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Abstract

This paper is concerned with the uniqueness of bounded continuous L3> *°-solutions
on the whole time axis R or the half-line (—oo, T') to the Navier—Stokes equations
in 3-dimensional unbounded domains. When €2 is an unbounded domain, it is known
that a small solution in BC(R; L) is unique within the class of solutions which
have sufficiently small L°°(RR; L3'°°)—norm; i.e., if two solutions u and v exist for the
same force f, both u and v are small, then the two solutions coincide. There is another
type of uniqueness theorem. Farwig et al. (Commun Partial Differ Equ 40:1884—-1904,
2015) showed that if two solutions # and v exist for the same force f, u is small and if v
has a precompactrange Z(v) := {v(t); —oco <t < T}in L3 then the two solutions
coincide. However, there exist many solutions which do not have precompact range.
In this paper, instead of the precompact range condition, by assuming some decay
property of v(x, t) with respect to the spatial variable x near t = —oo, we show a
modified version of the above-mentioned uniqueness theorem. As a by-product, in
the half-space Ri, we obtain a non-existence result of backward self-similar L3-%°-
solutions sufficiently close to some homogeneous function Q(x/|x|)/|x| in a certain
sense.
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1 Introduction

The motion of a viscous incompressible fluid in 3-dimensional domains €2 is governed
by the Navier—Stokes equations:
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oou—Au+u-Vu+Vp=f, teR, xe,
(N-S) divu =0, reR, xeQ,
ulpo =0, teR,

where u = (ul(x, 1), u*(x, 1), u3(x, 1)) and p = p(x,t) denote the velocity vector
and the pressure, respectively, of the fluid at the point (x, #) € 2 x R. Here f isagiven
external force. In this paper we consider the uniqueness of bounded mild La-solutions
to (N-S) on the whole time axis (—o0, co) or the half-line (—oo, T') in unbounded
domains €2. Typical examples of such solutions are stationary, periodic-in-time and
almost periodic-in-time solutions.

In case where Q C R? is bounded, the existence and uniqueness of time-periodic
solutions were considered by several authors; see e.g. [12] and references therein.
Maremonti [38, 39] was the first to prove the existence of unique time-periodic reg-
ular solutions to (N-S) in unbounded domains, namely for @ = R and @ = R3.
In the case of more general unbounded domains, the existence of time-periodic solu-
tions was proven by e.g. Kozono—Nakao [30], Maremonti—Padula [40], Salvi [47],
Yamazaki [55], Galdi—Sohr [21], Kubo [35], Crispo—Maremonti [6], Kang—Miura—
Tsai [28], Geissert—Hieber—Nguyen [22], Okabe—Tsutsui [46], Galdi—Kyed [20], Galdi
[19], Eiter—Kyed [8] and Eiter—Kyed—Shibata [9]. Some of them constructed solutions
to (N-S) on the whole time axis without any time-periodic condition on the external
force. In particular, Kozono—Nakao [30] introduced a new approach to the study of
time-periodic solutions by using the following integral equation:

u(t) = /t e UTOAP(—u - Vu + f)(z)dr, (1.1)

where the definitions of P and A will be mentioned later. In [30], they constructed
global L3-solutions on the whole time axis (—00, o0) to (1.1), which are called mild
solutions to (N-S) on (—o0, 00). More precisely, Kozono—Nakao [30] showed that
if the domain 2 is R”, Ri (n > 3) or an n-dimensional exterior domain (n > 4)
and if the external force f is small in some function space, then there exists a small
L"-solution to (1.1) in the class

{u € BC(R; L"); sup lu(@®)||rr + sup [|Vu(t)|re < 8} (2 <r<n, n <qg< n),
teR teR 2

(1.2)

where § is a small number. They also showed that this small solution is unique within
the class (1.2). Furthermore, they proved that this small L"-solution is a strong solution
to (N-S) and that if f is a small time-periodic function in some function space, then
their small solution u is also time-periodic. In the case where 2 C R"*(n > 3) is a
perturbed half space or an aperture domain with Q2 € C°°, Kubo [35] proved the
same uniqueness and existence theorem as Kozono—Nakao [30]. When Q = R3, Ri,
a perturbed half space or an aperture domain with Q2 € C*°, Farwig, Nakatsuka and
the present author [11] showed that if f is small and has a precompact range in some
function space, then the small solution u also has a precompact range in L>.
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On uniqueness of mild £3-°°-solutions. ..

In the case where 2 is a 3-dimensional exterior domain with 92 € C°°, Yamazaki
[55] succeeded in proving the existence of small mild L3 *°-solutions on the whole
time axis, if the external force f is sufficiently small in some sense. More precisely, he
showed the existence of small mild L"-°°-solutions in the case €2 is an n-dimensional
exterior domain forn > 3. Here L7 denotes the Lorentz space and L?-*° is equivalent
to the weak-L” space (L} ). Yamazaki [55] also proved uniqueness of small solutions
within the class

{v € BUC(R; L%*°(Q)); suﬂg lv@)|l1noe < 8} ,
1S

where § = §(€2, n) is a small number and L”-*° will be defined in the next section. See
Lemma 8 below. Furthermore, if n = 3, Kang—Miura—Tsai [28] showed the existence
of mild solutions u on the whole time axis with the spatial uniform decay:

sup sup |x|*|v(x,1) — V(x)| < o0 (1.3)
t |x|>L

for some « > 1, L > 0 and some function V (x) with sup|,.; [x||V (x)| < oo, if f
satisfies adequate conditions. Note that V € L3°°(Q) and sup, [[v(t) — Vpro@) <
oo for some 1 < r < 3. They also dealt with the inhomogeneous boundary value
problem.

Concerning the uniqueness of solutions on the whole time axis, roughly speak-
ing, it was shown in [30, 35, 55] that a small solution in some function spaces (e.g.
BC(R; L3°°(Q))) is unique within the class of solutions which are sufficiently small;
i.e., if u and v are solutions for the same force f and if both of them are small,
then u = v. It is notable that, concerning time-periodic solutions, Galdi—Sohr [21]
show that a small time-periodic solution is unique within the larger class of all peri-
odic weak solutions v with Vv € L?(0, Tpers L?), satisfying the energy inequality

fOT" “ ||Vv||i2 dt < — foTper (F, Vv) dt and mild integrability conditions on the cor-
responding pressure; here T, is a period of F and f =V - F.

Another type of uniqueness theorem for solutions on the whole time axis or the half-
line (—oo, T') was proven by Farwig, Nakatsuka and the present author [10] without
time-periodic condition, where it was proven that if # and v are solutions for the same
force f, u is small and if v satisfies the precompact range condition (PRC):

(PRC) Z(v) = {v(t) € L>*; t € (—o0, T)} is precompact in L>,

then # = v on (—o0, T'). Note that the smallness condition is assumed only on one of
solutions. See also [16, 17, 43, 44, 51].

Since almost periodic-in-time solutions satisfy (PRC), this uniqueness theorem is
applicable to almost periodic-in-time solutions. In [10], without (PRC), it was also
shown that a similar uniqueness theorem holds under the smallness condition of u,
(1.3) and the condition: u, v € BC(—o00, T} L3N L7) for some g > 3. On the other
hand, there are many mild L3-%_solutions to (N-S) that satisfy neither (PRC) nor
(1.3). For example, traveling solutions u(x,t) = u(x —a-t,0) (a # 0, u # 0) satisfy

@ Springer



Y. Taniuchi

neither (PRC) nor (l 3) when Q = R3 Other examples are backward self-similar
solutions u(x, t) = x (=00, —1), when U # 0 and U € L3.

Very recently the present author showed a similar uniqueness theorem without
(PRC) or (1.3) in [52, Theorem 3], where the L (r < 3) and L3 integrabilities of solu-
tions are assumed instead of (PRC). These integrabilities, however, are too restrictive
for solutions to the 3D exterior problem. Indeed, if €2 is a 3D exterior domain and u
is a stationary weak solution to (N-S), then u cannot belong to L3, excepting in the
case where the net force exerted on 9<2 is equal to zero. See e.g. [32]. In the present
paper, we will improve the uniqueness theorems given in [10, 52] in order to deal with
L3*solutions to the 3D exterior problem.

