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Abstract
We study an initial-boundary value problem for the incompressible Navier–Stokes–
Cahn–Hilliard systemwith non-constant density proposed by Abels, Garcke and Grün
in 2012. Thismodel arises in the diffuse interface theory for binarymixtures of viscous
incompressible fluids. This system is a generalization of thewell-knownmodelH in the
case of fluids with unmatched densities. In three dimensions, we prove that any global
weak solution (for which uniqueness is not known) exhibits a propagation of regularity
in time and stabilizes towards an equilibrium state as t → ∞. More precisely, the con-
centration function φ is a strong solution of the Cahn–Hilliard equation for (arbitrary)
positive times, whereas the velocity field u becomes a strong solution of the momen-
tum equation for large times. Our analysis hinges upon the following key points: a
novel global regularity result (with explicit bounds) for the Cahn–Hilliard equation
with divergence-free velocity belonging only to L2(0,∞;H1

0,σ (�)), the energy dissi-
pation of the system, the separation property for large times, aweak-strong uniqueness
type result, and the Lojasiewicz–Simon inequality. Additionally, in two dimensions,
we show the existence and uniqueness of global strong solutions for the full system.
Finally, we discuss the existence of global weak solutions for the case of the double
obstacle potential.
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H. Abels et al.

1 Introduction

Weconsider the initial-boundary value problem for the diffuse interfacemodel describ-
ing a two-phase flow of incompressible viscous Newtonian fluids in the case of general
densities,whichwas introduced byAbels et al. [8] (also calledAGG-model nowadays).
This model leads to the system

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t (ρ(φ)u) + div
(
u ⊗ (

ρ(φ)u + J̃
))− div (ν(φ)Du) + ∇P = −div (∇φ ⊗ ∇φ) ,

div u = 0,

∂tφ + u · ∇φ = div (m(φ)∇μ) ,

μ = −�φ + 	 ′(φ),

(1.1)

in � × (0,∞), where � is a bounded domain in R
d , with d = 2 and d = 3. The

system (1.1) is completed with the following boundary and initial conditions

{
u = 0, ∂nφ = ∂nμ = 0 on ∂� × (0, T ),

u|t=0 = u0, φ|t=0 = φ0 in �.
(1.2)

Here, n is the unit outward normal vector on ∂�, and ∂n denotes the outer nor-
mal derivative on ∂�. The state variables of the system are the volume averaged
velocity u : � × [0,∞) → R

d , (x, t) �→ u(x, t), the pressure of the mixture
P : � × [0,∞) → R, (x, t) �→ P(x, t), and the difference of the fluids volume
fractions φ : � × [0,∞) → [−1, 1], (x, t) �→ φ(x, t). Here Du = 1

2 (∇u + (∇u)T )

is the symmetrized gradient of u. The flux term J̃, the density ρ and the viscosity ν of
the mixture are given by

J̃ = −ρ1 − ρ2

2
∇μ, ρ(φ) = ρ1

1 + φ

2
+ ρ2

1 − φ

2
,

ν(φ) = ν1
1 + φ

2
+ ν2

1 − φ

2
, (1.3)

where ρ1, ρ2 and ν1, ν2 are the positive homogeneous density and viscosity parameters
of the two fluids, respectively. Moreover, m : [−1, 1] → [0,∞) is a mobility coeffi-
cient, which in general might depend on φ. The homogeneous free energy density 	

is the Flory-Huggins potential

	(s) = F(s) − θ0

2
s2 = θ

2

[

(1 + s) log(1 + s) + (1 − s) log(1 − s)

]

− θ0

2
s2, (1.4)

for s ∈ [−1, 1] where θ and θ0 are constant positive parameters.
Asmentioned before, system (1.1) and (1.2) is a diffuse interfacemodel for the flow

of two incompressible and viscous Newtonian fluids, in which the macroscopically
immiscible fluids are considered to be (partly) miscible on a small length scale ε > 0.
Here the parameter ε is for simplicity set to 1. This model is thermodynamically
consistent as shown in [8] (see also [9]). The total energy associated to system (1.1) is
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NSCH system with unmatched densities

E(u, φ) = Ekin(u, φ) + Efree(φ)

=
∫

�

1

2
ρ(φ)|u|2 dx +

∫

�

1

2
|∇φ|2 + 	(φ) dx, (1.5)

and the corresponding energy balance reads as

d

dt
E(u, φ) +

∫

�

ν(φ)|Du|2 dx +
∫

�

m(φ)|∇μ|2 dx = 0 (1.6)

for sufficiently smooth solutions (u, P, φ). Let us note that in the case ρ1 = ρ2, the
flux term J̃ = 0 and the model simplifies to the well-known “Model H” (cf. [26,
28]). An alternative and thermodynamically consistent model was derived before by
Lowengrub and Truskinovski in [31]. From the mathematical viewpoint, the latter has
the disadvantage that the mass averaged (barycentric) velocity is not divergence free,
which is the case in the present model based on a volume averaged velocity. Moreover,
the pressure enters the equation for the chemical potential, which leads to additional
difficulties for the construction of weak solutions, cf. [2], and a strong coupling of
the linearized systems, cf. [4], where existence of strong solutions locally in time
was shown. To the best of our knowledge, there are no results on existence of strong
solutions for large times (in two space dimensions), regularity for weak solutions or
qualitative behavior for large times for this model. But from a physical point of view it
has the advantage that by the choice of the barycentric velocity the linear momentum
of the sum of both fluids is conserved, which is not the case in general for the model
under consideration (unless ρ1 = ρ2). See also [35, Remark 2.2]. We also refer the
interested reader to [13, 16, 27, 34] for further (different) diffuse interface systems
modeling two-phase flows with unmatched densities. In the recent work [35], the
reader can find a unified derivation and comparison of the known diffuse interface
models from the physical point of view.

The existence of global weak solutions to the model (1.1) and (1.2) was proved in
[6, Theorem 3.4] in the case of a strictly positive mobilitym. The corresponding result
in the case of a degenerate mobility in the Cahn–Hilliard equation (1.1)3−4 was shown
in [7]. The convergence of a fully discrete numerical scheme to weak solutions was
shown by Grün et al. [25]. The existence of strong solutions for regular free energy
densities 	 and small times was proved by Weber [36] (cf. also Abels and Weber
[10]). The existence of weak solutions in the case of dynamic boundary conditions
was proved by Gal et al. [20]. Results on well-posedness of this system with the free
energy density (1.4) in two-space dimensions, locally in time for bounded domains
and globally in time in the case of periodic boundary conditions, were achieved in
[21]. In three space dimensions, the existence of strong solutions locally in time was
obtained in [22]. The existence of weak solutions for a variant of (1.1) with a non-
local Cahn–Hilliard equation was shown by Frigeri [18, 19] for non-degenerate and
degenerate mobility, respectively, and for non-Newtonian fluids in Abels and Breit
[5]. Finally, a model for a two-phase flow with magnetic fluids, where (1.1) is coupled
to a gradient flow of the magnetization vector was studied by Kalousek et al. [29],
where the existence of weak solutions was proven.
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The main goal of the present contribution is to show regularity properties of weak
solutions of (1.1) and (1.2) and to study the convergence for large times in the case of
constant positive mobility. Let us first recall the result on existence of weak solutions
shown in [6] (in the specific case a(·) ≡ 1). We refer to the end of this introduction for
the notation and, in particular, for the function spaces used in the following theorems.

Theorem 1.1 (Global existence of weak solutions) Let � be a bounded domain inRd ,
d = 2, 3, with boundary ∂� of class C2 and m : [−1, 1] → (0,∞) be continuous.
Assume that u0 ∈ L2

σ (�), φ0 ∈ H1(�) with ‖φ0‖L∞(�) ≤ 1 and
∣
∣φ0

∣
∣ < 1. Then,

there exists a global weak solution (u, φ) to (1.1) and (1.2) defined on � × [0,∞)

such that

u ∈ BCw([0,∞);L2
σ (�)) ∩ L2(0,∞;H1

0,σ (�)),

φ ∈ BCw([0,∞); H1(�)) ∩ L2
uloc([0,∞); H2(�)), 	 ′(φ) ∈ L2

uloc([0,∞); L2(�)),

φ ∈ L∞(� × (0,∞)) with |φ(x, t)| < 1 a.e. in � × (0,∞),

μ ∈ L2
uloc([0,∞); H1(�)), ∇μ ∈ L2(0,∞; L2(�)),

(1.7)

which satisfies

∫ ∞

0
− (ρu, ∂tw) + (div(ρu ⊗ u),w) − (

(u ⊗ J̃),∇w
)+ (ν(φ)Du, Dw) dt

=
∫ ∞

0
(μ∇φ,w) dt (1.8)

for all w ∈ C∞
0,σ (� × (0,∞)), and

∫ ∞

0
−(φ, ∂tv) + (u · ∇φ, v) dt =

∫ ∞

0
−(m(φ)∇μ,∇v) dt (1.9)

for all v ∈ C∞
0 ((0,∞);C1(�)), where

μ = −�φ + 	 ′(φ) a.e. in � × (0,∞) (1.10)

as well as u(·, 0) = u0(·) and φ(·, 0) = φ0 in �. In addition, the energy inequality

E(u(t), φ(t)) +
∫ t

s

∥
∥
∥
√

ν(φ(τ))Du(τ )

∥
∥
∥
2

L2(�)
+
∥
∥
∥
√
m(φ(τ))∇μ(τ)

∥
∥
∥
2

L2(�)
dτ

≤ E(u(s), φ(s)) (1.11)

holds for all t ∈ [s,∞) and almost all s ∈ [0,∞) (including s = 0).

Remark 1.2 The regularity properties (1.7) and the weak formulation (1.9), combined
with a density argument, entail that ∂tφ ∈ L2(0,∞; H1(�)′). As a consequence, (1.9)
is equivalent to

〈∂tφ, v〉 + (u · ∇φ, v) + (m(φ)∇μ,∇v) = 0, ∀ v ∈ H1(�), a.e. in (0,∞).
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NSCH system with unmatched densities

Furthermore, arguing as in [1, 24] (cf. also [23]), it follows from (1.10) that φ ∈
L2
uloc([0,∞);W 2,p(�))∩L4

uloc([0,∞); H2(�)) and	 ′(φ) ∈ L2
uloc([0,∞); L p(�)),

for any p ∈ [2,∞) if d = 2 and p = 6 if d = 3. Finally, it holds that ∂nφ = 0 almost
everywhere on ∂� × (0,∞).

Throughout the manuscript we assumem ≡ 1 for simplicity. Because of the energy
dissipation (1.6), it is inherently expected that, as time t goes to infinity, the velocity
u(t) tends to zero andφ(t) converges to an equilibriumof theCahn–Hilliard equation/a
critical point of the free energy Efree. Moreover, one predicts the solution to become
regular for sufficiently large times. In the case of matched densities, i.e., ρ1 = ρ2, such
a result was shown in [1]. However, in the case of non-matched densities ρ1 �= ρ2, this
result for (1.1) was unknown so far. It is the purpose of this contribution to provide
such a result. Our main result describes the global regularity features and the large
time behavior of each weak solution given by Theorem 1.1 as follows.

Theorem 1.3 (Regularity and asymptotic behavior of weak solutions) Let � be a
bounded domain inRd , d = 2, 3, with boundary ∂� of class C3 and m ≡ 1. Consider
a global weak solution (u, φ) given by Theorem 1.1. Then, the following results hold:

(i) Global regularity of the concentration: for any τ > 0, we have

φ ∈ L∞(τ,∞;W 2,p(�)), ∂tφ ∈ L2(τ,∞; H1(�)),

μ ∈ L∞(τ,∞; H1(�)) ∩ L2
uloc([τ,∞); H3(�)), F ′(φ) ∈ L∞(τ,∞; L p(�)),

(1.12)

for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. The Eq. (1.1)3,4 are satisfied
almost everywhere in � × (0,∞) and the boundary condition ∂nμ = 0 holds
almost everywhere on ∂� × (0,∞).

(ii) Separation property: there exist TSP > 0 and δ > 0 such that

|φ(x, t)| ≤ 1 − δ, ∀ (x, t) ∈ � × [TSP ,∞). (1.13)

(iii) Large time regularity of the velocity: if � is a C4 domain, then there exists
TR > 0 (possibly larger than TSP) such that

u ∈ L∞(TR,∞;H1
0,σ (�)) ∩ L2(TR,∞;H2(�)) ∩ H1(TR,∞;L2

σ (�)). (1.14)

(iv) Convergence to a stationary solution: (u(t), φ(t)) → (0, φ∞) in L2
σ (�) ×

W 2−ε,p(�) as t → ∞, for any ε > 0, with any 2 ≤ p < ∞ if d = 2 and p = 6
if d = 3, where φ∞ ∈ W 2,p(�) is a solution to the stationary Cahn–Hilliard
equation

−�φ∞ + 	 ′(φ∞) = μ∞ in �,

∂nφ∞ = 0 on ∂�,

1

|�|
∫

�

φ∞(x)dx = φ0,

(1.15)

where μ∞ ∈ R.
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The structure of this contribution is as follows: in Sect. 2 we show a result on
improved regularity for the solutions to the Cahn–Hilliard equation (1.1)3−4 with
given velocity u ∈ L2(0,∞;H1

0,σ (�)), which implies (1.12) and is the basis for the
following analysis. Next, we study theω-limit set of a weak solution to (1.1) in Sect. 3.
In particular, it is shown that u(t) →t→∞ 0 in L2(�) and that the ω-limit set of the
concentration φ consists of stationary solutions of the Cahn–Hilliard equation (cf.
(1.15)). Moreover, we prove the strict separation property (1.13). In order to achieve
the regularity for large times (1.14), we first prove a result on weak-strong uniqueness
in Sect. 4. Combining this with the local existence result of strong solutions from [22],
we obtain that every weak solutions becomes a strong solution for sufficiently large
times in Sect. 5. The convergence to an equilibrium of the system is shown with the
aid of the Lojasiewicz–Simon inequality in the same Sect. 6. Furthermore, we prove
the global regularity in two space dimensions in Sect. 7. Finally, we study the limit
θ → 0 in (1.4) and show that weak solutions converge (for a suitable subsequence) to
weak solutions to (1.1) in the case of a double obstacle potential in Sect. 8.

Notation. In the sequel, we will use the following notation

ρ∗ = min{ρ1, ρ2}, ρ∗ = max{ρ1, ρ2}, ν∗ = min{ν1, ν2}, ν∗ = max{ν1, ν2}.

We denote a ⊗ b = (aib j )
d
i, j=1 for a, b ∈ R

d . If X is a Banach space and X ′ is its
dual, then

〈 f , g〉 ≡ 〈 f , g〉X ′,X = f (g), f ∈ X ′, g ∈ X ,

denotes the duality product.
For a measurable set M ⊆ R

d and 1 ≤ q ≤ ∞, Lq(M) denotes the Lebesgue
space and ‖ · ‖Lq (M) its norm. We define

( f , g) =
∫

�

f (x)g(x) dx for all f ∈ Lq(�), g ∈ Lq ′
(�) with

1

q
+ 1

q ′ = 1.

If q = 2, (·, ·) stands for the inner product in L2(M). For any f ∈ L1(M)

with |M | < ∞, the total mass is defined as f = 1
|M|

∫

M f (x) dx . The space

Lq(M) := Lq(M;Rd) consists of all q-integrable/essentially bounded vector-fields.
For simplicity of notation, we denote the norm in Lq(M) by ‖ · ‖Lq (M) and the inner
product in L2(M) by (·, ·). Let X be a Banach space, Lq(M; X) denotes the set
of all strongly measurable q-integrable functions/essentially bounded functions with
values in X . If M = (a, b), we write for simplicity Lq(a, b; X) and Lq(a, b). Fur-
thermore, f ∈ Lq

loc([0,∞); X) if and only if f ∈ Lq(0, T ; X) for every T > 0 and
Lq
uloc([0,∞); X) denotes the uniformly local variant of Lq(0,∞; X) consisting of all

strongly measurable f : [0,∞) → X such that

‖ f ‖Lq
uloc([0,∞);X) = sup

t≥0
‖ f ‖Lq (t,t+1;X) < ∞.

For T < ∞, we set Lq
uloc([0, T ); X) := Lq(0, T ; X).
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NSCH system with unmatched densities

Let � ⊂ R
d be an open bounded and connected domain with Lipschitz bound-

ary. The set Wm,q(�), m ∈ R+, 1 ≤ q ≤ ∞, denotes the Lq -Sobolev space, and
Wm,q(�) = Wm

q (�;Rd) is the corresponding space for vector-fields. In both cases,
the corresponding norms are denoted by ‖·‖Wm,q (�). The spaceW

m,q
0 (�) is the closure

of C∞
0 (�) in Wm,q(�), W−m,q(�) = Wm,q ′

0 (�)′ (where q ′ is such that 1
q + 1

q ′ = 1).

As usual, Hm(�) = Wm,2(�) and Hm(�) = Wm,2(�). Next, L2
σ (�) and H1

0,σ (�)

are the closure of C∞
0,σ (�;Rd) = {ϕ ∈ C∞

0 (�;Rd) : divϕ = 0} in L2(�) and
H1(�), respectively.

Let I = [0, T ] with 0 < T < ∞ or let I = [0,∞) if T = ∞ and X be a
Banach space. The set BC(I ; X) is the Banach space of all bounded and continuous
f : I → X equipped with the supremum norm, and BUC(I ; X) is the subspace of
all bounded and uniformly continuous functions. We define BCw(I ; X) as the topo-
logical vector space of all bounded and weakly continuous functions f : I → X . We
denote by C∞

0 (0, T ; X) the vector space of all smooth functions f : (0, T ) → X

with supp f
c⊂ (0, T ). Moreover, for 1 ≤ p < ∞, W 1,p(0, T ; X) is the space of all

f ∈ L p(0, T ; X) with ∂t f ∈ L p(0, T ; X), where ∂t denotes the vector-valued distri-
butional derivative of f . The setW 1,p

uloc([0,∞); X) is defined in the sameway, replacing
L p(0, T ; X) by L p

uloc([0,∞); X). Lastly, we set H1(0, T ; X) = W 1,2(0, T ; X) as

well as H1
uloc([0,∞); X) := W 1,2

uloc([0,∞); X).

