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Abstract

An Einstein manifold is called scalar curvature rigid if there are no compactly
supported volume-preserving deformations of the metric which increase the scalar
curvature. We give various characterizations of scalar curvature rigidity for open
Einstein manifolds as well as for closed Einstein manifolds. As an application, we
construct mass-decreasing deformations of the Riemannian Schwarzschild metric and
the Taub—Bolt metric.
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1 Introduction and main results

We call a Riemannian metric ¢ on a manifold M scalar curvature rigid (or SCR for
short) if it can not be deformed to a metric g such that g agrees with g outside a
compact set and such that scal® > scal? everywhere and scal® > scal® somewhere.

Euclidean space is well known to be SCR due to the rigidity part of the positive
mass theorem for asymptotically Euclidean manifolds [42, 46]. Similarly, a version
of the positive mass theorem for asymptotically hyperbolic manifolds implies that
hyperbolic space [11, 35] is SCR. Inspired by these examples, it was expected that
the upper half of the round sphere would be SCR as well but this conjecture was
surprisingly disproved by Brendle—-Marques—Neves [7].

Concepts of mass exist also for other asymptotics such as asymptotically locally
Euclidean (ALE) and asymptotically (locally) flat (AF/ALF) and it is natural to ask
about consequences for scalar curvature rigidity in these cases. In fact, the assertion
of the positive mass theorem does not hold for ALE manifolds in general [31] but
there is a version for ALE spin manifolds by the first author which implies that ALE
manifolds with parallel spinors [13] are SCR. A version of the positive mass theorem
also exists for AF/ALF metrics which implies that R"~1 x §!is SCR [34].

The purpose of this paper is to systematically characterize scalar curvature rigidity
of Einstein manifolds. It is natural to restrict to the class of Einstein metrics as the scalar
curvature of a non-Einstein metric can (at least in the compact case) be increased, for
example by evolving it along the (normalized) Ricci flow. If the scalar curvature of the
Einstein metric is nonzero, we will impose a volume constraint on the deformations
of the metric.

We will state and prove equivalent characterizations of scalar curvature rigidity on
closed as well as on open Einstein manifolds. In particular, our manifolds do not need to
be complete and our results also allow to detect which subsets of compact or complete
noncompact Einstein manifolds are SCR. Scalar curvature rigidity is characterized
by means of positivity of the Einstein operator which is an elliptic operator closely
related to the well-known Lichnerowicz Laplacian.

Our results imply that Ricci-flat manifolds with parallel spinors are SCR. This fits
well with Witten’s proof of the positive mass theorem which does also work in the
ALE case and as mentioned before, implies that Ricci-flat ALE manifolds with parallel
spinors are SCR. In contrast, the Riemannian Schwarzschild metric and the Taub—Bolt
metric are Ricci-flat ALF metrics which do not have parallel spinors and we prove
in this paper that both metrics are not SCR. This allows us additionally to show that
a positive mass theorem does not hold for these metrics: There are small scalar-flat
perturbations of these metrics which decrease the mass.

1.1 Closed Einstein manifolds

In the following we give equivalent characterizations of scalar curvature rigidity of
closed Einstein manifolds. In the Ricci-flat case, many implications between the dif-
ferent conditions (stated in Theorem 1.1 below) were shown in the literature. However,
we could not find a formulation in this complete form. Before stating the theorem,
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let us recall that the (conformal) Yamabe invariant of a conformal class of metrics is
given by

Y(M, [g]) := inf vol(M,g)%*I/ scal? dV&.
gelgl M

In the following we think of the conformal Yamabe invariant as the functional Y :
M 3 g Y(M,[g]), where M is the space of smooth Riemannian metrics on the
manifold M. The topology we use for the locality statements in the remainder of the
section is the C>-topology on the space of metrics.

Theorem 1.1 Let (M, g) be a closed Ricci-flat manifold. Then the following are
equivalent.

(i) g is a local maximizer of the conformal Yamabe invariant.
(ii) Close to g, there is no metric g with scal® > 0 and scal® > 0 somewhere.
(iii) Close to g, there is no metric of constant positive scalar curvature.
(iv) Any scalar-flat metric close to g is also Ricci-flat.
(v) g is dynamically stable under the Ricci flow.

The equivalence (i)<>(ii) follows from the solution of the Yamabe problem [40]. The
implication (ii)=>(iii) is trivial and the converse implication (iii)=>(ii) follows from
the structure of the space of constant scalar curvature metrics, see [25, Theorem 2.5]
and again [40]. A central ingredient from the Yamabe problem used here is the fact
that the sign of the Yamabe invariant of a conformal class is the same as the sign of
any constant scalar curvature metric in it.

The implication (ii)=>(iv) is widely attributed to Bourguignon and is carried out in
detail in [17, Proposition 2.1]. The converse implication (iv)=>(ii) is less straightfor-
ward and requires some more work. We will carry out the arguments for the Einstein
case stated below. Finally, the equivalence (i)<-(v) follows from using Perelman’s
A-functional, and more precisely, the assertion

(vi) g is alocal maximizer of the A-functional.

In fact, (v)=>(vi) follows from the monotonicity of A along the Ricci-flow [37] and
(vi)=(v) is Theorem 1 in [23]. The remaining equivalence (i)<>(vi) is Theorem 1.1
in [29] by the second author.

A criterion for all these conditions to hold can be formulated in terms of the Einstein
operator which we introduce now. Recall that a symmetric two-tensor is called a
transverse traceless tensor, or TT-tensor, if its trace and its divergence both vanish
identically. The space of TT-tensors is denoted by 7T, if we do not specify any
regularity.

Definition 1.2 The Einstein operator Ag : C®(S*M) — C>®(S*M) is defined by
Agp = V*V — 21%, where I%hij = Kt Rikij, where we use the Einstein summation
convention. A closed Einstein manifold is called linearly stable if all eigenvalues of
AEg|rT are nonnegative and linearly unstable otherwise. We call an Einstein manifold
integrable, if all h € ker(Ag|rr) are tangent to smooth families of Einstein metrics.
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456 M. Dahl, K. Kroncke

Remark 1.3 The equivalent conditions in Theorem 1.1 do hold if (M, g) is linearly
stable and integrable [41]. Linear stability and integrability are satisfied by closed
Ricci-flat manifolds whose universal cover admits a parallel spinor [1, 17, 44]. This
is a large class of closed Ricci-flat manifolds, which contains all known examples of
such manifolds. It is a major open problem whether examples outside this class exist.

It is natural to ask for an analogue of Theorem 1.1 for closed Einstein manifolds. In
this case, it is essential to impose a volume constraint in order to avoid rescalings of
metrics which obviously just rescale the scalar curvature. To formulate the theorem,
let M, be the set of smooth Riemannian metrics on M of volume ¢ > 0.

Theorem 1.4 Let (M, &) be a closed Einstein manifold and ¢ = vol(M, g). Then the
following are equivalent.

(i) g is a local maximizer of the Yamabe invariant.
(ii) Close to g, there is no metric g € M, such that scal$ > scal® and scal® > scal®
somewhere.
(iii) Close to g, there is no constant scalar curvature metric g € M, such that
scalé > scald.
(iv) Any metric g € M. close to § with scal® = scal? is also Einstein.

If scal® < 0, then (i)~(iv) are also equivalent to
(v) g is dynamically stable under the volume-normalized Ricci flow.

The equivalence (1)< (v) is [29, Theorem 1.2] by the second author. We will prove
the equivalence of (i)—(iv) in Sect. 6. In contrast to Theorem 1.1, the results on the
Yamabe problem can not be used to show equivalence of (i), (ii) and (iii) as the sign
of the Yamabe invariant does not play any role here. Two ingredients are essential: On
the one hand, we use a parameter-dependent generalization of the A-functional. On
the other hand, we provide a new structure theorem of the space of metrics close to g
which extends both Koiso’s structure theorem [25] and Ebin’s slice theorem [18].

Remark 1.5 In Theorem 1.4, (v) = (i) does hold when scal® > 0 as well, but the
converse then false. The complex projective space is a prominent counterexample
[29, Corollary 1.8]. However, it seems reasonable to believe that if (i) holds, g is
dynamically stable with respect to an adapted version of the Ricci flow, for example
the Ricci-Bourguignon flow [10] or the conformal Ricci flow [20].

Remark 1.6 Asin the Ricci-flat case, the conditions (i)-(iv) do hold if (M, g) is linearly
stable and integrable. If scalé < 0, all known examples satisfy both conditions [14].
In contrast, there are many known unstable closed Einstein manifolds with scalé > 0,
see [12] for examples.

1.2 Open Einstein manifolds
For the characterization of scalar curvature rigidity of open Einstein manifolds, we

need an appropriate definition of linear stability in this setting. Let C2°(T'T) be the
space of compactly supported TT-tensors on the manifold M.
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Local and global scalar curvature... 457

Definition 1.7 An open Einstein manifold (M, g) is called linearly stable, if the
number

w1 (Aglrr, M) i=inf {(Agh, )2 | h e CETT), )2, =1

is nonnegative and linearly unstable otherwise.

The number wi(Ag|rr, M) is the bottom of the L2-spectrum of of the Einstein
operator acting on TT-tensors. If M is the interior of a compact manifold M with
smooth boundary, w1 (Ag|rT, M) coincides with the smallest Dirichlet eigenvalue
of Ag|rT on ‘M. This follows from the nontrivial fact that C X(TT)is H I_dense in
H'(S2M) N TT. The proof of this fact follows from results of Delay [15], and is
carried out in detail in Section 3.3.