Throughout this paper we impose the following assumption on the domain.

Assumption 1 Q C RR? is an exterior domain, the half-space R3 , the whole space R3,
a perturbed half-space, or an aperture domain with 9Q € C?>*”,0 < v < 1.

Here, the assumption dQ € C>*" means that for each x € 9<2 there are an open
ball B, centered at x and a function g, € C>TV(G) for some domain G C R? such
that after a rotation of the Cartesian coordinates, if necessary,

3 > gx(y1,y2) forall y = (y1,y2,¥3) € N By, y3 < gx(y1, y2) for all
y e R3\Q) N B, and y3 = g, (y1, y2) forall y € () N By.

The definitions of a perturbed half-space and an aperture domain are as follows
(See e.g. [13-15]). Let RS := {x € R% x3 > 0} and @ C R? be a domain. If there
exists an open ball B C R3 such that QU B = R3 U B, then 2 is called a perturbed
half-space. If there exists an open ball B C R? such that QU B = R3 UR3 UB
where d > 0 and R3 := {x € R?; x3 < —d}, then  is called an aperture domain.
Since the aperture domain €2 should be connected, there are some apertures and one
can take two disjoint subdomains €21 and a smooth 2-dimensional manifold M such
that Q = Q_ UM UQ,, Qi\B =R3 1\Band M UIM = 92_ N 92+. We do not
need to assume the connectedness of R3\§2

Let BC(I; X) denote the set of all bounded continuous functions on an interval /
with values in a Banach space X. The open ball with center x and radius R > 0 will
be denoted by Bg(x). Let ;t(A) be the 3-dimensional Lebesgue measure of A C R3.
The definition of mild L3*-solutions will be written in the next section. Let

-0l ;3.00

L3(Q) := LE™(Q) N L*(Q) ,

where the definition of L?;OO(Q) will be written in the next section. Now our main
results on uniqueness of mild L3-solutions reads as follows.

Theorem 1 Let Q2 satisfy Assumption 1. There exists constants §(2), ¢, (2) > 0 with
the following property: Let T < 00, u and v be mild L3*-solutions to (N-S) on
(—o0, T) for the same force f,
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1, v € BC((—o00, T); L3*(2)) (1.4)
and
t——00

Assume that there exists a function V.=V (x) € L3°°(Q) such that

lim sup ||U(l) - V||L}.oo({lv(t)_\/lsyom—l/Z}) < (S, (16)

——00

7
where yy := Cy - <lim sup [[v() |l 300 () + 1V I 1300y + 1+ 8) .7

——00

Then u = v on (—o00, T). Here {[v(t) — V| < wlt| "%} == {x € Q; |v(x,1) —
V)l < wolt| 712}

Corollary 2 Let Q satisfy Assumption 1 and 1 < r < 3. There exist a constant
Ccxx(2,7) > 0 with the following property: Let T < oo, u and v be mild L300
solutions to (N-S) on (—oo, T) for the same force f.Assume that (1.4) and (1.5) hold.
Furthermore assume that there exists a function V € L3°°(Q) such that

. lv() — Vilpreo (o) (
imsup ——————= < Cys -

t——00 m%(%fl)

-7 -1
lim sup “l)(l)”L},oo(Q) + “V”L},oo(Q) + 1+ 5) .

(1.8)

Thenu =von (—00,T).
By the interpolation inequality:

1-r/3 3 - 3
1@l e qigizany < CIEON Ll zany 18O < CM™ g0,

we see that (1.8) implies (1.6) if c. is sufficiently small. Hence, Corollary 2 is a direct
consequence of Theorem 1.

Remark1 (i) When  is an aperture domain, all mild L3-solutions are assumed
to belong to LZ’;O" and hence satisfy the vanishing flux condition ¢ (u(¢)) = 0
for all r € (—oo, T'), see the next section.

(i) Condition (1.8) can be replaced by the following simpler condition:

lim sup ||v(¢) — V“Lr,oo(g) < 0 (1.9)

[——00

forsome 1 < r < 3andforsome V € L3, since (1.9) implies that the L.H.S. of
(1.8) vanishes. We emphasis that (1.9) does not need any smallness conditions on
v and V themselves. Furthermore, when Q = R?, Ri, 3-dimensional perturbed
half-spaces or aperture domains, letting V = 0, we see that Corollary 2 is
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applicable to mild L3-solutions on (—o0, 00) Jinthe class (1.2) given by Kozono-
Nakao [30] and Kubo [35], since L3 () C L>*°(Q).
(iii) For d(r) := |t|'/?/log 1|,

o) = Vi 3o (uy—vi<polri-1210 84 0 < CleBaay ONY Pyolt] =2 — 0

as t — —oo. Then Condition (1.6) is equivalent to

lim sup [[v(#) =Vl L3.00 (o) v I<polel -1 2300xI2d ()} < 8-
t——00

Hence, roughly speaking, (1.6) requires only that v is close to some function
V € L>* in the L>L3>*-topology in the area near |x| = oo and = —o0. In
other words, v is assumed to behave like V (x) as |x| — oo near t = —o0.

(iv) In the case Q2 is a 3D exterior domain, Yamazaki [55] proved the existence of
bounded continuous mild L3 *-solutions u on the whole time axis, if f can be
written in the form f = V - F, F € BUC(R; L3/*>*) and F is sufficiently
small. We note that, in addition to this smallness condition on F, if we assume
f € BC(R; L*»*), then standard arguments easily prove that Yamazaki’s small
solution u belongs to L¥(R; L) N BC(R; L?;OO) C BC(R; if;w); see [16,
Remark 2]. Moreover, the existence of small mild solutions with (1.3) was also
proven by Kang—Miura—-Tsai [28] if f satisfies some conditions. Since (1.3)
implies (1.9) and hence (1.8), Theorem 1 is applicable to their solutions. We also
note that Corollary 2 is an improvement of our previous uniqueness theorem
given in [52, Theorem 3], where the conditions u, v € BC((—o0, T); Lg), (1.5)
and limsup,_, _ [[v(#)||zr < oo (r < 3) were assumed.

In Theorem 1, the function V = V(x) is assumed to be a function of x and
independent of time-variable . When V is assumed to be a function of (x, t), we
have:

Theorem 3 Let Q2 satisfy Assumption 1. There exists a constant §(2) > 0 with the
following property: Let T < oo and let u and v be mild L3> -solutions to (N-S) on
(—o00, T) for the same force f.Assume that (1.4) and (1.5) hold. Furthermore assume
that there exists a function V€ BC((—oo, T); L>°°(Q)) such that

lim sup ||v(?) — V(t)||L3,oc({|v(t)_v(t)‘5n}) < 8 for some constant n > 0
11— —00

(1.10)

and the range Z(V) = {V (1) € L>*®(Q); t € (—o0, T)} can be covered by finitely
many open balls of radius § > 0, i.e., there are finitely many functions {Vl}lli 1 C
L3°(Q) satisfying

N
a2v)c {9 € L¥®(Q); 116 — Vil poogy < 5} . (1.11)
=1
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On uniqueness of mild £3-°°-solutions. ..

Thenu = von(—oo, T).Here{|lv(t)—V ()| < n} :={x € Q; |v(x,t) — V(x,1)] <n}.

Remark2 (i) Condition (1.10) is more restricted compared to Condition (1.6) in some
sense, since the constant n does not decay as t — —oo.
(i) If sup, -y, lv(@) = V(@)|lLr=(=: A) < oo forsome 1 <r <3andz < T, then

sup [|0(1) = VO)ll 2o -vioizm < Cn' AT <8

<ty
for all n € (0, (8/(CA’/3))3/(34)). Hence, Condition (1.10) can be replaced by

limsup |[v(t) — V() |lLro@) < oo forsomel <r < 3.
——00

(iii) If v has a precompact range in L>>°, then by setting V = v we can see that (1.10)
and (1.11) hold. Hence Theorem 3 is an improvement of the uniqueness theorem
given in [10] with the precompact range condition.