2 On the Cahn–Hilliard equation with divergence-free drift

In this section we prove new regularity results for the Cahn–Hilliard equation with
divergence-free drift

{
∂tφ + u · ∇φ = �μ

μ = −�φ + 	 ′(φ)
in � × (0,∞), (2.1)

subject to the boundary and initial conditions

{
∂nφ = ∂nμ = 0 on ∂� × (0,∞),

φ|t=0 = φ0 in �.
(2.2)

We first report the following well-posedness result proved in [1, Theorem 6].

Theorem 2.1 Let � be a bounded domain in R
d , d = 2, 3 with C3 boundary.

Assume that φ0 ∈ H1(�) ∩ L∞(�) with ‖φ0‖L∞(�) ≤ 1 and
∣
∣φ0

∣
∣ < 1, and

u ∈ L∞(0,∞;L2
σ (�)) ∩ L2(0,∞;H1

0,σ (�)). Then, there exists a unique global
weak solution φ to (2.1) and (2.2) such that:
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(1) The weak solution satisfies

φ ∈ BC([0,∞); H1(�)) ∩ L4
uloc([0,∞); H2(�)) ∩ L2

uloc([0,∞);W 2,p(�)),

φ ∈ L∞(� × (0,∞)) such that |φ(x, t)| < 1 a.e. in � × (0,∞),

∂tφ ∈ L2(0,∞; H1(�)′),
μ ∈ L2

uloc([0,∞); H1(�)), F ′(φ) ∈ L2
uloc([0,∞); L p(�)),

for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3.
(2) The weak solution solves (2.1) in a variational sense as follows:

〈∂tφ, v〉 + (u · ∇φ, v) + (∇μ,∇v) = 0, ∀ v ∈ H1(�), a.e. in (0,∞), (2.3)

where μ is given by μ = −�φ + 	 ′(φ). Moreover, ∂nφ = 0 almost everywhere
on ∂� × (0,∞), and φ(·, 0) = φ0 in �.

(3) The weak solution satisfies the energy equality

Efree(φ(t)) +
∫ t

τ

‖∇μ(s)‖2L2(�)
ds = Efree(φ(τ)) −

∫ t

τ

(u · ∇φ,μ) ds, (2.4)

for every 0 ≤ τ < t ≤ ∞.
(4) Let Q = � × (0,∞). The following estimates holds

‖φ‖2L∞(0,∞;H1(�))
+ ‖∂tφ‖2L2(0,∞;H1(�)′) + ‖∇μ‖2L2(Q)

≤ C
(
1 + Efree(φ0) + ‖u‖2L2(Q)

)
,

(2.5)

‖φ‖2
L2
uloc([0,∞);W 2,p(�))

+ ‖F ′(φ)‖2
L2
uloc([0,∞);L p(�))

≤ Cp

(
1 + Efree(φ0) + ‖u‖2L2(Q)

)
, (2.6)

‖φ‖4
L4
uloc([0,∞);H2(�))

≤ C
(
1 + Efree(φ0) + ‖u‖2L2(Q)

)2
, (2.7)

for 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. The constants C and Cp are
independent of θ , u and φ0.

Remark 2.2 The following comments concerning Theorem 2.1 are in order:

(i) A closer look at the proof of [1, Theorem 6] reveals that u ∈ L2(0,∞;H1
0,σ (�))

is sufficient to show the desired claim in Theorem 2.1.
(ii) The regularity φ ∈ L4

uloc(0,∞; H2(�)) is not shown in [1], but the proof can be
found in [23].

The propagation of regularity of the weak solutions and the existence of strong
solutions have been first shown in [1, Lemma 3]. We report it here below for clarity
of presentation.

Theorem 2.3 Let the assumptions of Theorem 2.1 hold. Assume that κ ≡ 1 if φ0 ∈
H2(�), μ0 = −�φ0 + 	 ′(φ0) ∈ H1(�) and ∂nφ0 = 0 on ∂�, whereas κ(t) =
(

t
1+t

) 1
2
otherwise.
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1. If ∂tu ∈ L1
uloc([0,∞);L2(�)), then the weak solution to (2.1) and (2.2) satisfies

κ∂tφ ∈ L∞(0,∞; H1(�)′) ∩ L2
uloc([0,∞); H1(�)),

κφ ∈ L∞(0,∞;W 2,p(�)), κF ′(φ) ∈ L∞(0,∞; L p(�)),

κμ ∈ L∞(0, T ; H1(�)),

for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3.
2. If u ∈ Bα

4
3 ∞,uloc

([0,∞);Hs(�)) ∩ BCw([0,∞);L2
σ (�)) for some − 1

2 < s ≤ 0

and α ∈ (0, 1), then the weak solution to (2.1) and (2.2) fulfills

κφ ∈ Cα([0,∞); H1(�)′) ∩ Bα
2∞,uloc([0,∞); H1(�)).

Theorem2.3 provides two regularity results for theweak solutions to theCahn–Hilliard
equationwith divergence-free drift by requiring that either ∂tu ∈ L1

uloc([0,∞);L2(�))

or u ∈ Bα
4
3∞,uloc

([0,∞);Hs(�)) for some − 1
2 < s ≤ 0 and α ∈ (0, 1), in addition

to u ∈ L∞(0,∞;L2
σ (�)) ∩ L2(0,∞;H1

0,σ (�)). Although the assumption in the
second part of Theorem 2.3 can be proven for weak solutions of (1.1) in the case
of matched densities (namely for the Model H) as in [1], it does not seem possible
for the case with unmatched densities since the weak formulation only gives some
control of ∂t (ρu)|H1

0,σ (�). To overcome this issue, we will now show that the condition

u ∈ L2(0,∞;H1
0,σ (�)) is sufficient to gain full regularity for the solutions to (2.1)

and (2.2). We expect that such result will be useful for other diffuse interface models
with hydrodynamics.

Theorem 2.4 Let � be a bounded domain in R
d , d = 2, 3, with C3 boundary and

the initial condition φ0 ∈ H2(�) be such that ‖φ0‖L∞(�) ≤ 1,
∣
∣φ0

∣
∣ < 1, μ0 =

−�φ0+	 ′(φ0) ∈ H1(�) and ∂nφ0 = 0 on ∂�. Assume thatu ∈ L2(0,∞;H1
0,σ (�)).

Then, there exists a unique global (strong) solution to (2.1) and (2.2) such that

φ ∈ L∞(0,∞;W 2,p(�)), ∂tφ ∈ L2(0,∞; H1(�)),

φ ∈ L∞(� × (0,∞)) with |φ(x, t)| < 1 a.e. in � × (0,∞),

μ ∈ L∞(0,∞; H1(�)) ∩ L2
uloc([0,∞); H3(�)), F ′(φ) ∈ L∞(0,∞; L p(�)),

(2.8)

for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. The strong solution satisfies
(2.1) almost everywhere in � × (0,∞) and ∂nφ = ∂nμ = 0 almost everywhere on
∂� × (0,∞). Moreover, there exists a positive constant C depending only on �, θ ,
θ0, and φ0 such that

‖∇μ‖L∞(0,∞;L2(�))

≤ 2

(
∥
∥∇ (−�φ0 + 	 ′ (φ0)

)∥
∥2
L2(�)

+ C
∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

) 1
2

× exp

(

C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)
(2.9)
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and

∫ ∞

0
‖∇∂tφ(s)‖2L2(�)

ds

≤ 6

(
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+ C
∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

)

×
(

1 +
(∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

))

.

(2.10)

In particular, the constant C is bounded whenever θ is restricted to a bounded interval.
In addition, if u ∈ L∞(0,∞;L2

σ ) ∩ L2(0,∞;H1
0,σ (�)), then ∂tφ ∈ L∞(0,∞;

H1(�)′).

Proof Let us assume first that u ∈ C∞
0 (0, T ;H1

0,σ (�) ∩ H2(�)) and the initial con-
dition φ0 is such that

φ0 ∈ H3(�) with ‖φ0‖L∞(�) < 1 and ∂nφ0 = 0 on ∂�. (2.11)

For anyα ∈ (0, 1), we consider the viscousCahn–Hilliard systemwith divergence-free
drift

{
∂tφ + u · ∇φ = �μ

μ = α∂tφ − �φ + F ′(φ) − θ0φ
in � × (0, T ), (2.12)

which is equipped with the boundary and initial conditions

∂nφ = ∂nμ = 0 on ∂� × (0, T ), φ|t=0 = φ0 in �. (2.13)

Thanks to [22, Theorem A.1], there exists a unique solution such that

φ ∈ L∞(0, T ; H3(�)) with max
(x,t)∈�×[0,T ]

|φ(x, t)| < 1,

∂tφ ∈ L∞(0, T ; H1(�)) ∩ L2(0, T ; H2(�)) ∩ W 1,2(0, T ; L2(�)),

μ ∈ L∞(0, T ; H2(�)) ∩ W 1,2(0, T ; L2(�)).

(2.14)

The pair (φ, μ) satisfies (2.12) almost everywhere in � × (0, T ), the boundary con-
ditions ∂nφ = ∂nμ = 0 almost everywhere on ∂� × (0, T ) and φ(·, 0) = φ0(·) in
�.

We now proceed with the conservation of mass and the first energy estimate. Inte-
grating (2.12)1 over �, exploiting the incompressibility and the no-slip boundary
condition of the velocity field u, we infer that

∫

�

φ(t) dx =
∫

�

φ0 dx, ∀ t ∈ [0, T ]. (2.15)
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Multiplying (2.12)1 by μ, integrating over � and exploiting the definition of μ, we
find for almost every t ∈ (0, T )

d

dt

(∫

�

1

2
|∇φ|2 + 	(φ) dx

)

+
∫

�

|∇μ|2 + α|∂tφ|2 dx

+
∫

�

u · ∇φ μ dx = 0. (2.16)

Since u(t) belongs to H1
0,σ (�), we have that

∫

�
u · ∇φ μ dx = − ∫

�
u · ∇μφ dx .

Then, thanks to the L∞ bound of φ in (2.14), we easily reach

d

dt

(∫

�

1

2
|∇φ|2 + 	(φ) dx

)

+ 1

2

∫

�

|∇μ|2 dx +
∫

�

α|∂tφ|2 dx ≤ 1

2
‖u‖2L2(�)

.

An integration in time on [0, t], with 0 < t ≤ T , yields

sup
t∈[0,T ]

‖∇φ(t)‖2L2(�)
+
∫ T

0
‖∇μ(s)‖2L2(�)

ds + 2α
∫ T

0
‖∂tφ(s)‖2L2(�)

ds

≤ θ0|�| + ‖∇φ0‖2L2(�)
+ 2

∫

�

	(φ0) dx +
∫ T

0
‖u(s)‖2L2(�)

ds.

(2.17)

By using (2.15), we obtain

‖φ‖L∞(0,T ;H1(�)) ≤ C0, ‖∇μ‖L2(0,T ;L2(�)) ≤ C0,√
α‖∂tφ‖L2(0,T ;L2(�)) ≤ C0, (2.18)

where the constant C0 depends only on Efree(φ0), |φ0|, θ0, � and ‖u‖L2(0,T ;L2(�)),
but is independent of α and depends on θ only through Efree(φ0).

Next, we derive some preliminary estimates which will play a crucial role for the
subsequent part. We recall the well-known inequality (see, for instance, [33])

∫

�

∣
∣F ′(φ)

∣
∣ dx ≤ C1

∫

�

F ′(φ)
(
φ − φ0

)
dx + C2, (2.19)

where the positive constant C1 only depends only on φ0 and C2 only depends on θ

and φ0. We also observe that C2 can be chosen to depend only on φ0 if we restrict θ

to lie in a bounded interval. This can be seen if we consider (2.19) for θ = 1 and then
multiply the equation by θ . Multiplying (2.12)2 by φ − φ0 (cf. (2.15)), we find

∫

�

|∇φ|2 dx +
∫

�

F ′(φ)
(
φ − φ0

)
dx

= −α

∫

�

∂tφ
(
φ − φ0

)
dx +

∫

�

(μ − μ)φ dx + θ0

∫

�

φ
(
φ − φ0

)
dx .
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By the generalized Poincaré inequality and the L∞ bound of φ, we reach

∫

�

∣
∣F ′(φ)

∣
∣ dx ≤ C

(
1 + ‖∇μ‖L2(�) + α‖∂tφ‖L2(�)

)
, (2.20)

where C only depends on the Poincaré constant, θ0, C1, C2 and �. Then, since μ =
F ′(φ) − θ0φ0, we infer from (2.19) and (2.20) that

|μ| ≤ C
(
1 + ‖∇μ‖L2(�) + α‖∂tφ‖L2(�)

)
.

As a consequence, we deduce that

‖μ‖H1(�) ≤ C
(
1 + ‖∇μ‖L2(�) + α‖∂tφ‖L2(�)

)
. (2.21)

Besides, multiplying (2.12)2 by |F ′(φ)|p−2F ′(φ), with p ≥ 2, and integrating over
�, we find

∫

�

(p − 1)|F ′(φ)|p−2F ′′(φ)|∇φ|2 dx + ‖F ′(φ)‖p
L p(�)

=
∫

�

(−α∂tφ + μ + θ0φ) |F ′(φ)|p−2F ′(φ) dx .

Here these computations are justified since φ is separated from the pure phases (cf.
(2.14)). Then, by the Hölder inequality, it follows that

‖F ′(φ)‖L p(�) ≤ C
(
1 + α‖∂tφ‖L p(�) + ‖μ‖L p(�)

)
. (2.22)

Combining (2.22) with (2.12)2, the elliptic regularity of the Neumann problem yields
that

‖φ‖W 2,p(�) ≤ C
(
1 + α‖∂tφ‖L p(�) + ‖μ‖L p(�)

)
. (2.23)

In addition, we also find by comparison in (2.12)1 that

‖∂tφ‖H1(�)′ ≤ C
(‖∇μ‖L2(�) + ‖u‖L2(�)

)
. (2.24)

The positive constants C in (2.21)–(2.24) may vary from line to line, but they only
depend on φ0, θ , θ0, � and C1,C2. In particular, they are all independent of α and
stay bounded for θ belonging to a bounded interval.

We now carry out the higher-order Sobolev energy estimates. Multiplying (2.12)1
by ∂tμ and integrating over �, we find

1

2

d

dt
‖∇μ‖2L2(�)

+
∫

�

∂tφ ∂tμ dx +
∫

�

u · ∇φ ∂tμ dx = 0.
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By definition of μ, we observe that

∫

�

∂tφ ∂tμ dx = α

2

d

dt
‖∂tφ‖2L2(�)

+
∫

�

|∇∂tφ|2 dx

+
∫

�

F ′′(φ)|∂tφ|2 dx − θ0

∫

�

|∂tφ|2 dx .

Similarly, by exploiting the incompressibility and the no-slip boundary condition of
the velocity field, we notice that

∫

�

u · ∇φ ∂tμ dx =
∫

�

u · ∇φ
(
α∂2t φ − �∂tφ + F ′′(φ)∂tφ − θ0∂tφ

)
dx

= d

dt

(

α

∫

�

u · ∇φ ∂tφ dx

)

− α

∫

�

∂tu · ∇φ ∂tφ dx − α

∫

�

u · ∇∂tφ ∂tφ dx
︸ ︷︷ ︸

=0

+
∫

�

∇ (u · ∇φ) · ∇∂tφ dx −
∫

∂�

(u · ∇φ)(∇∂tφ · n) dσ
︸ ︷︷ ︸

=0

+
∫

�

u · (F ′′(φ)∇φ
)
∂tφ dx − θ0

∫

�

u · ∇φ ∂tφ dx

= d

dt

(

α

∫

�

u · ∇φ ∂tφ dx

)

+ α

∫

�

∂tu · ∇∂tφ φ dx

+
∫

�

(
∇uT∇φ

)
· ∇∂tφ dx

+
∫

�

(∇2φ u
) · ∇∂tφ dx +

∫

�

u · ∇ (
F ′(φ)

)
∂tφ dx

− θ0

∫

�

u · ∇φ ∂tφ dx

= d

dt

(

α

∫

�

u · ∇φ ∂tφ dx

)

+ α

∫

�

∂tu · ∇∂tφ φ dx

+
∫

�

(
∇uT∇φ

)
· ∇∂tφ dx

+
∫

�

(∇2φ u
) · ∇∂tφ dx −

∫

�

u · ∇∂tφ F ′(φ) dx

+ θ0

∫

�

u · ∇∂tφ φ dx .

Then, we arrive at

d

dt

(
1

2
‖∇μ‖2L2(�)

+ α

2
‖∂tφ‖2L2(�)

+ α

∫

�

u · ∇φ ∂tφ dx

)

+
∫

�

|∇∂tφ|2 dx +
∫

�

F ′′(φ)|∂tφ|2 dx

= θ0

∫

�

|∂tφ|2 dx − α

∫

�

∂tu · ∇∂tφ φ dx −
∫

�

(
∇uT∇φ

)
· ∇∂tφ dx
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−
∫

�

(
∇2φ u

)
· ∇∂tφ dx

+
∫

�

u · ∇∂tφ F ′(φ) dx − θ0

∫

�

u · ∇∂tφ φ dx . (2.25)

In order to estimate the terms on the right-hand side of (2.25), combining (2.22) and
(2.23) with (2.21) through the Sobolev embedding theorem, we have

‖φ‖W 2,p(�) + ‖F ′(φ)‖L p(�) ≤ αC‖∂tφ‖L p(�) + Cp
(
1 + ‖∇μ‖L2(�)

)
, (2.26)

where 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. Here the positive constants C and Cp

are independent of α and remains bounded for θ in a bounded interval. Recalling that
∂tφ is mean-free, thanks to (2.24) and the generalized Poincaré inequality, we obtain

θ0

∫

�

|∂tφ|2 dx ≤ C‖∇∂tφ‖L2(�)‖∂tφ‖H1(�)′

≤ 1

12
‖∇∂tφ‖2L2(�)

+ C
(
‖u‖2L2(�)

+ ‖∇μ‖2L2(�)

)
.