The theorem in the Ricci-flat case can be now formulated as follows:

Theorem 1.8 Let (M, g) be an open Ricci-flat manifold which does not admit a linear
function, that is, there is no nonconstant function f with V2 f = 0. Then the following
are equivalent:

(1) (M, @) is linearly stable.
(ii) Closeto g, there is no metric g with g — gl x = 0 for some compact set K C M
which additionally satisfies

scal® > 0, scalé(p) > 0 for some p € M.

(iil) If g is a metric close to § with scal® = 0 and g — g|y\x = 0 for some compact
set K C M, then g is isometric to g.

Conditions (i),(ii) and (iii) can be seen as respective replacements of the conditions
(i), (ii) and (iv) in Theorem 1.1. Conditions (iii) and (v) in Theorem 1.1 do not have
appropriate replacements in the present situation. We cannot construct perturbations
with larger constant scalar curvature if we just allow compactly supported perturbations
of g. Finally, dynamical stability does not make sense in this context either as there is
no canonical Ricci flow on an incomplete manifold.

The proof of theorem 1.8 will not be carried out in detail as it follows, up to minor
modifications, along the lines of the proof of the corresponding theorem in the general
Einstein case. There, we have to additionally assume a spectral inequality and to
impose a volume constraint on the support of the perturbations. The theorem reads as
follows:

Theorem 1.9 Let (M, &) be an open Einstein manifold satisfying the following two
assumptions:

(A) (M, §) is not locally isometric to a warped product.
(B) Ifscal® > 0, M is the interior of a compact manifold M with smooth boundary
whose first nonzero Neumann eigenvalue satisfies

5 — scal®
M (A%, M) >

ey

n—1
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Then the following are equivalent:

(1) (M, @) is linearly stable.
(ii) Close to g, there is no metric g with

g —8lmk =0, vol(K, g) = vol(K, g)
for some compact set K C M which additionally satisfies
scal® > scal®, scal®(p) > scal®(p) for some p € M.
(iii) If g is a metric close to g with scal® = scalé and
g —8&lmxg =0, vol(K,g) =vol(K, g)

for some compact set K C M, then g is isometric to §.

Remark 1.10 The two implications (i)=(ii) and (i)=-(iii) do also hold without
Assumption (A), as it does not appear in the proof. Conversely, the two implications
(ii))=-(i) and (iii)=(i) do also hold without Assumption (B).

Remark 1.11 Regarding the assumptions in Theorem 1.9:

(i) If (M, g) is an open subset of a closed Einstein manifold (N, g), Assumption (A)
is satisfied unless (M, g) is of constant nonzero curvature or (N, g) is a Ricci-flat
product manifold with a flat factor.

(i) Assumption (B) holds whenever M is a compact manifold with a convex boundary,
see [19, Theorem 4.3].

The implications (i)=>(ii) and (i)=>(iii) are proven together. As in the closed case,
we use a parameter-dependent generalization of Perelman’s A-functional which we call
Aq- In the closed case, A, assigns to every metric the smallest eigenvalue of an elliptic
operator. To recover a similar variational structure in the presence of a nonempty
boundary it turns out to be convenient to impose Neumann boundary conditions for
this functional. Assumption (B) will give us the right sign for the second variation
of Ay. A detailed discussion of X, is carried out in Sects. 5 and 7, cumulating in
Theorem 7.1.

The other part of the proof consists in proving the implications —(i)= —(ii) and
—(i)= —(iii). Assuming that (M, g) is linearly unstable, we will construct volume-
preserving perturbations of the metric ¢ with larger scalar curvature respectively with
the same scalar curvature but which are not Einstein. Linear instability enters in an
essential way since the crucial term in Df, scal(h, h) is given by —1/2(AEgh, h). The
construction of these perturbations follows from a carefully executed second order
implicit function argument using the solution theory of underdetermined elliptic equa-
tions on manifolds as developed by Delay [15]. Assumption (A) guarantees solvability
of the equations that appear. The details of this construction is carried out in Sect. 4.
All the arguments outlined in these two paragraphs are brought together at the end of
Sect. 7.
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The typical example to which Theorem 1.9 applies is an open subset €2 of a complete
Einstein manifold M. To simplify the following discussion, let us assume in this remark
that 2 does satisfy the Assumptions (A) and (B).

By domain monotonicity of p1(Ag, 2) and the fact that u1(Ag, ) — oo as
2 shrinks to a point, we see that sufficiently small open subsets of a given Einstein
manifold M are SCR.

If M is linearly unstable, open subsets 2 C M are SCR whenever they are so
small that w1 (Ag, Q) > 0. If Q is so large that u1(Ag, 2) = 0, it is still SCR
because we restrict to perturbations with compact support in €. Each such per-
turbation will then be supported in a slightly smaller domain ' C € where we
have w1 (Ag, ) > 0 by monotonicity. If € is taken only slightly larger, we will
immediately have w1 (Ag, 2) < 0 and scalar curvature rigidity fails.

It is open at the moment whether in the case 11 (Ag, ) = 0, we also get scalar
curvature rigidity with respect to perturbations whose supports do hit the boundary of
Q2. This question presumably depends on the integrability of elements 1 € ker(Ag|rT)
with Dirichlet boundary conditions on 32 and will be subject of further investigations.

Example 1.12 Any open non-product Ricci-flat manifold whose universal cover carries
a parallel spinor, is linearly stable and therefore SCR by Theorem 1.8. This applies to
all known examples of Ricci-flat manifolds which are either closed or ALE. Examples
of Ricci-flat AF/ALF manifolds with parallel spinors are provided by R*~! x §! and
the Taub-NUT metric.

There are also Ricci-flat manifolds which are linearly stable but do not admit parallel
spinors. In [28], the second author showed that Ricci-flat cones over S" x S$™ are
linearly stable if n +m > 9.

Example 1.13 In other geometric situations than closed or ALE, there are many
examples of unstable Ricci-flat manifolds which by Theorem 1.8 are not SCR:

e The Riemannian Schwarzschild metic and the Taub—Bolt metric are both linearly
unstable AF/ALF Ricci-flat metrics.

e A Ricci-flat cone over a product Einstein manifold is linearly unstable if n < 10
[22].

e Bohm constructed complete noncompact Ricci-flat manifolds which are asymp-
totic to such cones [8]. These examples are linearly unstable as well.

Similarly, in constrast to the closed case, there are many examples of noncompact
linearly unstable Einstein manifolds of negative scalar curvature which by Theorem 1.9
are not SCR:

e The AdS Riemannian Schwarzschild metric and the AdS—Taub—Bolt metric are
both linearly unstable for certain parameters [39, 45].

e A hyperbolic cone over a product Einstein manifold is linearly unstable if n < 10,
see [28, Theorem 4.7] by the second author.

Remark 1.14 There is an interesting analogy of this to geodesics and minimal sur-
faces which are minimizers of the respective area and energy functionals if they are
small, until they may reach a critical size at which the respective smallest Dirichlet
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460 M. Dahl, K. Kroncke

eigenvalues change sign. In that sense, the boundary 92 of a domain Q C M with
w1(Ag, ) = 01is an analogue of a pair of conjugate points. The present problem is
much more complicated however, as we do not only want to increase a single functional
such as area or energy but a function on the domain.

2 Notation, conventions, and formulas

Throughout the paper, any Riemannian metric will be smooth, unless stated other-
wise. The Riemann curvature tensor of a Riemannian metric g is defined by the sign
convention that R;jx = g(Vy Vaj 0k — Vaj Vs, 0k, 07). The Ricci curvature and the
scalar curvature of a metric g are denoted by Ric8, scal$, respectively. The Laplacian
on functions is defined by A% f = V*V f = —¢"/ V], f, where we use the Einstein
summation convention. The volume element is denoted by dV$.

The bundle of symmetric two-tensors is denoted by S>M while the subbundle of
tracefree symmetric two-tensors (with respect to a given metric) is denoted by SgM .
For the space of sections of a vector bundle E with regularity for example C*°, C5¢,
we write C®°(E), Ck""(E ) etc. Although TT-tensors do not form a bundle, we write
for notational convenience C*°(T T') or C5% (T T) for the TT-tensors with respective
regularity.

The divergence of a symmetric two-tensor and of a one-form are defined by 6/ =
—g"Vih i and w = —g"/ V;w;, respectively. The formal adjoint §* : C®(T*M) —
C>®(S?M) is given by (*w)ij = %(Viwj + Vjw;). For h, k € C®(S2M), we
define another two-tensor h o k by (h o k);j = hip gmlklj. Furthermore, we define
the Lichnerowicz Laplacian A; : C®(S*M) — C>(52M) by

Aph = V*Vh + Ric oh + h o Ric —2Rh.

Note that in the Einstein case A;, = Afg + 20, if o is the Einstein constant.
The following well-known variation formula is essential for our main results. For
the proof see [6, Theorem 1.174].

Lemma 2.1 The first variation of the scalar curvature is given by
d +th .
D, scal(h) = 7 scals™" |,—o = Atrh + 8(8h) — (Ric, h).
In particular, if g is Einstein with Ric = o g, we have
d +th
Dy scal(h) = o scals™" |,_o = Atrh + 8(8h) — o tr h.

For the purposes of this paper, we have to go beyond the first variation formula and
compute the second variation formula of the scalar curvature.
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Lemma 2.2 The second variation of the scalar curvature is given by

2

d 1
D; scal(h, h) = T scalsT" |,_o = (h, V> trh) — <5h + EVtrh, Vtrh> — Alh)?

—_—

+(h, Vh) — |8h|? — ~(Vtrh, 8h) + 8(8'h)

— N

1
—<§ALh — §*(8h) — §v2 trh, h> + 2(Ric, h o h).

where the prime’ is shorthand notation for the first variation in the direction of h. In
particular, if g is Einstein such that Ric = o g and h is a TT-tensor, we have

1
D; scal(h, h) = —A(h[*) + 8(8'h) — E(AEh, h) + o |h)?.

Remark 2.3 The precise form of §'# is irrelevant for our purposes which is why we do
not write it out explicitly.

