlfors-David regularity of the boundary), it is shown that harmonic measure
belongs to weak-A (o) if and only if €2 is uniformly rectifiable and €2 satisfies the
weak local John condition, a condition that guarantees local non-tangential access to
an ample portion of the boundary. Additionally, any of these properties is equivalent
to the fact that Q has “interior big pieces of chord-arc domains”. In this regard we
also mention Azzam [1], who obtained a similar characterization for the stronger Ao,
condition.

The main goal of our present work is to consider open sets with no connectivity
assumption and general elliptic operators. As explained above, the weak-A o, property
is not expected to hold, and we seek to relax it so that the new condition has the
following features. First, it is equivalent to the A, property in better settings. Second,
it gives Carleson measure type estimates for bounded solutions. Third, in the case
of the Laplacian or Kenig-Pipher operators, it allows one to characterize the uniform
rectifiability of the boundary. Last but not least, it is stable under Fefferman-Kenig-
Pipher Carleson perturbations, that is, if the disagreement of two matrices satisfies
a Fefferman-Kenig-Pipher Carleson measure condition, then the desired condition
should be transferable from one operator to the other.

The condition that we consider here is a corona decomposition adapted to the elliptic
measure that appeared implicit in [25], playing a fundamental role in the proof of its
main result, and was formalized in [16] (see also [5]) in a somehow weaker form. This
corona decomposition is a partition of the collection of the dyadic cubes associated
with the Ahlfors-David regular boundary in good cubes and bad cubes where the
good cubes are organized in trees. The collection of bad cubes and the tops of the
trees satisfy a packing condition. And, in each fixed tree, the averages of the elliptic
measure, with some fixed pole at a scale above the top and normalized appropriately,
is comparable to a constant (see Definition 2.6 below). We show that any of the two
versions of this corona decomposition is equivalent to the fact that the Green function
is comparable to the distance to the boundary (with an appropriate normalization) in
the corona sense (see Definition 2.6) or equivalent to partial/weak Carleson measure
estimates for bounded solutions, that is, Carleson measure estimates that only take into
account one of the components of the associated Whitney region (see Definition 2.17).
The precise result is as follows:

Theorem 1.1 Let Q@ C R"T!, n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition, and let Lu = — div(AVu) be a real (not
necessarily symmetric) uniformly elliptic operator. Write wy, and G for the associated
elliptic measure and Green function, respectively. Then the following statements are
equivalent:

(a) wy, admits a strong corona decomposition (cf. Definition 2.6).

(b) wy admits a corona decomposition (cf. Definition 2.6).

(¢c) G is comparable to the distance to the boundary in the corona sense (cf. Defini-
tion 2.6).

(d) L satisfies partial/weak Carleson measure estimates (cf. Definition 2.17).

Theorem 1.1 can be applied to consider Fefferman-Kenig-Pipher perturbations of
elliptic operators extending [9, 15, 30] to sets without any connectivity assumption.
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The result that we state next is, as far as we know, the first Fefferman-Kenig-Pipher
perturbation in open sets which does not assume the Harnack chain condition:

Theorem 1.2 Let Q@ C R"M n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition. Let Lou = —div(AoVu) and Liu =
—div(A1Vu) be real (not necessarily symmetric) uniformly elliptic operators so that
L is a Fefferman-Kenig-Pipher perturbation of Ly, that is, the following Carleson
measure estimate holds:

1 Ao, A1) (X)?
wp L et g,
xea  0(B(x,r)NIR) J/pu.rna 3(X)
O<r<diam(9£2)

where the disagreement between Ag and Ay in 2 is given by

0(Ag, Ap(X) = sup [Ao(Y) — A(Y)|, X €.
YeB(X,8(X)/2)

Then the following statements are equivalent:

(a) wr, admits a (strong) corona decomposition (equivalently, G, is comparable
to the distance to the boundary in the corona sense or L satisfies partial/weak
Carleson measure estimates).

(b) wr, admits a (strong) corona decomposition (equivalently, G, is comparable
to the distance to the boundary in the corona sense or L satisfies partial/weak
Carleson measure estimates).

Much as in [9] we can see that any of the equivalent conditions in Theorem 1.1
can be transferred from L to its transpose L or to its symmetric part L™ when the
matrix of coefficients are regular and some Carleson measure condition is assumed
on its antisymmetric part:

Theorem 1.4 Let @ C R*™™! n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition. Let Lu = — div(AVu) be a real (not
necessarily symmetric) uniformly elliptic operator; let LT denote the transpose of L,

and let L™ = % be the symmetric part of L. Assume that (A—A") € Lip;,.(€2)
and that the following Carleson measure estimate holds

1 // . T 2
sup - |dive(A — A)(X)|76(X)dX < oo,
X€EIQ o(B(x,r)Na2) B(x,r)NQ
0<r<diam(9€2)

(1.5)
where

n+1
diVC(A — AT)(X) = (Za,‘(ai,j —aj,,')(X)> , X S Q.
1<j<n+1

i=1
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Then the following statements are equivalent:

(a) wr, admits a (strong) corona decomposition (equivalently, G is comparable to the
distance to the boundary in the corona sense or L satisfies partial/weak Carleson
measure estimates).

(b) wyT admits a (strong) corona decomposition (equivalently, Gt is comparable
to the distance to the boundary in the corona sense or LT satisfies partial/weak
Carleson measure estimates).

(¢) wpsym admits a (strong) corona decomposition (equivalently, G sym is comparable
to the distance to the boundary in the corona sense or LY™ satisfies partial/weak
Carleson measure estimates).

Back to the Laplacian, by means of Theorem 1.1, we can characterize the uniform
rectifiability of the boundary of an open set with an Ahlfors-David regular boundary
in terms of any of the preceding equivalent properties. In the case of (full) Carleson
measure estimates, [24, Theorem 1.1] shows that any bounded harmonic function in
Rrt1 \ E, with E uniformly rectifiable, satisfies (full) Carleson measure estimates. As a
consequence, if 2 C Rt with 9Q is uniformly rectifiable then all bounded harmonic
functions in €2 satisfy (full) Carleson measure estimates. The reciprocal is obtained
in [16, Theorem 1.3] and the proof uses that uniform rectifiability is equivalent to
the boundedness of the Riesz transform in L2 (cf. [32]). Here we show that with the
help of Theorem 1.1 the argument in [25] can be easily adapted to obtain such a
characterization. We would like to highlight that as a consequence of our result, we
do not need full Carleson measure estimates, that is, partial/weak Carleson measure
estimates suffice. Moreover, using some integration by parts argument from [26] and
exploiting the fact that for “good” coefficients we can invoke Theorem 1.4, one can
reduce matters to symmetric matrices and characterize the uniform rectifiability of
the boundary of an open set with an Ahlfors-David regular boundary in terms of any
of the preceding equivalent properties for a natural class of elliptic operators with
variable coefficients. We would like to emphasize that our result extends [26], where
the Harnack chain condition was assumed, and, more notably, improves [5], where
the authors need a control of the oscillation of the matrix in points that might be in
different connected components (in our case the oscillations are always in a connected
component of the set).

Theorem 1.6 Let Q@ C R"T!, n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition, and let w be the associated harmonic
measure. Then 02 is uniformly rectifiable if and only if w admits a (strong) corona
decomposition. Moreover any of the previous conditions is equivalent to the fact that
G, the associated Green function, is comparable to the distance to the boundary in
the corona sense and/or all bounded harmonic functions satisfy partial/weak (or full)
Carleson measure estimates.

Furthermore, the same equivalences hold for real (not necessarily symmetric) uni-
formly elliptic operators Lu = — div(AVu) with A satisfying one of the following
conditions:
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(@) A € Lip (), [IVAISC) |, (@ < 00 where 8() = dist(, 9R), and

1

sup  —— // IVAX)|dX < co.  (1.7)
xea o (B(x,r)NIR) J/px,nne
O<r<diam(0£2)

(b) A satisfies

1 osc(A, X)
sup @— 2 AdX <00, (1.8)
xea  0(Bx,r)NoR) J/purna 8(X)
0<r<diam(9€2)

where osc(A, X) = sup |[A(Y) — A(2)|, for X € Q.
Y,ZeB(X,8(X)/2)
(c) A is a Fefferman-Kenig-Pipher perturbation (c.f. (1.3)) of the Laplacian or more
generally any of the operators in (a) or (b).

Let us mention that in the previous result the corkscrew condition cannot be
removed, see Remark 5.17 below.

Our last result studies the relationship between the corona decomposition associated
with wy and the Ay, or weak-A, properties. Under strong connectivity, that is, in
1-sided chord-arc domains (see Sect. 6), these notions turn out to be equivalent and,
in view of [9, Theorem 1.1], we conclude that full and partial/weak Carleson measure
estimates are equivalent properties.

Theorem 1.9 Let Q@ C R™! n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition and let Lu = — div(AVu) be a real (not
necessarily symmetric) uniformly elliptic operator.

G) Ifwp € Ag’oeak (o) (cf. Sect.6) then wy, admits a (strong) corona decomposition.
As a result (¢) and (d) in Theorem 1.1 hold.
(i) If Q is a 1-sided CAD (cf. Sect.6), then following are equivalent:

(a) wp € Aso(0) (cf. Sect.6).

(b) wr admits a (strong) corona decomposition

(c) Gy is comparable to the distance to the boundary in the corona sense.
(d) L satisfies partial/weak Carleson measure estimates.

(e) L satisfies full Carleson measure estimates (cf. Definition 2.17).

(iii) Let 2 be a 1-sided CAD and let L be the Laplacian; or a Kenig-Pipher operator,
that is, an operator as in Theorem 1.6 part (a) but where (1.7) is relaxed by
replacing |VA| by |VA|*$(-); or an operator as in Theorem 1.6 part (b) but
where (1.8) is relaxed by replacing osc(A, ) by osc(A, )2 ora Fefferman—
Kenig—Pipher perturbation of one of the previous operators. Then any of the
conditions (a)—(e) is equivalent to the fact that Q2 is a CAD or 0X2 is uniformly
rectifiable.

We would like to observe that in (iii) above we show that uniform rectifiability of the
boundary can be expressed in terms of the fact that the Green function is comparable
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to the distance to the boundary. This result should be compared with [12] where the
authors compare the Green function with the distance to an n-dimensional hyperplane.

The paper is organized as follows. In Sect.2, we present some preliminaries, defi-
nitions, and some background results that will be used throughout the paper. Section 3
is devoted to proving our main result, Theorem 1.1. In Sect.4 we prove Theorems 1.2
and 1.4. These results turn out to be particular cases of a more general result, Theo-
rem 4.1, which is interesting on its own right. The proof of Theorem 1.6 is given in
Sect. 5, where the argument is just sketched because our results allow us to reduce
matters to an argument essentially contained in [25]. Finally, in Sect. 6 we obtain The-
orem 1.9, where for part (ii) the open set satisfies the Harnack chain condition, in
which case “the change of pole formula” is at our disposal.

2 Preliminaries
2.1 Notation and definitions

e Our ambient space is R > 2.

e We use the letters ¢, C to denote harmless positive constants, not necessarily
the same at each occurrence, which depend only on dimension and the constants
appearing in the hypotheses of the theorems (which we refer to as the “allowable
parameters”). We shall also sometimes write a < b and a &~ b to mean, respec-
tively, that a < Cb and 0 < ¢ < a/b < C, where the constants ¢ and C are
as above, unless explicitly noted to the contrary. Moreover, if ¢ and C depend on
some given parameter 7, which is somehow relevant, we write a <, b and a =, b.
At times, we shall designate by M a particular constant whose value will remain
unchanged throughout the proof of a given lemma or proposition, but which may
have a different value during the proof of a different lemma or proposition.

e Given E C R*! we write diam(E) = sup, yeg [x — y| to denote its diameter.

e Given an open set Q2 C R"t1 we shall use lower case letters x, y, z, etc., to denote
points on 9€2, and capital letters X, Y, Z, etc., to denote generic points in R+1
(especially those in €2).

e The open (n + 1)-dimensional Euclidean ball of radius » will be denoted B(x, r)
when the center x lies on 9€2, or B(X, r) when the center X € ]R"‘H\BSZ. A
“surface ball” is denoted A (x, r) := B(x, r) N <2, and unless otherwise specified
it is implicitly assumed that x € 2. Also if €2 is bounded, we typically assume
that 0 < r < diam(9€2), so that A = 9Q if diam(32) < r < diam(9€2).

e Given a Euclidean ball B or surface ball A, its radius will be denoted by rp or ra
respectively.

e Given a Euclidean ball B = B(X, r) or a surface ball A = A(x, r), its concentric
dilate by a factor of k > 0 will be denoted by k B = B(X, kr) ork A = A(x, kr).

e For X € R"! we set §(X) := dist(X, Q).

o We let H" denote the n-dimensional Hausdorff measure, and let o = H"|yq
denote the surface measure on 9€2.
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e ForaBorelset A C R"T! we let int(A) denote the interior of A, and ‘A denote the
closure of A. If A C 9%, int(A) will denote the relative interior, i.e., the largest
relatively open set in d€2 contained in A. Thus, for A C 9€2, the boundary is then
well defined by dA := A\ int(A).

e For a Borel set A C 9Q with 0 < o0(A) < o0, we write fA fdo =
oA~ [, fdo.

e We shall use the letter 7 (and sometimes J) to denote a closed (n + 1)-dimensional
Euclidean cube with sides parallel to the coordinate axes, and we let £(/) denote
the side length of 7. We use Q to denote dyadic “cubes” on 2. The latter exist,
given that 9€2 is Ahlfors-David regular (see [13], [10], and enjoy certain properties
which we enumerate in Lemma 2.19 below).

e We will use the symbol | | to denote a union comprised of pairwise disjoint sets.

Definition 2.1 (Ahlfors—David regular) We say that a closed set E C R"*! is n-
dimensional Ahlfors-David regular (or simply ADR) if there is some uniform constant
C > 1 such that

C'"" < H"(ENB(x,r) <Cr', VxekE,re(0,2diam(E)).

Definition 2.2 (Uniformly Rectifiable) A set E C R"*! is uniformly rectifiable (or
simply UR) if it is ADR and has big pieces of Lipschitz images of R"” (BPLI for
short). The latter means that there exist &, M > 0 such that for every x € E and
r € (0, diam(E)) there is a Lipschitz mapping p = px, : B,(0,r) C R" — Rl
with Lip(p) < M such that

H'(E N B(x,r)N p(B,(0,r))) >06r".

When E = 92, we shall sometimes simply say that “S2 has the U R property" to mean
that 02 is UR.

Definition 2.3 (Corkscrew condition) We say that an open set @ C R"*! satisfies the
corkscrew condition if for some uniform constant ¢ € (0, 1), and for every surface
ball A := A(x,r) withx € 9Q and 0 < r < diam(9S2), there is a ball B(Xa, cr) C
B(x,r) N Q. The point X5 € Q is called a “corkscrew point” relative to A. We
note that we may allow r < C diam(9<2) for any fixed C, simply by adjusting the
constant c.

We remark that the corkscrew condition is a quantitative, scale-invariant version of
openness.

Once we have stated our main results, we give the precise definitions of all the
previous concepts so to have a rigorous idea of what we are handling. First of all we
proceed to define what we understand by the different corona decompositions present
in Theorems 1.1 and 1.9.

Definition 2.4 Let Q@ C R*T! n > 2, be an open set with Ahlfors-David regular
boundary and let D := D(9€2) denote a dyadic grid on 92 (cf. Sect.2.2).

e A subcollection S C D is semi-coherent if the following properties hold:
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(a) S contains a unique maximal element, denoted by Top(S), which contains all
other elements of S as subsets, that is, if Q € S then Q C Top(S).
(b) If Q e Sand Q C Q' C Top(S), then Q" € S.

e A subcollection S C ID is coherent if it is semi-coherent and additionally satisfies
that for every Q € S either all of its children belong to S, or else none of them do.

e A semi-coherent (resp. coherent) corona decomposition with constant My > 1
is a triple (B, G, IF), where B and G are two subsets of D (the “bad cubes” and
the “good cubes”) and F is a family of subsets of G which satisfy the following
conditions:

(2 D=G||B.