By using the L∞ bound of φ in (2.14), we also get

∣
∣
∣
∣α

∫

�

∂tu · ∇∂tφ φ dx

∣
∣
∣
∣ ≤ α‖∂tu‖L2(�)‖∇∂tφ‖L2(�)‖φ‖L∞(�)

≤ 1

12
‖∇∂tφ‖2L2(�)

+ α2C‖∂tu‖2L2(�)
.

Exploiting (2.26), the Gagliardo–Nirenberg interpolation inequality and the Sobolev
embedding theorem, we infer that

∣
∣
∣
∣

∫

�

(
∇uT∇φ

)
· ∇∂tφ dx

∣
∣
∣
∣ ≤ ‖∇u‖L2(�)‖∇φ‖L∞(�)‖∇∂tφ‖L2(�)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ C‖∇u‖2L2(�)
‖φ‖2W 2,4(�)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ C‖∇u‖2L2(�)

(
1 + α2‖∂tφ‖2L4(�)

+ ‖∇μ‖2L2(�)

)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ α2C‖∇u‖2L2(�)
‖∂tφ‖

1
2
L2(�)

‖∇∂tφ‖
3
2
L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)

≤ 1

12
‖∇∂tφ‖2L2(�)

+ α8C‖∇u‖8L2(�)
‖∂tφ‖2L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)
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and

∣
∣
∣
∣

∫

�

(∇2φ u
) · ∇∂tφ dx

∣
∣
∣
∣ ≤ ‖φ‖W 2,3(�)‖u‖L6(�)‖∇∂tφ‖L2(�)

≤ C
(
1 + α‖∂tφ‖L3(�) + ‖∇μ‖L2(�)

) ‖∇u‖L2(�)‖∇∂tφ‖L2(�)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ α2C‖∂tφ‖L2(�)‖∇∂tφ‖L2(�)‖∇u‖2L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)

≤ 1

12
‖∇∂tφ‖2L2(�)

+ α4C‖∂tφ‖2L2(�)
‖∇u‖4L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)
,

as well as

∣
∣
∣
∣

∫

�

u · ∇∂tφ F ′(φ) dx

∣
∣
∣
∣ ≤ ‖u‖L6(�)‖∇∂tφ‖L2(�)‖F ′(φ)‖L3(�)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ C‖∇u‖2L2(�)

(
1 + α2‖∂tφ‖2L3(�)

+ ‖∇μ‖2L2(�)

)

≤ 1

24
‖∇∂tφ‖2L2(�)

+ α2C‖∂tφ‖L2(�)‖∇∂tφ‖L2(�)‖∇u‖2L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)

≤ 1

12
‖∇∂tφ‖2L2(�)

+ α4C‖∂tφ‖2L2(�)
‖∇u‖4L2(�)

+ C‖∇u‖2L2(�)

(
1 + ‖∇μ‖2L2(�)

)
.

By using (2.14), we find that

∣
∣
∣
∣θ0

∫

�

u · ∇∂tφ φ dx

∣
∣
∣
∣ ≤ C‖u‖L2(�)‖∇∂tφ‖L2(�)‖φ‖L∞(�)

≤ 1

12
‖∇∂tφ‖2L2(�)

+ C‖u‖2L2(�)
.

The positive constants C in all the above estimates depend on the parameters of the
system, such as θ0, θ , � and φ0, but are independent of α, u, T and the norms of the
initial condition φ0. They also are uniformly bounded for θ from a bounded interval.
Therefore, collecting the above inequalities, we end up with the differential inequality

d

dt

(
1

2
‖∇μ‖2L2(�)

+ α

2
‖∂tφ‖2L2(�)

+ α

∫

�

u · ∇φ ∂tφ dx

)

+ 1

2

∫

�

|∇∂tφ|2 dx

≤ C
(
‖∇u‖2L2(�)

+ α3‖∇u‖4L2(�)
+ α7‖∇u‖8L2(�)

)(1

2
‖∇μ‖2L2(�)

+ α

4
‖∂tφ‖2L2(�)

)

+ αC‖∂tu‖2L2(�)
+ C‖∇u‖2L2(�)

+C‖∇μ‖2L2(�)
. (2.27)
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In light of (2.18), we observe that

∣
∣
∣
∣α

∫

�

u · ∇φ∂tφ dx

∣
∣
∣
∣ ≤ α‖u‖L∞(�)‖∇φ‖L2(�)‖∂tφ‖L2(�)

≤ α

4
‖∂tφ‖2L2(�)

+ αC0‖u‖2L∞(�). (2.28)

Owing to this, we rewrite (2.27) as follows

d

dt

(
1

2
‖∇μ‖2L2(�)

+ α

2
‖∂tφ‖2L2(�)

+ α

∫

�

u · ∇φ ∂tφ dx

)

+ 1

2

∫

�

|∇∂tφ|2 dx

≤ F1

(
1

2
‖∇μ‖2L2(�)

+ α

2
‖∂tφ‖2L2(�)

+ α

∫

�

u · ∇φ ∂tφ dx

)

+ F2,

(2.29)

where

F1 = C
(
‖∇u‖2L2(�)

+ α3‖∇u‖4L2(�)
+ α7‖∇u‖8L2(�)

)
,

F2 = C
(
α‖∂tu‖2L2(�)

+ ‖∇u‖2L2(�)
+‖∇μ‖2L2(�)

)
+ αC0‖u‖2L∞(�)F1.

(2.30)

Since u ∈ C∞
0 (0, T ;H1

0,σ (�) ∩ H2(�)) by assumption, it is easily seen that F1,
F2 ∈ L1(0, T ). Thanks to the Gronwall lemma, we deduce that

sup
t∈[0,T ]

(
1

2
‖∇μ‖2L2(�)

+ α

2
‖∂tφ‖2L2(�)

+ α

∫

�

u · ∇φ ∂tφ dx

)

≤

⎛

⎜
⎜
⎜
⎝

1

2
‖∇μ(0)‖2L2(�)

+ α

2
‖∂tφ(0)‖2L2(�)

+ α

∫

�

u(0) · ∇φ(0) ∂tφ(0) dx
︸ ︷︷ ︸

=0

+
∫ T

0
F2(s) ds

⎞

⎟
⎟
⎟
⎠

× exp

(∫ T

0
F1(s) ds

)

.

By exploiting (2.28), we then arrive at

sup
t∈[0,T ]

(
‖∇μ‖2L2(�)

+ α‖∂tφ‖2L2(�)

)

≤
(

2‖∇μ(0)‖2L2(�)
+ 2α‖∂tφ(0)‖2L2(�)

+ 4
∫ T

0
F2(s) ds

)

exp

(∫ T

0
F1(s) ds

)

+ 4αC0‖u‖2L∞(�).

We observe that ∂tφ ∈ BC([0, T ]; H1(�)) and μ ∈ BC([0, T ]; H1(�)) due to
(2.14). By comparison in (2.12)2, it follows that−�φ+	 ′(φ) ∈ BC([0, T ]; H1(�)).
Now, multiplying (2.12)2 by ∂tφ and integrating over �, we have

α‖∂tφ‖2L2(�)
+ (−�φ + 	 ′(φ), ∂tφ

) = (μ, ∂tφ).
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By using (2.12)1, we notice that

α‖∂tφ‖2L2(�)
+ (−�φ + 	 ′(φ),�μ − u · ∇φ

) = (μ,�μ − u · ∇φ) .

Integrating by parts and exploiting the boundary conditions of μ and u, we deduce
that

α‖∂tφ‖2L2(�)
+ ‖∇μ‖2L2(�)

= (∇(−�φ + 	 ′(φ)),∇μ − φ u
)+ (∇μ, φ u) .

By continuity of each term in the above equation and recalling that u ∈ C∞
0 (0, T ;

H1
0,σ (�)), we infer that

α‖∂tφ(0)‖2L2(�)
+ ‖∇μ(0)‖2L2(�)

= (∇ (−�φ0 + 	 ′(φ0)
)
,∇μ(0)

)
,

which, in turn, entails that

α‖∂tφ(0)‖2L2(�)
+ ‖∇μ(0)‖2L2(�)

≤ 2
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

. (2.31)

As a consequence, we find

sup
t∈[0,T ]

(
‖∇μ(t)‖2L2(�)

+ α‖∂tφ(t)‖2L2(�)

)

≤
(

4
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+ 4
∫ T

0
F2(s) ds

)

× exp

(∫ T

0
F1(s) ds

)

+ 4αC0‖u‖2L∞(�). (2.32)

Besides, integrating (2.29) on [0, T ], and exploiting (2.28), (2.31) and (2.32), we have

∫ T

0
‖∇∂tφ(s)‖2L2(�)

ds ≤ 2
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+ 6

(
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+
∫ T

0
F2(s) ds

)
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×
(∫ T

0
F1(s) ds

)

exp

(∫ T

0
F1(s) ds

)

+ 8αC0‖u‖2L∞(�)

∫ T

0
F1(s) ds + 2

∫ T

0
F2 ds. (2.33)

Since α ∈ (0, 1], u ∈ C∞
0 (0, T ;H1

0,σ (�) ∩ H2(�)), −�φ0 + 	 ′(φ0) ∈ H1(�), and
(2.18), we thus conclude that

‖∇μ‖L∞(0,T ;L2(�)) ≤ K0,
√

α‖∂tφ‖L∞(0,T ;L2(�)) ≤ K0,

‖∇∂tφ‖L2(0,T ;L2(�)) ≤ K0. (2.34)

It easily follows from (2.21) and (2.26) that

‖μ‖L∞(0,T ;H1(�)) ≤ K1, ‖φ‖L∞(0,T ;H2(�)) ≤ K1, (2.35)

and

‖φ‖L2(0,T ;W 2,p(�)) + ‖F ′(φ)‖L2(0,T ;L p(�)) ≤ Kp, (2.36)

where 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. The constants K0, K1 and Kp (for p
as mentioned above) are independent of α and remain bounded for θ from a bounded
interval.

Let us now consider a sequence of real numbers αn ∈ (0, 1] such that αn → 0 as
n → ∞. Thanks to the above analysis, there exists a sequence of pairs (φαn , μαn )

such that
{

∂tφαn + u · ∇φαn = �μαn

μαn = αn∂tφαn − �φαn + F ′(φαn ) − θ0φαn

a.e. in � × (0, T ), (2.37)

and ∂nφαn = ∂nμαn = 0 almost everywhere on ∂� × (0, T ), φαn (·, 0) = φ0 in �.
Each pair (φαn , μαn ) satisfies (2.34)–(2.36) replacing (φ, μ) with (φαn , μαn ). Thus,
there exists a subsequence (still denoted in the same way) (φαn , μαn ) such that

φαn⇀φ weakly in L2(0, T ;W 2,p(�)),

φαn⇀φ weakly in W 1,2(0, T ; H1(�)),

μαn⇀μ weak-star in L∞(0, T ; H1(�)),

(2.38)

for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3, and, by the Aubin-Lions theorem,

φαn → φ strongly in BC([0, T ];W 1,q(�)), (2.39)

for all 2 ≤ q < ∞ if d = 2 and 2 ≤ q < 6 if d = 3. In order to pass to the limit in
the logarithmic function F ′, we recall from (2.14) that

φαn ∈ L∞(� × (0, T )) such that |φαn (x, t)| < 1 a.e. in � × (0, T ).
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Thanks to (2.39), we infer that φαn → φ almost everywhere in � × (0, T ). As a
consequence, we have that

φ ∈ L∞(� × (0, T )) with |φ(x, t)| ≤ 1 a.e. in � × (0, T ).

Then, F ′(φαn ) → F̃ ′(φ) almost everywhere in � × (0, T ), where F̃ ′(s) =
F ′(s) if s ∈ (−1, 1) and F̃ ′(±1) = ±∞. By the Fatou lemma and (2.36),∫

�×(0,T )
|F̃ ′(φ)|2 dxds ≤ K 2

2 , which implies that F̃ ′(φ) ∈ L2(� × (0, T )). This
entails that

φ ∈ L∞(� × (0, T )) such that |φ(x, t)| < 1 a.e. in � × (0, T ),

and F̃ ′(φ) = F ′(φ) almost everywhere in � × (0, T ). Owing to this, and by (2.36),
we conclude that

F ′(φαn )⇀F ′(φ) weakly in L2(0, T ; L p(�)),

for any p as above. Thus, letting n → ∞ in (2.37), we obtain that (φ, μ) solves the
Cahn–Hilliard system with divergence-free drift

{
∂tφ + u · ∇φ = �μ

μ = −�φ + F ′(φ) − θ0φ
a.e. in � × (0, T ). (2.40)

In addition, ∂nφ = ∂nμ = 0 almost everywhere on ∂� × (0, T ) and φ(·, 0) = φ0 in
�. Furthermore, by the lower semi-continuity of the norm with respect to the weak
convergence, we can pass to the limit in the left-hand side of (2.32) and (2.33). In
order to pass to the limit on the right-hand side containing

∫ T
0 ‖∇μαn (s)‖2L2(�)

ds, we
need to show that, up to a subsequence,

∫ T

0
‖∇μαn (s)‖2L2(�)

ds →
∫ T

0
‖∇μ(s)‖2L2(�)

ds as n → ∞. (2.41)

To this end, by the above convergences, we first observe that

∫ T

0

∫

�

u · ∇μαn φαn dxds →
∫ T

0

∫

�

u · ∇μφ dxds, αn

∫ T

0
‖∂tφαn (s)‖2L2(�)

ds → 0,

and

lim
n→∞ Efree(φαn (T )) = Efree(φ(T )).

The latter follows from (2.39) and F ∈ C0([−1, 1]). Therefore, by integrating the
energy identity (2.16) written for (φαn , μαn ) and taking the limit as n → ∞, we
obtain
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Efree(φ(T )) + lim
n→∞

∫ T

0
‖∇μαn (s)‖2L2(�)

ds = Efree(φ0) +
∫ T

0

∫

�

u · ∇μφ dxds.

On the other hand, thanks to Theorem 2.1, the solution (φ, μ) to (2.40) satisfies the
following energy identity

Efree(φ(T )) +
∫ T

0
‖∇μ(s)‖2L2(�)

ds = Efree(φ0) +
∫ T

0

∫

�

u · ∇μφ dxds.

Computing the difference of the two equations above, we deduce (2.41). Thus, we
conclude that

‖∇μ‖L∞(0,T ;L2(�)) ≤ 2
(∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+C
∫ T

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

) 1
2

× exp

(

C
∫ T

0
‖∇u(s)‖2L2(�)

ds

)

(2.42)

and

∫ T

0
‖∇∂tφ(s)‖2L2(�)

ds

≤ 6

(
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+ C
∫ T

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

)

×
(

1 +
(

C
∫ T

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

C
∫ T

0
‖∇u(s)‖2L2(�)

ds

))

,

(2.43)

where the positive constant C depends on θ0, θ , � and φ0, but is independent of u, T
and the norms of the initial condition φ0. In particular, C is bounded if θ belongs to
a bounded interval. Then, repeating the argument to obtain (2.20) and (2.21) without
the (α) viscous term, we easily recover that

‖μ‖L∞(0,T ;H1(�)) ≤ R0. (2.44)

Since ∂tφ is mean-free, we also have

‖∂tφ‖L2(0,T ;H1(�)) ≤ R1. (2.45)

By recalling the inequality proven in [1, Lemma 2] for (2.40)2

‖φ‖W 2,p(�) + ‖F ′(φ)‖L p(�) ≤ Cp
(
1 + ‖∇μ‖L2(�)

)
, (2.46)

where 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3, we obtain that

‖φ‖L∞(0,T ;W 2,p(�)) + ‖F ′(φ)‖L∞(0,T ;L p(�)) ≤ R2(p). (2.47)
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Finally, since

‖u · ∇φ‖L2(0,T ;H1(�)) ≤ ‖u‖L2(0,T ;H1(�))‖∇φ‖L∞(0,T ;L∞(�))

+‖u‖L2(0,T ;L6(�))‖φ‖L∞(0,T ;W 2,3(�)),

we easily obtain by the elliptic regularity theory applied to (2.40)1 that

‖μ‖L2(0,T ;H3(�)) ≤ R4(T ). (2.48)

Here the positive constants R1, R2, R3 and R4 depend on θ0, θ , �, φ0,
∥
∥∇(− �φ0 +

	 ′(φ0)
)∥
∥
L2(�)

and ‖u‖L2(0,T ;H1
0,σ (�)). They all remain bounded for θ from a bounded

interval. Additionally, R4 is bounded for T bounded.
We are left to show that the existence of the unique solution φ to (2.1) and

(2.2) satisfying (2.8) holds for any divergence-free velocity u ∈ L2(0,∞;H1
0,σ (�))

and for any initial condition φ0 ∈ H2(�) such that ‖φ0‖L∞(�) ≤ 1,
∣
∣φ0

∣
∣ < 1,

μ0 = −�φ0 + 	 ′(φ0) ∈ H1(�) and ∂nφ0 = 0 on ∂�. For this purpose, since
C∞
0 (0, T ;H1

0,σ (�) ∩ H2(�)) is dense in L2(0, T ;H1
0,σ (�)), there exists a sequence

{un} ⊂ C∞
0 (0, T ;H1

0,σ (�) ∩ H2(�)) such that un → u in L2(0, T ;H1
0,σ (�)) as

n → ∞. Besides, it was shown in [24, proof of Theorem 4.1] that there exists a
sequence {φ0,n} ⊂ H3(�) such that

1. There exist m ∈ (0, 1) depending only on φ0 and δ = δ(n) ∈ (0, 1) such that

∣
∣φ0,n

∣
∣ ≤ m, ‖φ0,n‖L∞(�) ≤ 1 − δ, ∀ n ∈ N.