Proof of Lemma 2.2 From Lemma 2.1 we have

d
D} scal(h, h) = E(A trh + 8(8h) — (Ric%, h))|;—o

= A'(trh) + At h) + 8 (8h) + 8(8'h) — (Ric, h) — (Ric, h)’
= A'(trh) — A(h®) + 8'(8h) + 8(8'h) — (Ric', h) + (Ric, h o h),

where we used standard variational formulas for the trace and the scalar product. The
proof of the lemma is completed by using the variational formulas

1 1
Ric’ = D; Ric(h) = EALh — §*(8h) — §V2 trh,
1
A'f =DyAh) f = (h, V2 f) — <8h +5Vuh, Vf>,
1
8w = Dgs(hw = (h, Vo) — (8h, ») — S (Virh o),

where f is a function and w a one-form. For more details on these formulas, see for
example [6, Section 1.K] or the appendix of the second author’s PhD thesis [27]. O

3 Underdetermined elliptic equations
In our construction we will need to find solutions of underdetermined elliptic equations

whose supports are contained in a prescribed compact set. In this section we review
constructions and results from the work of Delay [15] as we will apply them.
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3.1 Weighted function spaces

We begin by introducing the weighted function spaces used by Delay in [15]. Let 2
be a precompact open set with smooth boundary, and let x be a smooth nonnegative
defining function for the boundary, so that 9Q = x~!({0}) and dx # 0 on 9. For
a € Nand s € R, s # 0, define the functions

¢ i=x% =0T DeTSx = x2S

Define the weighted Sobolev spaces H e the weighted Holder spaces Cy ’“ , and the
weighted Fréchet space C$° AR in [15], that is

1
k 2
luall e, = (/ Z¢2ilviu|21/f2dv)
v SZi:O

As the choice of norm depends on the parameters s and a in an essential way, we intro-

duce an alternative notation, which better fits in the framework of other conventions
. _1

for weighted Sobolev spaces. Let = e x. For §, s € R, we set

|u||Hk = (/ Z|¢(l iy, 29 2s¢ dV)

and define H x ; to be the closure of CZ° with respect to this norm. Comparing these
two notions, we easily see that

g, = e,

Note also that Hg‘ = Hg‘ o a standard example of a weighted Sobolev space. A
convenient reference for their properties are the lecture notes [3] of Bir.

Let us collect a few properties of these spaces. At first, if §; < &2, s1 < 52 and
k,l € No, we have

k41 Tk
H52 s © H51,31'

Furthermore for &,/ € Ny, §, 81, s, 51 € R, we have bounded maps
1. gk+l Tk 81 . gk Tk s1 . gk Tk
Vi Hy " — Hy g, @°' i Hy o — Hgys o, 0°' i Hy o — Hg o,
where the latter two are of course isomorphisms. The Holder inequality in this setting
states that

o1 1 1
vty _CIIMIIL(l;1 ||v||L§2, if ;=;+5,51,826R
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and the Sobolev embedding theorem tells us that

>

S~

1
ull . krip < Cllull. kg, if —
l ||W5+p_ Il ”Wriq .

< | =

The following lemma is a straightforward consequence.
Lemma 3.1 Ifk > n/2 we have a continuous multiplication
Tk Tk Tk
Hg, x Hg, — Hyg, 5 .
In particular ﬁg‘ is then an algebra for § > 0.
I=j

Proof For 0 < j <[ < k, choose p, g suchthat% = %—}—%and% > %—T,
1.1

7> 2" ril This is possible since k > n/2. For 0 <[ < k we estimate

H v! (uv)

I
, gcznv’—-/ueav/vu .
L51+5271 j=0 H61+5271

I
<C Z ‘)Vl_-/u
j=0

7]

P ‘ q
L5|*(l*j) L51*/

I
<3 Nl ol
< €Y lullygi—ro N0l
j=0

[
<C Y Ml lollgg -
=0 1 2 O

Corollary 3.2 Ifk > n/2 we have a continuous multiplication
Tk Tk Tk
H8|,S1 2 H52,S2 — H51+82,s1+32'
In particular ﬁg‘ , is then an algebra for 5,5 > 0.
Proof This follows directly from the above lemma, since

Sk 515k ps1 Sk
HS],S] =0 H81,0 =0 HS] ’
sk a5k s Sk
Haz,sz =0 HSQ,O =0 HSQ’

Tk _ pS1+s 13k _ ns1+s2 17k

H51+82,51+Sz =0 H81+52,0 =0 H51+52'

Theorem 3.3 Let H; v = Hfa,_s wheres >0, a > n, and k > % Then for
u,v e w2¢2H£*j,
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we have that
Viu@Vive wzlflg)w
forQ <i,j<2.

Remark 3.4 This assertion extends easily to an arbitrary number of tensor products of
the form V''u; ® - - - ® VN uy. In particular, the scalar curvature map g +> scal, can
be extended as a map between these spaces.

Proof Note that

w2¢21j']£-‘,1-/j2 — 925¢2+2a—nl_"1k+2 — I_"Ik+2

—a,—s a+2—n,s’
2 7k 2s 42a—n ¥k Tk
14 Hd’,lﬁ =0 qu ¢ nH—a,—s = Ha—n,s’
and that
Viu,Viv e Iflf_n,s.
Since k > 5 and a — n > 0 the result follows by the above corollary. O

Note that s < 0 gives spaces of sections which vanish to all orders at the boundary,
whereas s > 0 gives spaces of sections which blow up to all orders.

Assumption 3.5 From now on, we assume s < 0.

3.2 Trace-free symmetric two-tensors with prescribed double divergence

We will now state the main result of [15] in the case of the double divergence operator
82 acting on trace-free symmetric two-tensors. This will be applied in Sect. 4

Let P := 82 considered as a map from trace-free symmetric two-tensors to func-
tions. The formal adjoint is then the trace-free part of the Hessian, P* = V2. We make
the following assumption.

Assumption 3.6 We assume that the kernel /C of P* consists only of constant functions.

This assumption is equivalent to the metric not being locally a warped product (see
Theorem 4.3.3 of [38]).

Since P = § o § acting on trace-free symmetric two-tensors, we have P* =D o d
where d is the differential acting on functions and D is the conformal Killing operator
acting on 1-forms. By Sections 9.1 and 9.4 in [15], the conditions (API) and (KRC)
hold for d and D and we conclude that these conditions hold for P* as well.

Define the operator

Loy =V 2 PYp*P*.

Let K+ be the orthogonal complement of /C with respect to the sz inner product. Then
ICt consists of all functions f such that fQ f Y2 dV =0.Let w1 be the orthogonal
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projection onto K- with respect to the L%// inner product. By Theorem 3.8 of [15] we
have that

7T]CL£¢7¢ Ktn H(];-:f - Ktn Iflgw

is an isomorphism. By (10.3) in [15] we further have that
p y

k-+4 k+2

¢ P* Hde H s

is a bounded map, which means that also
VTP > v LY
is bounded. Define the operator Q by
0(f) = v?¢*P* (Gt L)~ (¥721)). @)

By the above, this is a bounded map
0:y> (ICLmHm,,) - Y27

Let f € wngO be such that fQ f dV = 0. The trace-free symmetric two-tensor
U := Q(f) is a solution to the equation P(U) = f and Theorem 5.1 of [15] tells us
that U € ¢ ¢2c;;° so that U is smooth and U and all its derivatives vanish on 9€2.
This theorem is formulated with the assumption that f smooth with compact support
in ©, but the proof only uses that f € 1//2C 20

We summarize the above discussion in the followmg theorem.

Theorem 3.7 (Delay) Let (M, g) be a Riemannian manifold for which Assumption
3.6 holds. For any f € l/szqof(p(M) with fQ fdV = 0, the trace-free two-tensor
U = Q(f) is a solution to

s@U)=f

with U € 1//2¢2Cgf’(p(SéM) so that U is smooth and U and all its derivatives vanish
on 0K2. Further, for any nonnegative integer k there is a constant C so that

||U||1/,2¢21f1£j < Cllflllpz;,g‘w 3)
for all such f.
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3.3 Density of TT-tensors

We will now apply the results of [15] to conclude that the compactly supported TT-
tensors are dense in spaces of TT-tensors of some specific regularity. This will be
applied in Sects. 4 and 7.

Lemma3.8 Let (M,g) be a compact manifold with boundary. Then the
space CX(TT) of compactly supported TT-tensors is ¢2¢2H£)w-dense in
Y292 Hy | (TT).

Proof Let h € TT N 1/f2¢2ﬁ£’w(S§M). By definition, there is a sequence h; €
C;’O(S(%M) such that z; — h in the w2¢2H£’¢-n0rm. Now we would like to find

correction tensors k; € CfO(SSM) such that 4; — k; — h in the 1//2¢>2H£’w—norm and
8(h; — ki) = 0. We therefore need to solve the equation

8k;i = 6h; = 8(h; — h).

Leta € Nand s > 0 be the parameters such that ¥, _ = H£¢ Then ¢2¢2ﬁ£’¢ =
Iflfﬁ_n’s and 6(h; — h) — O in the Hé‘;ll_n’s—norm.

