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Abstract

Sharp affine fractional L? Sobolev inequalities for functions on R” are established.
The new inequalities are stronger than (and directly imply) the sharp fractional L”
Sobolev inequalities. They are fractional versions of the affine L? Sobolev inequalities
of Lutwak, Yang, and Zhang. In addition, affine fractional asymmetric L? Sobolev
inequalities are established.

Mathematics Subject Classification 46E35 (35R11, 52A40)

1 Introduction

Sharp fractional L> Sobolev inequalities are receiving increasing attention in the last
decades. They are central in the study of solutions of equations involving the fractional
Laplace operator (—A)!/2 which arises naturally in many non-local problems such
as the stationary form of reaction-diffusion equations [9], the Signorini problem (and
its equivalent formulation as the thin obstacle problem) [2], and the Dirichlet-to-
Neumann operator of harmonic functions in the half-space [29]. Also, the general
operators (—A)* for s € (0, 1) arise in stochastic theory, associated with symmetric
Levy processes (see [29] and the references therein).

LetO <s < land 1 < p < n/s. The fractional L? Sobolev inequalities state that
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for f € WP (R"), the fractional L? Sobolev space of functions f € LP(R") with
finite right side in (1) (see, for example, [27]). In general, the optimal constants oy, p g
and extremal functions are not known (see [7] for a conjecture). Equality is always
attained in (1). For p = 1, the extremal functions of (1) are multiples of indicator
functions of balls, and the constants are explicitly known. The only further known
case is p = 2, where the constants o, 2  can be obtained by duality from Lieb’s sharp
Hardy-Littlewood—Sobolev inequalities [18] (see, for example, [10]). The asymptotic
behavior of 0, s as s — 17 was studied in [5]. Almgren and Lieb [1] and Frank and
Seiringer [12] showed that the extremal functions of (1) are radially symmetric and
of constant sign.
By a result of Bourgain, Brezis, and Mironescu [4],

lim p(l—s)/ / )= FDIP dy:a,,,p/ IV £ ()P dx
n n Rn

s—>1- |x —y|”+l75

for f € WP (R™), the Sobolev space of L? functions f with weak L gradient V f,
where

. =/ (€, )P d& P
Snfl

for any n € S"!. Here, integration on the unit sphere S"~! is with respect to the
(n — 1)-dimensional Hausdorff measure, w,, is the volume of the n-dimensional unit
ball and (-, -) is the inner product on R”. For p = 1 and p = 2, this allows to deduce
the sharp L? Sobolev inequalities from (1) by calculating the limit of 0, 5 /(1 — )
ass — 17,

Zhang [32] and Lutwak, Yang, and Zhang [24] obtained the following sharp affine
L? Sobolev inequality that is significantly stronger than the classical L” Sobolev
inequality:

n+p
nw, P
p n _r
”f”ﬂ = Onp |H; f| n < Un,p/ |Vf(x)|pdx 3)
n—p O!nyp R?

for f € WHP(R") and 1 < p < n, where the inequality between the first and
third terms is the classical L? Sobolev inequality and the optimal constants o, , were
determined by Aubin [3] and Talenti [30]. We have rewritten the explicit constant for
the first inequality from [24] using (2). Here H’I‘, f is the L? polar projection body of
f, aconvex body associated to f that was introduced with different notation in [24]
(see Sect. 2.5), and |-| is the n-dimensional Lebesgue measure.

The main aim of this paper is to establish affine fractional L? Sobolev inequalities
that are stronger than the Euclidean fractional L” Sobolev inequalities from (1) and
are fractional counterparts of (3). The case p = 1 was studied in [16], so from now
on, let p > 1.
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Theorem1 LetO <s < land1 < p < n/s. For f € WSP(R"),

117
n—ps
_ps

ntps (1 00 _% n
< Op,p,snwy " */ (/ fps_lf [f(x+18) — f(X)Ipdxdf> dg
n Jsn-1 0 Rn
If ) = fFIP
<Unpv/n/n |x—y|"+l’s dxdy.

There is equality in the first inequality if and only if f = hg p o ¢ for some ¢ € GL(n),
where hy ), is an extremal function of (1). There is equality in the second inequality if
f is radially symmetric.

In order to prove Theorem 1, we introduce the s-fractional L? polar projection
body H;‘,’s f associated to f, defined as the star-shaped set whose gauge function for
eSS lis

jelfy = [t [ — oo axa

(see Section 3 for details). The affine fractional Sobolev inequality can now be written

as
n+ps

¢ py— PS5
1A 1P < onpsnoy ™ [T f| 7w 4)

n—ps

Since both sides of (4) are invariant under translations of f, and for volume-preserving
linear transformations ¢ : R" — R”,

*,8 -1y _ *,8
5" (fog™!) = $IIE £,
it follows that (4) is an affine inequality. In Theorem 10, we will show that
. w5 =08 I
lim p(1—s)|TT5° |~ = |IT% |77,
s—>1-

which establishes the connection to the L? polar projection bodies introduced by
Lutwak, Yang and Zhang [24].