2. φ0,n → φ0 in H1(�), φ0,n⇀φ0 weakly in H2(�) and −�φ0,n + F ′(φ0,n) →
−�φ0 + F ′(φ0) in H1(�) with

∥
∥−�φ0,n + F ′(φ0,n)

∥
∥
H1(�)

≤ ∥
∥−�φ0 + F ′(φ0

∥
∥
H1(�)

.

3. For any n ∈ N, ∂nφ0,n = 0 almost everywhere on ∂�.

Now, owing to the first part of the proof, for any n ∈ N, there exists a pair (φn, μn)

solving the Cahn–Hilliard system with divergence-free drift

{
∂tφn + un · ∇φn = �μn

μn = −�φn + F ′(φn) − θ0φn
a.e. in � × (0, T ), (2.49)

and ∂nφn = ∂nμn = 0 almost everywhere on ∂� × (0, T ), as well as φn(·, 0) = φ0,n
in �. It follows from (2.42) and (2.43) that

‖∇μn‖L∞(0,T ;L2(�)

≤ 2
( ∥
∥∇ (−�φ0,n + 	 ′(φ0,n)

)∥
∥2
L2(�)

+ C
∫ T

0
‖∇un(s)‖2L2(�)

+‖∇μn(s)‖2L2(�)
ds
) 1

2
exp

(

C
∫ T

0
‖∇un(s)‖2L2(�)

ds

)

, (2.50)
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and

∫ T

0
‖∇∂tφn(s)‖2L2(�)

ds

≤ 6

(
∥
∥∇ (−�φ0,n + 	 ′(φ0,n)

)∥
∥2
L2(�)

+ C
∫ T

0
‖∇un(s)‖2L2(�)

+‖∇μn(s)‖2L2(�)
ds

)

×
(

1 +
(

C
∫ T

0
‖∇un(s)‖2L2(�)

ds

)

exp

(

C
∫ T

0
‖∇un(s)‖2L2(�)

ds

))

. (2.51)

In light of the properties of un and φ0,n , we simply obtain that

‖∇μn‖L∞(0,T ;L2(�)) ≤ Q1, ‖∂tφn‖L2(0,T ;H1(�)) ≤ Q2, (2.52)

where the positive constants Q1 and Q2 are independent of n. By reasoning as above
to get (2.44)–(2.48), it follows that

‖μn‖L∞(0,T ;H1(�)) ≤ Q3, ‖μn‖L2(0,T ;H3(�)) ≤ Q4(T ),

‖φn‖L∞(0,T ;W 2,p(�)) ≤ Q5(p), ‖F ′(φn)‖L∞(0,T ;L p(�)) ≤ Q6,
(2.53)

where the positive constants Q3, Q4(T ), Q5(p) and Q6 are independent of n. Thanks
to these bounds, in a similar way as for the vanishing viscosity limit, we obtain
by compactness the existence of two limit functions φ ∈ L∞(0, T ;W 2,p(�)) ∩
H1(0, T ; H1(�)), such that F ′(φ) ∈ L∞(0, T ; L p(�)) with p as above, and
μ ∈ L∞(0, T ; H1(�)) ∩ L2(0, T ; H3(�)), which solve (2.1) almost everywhere
on � × (0, T ) and (2.2) almost everywhere on ∂� × (0, T ). The uniqueness of such
solution is inferred from [1, Theorem 6] (see Theorem 2.1 and Remark 2.2). By the
arbitrariness of T , we can extend the solution on (0,∞) and obtain the conclusion as
stated in Theorem 2.4. The estimates (2.9) and (2.10) simply follows by passing to
the limit as n → ∞ in (2.50) and (2.51) and letting T → ∞.

Finally, if u ∈ L∞(0,∞;L2
σ (�)) ∩ L2(0,∞;H1

0,σ (�)), we deduce from

‖∂tφ‖H1(�)′ ≤ C
(‖∇μ‖L2(�) + ‖u‖L2(�)

)
, (2.54)

that ∂tφ ∈ L∞(0,∞; H1(�)′). The proof is complete. ��
In order to derive a further global estimate for the gradient of the chemical potential

in (2.1), we report the following well-known result for the Neumann problem (see,
e.g., [32]).

Lemma 2.5 (Neumann problem) Let � be a bounded domain in R
d , d = 2, 3, with

C3 boundary. Given f ∈ Wk,p(�) and g ∈ Wk+1−1/p,p(∂�), where k = 0, 1 and
p ∈ (1,∞), such that

∫

�

f dx =
∫

∂�

g dσ, (2.55)
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there exists a u ∈ Wk+2,p(�) which is unique up to a constant satisfying

�u = f in �,

∂nu = g on ∂�.
(2.56)

In addition,

‖∇u‖Wk+1,p(�) ≤ C
(‖ f ‖Wk,p(�) + ‖g‖Wk+1−1/p,p(∂�)

)
, (2.57)

where the positive constant C only depends on k, p and �.

Using this, we derive the following conclusion for the gradient of the chemical
potential. Beyond its intrinsic interest, it will play a crucial role to control the flux J̃
in the momentum equation (1.1).

Corollary 2.6 Let the assumptions of Theorem 2.4. Then, we have the following esti-
mate for k = 1, 2

∫ ∞

0
‖∇μ(s)‖2Hk (�)

ds

≤ C

(
∥
∥∇ (−�φ0 + 	 ′(φ0)

)∥
∥2
L2(�)

+ C
∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

)

×
(

1 +
(∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

))

, (2.58)

where the positive constant C depends only on k, �, θ , θ0, F, and φ0.

Proof Since

�μ = ∂tφ + u · ∇φ a.e. in � × (0,∞), ∂nμ = 0 a.e. on ∂� × (0,∞),

and
∫

�
∂tφ + u · ∇φ(t) dx = 0 for all t ∈ (0,∞), it follows from Lemma 2.5, the

generalized Poincaré inequality and (2.46) that

‖∇μ‖H1(�) ≤ C
(‖∂tφ‖L2(�) + ‖u · ∇φ‖L2(�)

)

≤ C
(‖∂tφ‖L2(�) + ‖u‖L6(�)‖∇φ‖L3(�)

)

≤ C
(‖∇∂tφ‖L2(�) + ‖∇u‖L2(�)‖φ‖H2(�)

)

≤ C
(‖∇∂tφ‖L2(�) + ‖∇u‖L2(�)

(
1 + ‖∇μ‖L2(�)

))
. (2.59)
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Similarly, we find

‖∇μ‖H2(�) ≤ C
(‖∂tφ‖H1(�) + ‖u · ∇φ‖H1(�)

)

≤ C
(‖∂tφ‖H1(�) + ‖∇u‖L2(�)

(
1 + ‖∇μ‖L2(�)

)

+ ‖∇(u·∇φ)‖L2(�)

)

≤C
(‖∇∂tφ‖L2(�)+‖∇u‖L2(�)

(
1+‖∇μ‖L2(�)

)

+‖∇u‖L2(�)‖∇φ‖L∞(�) + ‖u‖L6(�)‖φ‖W 2,3(�)

)

≤ C
(‖∇∂tφ‖L2(�) + ‖∇u‖L2(�)

(
1 + ‖∇μ‖L2(�)

))
. (2.60)

Thus, in light of (2.9) and (2.10), for k = 1, 2, we deduce the desired estimate (2.58).
��

We are now in the position to prove the first part of our main result

Proof of Theorem 1.3-(i) Global regularity of the concentration Let (u, φ) be a global
weak solution to (1.1) and (1.2) given by Theorem 1.1. Consider an arbitrary pos-
itive time τ . Thanks to the energy inequality (1.11) and the Korn inequality, we infer
that

∫ ∞

0
‖∇u(s)‖2L2(�)

+ ‖∇μ(s)‖2L2(�)
ds < ∞.

In addition, we have that μ ∈ L2
uloc([0,∞); H1(�)), φ ∈ L4

uloc([0,∞; H2(�)) and
∂nφ = 0 almost everywhere on ∂� × (0,∞) (cf. Remark 1.2). Thus, there exists
τ � ∈ (0, τ ] such that φ(τ�) ∈ H2(�) with ‖φ(τ�)‖L∞(�) ≤ 1, |φ(τ�)| < 1, μ(τ�) =
−�φ(τ�)+	 ′(φ(τ �)) ∈ H1(�) and ∂nφ(τ�) = 0 on ∂�. An application of Theorem
2.4 on the interval [τ �,∞), togetherwith the uniqueness ofweak solutions (cf. Remark
2.2), gives us the desired conclusion. ��

3 Large time behaviour and strict separation property

For any m ∈ R, let us define the function spaces

L2
(m)(�) =

{

f ∈ L2(�) : 1

|�|
∫

�

f (x) dx = m

}

,

H1
(m)(�) =

{

f ∈ H1(�) : 1

|�|
∫

�

f (x) dx = m

}

.

Notice that H1
(m)(�) is not a linear space if m �= 0. Nevertheless, it can be identi-

fied with H1
(0)(�) by simply translation with the constant m. Moreover, the tangent

space of H1
(m)(�) is H1

(0)(�). Hence, if G : H1
(m)(�) → R is differentiable, then

DG( f ) : H1
(0)(�) → R is linear and bounded, i.e., DG( f ) ∈ H1

(0)(�)′ for all

f ∈ H1
(m)(�).
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We now introduce

E0(ϕ) =
∫

�

1

2
|∇ϕ|2 + F(ϕ) dx

for ϕ ∈ dom(E0) = { f ∈ H1
(m)(�) : | f (x)| ≤ 1 a.e. in �}, where F is the “convex

part” of 	 (cf. (1.4)). We recall that E0 is convex and lower semi-continuous. Thanks
to [11, Theorem 4.3], the subgradient ∂E0(ϕ) ∈ L2

(0)(�) for all ϕ ∈ D(∂E0), where

D(∂E0) =
{
ϕ ∈ H2(�) ∩ L2

(m)(�) : F ′(ϕ) ∈ L2(�), F ′′(ϕ)|∇ϕ|2 ∈ L1(�), ∂nϕ|∂� = 0
}

is given as

∂E0(ϕ) = −�ϕ + P0F
′(ϕ), where P0 f = f − 1

|�|
∫

�

f (x) dx .

Let us now consider φ∞ ∈ D(∂E0), which solves the stationary Cahn–Hilliard equa-
tion

−�φ + 	 ′(φ) = const. in �, (3.1)

∂nφ = 0 on ∂�, (3.2)

1

|�|
∫

�

φ(x) dx = m. (3.3)

We recall that solutions to (3.1)–(3.3) are critical points of the functional Efree on
H1

(m)(�). In addition, they are separated from the pure phases ±1 as stated in the next
result, whose proof can be found in [11, Proposition 6.1] and in [15, Lemma A.1].

Proposition 3.1 Let φ∞ ∈ D(∂E0) be a solution to (3.1)–(3.3). Then, there exist two
constants M j , j = 1, 2, such that

− 1 < M1 ≤ φ∞(x) ≤ M2 < 1 for all x ∈ �. (3.4)

The first important step towards the longtime stabilization of weak solutions to
(1.1) and (1.2) is to show

Lemma 3.2 Let (u, φ) be a weak solution to (1.1) and (1.2) in the sense of Theorem
1.1. Then u(t) → 0 in L2(�) as t → ∞.

Proof First of all, we have by (1.11) that the energy inequality for the full system

E(u(t), φ(t)) +
∫ t

τ

∫

�

ν(φ(s))|Du(s)|2 dxds

+
∫ t

τ

∫

�

|∇μ(s)|2 dxds ≤ E(u(τ ), φ(τ)) (3.5)
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holds for almost every τ ≥ 0 including τ = 0 and every t ≥ τ . Subtracting the energy
equality (2.4) for the Cahn–Hilliard equation with divergence-free drift, we obtain

Ekin(u(t)) +
∫ t

τ

∫

�

ν(φ(s))|Du(s)|2 dxds

≤ Ekin(u(τ )) −
∫ t

τ

∫

�

u(s) · ∇μ(s) φ(s) dxds (3.6)

for almost every τ ≥ 0 including τ = 0 and every t ≥ τ . Now, let ε > 0 be arbitrary.
Since ∇μ ∈ L2(� × (0,∞)) by the energy estimate, there is some T ′ > 0 such that
‖∇μ‖L2(�×(T ,∞)) ≤ ε for all T ≥ T ′. Moreover, since u ∈ L2(0,∞;H1

0,σ (�)), the
set of all T ≥ T ′ such that ‖u(T )‖L2(�) ≤ ε has positivemeasure. Hence there is some
T ≥ T ′ such that ‖∇μ‖L2(�×(T ,∞)) ≤ ε and ‖u(T )‖L2(�) ≤ ε hold true. Because of
(3.6), and exploiting the L∞ bound of φ (cf. (1.7)), we deduce that

sup
T≤t<∞

∫

�

ρ(φ(t))
|u(t)|2

2
dx +

∫ ∞

T

∫

�

ν(φ)|Du|2 dx dt

≤ ‖∇μ‖L2(T ,∞;L2(�))‖u‖L2(T ,∞;L2(�)) +
∫

�

ρ(φ(T ))
|u(T )|2

2
dx

for almost every T > 0. Therefore, by the Cauchy-Schwarz, Korn and Young inequal-
ities we obtain

‖u‖2L∞(T ,∞;L2(�))
+ ‖u‖2L2(T ,∞;H1(�))

≤ C
(
‖∇μ‖2L2(T ,∞;L2(�))

+ ‖u(T )‖2L2(�)

)
≤ 2Cε,

where C is independent of T and ε. This shows the claim. ��
We highlight that the proof of Lemma 3.2 consists of a direct argument which only
relies on the validity of the total energy inequality for (weak) solutions of (1.1) and
the free energy equality for solutions to the Cahn–Hilliard equation with drift. In
comparison with [1, Lemma 11], no square-summability of the time derivative of u is
requested.

Next, we proceed with the proof of the second part of our main result.

Proof of Theorem 1.3-(ii) Separation property Let us recall from the first part of the
proof (cf. (1.12)) that φ ∈ L∞(τ,∞;W 2,p(�)) for any τ > 0, and for arbitrary
2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. Now we define the ω-limit set of (u, φ) as

ω(u, φ) =
{
(u′, φ′) ∈ L2

σ (�) × W 2−ε,p(�) :
∃ tn ↗ ∞ such that (u(tn), φ(tn)) → (u′, φ′) in L2(�) × W 2−ε,p(�)

}
,

where ε > 0. Since φ ∈ BUC([τ,∞);W 2−ε′,p(�)) for any ε′ ∈ (0, ε) and τ > 0
by interpolation, and u(t) →t→∞ 0 by Lemma 3.2, we easily obtain that ω(u, φ)

is a non-empty, compact, and connected subset of L2
σ (�) × W 2−ε,p(�)) (cf. [14,
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Definition 1.4.1 and Theorem 1.4.7]). In addition, owing to the fact that E is a strict
Lyapunov functional for (1.1) and following [1, Lemma 11], we are able to prove:

Lemma 3.3 Let (u, φ) be a weak solution to (1.1) and (1.2) in the sense of Theorem
1.1. Then, we have

ω(u, φ) ⊆
{
(0, φ′) : φ′ ∈ W 2,p(�) ∩ H1

(m)(�) solves (3.1)-(3.3)
}

, where m = φ0.

Proof Thanks to (2.4), we recall that

Efree(φ(t)) +
∫ t

0

∫

�

|∇μ|2 dxds = Efree(φ0) −
∫ t

0

∫

�

u · ∇μφ dxds, (3.7)

for all t ≥ 0. Since u · ∇μφ ∈ L1(� × (0,∞)), the limit limt→∞ Efree(φ(t)) exists.
In addition, owing to u(t) →t→∞ 0 in L2

σ (�), limt→∞ Ekin(u(t)) = 0, and thereby
the limit E∞ := limt→∞ E(u(t), φ(t)) exists.

Let us consider a sequence {tn}n∈N ⊂ R such that 0 ≤ tn ↗ ∞. We set
limn→∞(u(tn), φ(tn)) = (u′

0, φ
′
0). By Lemma 3.2, it clearly follows that u′

0 = 0.
Now define (un(t), φn(t)) := (u(t + tn), φ(t + tn)) for t ∈ [0,∞). Due to [1, Theo-
rem 6], {φn}n∈N converges weakly in L2(0, T ;W 2

p(�))∩H1(0, T ; H1(�)′), for every
T > 0, to a limit function φ′, which is a weak solution (as defined in Theorem 2.1)
to (2.1) and (2.2) with u = 0, chemical potential μ′ and initial value φ′|t=0 = φ′

0.
In particular, φn →n→∞ φ′ in L2(0, T ; H1(�)) for every T > 0. Hence, there is a
subsequence such that

Efree(φn(t)) →n→∞ Efree(φ
′(t)) for a.e. t ∈ [0,∞).

On the other hand, limn→∞ E(un(t), φn(t)) = limn→∞ Efree(φn(t)) = E∞ since
un(t) →n→∞ 0 in L2(�). Thus, Efree(φ

′(t)) = E∞ for a.e. t ∈ [0,∞). As a con-
sequence, by the energy identity for the convective Cahn–Hilliard system (2.4) with
u ≡ 0, we deduce that ∇μ′(t) = 0 for almost all t ∈ [0,∞). Therefore, ∂tφ′(t) = 0,
and φ′(t) ≡ φ′

0 solves the stationary Cahn–Hilliard equation (3.1)–(3.3) withm = φ0.
��

Finally, we are in the position to show the desired separation property (1.13). In
fact, thanks to the above characterization of ω(u, φ), Proposition 3.1, the embedding
W 2−ε,p(�) ↪→ C(�) for ε > 0 sufficiently small, and the compactness of ω(u, φ) in
L2

σ (�) × W 2−ε,p(�), there exists some δ′ > 0 such that

|φ′(x)| ≤ 1 − δ′ ∀ x ∈ �, for any (0, φ′) ∈ ω(u, φ).