Remark 3 In Theorems 1 and 3 and Corollary 2, Condition (1.4) can be replaced by
the condition:

u,v € {g =g1+g € BCU; LYy™®(Q)); g2 € BC(I; L¥**° N L™®), sup [lg1 (1) 13,00 < K},
tel

where I = (—oo,T) and « is a small constant depending only on 2. See [10,
Remark 1(3v)].

In the celebrated papers Necas—Razicka—Sverdk [45] and Tsai [53], the non-
existence theorems of backward self-similar solutions in L3(R3) and L9(R3) for
g € (3, 00] were proven, respectively. More precisely, Netas—Riizitka—Sverak [45]
proved that if ), a > 0, is a backward self-similar solution to (N-S)

\/a(;—t) u( \/a(;"—t)
for f = 0and if v € L3(R3), then v = 0 in R>. Tsai [53] proved that if v € L7 (R?)
for some 3 < g < oo, then v is constant in R3 and hence v = 0 if q < oo. Moreover,
Tsai [53] also proved the non-existence theorem of backward self-similar solutions
satisfying local energy estimate. Their results were proven for the case where the
domain € is the 3D whole space R>. In the case where €2 is the half-space R3 | as a
by-product of Corollary 2 we have the following non-existence result.

Corollary 4 Let Q2 = ]Ri, a>0,1<r < 3and functions v, V,R € L3’°°(R§r) and
Q € C(8?) satisfy

v=V +R, (1.12)

veLy®M®}), ReL ™Ry NL¥®RY), (1.13)

Vix) = w forallx e R3, (1.14)
X

31y L3
| Rl Lro0 <C**'(”U”Lloo+||V||L3~oo+1+8)_7(7 Dg=2G=D, (1.15)
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Assume \/171”( fm) is a mild solution of (N-S) on (—00, 0) in Ri for f = 0. Then

v = 0. Here cyq = C45(2, 1) is the constant given in Corollary 2.

X

. . . 1
We note that if functions v, V, R, Q satisfy (1.12)—(1.14), then ﬁv( 7at) €

BC((—00, 0); l~,3’°°(R1)), see Appendix. Since J%MV( fm) = V(x), we see that
Vix) —

lm R(\/ffm)) satisfies Condition (1.8). Thus, by letting
u = 0, we see that Corollary 2 directly yields Corollary 4.

1 X _
7=

Remark4 (i) For any given V(x) = Q(x/|x|)/|x| € L3*°(R3) with Q € C!(5?)
and 1 < r < 3, we can construct functions v € Zg"’o(Ri) N Wz*"(Ri) N
Wol'q(Ri) (g > 3)and R € L¥*°(R3) N L"*°(R3) satisfying (1.12)~(1.15), if
we do not assume that \/17,’)( fat) is a solution to (N-S) for f = 0.

(ii) Corollary 4 also holds for Q = R3. Compared with the results in [45, 53],
Condition (1.15) is very restrictive, since (1.15) means that v is sufficiently
close to the homogeneous function V.

2 Preliminaries

In this section, we introduce some notations, function spaces and key lemmata. Let
Cgf’ﬂ Q) = Cg?o denote the set of all C*-real vector fields ¢ = (¢, ..., ¢") with
compact support in € such that div¢ = 0. Then L7 (2) = L., 1 < r < o0, is
the closure of Cgf’g with respect to the L"-norm | - ||,,. Concerning Sobolev spaces

we use the notations W’“”(Q) and Wg’p(Q), k € N, 1 < p < oco. Note that very
often we will simply write L’ and WX 7 instead of L” (2) and W*? (), respectively.
Let LP9(R), 1 < p < 00,1 < g < 00, denote the Lorentz spaces and || - |4
the norm (not quasi-norm) of L?-9(2); for the definition and properties of L”9(£2),
see e.g. [1]. The symbol (-, -) denotes the L2-inner product and the duality pairing
between LP4 and LP-4', where 1/p + 1/p’ = 1 and 1/q + 1/q' = 1. We note
that LP>>®° = L (weak-L” space) and L”'? = LP with equivalent norms. Moreover,
when 1 < p < coand 1 < g < oo, then the dual space of L”-9 is isometrically
isomorphic to L,

In this paper, we denote by C various constants. In particular, C = C(x, ..., %)
denotes a constant depending on the quantities appearing in the parentheses.

Letus recall the Helmholtz decomposition: L" (R2) = L, @G, (1 < r < 00), where
G, ={Vpel';pe Llroc(ﬁ)}, see Miyakawa [42], Simader—Sohr [50], Borchers—
Miyakawa [2], and Farwig—Sohr [13, 15]; P, denotes the projection operator from
L” onto L] along G,. The Stokes operator A, on L/ is defined by A, = —P,A
with domain D(A,) = W' N Wol’r N L. . It is known that (L! )*(the dual space of
L) = Lg/ and A¥(the adjoint operator of A,)= A,/, where 1/r + 1/r' = 1. It is
shown by Giga [23], Borchers—Sohr [5], Giga—Sohr [25], Borchers—Miyakawa [2] and
Farwig—Sohr [13, 15] that —A, generates a holomorphic semigroup {e~'47; ¢ > 0}
of class Cp in L. Since P,u = Pyu forallu € L" N LY (1 < r,q < 00) and since
Ayu = Agjuforallu € D(A,) N D(A,), for simplicity, we shall abbreviate P, u, Pyu
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as Pu foru € L" N LY and A,u, Aju as Au foru € D(A,) N D(A,), respectively.
By real interpolation, we define LYY (Q) = LY by

LE = LD LE g

where 1 < pg < p < p1 < 00,60 € (0,1), g € [1,00] satisty 1/p = (1 —

0)/po+ 60/ p1. In the case where € is an aperture domain, since LY = Cgf’a (Q)H'”p is
characterized as

LE(Q) ={ueLP(Q);V -u=0,u-vije =0, ¢u) =0},

see [15],and since LL7(Q) < LI+ L5, all u belonging to L7 satisfy the vanishing
flux condition ¢ (u) = 0. Here ¢ (u) = fM N -u dS and N is the unit normal vector
on M directed to 2_.

Recall that, for 1 < p < oo and for a measurable set D, the weak-L? (D) norm is
defined by

1/ 0ig ) = supr(utx € D: | f ()] > th'/,
>

which is equivalent to || f|| r.o(p), as mentioned before. It is known that, for 1 < p <
m’

_ 14
Ll e py < sup  p(E) ‘“/P/ |f(0)ldx < Ay
ECD, 0<u(E)<oo E p—1

2.1

where the supremum is taken over all measurable subsets E of the domain D with
0 < u(E) < oo, see e.g. [4, 24].

Now, we define mild L3-*-solutions to (N-S) according to [55]. A similar definition
was introduced in [31] for mild L3-solutions.

Definition1 Let 7 < coand f € Llloc(—oo, T; D(A,)* + D(A,)*) for some 1 <
p,q < o0.
A function v € C((—o00,T); L?;OO) is called a mild L3*-solution to (N-S) on
(—o0, T) if v satisfies
t
(@), ¢) = (e "v(s), ¢) + / ((v(@)- Ve 749, v(1))
S
+(f(x), e UTDAg)) dr (2.2)

forall¢p € C% andall —oo <s <t < T.

Mild L3*°-solutions to the initial-boundary value problem for (N-S) on the interval
[0, T') are defined similarly, so we do not write its definition here. For a moment let us
consider the case where f;(f(r), e‘”‘”%))dt converges as s — —oo for all ¢ €
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Cgfa. E.g., this holds true by (2.8) below when f =V - F with F = (Fj;); j=123 €
L% (—o00, T; L3/%%). Since moreover lims_, oo e~ “"94¢ = 0 in L?,/z’l, we con-
clude from Lemma 7 below that in this case (2.2) for v € L*°(—o0, T, Lgf’o) is
equivalent to

W), ¢) = f t (- Ve D4 v) () + (f(r), e T4p))dr  (2.3)

—00

for all ¢ € Cgfg and all 1 < T. Note that this holds for all ¢ € Lg/ 21 Furthermore,

we see that (2.3) yields (2.2), if v € L*®°(—o00, T; Lf;oo), f=V-.Fandif F €
L>®(—o00, T; L3/%°). Hence, Definition 1 is equivalent to the definition given in [55,
Definition 1], if we assume v € BUC (R, L?;OO) and F € BUC(R; L3/%°). We also
note that (2.3) is a weak form of (1.1).