In Sect. 4, we introduce fractional asymmetric L? polar projection bodies as frac-
tional counterparts of the asymmetric L? polar projection bodies of Haberl and
Schuster [14], which in turn are functional versions of the asymmetric L? polar
projection bodies of convex bodies introduced in [19]. We obtain affine fractional
asymmetric L? Sobolev inequalities for non-negative functions that are stronger than
the inequalities for the symmetric fractional L” polar projection bodies.

In the proofs of the main results, we use anisotropic fractional Sobolev norms, which
were introduced in [20, 21] and depend on a star-shaped set K C R”. In Sect. 10, we
discuss which choice of K (with given volume) gives the minimal fractional Sobolev
norm and connect it to the corresponding quest for an optimal L? Sobolev norm solved
by Lutwak, Yang, and Zhang [25].
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2 Preliminaries
We collect results on function spaces, Schwarz symmetrization, star-shaped sets,

anisotropic Sobolev norms, and L? polar projection bodies that will be used in the
following.

2.1 Function spaces

For p > 1 and measurable f : R” — R, let

171, =( [ 7).

Weset{f >t} ={x e R": f(x) > ¢t} fort € R and use similar notation for level
sets, etc. We say that f is non-zero, if { f # 0} has positive measure, and we identify
functions that are equal up to a set of measure zero. For p > 1, let

LP(R") = {f :R" — R fis measurable, || f||, < oo}.

Here and below, when we use measurability and related notions, we refer to the n-
dimensional Lebesgue measure on R”.
For0 < s < 1 and p > 1, we define the fractional Sobolev space W*-?(R") as

WY,P(RVL): {f‘eL[)(Rn)/ / |f(x)_f(Y)|p dXdy<OO}
n n |x_y|n+p5

For p > 1, we set
WIPR") = {f € LPR") : [V f| € LP(R")},
where V f is the weak gradient of f.

2.2 Symmetrization

For a set E C R”, the indicator function 1 is defined by 1g(x) = 1 for x € E and
1g(x) = 0 otherwise. Let E C RR” be a Borel set of finite measure. The Schwarz
symmetral of E, denoted by E*, is the closed centered Euclidean ball with the same
volume as E.

Let f : R" — R be a non-negative measurable function with super-level sets
{f = t} of finite measure. The layer cake formula states that

f(X)=/O Lo (x) de
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Affine fractional LP Sobolev inequalities 1095

for almost every x € R” and allows us to recover the function from its super-level
sets. The Schwarz symmetral of f, denoted by f*, is defined by

f*x) :/o Ly f=pp(x) dt

for x € R". Hence, f* is determined by the properties of being radially symmetric,
decreasing, and having super-level sets of the same measure as those of f. Note that
f* is also called the symmetric decreasing rearrangement of f.

The proofs of our results make use of the Riesz rearrangement inequality, which is
stated in full generality, for example, in [6].

Theorem 2 (Riesz’s rearrangement inequality) For f, g, k : R" — R non-negative,
measurable functions with super-level sets of finite measure,

[ [ ek =memavay = [ [ ke - neorasdy,

Rn JRn

We will use the characterization of equality cases of the Riesz rearrangement
inequality due to Burchard [§].

Theorem 3 (Burchard) Let A, B and C be sets of finite positive measure in R" and
denote by a, 8 and y the radii of their Schwarz symmetrals A*, B* and C*. For
lo — Bl <y < a+ B, there is equality in

L[ uonse=miemaray= [ [ 1emtee-miemardy
if and only if, up to sets of measure zero,
A=a+aD, B=b+8D,C=c+vyD,
where D is a centered ellipsoid, and a, b and ¢ = a + b are vectors in R".

2.3 Star-shaped sets and star bodies

A set K € R” is star-shaped (with respect to the origin) if the interval [0, x] C K for
every x € K. The gauge function | - |[x : R” — [0, oo] of a star-shaped set is defined
as

Ixllx = inf{A > 0:x € AK},
and the radial function pg : R" \ {0} — [0, oo] as
pr () = lIxlg" = sup{r = 0: 2x € K.
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1096 J.Haddad, M. Ludwig

The n-dimensional Lebesgue measure or volume of a star-shaped set K in R" with
measurable radial function is given by

1
|K|=—/ Pk (§)" d§.
n Jsn-1

We call a star-shaped set K C R” a star body if its radial function is strictly positive
and continuous in R” \ {0}. On the set of star bodies, the g-radial sum for ¢ # 0 of
K, L C R" is defined by

Pl (K+4L, &) = p?(K, &) + p?(L,§)

for £ € S*~! (cf. [28, Section 9.3]). The dual Brunn—Minkowski inequality (cf. [28,
(9.41)]) states that for star bodies K, L C R" and ¢ > 0,

K LI79" = |K |70 L7, ®)

with equality precisely if K and L are dilates, that is, there is A > O such that K = AL.
Leta € R\{0, n}.Forstar-shaped sets K, L € R" with measurable radial functions,
the dual mixed volume is defined as