(b) G = | Igp S, where each S is semi-coherent (resp. coherent).

(c) The collection B and the family of top cubes Top(IF) := {Top(S) : S € F}
satisfy a Carleson packing condition:

o (Q) + —— (0" | < M.
2(0)

sup )
oep \ 0(Q Q'eB:Q'CQ 0/ eTop(F):0'CQ

Let (Bg, Go, Fp) be a semi-coherent corona decomposition with constant My > 1.
As observed in [14, pp. 56-57], there exists a different partition F; of Gg such that
(Bo, Go, [F1) is a coherent corona decomposition with constant M| > 1 depending on
n, Ahlfors-David regularity, and My; and, additionally, for every S € [y, there exists
S’ € Fy such that S C S'.

Given N > 0 we say that two cubes Q1, Q> € D are 2N _close if

27N Q1) < €(Q2) <2V 0(Q1),  dist(Q1, Q) <2V (£(Q1) + £(Q2)).

With this definition in mind, for every N > 0 we can invoke [14, Lemma 3.26] to find
a new coherent corona decomposition (B, G, F) (depending on N) so that for every
S € F there exists S’ € F; such that

Sc U {0 eD: Qand Q'are2" close} C §.
QeS

Moreover, the associated constant for the new corona decomposition depends on 7,
Ahlfors-David regularity, N, and M. Putting everything together one has the follow-
ing:

Lemma 2.5 Let (By, Go, Fo) be a semi-coherent corona decomposition with constant
Mgy > 1. For every N > 0, there exists a coherent corona decomposition (B, G, IF)
(depending on N ), called the 2N -refinement of (Bo, Go, Fo), such that the associated
constant depends on n, Ahlfors-David regularity, N, and My; and, moreover; for every
S € F there exists S’ € Fy such that

S CS(N) := U {0'eD: Qand Q' are2V -close} C S'.
QeS
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Definition 2.6 Let 2 C R"*! n > 2 be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition, and let Lu = — div(AVu) be a real
(non-necessarily symmetric) uniformly elliptic operator. Denote by w; and G the
associated elliptic measure and the Green function respectively. Let D := D(9€2)
denote a dyadic grid on 9€2.

(i) We say that w; admits a (coherent/semi-coherent) strong corona decomposition
if there exists a (coherent/semi-coherent) corona decomposition (B, G, F) such
that for each S € IF there exist Qg € D and Xg € Q with

Top(S) C Os,  8(Xs) ~ £(Qs) ~ dist(Xs, Os), 2.7

and

Xs Xs 2 Xs
wL(Qs)<wL(Q)<<][MXSId)<a)L(Qs) vocs
o(0s) ~ o ~\[J,Mede ) S i YeEs

(2.8)

(ii)) We say that w; admits a (coherent/semi-coherent) corona decomposition if there
exists a (coherent/semi-coherent) corona decomposition (B, G, F) such that for
each S € IF there exist Qg € D and Xg € Q with

Top(S) C Os.  8(Xs) = £(Qs) ~ dist(Xs, Os), 2.9

and

0% (08) _ 0% (Q) _ w;328g) _ ;*(Qs)

~ , v S 2.10
0 (0s) ~ 0@ ~ 0@k ~ olgy = 2% @10

(see (2.21) for the definition of A ).

(iii) We say that G, is comparable to the distance to the boundary in the corona sense
if there exists a (coherent/semi-coherent) corona decomposition (B, G, F) such
that for each S € F there exist Ag > 0, Og € D, and Xg € Q with

Top(S) C Os,  8(Xs) =4EL(Qs),  dist(Xs, Qs) S €(Q0s),
@2.11)

and

GL(Xs. X) _

500 As, YQ €S, (2.12)

Xe2Bpna
$(X)zc(Q)
for some ¢ € (0, %) (see (2.21) for the meaning of EQ and the parameter E).

In the previous conditions it is understood that the implicit constants are all uniform,
that is, the same constant in each estimate is valid for all Q € S and for all S € F.
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Remark 2.13 In the previous definitions, we may always assume that the corona
decompositions are formed by coherent subregimes. As a matter of fact, if (B, G, IF)
is a semi-coherent corona decomposition with constant My as in (i) (the cases (ii) and
(iii) are treated identically) we can invoke [14, pp. 56-57], to see that there is a dif-
ferent partition F’ of G such that (B, G, F’) is a coherent corona decomposition with
constant M; > 1 depending on n, Ahlfors-David regularity, and Mo; and, additionally,
for every S € I, there exists S € F such that S C S. Then, given S € F', we take
S e F such that S C S. Set Os := Qg and Xg := Xg. Since S C S we have that
Top(S) C Top(S) C Qg = Qs and the other two condmons in (2.7) follow automati-
cally by construction. The same occurs with (2.8), which holds for the cubes in S, thus
for those in S. This shows that w;, admits a coherent strong corona decomposition.

The same can be done with (ii) and (iii) (details are left to the interested reader),
hence from now on in the previous definitions we will drop the adjective “coherent”
or “semi-coherent”, with the understanding that, if needed, the corona decomposition
we start with can be formed by coherent subregimes.

Remark 2.14 One can also refine the corona decompositions in the previous definitions
so that the required conditions not only hold for the cubes in the good sub-regimes but
alsoin all the nearby cubes. More precisely, let (Bg, Gg, Fo) be acorona decomposition
with constant My as in (ii) (the cases (i) and (iii) are treated identically). Taking into
account Lemma 2.5 for every N > 0 we can then find (B, G, F), the 2N _refinement
of (B, Go, Fp), which is a coherent corona decomposition with associated constant
depending on n, Ahlfors-David regularity, Mo, and N. Moreover, for every S € F
there exists S’ € Fp such that S € S(N) C §'. Set Qs := Qg and Xg := Xg. Write
Q™) for the N-th dyadic ancestor of Q (that is the unique dyadic cube containing
Q and with sidelenth 2V £(Q)). It is clear that Top(S)™ and Top(S) are 2" -close.
Hence, Top(S)™ e S(N) c 8’ and Top(S) C Top(S)M) < Top(S') C Qg = Os.
The other two conditions in (2.9) follow by construction and we have

Top(S) C Top(H)™ € Qs,  8(Xs) ~ £(Qs) ~ dist(Xs, Os),

Finally, since S(N) C S’ and by construction Qs = Qg and Xg = Xg/, we have

0, 3(0s) _ 0%(Q) _ 0°Q2Rg) _ w]*(Qs)
09 ~ 00 ~ 0@Rg) ~ a(Qs)

Y 0 € S(N).

This means that we can refine the initial corona decomposition so that for every new
good sub-regime S the desired property holds for every Q € S(N), that is, for all the
cubes that are N-close to the ones in S. Also, £(Top(S)) < 2~V £(Qs). Of course the
same can be done with the other two definitions, the precise statements are left to the
interested reader.

Remark 2.15 The reader may wonder whether in (i), (ii), or (iii) it would have been rea-
sonable or convenient to impose Bourgain’s estimate for the family of poles {Xs}scF,
that is, whether for each S € F one would have needed to assume wa(Qs) 2 1.
As we will show below, see Remark 3.43, at the cost of possibly changing the given
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corona decomposition, we may always assume (in each of the items in the definition)
that wfs(Qs) 2> 1forevery S € F.

Remark 2.16 We would like to emphasize that from the proof of Theorem 1.1 it follows
that assuming any of the conditions (a)-(d) (hence, all of them), then one gets an
explicit expression for the parameter Ag in (iii), indeed the argument reveals that

As = 0;5(0s)/0(Qs).
Definition 2.17 Let @ ¢ R"*! n > 2, be an open set with Ahlfors-David regular
boundary satisfying the corkscrew condition, and let Lu = — div(AVu) be a real
(non-necessarily symmetric) uniformly elliptic operator. Let D := D(d€2) denote a
dyadic grid on 9€2.

(i) We say that L satisfies full Carleson measure estimates if

sup // IVu(X) P80 dX S lull g
xeaq " B(x,r)NQ
O<r<oo

for every bounded weak solution u € W1 (Q) N L*°() of Lu = 0in Q.

(i) We say that L satisfies partial/weak Carleson measure estimates (with parameter
T € (0, %))1 if for every Q € DD there exists Pg € Q with §(Pg) ~ £(Q) ~
dist(Pgp, Q) such that

sup |Vu(X)| 3(X)dX < ||u|| 00 (Q)»
Qoe]DJ U(Qo) //B(PQ (1-1)8(Pg)) e

for every bounded weak solution u € W1 (Q) N L%°(2) of Lu = 0in .
Remark 2.18 Much as in Remark 2.15, at the cost of possibly changing the collection

of points {Pg}pen, we may always assume that a)fQ(Q) = 1 for every Q € D, see
Remark 3.43.

2.2 Dyadic grids and sawtooths

We give a lemma concerning the existence of a “dyadic grid”, which was proved in
[10, 13, 14].

Lemma 2.19 Suppose that E C R"*! is an n-dimensional ADR set. Then there exist
constants C1 > 1 and y > 0 depending only on n and the ADR constant such that,
for each k € Z, there is a collection of Borel sets (cubes)

Dy ={0f CE:jel

1 Regarding Theorem 1.1, in (c) = (d) we actually show that partial/weak Carleson measure estimates
hold for every t € (0, %), and for (d) = (a) one just needs some fixed t, provided it is small enough
depending on n, Ahlfors-David regularity, and ellipticity, namely, 0 < t < 7 with 7 from Lemma 2.38. In
turn, Theorem 1.1 shows a posteriori that partial/weak Carleson measure estimates for some fixed parameter
71 implies the same property for all values of 7 provided 7 is sufficiently small depending on the allowable
parameters.
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where Ji denotes some (possibly finite) index set depending on k, satisfying:

(@) E=J; Q’;.,foreach k eZ.
(b) If m < k, then either QF C Q"' or Qf N Q7 = 0.

(c) Foreachk € Z, j € Jk, and each m < k, there is a unique i € Ji such that

0% cor.
(d) Foreachk € Z, j € Ji, there is x’; € E such that

B(xy, 727 NE c Q) c BGx§, €127 NE.

(e) H"({x e Q’;. - dist(x, E\Q’;) <27%1) < CerH”(Q’]‘.)for allk € Z, j € 31,
andt € (0, 1).

A few remarks are in order concerning this lemma.

e In the setting of a general space of homogeneous type, this lemma has been proved
by Christ [10], with the dyadic parameter 1 /2 replaced by some constanté € (0, 1).
In fact, one may always take § = 1/2 (cf. [27, Proof of Proposition 2.12]). In the
presence of the Ahlfors-David property, the result already appears in [13, 14].

Since in the present scenario we have that diam(A(x, r)) =~ r we clearly have
that if E is bounded and k € Z is such that diam(E) < C 27k, then there cannot
be two distinct cubes in Dg. Thus, Dy = {Q*} with Q¥ = E. Therefore, for our
purposes, we may ignore those k € Z such that 27% > diam(E), in the case that
the latter is finite. Hence, we shall denote by ID(E) the collection of all relevant

Qk., i.e.,

D(E) := U Dy,

keZ

where, if diam(FE) is finite, the union runs over k > —kg with 2k ~ diam(E) and
there exits Q € D_y, sothat £ = Q.

For a dyadic cube Q € Dy, we shall set £(Q) = 27% and we shall refer to this
quantity as the “length” of Q. Evidently, £(Q) ~ diam(Q). We set k(Q) = k to
be the dyadic generation to which Q belongs if Q € Dx; thus, £(Q) = 2=k,
One can easily see that if O € Dy and Q' € Dy with Q C Q' then necessarily
k' < k. However, it is possible to have two cubes Q € Dy and Q' € Dy, such
that k # k' and Q = Q’. In that case the ADR condition implies that k ~ k’. To
avoid some technicalities whenever we write Q@ C Q' we will understand (unless
otherwise is specified) that matters are organized so that Q € Dy, Q' € Dy, and
K <k.

Write & = 2C12. Property (d) implies that for each cube Q € D, there is a
point xp € E, a Euclidean ball B(xgp,rp) and a surface ball A(xg,rg) =
B(xg,rp) N E, with 2 Q) < ro < £(Q) (indeed rp = 2C)~1(Q)), such
that

A(xg,2rp) C Q C A(xg, Erg), (2.20)
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We shall write

€Q = B(xg,ro), éQ = A(xg,rg), 221)
BQ = B()CQ, ErQ), AQ = A()CQ, EFQ),
and we shall refer to the point xo as the “center” of Q.

e Let Q € Dy and consider the family of its dyadic children {Q’ € D41 : Q' C Q}.
Note that for any two distinct children Q’, Q”, one has [xg —xor| = ror = ror =
ro/2,otherwise xor € Q"NA g C Q”"NQ’, contradicting the fact that Q" and Q”
are disjoint. Also xgr, xgr € Q C A(xg, rg), hence by the geometric doubling
property we have a purely dimensional bound for the number of such xo/ and
hence the number of dyadic children of a given dyadic cube is uniformly bounded.

We next introduce the notation of “Carleson region” and “discretized sawtooth”
from [22, Section 3]. Given a dyadic cube Q € ID(E), the “discretized Carleson
region” D relative to Q is defined by

Dy :={Q € D(E): Q' C Q).

Let F = {Q;} C D(E) be a family of pairwise disjoint cubes. The *“global discretized
sawtooth” relative to F is the collection of cubes Q € ID(E) that are not contained in
any Q; € F, thatis,

Dy := D(E)\ U Dy, .
QjE]:

For a given cube O € ID(E), we define the “local discretized sawtooth” relative to F
as the collection of cubes in D that are not contained in any Q ; € F or, equivalently,

D7, := Do\ | J Dg; =DrNDy.
QjeF

We also introduce the “geometric” Carleson regions and sawtooths. In the sequel,
Q c R*! n > 2, is an open set with ADR boundary and satisfying the corkscrew
condition. Given Q € D := D(92), we define the “corkscrew point relative to Q” as
X = Xa,. We then note that

(X ) = dist(X g, Q) ~ diam(Q).

Our next goal is to define some associated regions which inherit the good properties
of Q. Let W = W(R2) denote a collection of (closed) dyadic Whitney cubes of €2,
so that the cubes in W form a covering of 2 with non-overlapping interiors, which
satisfy

4diam(/) < dist(47, 02) < dist(/, 0Q2) < 40diam(/), VI e W,
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and also
(1/4) diam(I;) < diam(/p) < 4diam(/;), whenever /1 and I touch.

Let X (1) be the center of / and £(/) denote the sidelength of /.
Given 0 < X < l and I € W, we write [* = (1 + A)[ for the “fattening” of /. By
taking A small enough, we can arrange matters, so that for any 7, J € W,

dist(I*, J*) ~ dist(I, J),
int(I*) Nint(J*) # 0 <= 01 N dJ # 0.