In order to prove our main result, we recall properties of the Lorentz spaces, esti-
mates of the Stokes semigroup and several uniqueness theorems for mild solutions.

Lemma5 (Kozono—Yamazaki [33]) Let p1, p2 € (1,00) with 1/r :=1/p1+1/p2 <
1 and let g € [1, o0]. Then, for all f € LP°°(Q) and g € LP>9(Q), it holds that

If-gllrg = ClLflpr.collgll pag- 2.4

where C = C(p1, p2,q).
Foru € Wol’z(Q) = Cy°(R) V-l it holds with an absolute constant C > 0 that

lulls,2 = ClIVull2. 2.5

Lemma 6 (Shibata [48, 49]) Forallt > 0 and ¢ € LL", the following inequalities
are satisfied:

_31_1 l<g<p<oo, r=sell, o],
le A, < Ct 25 P |gllys when § TP 1, o]
ps q,
l<g<p<oo, r=1,s=o00,

(2.6)

1 l<q=<p<3 r=sell, oo,

3,1 1
Ve ll,, < Ct™ 272G 0 1p),.s when :

l<g<p<3, r=1,5s =o00.
2.7)

In the case where 2 is an exterior domain, Shibata [48, 49] proved (2.6) and (2.7)
for all r = 5. If ¢ < p, his estimates (2.6)—(2.7) with » = s and real interpolation
yield (2.6)—(2.7) even for r = 1, s = o0. In the restricted case r = 1, Yamazaki [55]
obtained (2.7) also by a method different from [48, 49]. In the case where 2 is R3,
Ri, a perturbed halfspace or an aperture domain, the usual L7-L? estimates for the
Stokes semigroup and real interpolation directly yield (2.6)—(2.7), since in this case
the L9-LP? estimates hold for all 1 < ¢ < p < oo. For details of LY-L? estimates
for the Stokes semigroup, see also [2, 3, 25-27, 29, 34, 36, 48, 54].
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Lemma 7 (Yamazaki [55]) The following estimates

/

(- Ve =D (o) dr < c( sup ||u||3,oo> ( sup ||w||3,oo) 1911321

s<t<t s<t<t
(2.9)

(F(r), Ve "7Ap) dr < C ( sup. ||F||3/z,oo> I9113/2.1, 2.8)

S<T<

/t
N
3/2,1

hold for all F € L®(s, t; L3%%), u, w € L®(s,t; L>®), ¢ € L,/ (Q) and all
—00 < § < t, where the constant C depends only on 2.

In the case where €2 is an exterior domain, the whole space or halfspace, Yamazaki
[55] proved Lemma 7 by real interpolation. His proof is also valid in the case where
Q is a perturbed halfspace or an aperture domain. In the case where Q = R, Meyer
[41] obtained estimates similar to Lemma 7 by a method different from [55].

The following lemma is direct consequence of Lemma 7 using the duality Lf;oo =

3/2,1
(L)*h*.

Lemma 8 (Yamazaki [55]) There exists a constant €y = €o(2) with the following
property: Let T < oo, u,v,w € BC((—o00, T); L?;oo) and let w satisfy

t

((w Ve UDAg, u)(t) + (v- Ve (DA, w)(r)) dt
(2.10)

(W), @) =/

—00

forall ¢ € L?,/z’l and all —oo <t < T. Assume that

sup  |[ull3,00 + sup  [[V[3,00 < €.
—oo<t<T —oo<t<T

Then, w(t) =0 forallt € (—oo, T).

Lemma9 [10, Lemma 2.6] There exists a constant €1(2) > 0 such that if T < o0,
u, v are mild L3 -solutions to (N-S) on (—o0, T) for the same force f,

u,v € BC((—o00, T); L),

limsup lu(t) 3,00 < €1 and liminf [|u(t) — v(t)||3,00 < €1,
t—>—00 ==

then
u=v on(—oo,T).
Lemma 9 can be proven by Lemma 8, the uniqueness of mild solutions in
C([0, T); L3’°°) to IBVP, see [10, Lemma 2.5], and the continuity of w(z) :=

u(t) — v(t) with respect to the time-variable ¢ in L3 For the detail, see [10,
Lemma 2.6].
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Finally, we come to the key lemma of the proof of Theorem 1. If # and v are
solutions to the Navier—Stokes equations, then w := u — v satisfies

hw—Aw+w -Vu+v-Vw+Vp' =0, 1€ (—o00,T), x €,
) divw =0, te(—00,T), x €,
wlae = 0.

Hence, if 2 is a bounded domain and if u, v belong to the Leray—Hopf class, under
the hypotheses of Theorem 1, the usual energy method and the Poincaré inequality
yield [w(@®)[3 < e =9 |w(s)|3 for t > s. Letting s — —oo, we get w(t) = 0
for all . Consequently, in the case of bounded domains, Theorem 1 is obvious. In the
case where 2 is an unbounded domain, u and v do not belong to the energy class in
general and the Poincaré inequality does not hold in general. Hence, since we cannot
use the energy method, we will use the dual equations of the above system. It is
notable that several researchers utilized the dual equation argument to prove several
uniqueness theorems and a-priori estimates for solutions to (N-S). See e.g. Foias [18],
Maremonti [38], Lions—Masmoudi [37]. Very recently, Crispo-Maremonti [7] used
the dual equation argument to prove uniqueness theorems for suitable weak solutions
to (N-S) in the sense of Caffarelli-Kohn—Nirenberg.

Here we will use a similar argument as in Lions—Masmoudi [37]. We recall the dual
equations of the above system (U), namely,

3.
—HW — AW — S UiV — . VU +Vr =h, te(—00,0), x €,
i=I

(D) V-U=0, te(—00,0), xe,
Ve =0,
v (0) =0.

Lemma 10 [10] There exists an absolute constant 8o > 0 with the following property:
Letu,v € BC((—o0,0]; L2>*®), h € L? ((—00,0]; L%> N L?) and

loc

sup [lu(®)l3,00 < 0.
<0

Then there exists a unique solution V € leoc((—oo, 0]; D(A2))N Wlf)f((—oo, 0]; L?,)
to (D) such that

0 0
OB+ [ 1veBdr=c [ iR @.11)
t t

forallt < 0. Here C is an absolute constant.

Remark5 In [10, Lemma 2.7], Lemma 10 was proven in the case h € BC((—o0, 0];
L% N L?%). In the same way as in [10], we easily see that this lemma holds even for
the case h € L% ((—o0, 0]; L%> N L2).

loc
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In the rest of this section, we prove some properties of weak L"-spaces (L},). From
now on, for simplicity, we use the following notations:

{Ifl=o}:={xeQ [f(X)| =0},
{{lfI>p, lgl >0} :={x e [f)]>p, [gX)] >0},
{IF) >0} :={x €@ |[F(x,1)| >0},

etc.