Vuko 0= [ @ puer de.
Note that

Vo(K, K) =|K|
and that

Vo(K, L1FoL2) = Vo (K, L) + Vo(K, L2)

for star-shaped sets K, L1, Ly € R" with measurable radial functions.
For star-shaped sets K, L € R” of finite volume and 0 < @ < n, the dual mixed
volume inequality states that

Va(K, L) < |K|=/m Lo/, (©6)

Equality holds if and only if K and L are dilates, where we say that star-shaped sets
K and L are dilates if px = A pz almost everywhere on S"~! for some A > 0. The
definition of dual mixed volume for star bodies is due to Lutwak [22], where also
the dual mixed volume inequality is derived from Holder’s inequality (also see [28,
Section 9.3] or [13, B.29]).
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Affine fractional LP Sobolev inequalities 1097

2.4 Anisotropic fractional Sobolev norms

Let0 <s < land p > 1.For K C R" astarbody and f € W*P(R"), the anisotropic
fractional L? Sobolev norm of f with respect to K is

p
I

It was introduced in [21] for K a convex body (also, see [20]). For K = B", the
Euclidean unit ball, we obtain the classical s-fractional L? Sobolev norm of f. The
limit as s — 1~ was determined in [4] in the Euclidean case and in [21] in the
anisotropic case. We will also consider the following asymmetric versions of (7),

— p _ p
/ (f ) — fFO)+ dx dy. / (f(x) = fO)Z dx dy.
n JRn n JRH

n+ps n+ps
lx =yl lx =yl ”

where a4 = max{a, 0} and a— = max{—a, 0} for a € R. The limits as s — 1~ were
determined in [26].

2.5 LP polar projection bodies

For p > 1 and f € WIP(R"), the L? polar projection body is defined as the star
body with gauge function given by

IISIIH*f = /Rn IV f(x), §)I7 dx

for £ € S"~!, were (-, -) denotes the inner product. It is the polar body of a convex
body. The definition is due to Lutwak, Yang, and Zhang [24]. For a convex body
K C R", they defined the L? polar projection body (with a different normalization)
in [23] by

II«‘EIIH*K —/Sil [(&, )P dS,(K, n), @)
where S, (K, -) is the L? surface area measure of K (for the definition of L? surface
area measures, see, for example, [28, Section 9.1]).

Asymmetric L? polar projection bodies of convex bodies were introduced in [19].

For f € WLP(R"), the asymmetric L? polar projection bodies of f are defined as
the star bodies with gauge function given by

lellh, = [ (950062 ds

for& e S"1.
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1098 J.Haddad, M. Ludwig

3 Fractional L polar projection bodies

Let0 <s < land 1 < p < n/s. For a measurable function f : R” — R, define the
s-fractional L? polar projection body H;’S f as the star-shaped set given by the gauge
function

IIEIIHHf =f0 t"”‘I/Rn |f(x +1&) — f(x)|P dxdt )

for & € R". Note that || - || s s is a one-homogeneous function on R”.
Let K C R" be a star body. The following simple calculation turns out to be useful.
For f € WP (R"),

[ Mt
nJR [l =yl

_/ / SO+ = fOI
- " . n+ps z y

Izl

/ f TP ’”/n|f(y+t€)—f(y)l”t”"dydtdé

/ f IEN PP £+ 18) — flIh "' dr dg
= /;,Pl pK(é)n+p.9A l*psfl ||f( + té) _ f||§ dr dE
= f PKE)P pryss (€)1 dE.

Snfl P

Hence,

/ / WO =Ty 4y = n 7k 115 ) (10)

n+ps

in this case.
Next, we establish basic properties of fractional L? polar projection bodies.

Proposition 4 Fornon-zero f € W*P(R"), the set I1)," f is an origin-symmetric star
body with the origin in its interior. Moreover, there is ¢ > 0 depending only on f and
p such that H;’Sf C ¢ B" forevery s € (0, 1).

Proof First, note that since for £ € R” and ¢t > 0,
fR £ (e — 18) — FOOIP dx = fR () = £ x4 18)|P da,

the set IT},”* f is origin-symmetric.
Next, we show that IT),* f is bounded. We take r > 1 large enough so that
I fllLe By = %||f||p and easily see that for ¢t > 2r,

NfCHE) = FOlp = NfC+1E) — fFOllLreBr—e)
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Affine fractional LP Sobolev inequalities 1099

=1fC) = fC—tE)llLrenm
> N fllresry = 1 FC—18)LreBm

2 1
> §||f||p - §||f||p-
Hence,

/Oot_m_lf |f(x+1&) — f(x)]" dx dt>—”f”p / =P dy
0 Rn .