(The fattening thus ensures overlap of I* and J* for any pair I, J € W whose
boundaries touch, so that the Harnack chain property then holds locally, with constants
depending upon A, in 7* N J*.) By choosing A sufficiently small, say 0 < A < A,
we may also suppose that there is a T € (1/2, 1) such that for distinct I, J € W,
we have that tJ N I* = (. In what follows we will need to work with the dilations
I'* = (14201 or I'™* = (1 +4X)I, and in order to ensure that the same properties
hold we further assume that 0 < A < A¢/4.
Given ¥ € N, for every cube Q € D we set

W) = {1 eW:277¢(Q) < ¢(I) <2”¢(0Q), and dist(I, Q) <2”¢(0)}.
(2.22)

We will choose ¢+ > ¥y, with 99 > 6+log, n large enough depending on the constants
of the corkscrew condition (cf. Definition 2.3) and in the dyadic cube construction (cf.
Lemma 2.19), so that X € I for some I € W’é, and for each dyadic child Q/ of

Q, the respective corkscrew points X € [ J for some I/ € W’é. Given I € W
with £(1) < diam(9€2) and let Q7 be one of the nearest dyadic cubes to I so that

(1) = €(Q7). Clearly, dist(I, Q7) < 40v/n+ 1£(I) = 40+/n + 1£(Q7). Hence
I e WIZ),’; since ¥ > ¥y.

Given Q € D we define its associated Whitney regions U g and U g (not necessarily
connected) as

Yo * A sk
uy= 1. ugt=J 1
IEWZZ IeW‘é

For a given Q € D, the “Carleson boxes” relative to Q are defined by

9. v D% - D%
TQ = int U UQ, , TQ = int U UQ,
Q'eDg Q'eDg
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For a given family F = {Q ;} of pairwise disjoint cubes and a given Q € D, we define
the “local sawtooth regions” relative to F by

v b2 Ok L 0%
Qf,Q = int U UQ/ , Qf’Q = int U UQ,
Q/ED}".Q Q/E]D)}',Q

Following [22], one can easily see that there exist constants 0 < x; < 1 and
ko > 16E (with E the constant in (2.20)), depending only on the allowable parameters
and on ¥, so that

- _ 1 _
BoNQCTY CT)* CTY™ CcTYy™ CroBoNQ=: -B5NQ, (223

K1Bo 0o C 1y 0 o CroBo > Bo (2.23)
where B is defined as in (2.21).

We recall that €2 is an open set with ADR boundary and this allows us to define
the open set Q' := R"*1\9Q whose boundary is Q' = 9. One can then proceed
as above and define the associated local sawtooth regions (2’ )g- 0 with respect to '
(that is, we now have some underlying Whitney decomposition for " which agrees
with W(€2) when restricted to €2). In [24, Proposition A.2] it was shown that all
( )% 0 have ADR boundaries and the constants are uniform and depend on n, the
ADR constant of 92" = 32, and ¥. One can easily see that BSZ 7o C (Y )f 0 since

Qﬁ Fo= =(Q ) 7.0 N 2. Thus, it is trivial to obtain that all local sawtooth regions Q
have boundary satisfying the upper ADR condition (that is only the upper estlmate)
albeit with bounds that are uniform and depend on 7, the ADR constant of €2, and
¥. In short we have the following:

Lemma2.24 Let @ C R*L n > 2, be an open set with Ahlfors-David regular
boundary sattsfymg the corkscrew condition. For every v > vy, all sawtooth domains
Qz- 0 and Q have upper ADR boundary (that is, they satisfy the upper bound
in Definition 2 1 ). Moreover, the implicit constants are uniform and depend only on
dimension, the ADR constant of 92 and the parameter ¥.

Lemma 2.25 Given ¢, t € (0, %) there exist ¥, C > 1 (depending on n, ADR, T,
and c¢) with the following significance: for every Qo € D, every pairwise disjoint
collection F C Do, and every sequence {Po}geny o S0 that Pg € 2 Bg N K2 with
8(Pg) = c£(Q) there hold

U Bo.-nsonc |J U ICint< U UZ)=Q’%QO-

0€Dr g, €Dy g, IeVV‘é €Dy g,

and

Z 15(Py.(1-1)5(Pg)) < C1go
QED}"QO

fQ'
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Proof For each Q € Dr, g, write Vg := B(Pg, (1 — 1)6(Pp)). Let I € WWbe such
that I N Vg # . Taking Zp € I N Vp we note that

U(I) ~ 8(Zg) =1 8(Pg) = £(Q),

where the implicit constants depend on t and the parameter ¢, and the other allowable
parameters. Besides,

dist(, Q) < |Zg — Pgl+ |Pg —xg| < (1 —1)8(Pg) +2EBrg S £(Q)
where the implicit constant depends on the allowable parameters. This means that we

can find ¥ > 1 (depending on n, ADR, 7, and ¢) such that [ € Wlé (cf. (2.22)). Asa
consequence,

U vec U U 1

QGD}jQO QEID)]:,QO IeW:INVo#P
C U U ICint< U Ug):ﬂ%QO.
Q€Dr.gy 1eW), QeDr, g,

To complete the proof let X € Upep, % Vo and pick Q € Dg g, so that X € Vg

with Q € Dg g,. Note thatif X € V’Q for Q' € D g,, then £(Q) ~; 8(X) ~; £(Q)
and

dist(Q, Q') <lxg — Pol+|Pg — X|+|X — Po/| + |Pg' — xo| S £(Q) + £(Q)),

thus Q and Q’ are 2N _close with a uniform constant N depending just on n, ADR, ,
and c. As a result,

Z 1y, (X) = #{Q' €Dz, : VoraX) <#{Q' €D: Q and Qgare2" -close}
Q’ED}jQO
Snl

This completes the proof. O

We need the following auxiliary which adapts [26, Lemma4.44] and [7, Lemma 6.4]
to our current setting. The proof is the same as that of [7, Lemma 6.4] and details are
left to the interested reader.

Lemma 2.26 Let 2 C R* n > 2, be an open set with Ahlfors-David regular bound-
ary satisfying the corkscrew condition. Given Qo € D, a pairwise disjoint collection
F C Doy, and M > 4 let Fy be the family of maximal cubes of the collection F
augmented by adding all the cubes Q € Do, such that £(Q) < 27M Qo). There
exist Wy € €° (R"*1Y and a constant C > 1 depending only on dimension n, the
corkscrew and ADR constants, but independent of M, F, and Qg such that the follow-
ing hold:
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(i) C~ llm < Wy < 1919*
M-20
(ii) supycq |V\I/M(X)| §(X) < C
(iii) Setting WM = {I € WﬂM :3J € W\WﬁM withdl N dJ # @} and

Wy = J W
QED}'M_QO

one has

VU, =0 in U 1%,

TeW) \W=

and there exists a family {@ 1}y W SO that
M

clun =uQp=cun, disul,0np=cun, Yy 15 =C.

2.3 PDE estimates

Now we recall several facts concerning the elliptic measures and the Green functions.
For our first results we will only assume that Q C Rt n > 2 isan open set, not
necessarily connected, with 92 being ADR. Later we will focus on the case where 2
is a 1-sided CAD.

Let Lu = —div(AVu) be a variable coefficient second order divergence form
operator with A(X) = (a; j(X ))7+l | being areal (not necessarily symmetric) matrix
witha; j € L®(Q) for 1 <i, j <n+1,and A uniformly elliptic, that is, there exists
A > 1 such that

EP < AXE-& and  |AX)E 0| < AJE]In],

for all £, n € R"*! and for almost every X € Q.

In what follows we will only be working with this kind of operators, we will refer
to them as “elliptic operators” for the sake of simplicity. We write L to denote the
transpose of L, or, in other words, LTu=— diV(ATVu) with AT being the transpose
matrix of A.

We say that a function u € WIL’Cz(Q) is a weak solution of Lu = 0 in 2, or that
Lu = 0 in the weak sense, if

// AX)Vu(X) - VO(X) =0, VI e EX(Q).
Q

Here and elsewhere 6°° (£2) stands for the set of compactly supported smooth functions
with all derivatives of all orders being continuous.
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Associated with the operators L and LT, one can respectively construct the elliptic
measures {a)i(}XEQ and {wa}XEQ, and the Green functions G, and G 7 (see [21]
for full details). We next present some definitions and properties that will be used
throughout this paper.

The following lemmas can be found in [21].

Lemma 2.27 Suppose that @ C R"™ 1, n > 2, is an open set such that dQ is ADR.
Given an elliptic operator L, there exist C > 1 (depending only on dimension and on
the ellipticity of L) and cy > 0 (depending on the above parameters andon 9 € (0, 1))
such that G, the Green function associated with L, satisfies

GLX,Y)y<C|lXx—-vI'™ (2.28)

ol X =YY" <GL(X,Y), ifIX—Y|<68X),0¢€,1); (2.29)
Gr(.Y) e COQY) and GL(-,Y)|pa =0,VY € Q; (2.30)
GL(X,Y)>0, VX, Y €Q, X #Y; (2.31)
GL(X,Y)=G,7(Y.X), VX, Y €Q, X #7. (2.32)

Furthermore, G (-,Y) € WIL’CZ(Q\{Y})for every Y € Q, and satisfies LG(-,Y) =
Sy in the weak sense in Q, that is,

// AX)VxGL(X,Y) - VO(X)dX = ®(Y), VP e EZ(Q). (2.33)
Q
Finally, the following Riesz formula holds
// AT(Y)VYGLT(Y, X)-VO(Y)dY = &(X) —/ def, (2.34)
Q Ele}

fora.e. X € Q and for every ® € € (R"1).

Lemma 2.35 Suppose that @ C R"*, n > 2, is an open set with ADR boundary.
Let L be an elliptic operator. There exists a constant C > 1 (depending only on the
dimension, the ADR constant and the ellipticity of L) such that we have the following
properties:

(a) Foreveryx € 02 and 0 < r < diam(9S2) there holds
ol (Ax, 1) >1/C, VY e QN B(x,C'r). (2.36)

(b) Given X,Y € Q such that |X — Y| > 6(Y)/2, then

GLX,Y) _ . op(AG,25(1))

< — (2.37)
3(Y) o (A(Y,248(Y)))

withy € Q such that |Y — | = 8(Y).
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© If0<uce WIL’CZ(BO N Q) N % (By N Q) satisfies Lu = 0 in the weak-sense in
BoNQandu =0 in Ag then

|X —xol\" 1
uX)y<C|—— sup u(Y), VX € —ByN Q.
7o YeBonS: 2

Lemma 2.38 [5, Lemma 3.3] There exists a small enough parameter tg € (0, %)
(depending on n, ADR and ellipticity) such that given 0 < t < 1 there exists €; > 0
small enough (depending on the same parameters and additionally on t), so that for
each Q e D, e € (0,¢;], Yp € %BQ N Q (cf (2.21)) with §(Yg) =~ €£(Q), and for
each Borel set Eg C Q satisfying

0,%(Eg) > (1 — ) 0,2(Q),

there exists a Borel function 0 < fo < 1, so that
ug(X) :=/ fodwf, XeQ,
Eg

satisfies ug € W]]O’CZ(Q), Lug = 0in the weak sense in 2, and

// IVug(X)?8(X) Zre 0(Q),
B(Yp,(1-1)8(Yp))

where the implicit constants depend on n, ADR, ellipticity, t, and €.

2.4 Auxiliary results

Much as in Definition 2.4, and fixed Qo € DD a semi-coherent corona decomposition
relative to Qo with constant My > 1 is a triple (Bgp,, Gg,, Fg,) where Do, =
Go,UBg,, the “good” collection G g, is further subdivided so that G o, = USe]FQO S,
with each S being semi-coherent, and the “bad” collection By, and the family of top
cubes Top(Fg,) := {Top(S) : S € Fp,} satisfy the Carleson packing condition:

1 / 1 /
sup |~ > @+ 5 Y. o@)] =M

QeDg, Q'eBg,NDy Q'€Top(Fg,)NDg

Proposition 2.39 Suppose that there exists My > 1 such that for every Q € D there is
Bo, G, Fp), a (coherent/semi-coherent) corona decomposition relative to Q with
constant My > 1. Then, there exists a (coherent/semi-coherent) corona decomposition
(B, G, F) with constant Mo+ C (where C depends on dimension and the ADR constant)
so that it is compatible with the given ones, that is, any coherent/semi-coherent sub-
regime S € I belongs to F for some Q € D.
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Proof If 9€2 is bounded, as observed above we have that D = Do, for some Qg € D
with £(Qo) ~ diam(9€2). Thus, by hypothesis there exists a (coherent/semi-coherent)
corona decomposition, (Bp,, Gg,, Fg,), relative to Qo and with constant My > 1.
The desired conclusion follows atonce by setting G := Gg,,B := Bg,,andF :=Fg,.

We are now going to deal with the case d€2 unbounded, which requires a bit more
work. Fix xg € 92 and some Qg € DD such that xg € Qg and £(Qo) = 1. For
k > 0, call Q(()k) € D the k-th dyadic ancestor of Qy, that is Q(()k) is the unique cube
in D_j containing Q. Recall that there exists N > 1 so that the number of dyadic
children of a given dyadic cube is at most N 4 1. For any k > 0, adding the null set if
needed, we can label the dyadic children of Q(()kH) as (Qék))o, (Q(()k))l, el (Qék))N
with (Qék))o = ng) . In particular, (Qg() Yoo, (Q(()k) )N are the dyadic “siblings” of
Q(()k) , that is, the dyadic children of Qf)kH) which are not Q(()k) itself.

To simplify the notation, let {R j};?il be a enumeration of {(Q(()k))i tk>0,1<
i < N} (in this enumeration we drop the null sets that we may have added). Set also
Ry := Qg. By construction it follows easily that we have a disjoint decomposition

Upgp = (LIze ) LI (L2t ).
k=0 0 j=0 k=1

Using our hypothesis, for each R; we let (B R GRj, IFRj) be the associated
(coherent/semi-coherent) corona decomposition. This allows us to define a decom-
position into good and bad cubes for the full family of cubes we are considering.
Indeed, if we define

G2 :=| |Gr, and B := <|_| BRj> | | (|_|{Qg<>}), (2.40)
j=0 j=0 k=1

we have

o0
D2 .— kLJODQ:)k) = G9 B,

If we also set

o0

Q0 ._

FQo .= I_l[FRj
Jj=0

we have by construction,

ce=( L s)=L( Ls)

where each S in the previous unions is coherent/semi-coherent.
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Fix next Q € D20 and note that if Qék) C Q forsome k > 1then Q = Q(()kO) with
k < ko. Hence,

ko ko
Y o) =) 0f) = Cco(@f) Y 2t < Co(0f?) = Ca(0),
k=1

0% co k=0
where C depends on n and the ADR constants. As a result, by (2.40), the Carleson

packing condition of Bg; and the top cubes in Fr;, and the fact that the family {R;};
is pairwise disjoint we obtain

> cR)+ Y  o(R)

ReTop(F0)NDo ReB20NDg
o
k
=Z( oo+ Y o<R>)+ PREA( )
j=0 RETOP(FRj)ﬁDQ REBRjﬂDQ Q(()k)CQ

<MY o(RiNQ)+Co(Q) < (My+C)o(Q).
j=0

We conclude as desired that the bad cubes and the top cubes of the good subregimes
satisfy a packing condition with constant My + C.

To complete the proof we are going to proceed inductively. Suppose that we have
already constructed Qo, Q1,..., Oy € Dsothat £(Q;) = 1 forvery 1 < j < N;
(D2 }j.vzl is a pairwise disjoint family (of families of dyadic cubes); and if we set
02 = Ui Qﬁ.k), one has that {0€2; }?’:1 is a pairwise disjoint family of subsets of
2. Let us explain how to take the next step. [f D = U}]{VZO D2 then we stop the
construction. Otherwise, we can pick O € D\ U11<v=0 D2,

If £(Q) < 1let Ony41 D Q be so that £(Qn+1) = 1 and note that clearly
On+1 ¢ U11(V=0 D2, On the other hand, if £(Q) > 1 we select some Qy.1 C Q
with £(Qn+1) = 1. We claim that in this case we also have Oy 41 ¢ U,](vzo D2, Oth-
erwise, On41 C Q,(Ci) for some i > 0 and 0 < k < N. In particular, O N Q,(:) £ .
Then, either Q C Q,((i) , in which case Q € D2 and we have reached a contradic-
tion; or Q,(j) C Q, in which case 0 = Q,(j/) for some i’ > 1, and again Q € D%
leading to a contradiction. In either scenario we have found Oy ¢ U1]<V=o D2 with
LOn+1) = 1.