Lemma 11 Let Q@ C R3 be a measurable set and 1 < r < oo. If f € L' () and a
constant A > 0 satisfy

||f||Lr ({‘flfz—j}) > A for Clll] € N, (212)

w

o]

then there exists a sequence {j,},2

| of natural numbers such that
Jnt1 > Jn(Zn), W fllpr qa-in-1<ipj<a-inyy > LA foralln €N,
- 1/r
where L = L(r) = % (—2 2_1> .
Proof We use a proof by contradiction. Assume that there exists 79 € N such that

”f”L{U({Tj‘l<|f\52‘-’}) < L - A for all natural numbers j > ng. (2.13)

Let
ms, f) = wllf] > s).
Since
i1 i1 . 1/r
27 (m@ fy =me )
i i1 .\ 1/r
=277 (u2 T < If1 227
i i i o\ U/r
=277 (ux e @ 1l > 2777, 277 < p) = 27))
. .\ 1/r
=sup s (nlx e @ If0] > 5, 277 < |f(0)] =277))
s>0
= fllzy (a-i+1<)fj<2-iyy = L - A forall j > no,
we have

m@ 7L ) =m@7, f) <@L A) forall j = no.
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Hence, for N > no,

N—-1
m@ N, £y =m0, )+ Y m@ I, f)—=m@, )
J=no
N—-1
=m@™", f)+@QL-A)Y Y27
Jj=no
rN _ onor
2r —1
rN

2r —1°

=mQ2™", )+ Q2L-A)" -

< 2'10r||f"21r“(52) + @2L-A) -

which implies

QL - A

27N m@ N, ) < 20N I o) + -1

Letting No(> ng) be sufficiently large so that

_ QL - A)"
2(n0 No)r r. <
10 < 5=
by (2.14) we have

22L - A)"
27N N, ) < (2’—1) forall N > Nj.

This implies

1/r A
2r_1> 2L~A=E for all N > Ny

27N (uf|fI > 27V < (

On the other hand, from (2.12) with j = Ny we obtain

A <sup s (u{|fl > s, |f] <27 Nopl/r

s>0

= sup s u{lfl>s, [fl <27 Nopl/r

0<s<2~No

= sup sup s (ullf] > s, [fl <27 Noplr

k>No 2-k-l<g<2—k

sup sup 27K (ufIfl > 275N f) < 27 Moyl

k>No 2-k=l<g<2—k

IA

IA

k>No N>No+1
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This contradicts (2.16). Therefore, (2.13) cannot be true and we conclude that for each
natural number 7, there is a natural number j, (> n) such that

||f||Lrw({2—jn—1<|f\52—./n}) >L-A,
which proves Lemma 11. O

Lemma 12 Let Q(C R3) be a measurable set and U € L3w(§2). Assume that there
exist a real number o > 0, po € N and a sequence {g,} such that

lgnllL3 (uis2-—ny < @ Joralln > po, (2.17)
limsup2 "2 ({272 < |guy1 — Ul < 27"TH13 < 0. (2.18)
n—0oo

Then, there exists ko € N such that
IUI L3 u1<2+oy) < C2o. (2.19)
Here Cy :=2134/L(3).
Proof We use a proof by contradiction. Assume that
||U||L3w({|U|52_,-}) > Crw forall j € N,

Then, from Lemma 11 we observe that there exists a sequence { j, } of natural numbers
such that

Jn /100 asn — 00, (2.20)
”U||L:ll({2—jn—l<|U|§2—jn}) > L(3)C20) foralln € N. (221)

From (2.21) we obtain
LB)Crw < sup T u{|U| >, 2771 < |u| <273
>0

= sup  Tp{lU]>tT, 270 < Uy <2713

O<7<2~Jn
<2 hphl < U <27, (2.22)
which yields
23Jn (L(3)C2a))3 <u{27 1V < |Uu| <277} foralln e N. (2.23)

On the other hand, by using (2.17) with n replaced by k + 1, we have forall T > 0
andallk > py — 1

T (ullgenl > 7, 275 < juh'P < .
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Letting T = 27%=2 e obtain
pllgeat] > 27572, 271 <y <278 < 432303 forallk > po — 1.
Since j, > po for all sufficiently large n, we have

pllgj,+1l > 2772, 27l < U < 270y < 4323w for all large n.
(2.24)

Then from (2.23) and (2.24) we obtain
(27 < U1 = 271l > 2702, 27 < ) £ 27
> 233 (L(3))3C3 — 4%) = 2377 w*4% for all large n. (2.25)
Since
7 <l =27\ lIgj ] > 27072 270 < qU) <270

={lgj,+1] <2772 27~ < U| < 27}

C{27? < |gjp1 — Ul <27/t
by (2.25) we see
27222 < gy — U < 2703 > 0 forall large n. (2.26)
This and (2.20) yield

limsup2 ™" 2 (27" < |guy1 — Ul < 27"'HP > o,

n—oo
which contradicts (2.18). This proves Lemma 12. O

Recall that, for any measurable set D, LfU(D) = L3°°(D) and
I fll3.00py = C||f||L3w(D) = C/||f||L3v°0(D) for f € L*>(D),

where ¢ and ¢’ are absolute constants. Then, since 27" 2(u{27" "2 < |gut1 — U| <
I3 < llgnit = UllLs (1gyes—uj<ap forall A > 27772 Lemma 12 directly yields

w

the following lemma with L3, replaced by L3>°:

Lemma 13 Let Q(C R3) be a measurable set and U € L3>°°(Q). Assume that there
exist a real number o > 0, po € N and a sequence {g,} such that

||g”||L3'°°({\U\>27"}) <w fOV alln > Po, (227)
limsup [|gn+1 — Ull 3. ({1g,p — U] <271}y < @- (2.28)
n—00
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Then, there exists ko € N such that
||U||L3,oo({|U|52—k0}) S C3(1), (229)

where C3 is an absolute constant.

3 Proof of Theorem 1

In this section, we prove Theorem 1 by using a similar argument given in [10] and
Lemma 13.

Proofof Theorem 1 Let § := M, where €], 89 and C3 are the constants given in
Lemmata 9, 10 and 13. By (1.5) and (1.7), there exists so € (—o0o, T') such that

;
c
sup flu(®)l3,00 <8, ¥ = 7* <SUP v lI3,.00 + 1VI3,00 +1+ 8) .

1<s0 1<s0

112

Since limy_, oo pl—uz = 1, by (1.6) we have

—50|

limsup [[v(?) — V|| ;3.0 " <.
tﬁio}? lv(®) Il 73, (““(’)_V‘fzu—sgﬂ/z})

Without loss of generality, we may assume 7" > 0 and 5o = 0, i.e.,

sup [lu(@) 13,00 < 8, (3.1
t<0
I:TE£ lv(z) — V||L3,00({|v([)_V|§2|t7"(1)/2}) <3, 3.2)
7
C
== (SHP lv13,00 + IV II3,00 + 1+ 8) . (3.3)
2 \i=o0

Let € € (0, 1] be an arbitrary fixed number, which will be chosen suitably small
later on,

K :=sup|[v(®)| 300 +1+38 andlet
t<0

wi=1u—v.
Since w =u —v € BC((—o0, 0]; L3-), there exists a sequence {f;} such that

O=tn>t1>H> -, |[ti — 1l <1, H — —o0 ask — oo,
lw) —wt) 3,00 <€ forallt e [try1,tx]andallk =0,1,2,.... (3.4)
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Indeed, since w € BUC([—n — 1, —n]; L3’°°), foreachn = 0,1, 2, ... there exist a
number m = m(n) and a finite sequence {t'}7. | C [-n — 1, —n] such that

—n=t >t >th>--->tp =—-n—1, |t =1 | <1,
lw) — w300 <€ forallt e[y |, ¢']andalli =0,1,2,...,m — 1.