—ps
s
- 3 ps

zcﬂ

which implies that H;’s f € ¢ B" for ¢ > 0 independent of s.
Now, we show that H”,}’S f has the origin in its interior. First observe that for &, n €
R”, by the triangle inequality and a change of variables,

I8+ nlEe.,
_ /0 PV F 1€+ ) — FOIDde
ffo P LFC 16+ 1) = FC+ 1)+ 1FC+18) — FOU)”

< fo PRI C ) = FONG + 1FC+18) = FOIp) di

_»op—1 p—1
=2+ 27 B (an

Using the relation (10) with K = B", we get

1@ = SO
[ = [ EOT aray,

which is finite since f € WS P(R"). We choose r > 0 large enough so that the
set A = {£ e S ||§||i_[*_sf < r} has positive (n — 1)-dimensional Hausdorff
P

measure and contains a basis {&1, ..., &,} € A of R". Applying (if necessary) a linear
transformation to H’;’S f, we may assume without loss of generality that &; = ¢; are
the canonical basis vectors. For every x € R", writing x = >_ x;e; and using (11), we
get

1
e = (270 ”le P el )" = dlxl, (12)

where d > 0 is independent of x. This shows that H’;,'S f has the origin as interior
point.
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1100 J.Haddad, M. Ludwig

Finally, we show that || - ||n’;;5 ¥ is continuous. For &, € R", by the triangle
inequality and (12), we have

ps
€+ 0y,
:/0 PG tE ) — FOIDd
< /O PG ) = FOlp + G+ 18) = FOp)” dr

s P ) . —_ £
50+W”5V4A fkm(wmemﬂwP+wvwﬁ—ﬂN9d’

Inl2
s P\,
= (1+n27 )P WMF*MM}7+WHQ )
< (PP @ 4 gl ).
< (L7 )7 d 0l 4+ 18 )

where we used the inequality a + b < (1 + r?/(P=DYP=D/p(=1g)P 4 pP)V/P for
a,b,r > 0, which is a consequence of Holder’s inequality.
‘We obtain

_pr_
-1

1§+ T, < (127 ) " (@ Il 18N ). (13)

Applying inequality (13) to the vectors £ 4+ n and —n, we get

P

1§15, = I +n = nlife, < (L4 1= 2 7T) 7 @ =% 4+ 15+l ).

which implies

s _P_
-1

1§ + 5, = (1 7)1 —d il (14)

The continuity of || - || my* p Now follows from (13) and (14). O

4 Fractional asymmetric LP polar projection bodies

Let0 < s < land 1 < p < n/s. For a measurable function f : R" — R, define
the asymmetric s-fractional L? polar projection bodies H;”ﬂr S and H;”s, S as the
star-shaped sets given by the gauge functions

Mﬁhjzﬁ f””égﬂmuﬁ—ﬂmﬁmm

for 5 € R". We have I'I*’S f= H;’L( f) = :Zr f and state our results just for

p + f. Note that, as in the symmetric case, || - || 7 is a one-homogeneous function

H*Yf
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Affine fractional LP Sobolev inequalities 1101

on R”". Also, note that
ps ps ps
*,5 o — *,8 + *,8 15
1170 = 1170, +IENT (1)
for £ € R".
Let K C R" be a star body and f € W%P”(R"). As in (10), we obtain that

_ p
/ M dxdy=n V_ps([(, H;"‘er), (16)
n Ril

n+ps
lx =yl

In the following proposition, we derive the basic properties of fractional asymmetric
L? polar projection bodies.

Proposition 5 For non-zero f € W*P(R"), the set H;’,S_Ff is a star body with the
origin in its interior. Moreover, there is ¢ > 0 depending only on f and p such that
H;”‘:_f C ¢ B" for every s € (0, 1).

Proof Since the functions (@)’ and (a)” are convex, the inequalities (a + b); >
(@i + p(a)i_lb and (a +b)? > @) + p(@)’ 'bhold fora, b € R.
If [pu(fGx)Fdx > 0, take & > O so small that & + pe!/? ||f||§‘1 <

%fw(f(x))i dx, and take r > 0 so large that fR,,\an |f(x)|?dx < e. For
z € R"\ 2r B", we obtain by Holder’s inequality that

Bn(f(X) — fx+2)% dx

r

> f " (FNE = p (FaNE ™ fx +2)dx

p—1

7(/3}1 1f(x +2)” dx)]%

> [ vetar—p( [ ranta)
rB" rB" r

p=1 1
= [ ventar—p( [ ireoran) T ([ g )’
rB" R R"\rB"

= [ Gentax—e—pifiper

1
> 5 [ et an
Rn

In case [ (f (x))i dx = 0 the previous inequality holds trivially for any r > 0.
By an analogous calculation and eventually increasing the value of r, we obtain
that

/ UG- el = / W= =)

> % (f (x)? dx.
]Rn
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1102 J.Haddad, M. Ludwig

It follows that fRn (fx) — fx+ z))i dx > %||f||§ for every z € R" \ 2r B" with
r > 0 depending only on f. Finally,

i = [Tt - fos ) avar

o0
z/ r—l—mdr—/ (0P dx
2 2 Jgn

> @1 / £ COIP dx
ps 2 Jgn
e
”) 115,

Note that IT,;" f C TI),", f. Hence, it follows from Proposition 4 that IT)", f
contains the origin in its interior, that is, there is d > 0 such that

Ixllpyes, p = dlx| a7

for every x € R".
Finally, we show that ||- | s, f is continuous. Observe that the inequality (a +b)f_ <
P