We next show that D/ NIDCV+1 = ¢ forevery 0 < j < N. Assume otherwise that

there exits Q € D ot ND o . In particular, QE.kO) and QE\I/{QI meet. This implies that

Jj N+1
either Q;ITO) C QX,C'J:] or QE\],CIJ:] - Q;kO). In both cases we conclude that Q1 € D9/,
a contradiction.

Set 0Qn 41 = U/?io Q;’;Ll and we claim that 90Q2; N 0Qy41 = ¥ for every 0 <
Jj < N.Indeed, if this were not the case, we could pick y € Q;k‘)) N QX,('JF)I for some
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ko, k1 > 0. Take then Q > y with £(Q) = 1. Then, Q C Q;k(’) N Qg\l,(ﬂr)l and hence
0e€ D2 NDLN+1, a contradiction.

The previous argument leads then to a (possible infinite) collection dyadic cubes
{Qj}jem suchthat £(Q ;) = 1 forevery j € M; D2 NDY" = ¢ for every j, j/ € M,
0Q; N3y = Pforevery j, j' € Mand D = I_Ijem]D)Q!’. For every j € 91 we can
then repeat the argument above with Q ; in place of Qg to write DY = G2 uBY/,
so that G€J splits further into coherent/semi-coherent subregimes, and the bad cubes
and the top cubes of the good subregimes satisfy a Carleson packing condition with
constant My + C. To complete the proof we set G := |_|jem GY9%,B:= I_lje‘)’t BY/,
and [ := |_|j€m F2i, and the reader can easily check that D = G u B, so that G
splits further into the semi-coherent subregimes in F. Observe that for any Q € D
there exists a unique cube Q; with j € 91 so that Dy C DY/, hence when proving
the Carleson packing we have

1 1
S“p(a(@ 2 o®+ s ) “(R)>

QeD

ReTop(F)NDg ReBNDo
1 1
7€M 0en?i ReTop(F2i)NDy ReB2iNDy

The fact that any (coherent/semi-coherent) subregime S € IF belongs to G for some
Q € Dis clear from the construction and this completes the proof. O

3 Proof of Theorem 1.1

This section is devoted to showing Theorem 1.1. We will follow the scheme
(a) = (b) = (¢) = (d) = (@).

Since (a) = (b) is trivial, it suffices to show the other implications.

3.1 Proof of (b) = (¢): @, admits a corona decomposition implies that G, is
comparable to the distance to the boundary in the corona sense

Let (Bo, Go, Fg) be the assumed corona decomposition associated with wy. Given
N > 0, large enough to be chosen momentarily, we may proceed as in Remark 2.14

and pick (B, G, IF) the 2N _refinement of (Bg, Go, Fy). Recall that this implies that for
every S € F there exist Qg € D and Xg € 2 so that

Top(S) € Top(H™ € 0s,  8(Xs) ~ £(Qs) ~ dist(Xs, Qs),
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and

0’ (Qs) _ @°(0) _ 0" Qhg) _ ,"(Qs)
5(0s) ~ 0@ ~ 0@Rg) ~ 0(0s)

Y Q0 e S(N). 3.1

Fix S € F and write

u=0(Qs)w)® and G:=0(Qs)GL(Xs, ). (3.2

Lemma 3.3 There exists N > 1, depending on the allowable parameters and on the
implicit constants in (2.9), such that if Q € S € F, then there is a set Eg C {Y €
2BQ NQ:8(Y)>2"Ne(0)} with |[Eg| > 0 so that

9) _ Q)
5() ¥ a(Q)

i)

34
o(Q) GH

foreveryY € Egp, and  |IVG|L=Ey) 2

Proof We use some ideas from [25, Lemma 4.24]. Let Q € S with and note that since
Q C Top(S) C Top(S)™ C Qs it follows that £(Q) < 27 V€(Qs). Let Bg and
AQ be as in (2.21) so that Q C AQ Choose a cut-off functlon Py € ‘KOO(R”H)
satisfying IBQ <Py < I%BQ and [[V® |l oo wntt) <L)~ I Let N > 4 be large
enough to be chosen and note that by assumption

2M0(Q) < 0(Qs) & 8(Xs) < |Xs — xgl-

Thus, taking N large enough one can guarantee that Xg ¢ 4§Q. Then, ®o(Xs) =0,
and by (2.34),

(OR(0) = Q) /m o dji = —(Q) //Q ATVG . Vg dx
S //ﬁgm VGl xecasx)>2-N+1e(0) 4 X

+ // - |Vg| I{X:‘S(X)Sz—NJrIZ(Q)} dX = I + II (35)
%BQQQ

Let us first estimate II, the term close to the boundary. Picking N big enough, we have

n=< > // IVGldX.
IEWIC BQ
(N2 NK(Q)

Given a cube [ in the summation above, we take X; € 92 such that |[x; — X (/)| =
8(X(I)). Then, assuming that N is large enough,

8(Xs) < |Xs — X(D|+C L) < |Xs — X(D| + 27V e(0)
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< |Xs — X(D| +C272V 1 g(Qg) < |Xs — X (D] +27'8(Xs)
and, as a result,
1Xs — X(D)| = 27'8(Xs) ~ €(Qs) 2 2Ve(Q) = 4V e(1) ~ 4V s(X(I)).

By Caccioppoli’s and Harnack’s inequalities, and Lemma 2.35 we obtain

1

i< Y |1|<]§[IVQI2dX)2§ ) e(z)"(# |g|2dX)2
I I

1ew:IC3Bg Iew:Ic3Bg
en<27Neo) <27V eQ)
Ay UGN S Y ) p(AGL 28(XD))).
1ew:1c3Bo I1ew:1c3Bg
en<27Neo) (<2 Ne)

To proceed, we observe that the family {A (X7, 28(X(1)))) : I € W, £(I) = 27ke(Q))
has bounded overlap, and that each such surface ball is contained in ZZQ provided N
is large enough, I C %EQ, and k 2 N. Thus, it follows from the corona for w; (more
precisely from (3.1) and the fact that S C S(N)) and the ADR property that

NSy 27%0) Y u(AGL28(XU)))
kzN [EWZIC%EQ
(n=2"¢0)

sy 2fuoun| U ac.2sxd
k>N 1eW:IC3 By
ehH=27%e(Q)

~ ~ 1
< 27U n2Ag) £27VUQ) 124 ) = SUQN(Q),
k>N

provided N is large enough. As a result, in (3.5) we can hide II to arrive at

1
suou@ <1= [ VGldX.
%BQH{XGQ:B(X)ZTNH@(Q)}

Cover gEQ with a family of balls { B¢} X_, with By = B(Xy, 27V =1 0(Q)), Xx € Bo.
and where K is uniformly bounded and depends on n, ADR, and N. Then,

1 K
SUu) = 1=y || VGl dx
k=1

BiN{XeQ:8(X)=2-N+12(Q)}
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S VGl dX.
I=k=K J/Byn{XeQ:5(X)>2-N+1¢(Q))

Take 1 < kg < K such that the maximum is attained. Set E¢g := By, N{X € Q:
8(X) > 27N*1¢(Q)} and note that

1
FHOR©Q) S //E IVGldX S @V @)™ VGl L~(£y)
9]
S U (DY % (£g)-

This gives that |[Eg| > 0 and the second estimate in (3.4). Moreover, forany Y € Eg

N 5 ~
8(Y) <Y —xgl < |Y — Xpp| + [ Xpy —x0l <27V 1E(Q)+L—tr<BQ)

3 5 ~ ~
< ZErQ + 7 r(Bg) =2r(Bp).

Consequently, Y € 2§Q N Qand 27Vt (Q) < 8(Y) < £(Q). Note also that if
X € Eg, then

X — Y| <27VQ) < 8(Y)/2.
As a result,

1
2

«ou@ sn [ 1vaiax sy e ( | VG ax)
Egp B(Y,5(Y)/2)

1
s w0 (| g7 dx)’ ~o(@GY). (6
B(Y,35(Y)/4)

where we have used Caccioppoli’s and Harnack’s inequalities. This readily leads to
the desired estimate completing the proof. O

Remark 3.7 We need to make the following observation which will be used below to
obtain Theorem 1.6. In the previous proof the fact that (B, G, FF) is the 2V -refinement
of (By, Go, Fp) has been only used at the very beginning to make sure that £(Q) <
27N¢(Qs). This means that one can state a version of Lemma 3.3 for the original
corona decomposition (B, Gg, Fg) as follows: Fixed S € F( and defining n and G
as in (3.2), there exists N > 1, depending on the allowable parameters and on the
implicit constants in (2.9), such thatif Q € S € F with £(Q) < 2-N £(Top(S)), then
(3.4) holds. Details are left to the interested reader.

We are now ready to continue with the proof. Apply Lemma 3.3 with N large
enough. For Q € S, we have |Eg| > 0, thus there exists Yo € Eg. On account of the
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normalization introduced in (3.2), we then obtain

sup GL(Xs, X)  Gr(Xs, Yo) 1 G(¥g)
Xe2Bone 5X) (Yo o(Qs) §(Yp)
8(X)=27Ne(Q)

1 wQ) _o8Q)  op*(Qs)
~o0(@8)0(Q)  0(Q  o(0s)

We next establish the converse inequality. Fix X € ZEQ NQ with §(X) 2 £(Q). Note
that by (2.21)

8(X)<2Brg <28(0) 27V Ee(Qs) 27V E8(Xs) <27 8(Xs),
provided N is large enough, and
28(X) < 8(Xs) = |Xs — X| 4+ 8(X).
Hence, | Xs — X| > 6(X). Invoking then (2.37),

GL(Xs, X) _ 0,5 (AR 25(X))
50 T s

: (3.8)

where X € 9 is such that |X — x| = §(X). For any y € A(xX,28(X)) we observe
that

ly —xol < |y =X+ X = X[+ X — x| <38(X) + |X — xg]
<4|X —XQ| < SE}’Q,

hence A(X,28(X)) C SZQ. Also, if 7 € SZQ, recalling that we write Q(N) for the
N-th dyadic ancestor of Q (that is the unique dyadic cube containing Q and with
sidelength 2V ¢(Q)), we have

|z —xom| < lz—xgl+lxg —xgm| <8E8rg + Eromw <2Erpm,
provided N > 3, since rg = 2N Fom). Altogether,

AR, 28(X)) C8Ag C2A4m). (3.9)

Note that Q € S and Q™) are 2V -close, hence Q™) € S(N). Thus, we can invoke
(3.8), (3.9), and (3.1) to conclude that

GL(Xs, X) _ @ @Agm) o QAgm) _ o%(Qs)
s Y sn oQAgm) ~ a(Qs)

This completes the proof of the current implication, with Ag := wfs (0s)/o(Qs).O
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3.2 Proof of (c) = (d): G| is comparable to the distance to the boundary in the
corona sense implies that L satisfies partial/weak Carleson measure estimates

Let u € L°°(R2) be a non-trivial weak solution of Lu = — div(AVu) = 0 in . By
homogeneity, we may assume that |||~ q) = 1. Fix also 7 € (0, %), the parameter
which appears in the partial/weak Carleson measure estimate (see Definition 2.17).
Assume that (Bg, G, Fo) is the assumed corona decomposition associated with G .
Let N > 0 be large enough to be chosen momentarily (depending on 7). We may
proceed as in Remark 2.14 and pick (B, G, F) the 2N _refinement of (Bg, Gg, Fo).
This implies that for every S € F there exist Ag > 0, Os € D, and Xs € 2 so that

Top(S) € Top(H)™ € Qs, 8(Xs) > 4EL(Qs), dist(Xs, Os) < £(0Qs),

(3.10)
and
GL(Xs, X
sup GLXS. X) | As. VO € SN). (3.11)
Xe2BonQ 5(X)
5(X)=c0 £(0)

for some ¢ € (0, %). Write Gg := G (Xs, -). Foreach Q € S € S(V), we can find
Po € 2Bp N Q with §(Pg) > col(Q) such that by (3.11) and Harnack’s inequality
there holds

_ Gs(Pg) _ Gs(X)
S ~rt s
5(Pg) 3(X)

VX € Vg := B(Pp. (1 —1)8(Pp)).  (3.12)

This defines Py for every O € G = | |, S. On the other hand, given Q €
B = D\G we let Py := X be the corkscrew point relative to Q, in particular,
Xp e BpNQ C2BpNQwith §(Pg) 2 £(Q). Set next

ag :=//V IVu(X)]?8(X)dX, Q eD,
(Y]

and note that by Caccioppoli’s inequality

ap < 8(P) // IVu(X)|2dX <. 8(Pgp)”"! // lu(X)|*dX
Vo B(Pg.(1-1/2)8(Pg))

S 8(P)" = U(Q)" = o (Q). (3.13)

We first claim that

> ag Sl (3.14)

sup
SeF, Q€S o(0)
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Assuming this momentarily let us continue as follows. Introduce some notation: if
Qo € G we define Sg, to be the unique S € F so that Q¢ € S, otherwise, if Q¢ € B
then we set Sp, = ¥J. We first see that

DQOHG:< U s)U(SQOmDQO). (3.15)

SeF:Top(S)C Qo

Indeed, let Q € Dp, NG, then Q € SforsomeS € IF. In particular Q C Top(S) N Q.
If Top(S) € Qo, then Q in the first set of the right hand side of the last expression.
Otherwise, if Qo C Top(S), then S 3 O C Qo C Top(S) and the semi-coherency of
S implies that Q¢ € S C G, hence, necessarily S = Sp, and Q € Sp, N Dy,. Once
(3.15) has been shown, we see that (3.13) and (3.14) yield

Zan Z og + Z [£76)

QE]D)QO QE]BF\]D)QO QEGI’\DQO
= 2 @+ ) Yot Y e
QeBNDy, SeF:Top(S)C Qo Q€S QeSg,NDg,
S D @+ Y. o(Top(S) +0(Qo)
QEBQDQO SeF:Top(S)C Qo
< ) @+ Y, o(@+0(Qo)
QEBQDQO QETOp(]F)ﬂDQO
< 0 (Qo), (3.16)

where in the last estimate we have used that the families B and Top(F) satisfy a
Carleson packing condition. Since Q¢ € D is arbitrary this allows us to obtain our
desired estimate modulo our claim (3.14) which we prove next.

Tosee (3.14) we fix S € Fand Qg € S, in particular SND g, # @. SetS" := SNDg,
which is clearly semi-coherent with Top(S’) = Q. Introduce F, the family of maximal
dyadic cubes (hence, pairwise disjoint) in D, \S". We claim that Dz, g, = S’. Indeed,
if Q € Dr g,\S then Q C Q' for some Q' € F, a contradiction. On the other hand,
if 0 € S'\Dr g,, then Q C Q' C Qo for some Q' € F. Noting that Q € S’ with §’
being semi-coherent, we conclude that Q" € " which leads again to a contradiction.

To continue we observe that for every Q € S’ C S we have by (3.12)

5(X) Sr Ag'Gs(X), VX eV,

This and Lemma 2.25 allow us to deduce that

dag= > ag= > //VQ|Vu|28dX

QeS QED}‘,QO QED}‘,QO
SAgt D // |Vu|2Gst§AS_1// |Vul? GsdX, (3.17)
¥
QeDr g, 7' Ve 270,
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where ¥ depends on the allowable constants but is independent of N. Observe that by
(2.23) and (2.21) one has

QY CTﬁ’**ClB* NQC{Xe:56X) <koEL(Qp)}
F, Qo Qo 2700 : = ko= 0/)3-

On the other hand, from (3.10), and the fact that Qg € S we can readily see that
3(Xs) ~ £(Qs) Z 2V €(Q0) > k9 EL(Qo),

by choosing N large enough (depending eventually on t). This means that Xg is far

away from B N and, in what comes after we never get to worry about the position of

the pole of the Green function, Xg, since it is always far from where the integrations

take place. We warn the reader that, henceforth, we will make use of this observation

repeatedly without explicitly mentioning it.