(3.5)

Then, arranging all members of {1}, ; in order from the largest, we have the sequence
{t} satisfying (3.4). Then, letting

w(t) := w(ty) fort € (tx+1, 1], kK € NU {0},

o0

> w(ti) gy () forallt <0,
k=0

i.e.w():

where 15 denotes the characteristic function of a set S, we have

sup [lw(r) — w(t)|| .00 <€ and sup W)l 3000y < K. (3.6)
=<0 t<0

Let { Di )32, (C 2) be an arbitrary sequence of measurable sets with 0 < (D) <
oo for k =~O, 1,2, ..., which will be suitably defined later on. Using this sequence,
we define D(t) C 2 for each ¢t < 0 as follows:

D(t) := Dy fort € (try1, 1], k=0,1,2,.... (3.7)

(Step 1) We will first show that

0 2 K’ 0 = 1/3 2
][ w75 5oy 47 = €0 a7z (f (DY dt) +Kep (3.8)
—J —J

J
forall j =1,2,... ,Nwhere Co = Cp(R2) is a constant depending only on 2. Note
that the functions w(D(?)) and ||w(7) ”ilw(b(r)) are continuous on (#x41, tx] for each

k € NU{0} and hence these functions are piecewise continuous on [— j, 0], so that both

sides of (3.8) are well-defined. Also note that, as we will show below, (3.8) holds for

an arbitrary choice of measurable sets { Dy} with0 < w(Dy) < ocofork =0,1,2....
By (2.1) and the Holder inequality, it holds that, for all measurable sets F' C €2,

2 * 2
||w(t)||L3,00(F) S C ”w(t)”L?‘)(F)

2
sc*( sip w(E) f |w<x,z)|dx>
E

ECF, O<u(E)<oo

<c* s wE f we nldx,  (39)
ECF, O<u(E)<oo E
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where C* i§ an absolute constant. Hence, foreach k € NU{0}, there exists a measurable
set Ex C D(tx)(= Dy) such that

1/3 2
000 ey, = € BT [ e P e, 0 < pEp <0
(3.10)
Using the sequence {Ey}, we define a set E(t) C Q for each ¢ < 0 as follows:
E(t) := Ex fort € (fry1, 4], k=0,1,2,....
Then E(r) C D(¢) for eacht < 0. Let, for 7 < 0,
~ ~ _1
hx, ) = D0 DRE@) 35 (0)
oo
. _1
ie. h(x.T) =Y wx, m)u(E) 3 1, (x) - L, p0(T)- (3.11)

k=0

Note that for tx41 <t < tx, h(t) = h(ty) = w(tk)u(Ek)’% 1 g, . Also note that
(B~ / (e, 0 Pdx = (i), h(t). (3.12)
Ey

By Lemma 5 and (3.6), we have

1h @) o5y = RE@) D)1 5 lle/s5.1

< Cu(EM) PIi@l3,00l1 gy l21 < CHE@) K,
(3.13)

where we used the interpolation inequality:

1

1
gl

wr < CJI 14 < Cp(E)'

”lE([)”L E(t)”

for]l < g <ooand 1 <r < oo. Similarly, by Lemma 5 we have

1h @)l 2) = WE@) P lb 15, 12
< CE@) P30l ) ll6 2
< C(E@) VO (0)I3,00 < CE@) K. (3.14)
Since 0 < w(E (1)) = n(Ey) < oo for all iyl <t <trandallk =0,1,..., by

(3.13) and (3.14) we see h € L§2 ((—o0, 0]; L2 N LY/5:1),
Furthermore, by the interpolation inequality, (3.13) and (3.14), we have

1/2 1/2
IOl < CIRM 5510 IHO o, < CK. (3.15)
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Since for #4+1 < t < t it holds that

2 . 2
WO 500 50y = WO 30054

2
< (10O sy + 100 = w(El 30

< (W | 2 (5 + €

2 + 2€2,

= 2w 500 5,

from (3.4), (3.10), (3.12), (3.15) and L>*® = (L3/21)* we obtain for 41 <t < 1

W OIZ 5oy < 2C 1 (ED™ / w(x, 1) dx + 2€ + 2>
Ex

<2C* - (w(ty), h(t)) + 4€

=2C* - (w(t), h(ty)) +2C* - (w(ty) — w(t), h(ty)) + de
<2C* - (w(), h(t)) + Cllw(te) — w(@®)|13,00 17t |3/2.1 + 4
<2C* - (w(1), h(tx)) + CKe + 4e

=2C* - (w(t), h(t)) + CKe + 4e.

Since the above estimate holds for all # € (fx4+1,fx] and allk =0, 1,2, ..., we have
forall j e N
0 ) 0
k
][_j ||w(7:)||L3m(b(r))dr <2C ][_j(w(r), h(t))dt + CKe + 4e. (3.16)

Hence in order to show (3.8), it suffices to show

0 CK3 0o A 172
][ .(w(r),h(r))dt < W {/ '/L(D(‘L')) / dr} . (3.17)
—J =

Let j € Nbe fixed. For —3j <t < 0, let

wo(t) 1= e~ (=3 )
wi (1) == w(t) — wo(t). (3.18)

Then, it holds that

3j

t
(wi (1), ) = f (w- Ve "9 u) + (v Ve 194 w)) ds

forall ¢ € Cgog. Since Cgoa is dense in L?,/ 21 , from Lemma 7, we see that the above

equality holds for all ¢ € L?/z’l. By the duality L3/ = (L3>!)*, Lemma 5 and

Lemma 6, we have for ¢ € L3/>! 0 L?
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[(w1(1), )| = [(w1(2), Pp)l
t
5/ [Ve 94 Pg |, llw @ u+ v @ wll32.00ds
_ j ’

t
_3
< cf (t = 9) Hplnollw ® u + v ® wll3/2.00 ds
—3j

1
=Ce+3)* sup  [w)3,00([u(s)13,00 + V() 3,00 12]l2

—oo<s<0
(3.19)

which implies wi (f) € L? and

lwi(H)]2 < CQK? (t + 3j)% for —3j <t <. (3.20)
Furthermore we observe that w; satisfies

0

[ (@i=ap = a0 - - V0 - 0 Ty w) ds
—J
= (wi(—=)), ¥ (—=j)) — (w1(0), ¥(0)) (3.21)

forallyy € Wh2(—j,0; L2)NL?(—j, 0; D(A3)). For the detail of the proof of (3.21),
see [10, Proof of (3.8)].

In order to show (3.17), since w = wp + w1, we decompose fi)j(w(t), h) dt into
two terms as follows:

0 0 0
| won@ydr = § wom @ dr+ i@ hwyde =+ .
—J —J —J

We estimate Io and I; separately. By L®® = (L%>1)* Lemma 6 and (3.13), we
obtain

0
ol S][ Nwo()lls.c0llr(T)ll6/5.1 dT
—J

0
< Cj—l/ e 302w (=3 )|, w(E@)OK dr
7‘] ’

0 . B
< CKj™ / (@43 Hw(=3))l3,00n(D(1))/° de
=J

CK2 0 B CK2 0 5 1/2
<= / u(D()0dr < 3—/4{ / M(D(f))1/3dr} . (322
J —j J i

Let W be the solution to (D) with right-hand side 2 (x, t) = w(x, ‘[)[,L(E(‘L'))_% 1E(r)

(x) and initial value W (0) = 0, cf. Lemma 10. Note thath € L ((—o0, 0]; L°NL?).

loc
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Then,
0
= .hw)dr
—J

0 3
=][ <w1(t), -,V — AV — ZulV\D’ —v-VW¥ + Vn) dt.

-J i=1

Since W(0) = 0 and since w; € L?(—j,0; Lg) implies that fi)j(u)l, Vm)dt =0, by
(3.21) we observe that

1
I = 7(w1(—j),‘11(—j))

0 3
+][ ((w-V\IJ, u)+ (v- VU, w) — <w1,2u"vqﬂ +v-vw>> dt

—J i=1
1 0 0
= S i =), ¥ (=) +][ (wo - VW, u)dt +][ (v - VW, wo) dt
—J —J
= Jo+ Ji + /2.

By (2.11), (3.13) and (3.20), we have

1 1
[Jol = —|(wi (=), ¥(=))] < jllwl(—j)llzll‘l‘(—j)llz

0 1/2
.CK2j1/4.{/ _ ||h||§/5dr}
—J

=

IA
= =

0 1/2
.CK?j4. {f pL(E(t))l/3K2dt}
-

1 0 1/2
3 = 1/3
W.CK {/;ju(D(t)) dr} .