(at+ + by)? holds for any a, beR. Hence, for &, n € R”, we obtain that

/Rn (f(x+ 1€ + 1) — )Y dx
= /Rn(f(x g+ tn) — fx+18) + f(x +18) — f(x)] dx

< [ (Gt = 516+ (55 16) = F0) )P

s_p _ P
/ a4+ |W|2W)p_l((f(x+l$+jn7m fx+1E)L +(f(x+l$)_f(x))£)dx
n 2
s_p_ -+in) — f( b
<1+ |n|2<P1f'>)”‘1(”(f( ) Ef( Dllp +I(fC+18) —f('))+||§),

[n] 2

where we used the inequality a + b < (1 + rP/(P=DY(P=D/p((r=1g)P 4 pPYV/P for
a, b, r > 0, whichis a consequence of Holder’s inequality. Thus, integrating and using
(17), we obtain

s p
T

ps p—1 2 ps
|I€+n|lnmf =+ n2r-H)""dInl T + II«‘EIIH;.M.)- (18)

Applying inequality (18) to the vectors & 4+ n and —n, we get

s P
—1

€150 = 18 +n—nlf, < Q41— 7P~ @ =0l % 418+l ).
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Affine fractional LP Sobolev inequalities 1103

which implies

P s (L4 )T, —d 19
1§+ nllnp.&f > (1+[n] ) ”§||np1+f nl (19)
The continuity of || - ||1-[»;..r+ § now follows from (18) and (19). m]

5 The limit of fractional LP polar projection bodies

We establish the limiting behavior of s-fractional L? polar projection bodies for 1 <
p < n/sass — 17 inthe symmetric and asymmetric case. For p = 1, acorresponding
result was proved in [16].

LetO0 <s < land1 < p <n/s.Setp’ = p/(p—1). We say that f; — f weakly
in LP(R") if

ffk(x)g(x)dx%/ fx)gx)dx
R7 R»

for every g € L” (R") as k — oco. Set By ={ge LY (R"): g >0, llgll,y <1}
We require the following lemmas.

Lemma 6 The following statements hold.

(1) For f € LP(R"),

Ifell, = sup /H; g

gEBp/.Jr
) Let fx, f € LP(R"). If fr — f weakly in LP(R") as k — 00, then
liminf [|(fi)+llp = I1f+ ] p-
k—o00

(3) Assume fy, is a bounded sequence in L (R"). If
lim [ Sre(x)g(x)dx = / S(x)g(x)dx
k—o00 JRn R

for every g in a dense subset D C LP'(R"), then fx = f weakly in LP (R") as
k — oo.

Proof First, we prove (1). Let g € B,y 4 and write f = f} — f_. Since f_ and g are
non-negative, it follows from Holder’s inequality that

[ rwset < [ s <1,
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1104 J.Haddad, M. Ludwig

p/p/ff/p/

For the opposite inequality, take g = || f4 1/, and note that g € B,/ y and

) » _r
- Ff@egx)dx = ||f+||pp, /Rn FOOfr@)? dx < 1 f4ll,” /R” fr(x)Pdx
= f+lp-

Next, we prove (2). Fix kg and go € B,/ 1. By (1), we have

/ka(X)go(X)dxi sup / S ()g(x) dx = [|(fig)+ 1l p-
R” 4 JRA

gGBp/,

Since this inequality holds for every ko,

/ f(x)go(x)dx = lim/ Je(x)go(x) dx < liminf [[(fi) 41l p-
Rn k—o00 Rn k—o00

Thus, by (1),

Ifllp = sup /Rn f)g ) dx < Liminf [|(fi)+llp-

gEBp/,+

Finally, we prove (3). Take ¢ > max{|| fxllp, Il fll}. Lete > O and g € LP (R").
Take h € D such that ||g — &l < &/(2¢). Then

)/ Je(x)g(x)dx —f f(x)g(x)dx‘
R R"

<| [ A - hwyar] +| [ Awhwa- [ ronwa

Rn R R”
+] [ e~ hoen x|
<ce/(2c) + ‘ / Jr(x)h(x)dx —/ f(x)h(x) dx‘ + ce/(2c)
er ]er

and the statement follows. O
Lemma7 For f € WHP(RY) and fixed & € S*~,

tim| (MLHZ = /Rnwm),sﬂ dx.

Proof Let g : R" — R be a smooth function with compact support. Write div, for the
divergence taken with respect to the variable x. Using integration by parts, we obtain
foré& e S*landt > 0,
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/' g(x)f(ertét)—f(X) dr — f(x)g(x—tét)—g(X) dx
n RI’[

1
= —/ f(X)/ (Vg(x —ri§), &) drdx
Rr 0

1
= f(x)div,C(f g(x — rig)dr s) dx
R~ 0

1
- /n (/0 g(x - rté)dr>(vf(x),f)dx

By Minkowski’s integral inequality || fol g(-—rt&)dr|, < ligll,,and we deduce

Hwﬂ <KV, EMp < oo
P

Hence, w is uniformly bounded in L? (R") on (0, c0).
By Lemma 6(3),
. fx+18) — f(x)
lim | g(x) ! dx = | g)(V[f(x),§)dx
t—0 Jpn t R~

forevery g € LP (R"). Hence,
By Lemma 6(2),

fC+tH)—f0O)
———="——= converges weakly to (V f (), §) ast — 0.

lim inf
t—0

| (MLHP > 1V £O), €4l

For the opposite inequality, we recall that for any g € B, i, the function x
fol g(x —rt§)drisin B,y | as well. Hence,

_ |
[ e g [ ([ s = ar)iv i, e as

< V&), &)+ llp-

Again by Lemma 6(1),

[ IR SN

foreacht > 0. O
The following result is Lemma 4 in [16].