To proceed, let I € Wz with Q € Dg g, = SNDg,. Caccioppoli’s and Harnack’s
inequalities yield

1

// (IVGs| + [Vu| Gs) dX 52(1)"2“(// |Gs|2dx>2
3 3
+£(I)_l<// |u|2dx> (// |Gs|2dx)

S Gs(X(I)). (3.18)

Letx; € 0Qbesuchthat | X (/) —x;| = §(X (1)) and pick Q; € D satisfying Q; > x;
and §(X (1)) < £(Qy) < 28(X(1)). Note that (2.20)—(2.21) give

IX(I) —xg,| = |XU) —xq| +|x1 —xg,| <8(X() + Erg, =2Erg,,
hence X (1) € 2L~?Q,. Besides,
Q) =~ 8(X(1)) = L) =y £(Q)
and
dist(Q, Q) = dist(Q, I) + diam(/) + |X (1) — x;] v €(Q) +€(Q1).

By choosing (and fixing) N large enough (depending on ©) we therefore obtain that
Q; and Q € S are 2V -close, hence Q; € S(N). Using that ¢y < %, we can next
invoke (3.11) to obtain that

Gs(X(D) _ GL(Xs, X) _ GL(Xs, X) _

= sup o, = sup
S(X(1)) xe2Bg,ne 8% xe2bg,ne O
sx)=1eon 8(X)=co L(Q1)

As. (3.19)
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This together with (3.18) leads to
// (IVGs| + |Vu| Gs) dX < As ()", (3.20)

forevery I € WZ with Q € D, g,.

To continue, for every M > 1, we consider the pairwise disjoint collection Fjs
given by the family of maximal cubes of the collection F augmented by adding all
the cubes Q € Dy, such that £(Q) < 27Mp(Qp). In particular, Q € Dz, 0, if and
only if Q € Dy g, and £(Q) > 27M¢(Qp). Moreover, D, 0, C Dz, 0, for all
M < M’, and hence Q .00 C QY For00 © QY F.00" . Then the monotone convergence
theorem implies

// |Vu| GsdX = hm // IVul>? GsdX =: lim Ky.  (3.21)
f 2 M—o0

We claim that
Ku S Aso(Qo), (3.22)

where the implicit constant is independent of M, S, and Q¢. Assuming that (3.22)
holds momentarily, we obtain at once that (3.17), (3.21) and (3.22) give

Y @ S0 (Qo).
QeSS

This finally justifies (3.14) and, as explained above, the desired partial CME estimates
follow.

The rest of this section is devoted to proving (3.22) and we borrow some ideas from
[9]. Pick W;; from Lemma 2.26 and use Leibniz’s rule to arrive at

1
AVu - Vu GgVi, = AVu - V(uGsWi,) — EAV(u2\IJf,,) -VGs
—l—lAV(\DZ) VG > Lave) v G 3.23
3 M) su ) (M)(M)S (3.23)

Note thatu € W10C (QNL>®(Q),Gs € Wloc (2\{Xs)), and that Qz**Q is a compact

subset of 2 away from Xs. Hence,u € W Z(Qﬂ:‘ yanduGs W3, € W() (QL};*QO).
These, together with the fact that Lu = 0 in the weak sense in €2, lead to

//Aw VuGs¥i)dX = // AVu -V(uGs¥i)dX =0.  (3.24)

fM Qo
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On the other hand, Gg € WLZ(Q%TQO) and LT Gs = 0in the weak sense in Q\{Xs}.
Thanks to the fact that uzlllzzw € W&’Z(Q? ), we then obtain
M, Qo

// AVW?¥3) - VGsdX = // ATVGs - V@ ¥3)dX =0.  (3.25)
Q Q

0, %%
Fm- Q0

By Lemma 2.26, the ellipticity of A, (3.23)—(3.25), the fact that ||u| ;=) = 1, and
(3.20) we arrive at

iCMg// Aw-wcsw,%,dxg// (IVGs| + |Vul Gs) IVW¥y|dX
Q Q

Y K(I)_I// (IVGs|+ |Vu| Gs)dX S As Y €(I)".
IeWﬁf " IeWZf

(3.26)

where we have used thatif / € Wﬁz then I € W‘é with Q € D, o, C D ,. We
use again Lemma 2.26 to observe that

Yo x Y o@nso| | 0| =0Cag) ~ oo,
1 eWﬁ,}z 1 e)/\/}z,‘,2 1 EWZ,)Z

(3.27)

where in the next-to-last inequality we have used that @ | C CAg, forevery I €
Wﬁz. Indeed by Lemma 2.26 we have that if x € Q; where I € Wﬁz and we let
0 € Dg,,. 0, be so that I € WY, then

Ix — xg,| < diam(Q) + dist(Q;, ) + diam(7) + dist(I, Q) + diam(Qp)
S L) +£(Q) + £(Qo) ~ £(Q) + £(Q0) S £(Q0)-

Collecting (3.26) and (3.27) we conclude as desired (3.22), and the proof is then
complete. O

3.3 Proof of (d) = (a): L satisfies partial/weak Carleson measure estimates
implies that ®,; admits a strong corona decomposition

We introduce some notation, given N > 1, forany Q € D, we let Q(N) € Dg be the
unique dyadic cube such that Q(N) 3 xp and £(Q(N)) = 27Ne(0).

We begin with some auxiliary result which will be iterated to construct the desired
corona decomposition:

Proposition3.28 Let 0 < 7 < 10 (¢f. Lemma 2.38) be the parameter implicitly
assumed in (d). There exists N, (depending on n, ADR, ellipticity, and t ) such that for
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every Q € D and for each N > Ny, ifwe set Yo = Pg(n,) (Where Pg(y,) is the point
associated with Q(N7) in (d)), one can then find possibly empty families of pairwise
disjoint cubes Fo = .7-"5 uF, C Do\{Q}, a Borel function fo, andug € WIL’CZ(Q)
with Lug = 0 in the weak sense in S, such that the following hold:

§(Yp) ~ £(Q) = dist(Yg, Q); wZQ(Q) ~ 1 (3.29)

Y,

0 Yo, 2 Yo
2—NwL (0) < o (Q) (][ M Yo ld > <22NwL (Q)’ 330
(0 ~ o) -\ JyMe)rdo ) 22 sg G50

forall Q' € Dr,.0. Moreover, if we set F:QIE = UQ’eFé Q’, then

o(Fg) =27V o(Q): (3.31)
0<foSlpps uoX) :=/ fodoY, X eQ, (3.32)
e O\F,
and
o(Q) < // [Vug(X)* 8(X). (3.33)
B(Yg,(1-1)3(Yg))

In the previous estimates the implicit constants depend on n, ADR, ellipticity, and T,
but they do not depend on N.

Proof Write Cyp > 1 for the constant in Bourgain’s estimate (see (2.36)). Let N; be
large enough to be chosen momentarily so that 2V* > Cy. Let Y¢ := Pg(n,) be the
point associated with Q(N7) in (d). Observe that since xp € Q(N,) we have

Yo —xp| = dist(Yg, Q(Nr)) + diam(Q(Nr))
~ L(Q(N) =27 0(Q) < Q). (3.34)

Hence, by taking N; large enough, Bourgain’s estimate (see Lemma 2.35) and (2.20)
imply

Cl<w,2(Q) < 1. (3.35)

Note that by (3.34) we have Yy € %BQ N Q (cf. (2.21)) and also §(Yg) =
8(Pon,)) = L(Q(Ny)) = 2N £(Q). Hence, in the context of Lemma 2.38, applied
to e = 2~ M « €, so that we have that 3(Yp) ~ e £(Q).

Setw := a(Q)a){Q and note that

-1 2 0O 002
O T 6(Q) T o(Q)

1. (3.36)
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Write M for the Hardy-Littlewood maximal operator on 92 (with respect to o) and
observe that by the Hardy-Littlewood theorem and (3.36) one has

IMollp1opa,0) S @02) S 0(0).

This and Kolmogorov’s inequality imply

2
(][ (MC{))% dO’) 5 O'(Q)71 ||Mw||Ll,OO(BQ’O-) 5 1. (337)
Q

Let N > N; be large enough to be chosen. Subdivide dyadically Q and stop the first
time that one of the following two conditions occurs

Q) LN o
—X’ 2N (7[ (Mw)? da) > 22N (3.38)
a(Q') Jo

This stopping time family is denoted by F and it is pairwise disjoint. Assuming that
N is sufficiently large, (3.36) and (3.37) clearly give that Fp C Dp\{Q}. Let .?5
be the subcollection of cubes in Fy satisfying the first condition in (3.38) and set
]-“5 = fQ\fé, that is, the cubes that satisfy the second condition in (3.38), but not

the first one. By construction Fp := }-5 U .TQ and

27N <

’ 2
?Eg/; < ( Q/(./\/la))% da) <22V vQ' e Dz,.0-

This readily implies (3.30) using (3.35) and » := a(Q)w{Q. If 7/, # ¢ we use that

the cubes in f‘é are pairwise disjoint and satisfy the second condition in (3.38), (3.37),
and (3.36), to arrive at (3.31):

o(Fy) = a< U Q’> =Y o@)=2V ) / (Mw)? do
o’ FF Q/E}—é o’ ]:5 Q
<27V / (Mw)?do $27Vo(0),
0
provided N is sufficiently large. This estimate clearly holds if .7-“5 = ). Hence we
have shown (3.31).

To continue if ‘7'_Q # (), use that the cubes in ]:5 are pairwise disjoint and satisfy
the first condition in (3.38), and (3.36), to see that

oFp=0| |J Q=Y o@)=z27V Y )
Q'eF, Q'eF, Q'eF,
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<27 V0 (0) < Co2Vw(0).

Again this estimate clearly holds in the case 7, = (. Thus, in either scenario,

0,2 (Q\F) = (1 - Co2 )0, 2(0).

Note that, as observed above, Yo € %BQ N Q and §(Yp) ~ €£(Q). In view of
Lemma 2.38, if one further assumes that N is large enough so that 27NCy < €, we
can find a Borel function fp andug € WIL’S(Q), with Lu g = 0 in the weak sense in
€2, such that (3.32) and (3.33) holds where the implicit constants depend on n, ADR,
ellipticity, and 7, but they are independent of N. This completes the proof. O

Having Proposition 3.28 at our disposal, we are going to iterate that construction
to obtain the desired corona decomposition. With this goal in mind we fix an arbitrary
Q% € D. Set Fy := {Q%, 7§ := {Q%, and Fy := 0. Let Fi = | |per Fo
and Flt = Uoper Fé denote the first generation cubes. In general, we may define
recursively

We also set
o0 o0
]—':=|_|]-'k and Ft:=|_|]—'k:t.
k=0 k=0

With all these we construct a semi-coherent corona decomposition relative to Qg as
follows. Observe first that

Do =070 LI( LI Bo) = (LI Broo) LI( LI 2o)

QeFQo QeFy QeF
In turn,
L o= L1 (200l ( U o)) = ( LI Proc) LI( L 2e)
QeF QecF Q'eFo QecFy Q'eFr

Iterating this procedure we eventually obtain

Dgo = | ( | ] D;Q,Q) = | | Dzy.0- (3.39)

k=0 " QeFi QeF

We then set Byo == 0, Fpo = {Dr, 0lger and Gpo = USeIFQO S. Note that
trees are of the form Dr, ¢ with Q € F, hence they are clearly semi-coherent with
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Top(S) = Q, hence Top(F y0) = F. Thus, in order to see that (B o, GQo, Fgo) is
a semi-coherent corona decomposition relative to Q° we are left with showing that
the family Top(FFy0) = F satisfies a packing condition. This is the content of the
following result:

Proposition 3.40 Under the previous considerations, assuming (d) and taking N large
enough (depending on n, ADR, ellipticity, and t) the family Top(F o) = F satisfies
the Carleson condition

sup L > e <, (3.41)

0eng (D) 0'eFnDg
with an implicit constant which depends on n, ADR, ellipticity, and t. As a conse-
quence, (]BQo, GQO, IFQo) is a semi-coherent corona decomposition relative to QO.
Assume this result momentarily and take the corresponding large enough N. Pick
anS € F o, thatis, S = DfQO,Qo for some Qg € F. Set Xg := Y, so that by (3.29)
8(Xg) ~ £(Top(S)) ~ dist(Xs, Top(S)).

Invoking (3.30) and recalling that Top(S) = Qo, we get

L, v Top®) _ 0 8(Q) _ ( ][ Mo} do)z v @) (Top(S)
0

o(Top(S)) ~ o(Q) — o (Top(S))
(3.42)

for all Q € S. All these, Proposition 3.40, the fact that Q0 is arbitrary, and
Proposition 2.39 give that w; admits a semi-coherent corona decomposition with
Qs = Top(S). Note that with the help of Remark 2.13 we can refine transform this
corona decomposition so that the new corona is coherent. This completes the proof of
the current implication modulo proving Proposition 3.40. O

Remark 3.43 We would like to observe that in the previous proof we have obtained a
semi-coherent corona decomposition such that Qg = Top(S) and with the additional
property that wfs (Qs) ~ 1, see (3.35). Invoking Remark 2.13 we can transform this
into a coherent corona decomposition as in (i) in Definition 2.6 with the additional
property that wfs(Qs) ~ 1. A careful examination of the proofs of (a) = (b), (b)
— (¢), and (c) = (d) reveals that this extra property can be inherited in any of the
implications, that is, both in (ii) and (iii) in Definition 2.6 we obtain the additional
the property a)fs (QOs) ~ 1, and in in the partial/weak Carleson measure estimates the
extra property wa (Q) =~ 1. All these together mean that in each of the conditions
(a), (b), (c) we may assume that the corona decomposition has the extra property
a)fs( Qs) ~ 1 for every S € F. Analogously, in (d) we may additionally assume
that a)iQ (Q) =~ 1. We observe however that adding this extra condition requires to
possibly use a different decomposition in (a), (b), (c), or a different collection of points

{Po}gep in (d).
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Proof of Proposition 3.40 We borrow some ideas from [5, 16]. We start by arranging
the cubes in F into some trees. To set the stage let Q € F be an arbitrary cube. Write
S for the (possible empty) family of maximal cubes in D*Q N F*t, where, here and
elsewhere, ]D)*Q := D \{Q}. Note that by construction Sg C ]D*Q N F* is a pairwise
disjoint family so that (Ds, o\{QH N F C F .

We next iterate the previous selection procedure. Write Sy = {Q°} and define
recursively Sgy1 = |_|gcs, So for k > 0. We then set S = | |72 Sk. Recalling that
QO e Fritis easy to see that S = Ftn ]D)Qo. On the other hand,

Do = Espo) LI( LI o) = (L Pseo) LI L 2o)

QESQO QeSy Q€S
In turn,
LI po = L (Psoel( L o)) = ( L Pseo)LI( LI Bo).
QeS| QeSS Q'eSp QeSS 0'eS

Iterating this procedure we eventually obtain

Dgo = | ( || DSQ7Q> = | | Dso.0- (3.44)

k=0 " QeS QeS
We first show that
1
sup sup ——— Y oS, (3.45)
Qoes Qé)GDSQO,Qo”fG(Qo) QeDg  , NF
202

with a constant that is independent of N. Fix then Qg € Sand QO € ]DSQO,QO N F. For
each Q € Fweset Vg = B(Yp, (1 —7)§(Yp)). Recalling the notation introduced in
Proposition 3.28, we claim that the family {Q\ F, }QEDSQO‘ 0,NF 18 pairwise disjoint.
Suppose otherwise that there are two distinct cubes Q, Q' € DSQOsQO NJF with Q\F é
meeting Q'\ F o By relabeling if needed, we may assume that Q0 CQO.LetQ"eF
be the maximal cube so that Q' ¢ Q” C Q, and note that since Q, Q' € Dsy,.00
we necessarily have that Q" € (Dsg,.00\MQoH) NF C F~ and 0" € Fo- Hence,
Q' cQ’'c Fg and Q' cannot meet Q\F,, which is a contradiction.