We now apply Delay’s results with P =3 acting on trace-free symmetric two-
tensors, so that P* = D where D is the conformal Killing operator acting on 1-forms.
The kernel K of D consists of the 1-forms dual to conformal Killing fields. Let K+
be the orthogonal complement of X with respect to the L%// inner product and let 7.

be the orthogonal projection onto /C-. Define the operator
£¢,¢ = 1/[—2131/[2¢213* : I‘Q]fJbr’l_S — I‘OIEZI_S
By Theorem 3.8 of [15] we know that

mi Ly s KN Flf-,;l_s S Ktn ﬁfg}_s

is an isomorphism for each b € N whose inverse we denote by 0.
Since h; — h vanishes on the boundary of M we have V28(h; — h) € K1. The
solution k; of the equation

8ki = 8(hi — h)
is thus given by
ki = Y29*P* Qy 28 (hi — ). “)
We have y[f’zé(h,-—h) — Oin Hf;}rl,_s.lfwe setb = a—1 inthe above isomorphism,
we get Qy~28(h; —h) — 0in HY[}, _ and P*Qy~28(h; —h) — 0in H*, =
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H(’;J// so that finally

ki = y2¢?P* Oy 28(hi —h) — 0

in Y ¢2H k which is what we wanted to prove.

To ensure that the k; are compactly supported in the interior of M, we refine the
argument as follows. Take a sequence of diffeomorphisms ®; : M — Q; C M con-
verging uniformly in all derivatives to the identity map on M, where the precompact
subsets €2; are such that supp(h;) is compactly supported in the interior of €2;. Such
diffeomorphisms can be constructed by choosing a tubular neighborhood of 9 M and
deforming the identity map in the radial direction. We then get that g; := ®} g con-
verges to g smoothly in all derivatives. Let hi = ®*h;. We define k;, similar to k; in
(4), by

ki = w292 PF Qi 288 (hy — ®Fh), ®)

where the operators P; and Q; are now defined with respect to the metric g, Note

that with the same parameters a, s as above, we have ®7h ¢ 292 gk ¢ v = Ha s

because £ is not supported in €2;. However, since 55 (<I>;‘h) = 0 and the /; are sup-
ported in the interior of M, we still have §8 (hi — CD*E) € Hf _Hl n.5° which is what
we need to make sense of k in (5). By construction, §8i (h — k ) =0.Since gi — g
smoothly, 8% (h; —CID*h) — 0in H*” +1 Cns andk; — Oiny ¢2 - Now the tensors
ki = (db,)*k, are supported in €2;, and so are h; — k;. By dlffCOl’l’lOI‘phlSm invariance
of the divergence, we get 58 (h — k;) = 0 and because ; converges to the identity,
we also get ki — 0 in y2¢2HX Hy . Therefore, hj — ki — hin v 22 HK Hy ., as desired.

O

Lemma3.9 Let (M, g) be a compact manifold with boundary. Then the space
C(TT) of compactly supported T T -tensors is H'-dense in H'(TT).

Proof We deduce this density lemma from Lemma 3.8 and a trick. Consider § as a
map C oo(S(%M ) — C°°(T*M) and consider its formal adjoint

1
D= (1 - —g- tr) 0 8% 1 C®(T*M) — C®(SIM).
n
Then we have the L?-orthogonal decomposition

. 242 gk R
V221, (S3M) = DCRT M) " @y HE ,(TT)

and by Lemma 3.8, we actually have

Ip2¢72H£

o e — - 2
W22 HL , (S3M) = DCE(T* M) vgceaT)” v
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Now if we take the closure of this decomposition in the H'-norm, we get

1

H'(S2M) = DCE T )" @ coa)” .

Let us justify this statement: let U C H! (S(%M ) be a dense subspace which admits the
—H! .
Lz—orthogonal decomposition U = V & W. Further, letu € U - H! (S(%M) and
u; be a sequence in U, uniquely decomposed as u; = v; + w; withv; € V, w; € W.
since the L?-orthogonal projections
o —H! . g
my  BYS2M) - VT B2y > W

. . - —H!
are H'-continuous, 7y (u;) = v; and Ty (u;) = w; converge in H!tolimitsv e V
1

- gl gl
and w € WH respectively and we have u = v + w. Clearly VH and WH have
trivial intersection as they are L2-orthogonal as well. Thus

—pl ° —gl gl
v’ = a2y =v" oW,

which is what we stated. Since we of course also have the decomposition
71, ¢2 SrrsorreH! 71
H (SgM) =D(CX(T*M) @ H (TT),
we may conclude
[E— o1
CR(IT) =H\TT),

as desired. m]

Note that if (M, g) is an Einstein manifold with Einstein constant o, we have the
standard commutation formulas (see for example [32] and [27, p. 15])

troAg = (A —20) otr,
§oAgp =(Ag —20) 034,
Agpos* =680 (Ay —20),
Ap(fg) =(Af =20 /)8,

where Ay is the Hodge Laplacian on one-forms and f is a function. Hence, Af is
diagonal with respect to the L?-orthogonal splitting

51,2 [ 51 Wﬂl o1
H (M) =\H (M) - g+ 8*(CX(T*M)) @S H (TT).

Thus, it makes sense to speak about the lowest (Dirichlet) eigenvalue of Ag on TT-
tensors.
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Corollary 3.10 Let M be a compact Einstein manifold with boundary. Then its interior
is linearly stable in the sense of Definition 1.7 if and only if the smallest Dirichlet
eigenvalue of Ag on TT-tensors is negative.
Proof By Lemma 3.9 and continuity, we have
inf {(AEh,h)Lz |h e COTT), k]2, = 1}
mf{(AEh Wy | he HA(TT), [h]3, = }

which immediately implies the result. O

Lemma3.11 Let h € CX°(TT) satisfy h # 0 and suppose that

/ (Agh,h)dV = 0.
M

Then there exist tensors hy € C2°(Q2) N TT such that
/ (Aghy, hi)dV = £1, / (Aghy,h_)dV = 0. (6)
M M

and h = Y(hy +h_).

Remark 3.12 This result reflects the following elementary fact: a null vector for a
non-degenerate quadratic form can be written as the sum of normalized orthogonal
spacelike and timelike vectors. This fact is needed in an essential way in a construction
in the next chapter.

Proof Consider the symmetric bilinear form Q : CX°(TT) x C(TT) — R, given
by

Ok1, k) = /M<AEk1,k2)dV.

Observe that it is non-degenerate since Ag : C°(TT) — C2°(TT) does not have
a kernel. We first prove that there exists a k € C2°(TT) such that Q(k, k) =

and Q(h, k) = % To find this k, let ko be such that o := Q(ko, h) # 0. If B :=
Q(kg, ko) =0, we set k = zlko. If/3 # 0, we observe that ki = —2—“ko + h satisfies

Q(k1, k1) = 0and Q(ky,h) = -5 Q(k h) = _T Then k = ——k1 has the
required properties. It is then easy to see that the tensors 14 = h=+k have the properties
stated in the lemma. O
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4 Prescribing scalar curvatures

In our next theorem we will construct 1-parameter deformations of a metric g with
prescribed scalar curvature and volume form, and a symmetric two-tensor 4 prescribed
as the first derivative of the deformation.

Theorem 4.1 Assume that (M, g) is a compact Einstein manifold with boundary, which
is not locally a warped product. Let f; be a 1-parameter family of smooth functions,
with C3-regularity in the parameter t. Assume that the f; are supported in the open
set Q2 which is relatively compact in the interior of M. Further, assume that h # 0 is
a smooth TT-tensor with support in Q2 satisfying

/ (Agh,h) dV = —2/ fodV. 7
M M

Then there exists a 1-parameter family g, of metrics with go = g and %g,h:o =h
such that

2

t
scal®’ = scal® +Eft’ ®)
dVs = dV&, 9)

and g; = g outside of Q.

Remark 4.2 A famous result by Kazdan and Warner [30] (with an improvement by
Bérard Bergery [5]) asserts that closed manifolds divide into three disjoint classes
according to which functions can be the scalar curvature of a Riemannian metric:

(i) Any smooth function is the scalar curvature of a smooth metric.

(i) A smooth function is the scalar curvature of a smooth metric if and only if it is
either identically zero or strictly negative somewhere. In this case, any scalar-flat
metric is Ricci-flat.

(iii) A smooth function is the scalar curvature of a smooth metric if and only if it is
strictly negative somewhere.

Similarly, Theorem 4.1 gives us a dichotomy for perturbations of the scalar curvature:

(i)’ If (M, g) is linearly unstable, any C°-function is a second order scalar curvature
perturbation of a C2°(T T')-perturbation of g.

(iii)’ If (M, g) is linearly stable, a C2°-function is a second order scalar curvature

perturbation of a C2° (T T')-perturbation of g if and only if it has negative integral.

An analogue of (ii) does not exist: This would correspond to the neutrally lineary
stable case where ,ulD(AE, TT) = 0. However, the infimum in /Lf)(AE, TT) can
then not be realized by a C2°-tensor.

Proof of Theorem 4.1 The assertion can be regarded as a kind of second order implicit
function theorem. As in the standard implicit function theorem, the proof is based on
a contraction argument, but in this case, it is for second order perturbations. We work
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in Delay’s function spaces v2¢*H k42 Wwe introduced in Sect. 3. To carefully execute

the arguments, we have divided the i)roof into seven steps. Throughout the proof, the
Einstein constant of g is be denoted by o.