Lemma8 If ¢ : [0,00) — [0, 00) be a measurable function with lim,_, g+ ¢(t) =
¢(0) and such that fooo t~%0p(t) dt < oo for some sg € (0, 1), then
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1106 J.Haddad, M. Ludwig

s—>1-

lim (1 —s) foo t~5@(t) dt = ¢(0).
0

We are now able to prove the main result of this section.
Theorem 9 Let f € WHP(RM). For & € S" 1,
1
Jim (p(1 = )71, = 1€, , -
Moreover,
. _p _r
Jim p(1 = I f17 = T 175,
and 3 B
SE)HIL p(1 —5)V_ps(K, H;S-Ff) =V_,(K, H;,+f)
for every star body K C R".
Proof Define ¢ : [0, co) — [0, 00) by
fC+18) - f(~)) Hl’
t +

p

b}

o = (

p
and note that p(t) < (w) fort > 0. By Lemma 8 and Lemma 7,

lim p(1 —s) /Ooot”(l‘f)‘lH(wL”idt=/Rn(Vf(x),E)’frdx-

s—>1-

By Proposition 4, we can use the dominated convergence theorem to obtain
_L
lim n|(p(1 =) PI1,7% f
s—>1- ’

S [ = [T | (AEEE0) )

s—1- t
= [ ([ orestar) e

sn—1 Rn
=M 7

and

. _ ~ *,8 _ _ n+ps ps
Xl_l)nlrlfnp(l $)V_ps(K, 1,2 f) Xl_l)rglfp(l S)/Sn_1 151k |I$|H;,’s+fd%‘

_ n P
= [ e nenp, o
=n‘77p(K’ H;Jrf),

which completes the proof of the theorem. O
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The following result is an immediate consequence of Theorem 9 and (15).
Theorem 10 Let f € WP (R"). For& € S,

1
lim 1—3s n *8 o = * £,
S_)r(p( NP NENmys = IElms
Moreover,
. _ps _r
lim p(1— )T f|~ = |15 f| 77,
s—>1-

and
lim p(1 —s)V_po(K, T ) = V_p (K, T}, ) (20)
s—>1"

for every star body K C R".

6 Anisotropic fractional Pélya-Szeg6 inequalities

We will establish anisotropic Pdlya—Szegé inequalities for fractional L” Sobolev
norms and their asymmetric counterparts.

Theorem 11 If f € LP(R") is non-negative and K C R" a star body, then

— p * *
[ [ YOI s [ [ SWZSOR
n Rn n Rn

n+ps n+ps
lx =yl lx — yllis”

Equality holds for non-zero f € WP (R") ifand only if K is a centered ellipsoid and
f is a translate of f* o ¢ for some ¢ € SL(n).

Proof Writing

o0
Izl " —/ ki (z) dt
0
where k; (2) = 1,-1/m+ps) g (z), We obtain

/n R (];|(X) y”frt(erzzs)+ / // (f(x) = fFONTki(x — y)dxdydr.

Note that
o -
(fx) = fONE = Pf (f) = 1<y () dr.
0
Hence, for t > 0, it follows from Fubini’s theorem that

/ / () = FON. ke(x — y) dx dy
R? JRR"
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1108 J.Haddad, M. Ludwig

=p [ [ [ w0t ke - iyamaayer
= p/ooo /R /Rn(f(X) = ke = ) = 1(pzn () dr dy dr.
Letr,t > 0. Note that [, (f(x) —r)”"" dx < oo and that
/ )L G =8 G = 0 = T () dedy

= p Ikl fanx) — Pl

- P/ A (f(x) — r)i_lkz(x =W r=r(y)dxdy.

_np_
The first term is finite since { f > r} has finite measure, f € L#*rs (R") and ng) - >

p — 1. Clearly, the first term is invariant under Schwarz symmetrization. For the second
term, by the Riesz rearrangement inequality, Theorem 2, we have

/ / (f(x)— I’)_’i_ilkl(x - y)l{fzr}(y) dxdy
R® JR?
< /n R (f*(-x) - r)i_lkt*(x - y)l{war}(y) dx dy

for r, t > 0. Note that
~1 o 2
F@ —r = (p—1) /0 F — 221 o () dF,

and that the corresponding equation holds for f*. Hence, if there is equality in (21),
then, for (7, r, 1) € (0, 00)>\M with |[M| = 0, we have

/ A; L =7 ) 1= 1/@rps g (X — Y) 121 (y) dx dy

= / /R 1 prs7y (O 1= 1/eps) g (6 — ¥) 122 (y) dx dy.