For any given K >> 1 we take an arbitrary family { O} le Cc Dg 00 NJF. Invoking
Proposition 3.28 we can find fp, and ugp, foreach 1 < k < K so that (3.32) holds.

Write {r;(-)}jen for the Rademacher system in [0, 1) and for every ¢ € [0, 1) let us
set

K
fi = Zrk(t)ka le\Fék

k=1
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and for every X € Q

K

K
i (X) = /a J doj = ;rkm /Q . fopdof =Y rug,(X).

Ok k=1

Note that f; is Borel measurable and by (3.32) and the fact that the family
{O\F, é }QeDsQ 0o F is pairwise disjoint we conclude that for every y € 92
o

K
L= 31O fa gy 0 S Y Tope, 0) <1

k=1 k=1

Hence, |u]lz>(@) S 1, uniformly on ¢. As such, recalling Proposition 3.28 and that
Yo = Pg(n,), we can invoke (d) to obtain

K K
Z// Vaur (X)|? 8(X) dox = Z// |V (X1 8(X) dx
k=1""Vo, k=1 7’ B(Po,(np).(1=1)8(Pg; (n))

Y // Vi, GO 8(X) dx
QEDQb B(Pg,(1-1)8(Pg))

< 0 (Qp).

with implicit constants that are uniform on ¢ € [0, 1). Thus, by (3.33) and the orthog-
onality of the Rademacher system we arrive at

K K
> o) 52// Vg, (X)I 8(X) dX
k=1 k=1""Vor

K
f/x D Vg, (X)IP8(X)dX

!1 Vo, (=1

k
K
//K D 10jug (X)P8(X)dX

n+1
U Vo, 1=
1 Pauet] k k=1

2

j=

n+1 K 9
> r®)djug, (X) dt)S(X)dX

1
=2 s,
j=1" U Vo N0 T
1
=/ (//K |Vu,(X)|28(X)dX)dt
0 AU e

1 K
=/ (Z// |Vu,(X>|25(X>dX>drso(Qa).
0 Nj=1 Vo,
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Recalling that K > 1 and the family {Qk},f:1 - DSQO,Q{) N F is arbitrary we can
easily see that

> 0@ S,

eD  NF
Q S0¢-Q0

hence (3.45) holds.
To proceed we next show that

Y o0 =<2 (3.46)

sup
00eS O (Qo) 05Dy,

provided N is taken large enough.
For starters, fix Qg € S and let ko > 0 be such that Qg € S,. Then,

Yo e@=> Y o@=)

QESQDQO k=ko QES}J‘\DQO k=ko
and we estimate each term in turn. Note first that

= Y, 0(Q)=0(Qo.

QESkO ﬂDQO

Additionally, for each k > ko + 1 we have

=Y, e@= Y > o@)= Y Y o).

QGSkﬂ]D)QO Q€S Q’GSQQDQO QESkflﬁ]D)QO Q'eSgp

We claim that for any fixed Q € Sx_1 N Dy, there holds

So= || 75 (3.47)

Q/GDSQ_QQ}-

That the union is made of pairwise disjoint collections is clear from the iterative
construction of the family F. On the other hand, if Q' € Sp C ]D)*Q NFr let Q" € F
be so that Q' € ]—“5,, C ]D)’fQ,,. Note that since Q' € Q € Sy_1 C F we must have
Q" C Q.Hence, Q" € Ds,,, ¢ and this shows the left-to-right inclusion.

Conversely, let Q" € Ds, o N Fand Q" € ﬁé/. Since 0" C Q' C Q and,
as observed before (Ds, o \{Q}) N F C F~, we obtain that 0" ¢ Ds,, o. That is,
Q" c Q" € Sp. Since Q" C Q' N Q” we must have Q" C Q'—otherwise,
Q' c Q" and, as a consequence, Q' ¢ Ds,. g, which is a contradiction. Using that

FF> Q" CQ C Qandthat Q" e .7-"5,, we arrive at Q" = Q”, hence 0" € Sy as
desired.
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Using then (3.47), (3.31), and (3.45) (whose implicit constant does not depend on
N) we obtain

Se= Y. YooY e

QGSkflﬁ]D)QO Q/EDSQ,meQ”Ef(S,

- ) Yo oy =2V Y >, o@)

QESkflﬂDQO Q/EID)SQ’QO]: Qesk—lm]D)Q() Q/GDSQ.Qn]:

_ _ 1
2V Y e@=2"% < ST,
QESkflﬂDQO

provided N is taken large enough. Iterating this we conclude as desired

Yo 0@ =) Wm=Ty 2 R = 2% =20(00).

QESﬂDQO k=ko k=kg

With (3.45) and (3.46) we are now ready to obtain (3.41). Fix then Q¢ € ]DQo and
assume first that Qo € F. By (3.44) we can find Qf, € S such that Qg € DSQ, .0
0

We note that if Q € S with Q6 C QO then DQ6 N Dsy,0 = ¥, otherwise there is

Q' e DQE} NDs,, o and since Q" C Q( & Q we conclude that Oy € Ds,, ¢, and this

contradicts (3.44) and the fact that Q6 eD Sy 0p Thus, using again (3.44) we have
0

Yo=Y > = @)

QeFNDg, Q€S Q'eDs,y, ongyNF
=2 )Y o= >, 0@
QESﬂDQ6 Q/E]D)SQVQQQOO‘F QGSﬁDQbiQOCQ Q,EDSQ,QOO}—

+ > Y e@)

QESQDQO Q’EDSQ‘QQ}‘

= Y  e@+ Y. > o,

Q,EDSQb'QOO]_— QGSQDQO Q’EDSQ1QQ.7:

where in the last equality we have used thatif 0 € SN DQ6 with Qg C Q and there
is 0" € Ds,.0, N F we have Q" C Qg C Q with Q" € Ds, g, C Ds,, 0, hence
Qo € Ds,, ¢ N F and by (3.44) we conclude that O = Q.- Let 8520 be the collection
of maximal cubes (hence, pairwise disjoint) in S N Dg,,. Then, invoking (3.45) and
(3.46) we easily see that

Y. c@ScQ+ Y, c@=0Q)+ », Y. o)

QeFMDg, QesSNDg, 0e820 Q’eSNDg
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<0(Q+2 Y o(Q)=a<Qo>+2o( | | Q)§30(Qo).

0es% 0e5%

Recalling that Qo € Do N Fis arbitrary we have shown that

Ly sost (3.48)

sup
Q€D N F o(Q) 0T,

and we are left with the consider in the sup all cubes Q € Dgo. To see this we fix

QoeD 00 and let 720 be the collection of maximal cubes (hence, pairwise disjoint)
in FN Dg,. Itis straightforward to see that (3.48) yields

Yo os@= > > @ 3 ), o(Q>=o( | ] Q)SG(QO)-

QeMDg, QeF20 Q'eFNDy 0erQo 0eFQ0

This completes the proof. O

4 Proof of Theorems 1.2 and 1.4

Theorems 1.2 and 1.4 will follow from the following general result. First we introduce
some notation. Give a matrix D = (d; j)1<i, j<n+1 € Lip;c(£2) we write dive D to
denote its divergence acting on columns, that is,

n+1
dive D = (div(d. )\, = (Za d; ’)1</<n+1

Theorem 4.1 Let @ C R* n > 2, be an open set with ADR boundary satisfying
the corkscrew condition. Let Lou = — div(AgVu) and Lyu = — div(AVu) be real
(not necessarily symmetric) elliptic operators. Assume that Ag — A1 = A + D where
A, D € L*°(2) are real matrices verifying the following conditions:

() The function a(X) = supycp(x s(x)2) A, X € Q satisfies the Carleson
measure estimate

aX)?
sup dX < oo. “4.2)
xedQ o (B(x,r)N3R) V) N92) JJpx.rnne 6(X)
O<r<diam(92)

(i) D € Lip,.(2) is antisymmetric and its divergence acting on columns divc D
satisfies the Carleson measure estimate

1
sup _——
xeso  O(B(x,r)NoQ)

// [dive D(X)[?8(X)dX < co. (4.3)
B(x,r)NQ
0<r<diam(9€2)
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Then, wy, admits a (strong) corona decomposition (equivalently, G, is comparable
to the distance to the boundary in the corona sense or Ly satisfies partial/weak Car-
leson measure estimates) if and only if w1, admits a (strong) corona decomposition
(equivalently, G, is comparable to the distance to the boundary in the corona sense
or L satisfies partial/weak Carleson measure estimates).

Proof By symmetry and Theorem 1.1, it suffices to show that if G, is comparable
to the distance to the boundary in the corona sense. then L satisfies partial/weak
Carleson measure estimates. We are going to use the ideas from Sect.3.2. We fix
ue Wli)’cz(Q) N L*°(£2) a non-trivial weak solution of Lju = 0 in Q. By homogeneity
we may assume that ||u|| .~ q) = 1. Fix also 7 € (0, %), the parameter which appears
in the partial/weak Carleson measure estimate (see Definition 2.17). Assume that
(Bo, Go, Fp) is the assumed corona decomposition associated with G,. Given N > 0,
large enough to be chosen momentarily (depending on 1), we may proceed as in
Remark 2.14 and pick (B, G, F) the 2N _refinement of (By, G, Fo). This implies that
for every S € T there exist g € D and Xg € Q so that (3.10) and (3.11) hold
with L = Lo. Write Gs := Gr,(Xs, ). For each 0 € S C S(N), we can find
Pg € 2Bp N Q2 with §(Pg) > col(Q) such that by (3.11) and Harnack’s inequality
there holds

- Gs(Po) _ Gs(X)
~os(Pg) T s(X) ]

As VX € Vg 1= B(Pg, (1 — 1)3(Pp)). 4.4)

This defines Py for every O € G = | |g.r S. On the other hand, given Q €
B = D\G we let IiQ := X be the corkscrew point relative to Q, in particular,
Xo € BN C2BpNQwith§(Pg) 2 £(Q). Set next

ag :=//V IVu(X)]?8(X)dX, Q €D,
¢

which, much as before, satisfies (3.13). Following the argument in Sect. 3.2 it is then
easy to see that we can reduce matters to proving the following estimate:

T :=//ﬁ IVul> GsdX < As o (Qo). (4.5)
Q

Fum-Qo

with implicit constant independent of M > 1, S, and Q¢. We warn the reader that the
difference of the present case with Sect. 3.2 is that before, u and Gg were associated
with the same operator L, while now u is a associated with L and Gg is associated
with Lg.

To show (4.5), we pick Wy, from Lemma 2.26 and use Leibniz’s rule to get

1
A1Vu - Vu GsWi, = A\Vu - V(uGsWi,) — EAOV(M%%) -VGs

1 2 2 1 2 2 1 2 2
+3 A0V (W) - VGs u? = S AV () - V(W) Gs + 5EV (W) - V(Gs Wiy,
(4.6)
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where £(X) = Ag(X) — A1(X). Note that u € WIL’CZ(Q) N L*®(Q), Gs €
WIL‘Cz(Q\{XS}), and that Q-Z;;TQO is a compact subset of 2 away from Xg. Hence,

ue Wl'z(Q%;TQO) and uGg\V3, € W(}’Z(Q%jQO). Since Lu = 0 in the weak sense
in 2, these lead to

// Alw.V(uGs\y,zu)dxz//l9 AVu - V(uGsWi)dX =0.  (47)
Q QU

Fm-Qo

On the other hand, Gg € Wl’z(Q%;TQO) and L] Gg = 0in the weak sense in Q\{Xg}.

Thanks to the fact that u?W3, € WOLZ(Q?:;T 0,)> We then obtain

// AOV(uZ\IIIQW)'VGSdXz//ﬂ AJVGs - Vu*W3i)dX =0. (4.8)
Q ¥

CF0.00

Using Lemma 2.26, the ellipticity of A, (4.6)—(4.8), and the normalization ||u|| ;> (q) =
1, we then arrive at

Tu :=// |Vu|2Gs\If]2V,dX§// A\Vu - Vu GgWi dX
Q Q
5// (|VGs|+|Vu|GS)|V\I/M|dX+‘/ EV(u?) - V(GsW¥i)) dX
Q Q
SG(Q0)+‘ / 5V<u2)-V<Gs%)dX', 4.9)
Q

where the last estimate follows as in (3.26) and (3.27) with the help of (3.20), and
where the implicit constant does not depend on M. To bound the last term we use that
E=Ap— A = A+ Dtoget

‘ / 5V(u2)~V(Gs‘I’]2W)dX' <
Q

// AV(u2)~V(GS\Il1%,,)dX'
Q
+‘// DV(uz)-V(Gs\IJ,ZW)dX‘
Q
= Ty + Ty (4.10)

To control .7 > We write
~ ~1,1 ~1,2
T s [ 1A1uVGsiwax + | 1VullveuiwnGs dx = Ty + T
Q Q
(@.11)

Considering the first term, we observe that sup;« |A| < inf;« a for any I € WV since
I'* Cc{Y e Q:|Y—X| < 38(X)/2}foreach X € I'*. By Caccioppoli’s and Harnack’s
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inequalities, we obtain

T < su*pIAI (// IVul \IIMdX> <//I**|VGS|2dX>

le Wl?
% %
<y K(I)](sup|A|)(// |Vu|2\y%udx> (// |Gs|2dX>
IGW}L I** I** *kkk
) :
S (sup|A|22<1)”“Gs<X1>2)2(// |Vu|2%%4dX)
I** 1**
Iew?

M
2\ :
51\2 Z (// a;g()) dX) (// |W|2GS\IJ}MdX>
: a(X)? )(// S )i
< A dX Vul“GsWy, dX
~ S(//%Om 5X) A

< (T As0(00)*. (4.12)

where we have used (3.19) in the fourth inequality and (4.2) in the last one. On the
other hand, (3.19) and (3.27) imply

1 1
i < (/ |V\IIM|2GSdX>2(/ |W|ch\pfudx)2
Q Q
g( > e(l)"—le(X(I))>2(// |Vu|2GSlIJ12WdX>2
Q

Iews,

< Aé( > 2(1)">2</Q|W|205w§4dx)2

IEWZ,,
< (T Asa(Qo))%- (4.13)

Moreover, it follows from [9, Lemma 4.1] (whose proof works to the present scenario
with no change, taking into account the antisymmetry of D), (3.19), and (4.3) that

Ty = ‘//dich-V(uz)Gs\I/,%,,dX‘
Q

2 2 % 2 2 %
< (/ |dive D>GsW2, dX) (/ |Vl GS\IJMdX>

Ajﬁl( Z GS(X(I))// | dive D|2dX>

Iewy,
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1

N Aé%@(// | dive DIZS(X)dX>2
B, N2
< (Tu As U(Qo))%- (4.14)

Now gathering (4.9)—(4.14) and using Young’s inequalities, we obtain

JIu + Co As o (Qo), (4.15)

N =

T < Aso(00) + (Tu As o (00))? <

where the implicit constant and Cy are independent of M. Observe that Ty < 00

since supp Wy C Q%:,Qo’ which is a compact subset of 2 and u € Wlf)’cz(Q). Thus,
we hide the last term in (4.15) and obtain

In < Iu S As o (Qo).
This shows (4.5) and completes the proof. O
We next see how Theorems 1.2 and 1.4 are deduced from Theorem 4.1.