IA

Furthermore, by Lemmata 5 and 6, (2.11), (3.13) and the duality L02 = (L6/5:2)*,
we have

0
] = ‘][ (o) - VW(r), u(r)) de
—J

0
= ‘][ (e7TH3DAy(=3)) - VW, u) dt
-

0 .
o N e CE Y A (LA TET T
—J
0 1
=Ct (@+3) Hw(=3DI3,00 V(@) ll2llu(D) 3,00 dT
—J
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0 1/2 0 1/2
<CkK?*j! {f _(r+3j)—1/2dr} {f '||V‘P||%dr}
—J J

0 1/2 1 0 1/2
§CK2J_3/4{ / _||h||é/5dr} sm-cﬂ{ / _M(D(r))1/3dr} :
J -J

Similarly, we observe that
| o 1/2
1= i | [ wibeen'B )
—J

; . 12
Hence, we obtain |1 = |Jo + J1 + Ja| < Sg—lf:{ffl. M(D(t))1/3dt} s that by

(3.22)
0
‘][ (w, h)drt
—j

which is the desired estimate (3.17). Thus from (3.16) and (3.17) we get (3.8).
(Step 2) Here we will show lim inf;—, —oo |w(#)[[13.00(q) < €1 Let us define { Dy }.
Let

CcK3 0 B 1/2
— o+ 1= S| [ wbentBac)
—J

(K +1VI[3,00)°
= 3.23
eX(|nl + D1/2? 629
Yo € €2 be a fixed arbitrary point and
DY = {x e Q: V()| = a}.
Dy = {x € Q: |v(x.f) — V()| = ax),
D} = {x € Qi |x — yo| < l/ax},
Dy:=DYUDlUD} fork=0,1,2,.... (3.24)

Note that u(Dy) > ;L(D,%) > 0. Then, since u({x € Q2 ; |f(x)| > s}ph <
Cs | f13 o> we have

(D) < Ca*(IVI3 o + () = VI3 o + 1)

- C( 2(|te] + D2

eS(lte] + 132
(K + V3,000

3
) (K +[Vl5.00)" = C——53

Recall D(t) = Dy for fy1 < t < t. Since |tx| < |¢] for fry1 <t < tx, it holds that

Ce®(jr] + 1)

<1 (3.25)

w(D(1)) <
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for all + < 0. Then, (3.8) implies

0
][,- ||w(t)||i3m([)(r))dt < CoKe forall j € N, (3.26)

where Cy is a constant depending only on 2.

Now we choose ¢ such that
82
Smin{ = ,8,1}). (3.27)
2CoK

62
e:=~—<
2CoK +§ + 82

Then, by (3.26), for all j € N it holds that

L 2 dr <22 ' 2 d
7 Y ”w(r)”Llw(ﬁ(‘r)) T = Z oy “w(f)”l}.oo([)(r)) T

<2CoKe < 8% (3.28)
Thus, it is straightforward to see that there exists a sequence {s;} such that

forall j € N.
Next, we will estimate ||w(sj)”L3v°°(Q\ﬁ(s/-))' Since f > 4] — —00, we can
choose a sequence {k(j )}?il C N such that

Ik(j+1 < 8j = I(j) (= 0). (3.30)

By (3.7), we see f)(sj) = Dyj). Thus, by sup; < [l (s)3,00 <9,

1G5y < 1067 = Wtk 300 @iy

Fllw )l @\ )

=< llw(sj) — wlte )l L3oe @\ by )
Al tr )l L300 @\ Dy ;)
Hlv@) = Vs @y + 1V~ @)

= € Ho 4 vtip) = Vs @iy + 1V e @y

= 28+ o) = Vs -vi<agn T 1V @

(3.31)

since (3.4) and (3.30) imply [[w(s;) — w(tk(j))||L3,o<>(Q\Dk(j)) <€ <34.
Now let

_22Co+1+6)?

e = (3.32)
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Note that, since K > §, we see (260 +1+6)K > ZC‘OK + 8 + 82 and hence by
(3.27)

202CoK +8+82)* 23

o (K4 V3,00)° = ¢ K* > T = . (3.33)
1) €
Then (3.3),(3.23) and (3.33) imply
1 —1/2 .
5V0|tk(j)| > ag(j) for aHJ e N.
Thus, by (3.2) and (3.31) yield
lim sup ”w(sj) ||L3’°°(Q\D(Sj)) <38+ lim sup ” 14 ||L3v°C(Q\Dk(j)) . (334)

Jj—o0 Jj—o0o

We turn to estimate the last term of (3.34) i.e. lim SUP;_, o0 ||V||L3,OO(Q\Dk(,.)) by
using Lemma 13, (3.2) and (3.29). Choose m € N such that '

(K + 1V 13,00)°
< —_—_—m

K+ 1V113,00)°
€2 '

m—1
2 2

<2 e, 2" (3.35)

Since [txjy| + 1 = |tk + [trGy+1 — iyl = Ntk(iy+11 = 18l

5
T . (KA 11Vl3.00)"
D(sj) = Di(j) D Dy(jy = {x €8y Vl=z e2(lte(pl + D2

| (K + 1V [3.00)° . 2
D{XGQ, |V(x)|zw D) XGQ, |V(X)|2|S]|1/2 .

(3.36)

Since j < |s;| < 2j forall j € N, we have 2/ < |55 < 2/*! foralli € N. Let {5,}
be the following subsequence of {s;}:

S:n = S22n+2m fOI‘n [S N,
then

2 < 15,12 < V2. 2t (3.37)

Thus,

n

D@y) D {x e V)| > %} (3.38)
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Set
gn:=v(sy,), U:=V and w:=36.
Since (3.29) and (3.38) implies

||U(§n)”L3.00({|V|>27n}) =< ||w(§"l)||L3’°°({|V|>2*"}) + ||M(§n)||L3’°°({|V|>2*"})

for all n € N, we see that g, (= v(5,,)) and w satisfy (2.27).
Since (3.3), (3.33),(3.35) and (3.37) imply

1
Emsnﬂr“z >t

by (3.2) we see that g, (= v(5,)) and U (= V) satisfy (2.28) with w = 34.
Thus, since ai(j) \y 0 as j — oo, from Lemma 13 we observe

limsup |Vl L3.c @\ py ;) < Hmsup [Vl 3.0 (xe: v o)l <arcjy))
< limsup |Vl 1300 ((xeq; v <2
1—>00

< Cyo = 3C38. (3.39)

Here C3 is the constant given in Lemma 13.
Therefore, from (3.29), (3.34) and (3.39) we obtain

lim sup [|[w(s;) [l z3.00 () < lim sup ”w(sj)||L3~°°(D(sj))

j—o00 j—o0
+1inlsolip lw )l 3oo @ iis; ) < 40 +3C39,
: (3.40)
which implies
liminf w ()]l 20 < 4+3C2)8. (3.41)
Since § = %‘Cfo} we conclude that
1;21_12(1: w300 < €1,
which with the help of Lemma 9 yields
u=v on(—oo,T].
This proves Theorem 1. O

@ Springer



On uniqueness of mild £3-°°-solutions. ..

4 Proof of Theorem 3

Proof In this section we will prove Theorem 3, by using the same methods as in the
proof of Theorem 1. Let § be the same number given in the proof of Theorem 1.
Without loss of generality, we may assume 7 > 0 and

sup [[u(?)[]3,00 <6, 4.1)
t<0
sug ||U(t) — V(t)||L3~°°({|V(t)—v(t)|§n}) < S. (42)
[

Let e € (0, 1] be an arbitrary fixed number, K be the same number given in the proof
of Theorem 1, i.e. K :=sup, ¢ [[v(#)[|3,00 + 1 + 8, and {#} be a sequence such that

O=ty>t1>t> -, |tx—trit1l <1, tr —> —00 ask — oo,
sup  fJw(@) —w@)l3,00 + sup V() = V(@) 3,00 < €
fey 1 SE<tg 1 <t =l
forallk =0,1,2,.... “4.3)

Let yp € Q2 be a fixed arbitrary point and

(K4 5up, g V) 13,00 + 200y 1Vil3.00)°
B (|| + 1)1/ '

bk .
Then we define a sequence { Dy} of measurable subsets of €2 as follows.