For almost every (7, r) € (0, 00)%, we have (7, r, 1) € (0, 00)>\ M for almost every
t > 0. For such (¥, r) with 7 < r and ¢t > 0 sufficiently large, the assumptions of
Theorem 3 are fulfilled and therefore there are a centered ellipsoid D and a, b € R”
(depending on (7, r, t)) such that

{fzF=a+aD, 7V PIK =b4BD, {f=ri=c+yD

where ¢ = a + b. Since K = t!/+r9)p 4 (|K|/|D|)!/" D, the centered ellipsoid D
does not depend on (7, r, t) and also a, ¢ do not depend on ¢. It follows that b = 0
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and that K is a multiple of D. Hence, a = c is a constant vector, which concludes the
proof. O

The following result is a variation of [17, Theorem 3.1].

Theorem 12 If f € LP(R") is non-negative and K C R" a star body, then

// |f(x) — ”J:(erp)sl” dy >f / L (x) — ||J;+(:3|” xdy.
n n y n n y

Equality holds for non-zero f € W*P(R") ifand only if K is a centered ellipsoid and
f is a translate of f* o ¢ for some ¢ € SL(n).

Proof Since

_ P _ P
/ O =S / UORNI
n JRn n JRn

n+ps n+ps
lx =yl ” lx — yI"

the result follows from Theorem 11 for K and — K. O

7 Affine fractional Polya-Szego inequalities

We establish affine P6lya—Szegd inequalities for fractional asymmetric and symmetric
L? polar projection bodies.

Theorem 13 If f € W P(R") is non-negative, then
TS FI7P = (T P, (22)
Equality holds if and only if f is a translate of f* o ¢ for some ¢ € SL(n).

Proof By Theorem 11, (16) and the dual mixed volume inequality, we obtain for
K C R" astar body that

Vops (K, T f) = Voo (K*, TS %)
> |K*|(n+ps)/n|1—[>;,7S+f*|—ps/n
— | K|, peppsin,

Setting K = IT,,", f, we see that
T f1 = Vo pe (T LTI f) 2 [T f1 PO II, e,

which completes the proof of the inequality. By Theorem 11, there is equality in (7)
if and only if f is a translate of f* o ¢ for some ¢ € SL(n). O
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1110 J.Haddad, M. Ludwig

The following result is obtained in the same way as Theorem 13 by replacing
Theorem 11 with Theorem 12.

Theorem 14 If f € LP(R") is non-negative, then

|H;’Sf|_ps/n > |H;,Sf*|—ps/n.
Equality holds for f € WSPR") if and only if f is a translate of f* o ¢ for some
¢ € SL(n).

We remark that by Theorem 10 we obtain from Theorem 14 in the limitas s — 1~
that
|TU% £17P/" = IT% |77,

which is equivalent to the Pélya—Szegd inequality for L? projection bodies by Cianchi,
Lutwak, Yang, and Zhang [11, Theorem 2.1]. Similarly, by Theorem 9 we obtain from
Theorem 13 in the limitas s — 17 that

T fI7P = I, P,

which is equivalent to the P6lya—Szeg6 inequality for asymmetric L? projection bodies
by Haberl, Schuster and Xiao [15, Theorem 1].

8 Affine fractional asymmetric LP Sobolev inequalities

We establish the following affine fractional asymmetric L” Sobolev inequalities and
show that they are stronger than Theorem 1.

Theorem 15 Let 0 < s < land 1 < p < n/s. For non-negative f € W5P(R"),

n+ps — p
/ (f&x) = FO)Y dx dy,
n Rn

p N s Y i
”f”nf’;s = 20npsnwp” (T fI77 < 204p X — yp

There is equality in the first inequality if and only if f = hy, p o ¢ for some ¢ € GL(n)
where hy p is an extremal function of (1). There is equality in the second inequality if
f is radially symmetric.

Proof By Theorem 13,
T 1P = T P,

with equality if f is a translate of f* o ¢ for some ¢ € SL(n). Since f* is radially
symmetric, H;"‘; fr= H;”‘i f* is a ball. Hence, it follows from (16) that

tp / (f*0) = f*ONg dx dy
n JRn

Dnw, " IS f*7 % =2
n e bor =yl
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100 = FrolP
//R Ty B

The fractional Sobolev inequality (1) shows that

* * p
apff W20 = O 4y > 417

x — y|n+p‘S n—ps

Combining these inequalities and their equality cases, we complete the proof of the
first inequality of the theorem.