Step 1: Solving to second order at r = 0. Let /2 be a smooth TT-tensor such that
(7) holds and let k be a symmetric two-tensor. Set g; := g + th + %k Since h is a
TT-tensor we have

d
7 scal®’ |;—o = Dgscal(h) =0

and

d 1
—dV8 ;g =DedV(h) = | =tr®h )dVE =0.
di lr=0 dV (h) (2 r >

We want to choose k such that

d2
o scal®” |;—o = Dg scal(k) + D; scal(h, h) = fo, (10)
and
d2
WdVg’ lt=0 = ngV(k) + D;dV(h, h) =0, (11D

so that scal® = scal® —i—%fo + 0@ and dV& = dV& + O(3). First, set k
= %Ihl2 g+ /2, where £ is a trace-free two-tensor. Then,

1 1 1
2 _ 2 2 _
DedV (k) + D2dV (h, h) = <§trgk + gt by E|h|g> dvs =0,

and (11) holds. To solve (10), we recall from Lemmas 2.1 and 2.2 that

Dg scal(k) = A(tr® k) 4 8(8k) — o tré k,

D;scal(h, h) = —A(h[*) + 8(8'h) — %(AEh, hy +olh|?,
where the operator 8" also depends linearly on . We now have
Dy scal(k) + D} scal(h, h) = 8 <8’h - :—ld|h|2 + 5/2) — %(AEh, h).
The function

1
-5 <8’h - —d|h|2>
n
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has vanishing integral, and by assumption the same holds for
1
E(AE’L h) + fo,

so from Theorem 3.7 we get a trace-free symmetric two-tensor & with support in Q
such that

, 1
88k = —8 (5% - ;d(|h|2)> + —(Agh, h) + fo.

1
2

With this choice of 12, our tensor k € C®(S2M) satisfies (10) and the first step is
finished.

Step 2: Setting up an iteration. Using an iteration argument, we are going deform
the family g; to a solution of (8) and (9).

For integers i > 0 set

. 1
s’ =g +h+ ok,

where h t(’), kt(l) are families of symmetric two-tensors depending on ¢, and we assume

that the h;i) are TT-tensors. The iteration begins with ht(o) := th and k,(O) = 1%k so

that g,(O) = g;. We will then find & t(i), kt(i) iteratively from the equations

Dyseal(k ™" — k) + Dy seal(hy ™V ") — D seal by’ ")
p | (12)
= scal(g) + Eft - Scal(gz([))

and

DedV (k" — k) + D2dv (n{*D, n{ V) — D2av (i, n)
=dV(g) —dV(g") (13)
=(1-UMavs,

where U,(i)dV(g) = dV(gt(i)).

Step 3: Solving the iteration. We now explain how to determine h;i), k,(i).

For the TT-tensor hfi), we use two slightly different constructions depending on
whether Fj := f n Jo dV vanishes or not. If Fy # 0 we set

A = (1 + 2 D)n, (14)
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where A;i) is a function of ¢ only. In the case Fp = 0 we set

@) 1 @)
h =1t E(h++h,)+)\, (hy —h_) |, (15)

where A(l)

is a function of ¢, and the compactly supported TT-tensors 4 and h_ are
given by Lemma 3.11. The right choice of A,(l) will guarantee the solvability of (12).
Further, we write k,(l) = %(trg k,(l)) g+ l%t(l) where tré 12,(1) = (. Suppose now that h;l)

and kt(i) are already obtained. Demanding (13) yields

. . 1 . . .
(w0 = OR) = 3 (et = nf712) = 1= U, (16)

R =

Let us assume for the moment that this relation holds. Then by integrating equation
(12) and using (16) we get

r (i) g
/ (E‘ft — scal(g; )) dVv
I,

(2
/ <(A—a) trgk<'+1) |h<’“)\2)+8(8k(‘“)+8h(’“)) (A h(’“) h“*“)) dve
M

J,

scal(kf T — k) + D2 scal (b (™) — D2 scal(hy”, hﬁ"))) dvs

<(A—(r) (trg kD — p D2 )+3(5k<’> +8hy — (A 3K h(”)) dvs

1 i+1) (41 i) G
=/M 28 -0) (1-07) - 2(<A5h§’+>,h,"“>—<AEh§’>,h§”>)) dve,

SO

/ P seal(e®™) 2 o) (1-0)) ave
w \ 2 8t t

_ 1 (i+1) G+ @ L0 p
__E/M ((AEh, DY Apn® B )) dv an

For? (1 4+ 2702 = (1 4+20)2) it Fo #0,
—1? (A?*” - x,(”) , if Fy = 0.

Provided that the involved quantities are sufficiently small, this yields a unique choice
for A1 and hence for 2" ™. Then, tr¢ k" is defined by (16).
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Now it remains to determine the tracefree part 12}’*” of kt(iH). For this, we consider
Eq. (12) which becomes

—Zf - scal(g(l))
= Dy scal D — k) + D2 scal(h 0, D) — D2 scal(n”, h")
—2(A —0) (1 _ Ut(i)) _ % <<AEh§i+1)’ B — (A ph®) hfi)))
+8kTD 4 5Dy — s k@ 4 5'n D)
or
58 (,;t(i+1> _ ,;tm) — jU+D,
where

(i t? , .
FE = S = seal(g”) — 28 =) (1= U

1 . . L
+3 (<AEh§l+l)7 Ry —(Apn?, h;”))

1 i ; 1 . .
- 6<_d wh kY 8%5’“)) + 5(—01 wf kD + a/hi')).
n n

By the previous choices, ft(iﬂ) integrates to zero. We define IE,UH) to be the trace-free

symmetric two-tensor with support in €2 satisfying
B =k = 0/, (18)

where the operator Q is defined in (2).

Summing up, we used Egs. (16) (17)and (14), (15), followed by Eq. (18) to compute
h(lH) nd k('+1) in terms of &,' @ and k; () We will show that for small 7, this iteration
procedure defines a contraction.

Step 4: Rewriting the iteration. We continue by rewriting Eqs. (12) and (13). By
exploiting the Taylor expansion formula, we will sum up some of the terms in these
equations to small integral error term which are more convenient for establishing the
contraction property. For this purpose, set

2
(t) S k(i)
2 re

g,(ls) =g+ sh,

Then

d 0o 4 0 @)
d_gtls|v_0 thl s ﬁ ! |v_ kzl s
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and
d )
— scal(g{})]s—0 = 0,
ds

since ht(i) is a TT-tensor. Next,

d? . . . .
- scal(g/)ls=0 = Dy scal(k;”) + D2 scal(h”, h{").

Taylor expansion gives us that the scalar curvature term in Eq. (12) is
scal(gt(i)) = scal(g[(f;)
= scal(g) + Dy scal(k”) + D2 scal (", h")
Lt 2 & 0]
+ E/(; (1—y) 753 scal(g, ;) ds,

so Eq. (12) can be written as

2
. . . t 1 .
Dy scal(k(' ™) + DZscal(h{ ", nf V) = S ES’(Z)’ (19)

where

. 1 d3 . S2 .
s9 ;:/ (1—95)2=—scal (g +sht” + k") ds.
0 dS3 2

In the same way, we have

d (@) _
d—dV(g,,s)I‘szo =0,
S

and

dZ . . . .
TV (8 Dls=0 = DedV () + DedV (h”. D).
S

so Taylor expansion gives us

avigy =dv(g
=dV(g) + DedV (k) + D2dV (h{", h{")

+ N V . s,
2 0 dS3 gt,s
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and Eq. (13) can be written as
) . ) 1 .
DedV (kD) + DgaV (™ niY) = —2viPavg), (20)

where
@ d o, 0
Vi dVi(g) —/ (I—ys) —dV<g+Sht —i-?k, )ds.

Let us now turn these formulas into definitions for k<*1 and 10+, where we again
use the splitting k,(')
part.

For this purpose, observe first that (20) tells us that

= %(trg k,(i))g + l%t(i) into the pure trace part and the tracefree

. . . 1 .
DedV (k") + D2av (h{V n{*V) = <5trg KT — |h(’+1)| >dV(g)
1 .
- —EV[(’)dV(g),
and we find that
tr gk(l+1) |h(l+l)| V(l) (21)

Let us assume that this holds for the moment. Then by integrating Eq. (19) and using
(21) we get

2 1
[, (5= 5s0) ave

:f (Dg scal (k") + D2 scal(ht(Hl),h,(iH))) dvs
M

:/ <(A—a) s kD — |h(’+')\2>+5(8k(’+])+5 ity — (A D, h"+‘>>> ave
M

. 1 . .
:f <av,“’ - 7(AEh§’+l),h§’+l))) dve,
M 2

and using (6) we have

5O _ gy gye = [FPA+ AT iR 20
ft Vv 2, (i+1) . _ ( )
M —2 D if Fy = 0.