Proof of Theorem 1.2 Let Ly and L be the elliptic operators given in Theorem 1.2.
Setting A = Ap — Ay and D = 0 in Theorem 4.1, we see that (4.2) coincides with
the Carleson measure condition (1.3) in Theorem 1.2, and (4.3) holds automatically.
Therefore, Theorem 1.2 immediately follows from Theorem 4.1. O

Proof of Theorem 1.4 Let A be the matrix from Theorem 1.4. If we take Ag = A,
A= AT, A=0and D = A — AT in Theorem 4.1, then Ag — A = A + D with
D e Lipy,,.(€2) antisymmetric, (4.2) holds trivially and (4.3) agrees with the Carleson
measure estimate (1.5) in Theorem 1.4. Thus, Theorem 4.1 implies that w; admits a
corona decomposition if and only if so does w; 7.

Similarly, if we pick Ag = A, A = (A+ AT)/2,A=0and D = (A— A")/2,
then wy admits a corona decomposition if and only if so does wgsym. O

5 Proof of Theorem 1.6

In this section we prove Theorem 1.6. Assume first that €2 is uniformly rectifiable
(here we do not need to impose the corkscrew condition). Invoking [24, Theorem 1.1]
with E = 9 we obtain that any bounded harmonic function in R**1\ E satisfies
(full) Carleson measure estimates. Hence, clearly bounded harmonic functions in €2
satisfy (full and hence partial) Carleson measure estimates in €2. This together with
Theorem 1.1, implies that the harmonic measure admits a corona decomposition. The
same can be done with the operators in (a), because they are a subclass of the Kenig-
Pipher operators (see [20, Theorem 7.5]), or similarly to those in (b) much as in [28,
Corollary 10.3].
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5.1 Proof of Theorem 1.6 for the Laplacian

The argument to show that UR follows from the corona decomposition associated with
the harmonic measure is somehow implicit in [25, Section 5] and we sketch the main
changes. Throughout the section, we will denote the Laplacian by £ = — A, avoiding
the latter notation because it is already used for surface balls. For starters we need
some preliminaries. We first recall [25, Definitions 2.17 and 2.19]:

Definition 5.1 Let £ C R"*! be an ADR set.

(i) Given ¢ > 0, we say that Q € D(E) satisfies the e-local weak half-space
approximation condition (¢-local WHSA with parameter K) if there is a half-
space H = H(Q), ahyperplane P = P(Q) = 0 H, and a fixed positive number
K satisfying

(a) dist(X, E) < &£(Q), for every X € P N Ba*(e), where Bz*(s) =

B(xg, e 2(Q)).
(b) dist(Q, P) < K;/*£(Q).
(©) HN By (e)NE = 0.

(i) We say that E satisfies the weak half-space approximation property (WHSA) if
for some pair of positive constants ¢g and Ko, and for every 0 < ¢ < g, there
is a constant C, such that the set 3 of bad cubes in D(E), for which the e-local
WHSA condition with parameter K fails, satisfies the packing condition

Y. 0(Q)<Co(Qo),  ¥Qo € D(E).
0CQo:QeB

Recall next the definition of the Whitney regions U g where ¥ > ¥ is some param-
eter large enough to be chosen momentarily. We observe that these Whitney regions
may have more than one connected component, but that the number of distinct com-
ponents is uniformly bounded, depending only upon ¢ and dimension. We enumerate
the connected components of U Z as {U g”}i. As in [25, Definition 2.26] we enlarge
the Whitney regions as follows. For small enough ¢ > 0, we write X ~; o Y if X
may be connected to Y by a chain of at most ¢~ ! balls of the form B (Y, 8(Yr)/2),

with £32(Q) < 8(Yx) < e3¢(Q). We then set
ﬁg’i = {X €Q: X~ YforsomeY e Ug’i}. 5.2)

Given M > 1 large enough to be chosen and some small enough ¢ > 0, for Y € €,
we set

By := B(Y, (1 — &2M/7)§(Y)),
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where y € (0, 1) is the exponent appearing in Lemma 2.35. We augment U g’i
(cf. (5.2)) as follows. Set

ng’* = {1 € W: I" meets By for some Y € U BX] e
xet)!
and
Ug’i’* _ U [**’ Ué — ng,i,*’ (54)
IeW%i’* i

where we recall that I** = (1 + 21)I. By construction,

70 0,i,%
Uy’ c U Bx < |J Brc Uy,
xey  ve U By

Xeﬁg’i

and for all ¥ € Ug’i’*, we have that §(Y) =~ £(Q) (depending of course on ¢).

Moreover, also by construction, for every I € Wlé’[’*

e Q) S e <edeQ),  dist(l, Q) S et e(Q),

where s = s(M, y) > 0.

We are now ready to establish that if w, admits a semi-coherent corona decom-
position, then 92 is uniformly rectifiable. In view of Theorem 1.1 and Remark 3.43
we may assume that w, admits a semi-coherent corona decomposition (B, G, F) with
the property that Qg = Top(S) and a)gs(QS) ~ 1 for each S € F. Our goal is then
to obtain that dS2 is uniformly rectifiable, and by [25, Proposition 1.17] it suffices to
see that 0€2 it satisfies the WHSA property. Let K be large enough to be chosen and
let eg < Ky ® Fix an arbitrary ¢ € (0, &9), and let 5 be the collection of cubes in
D = D(92) for which the e-local WHSA condition with parameter K fails. Then,
we are reduced to showing that B satisfies a Carleson packing condition. With this
goal in mind we take an arbitrary cube Qo € I and write

Yo o= ) @+ Y  o.

QEBHDQO QEBHBQDQO QEGHBF\DQO

Since the bad cubes B satisfy a packing condition, we have

Yo @<= Y (@) Za(Qo.

QEBQBODQO QEBQDQO
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Much as we did in (3.15)—(3.16), and recalling that Qg = Top(S) one can then see
that it suffices to prove

Y. o(Q)So(@sNQo), VSeF. (5.5)

QeSNBNDyg,

To this end, we take an arbitrary S € [F and perform a stopping time argument to extract
Fs, a family of dyadic subcubes of Qg which are maximal (hence pairwise-disjoint)
with respect to the property Q ¢ S. The semi-coherency of S clearly implies that
S= D-']:SsQS' Set

M= G(Qs)wz(S and G:=0(0s)Gc(Xs, ), (5.6
and note that
M(QS) Xs
= ~ 1.
o(s) ~ E (0¥
Thus, (2.8) becomes
Q) S
1< Z(—Q) < <fQ(MM)5do) <1, V0 e D gs. (5.7)

Apply Remark 3.7, fixing N large enough. Observing that in this case VG is continuous
(away from Xs~), we obtain for every Q € Dxg og With £(Q) < 2_N£(Qs), that there
exists Yg € 2Bg N Q with §(Yp) > Z_NE(Q) for which

9(Yo) o L

>
IVG(Yp) 21 and 5(Tg) ~

(5.8)

Note also that if Q € Sis so that £(Q) < Z’N/E(Qs), with N’ large enough, we have

8(Xs) < |Xs — Yol +8(Yp) < |Xs — Yp| + CL(Q) < |Xs — Yol + C 2~V 0(Qs)

/ 1
< 1Xs = Yol + €27V 5(Xs) < |Xs = Yol + 56(Xs),
thus
1 N N 1
|Xs = Yol = 58(Xs) ~ £(Qs) = 2V £(0) 2 2V 8(Y0) > 78(Yp).

We can then invoke (5.6), (2.37) and (5.7) to obtain

G(Yo) _ n(Alg, C8(¥0) _ m(A(xg, CUQ)) _ (7[ (Mméda)z -
5(r) ¥ 8 T oAk, CL)) ~ g ~
(5.9)
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This, (5.8), the mean value property for harmonic functions, and Caccioppoli’s and
Harnack’s inequalities yield

9ro) 1, (5.10)

1 SIVGY o)l S
S VU Q)INS(YQ)N

for each Q € D og With £(Q) < 2~ N+N¢(Qg).

Since Yo € €, there exists /g € Wsothat Yg € Ig. Notethat £(Ip) ~ §(Yp) ~n
£(Q) and dist(Ig, Q) < |Yp — xg| < £(Q). As aresult, by taking 9 > 10(N + N’)
large enough we clearly have that Ip € WY, whence Yo € Iy C Ug. From this
point ¢ remains fixed and we set Kg = 27. To simplify the notation, in what follows
we drop the superindex ¥ and simply write Uy with connected components {U g’i}i.
Since Yy € Ug, then it belongs to some U i, by relabeling if needed we assume that
Yo € U,

Note that by construction (see (5.3) and (5.4)), there is a Harnack path connecting
any pair of points in U g* (depending on ¢), thus, by Harnack’s inequality and (5.10),
and recalling that ¢ < K, 6

CTl8(Y) <G(Y) < C8(Y), VY U™, £(Q)<el(Qs),  (5.11)

with C = C(Ky, ¢, M) (depending also on the allowable parameters). Moreover,
much as in (5.9),

G(Y) = C8(Y), VY eU; Q) =el(Qs), (5.12)

by (5.6), (2.37), and (5.7), where again C = C(Ky, &, M).

We are now ready to establish (5.5). We may assume that S N Dy, # ¥, in which
case the semi-coherency of S gives Ry := Qs N Qg € Sand SN Dy, = Dxg g, At
this point we proceed as in [25, Section 5] consider three cases:

e Case 0: O € D g, with £(Q) > £'0¢(Ry).
e Case 1: Q € D g, with £(Q) < £'%(Rp) and

sup sup [VG(Y) — VG(Yg)| > e*M. (5.13)
Xel7iQ YeBy

e Case2: Q € D g, with £(Q) < £'%(Ry) and

sup sup |[VG(Y) — VG(Yp)| < &2M. (5.14)
Xeﬁig YeByx

Note that one trivially has

Y o< > a(Q) < (loge™") o (Ro). (5.15)
0eDrg &, QcDp,
Case 0 holds e100(Ro)<(Q)<t(Ro)
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For the cubes in Case 1 we can use (5.11) and (5.12) so that [25, Lemma 5.8] yields

> 0(Q) = Cle. Ko. M) o (Ry). (5.16)

QEDfs,RO
Case 1 holds

Similarly, [25, Lemma 5.10] implies that if M is large enough then all cubes in Case

2 satisfy the e-local WHSA with parameter K. All these together eventually imply
(5.5):

Yo @@= > o@= Y @+ Y o

QGSQBQDQO QEBQDJTS,RO QEBmeS,RO QGBQD}"S,RO
Case 0 holds Case 1 holds
< o (Ro).
This completes the proof. O

Remark 5.17 In Theorem 1.6 the corkscrew condition cannot be removed. Much as in
[4, Example 3, Appendix A], consider 2 := Uk>0 Qr C R2, where for each k > 0,
we let 2 be the k-th stage of Garnett’s 4-corners construction (see, e.g., [14, Chapter
1]), positioned inside the unit square whose lower left corner is at the point (2k, 0) on
the x-axis. As observed in [4, Example 3, Appendix A] one can easily see that 2 fails to
satisfy the interior corkscrew condition and its boundary is ADR but not UR. However,
bounded harmonic functions satisfy (full) Carleson measure estimates. To see this we
fix u harmonic in  with [[u|| =@y < 1,andletxg € 92,0 < ry < co. Observing that
2 is comprised of a countable number of open squares, we let {R}; be the collection
of those such cubes meeting By = B(xo, r9). One can find y; € Bo N dR; C 9L2.
Setting p; := min(rg, diam(dR;)), we note that Bo N R; C B(y;,2p;) N R; and

// |Vu|28dX=Z// |Vu|28dX§Z// IVul>sdX.
ByN | BoNR; | B(yj,2p;)NR;

Recall that  is harmonic in €2 and bounded by 1, hence it satisfies the same properties
in R;. Additionally, since R; is a square (a Lipschitz domain), bounded harmonic
functions satisfy Carleson measure estimates, with implicit constant that do not depend
on the particular j (the Carleson measure estimates property is scale-invariant and in
that regard the R;’s are all equivalent to the unit square). Moreover, the R;’s all have
ADR boundaries with uniform constant (again ADR is a scale-invariant property).
Hence, we can use that B(y;, p;) C 2By to obtain

[ uPadx £ 30 S Y H BGs ) NOR,)
BoN X X
J J

<Y H'QByNIR;) <H'2ByN ) < ro.
j
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where we have employed that sets {dR}; are pairwise disjoint and contained in 92,
and that 02 is also ADR. We have then shown that bounded harmonic functions
satisfy Carleson measure estimates in €2. One can produce a similar construction in 3
dimensions. Details are left to the interested reader.

5.2 Proof of Theorem 1.6 for the operators in (a)

The argument is very similar to the one for the Laplacian but it requires some changes.
First of all by Theorem 1.4 we can reduce matters to the case on which L is sym-
metric. Writing K := || [VA| 8(-)||LOQ(Q) < oo we have by [26, Lemma 4.39] that
[Vu(X)|8(X) <k u(X) for every X € Q and for every 0 < u € Wlé’cz(Q) SO
that Lu = 0 in Q in the weak sense. Additionally, if 0 < u € W!2(61) is so
that Lu = 0 in 6/, with I being an (n + 1)-dimensional cube with 6/ C €2 then
IV2ull 2y Sk 0D~ IVull 207 ([26, Lemma 4.39]) and

X — Y|
10

1
2
IVu(X) — Vu(Y)| <g ( ) sup|Vul, X,Yel. (5.18)
21

The latter estimate can be derived from [17, Theorem 5.19] applied in the unit cube
and by translation and rescaling much as in [26, Lemma 4.39]. With this estimate
we can proceed as in [25, Section 5] and much as before there are three cases. The
cubes in Case 0 are trivial as before. For Case 2 one has to inspect the proof of [25,
Lemma 5.10] and see that the argument follows mutatis mutandis in account of the
previous estimates. For the cubes in Case 1 we need to make some changes. Rather
than using the argument in [25, Section 5SA] we initially follow [25, Section 5B], using
(5.18) in place of [25, (3.38)], up to the [25, (5.35)] with p = 2 and Fy = 1, that is,

> G(Q)S// V2G> GdX.
Q*

QEDfs,RO Fs.Ro
Case 1 holds

From this point we integrate by parts as in [26] (see also Sect. 3.2) using that we have
assumed that L is symmetric. With that one can obtain the desired estimate for the
cubes in Case 1 and the proof is then complete. Further details are left to the reader. O

5.3 Proof of Theorem 1.6 for the operators in (b)

Much as in [28, Corollary 10.3] one can regularize A so that the new matrix A s
one of the operators considered in (a) and, moreover, Aisa Fefferman-Kenig-Pipher
perturbation of A. Thus, Theorem 1.2 and the fact that we have already taken care of
the operators in (a) give the desired equivalences. O
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5.4 Proof of Theorem 1.6 for the operators in (c)

This follows at once from Theorem 1.2 and the previous cases. O

6 Proof of Theorem 1.9

We introduce some notation. Let Q@ < R**! n > 2 be an open set with ADR

boundary and satisfying the corkscrew condition. We say that w;, € Aggak (o), if there

are a positive constant C > 1 and an exponent ¢ > 1, such that for every surface ball

A = A(x,r),withx € 0Q and 0 < r < diam(92), there exists X € Ig(x, r)N,
CL)LA

with dist(Xa, 9Q) > C~'r, satisfying o} ® < o in 2A, and k;* := 22— verifies

/ kXA ()9 da(y) < Co(a)' . (6.1)
2A

We say that an open set €2 satisfies the Harnack chain condition if there is a
uniform constant C such that for every p > 0, A > 1, and every pair of points
X, X' € @ with min{§(X), §(X’)} > p and |X — X'| < Ap, there is a chain of
open balls By, ..., By C 2, N < C(A), with X € By, X’ € By, By N Bx+1 # 9,
C~ldiam(By) < dist(By, 92) < C diam(By). We observe that the Harnack chain
condition is a scale-invariant version of path connectedness.