Observing that limt→∞ dist((u(t), φ(t)), ω(u, φ)) = 0 in the norm of L2
σ (�) ×

W 2−ε,p(�), we conclude that, for every δ ∈ (0, δ′), there is some TSP > 0 such
that

|φ(x, t)| ≤ 1 − δ ∀ x ∈ �, t ≥ TSP . ��
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4 Weak-strong uniqueness result

In this section we demonstrate a weak-strong uniqueness result for the system (1.1)
and (1.2) in both two and three dimensions. This will be essential to achieve the large
time regularity of the velocity of each weak solution. Due to the presence of the non-
constant density, our approach is inspired by [17]. Moreover, the separation property
plays a crucial role in our argument.

Theorem 4.1 Let � be a bounded domain in R
d , d = 2, 3, of class C4. Assume

that u0 ∈ H1
0,σ (�), φ0 ∈ H2(�) be such that ‖φ0‖L∞(�) < 1, |φ0| < 1, μ0 =

−�φ0 + 	 ′(φ0) ∈ H1(�) and ∂nφ0 = 0 on ∂�. In addition, we suppose that:

• (u, φ) is a solution on [0, T ] such that

u ∈ BCw([0, T ];L2
σ (�)) ∩ L2(0, T ;H1

0,σ (�)),

φ ∈ L∞(0, T ; H3(�)) ∩ L2(0, T ; H4(�)), ∂tφ ∈ L2(0, T ; H1(�)),

φ ∈ C(� × [0, T ]), with max
t∈[0,T ] ‖φ(t)‖C(�) < 1,

μ ∈ L∞(0, T ; H1(�)) ∩ L2(0, T ; H3(�)),

(4.1)

which satisfies

∫

�

ρ(φ(t))u(t) · w(t) dx −
∫

�

ρ(φ0)u0 · w(0) dx −
∫ t

0
(ρ(φ)u, ∂tw) dτ

−
∫ t

0
(ρ(φ)u ⊗ u,∇w) dτ +

∫ t

0
(ν(φ)Du, Dw) dτ

−
∫ t

0
(u ⊗ J̃,∇w) dτ =

∫ t

0
(μ∇φ,w) dτ,

(4.2)

where J̃ = −ρ′(φ)∇μ, for any t ∈ (0, T ), for all w ∈ W 1,2(0, T ;L2
σ (�)) ∩

L4(0, T ;H1
0,σ (�)), and

∂tφ + u · ∇φ = �μ, μ = −�φ + 	 ′(φ) a.e. in � × (0, T ). (4.3)

Moreover, (u(0), φ(0)) = (u0, φ0) and the energy inequality holds

E(u(t), φ(t)) +
∫ t

0

∫

�

ν(φ)|Du|2 dxdτ +
∫ t

0

∫

�

|∇μ|2 dxdτ ≤ E(u0, φ0)

(4.4)

for any t ∈ [0, T ].
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• (U,�,�) is a strong solution on [0, T ] such that

U ∈ C([0, T ];H1
0,σ (�)) ∩ L2(0, T ;H2(�)) ∩ W 1,2(0, T ;L2

σ (�)),

� ∈ L2(0, T ; H1(�)),

� ∈ L∞(0, T ; H3(�)) ∩ L2(0, T ; H4(�)), ∂t� ∈ L2(0, T ; H1(�)),

� ∈ C(� × [0, T ]), with max
t∈[0,T ] ‖�(t)‖C(�) < 1,

M ∈ L∞(0, T ; H1(�)) ∩ L2(0, T ; H3(�)),

(4.5)

which satisfies

ρ(�)∂tU + ρ(�)(U · ∇)U + (J� · ∇)U − div(ν(�)DU)

+ ∇� = M∇� a.e. in � × (0, T ),
(4.6)

where J� = −ρ′(�)∇M, and

∂t� + U · ∇� = �M, M = −�� + 	 ′(�) a.e. in � × (0, T ), (4.7)

as well as (U(0),�(0)) = (u0, φ0).

Then, u = U and φ = � on [0, T ].
Remark 4.2 Notice that if (u, φ) is a weak solution to (1.1) and (1.2) (as in Theorem
1.1) with μ ∈ L∞(0, T ; H1(�)) and u ∈ L2(0, T ;H2(�)), then one can choose u as
a test function in (1.8). Exploiting (2.4), we then obtain the energy identity

E(u(t), φ(t)) +
∫ t

0

∫

�

ν(φ)|Du|2 dxdτ +
∫ t

0

∫

�

|∇μ|2 dxdτ = E(u0, φ0) (4.8)

for every t ∈ [0, T ].
Proof First of all, thanks to Remark 4.2, we have the energy identity (4.8) for
(U,�, M) (i.e. replacing (u, φ, μ) with (U,�, M)). In addition, Theorem 2.1 entails
the validity of the following free energy equalities

Efree(φ(t)) +
∫ t

0

∫

�

|∇μ|2 dxdτ +
∫ t

0
(u · ∇φ,μ) dτ = Efree(φ0),

and

Efree(�(t)) +
∫ t

0

∫

�

|∇M |2 dxdτ +
∫ t

0
(U · ∇�, M) dτ = Efree(φ0),

for all t ∈ [0, T ]. Thus, we deduce from (4.4) and (4.8) (for (U,�, M)) that
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∫

�

1

2
ρ(φ(t))|u(t)|2 dx +

∫ t

0

∫

�

ν(φ)|Du|2 dxdτ

≤
∫

�

1

2
ρ(φ0)|u0|2 dx +

∫ t

0
(μ∇φ,u) dτ, (4.9)

and

∫

�

1

2
ρ(�(t))|U(t)|2 dx +

∫ t

0

∫

�

ν(�)|DU|2 dxdτ

=
∫

�

1

2
ρ(φ0)|u0|2 dx +

∫ t

0
(M∇�,U) dτ, (4.10)

for all t ∈ [0, T ]. Now, taking w = −U in (4.2), we obtain

−
∫

�

ρ(φ(t))u(t) · U(t) dx +
∫

�

ρ(φ0)|u0|2 dx +
∫ t

0
(ρ(φ)u, ∂tU) dτ

+
∫ t

0
(ρ(φ)u ⊗ u,∇U) dτ −

∫ t

0
(ν(φ)Du, DU) dτ

+
∫ t

0
(u ⊗ J̃,∇U) dτ = −

∫ t

0
(μ∇φ,U) dτ,

(4.11)

for all t ∈ [0, T ]. We recall the following basic relations

∫

�

1

2
ρ(φ)|u − U|2 dx =

∫

�

1

2
ρ(φ)

(
|u|2 + |U|2

)
dx −

∫

�

ρ(φ)u · U dx

=
∫

�

1

2
ρ(φ)|u|2 dx +

∫

�

ρ(�)|U|2 dx

+
∫

�

1

2
(ρ(φ) − ρ(�)) |U|2 dx

−
∫

�

ρ(φ)u · U dx,

(4.12)

and

∫

�

ν(φ)|D(u − U)|2 dx =
∫

�

ν(φ)
(
|Du|2 + |DU)|2 − 2Du : DU

)
dx

=
∫

�

ν(φ)|Du|2 dx +
∫

�

ν(�)|DU)|2 dx

+
∫

�

(ν(φ) − ν(�)) |DU|2 dx

−
∫

�

2ν(φ)Du : DU dx . (4.13)
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Summing (4.9), (4.10) and (4.11), and exploiting (4.12) and (4.13), we find

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx +

∫ t

0

∫

�

ν(φ)|D(u − U)|2 dxdτ

≤
∫

�

1

2
(ρ(φ(t)) − ρ(�(t))) |U(t)|2 dx +

∫ t

0
((ν(φ) − ν(�))DU, DU) dτ

−
∫ t

0
(ν(φ)Du, DU) dτ +

∫ t

0
(μ∇φ,u) dτ +

∫ t

0
(M∇�,U) dτ −

∫ t

0
(μ∇φ,U) dτ

−
∫ t

0
(ρ(φ)u, ∂tU) dτ −

∫ t

0
(ρ(φ)u ⊗ u,∇U) dτ −

∫ t

0
(u ⊗ J̃,∇U) dτ,

(4.14)

for all t ∈ [0, T ]. The conservation law of the densities reads as

∂tρ(φ) + div
(
ρ(φ)u + J̃

) = 0,

∂tρ(�) + div
(
ρ(�)U + J�

) = 0 a.e. in � × (0, T ). (4.15)

For any function v ∈ C1([0, T ];C1(�)), we have

∫

�

(ρ(φ(t)) − ρ(�(t))) v(t) dx −
∫

�

(ρ(φ(0)) − ρ(�(0))) v(0) dx
︸ ︷︷ ︸

=0

−
∫ t

0
(ρ(φ) − ρ(�), ∂tv) dτ (4.16)

=
∫ t

0
(ρ(φ)u − ρ(�)U,∇v) dτ +

∫ t

0

(
J̃ − J�,∇v

)
dτ,

for all t ∈ [0, T ]. By a density argument, we take v = 1
2 |U|2 in (4.16) obtaining

∫

�

1

2
(ρ(φ(t)) − ρ(�(t))) |U(t)|2 dx

=
∫ t

0
(ρ(φ) − ρ(�),U · ∂tU) dτ +

∫ t

0

(

ρ(φ)u − ρ(�)U, ∇
(
1

2
|U|2

))

dτ

+
∫ t

0

(

J̃ − J�, ∇
(
1

2
|U|2

))

dτ, (4.17)

for all t ∈ [0, T ]. Substituting (4.17) in (4.14), we deduce that

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx +

∫ t

0

∫

�

ν(φ)|D(u − U)|2 dxdτ

≤
∫ t

0
(ρ(φ) − ρ(�),U · ∂tU) dτ +

∫ t

0

(

ρ(φ)u − ρ(�)U,∇
(
1

2
|U|2

))

dτ

+
∫ t

0

(

J̃ − J�,∇
(
1

2
|U|2

))

dτ +
∫ t

0
((ν(φ) − ν(�))DU, DU) dτ
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−
∫ t

0
(ν(φ)Du, DU) dτ +

∫ t

0
(μ∇φ,u) dτ +

∫ t

0
(M∇�,U) dτ −

∫ t

0
(μ∇φ,U) dτ

−
∫ t

0
(ρ(φ)u, ∂tU) dτ −

∫ t

0
(ρ(φ)u ⊗ u,∇U) dτ −

∫ t

0
(u ⊗ J̃,∇U) dτ. (4.18)

On the other hand, multiplying (4.6) by u and integrating over � × (0, t), we infer
that

∫ t

0
(ρ(�)∂tU,u) dτ +

∫ t

0
(ρ(�)(U · ∇)U,u) dτ +

∫ t

0
((J� · ∇)U,u) dτ

+
∫ t

0
(ν(�)DU, Du) dτ −

∫ t

0
(M∇�,u) dτ = 0,

(4.19)

for all t ∈ [0, T ]. Summing (4.18) and (4.19), we arrive at

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx +

∫ t

0

∫

�

ν(φ)|D(u − U)|2 dxdτ

≤
∫ t

0
(ρ(φ) − ρ(�),U · ∂tU) dτ +

∫ t

0
(ρ(�)∂tU,u) dτ −

∫ t

0
(ρ(φ)u, ∂tU) dτ

︸ ︷︷ ︸
I

+
∫ t

0

(

ρ(φ)u − ρ(�)U,∇
(
1

2
|U|2

))

dτ +
∫ t

0
(ρ(�)(U · ∇)U,u) dτ −

∫ t

0
(ρ(φ)u ⊗ u, ∇U) dτ

︸ ︷︷ ︸
I I

+
∫ t

0
((J� · ∇)U, u) dτ +

∫ t

0

(

J̃ − J�,∇
(
1

2
|U|2

))

dτ −
∫ t

0
(u ⊗ J̃, ∇U) dτ

︸ ︷︷ ︸
I I I

+
∫ t

0
((ν(φ) − ν(�))DU, DU) dτ −

∫ t

0
(ν(φ)Du, DU) dτ +

∫ t

0
(ν(�)DU, Du) dτ

︸ ︷︷ ︸
I V

+
∫ t

0
(μ∇φ, u) dτ +

∫ t

0
(M∇�,U) dτ −

∫ t

0
(μ∇φ,U) dτ −

∫ t

0
(M∇�, u) dτ

︸ ︷︷ ︸
V

,

for all t ∈ [0, T ]. We notice that

I =
∫ t

0
(ρ(φ) − ρ(�),U · ∂tU) dτ +

∫ t

0
(ρ(�) − ρ(φ)∂tU,u) dτ

= −
∫ t

0
(ρ(φ) − ρ(�)∂tU,u − U) dτ, (4.20)

I I =
∫ t

0
((ρ(φ)u · ∇)U,U) dτ −

∫ t

0
((ρ(�)U · ∇)U,U) dτ

+
∫ t

0
(ρ(�)(U · ∇)U,u) dτ −

∫ t

0
((ρ(φ)u · ∇)U,u) dτ

=
∫ t

0
((ρ(φ)u · ∇)U, (U − u)) dτ −

∫ t

0
((ρ(�)U · ∇)U, (U − u)) dτ
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=
∫ t

0
(((ρ(φ)u − ρ(�)U) · ∇)U, (U − u)) dτ

= −
∫ t

0
((ρ(φ)(u − U) · ∇)U,u − U) dτ

−
∫ t

0
((ρ(φ) − ρ(�))(U · ∇)U,u − U) dτ, (4.21)

I I I = −ρ1 − ρ2

2

∫ t

0
((∇M · ∇)U,u) dτ − ρ1 − ρ2

2

∫ t

0
(((∇μ − ∇M) · ∇)U,U) dτ

+ ρ1 − ρ2

2

∫ t

0
((∇μ · ∇)U,u) dτ

= ρ1 − ρ2

2

∫ t

0
(((∇μ − ∇M) · ∇)U, (u − U)) dτ, (4.22)

I V =
∫ t

0
((ν(φ) − ν(�))DU, DU) dτ −

∫ t

0
((ν(φ) − ν(�))Du, DU) dτ

= −
∫ t

0
((ν(φ) − ν(�))DU, D(u − U)) dτ, (4.23)

V =
∫ t

0
(μ∇φ,u − U) dτ −

∫ t

0
(M∇�,u − U) dτ

=
∫ t

0
(μ∇φ − M∇�,u − U) dτ. (4.24)

Thanks to (4.20)–(4.24), we reach

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx +

∫ t

0

∫

�

ν(φ)|D(u − U)|2 dxdτ

≤ −
∫ t

0
(ρ(φ) − ρ(�)∂tU,u − U) dτ −

∫ t

0
((ρ(φ)(u − U) · ∇)U,u − U) dτ

−
∫ t

0
((ρ(φ) − ρ(�))(U · ∇)U,u − U) dτ

+ ρ1 − ρ2

2

∫ t

0
(((∇μ − ∇M) · ∇)U, (u − U)) dτ

−
∫ t

0
((ν(φ) − ν(�))DU, D(u − U)) dτ

∫ t

0
(μ∇φ − M∇�,u − U) dτ,

(4.25)

for all t ∈ [0, T ]. The right-hand side can be estimated as in [21, Section 6] and in
[22, Section 4]. As a result, we obtain

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx +

∫ t

0

∫

�

ν(φ)|D(u − U)|2 dxdτ

≤ ν∗
2

∫ t

0
‖D(u − U)‖2L2(�)

dτ + 1

4

∫ t

0
‖�2(φ − �)‖2L2(�)

dτ

+ C
∫ t

0

(
1 + ‖U‖2H2(�)

+ ‖∂tU‖2L2(�)

) (
‖(u − U)‖2L2(�)

+ ‖�(φ − �)‖2L2(�)

)
dτ.

(4.26)
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On the other hand, arguing as in [22, Section 4], we have the differential equation

1

2

d

dt
‖�(φ − �)‖2L2(�)

+ ‖�2(φ − �)‖2L2(�)

=
∫

�

u · ∇(φ − �)�2(φ − �) dx +
∫

�

(u − U) · ∇��2(φ − �) dx

+
∫

�

�(	 ′(φ) − 	 ′(�))�2(φ − �) dx . (4.27)

We observe that

∣
∣
∣
∣

∫

�

u · ∇(φ − �)�2(φ − �) dx

∣
∣
∣
∣ ≤ ‖u‖L3(�)‖∇(φ − �)‖L6(�)‖�2(φ − �)‖L2(�)

≤ 1

6
‖�2(φ − �)‖2L2(�)

+ C‖u‖2L3(�)
‖�(φ − �)‖2L2(�)

,

and

∣
∣
∣
∣

∫

�

(u − U) · ∇��2(φ − �) dx

∣
∣
∣
∣ ≤ ‖u − U‖L2(�)‖∇�‖L∞(�)‖�2(φ − �)‖L2(�)

≤ 1

6
‖�2(φ − �)‖2L2(�)

+ C‖u − U‖2L2(�)
.

By exploiting (4.1) and (4.5), it follows that

∣
∣
∣
∣

∫

�

�(	 ′(φ) − 	 ′(�))�2(φ − �) dx

∣
∣
∣
∣

≤
∫

�

∣
∣
∣
(
	 ′′(φ)�(φ − �) + (

	 ′′(φ) − 	 ′′(�)
)
��

)
�2(φ − �)

∣
∣
∣ dx

+
∫

�

∣
∣
∣

(
	 ′′′(φ)

(
|∇φ|2 − |∇�|2

)
+ (

	 ′′′(φ) − 	 ′′′(�)
) |∇�|2

)
�2(φ − �)

∣
∣
∣ dx

≤ C‖�(φ − �)‖L2(�)‖�2(φ − �)‖L2(�)

+ C
(‖	 ′′′(φ)‖L∞(�) + ‖	 ′′′(�)‖L∞(�)

) ‖(φ − �)‖L∞(�)‖��‖L2(�)‖�2(φ − �)‖L2(�)

+ C
(‖∇φ‖L∞)(�) + ‖∇�‖L∞(�)

) ‖∇(φ − �)‖L2(�)‖�2(φ − �)‖L2(�)

+ (‖	 ′′′′(φ)‖L∞(�) + ‖	 ′′′′(�)‖L∞(�)

) ‖(φ − �)‖L∞(�)‖∇�‖2L∞(�)‖�2(φ − �)‖L2(�)

≤ 1

6
‖�2(φ − �)‖2L2(�)

+ C‖�(φ − �)‖2L2(�)
.