We see that (22) defines Afi+1) and hence h;iH). We determine then tr8 kt(H'l) from
(21).
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Finally, with k" = & (¢ k") g + K" where tré k" = 0, Eq. (19) becomes
' ' 1 ~ i .
(A——o)@ﬁk?+n_-my+n@)4-8<;dung4)+5kﬁH)+8%y+n)
1 TRIRNTRI 1 .
= taph T ) = = = s
or with (21),
ity _ 2 Lo )
8(5kl )zgft_zsz +(A—O’)Vt
1 : : 1 . 4
+ E(AEh§1+l), ht(t+1)) -5 (—dtrg kt(z+1) + S’hflﬂ)) .
n
Therefore,

2
£ t 1 :
kY = Q<—2 fi= 58"+ @ =0y
(23)

. , | ‘ |
+=(Aph! D Ry s <—dtrg kD 4 5’h§’+1>> )
n

N =

Using (21), (22), (23) we will continue the estimates for a contraction.
Step 5: Estimates for convergence. We will now find estimates for the functions

D and V. We set w® = s + %kt(i) so that g?? = g + w"). Further, set
g = g 4w 4 (1 = Hw®. We have

scal(g)' ;") — scal(g{}) = scal(g + w*V) — scal(g + w?)
'd (i+1)
= | Zscalgi*™hya
[) P scal(g, ") dr
1
= / Dg("“> scal(w ) — w®) gr.
O r

This gives us

d3 , ;
73 (scal(gt(f:rl)) - scal(g,(fs)))
d3

1
= ﬁ/ Dg(m) scal(wD — @y gr
S 0 r

g3 4 .
= / 73 <D§<z‘+|) scal) (u)(l+1) — w(l))dr
0 s "

1 72
d d . .
. @i+1) @)
—}—3/0 05 (Dg£z+l) scal) (ds (w" w" )> dr
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1 2
d d . .
+3/0 7 (D (i+D) scal) <F(w(’+1) — w(’))> dr

1 43
d . ,
= / — (D..(H—l) SC&I) (S(hgﬂrl) (l)) + = (k(lJrl) t(l))> dr
0 8r

ds3
L g2 G+1)  ,0) (+D) ()
3 d?(Dgﬁ,-H) scal) ((ht — 1Dy 4 s x0T — i )) dr
1
d G+ ()
43 /0 - (D§51+1> scal) (k, — k! )dr. (24)

For the three terms here we have

& W) @y ST ) @)
(D (‘+|>scal)(s(h, — )+ Sk i ))

ds?
& (e d o 0+ _ @y 4 5 Gt o
dv ( 20+ 504]) ds 8 ,s(hy —hi)+ E(k’ —k)
a2 . . . . . .
= 5 (D2 seal) (r(hﬁ’*” + sk (1= DG + sk ), s Py ¢ L (k“*" k}”))

and

a2 . . . .
(D s scal> ((hi’“) —hDy 4D k,‘”))

ds?
d d _,. i . - .
= 2= (D2 scal) (Egsl“), (Y =y s - k,‘”))
_4 (Dz cal) (rD kD) (1 A h® 4 kD), D D) gD 0y
= s 20D scal )y \rin, SKy AU Sky ")y (g ' S(K; t

and

;—s (Dg£i+l) SCEII) (kt(i-H) — kt(i))

d .
= D%H,) scal <d guth, kD kt('))

= D2y seal (rf Y + 5k ) + (1= B + 5k 6D — k).
The operator D%([ +1 scal has the schematic form
&

D? .y scal(hy, hy) = V2hy % hy + Vhy % Vhy + hy % VZhy
8r
+ S« Vhixhy+T*xhyxVhy + R *hyxhy,

see for example Lemma A.3 in [29]. Here the “x” denotes product of tensors in
coordinates, followed by a combination of index raising, (anti-)symmetrizing, and
contractions. The expressions S, T involve the metric g( "D and its first derivatives.
The expression R involves the metric gﬁH’l) and its first and second derivatives. The
first order terms come from the fact that we change from the covariant derivative
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of gﬁ"“) to the covariant derivative V of g. The operators % (D%(l. o scal) and
; &

ds?
estimates that

‘/ St(i+1) _St(i)) JVE
<C (\

o

242 prk+2 ‘ 2 42 prk+2
Vo9 Hy 'y VEpHy

& <D%(i + scal) have similar schematic forms. From (24) we thus find from standard
8

(scal(g(lH)) scal(g(’))>‘ ds dV§

(@)
t

2 42 prk+2 242 k+2)
VETHy VETHy

i+1 i i+1 ‘
. (Il(hfl ) _ h;z))||l//2¢2H£.+w2 . kf(l)“wzcbzﬂfj) ’

(25)

as long as the ht(i), ht(iﬂ), k,(i), kt(iH) are bounded in the v ¢2Hk+2 norm. From (24)

together with Theorem 3.3 we have

H Sl(i+1) _ Sr(i)

§C<‘h

(e -

2 gk
YiHy

(@)
t

1}/2¢2Hk+2 ‘ ‘/’2¢2 Hk+2

1
) g2z + 1KY — &

Next, we have

(v“*” V(”)dV(g) /(l—s)

(@)
t

242 prk+2 242 k+2)
Voo Hy VEptHy

(i) I ¢2¢2H‘§+¢2) .
(26)

s (aviel ™ —avigih) ds

and we get similar estimate as above, but with no decrease in derivatives. First,

ey
M
<cC (‘ h

(@)
t

242 gk
VIRHS,

242 gk
Ve Hy

kD

¢2¢2H£.w>

VIRH;

i+1) (i) i+1) (i)
. (”(hz - h[ )”wz(sz;,V/ + ”k[ - kt ||1//2¢2H$1‘/I) s

27)
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and second

” v,“*” _ v,(’)

V/ZH;W
@) (i+1) 28
C( vy VI gy TIE Ly ¥ 15 WZHW) 28)
(N =B e Ik = ke )
Step 6: Convergence. From (22) we get
1 . . . .
- / (- (s = 5) o (V0D - vf”)) ave
v \2
For? ((1 TN G R xﬁ"“))z) . if Fy #£0,
2 (xf”) - Afi+1)) , if Fy = 0.
Thus by (25) and (27) we find
214 ((+2) @i+1)
P )
(i+1) @) @i+1) (i)
= € (I = h) L yagatse + 16D =k g ppea )
Therefore,
(i+2) _
Hh’ V22 HL?
<cs? ’A§i+2) _ A§i+1)‘
(@) (i)
= ¢ ( ht l//2(152Hk.+2 W2¢2Hk+2 t w2¢2H£jj/2 ¢2¢2H£E’2>
<||<h(’“) B g g + I = k‘”nwzym)
(29)

which is valid as long as the h(i) k(i) are uniformly bounded in wquzH fgf/jz Note that

the first estimate of the ¥ ¢2H k+2 norm follows since the h;i) are in a 1-dimensional
family.
Next, we find a contraction bound for tré k,(l). From (21) we have

tr8 k(i+2) — 8 k(i+l)

(i+2)2 @+1),2 @i+1) @)
|]’ll | |hl | (Vt th )

_ <h§i+2) +h§'+l), h§z+2> _ hz(’H)) _ (Vt(i+1> _ Vz(i)) ’
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so by (29) and (28) we have

e

k+2
¢2¢2H¢§,
@) (i)
E C ( ht I//2¢2 H;V t 1//2¢2H£+‘//2 ! 1//2¢2H]‘+2 w2¢2H£ﬁ>
@i+1) (i) (i+1) (@)
(R S Iy B
(30)

Finally, we prove a contraction bound for I%fi). For this, we write (23) as

(l+1) Q(f(l-l—l))

where
.2 Law )
=S =380+ a0,
2 2
1 . . 1 . '
+ E(AEhEH-l)’ h§l+1)> _5 <;d 8 kz(lH) + 8/ht(z+1)) .

Thus 12["'“) - /2,(”1) = Q(f,(iJrz) - ﬂ(i+])), where

. . 1 . . . .
ft(1+2) . t(z+1) — - (St(erl) _ St(l)) F(A—0) (Vt(z+1) _ Vt(z))

1 . . . .
T 5 ((AEh§l+2), h§z+2)> _ (AEh§’+1), h§z+1)>)

1 . . . .
_s (Zd (trg K _ e kt(z+1)> +onD 8/ht(z+1)> '

To apply the estimate (3), we need to estimate the y2H ;f,w—norm of the above. The
first two terms on the left hand side can be estimated using (26) and (28) and the
remaining terms can be estimated using (29) and (30). We thus get

PR
L P
0] (+1) @) (i+D)
= C( & vrormit2 T lly2genli? ki v2gruit2 WWHW) S
- A
(N =B g gz + I ka2
Finally, there exists an € > 0 such that if
' i+1) ()
h,(l) g ’ ‘ k; < €,
‘ Ve HE Ve HE V22 HEY VAGRHY
(32)
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we get from (29), (30) and (31) the contraction property
(i+2) i+ (i+2) (i+1)
NGB = B 2ot + 16D = D g
1 ) ) . )
1 i+ _ G+ (@ ’
= 5 (1D =B etz + 16D = k0 gz

By a standard induction argument we show that (32) holds for all i. By the first step
of the proof, we can choose ¢ so small that

& »

and (32) is shown for i = 0. Suppose that it holds for #, then the triangle inequality,
the contraction property and (33) yield

)

i)

€
vtz = 5
(33)

+ +
202 ght2 ‘ 22 ght2 242 gh+2
VosHy VoHy VoHy

" Hht(i+2)‘

kl(i+2) ‘

k{(i+1)‘

hl(i—&-l)’

212 prk+2 242 rrk+2 242 rrk+2 242 prk+2
VepcHy Voo Hy 'y Voo Hy 'y Voo H, '

|

)

W)

=|

n"|

+ + -
w2¢2H£+1/,2 w2¢2H£+1//2 ¢2¢2H£f,,2 w2¢2H£+V,2
i
+D )] (+D ()
+ 3 (10 = B agape + KD = P22

J=0

i
(Jj+2) G+D (12 G+
+ ;0 (N2 = Bt + W2 =02

)

)

o)

i

S ‘

+ +
242 prk+2 242 prk+2 242 prk+2 242 prk+2
Vo oHy ' VipcHy YipcHy Voo H, '

i
1 1
(1) 0) (1) ©)
+ Zjo (g + W) (n” = Rl Lo ”¢2¢2H£tf)

i
€ 1 1 2¢
R 0(5*@)'?“’
J=

s0 (32) does also hold for i 4 1. The contraction property implies that the sequences
AP kD converge in wquszlf to limits £°”, k°. From (12) and (13) we see
that the metric g™ := g + h™ + %kl(oo) satisfies (8) and (9). It is clear from the
construction that g(()oo) =g, %gt(oo) l;=0 = h, and gt(oo) = g outside of 2.