DY i={x € Q: Vi) = b}, 1=1.2,....N,
Dy = 1{x € @ |v(x, i) = V(x, 00| = b},
D} :={x € @ |x — yol < 1/bx),

N
Dy = (UD,‘}’) UDlUD?, k=0,1,2,... (4.4)
I=1

and also define D(r) in the same way as in the proof of Theorem 1:
D(t) = Dy ift e (i1, txl, k=0,1,2....

Note that, as we have proven in (Step 1) of the proof of Theorem 1, (3.8) holds. In the
same way as in the proofs of (3.25)—(3.26), we see that

C(N 6 13/2 0
e T

X0 g ([)(r))dT < Co(N)Ke,

w(D()) <
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where the constants C (N) and Co(N) are depending only on N and 2. Now we choose
€ such that

2 2
€= — d (5 min{N—,8,1}>. 4.5)
2Co(N)K + 8 + 82 2Cy(N)K

Then, in the same way as in (3.29)—(3.30), there exist sequences {k(j)} C Nand {s;}
such that

—2j=sj=—Js &+ <) =Gy MNwEHI ;) =8 (4.6)

for all j € N. Since

D(s;) = Di(jy D {IVil = by(jy} foralll =1,2,...,Nandall j € N,
brjy W0 as j — oo, and
N
RV) ={V(t) € L*>; t € (=00, 00} € [ J{6 € L¥™; [0 = Vill3.00 < 8},
=1
(4.7)

we can choose subsequences {s ) }52 | and {t(j () },2; of {s;} and {#(;)} respectively
and find a suitable [y € {1, 2, ..., N} such that

IV i) — Vigllz,0o < 6,
Te(j)+1 < Sjm) = k(j(n))>
D(sjm) = Di(jy) D {1Vl >27"), n=1,2,.... (4.8)

For simplicity, we denote {k(j(n))} by {k(n)}. Note tx(n)+1 < Sjm) =< tkn)» tk(n) —
—oo and by(,) — 0asn — oo. Since

1w (s ) 300 (@ sy
= lw(sjmy) = wtkm) | L300 @\ Dyy) + 10 E@ L3 @\ Diay)
= lwsjm) — wtkm) | L350\ Dyguy)
W) | 3.0 @\ D) T 100 = V T Nl L300 @\ Dy
FV ) = Vigll L300 @\ D) T 1 Vio Il 3.0 @\ D)
=848+ lv(tkm) = V)l L30o@\Dyy) 8 + Vil L300 @\ Dyy) (449

and since

V() = V (k) | L300 @\ Dyy) = 10 Ekm)) — V(tk(n))“LlOO(Q\Dkl(n))

= Mv@e) = V@) 132 (uitein) -V el <nh
(4.10)
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for sufficiently large n, by (4.2) we have

. | o
1 S 100500 500 g, = 48+ HSUD NVl 5o 41D

Set
gn = v(sjm) = Vsjm) + Vi, U=V, and o:=43.
Then, by (4.1), (4.3), (4.5), (4.6) and (4.8) we have

lgnll L300 vy 1>2-np) = | = wlsjem) + ulsjom)
=(Vsjm) = Vtkm)) + Vig = Vi)l L300 (v (=277
= w300 (s sy T 14 00 L300 (B 0y
FIV i) =V @m)ll L300 (s )
FlVig = Vo)l L300 (5 )
<45 = w. (4.12)

Since g, — U = v(sjm) — V(sjm), by (4.2) and (4.12) we see that {g,} and
U (= V,) satisfy (2.27) and (2.28). Thus, by Lemma 13 we have

lim sup [[Vig ll 3.0 @\ Dy ) = T SUP [ Vig [l £3.00 (v 1<)
n—00 n—00

< hm sup ”‘/IO ”LS,oo({lVlOlSz—i}) < C3CO = 4C38 (413)
11— 00

Hence, from (4.6), (4.11) and (4.13) we obtain

- n— 00

Therefore, since § = ZMeL%} e conclude that
6+4C3

lim inf ||U)([)||L300(Q) < €1,
t——00

which with the help of Lemma 9 proves Theorem 3. O
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Appendix

Here we will show that (1.12)—(1.14) guarantee ﬁv(%) € BC((—o0, 0); Zg,oo
(R3)). Let

- ()

fort < 0 and let

lI-113,00

L¥°RY) := L3[R N LR . (A1)

Since [|S;vl]3,00 = V13,00 and S;v € L3¥®(R3) for v € L3>*(R3) and for ¢ < 0, it
suffices to show the following lemma:

Lemma 14 Let functions v, R, V, Q satisfy

ve L3R,
Re L3’°O(Ri) n L’»W(Ri) for some r € (1,3),

Vx) = % forallx e R3, Q € C(S?),
v=V+R. (A.2)
Then
Siv e C((—00, 0); L>*®(R3)). (A3)

Proof (Case 1) We first consider the case v € L3’°°(]R1) NL*>® (Ri). Since S;V =V,
we have

Syv—=8S,v=8,R—S,R forallt;, 1 <O. (A.4)
Let € > 0 be an arbitrary fixed number and let r < g < 3. Since R € L3’°°(]R3_) n

L" ’W(Ri), we see that R € L9 (Ri) and hence there exists a function ¥ € C§° (Ri)
such that

IR — 1pe”q < €.
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It is straightforward to see that S; ¥ € C((—00, 0); Lq(Ri)). Then, since

153 R = SiRllg = 1S5 (R = ¥llg + 1S (R = ¥l + 1Sy Ve = Sl
1e3_ L3
= (11297 10250 ) e 180 v = Suelly,

13 _ .
we have limsup, _,, [1S4, R — S, Ry < 2|t2|2(q De and, letting ¢ — 0,

limsup |5/, R — S, Rl =0 (A.S)

n—n

forall b < 0. Since || S/, v — SVl < (o1
(A.4) and (A.5), we have

1/2 + 1/2)||v||c,o, by the interpolation,

1] |22

lim sup || Sy, v — Sy, V13,00
H—>n

< Climsup (115, R = S, RI§7 1530 = S5 ) =0 (a6)

11—

for all 1 < 0. Therefore, (A.3) holds. ~
(Case 2) Next we consider the case v € L3’°°(R3_). In this case, it holds that

nli)rgo lv1{jv>n}ll3,00 = 0. (A7)
Indeed, by (A.1), there exists a sequence {¢y} such that
¢k € L*CRNLPRY), v —xll300 < 1/k  forallk € N.
Then

lolgsnilI3,00 < 1V = @) Ljuisny 3,00 + 1Ok 1{jv)>n} 113,00
1/k + Cligk ool 1 joj=nyll 3 < 1/k + Cligxlloo(llv] > n})'/3

o]l
1/k + Cllgpk [l oo ——=

IA

IA

forallk e N, (A.8)

which implies lim sup,,_, o, [v1{juj>n} 13,00 < 1/k forall k € N and hence (A.7). Now
let

U (x) := v(x) Ljjpj<ny(x) and R, (x) := R(x) — v(x)1{jy|>n) (x).
Clearly,
vy € LY (R NL®MRY) and R, € L¥*(RY). (A.9)
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Since
[ lgui=nllr 00 < Csups (uflv] > s, [v] > )" (uflv] > s, [v] > n)!/7~17
s>0
3/r—1
v
< Csups (uflv] > sH'7? <m>
5>0 n
3 1
< C||U||3,OOW'
Then,
Ry € L"®([R3). (A.10)
Since v, — R, = v — R =V, we have
v, =V +R,. (A.11)
Hence, as demonstrated in (Case 1), (A.9), (A.10) and (A.11) imply
Siun € C((=00,0); L¥®(RY)).
Thus,
lim sup [| S, v — Sy, vl13,00 < limsup (IS, (v — va) 13,00
H—n Hh—n
1S5, (v = va) 13,00 + 111 V0 — Sty v0) [13.00)
=2[lv — vnll3,00 = 2|V 1{jy|>n} 13,00 (A.12)
forall, < 0. Therefore, lettingn — oo, from (A.7) we conclude that limy, 4, [|S;,v—
Si,v]13,00 = 0 and (A.3) holds. O
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