As a consequence, integrating (4.27) on [0, t] and using the above estimates, we infer
that

1

2
‖�(φ(t) − �(t))‖2L2(�)

+ 1

2

∫ t

0
‖�2(φ − �)‖2L2(�)

dτ

≤ C
∫ t

0

(
1 + ‖u‖2L3(�)

) (
‖u − U‖2L2(�)

+ ‖�(φ − �)‖2L2(�)

)
dτ. (4.28)
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Then, summing (4.26) and (4.28), and exploiting the assumption on ν, we end up with

∫

�

1

2
ρ(φ(t))|u(t) − U(t)|2 dx + 1

2
‖�(φ(t) − �(t))‖2L2(�)

+ ν∗
2

∫ t

0
‖D(u − U)‖2L2(�)

dτ + 1

4

∫ t

0
‖�2(φ − �)‖2L2(�)

dτ

≤ C
∫ t

0
F(τ )

(
‖(u − U)‖2L2(�)

+ ‖�(φ − �)‖2L2(�)

)
dτ,

(4.29)

where

F(t) = 1 + ‖U(t)‖2H2(�)
+ ‖∂tU(t)‖2L2(�)

+ ‖u(t)‖2L3(�)
.

Finally, since F(t) ∈ L1(0, T ) in light of (4.1) and (4.5), the desired conclusion
u = U and φ = � on [0, T ] directly follows from the Gronwall lemma. ��

5 Large time regularity in three dimensions

This section is devoted to the third part of our main result, namely the large time
regularity of the velocity u. The proof is based on a continuation argument for some
Sobolev norms of u when the initial data and forcing terms are small, for which we
will make use of Corollary 2.6. Notice that, in the case of matched densities, a general
result has been formulated in [1, Theorem 8] for the Navier–Stokes equation with
non-constant viscosity. Instead, for unmatched densities, we are forced to consider the
full system.

Proof of Theorem 1.3-(iii) Large time regularity of the velocity Let�be aboundeddomain
in R

d , d = 2, 3 with ∂� of class C4. Consider a global weak solution (u, φ) to (1.1)
and (1.2) given by Theorem 1.1. We first summarize from the previous parts (i)–(ii)
of Theorem 1.3 that, for any τ > 0,

φ ∈ L∞(τ,∞;W 2,p(�)), ∂tφ ∈ L2(τ,∞; H1(�)),

μ ∈ L∞(τ,∞; H1(�)) ∩ L2
uloc([τ,∞); H3(�)),

F ′(φ) ∈ L∞(τ,∞; L p(�)), (5.1)

where 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. Furthermore, the energy inequality
(1.11) entails that

∫ ∞

0
‖u(s)‖2

H1
0,σ (�)

+ ‖∇μ(s)‖2L2(�)
ds ≤ C0, (5.2)
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for some positive constant C0 depending only on E(u0, φ0) and �, and the strict
separation property

max
x∈�

|φ(x, t)| ≤ 1 − δ, ∀ t ≥ TSP (5.3)

holds for some δ ∈ (0, 1) and TSP > 0. It immediately follows from (5.3)
that F ′′(φ) and F ′′′(φ) are globally bounded in [TSP ,∞). As a consequence, it
is easily seen from (1.1)4 and (5.1) that ∂tμ ∈ L2(TSP ,∞; H1(�)′), which, in
turn, gives μ ∈ BC([TSP ,∞); H1(�)). Then, we infer from the regularity the-
ory of the Laplace equation with homogeneous Neumann boundary condition that
φ ∈ L∞(TSP ,∞; H3(�)) ∩ L2

uloc([TSP ;∞); H4(�)). Finally, we observe from the
achieved regularity that ∂nφ(t) = 0 on ∂� for any t ≥ TSP .

Let us now fix 0 < ε̃ < ε < 1, whose specific (small) values will be chosen later
on. Thanks to (5.2), there exists a positive time T = T (̃ε, ε) (which can be taken,
without loss of generality, larger than TSP ) such that

‖u(T )‖H1
0,σ (�) ≤ ε and

(∫ ∞

T
‖u(s)‖2

H1
0,σ (�)

ds

) 1
2 ≤ ε̃. (5.4)

Furthermore, we infer from the above regularity properties that φ(T ) ∈ H2(�),
‖φ(T )‖L∞(�) < 1, |φ(T )| < 1, μ(T ) = −�φ(T ) + 	 ′(φ(T )) ∈ H1(�) and
∂nφ(T ) = 0 on ∂�. Exploiting once again (5.2), up to a possible redefinition of T ,
we also have

‖∇μ(T )‖L2(�) ≤ ε̃ and

(∫ ∞

T
‖∇μ(s)‖2L2(�)

ds

) 1
2 ≤ ε̃. (5.5)

Thanks to (2.10) of Theorem 2.4 and Corollary 2.6, we obtain the following estimates
∫ ∞

T
‖∇∂tφ(s)‖2L2(�)

ds

≤ C

(

‖∇μ(T )‖2L2(�)
+
∫ ∞

T
‖∇u(s)‖2L2(�)

ds+
∫ ∞

T
‖∇μ(s)‖2L2(�)

ds

)

×
(

1 +
(∫ ∞

T
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

T
‖∇u(s)‖2L2(�)

ds

))

≤ 3C ε̃2(1 + ε̃2)e2C ε̃ = K̃ 1̃ε
2 (5.6)

and
∫ ∞

T
‖∇μ(s)‖2H2(�)

ds ≤ C

(

‖∇μ(T )‖2L2(�)
+
∫ ∞

T
‖∇u(s)‖2L2(�)

ds +
∫ ∞

T
‖∇μ(s)‖2L2(�)

ds

)

×
(

1 +
(∫ ∞

T
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

T
‖∇u(s)‖2L2(�)

ds

))

≤ 3C ε̃ (1 + ε̃) e2C ε̃ = K̃ 2̃ε
2,

(5.7)

where K̃1 and K̃2 are two positive constants depending only on �, θ , θ0, F , and φ0.
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Next, by [22, Theorem 1.1] there exists a local strong solution (U,�,�) defined
on the maximal interval [T , Tmax) such that

U ∈ C([T , T̃ ];H1
0,σ (�)) ∩ L2(T , T̃ ;H2(�)) ∩ W 1,2(T , T̃ ;L2

σ (�)),

� ∈ L2(T , T̃ ; H1(�)),

� ∈ L∞(T , T̃ ; H3(�)) ∩ L2(T , T̃ ; H4(�)), ∂t� ∈ L2(T , T̃ ; H1(�)),

� ∈ C(� × [T , T̃ ]) with max
t∈[T ,T̃ ]

‖�(t)‖C(�) < 1,

M = −�� + 	 ′(�) ∈ C([T , T̃ ]; H1(�)) ∩ L2(T , T̃ ; H3(�)), (5.8)

for any T ≤ T̃ < Tmax, which satisfies (1.1) almost everywhere in (T , Tmax) and
the energy identity in [T , T̃ ] for any T ≤ T̃ < Tmax (cf. Remark 4.2). On the other
hand, in light of Theorem 4.1, we deduce that (u, φ) = (U,�) (and so P = �) in the
interval [T , Tmax). This implies that

u ∈ C([T , T̃ ];H1
0,σ (�)) ∩ L2(T , T̃ ;H2(�)) ∩ W 1,2(T , T̃ ;L2

σ (�)),

∀ T ≤ T̃ < Tmax, (5.9)

and (1.1)1 is solved almost everywhere in (T , Tmax).
We are left to show that Tmax = ∞ provided that ε, ε̃ and T are suitably chosen. To

this end, we notice that the regularity properties in (5.1) and the separation property in
(5.3) hold globally in time (from TSP on), and so they are independent of Tmax. Thus,
we only need to prove that the norms of the spaces in (5.9) do not blow up as T̃ is
replaced by Tmax. We now write the momentum equation (1.1)1 as follows

ρ(φ)∂tu + ρ(φ) (u · ∇) u − ρ′(φ) (∇μ · ∇) u

−div (ν(φ)Du) + ∇P∗ = f , in � × (T , Tmax), (5.10)

where

P∗ = P + 1

2
|∇φ|2 + 	(φ) − μφ and f = −φ∇μ.

Multiplying (5.10) by ∂tu and integrating over �, we find

d

dt

∫

�

ν(φ)

2
|Du|2 dx + ρ∗

2
‖∂tu‖2L2(�)

≤ C

(

‖f‖2L2(�)
+ ‖ (u · ∇) u‖2L2(�)

+ ‖ (∇μ · ∇) u‖2L2(�)
+
∫

�

|∂tφ||Du|2 dx
)

, (5.11)

for some positive constant C depending only on ρ1, ρ2, ν1 and ν2. Besides, by the
regularity theory of the Stokes operator with variable viscosity (see [1, Lemma 4]),
we have
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‖u‖2H2(�)
≤ C

(
‖f‖2L2(�)

+ ‖ (u · ∇) u‖2L2(�)
+ ‖ (∇μ · ∇) u‖2L2(�)

+ ‖∂tu‖2L2(�)

)
,

(5.12)

for some positive constantC depending on ρ1, ρ2, ν1, ν2,� and ‖φ‖BC([T ,∞);W 1,4(�)).
For ϑ > 0, we observe that

‖ (u · ∇) u‖2L2(�)
≤ ‖u‖2L6(�)

‖∇u‖2L3(�)

≤ C‖∇u‖3L2(�)
‖u‖H2(�)

≤ ϑ‖u‖2H2(�)
+ Cϑ‖∇u‖6L2(�)

,

(5.13)

and

‖ (∇μ · ∇)u‖2L2(�)
≤ ‖∇u‖2L3(�)

‖∇μ‖2L6(�)

≤ C‖∇u‖L2(�)‖u‖H2(�)‖∇μ‖L2(�)‖∇μ‖H2(�)

≤ ϑ‖u‖2H2(�)
+ Cϑ‖∇μ‖2L2(�)

‖∇μ‖2H2(�)
‖Du‖2L2(�)

,

(5.14)

as well as

∫

�

|∂tφ||Du|2 dx ≤ ‖∂tφ‖L3(�)‖Du‖2L3(�)

≤ C‖∇∂tφ‖L2(�)‖Du‖L2(�)‖u‖H2(�)

≤ ϑ‖u‖2H2(�)
+ Cϑ‖∇∂tφ‖2L2(�)

‖Du‖2L2(�)
,

(5.15)

for some positive constant Cϑ depending only on ϑ and �. Combining the above
estimates and choosing ϑ sufficiently small, we arrive at the differential inequality

d

dt

∫

�

ν(φ)

2
|Du|2 dx + ρ∗

4
‖∂tu‖2L2(�)

+ �‖u‖2H2(�)

≤ CR‖f‖2L2(�)
+ CR

(
‖∇u‖4L2(�)

+ ‖∇∂tφ‖2L2(�)
+ ‖∇μ‖2H2(�)

)
‖∇u‖2L2(�)

,

(5.16)

where � is a (possibly small) positive constant and CR is a (possibly large) positive
constant. They depends on ‖φ‖BC([T ,∞);W 1,4(�)), ‖∇μ‖L∞(T ,∞;L2(�)), ρ1, ρ2, ν1, ν2
and �, but are independent of ε, ε̃ and T . Let us now define

T∗ = max

{

t ∈ [T , Tmax) : ‖u‖C([T ,t];H1
0,σ (�)) ≤

√
4ν∗
ν∗

ε

}

. (5.17)
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Since
√

4ν∗
ν∗ > 1, it is easily seen that T∗ > T . We choose ε ∈ (0, 1) such that

CR

(√
4ν∗
ν∗

ε

)4

≤ �

4
. (5.18)

Recalling that

ν∗
4

‖∇u‖2L2(�)
≤
∫

�

ν(φ)

2
|Du|2 dx ≤ ν∗

2
‖∇u‖2L2(�)

, (5.19)

we infer from (5.16) and (5.18) that, for almost all t ∈ [T , T∗],
d

dt

(∫

�

ν(φ)

2
|Du|2 dx

)

+ �

4ν∗

(∫

�

ν(φ)

2
|Du|2 dx

)

+ ρ∗
4

‖∂tu‖2L2(�)
+ �

2
‖u‖2H2(�)

≤ CR‖f‖2L2(�)
+ CR

(
‖∇∂tφ‖2L2(�)

+ ‖∇μ‖2H2(�)

)
(√

4ν∗
ν∗

ε

)2

.

(5.20)

Then, integrating in time (5.20), multiplying by 4
ν∗ and using (5.5), (5.6), (5.7) and

(5.19), we obtain that

‖∇u(t)‖2L2(�))
+ ρ∗

ν∗

∫ t

T
‖∂tu(s)‖2L2(�)

ds + 2�

ν∗

∫ t

T
‖u(s)‖2H2(�)

ds

≤ 2ν∗

ν∗
‖∇u(T )‖2L2(�)

+ 4CR

ν∗
‖f‖2L2(T ,∞;L2(�))

+ 16CRν∗

ν2∗
ε2
(∫ ∞

T
‖∇∂tφ(s)‖2L2(�)

ds +
∫ ∞

T
‖∇μ(s)‖2H2(�)

ds

)

≤ 2ν∗

ν∗
ε2 + 4CR

ν∗

∫ ∞

T
‖∇μ(s)‖2L2(�)

ds

+ 16CRν∗

ν2∗
ε2
(∫ ∞

T
‖∇∂tφ(s)‖2L2(�)

ds +
∫ ∞

T
‖∇μ(s)‖2H2(�)

ds

)

≤ 2ν∗

ν∗
ε2 + 4CR

ν∗
ε̃2 + 16CRν∗

ν2∗
(K̃1 + K̃2)̃ε

2,

(5.21)

for any t ∈ [T , T∗]. Setting now ε̃ ∈ (0, ε) such that

[
4CR

ν∗
+ 16CRν∗

ν2∗
(K̃1 + K̃2)

]

ε̃2 <
2ν∗

ν∗
ε2, (5.22)

we eventually infer that

max
t∈[T ,T∗]

‖u(t)‖H1
0,σ (�) <

√
4ν∗
ν∗

ε. (5.23)
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In particular, ‖u(T∗)‖H1
0,σ (�) <

√
4ν∗
ν∗ ε. However, by continuity, there exists τ̃ > 0

such that ‖u(t)‖H1
0,σ (�) ≤

√
4ν∗
ν∗ ε in [T∗, T∗ + τ̃ ]. Thus, we found a contradiction with

the definition of T∗ in (5.17). We conclude that

‖u‖C([T ,T̃ ];H1
0,σ (�)) ≤

√
4ν∗
ν∗

ε, ∀ T ≤ T̃ < Tmax. (5.24)

In addition, exploiting (5.21) and (5.22), we are led to

‖u‖L2(T ,T̃ ;H2(�)) + ‖∂tu‖L2(T ,T̃ ;L2
σ (�)) ≤

√
4ν∗
ν∗ ε2

min
{

ρ∗
ν∗ , 2�

ν∗

} , ∀ T ≤ T̃ < Tmax.

(5.25)

In light of (5.24) and (5.25), we have that

lim sup
t→Tmax

(
‖u‖C([T ,t];H1

0,σ (�)) + ‖u‖L2(T ,t;H2(�)) + ‖∂tu‖L2(T ,t;L2
σ (�))

)
< ∞.

As a result, by a classical argument, it is possible to define u(Tmax) ∈ H1
0,σ . Since

φ(Tmax) ∈ H2(�), ‖φ(Tmax)‖L∞(�) < 1, |φ(Tmax)| < 1, μ(Tmax) ∈ H1(�) and
∂nφ(Tmax) = 0 on ∂�, a further application of [22, Theorem 1.1] and Theorem
4.1 ensure the existence of a strong solution beyond the maximal time Tmax, which
contradicts with the definition of Tmax. Hence, (u, P, φ) is a strong solution defined
on the whole interval [T ,∞) such that

‖u‖L∞(T ,∞;H1
0,σ (�)) + ‖u‖L2(T ,∞;H2(�)) + ‖∂tu‖L2(T ,∞;L2

σ (�))

≤ 2max

⎧
⎨

⎩

√
4ν∗
ν∗

ε,

√
4ν∗
ν∗ ε2

min
{

ρ∗
ν∗ , 2�

ν∗

}

⎫
⎬

⎭
. (5.26)

Therefore, the desired claim in Theorem 1.3-(iii) follows with TR = T (ε) where
ε ∈ (0, 1) is given by (5.18). ��

6 Convergence to equilibrium

In this section, we complete the proof of Theorem 1.3 by showing that each weak
solution converges to an equilibrium (stationary state) of the system (1.1) and (1.2).

Proof of Theorem 1.3-(iv) Convergence to a stationary solution Let us first recall (cf.
Theorem 1.3-(ii)) that

|φ(x, t)| ≤ 1 − δ, ∀ (x, t) ∈ � × [TSP ,∞).
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Now let 	̃ be the smooth and bounded function such that 	̃|[1+δ,1−δ] = 	|[−1+δ,1−δ],
and

Ẽfree(ϕ) :=
∫

�

1

2
|∇ϕ|2 + 	̃(ϕ) dx,

for all ϕ ∈ H1
(m)(�) with |ϕ(x)| ≤ 1 for almost every x ∈ �. Then, we report the

following result whose proof can be found in [11, Proposition 6.1].

Proposition 6.1 (Lojasiewicz–Simon inequality) Let φ′ ∈ D(∂E0) be a solution to
(3.1)–(3.3). Then, there exist three constants θ ∈ (

0, 1
2

]
,C, κ > 0 such that

∣
∣Ẽfree(ϕ) − Ẽfree(φ

′)
∣
∣1−θ ≤ C

∥
∥DẼfree(ϕ)

∥
∥
H1

(0)(�)′ ,

∀ϕ ∈ H1
(m)(�) : ‖ϕ − φ′‖H1

(0)(�) ≤ κ, (6.1)

where DẼfree : H1
(m)(�) → H1

(0)(�)′ denotes the Frechét derivative of Ẽfree : H1
(m)

(�) → R.