Step 7: Regularity. The last step of the proof is to show that the metric gl(
smooth. By construction we have that h§°°) is smooth. From (9) we have

o0) -
)lS

1 1,
dv (g +h 4+ 5w kg + §k§°°)> = dV(g).
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Let {e;} be an oriented orthonormal frame for the metric g on an open set U. Then the
matrix-valued function

1 1.
=80 e, e)) = (1 + - tré kt(OO)> 8ij + 1™ (eivej) + Ekz(oo)(ei» ej)

satisfies det(y;) = 1, so it gives a curve of maps y; : U — SL(n, R). Note that the
second and the third term in y; are both trace-free. Let IT : SL(n, R) — sl(n, R) be
the projection of a matrix on its trace-free part, that is [1(A) = A — % tr(A)I. Since
sl(n, R) = Ty SL(n, R) and D;IT = Id, there is a neighbourhood V; of I € SL(n, R)
and a neighbourhood V{y of 0 € sl(n, R) such that IT : V; — Vj is a diffeomorphism.
Since the curve y; has yp = I we thus find that if ht(oo) + %I%l(oo) is small enough we
have

— 1 P
vy =11 1 (hl(oo)(e,', ej)+ Ekl(oo)(ei’ ej))
and

1 1,
nt 5 K =t(y) =tr <n—1 <hf°°)(ei, ej)+ 5k§°°>(e,-, e,-)>) .

We conclude that tré k,(oo) has at least the same order of regularity as I%l(oo). From (23)
we have

2
o t 1
k> = Q(-2 fi — ESt(OO) + (A =)V

1
+ (DB, ) — 8 <_dtrg kK> 4 8’h§°°)> )
n

1
2
(c0)
t

so by (3), the regularity of k

left hand side. By bootstrapping, we see that tr8 kt(oo) and are both smooth.
This finishes the proof of Theorem 4.1. O

is two orders higher than the argument of Q in the
§e

Remark 4.3 1f (M, g) is Ricci-flat and we drop the assumption of preserving the vol-
ume element, we can weaken the warped product assumption in Theorem 4.1. In this
case, we may not allow (M, g) to be locally a pure product but it can be a Ricci-flat
cone. The reason is the extension of the domain of definition of P = §2 from trace-free
symmetric two-tensors to all symmetric two-tensors. Then the formal adjoint P* of
P is the Hessian V2 and not its trace-free part V2 and the assumption ker(P*) = {0}
leads to weaker geometric conclusions.
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5 A generalized A-functional

Let (M, g) be a compact Riemannian manifold with smooth (but possibly empty)
boundary and let M%° be the set of smooth metrics on M such that g — g vanishes

to every order at 9 M. Let C°°(M) be the set of smooth functions on M. For o > 0,
define

Fou: ME x C®(M) > R, Falg. f) ;:/ <sca1+a|Vf|2) 1 av,
M
and
ra(g) == inf{Fa(g, lfe C°°(M),f e fdav = 1}.
M

For closed manifolds and with o = 1, this is the A-functional introduced by Perelman
[37]. The parameter-dependent version has been used in different contexts, see for
example [4, 33].
L. f
The substitution @ = e~ 2 shows that

ho(g) = inf {Ga<g,w> |we Ci"(M),f W dV = 1} :
M
where
G(g, w) :=/ (4a|Vol? + scal w?) dV.
M

By standard theory, Ay(g) is the smallest (Neumann) eigenvalue of the Schrodinger
operator 4a A + scal. Moreover, the minimizing function w, is the unique eigenfunc-
tion of constant positive sign satisfying the normalization condition || M 0> dV = 1.
Therefore, the minimizer f, = —2log(wg) of Fy(g, f) satisfies

—2aAf, —a|V fol? +scal = Ag(g),  Vife =0. (34)

Remark 5.1 If one works on manifolds with boundary, one could either consider the
smallest Dirichlet or the smallest Neumann eigenvalue of 4o A + scal. It turns out
that if we consider the smallest Neumann eigenvalue, the variational theory of the
functional is much simpler and in fact almost parallel to the case of closed manifolds.

The following lemma is elementary, but we use it later in an essential way.

Lemma 5.2 Let (M, g) be a compact manifold with or without boundary and let o > 0.
If scal > c for some constant ¢ € R, we have Ay (g) > c. Moreover, if scal # c, then

Ao (g) > c.

@ Springer



Local and global scalar curvature... 485

Proof Let w be the positive eigenfunction of the operator 4o A 4 scal with eigenvalue
Aq (g) and the normalization condition f i w*dV = 1. Then

Aa(g):/ (4a|Va)|2+sca1w2)dV2/ scal w®> dV > c.
M M

Suppose now that scal # c. We may assume that ¢ = miny, scal. Then scal is non-
constant so w has to be nonconstant as well. Consequently, the function |Vw|? does
not vanish identically and the first of the two inequalities above is strict. This proves
the lemma. O

Throughout the following sections, we write f instead of f, for the minimizer f, in
the definition of A, (g), whenever it is clear from the context which metric we consider.

5.1 The first variation formula
Proposition 5.3 The first variation of Ay (g) is given by
Dghg(h) = —/ Ric+V2f —(@—=DVfQVf, he dv
M

1 1 1 2\
+/ (1= = ) scal —ha(g)g + = — DIV g h)e dv.
M 2 o 2

This formula implies three assertions:

(1) Constant scalar curvature metrics are critical points with respect to volume-
preserving conformal deformations.
(ii) Einstein metrics are critical points with respect to volume-preserving deforma-
tions.
(iii) Ricci-flat metrics are critical points in full generality.

Proof We first compute
/ Atrh-e~/ dv =f trh(=Af — |V f1He l dv,
M M
/ §(h) - e~ dV:/ (h, Ve~ Tyav
M M
Z/ (h(Vf,Vf)—(h,sz)> e av,
M
2/ (Vu, Ve dv =2/ W(Af+|VfIPdV,
M M

where we use that 4 vanishes to any orderat d N and V,, f = 0. We denote the derivative
with respect to ¢ at ¢t = 0 by a prime. We get

d
EFa(g +th, f 4+ tv)|i=0
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=/ ((scal/)+oe(|Vf|2)/) dV+/ (scal +a|V f12) (e~ dvy
M M
=/ (Atrh + 8(8h) — (Ric, h) — ah(V £,V f) 4+ 2a(Vv, V) e~/ av
M
/ Agen=o)e’
+ (scal+a|Vf|) =trh—v e/ dV
" 2
=/ wh(—Af — |V f1>e~! dV+/ (h(Vf, Vf)—<h,v2f>) e av
M M
—/ (Ric, hye™ dV—a/ WV f, Ve av
M M
+2a/ VAf + Ve dV+/ (scal+a|Vf|2)<%trh—v>ef dv
M M
— _/ (Ric+V2f, hye ' dv + (1 —a)/ WV f, Vet av
M M
+/ trh(—=Af — |V f1He dV—i—a/ VRAf 42|V [P dV
M M
—f (scal +a|V £ ve™ dV+l/ trh(scal +a|V f>)e™f dv
M 2 Jm
= _/ Ric+V2f —(@—DVfQVf he/ dv
M
+/ QaAf +a|Vf|* —scal)ve ™/ dV
M
+/ trh(—Af+ (3 - 1)|Vf|2+lsca1>ef dv
" 2 2
= —f (Ric+V2f —(@—DVFfQVSf, he ! dV—Aa(g)/ ve l dv
M M
+i/ tr h(—2aA f — |V f|* +scal)e™ dV
2o M
+1(1 —l>f tré h - scale™/ dv+1(a— 1)/ trh|Vf|%e=/ dv
2 (07 M 2 M
= —/ (Ric+V2f —(@—DVfQVf, hedv
M
1 . 1 .
——Aa(g)/ trh-e/ dv+xa(g)—/ trh-e/ dv
2 M 20 M
1< 1) s 1 2 g
+—-{1-- /trh-scale ; dV—{-—(oc—l)/ trh|Vf|ce ™ dV
2 o M 2 M
- —/ Ric+V2f — (@ —1D)Vf Q@ Vf, hye ™/ dV
M

1

1 1
+/ (—(1 - —)(scal —ra(@)g + (@ — DIV g, hye ) dV,
M2 o 2
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which is the first variation formula. Let us denote the weighted L2-gradient of A, by
grad A, that is

grad g = — (Ric+V2f (@ —DVf® Vf>

1

1 | ) (35)
+ —<l - a)(scalg —ha(8))g + S (a — DIV fI7g.

2

If g has constant scalar curvature then scal = A,(g) so f is constant as well and
fyye" dV =e T vol(M, g) = 1. Then grad A, = — Ric. If h = ug, we get

scal
Dok = — lue ™/ dV = ———— dv,
shalug) /M e vol(M, g) Mu

and the right hand side vanishes if 7 = ug is volume-preserving. If moreover Ric =
og, then

o
D) (h):—/ (g, hye dV:—a/ trhe”/ dV:——/ trhdv
e M M vol(M, g) Ju

and the right hand side vanishes if / is a volume-preserving deformation of g. If o = 0,
it vanishes for all A. O

5.2 The second variation formula

Proposition5.4 Let (M, g) be an Einstein manifold, Ric = o g. Then, the second
variation of A, in the direction of volume-preserving deformations h is given by

1 1 1
D>*ag(h h) = ——————— —Agh — 8%(8h) — =8(8h)g, h)dV
2 (h, ) Vol(M’g)/M<2 ph =5 (5h) — 53(6h)g >

— ;/ v8(8h) dV
vol(M, g) Ju

1
- ~ DA trhdV
* vol(M, g) /M (e = Davitan)te '

where v is a solution of the boundary value problem

20Av = A(trh) +8(8h) — o trh, Vyv =0.