We say that Q2 is a 1-sided NTA (non-tangentially accessible) domain if 2 satisfies
both the corkscrew and Harnack chain conditions. Furthermore, we say that €2 is
an NTA domain if it is a 1-sided NTA domain and if, in addition, ]R”‘H\§ satisfies
the corkscrew condition. If a 1-sided NTA domain, or an NTA domain, has an ADR
boundary, then it is called a 1-sided CAD (chord-arc domain) or a CAD, respectively.

In 1-sided CAD the elliptic measure is doubling (see e.g. [21]), hence w; €
Aggak(a) becomes w;, € Ax(0), condition that can be equivalently written as fol-
lows: there exist constants 0 < «, 8 < 1 such that given an arbitrary surface ball
Aoy := By N 9dR, with By := B(xg, rg), xo € 92, 0 < rg < diam(3d2), and for
every surface ball A := B N d<2 centered at 92 with B C By, and for every Borel set
F C A, we have that

o, F) o) _

o) @)~

6.1 Proof of Theorem 1.9, part (i)

As discussed in [25, Section 4], by slightly changing the constant C in the definition
of wy € Aggak (o) we may assume that wa (A) > Cl_1 for some constants C; > 1

depending on n, ADR, and ellipticity. In turn, it was also shown that there exist
B.n € (0,1) so that for every Q € D = ID(dR2) one can find Xy € By N Q with

8(X o) 2 €(Q) for which wa(Q) > Crl and
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o(A) = (1 - Mo (Q) = w)°(A) > Bw, °(Q), (6.2)

for any Borel set A C Q.
We need the following auxiliary result:

Lemma 6.3 [25,Lemma4.12] Let Q € D and let 1 be a Borel measure on 92. Assume
that there exist K1 > 1 and 8, n € (0, 1) such that

O pOR)

T o(Q) T 0(Q) T
and for any Borel set A C Q,
o(A) =z -mao(Q) = n(A) = puQ).

Then there exists a pairwise disjoint family Fo = {Q ;}; C Do\{Q} such that

o(ov U ¢))z -0, (6:4)
QjeFg
and
B _n@
E U(Q) < ][(./\/l,u)2d0> < K>, VQ G]D)]:Q 0> (6.5)

where o € (0, 1) and K > 1 depend only on n, B, n, K1, and the ADR constant.

We are now ready to prove that w; € Ag’oeak(a) implies that @y admits a strong
corona decomposition. By Proposition 2.39, it suffices to obtain a strong corona decom-
position for w;, on Dy, any cube Qo € D(9€2). Fix then Q¢ € D(9€2) and we will
construct the corona decomposition by iterating Lemma 6.3. The O-th generation cubes

X _
are constructed as follows. As observed above w; Qo (Qo) = C, ! for some Cy > 1.

X
Write p := Cla(Qo)a)LQ0 so that

n(Qo) _ 1382

XQO
=C 02 Ci. 6.6
o(00) = a(Qy ~Crer =61 (60

X
1<Clo;%(Q) =

Using this and (6.2) we can invoke Lemma 6.3 and find a pairwise family Fgp, C
DQo\{ Qo} such that (6.4) and (6.5) hold with Q = Qq.Let Sy, := ]D)}-QO 00> Which is
semi-coherent with Top(So,) = Qo. Set Osy, = = Top(Sg,) = Qo and XSQ = Xy,

so that (2.7) holds for Sp,,. Observe that (6.5) and the fact that C1 <o X (Qp) <1
give for every Q € Sp,

Xs
Bt @s)  p 0"
2Cr a(Q@sy,) T 2C10(Qo) T 0(Q)
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Xs
Q
3 0 (QSQO)

Xs 1 2 K>
Maw, 2°)2d K ,
S(J[Q( ay o) < oy < o (0s0)

that is, (2.8) holds for Sg,. Defining F* := {Sp,}, G* := S¢,, and F* = Fp, one

can clearly obtain
Do, =G0|_|( L DQ)
QA

and, by (6.4),

G( L Q) < a0 (Qo)-

0eF

We now iterate, repeating this process for any Q' € F°. We then obtain a pairwise
family For C Do/ \{Q'}. LetSy 1= D;Q/,Q/ which is semi-coherent with Top(So/) =
Q’. Set Os, =Top(Sg) = Q' and Xs, = X sothat(2.7) and (2.8) hold for S¢.
Defining F! := {Spr: 0" € ), G = lgert S, and Fl= {(Foo : Q' € FO) we
easily see that

Do, =G| |( | po)=6"LUe'LI( LI Do)

0eF QeF!
and
a( L] Q>= > o( L] Q)Sa > o(Q’)=ao< || Q’)soﬂa(Qo).
Qert Q'er’ " QFy 0'er Q'er

We now iterate this argument with the cubes of ' and so forth so on. We then define
F=[[72F,G=|1;2G/,and F = |3, FJ. Note that by construction G =
[lser S, where each S is semi-coherent. For each S € [F we have that Qs = Top(S),
Xs = X, and that (2.7) and (2.8) hold. It is also clear from the construction that
Top(F) = Fu {Qo}. We next show that D\G = #. Assume otherwise that the exists
Q' € D\G = . Since 0 < « < 1, we can find k > 0 so that «*o (Qo) < o(Q’). Note
that

k
Dg, = (|_|GJ)|_|( | | DQ),
J=0 QeF
hence Q' € Dy for some Q € JF¥. This gives a contradiction:

dfo(00) <o(@) <o | | ] 2] =" e (Q0) < &Fa(Qo).
QeF*
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We next show that the cubes in Top(F) = F u {Qo} satisfy a Carleson packing
condition. Assuming this momentarily, and if we set B = #J we have then shown that
(B, G, F) is a semi-coherent corona decomposition so that (2.7) and (2.8) hold, which
completes the proof.

Let us then show that Top(F) = F U {Qo} satisfy a Carleson packing condition.
Take an arbitrary Qf, € Top(F), that is, Q, € FIo for some jo. Let j > jo and note
that /! = {Fp : Q' € F/}, hence

Sio= ), o@=) Y 0@

QefH'mD% Q'eFl QeF Dy

/
- ¥ o Ue)za ¥ ow-ax
Q/e]-'fﬁ]]])% QeFy Q/e]-'-fﬂ]D)%

Iterating this we obtain ¥; < oo Xj, = oo O’(Q6), for every j > jo. As a
result,

Y c@=) %<0y M =0-x)""o(Qp, (67

QETOP(F)NDQ(/) j=Jo j=Jo

which is the desired estimate for any arbitrary cube Q;, € Top(IF).
Consider next the general case Q € D¢, and let { Qi }« be the collection of maximal
cubes (hence pairwise disjoint) in Top(IF) contained in Q. Then, using (6.7) with Qy

Yoo e@)=) Y  e@)=d-o") o
k

Q' €Top(F)NDg k  Q'eTop(F)NDg,

=(l-o" a<|_| Qk) <(l-a)'o(Q),
k

and this shows that Top(F) = F u {Qp} satisfy a Carleson packing condition, as
desired. O

6.2 Proof of Theorem 1.9, part (ii)

We assume that 2 is a 1-sided CAD. Part (i) shows that (a)==>(b), since &, is doubling
in 1-sided CAD. Below we show that (b)==(a). Assuming this momentarily, [9,
Theorem 1.1] gives that ()<= (e) and Theorem 1.1 yields the other equivalences.

We introduce some notation. Let E C R"*! be a an ADR set and let D = D(E)
be its associated family of dyadic cubes. Given sequence of non-negative numbers
{ap} e, we define the “measure” m (acting on collection of dyadic cubes) by

m) = Y g, forD CD. (6.8)
Qe
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For a fixed Qg € ID, we say that m is a discrete “Carleson measure” on Dy, (with
respect to o), and write m € C(Qy), if

m(Dg)
lm|lc = su < 00. (6.9)
T gy, 0(0)
We also set
D
mlle := sup 20D _ oy 6.10)
oeb 0(Q)

to denote the global Carleson norm on . Given a family F C I of pairwise disjoint
cubes, we define the restriction of m to the sawtooth D~ by

mzeD) :=mD NDy) = > ag. 6.11)

For a pairwise disjoint family 7 = {Q;} C D and a non-negative Borel measure 1t on
02 we define the projection measure Pru as

ANQ;
Prin(A) 1=M<A\ U Q,,) + Y %MQ,),
QjeF QjeF o(Q;
for any Borel set A C 9€2.

Lemma 6.12 [22, Lemma 8.5] Suppose that E C R"+ jsan ADR set. Fix Q0 e D(E),
let o and w be a pair of dyadically doubling Borel measures on Q°, and let m be a
discrete Carleson measure with respect to o with

Imllecgoy < Mo < oo. (6.13)

Suppose that there exists y > 0 such that for every Qo € Do and every family of
pairwise disjoint dyadic cubes F = {Q j} C Dy, verifying

lmzllecoy < v, (6.14)

we have that Prw satisfies the following property: forall e € (0, 1) there exists Co > 1
such that

() Pfa)(F) l
F , > _— 6.15
© Q0 0y 7 " ProQo) - (6.1

Then, there exist o, B € (0, 1) such that for every Qp € ID)QO,
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o(F) _, @

F s > >
C Q0 Tion ©(Q0)

> B, (6.16)

that is, w € AggadiC(QO, o).

We are now ready to prove that (b)=—(a). A more restrictive version of this result
appears in [16, Section 4.2] using different methods. Let (B, G, IF) be the assumed
corona decomposition associated with wy . Set for any Q € D

_ {G(Q), Q € B U Top(F). 6.17)

0, otherwise.

We define the associated discrete measure m as in (6.8). Fix Q° € I and write

w = a)z(QO. Note that both w and o are dyadically doubling on Q°, since Q is a
1-sided CAD (see for instance [21]). In view of the Carleson packing condition for
bad and top cubes, we have
Imllecgoy = lmlle = Mo < oo.

Therefore, Lemma 6.12 implies that a)fQO € AgZadlC(QO) provided we show that
(6.14) for some small y € (0, 1) to be found implies (6.15). Since 0Yis arbitrary and
the same constants « and 8 are valid for all QO, the fact that the elliptic measure is
doubling in the present scenario easily yields that w € A (o), details are left to the
interested reader.

To complete the proof, it suffices to show that (6.14) implies (6.15). To this end,
fix Qo € Dyo and a family of pairwise disjoint dyadic subcubes 7 = {Q;} C Dy,
satisfying (6.14) with y € (0, 1) to be chosen momentarily. Let ¥ C Q¢ be an
arbitrary Borel set.

The case F = {Qp} is trivial since % = ;((50)), and (6.15) clearly holds.
Thus we may assume that 7 C Do, \{Qo}. Write Ey := QO\(UQje]-' Q). We claim
that there exists So € G such that Q¢ C Top(So), Dr, o, C So, and

®(Q) _ ©(Q" N Top(So))
a(Q)  o(Q"NTop(So))

=:Ag, VO eDxyg,. (6.18)

Assuming (6.18) momentarily, we conclude (6.15) as follows. By definition,

w(Q))

Pro(F)=o(FNE)+ 3 55
J

QjG]'-

o(FNQ;) :=T+1L (6.19)

We first deal with the second term. If we write 0; ; for the dyadic parent of Q; € F,
it is clear than Q j € Dg g, Since both w and o are dyadically doubling, it follows
from (6.18) that
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o~

I~ )] wgg,-)a(F NQ)~ Ao Y o(FNQ))=A~Aoo(F\Ep). (6.20)

Q]E]:G J QjE]'—

To bound the first term, let » > 0 be an arbitrary number. Since w is a regular Borel
measure, one can find an open set U, D F N Eg such that w (U, \(F N Ep)) < 7. Let
x € FNEy C Uy. Then A(x,r,) C Uy, for some 0 < r, < oo. Pick O, € Dy,
containing x such that diam(Qy) < ry and £(Qx) < £(Qy). This and the fact x € Qg
give Oy C A(x,7y) N Qo C Uy N Qo. Let O™ € Dy, be the maximal cube with
OF™ D Oy such that Q™ C U, N Qq. Denote by F the collection of the maximal
cubes Q7 for x € F N Eyp. Note that F is pairwise disjoint,

FNE c|JQcU,NQy and FNENQ#W YOeF  (621)
Qei‘

On the other hand,
Fc Dgo,. (6.22)
Otherwise, there are Q € Fand Qj € Fsuchthat Q C Q;. Then FNEyN Q C

Ey N Q; = @, which contradicts (6.21). Then, we use (6.18), (6.21) and (6.22) to
obtain

Moo (FNE) < Y Apo(Q) ~ Y »(Q) < w(UyN Qo)
QeJN"-' Qei—'
< w(Uy\(F N Ep)) + w(F N Ep) <n+w(FNEy),
where the implicit constant is independent of 7. Letting n — 0, we arrive at
IT=w(FNEy 2 Ayo(FNEy). (6.23)
Now collecting (6.19), (6.20), and (6.23) we get
Prw(F) 2 Ago (F).
This and the fact that Prow(Qp) = w(Qo) & Aoo (Qo) easily yield

Pro(F) _ o(F)
Prw(Qo) ~ 0(Qo)’

(6.24)

which immediately gives (6.15).
It remains to show (6.18). Note that if Q € D, g, then

g < Y ag < ImElegyo(Q) <y o(Q).
Q'eDg o
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By (6.17), if we simply take y = %, we conclude that Q ¢ B U Top(IF). That is, our
choice of y guarantees that D, o, C D\ (B U Top(IF)). This and the semi-coherency
of the regimes in I immediately imply that there exists a unique Sg € G such that
D0, C So and Q¢ & Top(Sp). Note that 0% N Top(Sy) € So since Sp is semi-
coherent and So 3 Qo € Q% N Top(Sy) C Top(Sp). Thus, (2.10) implies

0 (0) _0,"(0s) _ @, (0" N Top(S0))
0@ o@s) 0@ NTop(Sy)

, VO € Dg g,. (6.25)

Note that Q¢ € Top(So) N Q% C Qs, N @Y, hence Qs, N Q° # . 1f Q° C Qs,,

then the change of pole formula gives

X0

dw, ° 1 X
w%(s V)R forw, ©-ae.y e Q°.

de 0 wr ’(Q%

As aresult, if 0, Q' ¢ Q° we obtain

0(©Q _ 2”@ _ 0,
a)(Q/) waO (Q/) wz(s() (Q/) ’

Analogously, if Os, C QY, then the change of pole formula gives

do; 1 X 50
o (y) ~ g0 , forw; * -ae. y € QOs,.
do, ° w; % (QOsy)

Thus, if 0, Q' C Qs,, then

oY) 0,"(0 _ (Q
waO (0" waO Q) w(Q)

This means that in either scenario if Q, Q" C Qs, N 0° we obtain

0@ _ ©, Q)
@@ v

Recalling that Dx g, C So N Dy, C ]D)QSO N Do, the previous estimate and (6.25)
give as desired (6.18):

0@ @@ e
w(Q°NTop(So))  w*%0(Q° NTop(Sp))  o(Q° NTop(So))’

for all Q € D, g,. The proof is then complete. O
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6.3 Proof of Theorem 1.9, part (iii)

Assuming that 2 is a 1-sided CAD, we just need to apply [3, Theorem 1.2] for the
Laplacian, [28, Theorem 1.6] for the Kenig-Pipher operators, [28, Corollary 10.3] for
the analog class using oscillations, and [9, Theorem 1.4] for the perturbations. Details
are left to the interested reader. |
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