Next, we note that the only critical points of the energy

Ekin(v, ϕ) =
∫

�

1

2
ρ(ϕ)|v(x)|2 dx, ∀ v ∈ L2

σ (�), ϕ ∈ L∞(�) with ‖ϕ‖L∞(�) < 1

are (v, ϕ) with v = 0 and ϕ arbitrary. Moreover, obviously

∣
∣Ekin(v, ϕ) − Ekin(0, φ′)

∣
∣
1
2 ≤

√
ρ∗
2

‖v‖L2(�) ,

∀ v ∈ L2
σ (�), ϕ ∈ L∞(�) with ‖ϕ‖L∞(�) < 1.

Hence, by Proposition 6.1, for anyφ′ ∈ D(∂E0) solution to (3.1)–(3.3) and any R > 0,
there exist three constants θ ∈ (

0, 1
2

]
,C, κ > 0 such that Ẽ(v, ϕ) = Ekin(v, ϕ) +

Ẽfree(ϕ) satisfies

∣
∣Ẽ(v, ϕ) − Ẽ(0, φ′)

∣
∣1−θ ≤ C

(
∥
∥DẼfree(ϕ)

∥
∥
H1

(0)(�)′ + ‖v‖L2(�)

)

(6.2)

for all ‖ϕ − φ′‖H1
(0)

≤ κ , and v ∈ L2
σ (�) with ‖v‖L2(�) ≤ R.

Since ω(u, φ) is a compact subset of L2
σ (�) × W 2−ε,p(�) for every ε > 0, and

because of Lemma 3.3, for every R > 0 there exist three universal constants θ ∈(
0, 1

2

]
,C, κ > 0 such that (6.2) holds for all (0, φ′) ∈ ω(u, φ), ϕ ∈ H1

(m)(�) such

that ‖ϕ − φ′‖H1
(0)

≤ κ , and v ∈ L2
σ (�) with ‖v‖L2(�) ≤ R. Furthermore, by choosing

TC ≥ max{TSP , TR} sufficiently large, we obtain dist((u(t), φ(t)), ω(u, φ)) ≤ κ with
respect to the norm of L2

σ (�) × H1(�) for all t ≥ TC . Thus, we infer that

123



H. Abels et al.

∣
∣Ẽ(u(t), φ(t)) − Ẽ(0, φ′)

∣
∣1−θ

≤ C

(
∥
∥DẼfree(φ(t))

∥
∥
H1

(0)(�)′ + ‖u(t)‖L2(�)

)

, ∀ t ≥ TC ,∀ (0, φ′) ∈ ω(u, φ).

On the other hand, since ω(u, φ) is connected, Ẽ(0, φ′) is independent of φ′ with
(0, φ′) ∈ ω(u, φ)). Thus, we set such a value as E∞, and we conclude that

∣
∣Ẽ(u(t), φ(t)) − E∞

∣
∣1−θ ≤ C

(∥
∥DẼfree(φ(t))

∥
∥
H(0)(�)′ + ‖u(t)‖L2(�)

)
, ∀ t ≥ TC . (6.3)

Lastly, in order to prove the convergence as t → ∞, we consider

H(t) := (E(u(t), φ(t)) − E∞)θ ,

where θ is as in (6.3). By the energy identity (4.8), which holds due to Remark 4.2
and Theorem 1.3-(iii), H(t) is non-increasing and

− d

dt
H(t) = θ

(

‖∇μ(t)‖2L2(�)
+
∫

�

ν(φ(t))|Du(t)|2 dx
)

(E(u(t), φ(t)) − E∞)θ−1

≥ θC−1
(

‖∇μ(t)‖22 +
∫

�

ν(φ(t))|Du(t)|2 dx
)

×
(
∥
∥DẼfree(φ(t))

∥
∥
H1

(0)(�)′ + ‖u(t)‖L2(�)

)−1

for all t ≥ TC . Now we use that

DẼfree(φ(t)) = −�φ(t) + P0	̃
′(φ(t)) = −�φ(t) + P0	

′(φ(t)) = P0μ(t), ∀ t ≥ TC ,

since |φ(t)| ≤ 1−δ. In light of‖P0μ(t)‖H1
(0)(�)′ ≤ C‖∇μ(t)‖L2(�) and‖u(t)‖L2(�) ≤

C‖Du(t)‖L2(�) byKorn’s inequality,− d
dt H(t) ≥ C

(‖∇μ(t)‖L2(�) + ‖Du(t)‖L2(�)

)
,

for some positive constant C . In turn, this implies that

∫ ∞

TC
‖∇μ(t)‖L2(�) dt +

∫ ∞

TC
‖Du(t)‖L2(�) dt ≤ CH(TC ) < ∞.

Therefore, by (2.54), we deduce that

∫ ∞

T
‖∂tφ(t)‖H1(�)′ dt ≤ CH(TC ) < ∞,

which entails that ∂tφ ∈ L1(TC ,∞; H1(�)′). Thus, we infer that

φ(t) = φ(TC ) +
∫ t

TC
∂tφ(τ) dτ →t→∞ φ∞ in H1(�)′.
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In particular, ω(u, φ) = {(0, φ∞)} and φ∞ solves the stationary Cahn–Hilliard equa-
tion (3.1)–(3.3) thanks to Lemma 3.3. Since (u, φ) ∈ BC([TR,∞);H1

0,σ (�) ×
W 2,p(�), for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3, we conclude that
(u(t), φ(t)) converges weakly to (0, φ∞) inH1

0,σ (�) ×W 2,p(�). This finally proves
Theorem 1.3-(iv). ��

7 Global regularity for the AGGmodel in two dimensions

In this section we prove the global well-posedness of the AGG model in any generic
two dimensional bounded domain. We recall that the local well-posedness has been
proven in [21, Theorem 3.1]. We show herein that the local strong solutions to system
(1.1) and (1.2) are in fact globally defined.

Theorem 7.1 Let� be a bounded domain of classC3 inR2. Assume thatu0 ∈ H1
0,σ (�)

and φ0 ∈ H2(�) such that ‖φ0‖L∞(�) ≤ 1, |φ0| < 1, μ0 = −�φ0 + 	 ′(φ0) ∈
H1(�), and ∂nφ0 = 0 on ∂�. Then, there exists a unique global strong solution
(u, P, φ) to system (1.1) and (1.2) defined on � × [0,∞) in the following sense:

(i) The solution (u, P, φ) satisfies

u ∈ BC([0,∞);H1
0,σ (�)) ∩ L2(0,∞;H2(�)) ∩ W 1,2(0,∞;L2

σ (�)),

P ∈ L2
uloc([0,∞); H1(�)),

φ ∈ L∞(0,∞; H3(�)), ∂tφ ∈ L∞(0,∞; H1(�)′) ∩ L2(0,∞; H1(�)),

φ ∈ L∞(� × (0,∞)) with |φ(x, t)| < 1 a.e. in � × (0,∞),

μ ∈ BC([0,∞); H1(�)) ∩ L2
uloc([0,∞); H3(�)) ∩ W 1,2

uloc([0,∞); H1(�)′),
F ′(φ), F ′′(φ), F ′′′(φ) ∈ L∞(0,∞; L p(�)), ∀ p ∈ [1,∞). (7.1)

(ii) The solution (u, P, φ) fulfills the system (1.1) almost everywhere in � × (0,∞)

and the boundary conditions ∂nφ = ∂nμ = 0 almost everywhere in ∂� × (0,∞).
(iii) The solution (u, P, φ) is such that u(·, 0) = u0 and φ(·, 0) = φ0 in �.

Proof Given an initial condition (u0, φ0) satisfying the required assumptions, the result
in [21, Theorem 3.1] guarantees the existence and uniqueness of a local strong solution
(u, P, φ) to system (1.1) and (1.2) originating from (u0, φ0).We consider themaximal
interval of existence [0, Tmax) of such solution. That is, the solution (u, P, φ) satisfies
(7.1) in the interval [0, T ] for any T < Tmax, the system (1.1) almost everywhere in
� × (0, Tmax) and the boundary conditions ∂nφ = ∂nμ = 0 almost everywhere in
∂� × (0, Tmax). Furthermore, u(0) = u0 and φ(0) = φ0 in �. Our goal is to show
that Tmax = ∞.

We assume by contradiction that Tmax < ∞. First, integrating (1.1)3 over�×(0, t)
with t < Tmax, we obtain

∫

�

φ(t) dx =
∫

�

φ0 dx, ∀ t ∈ [0, Tmax). (7.2)
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Multiplying (1.1)1 and (1.1)3 byu andμ, respectively, integrating over� and summing
the resulting equation, we find the energy identity

E(u(t), φ(t)) +
∫ t

0

∫

�

ν(φ)|Du|2 + |∇μ|2 dx dτ = E(u0, φ0), ∀ 0 ≤ t < Tmax.

Since E(u0, φ0) < ∞, we infer that, for all 0 < t < Tmax,

‖u‖L∞(0,t;L2(�)) ≤ C̃0, ‖u‖L2(0,t;H1(�)) ≤ C̃0, (7.3)

‖φ‖L∞(0,t;H1(�)) ≤ C̃0, ‖∇μ‖L2(0,t;L2(�)) ≤ C̃0. (7.4)

Here the positive constant C̃0 depends on E(u0, φ0), but it is independent of t and
Tmax. In light of (7.3), owing to Theorem (2.4) and Corollary 2.6, it follows that

‖μ‖L∞(0,t;H1(�)) ≤ C̃1, ‖∇μ‖L2(0,t;H2(�)) ≤ C̃1, (7.5)

‖∂tφ‖L∞(0,t;H1(�)′) ≤ C̃1, ‖∂tφ‖L2(0,t;H1(�)) ≤ C̃1, (7.6)

‖φ‖L∞(0,t;W 2,p(�)) ≤ C̃1(p), ‖F ′(φ)‖L∞(0,t;L p(�)) ≤ C̃1(p), (7.7)

for all 0 < t < Tmax and 2 ≤ p < ∞, where the positive constants C̃1, C̃1(p) are
independent of Tmax. Furthermore, by [15, LemmaA.6] (see also [33]) and (7.5)–(7.7),
we get

‖F ′′(φ)‖L∞(0,t;L p(�)) + ‖F ′′′(φ)‖L∞(0,t;L p(�)) ≤ C̃2(p), (7.8)

for p as above and some C̃2(p) independent of Tmax.
Next, exploiting (1.1)3, we rewrite (1.1)1 in non-conservative form (cf. (5.10)) as

follows

ρ(φ)∂tu + ρ(φ)(u · ∇)u − ρ′(φ)(∇μ · ∇)u − div(ν(φ)Du) + ∇P∗ = −φ∇μ.

(7.9)

Multiplying (7.9) by ∂tu and integrating over �, we obtain

d

dt

∫

�

ν(φ)

2
|Du|2 dx + ρ∗‖∂tu‖2L2(�)

≤
∣
∣
∣
∣

∫

�

ρ(φ)(u · ∇)u · ∂tu dx

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

�

ρ′(φ)(∇μ · ∇)u · ∂tu dx

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

�

ν′(φ)∂tφ |Du|2 dx
∣
∣
∣
∣

+
∣
∣
∣
∣

∫

�

−φ∇μ · ∂tu dx

∣
∣
∣
∣ . (7.10)
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Using the Ladyzhenskaya inequality, the Korn inequality and (7.3), we find

∣
∣
∣
∣

∫

�

ρ(φ)(u · ∇)u · ∂tu dx

∣
∣
∣
∣ ≤ ρ∗‖u‖L4(�)‖∇u‖L4(�)‖∂tu‖L2(�)

≤ CC̃0
1
2 ‖∇u‖L2(�)‖u‖

1
2
H2(�)

‖∂tu‖L2(�)

≤ ρ∗
6

‖∂tu‖2L2(�)
+ �‖u‖2H2(�)

+ C̃‖Du‖4L2(�)
,

(7.11)

where C̃ stands for a generic positive constant, whose value may change from line to
line, which depends on the norms of the initial data, the parameters of the system and
� > 0. The (small) value of � will be chosen subsequently. Similarly, we have

∣
∣
∣
∣

∫

�

ν′(φ)∂tφ |Du|2 dx
∣
∣
∣
∣ ≤ C‖∂tφ‖L2(�)‖Du‖2L4(�)

≤ C‖∇∂tφ‖L2(�)‖Du‖L2(�)‖u‖H2(�)

≤ �‖u‖2H2(�)
+ C̃‖∇∂tφ‖2L2(�)

‖Du‖2L2(�)
.

(7.12)

Besides, by the Sobolev embedding and (7.7)
∣
∣
∣
∣

∫

�

ρ′(φ)(∇μ · ∇)u · ∂tu dx

∣
∣
∣
∣ ≤

∣
∣
∣
∣
ρ1 − ρ2

2

∣
∣
∣
∣ ‖∇μ‖L∞(�)‖∇u‖L2(�)‖∂tu‖L2(�)

≤ ρ∗
6

‖∂tu‖2L2(�)
+ C̃‖∇μ‖2H2(�)

‖∇u‖2L2(�)
,

(7.13)

and
∣
∣
∣
∣

∫

�

−φ∇μ · ∂tu dx

∣
∣
∣
∣ ≤ ‖φ‖L∞(�)‖∇φ‖L2(�)‖∂tu‖L2(�)

≤ ρ∗
6

‖∂tu‖2L2(�)
+ C̃‖∇μ‖2L2(�)

.

(7.14)

On the other hand, exploiting the regularity theory of the Stokes equation with
concentration-depending viscosity in [1, Lemma 4] and owing to (7.7), we infer that

‖u‖2H2(�)
≤ C̃

(
‖ρ(φ)∂tu‖2L2(�)

+ ‖ρ(φ)(u · ∇)u‖2L2(�)

+‖ρ′(φ)(∇μ · ∇)u‖2L2(�)
+ ‖φ∇μ‖2L2(�)

)
.

(7.15)

Arguing in a similar way as above, we deduce that

‖u‖2H2(�)
≤ C̃

(

ρ∗‖∂tu‖2L2(�)
+ ρ∗‖u‖2L4(�)

‖∇u‖2L4(�)

+
∣
∣
∣
∣
ρ1 − ρ2

2

∣
∣
∣
∣ ‖∇μ‖2L∞(�)‖∇u‖2L2(�)

+ ‖φ‖2L∞‖∇μ‖2L2(�)

)
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≤ C̃
(
ρ∗‖∂tu‖2L2(�)

+ ρ∗C̃0C‖∇u‖2L2(�)
‖u‖H2(�)

+
∣
∣
∣
∣
ρ1 − ρ2

2

∣
∣
∣
∣ ‖∇μ‖2H2(�)

‖∇u‖2L2(�)
+ ‖∇μ‖2L2(�)

)

. (7.16)

Thus, using the Young inequality, we arrive at

‖u‖2H2(�)
≤ C̃‖∂tu‖2L2(�)

+ C̃‖∇u‖4L2(�)
+ C̃‖∇μ‖2H2(�)

‖∇u‖2L2(�)

+ C̃‖∇μ‖2L2(�)
. (7.17)

Now, combining (7.10) with (7.11)–(7.14), summing the resulting equation by
3�×(7.17), and setting � = ρ∗

12C̃
, we eventually reach the differential inequality

d

dt

(
1

2

∫

�

ν(φ)|Du|2 dx
)

+ ρ∗
4

‖∂tu‖2L2(�)
+ ρ∗

12C̃
‖u‖2H2(�)

≤ G(t)

(
1

2

∫

�

ν(φ)|Du|2 dx
)

+ C̃‖∇μ‖2L2(�)
,

where

G(t) = C̃
(
‖Du(t)‖2L2(�)

+ ‖∇∂tφ(t)‖2L2(�)
+ ‖∇μ(t)‖2H2(�)

)
.

The Gronwall lemma yields

max
τ∈[0,t] ‖u(τ )‖2H1(�)

+
∫ t

0
‖∂tu(τ )‖2L2(�)

+ ‖u(τ )‖2H2(�)
dτ

≤ C̃

(

‖u0‖2H1(�)
+
∫ t

0
‖∇μ(s)‖2L2(�)

)

×
(

1 +
∫ t

0
G(s) ds

)

e
∫ t
0 G(s) ds =: G̃(t), ∀ t < Tmax. (7.18)

In light of (7.3), (7.5) and (7.6), G̃ ∈ L∞(0, Tmax). On the other hand, by the assump-
tion Tmax < ∞, it is easily seen that

lim sup
t→T−

max

(
‖u(t)‖H1

σ
+ ‖μ(t)‖H1(�)

)
= ∞.

Otherwise, the solution could be extendedbeyond the time Tmax thanks to [21,Theorem
3.1]. This contradicts (7.5) and (7.18). Thus, we conclude that Tmax = ∞, and the
solution (u, P, φ) exists on [0,∞). In particular, since the estimates (7.3)–(7.8) holds
on [0,∞), it follows that ‖G̃‖L∞(0,∞) < ∞ and thereby

u ∈ BC([0,∞);H1
0,σ (�)) ∩ L2(0,∞;H2(�)) ∩ W 1,2(0,∞;L2

σ (�)).
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In addition, since F ′′(φ) ∈ L∞(0,∞; L p(�)) for any 2 ≤ p < ∞, by comparison
with terms in (1.1)4, we also deduce that ∂μ ∈ L2

uloc([0,∞); H1(�)′), which, in turn,
implies that μ ∈ BC([0,∞); H1(�)). ��

8 Double obstacle potential: the limit � ↘ 0

In this final section we study the double obstacle version of the system (1.1) and (1.2)
which is obtained by passing to the limit θ ↘ 0 in the Flory–Huggins potential 	, cf.
(1.4). The limiting free energy is then given by

Edo
free(φ) =

∫

�

1

2
|∇φ|2 + I[−1,1](φ) − θ0

2
φ2 dx .