For the second inequality, we set K = B" in (16) and apply the dual mixed volume
inequality (6) to obtain

/ (f(x) f(y))+ dx d n+ps
n Rn

n *S n *,8 — £
x — y|ps —nV—ps(B p+f)>nwn |Hp+f|

There is equality precisely if H;‘,‘L f is aball, which is the case for radially symmetric
functions. O

Note that it follows from the definition of fractional symmetric and asymmetric L”
polar projection bodies that

My f =T - ps T f
We use the dual Brunn—Minkowski inequality (5) and obtain that
TS £ = [T f 0 + (T f1
with equality precisely if the star bodies IT% + f and H ° f are dilates. Thus, it

follows that for non-negative f, Theorem 15 1mp11es Theorem 1, and it is, in general,
substantially stronger than Theorem 1. Of course, they coincide for even functions.

9 Affine fractional LP Sobolev inequalities: Proof of Theorem 1

For non-negative f, the first inequality in Theorem 1 follows from Theorem 15, as
mentioned before. For general f and x, y € R”, we use

1f ) = FODI = [If )] =

where equality holds if and only if f(x) and f(y) are both non-negative or non-
positive. We obtain

1f) = fFI? £l = 1FDI|”
f/ Ty PO >// oy
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1112 J.Haddad, M. Ludwig

with equality if and only if f has constant sign for almost every x, y € R". Using the
result for | f|, we obtain the first inequality of the theorem and its equality case.

For the second inequality, we set K = B" in (10) and apply the dual mixed volume
inequality (6) as in the proof of Theorem 15.

10 Optimal fractional LP Sobolev bodies

The following important question was asked by Lutwak, Yang and Zhang [25] for a
given f € WHP(R") and 1 < p < n: For which origin-symmetric convex bodies
K CcR"is

inf {/ ||Vf(x)||§* dx : K origin-symmetric convex body, |K| = wn} (23)
RYI

attained? An optimal L?” Sobolev body of f is a convex body where the infimum is
attained.

Lutwak, Yang and Zhang [25] showed that the infimum in (23) is attained (up to
normalization) at the unique origin-symmetric convex body (), in R" such that

/Sn_l g(&)dS,((f)p.6) = fRng(Vf(X))dx (24)

for every even g € C(R") that is positively homogeneous of degree p, where S, (K, -)
is the L, surface area measure of K. Setting ¢ = || - [|x+, they obtain from the
L? Minkowski inequality that

1
;/]Rn ||Vf(X)||§* dx = Vp((f)p, K) > |(f>p|(n7p)/n|K|p/n’ 25)

with equality precisely if K and (), are homothetic (see [28, Section 9.1] for the
definition of the L , mixed volume V, (-, -) and the L?” Minkowski inequality). Hence,
they obtain from their solution to their functional version (24) of the L? Minkowski
problem that (), is the optimal L” Sobolev body associated to f. Tuo Wang [31]
obtained corresponding results for f € BV (R") and p = 1.

Let0 < s < 1land 1 < p < n/s. The results by Lutwak, Yang and Zhang [25]
suggest the following question for a given f € W$P?(R"): For which star bodies
L CR"is

1nf{/ / £ 00 = {n(f,l'pd dy:Lstarbody,|L|=a),,} (26)
n n y

attained? An optimal s-fractional L? Sobolev body of f is a star body where the
infimum is attained.
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By (10) and the dual mixed volume inequality (6),

/ / |f(x) f(y)|p y _ ‘7—ps(lu H;’Xf) > |L|(n+ps)/nlnz,sf|—(ps)/n’
n n y

||n+ps

and there is equality precisely if L is a dilate of H;’S f. Hence, H;’s f is the unique
optimal s-fractional L? Sobolev body associated to f.

To understand how the solutions to (23) and (26) are related, we use the following
result: For f € WP (R") and L C R” a star body,

p
tim pat =) [ [ PO qray = [ vswlgean @)
s—1 n n ||x—y|| R

where the convex body Z, K, defined for § € S*1 by

hz, (€)= /S A& P oL ()" d,

is a multiple of the L? centroid body of L. This can be proved as in [21], where the cor-
responding result was established for a convex body L (with a different normalization
of Z, L). It also follows from Theorem 10. Indeed, by (10) and (20),

f@ = FOIP S
l 11— dxdy =V_,(L, 11 .
m pa- [ [ My 40y = Py LT

Using that
* £ TT*
I f = T15(f),, (28)

for f € WP (R"), which follows from (24) by setting g = |(-, n)|? for n € S"~! and
using (8) and (9) (cf. [25]), and that

Vp(K.ZpL) = V_,(L, IT5K) (29)

for K a convex body and L a star body, a well-known relation that follows from
Fubini’s theorem, we now obtain (27) from the first equation in (25).

Using (27), we obtain from (26) in the limit as s — 1~ fora given f € WP (R"),
the following question: For which star bodies L C R” is

inf { / ||Vf(x)||z;L dx : L star body, |L| = wn} 30)
R}‘l
attained? By (25) and the dual mixed volume inequality (6), we have
1 ~ _
;A IV £y dx = Vo). ZpL) = Vop(L. T f) = |L| P I £7070,
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1114 J.Haddad, M. Ludwig

with equality precisely if L and IT}, f are dilates, where we have used (28) and (29).
From Theorem 10, we obtain that a suitably scaled sequence of optimal s-fractional
Sobolev bodies converges to a multiple of the optimal body for (30) ass — 1.
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