Here I[−1,1] is the indicator function of the interval [−1, 1] given by

I[−1,1](s) =
{
0 if s ∈ [−1, 1],
∞ if s /∈ [−1, 1].

In this case equation (1.1)4 has to be replaced by

μ + �φ + θ0φ ∈ ∂ I[−1,1](φ) (8.1)

almost everywhere in � × (0,∞) where ∂ I[−1,1] is the subdifferential of I[−1,1]. The
inclusion (8.1) is equivalent to the variational inequality

− (μ, ζ − φ) + (∇φ,∇ζ − ∇φ) − θ0 (φ, ζ − φ) ≥ 0

which has to hold for almost all t and all ζ ∈ H1(�) which fulfill |ζ(x)| ≤ 1 almost
everywhere in �, see [12].

We first state a result on the double obstacle limit for the convective Cahn–Hilliard
equation which has been shown in [3, Theorem 3.10].

Theorem 8.1 (Double obstacle limit of the convective Cahn–Hilliard equation) Let �
be a bounded domain in R

d , d = 2, 3, with C2 boundary and 0 < θk ≤ 1, k ∈ N, be
such that limk→∞ θk = 0. Moreover, assumeφ0, φ0,k ∈ H1(�)with ‖φ0,k‖L∞(�) ≤ 1
and supk∈N

∣
∣φ0,k

∣
∣ < 1, and u,uk ∈ L2(0,∞;H1

0,σ (�)) be such that as k tends to
infinity

φ0,k → φ0 in H1(�) and uk → u in L2(0, T ;H1
0,σ (�))

for all T ∈ (0,∞). Furthermore, let (φk, μk) be the sequence of weak solutions to
(2.1) and (2.2) with (u, φ0, F) replaced by (uk, φ0,k, Fk) where F is defined with θk
instead of θ . Then, it holds in the limit k tending to ∞
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φk⇀φ weakly in L2(0, T ;W 2,p(�)),

∇μk⇀∇μ weakly in L2(0, T ; L2(�)),

F ′
k(φk)⇀F∗ weakly in L2(0, T ; L p(�)),

(8.2)

for all T ∈ (0,∞), where F∗ = μ + �φ + θcφ ∈ ∂ I[−1,1](φ) almost every-
where in � × (0,∞), p = 6 if d = 3, p ∈ [2,∞) is arbitrary if d = 2 and
(φ, μ) ∈ C([0,∞); H1(�)) ∩ L4

uloc([0,∞); H2(�)) ∩ L2
uloc([0,∞);W 2,p(�)) ×

L2
uloc([0,∞); H1(�)) is the unique weak solution of

{
∂tφ + u · ∇φ = �μ

μ + �φ + θ0φ ∈ ∂ I[−1,1](φ)
in � × (0,∞) (8.3)

completed with the following boundary and initial conditions

{
∂nφ = ∂nμ = 0 on ∂� × (0, T ),

φ(·, 0) = φ0 in �.
(8.4)

The weak solution satisfies the free energy equality

Edo
free(φ(t)) +

∫ t

τ

‖∇μ(s)‖2L2(�)
ds = Edo

free(φ(τ)) −
∫ t

τ

(u · ∇φ,μ) ds, (8.5)

for every 0 ≤ τ < t ≤ ∞.

The formulation in [3, Theorem 3.10] is slightly different. However, e.g., the variable
mean values φ0,k do not effect the arguments substantially.

We now formulate our result stating the higher regularity for the Cahn–Hilliard
equation with divergence-free drift in the double obstacle case.

Theorem 8.2 Let � be a bounded domain in Rd , d = 2, 3, with C3 boundary and the
initial condition φ0 ∈ H2(�) be such that ‖φ0‖L∞(�) ≤ 1,

∣
∣φ0

∣
∣ < 1. Furthermore,

we assume that a function μ0 ∈ H1(�) exists such that

μ0 + θ0φ0 + �φ0 ∈ ∂ I[−1,1](φ0) almost everywhere in � (8.6)

and ∂nφ0 = 0 on ∂�. Assume that u ∈ L2(0,∞;H1
0,σ (�)). Then, there exists a

unique global solution to

{
∂tφ + u · ∇φ = �μ

μ + �φ + θ0φ ∈ ∂ I[−1,1](φ)
almost everywhere in � × (0,∞), (8.7)

such that

φ ∈ L∞(0,∞;W 2,p(�)), ∂tφ ∈ L2(0,∞; H1(�)),

φ ∈ L∞(� × (0,∞)) with |φ(x, t)| ≤ 1 a.e. in � × (0,∞),

μ ∈ L∞(0,∞; H1(�)) ∩ L2
uloc([0,∞); H3(�)),

(8.8)
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for any 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. The solution satisfies (8.7) almost
everywhere in�×(0,∞) and ∂nμ = 0 almost everywhere on ∂�×(0,∞). Moreover,
there exists a positive constant C depending only on �, θ0,

and φ0 such that

‖∇μ‖L∞(0,∞;L2(�)) ≤ 2

(

‖∇μ0‖2L2(�)
+ C

∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

) 1
2

× exp

(

C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

,

(8.9)

and

∫ ∞

0
‖∇∂tφ(s)‖2L2(�)

ds ≤ 6

(

‖∇μ0‖2L2(�)
+ C

∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

)

×
(

1 +
(∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

))

.

(8.10)

In addition, if u ∈ L∞(0,∞;L2
σ (�)) ∩ L2(0,∞;H1

0,σ (�)), then ∂tφ ∈ L∞(0,∞;
H1(�)′).

Proof The argument relies on the limit θ = 1/k ↘ 0, with k ∈ N, in the problem
(2.1)-(2.2). To this end, we will use Theorem 2.4 with appropriate initial data φk

0 . To
fulfill the assumptions on the initial data in Theorem2.4, we solve the elliptic boundary
value problem

{
−�φk

0 + 1
k F

′
0(φ

k
0) + φk

0 = μ0 + θ0φ0 + φ0 =: μ̃0 in �,

∂nφ
k
0 = 0 on ∂�,

(8.11)

where we choose F0(s) = 1
2 [(1 + s) log(1 + s) + (1 − s) log(1 − s)]. Some of the

following estimates are formal but can be justified by approximating F0 by smooth
functions with quadratic growth. Testing (8.11) with 1

k F
′
0(φ

k
0) and using the fact that

F0 is monotone gives that 1
k F

′
0(φ

k
0) is uniformly in k bounded in L2(�). Now elliptic

regularity theory gives that φk
0 is uniformly in k bounded in H2(�). As F ′

0(φ
k
0) ∈

L2(�), we obtain that |φk
0(x)| < 1 almost everywhere in �. For a subsequence, we

obtain that φk
0 converges to φ∗ weakly in H2(�) and strongly in H1(�). We now

choose η̃ ∈ H1(�) with |̃η(x)| ≤ 1 almost everywhere in � and use η = η̃ − φk
0 as

test function in the weak formulation of (8.11) obtaining

−
∫

�

μ̃0

(
η̃ − φk

0

)
dx +

∫

�

∇φk
0 · ∇

(
η̃ − φk

0

)
dx +

∫

�

φk
0

(
η̃ − φk

0

)
dx

= −
∫

�

1

k
F ′
0(φ

k
0)
(
η̃ − φk

0

)
dx . (8.12)
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As F0 is convex, we have

F0(̃η) ≥ F0(φ
k
0) + F ′

0(φ
k
0)(̃η − φk

0).

Then, the right hand side in (8.12) is greater or equal than

∫

�

1

k

(
F0(φ

k
0) − F0(̃η)

)
dx

which converges to zero for k tending to infinity. The above convergence properties
now give the inequality

−
∫

�

μ̃0
(
η̃ − φ∗) dx +

∫

�

∇φ∗ · ∇ (
η̃ − φ∗) dx +

∫

�

φ∗ · (η̃ − φ∗) dx ≥ 0,

which gives that

μ̃0 + �φ∗ − φ∗ = μ0 + θ0φ0 + φ0 + �φ∗ − φ∗ ∈ ∂ I[−1,1](φ∗)

together with zero Neumann boundary conditions. As the operator φ �→ −�φ + φ +
∂ I[−1,1](φ) is strictly monotone we obtain from (8.6) that φ0 = φ∗.

We now consider the sequence of strong solutions {(φk, μk)} given by Theorem
2.4 with θ = 1

k and φk
0 instead of φ0. In order to derive estimates, which are uniform

in k, from (2.9) and(2.10), we need to control −�φk
0 + 1

k F
′
0(φ

k
0) − θ0φ

k
0 in H1(�).

In fact, by construction in (8.11), we notice that

−�φk
0 + 1

k
F ′
0(φ

k
0) − θ0φ

k
0 = −�φk

0 + 1

k
F ′
0(φ

k
0) + φk

0 − θ0φ
k
0 − φk

0

= μ0 + θ0(φ0 − φk
0) + (φ0 − φk

0) =: μk
0

andwe observe thatμk
0 is uniformly bounded in H1(�) in k. Setting	 1

k
(s) = 1

k
1
2

[
(1+

s) log(1 + s) + (1 − s) log(1 − s)
]− θ0

2 s
2 = 1

k F0(s) − θ0
2 s

2, we infer that

‖∇μk‖L∞(0,∞;L2(�))

≤ 2

(∥
∥
∥
∥∇

(

−�φk
0 + 	 ′

1
k
(φk

0 )

)∥
∥
∥
∥

2

L2(�)

+ C
∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μk(s)‖2L2(�)
ds

) 1
2

× exp

(

C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

≤ 2

(∥
∥
∥∇

(
μ0 + (θ0 + 1)(φ0 − φk

0 )
)∥
∥
∥
2

L2(�)
+ C

∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

) 1
2

× exp

(

C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

(8.13)
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and

∫ ∞

0
‖∇∂tφ

k(s)‖2L2(�)
ds

≤ 6

(∥
∥
∥
∥∇

(

−�φk
0 + 	 ′

1
k
(φk

0 )

)∥
∥
∥
∥

2

L2(�)

+ C
∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μk(s)‖2L2(�)
ds

)

×
(

1 +
(∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

))

≤ 6

(∥
∥
∥∇

(
μ0 + (θ0 + 1)(φ0 − φk

0)
)∥
∥
∥
2

L2(�)
+ C

∫ ∞

0
‖∇u(s)‖2L2(�)

+‖∇μ(s)‖2L2(�)
ds

)

×
(

1 +
(∫ ∞

0
‖∇u(s)‖2L2(�)

ds

)

exp

(

2C
∫ ∞

0
‖∇u(s)‖2L2(�)

ds

))

.

(8.14)

Here, the convergence of ‖∇μk‖L2(0,∞;L2(�)) to ‖∇μ‖L2(0,∞;L2(�)) as k → ∞
can be deduced as in the proof of Theorem 2.4. In particular, the constant C depends
on �, θ0, and φ0, but is independent of k. In the limit as k tends to ∞, we obtain that
∇μ ∈ L∞(0,∞; L2(�)) and ∇∂tφ ∈ L2(0,∞; L2(�)). In addition, thanks to [3,
Proposition 3.3], we deduce that φ ∈ L∞(0,∞;W 2,p(�)) for 2 ≤ p < ∞ if d = 2
and p = 6 if d = 3. Also, the estimates (8.9) and (8.10) hold due to the fact that
φk
0 → φ0 in H1(�) and the lower semicontinuity of the norm. The rest of the proof

follows by arguing similarly as in Theorem 2.4 (see also [3]). ��
We now study the double obstacle limit of the full Navier–Stokes/Cahn–Hilliard

system (1.1) with the boundary conditions (1.2). The limiting system is given as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t (ρ(φ)u) + div
(
u ⊗ (

ρ(φ)u + J̃
))− div (ν(φ)Du) + ∇P = −div (∇φ ⊗ ∇φ) ,

div u = 0,

∂tφ + u · ∇φ = �μ,

μ + �φ + θ0φ ∈ ∂ I[−1,1](φ),

(8.15)

in � × (0,∞), subject to the initial and boundary conditions

{
u = 0, ∂nφ = ∂nμ = 0 on ∂� × (0, T ),

u|t=0 = u0, φ|t=0 = φ0 in �.
(8.16)

Combining the arguments of [3, 6] and the methods of this paper we obtain the fol-
lowing result.

Theorem 8.3 (Weak solutions in the double obstacle case) Let� be a bounded domain
in R

d , d = 2, 3, with boundary ∂� of class C2. Moreover, let 0 < θk ≤ 1, k ∈ N, be
such that limk→∞ θk = 0. Assume that φ0, φ0,k ∈ H1(�) with ‖φ0,k‖L∞(�) ≤ 1 and
supk∈N |φ0,k | < 1, and u0,u0,k ∈ H1

0,σ (�) be such that

uk → u in H1
0,σ (�), φ0,k → φ0 in H1(�) as k → ∞.
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In addition, let (uk, φk, μk) be weak solutions to (1.1) and (1.2) with initial values
(u0,k, φ0,k). Then, there exists a subsequence k j , j ∈ N, with k j → ∞ as j → ∞,
such that as j tends to infinity

(uk j ,∇μk j )⇀(u,∇μ) weakly in L2(0,∞;H1
0,σ (�) × L2(�)),

(uk j , φk j )⇀(u, φ) weak-star in L∞(0,∞;L2
σ (�) × H1(�)),

(φk j , μk j )⇀(φ,μ) weakly in L2(0, T ;W 2,p(�) × L2(�)),

(8.17)

for all T ∈ (0,∞), with p ∈ [2,∞) arbitrary if d = 2 and p = 6 if d = 3, and
(u, φ, μ) is a weak solution to (8.15)–(8.16). Furthermore, the energy inequality

Edo(u(t), φ(t)) +
∫ t

s

∥
∥
∥
√

ν(φ(τ))Du(τ )

∥
∥
∥
2

L2(�)
+ ‖∇μ(τ)‖2L2(�)

dτ

≤ Edo(u(s), φ(s)) (8.18)

holds for all t ∈ [s,∞) and almost all s ∈ [0,∞) (including s = 0). Here, the total
energy Edo(u, φ) is given by

Edo(u, φ) = Ekin(u, φ) + Edo
free(φ).

The following result now states additional regularity for the concentration of any
weak solution obtained in the previous Theorem 8.3. The proof of which can be
performed exactly in the same way as in the proof of Theorem 1.3 (i), see the end of
Sect. 2.

Theorem 8.4 (Regularity of weak solutions in the double obstacle case) Let � be a
bounded domain in R

d , d = 2, 3, with boundary ∂� of class C3. Consider a global
weak solution (u, φ) given by Theorem 8.3. Then, for any τ > 0, we have

φ ∈ L∞(τ,∞;W 2,p(�)), ∂tφ ∈ L2(τ,∞; H1(�)),

μ ∈ L∞(τ,∞; H1(�)) ∩ L2
uloc([τ,∞); H3(�)),

(8.19)

where 2 ≤ p < ∞ if d = 2 and p = 6 if d = 3. Moreover, the equations (8.15)3−4
are satisfied almost everywhere in � × (0,∞) and the boundary conditions ∂nφ =
∂nμ = 0 holds almost everywhere on ∂� × (0,∞).

Let us finally comment about the longtime behavior. In the double obstacle case,
we cannot obtain enough large time regularity to show the same results as in the case
of a logarithmic potential. This is mainly due to the fact that a separation property
does not hold in this case. In addition, as typical for obstacle problems, the variable φ

in space will not lie in H3(�). This is already true for simple stationary solutions, see,
e.g., [12]. In addition, no Lojasiewicz–Simon inequality is known so far in the double
obstacle case and hence it is not possible to show that the solution converges for large
time to a single stationary solution. However, we can still characterize the ω-limit set
of a weak solution. As in Lemma 3.2 one can show that the velocity for large times

123



NSCH system with unmatched densities

converges to 0. Concerning the concentration φ, its long time limits consist of critical
points of the energy Edo

free. Defining the convex part of Edo
free as

Edo
0 (φ) =

∫

�

1

2
|∇φ|2 + I[−1,1](φ) dx,

we now recall the characterization of the subgradient ∂Edo
0 given in [3, 30].

Theorem 8.5 The domain of definition of the subgradient ∂Edo
0 with respect to L2

(0)(�)

of Edo
0 is given as

D(∂Edo
0 ) =

{
φ ∈ H2(�) ∩ L2

(m)(�) : φ(x) ∈ [−1, 1] a.e. in �, ∂nφ|∂� = 0
}

.

For any φ0 ∈ D(∂Edo
0 ), we have μ0 ∈ ∂Edo

0 (φ) if and only if

μ0(x) + �φ(x) + μ ∈ ∂ I[−1,1](φ(x)) a.e. in �

for some constant μ.

The stationary solutions φ∞ ∈ D(∂Edo
0 ) of the double obstacle version of the

Cahn–Hilliard equation fulfill (with a suitable constant μ)

μ + �φ + θ0φ ∈ ∂ I[−1,1](φ) in �, (8.20)

∂nφ = 0 on ∂�, (8.21)

1

|�|
∫

�

φ(x) dx = m. (8.22)

We notice that the solutions to (8.20)–(8.22) are critical points of the functional Edo
free

on H1
(m)(�). For the long time behavior, we find with the help of the energy inequality

(8.18) and the free energy identity (8.5) similar as in Lemmas 3.2 and 3.3 the following
result

Theorem 8.6 Let (u, φ) be aweak solution to (8.15) and (8.16) in the sense of Theorem
8.3. Then, we have

u(t) → 0 in L2
σ (�), as t → ∞

and

ω(u, φ) ⊆
{
(0, φ′) : φ′ ∈ W 2,p(�) ∩ H1

(m)(�) solves (8.20)-(8.22)
}

,

where m = φ0 and ω(u, φ) is the ω-limit set with respect to the norm of L2
σ ×

W 2−ε,p(�) for an arbitrary ε > 0 and p as before.
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