@ Springer



488 M. Dahl, K. Kroncke

Proof Consider a curve g; of metrics of constant volume with gg = g and % 8tli=0 =

2
h.Letv := %fg,b:o and k .= L%g,h:o. We compute

d? d

W)»a(gz)lzzo = E /M(grad)»a(gz), h>€_f dV|i=o

=/ <(gradxa)’,h>e—fdv+/ (grad Ao (g), k)e™/ dVv
M M

—2/ (grad Ag, h o hye ™ dV
M

1
+/ (gradka(gt),h)<—trh - u>ef dv.
" 2

By differentiating (34) and using that f is constant, we see that v satisfies
20 Av = A(trh) 4+ 8(6h) — (Ric, h), (36)

and since the vector v is an outward-pointing normal for all the metrics g;, we conclude
that v vanishes on the boundary. Again since f is constant we have
/ s/ 2 1 1 /
(grad Ay)' = —Ric' =Vv 4+ -1 — —|scal' g
2 o
1 * 1 2 2
=—\|=Arh—8"(8h) — =V°trh | — V7
2 2
1 1 .
+ 3 1 —— ) (A(trh) +6(h) — (Ric, h)) g
o

1 * 1 2 2
=~ (3ALh =" 6h) — 5V uwh ) = Vot (@ — Dawg,

where we used (36) in the last equation. Since the volume is constant along g, we get

2

0= ol(M, g;)| —1 trg, dV|
- — v , = —— Vi_
”2 8t)1t=0 2 dt " 8t t=0

1/ trk |h|2+1(t mn?*) av
= = rk — —(tr .
2 Jy 2

@ Springer



Local and global scalar curvature... 489

From grad A, = —o g we thus obtain
d2
e a@lizo = / (grad Ay hye = dV
t M

+a/ trk-e/ dV+20/ e~/ av
M M
—z/ (trh)zeff dV+O'/ trh-ve f dv
2 Ju I,
=f ((grad)»a)’,h)e_dewLa/ lh|?e= dv
M M
+cr/ trh-ve / dV
M
1 * 1 2 —f
=— [ (=Agh—38%"(6h) — =V~-trh,h)e™/ dV
M2 2

—/ (VZv, h)e™/ dV+/ trh((a— l)Av—i—ave_f) dav.
M M

Finally, recall that the formal adjoint of V? is & o 8. The result now follows from
integration by parts and the fact that e~/ = vol(M, g)~!. O

Proposition 5.5 Let (M, g) be a manifold of constant scalar curvature. Then the sec-
ond variation of Ay in the direction of volume-preserving conformal deformations ug
is given by

1
Do (ug, ug) = el D /M ((n =D Au —scalu)yu dV

1
T olM. g)

/ ((n — (n — 1)) Av +scalv)u dV,
M
where v is a solution of the Neumann boundary value problem
20Av = (n — 1)Au — scal u, Vv =0.
Remark 5.6 We may choose the function v as

v=Q2aA) " (n—1)A — scal) u,

where A~! denotes the inverse of the Laplacian with Neumann boundary conditions
acting on the space of functions with vanishing integral. A careful rearranging of the
terms appearing above shows that the second variation can be written as

1
D2 , = — L dv,
Bhalug. u9) = o fM( W
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where the operator L is defined by
L:=((n—1)A —scal) (n —2)aa — (n — 1)) A 4 scal) AL

Proof Let h, k and v as in the proof of Proposition 5.4. As there, we have
2

(el = [ (ear e’ av + [ gndni(o. e av
dt M M

—2/ (grad Ay, h o h)e ™ dV
M
1 X
+/ (gradka(gt),h)<—trh—v)e_f dv.
Iy 2

Again due to the volume constraint,

1 2 1 2
0== | (twk—|n?+=@rh)?) av.
2y 2

Since we only consider conformal variations, we have h = % (trh)gand k = %(tr k)g.
Since g is of constant scalar curvature, grad A (g) = — Ric. Using these facts, we see
that

1 X
/ (grad Aa(g), k = 2h o+ S trh- hye ! dv
M

1 1 1 :
——— (trk—2|h|2+—(trh)2> e dV:ﬁ/ lh)2e=T av,
n M 2 n M
and
d? , "y scal ) _y
S ha(@)limo = | ((gradda) ke av + == (|h| +trhv)e I av.
dt M n Ju

Letus now consider the terms here in more detail. As in the previous proof, we compute

/ 1 * 1 2 2

(grad Ay)' = — EALh — 67 (8h) — EV trth)—-Vv+(a—-—1)Av-g.
With & = ug we get
/ 1 g2 2
(grad 1y) = — E(Au)g + (1 — E)V u)—vVv4+(e—1Av-g,
which yields
/ ((grad Ag)', ug)e™ dv
M
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=—(n-— 1)/ (Auw)u + (na — (n — l))/ (Av)ueif dv.
M M
Furthermore,

I
e (|h|2 +trhv) e dv = scal/
n

(u2 + uv) e lav.
M M

Recall that e~/ = vol(M, g)~! since the scalar curvature is constant. Adding up
and rearranging the terms yields the desired formula. The formula for v follows from
inserting 1 = ug in (36). O

5.3 Estimates on variations

Lemmab5.7 Forall g € ./\/l;>O we have the estimates

|D2ag (h )| < C 1Al 1Kl g1
|DJha (i, b h)| < C llhllc2a Bl s

where the constant C can be chosen uniformly for all g in a given small C*®-
neighborhood around some fixed metric g.

Proof The proof of these lemmas is almost identical to the proofs of Propositions 4.3
and 4.5 in [29] which build on Lemmas 4.2 and 4.4 in the same paper. The only slight
difference is how elliptic regularity is applied. Let

. d 2 d
& =8g+1th, szfg,, U:E|t:0fg,7 w=ﬁ|t:0fg,, h:Eh:Ogt-

By differentiating (34) once and twice, we get equations of the form

Apvi= Av+ (Vf, V) = (),
Afw = Aw + (Vf, Vw) = (x%),

where the right hand sides do not contain derivatives of v, w respectively. Since all f;
satisfy the Neumann boundary condition with respect to a unit normal which is the
same for all g;, we see that v and w satisfy the same Neumann boundary condition.
By differentiating the constraint on the minimizers f = f, we get

1
/(v——trh)e_de:O,
" 2
1 1 2
/ w+=h?=(v—=trh) Je ' dVv =0.
" 2 2
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Now consider the space
V.= {u:M—)]R|f ue_de=0},
M

which contains the functions

- 1 s . e L) )os
V=0V — — trh-e / dV, w=uw-+ —|h|"—|v—=trh e’ dV.
2 Ju m\2 2

From that fact that A ¢ is self-adjoint with respect to the weighted L?(e~f g)-scalar
product together with elliptic regularity, we have isomorphisms

Ap:CHMYNV — CO*M)NV,  Ap:HMNV - H2M)NV,
fori =1, 2. We thus get

Ivllcae < 1Tl c2a + lv = Vllcae < || AfT]| coa + lv = Vllc2e

< Cl®lcow + llv = Vlleze s

and similarly for w and the H'-norms. The rest of the proof follows from computations
and standard estimates as in [29, Section 4]. O

6 Global scalar curvature rigidity

This section is devoted to the proof of Theorem 1.4. For the case of the round sphere,
it is well-known that the assertions of the theorem all hold. Therefore, we assume
throughout this section that (M, g) is a closed Einstein manifold which is not isometric
to the round sphere. After suitable scaling, we also assume that vol(M, g) = 1.

For our proof, we need to use suitable local decomposition of the space of metrics.
An important decomposition is provided by Ebin’s slice theorem [18] which provides
a slice for the action of the diffeomorphism group. Another decomposition is provided
by Koiso [25, Theorem 2.5], who constructs a slice for the action of the group C ?ro M),
which acts by pointwise multiplication. In the following we construct a slice which is
a refinement of both of these approaches. In our setting, it is convenient to work with
the C>*-topology and we will therefore deal with the space of Riemannian metrics of
C?%“regularity, which we denote by C>¢ (SiM ). In particular, we will prove Theorem
1.4 not only for smooth metrics, but also for metrics of C>%-regularity.

Proposition 6.1 There exists a C>%-neighborhood U C Cz’“(SiM) of the Einstein
metric g such that the set

c=un { g € C2%(S2M) | scal® is constant, vol(M ., g) = 1, 6% g = o}
is an analytic Banach submanifold with T;C = C zo(r Ty).

@ Springer



Local and global scalar curvature... 493

Proof Let

vke .= {f e Ch (M) | /Mf dveé = o} ,

whe .— {(Vi’h Ihe CkH'“(SZM)} - {a) € CRUT* M) | @ Lpag ker(((s?)*)} ,
and consider the map

®:C2USIM) - VO PR @ W,

g <scalg —/ scal® dVg, vol(M, g), 8§g> .
M

Clearly, ® is analytic and C = U N ®~1((0, 1, 0)). To prove the proposition, it thus
suffices to show that Dy ® is surjective and to determine its kernel. Linearizing at g
yields
D® : C*(S°M) — VO @R W',
h+— (Agtrgh +88(88h) —otré h —i—/ octw$hdVs, 5[ tr$hdVs, 5%) ,
M M
(37

where o0 = % scal? is the Einstein constant of g. Define the maps

Lii=0n—1DA% —no: V2 - yoo,
Ly = 88(8%)* . w3 — wle,

Forc e R,u € V2% and w € VO we compute
A 5 n
Dy ®((u+0)g + (8% w) = (Ll(u), ¢ —Vu + Lz(éO))-

Since (M, &) is not isometric to the round sphere, we have 250 ¢ spec (A;) by

the Lichnerowicz—Obata eigenvalue estimate [36]. Therefore, L1 is an isomorphism.

The operator L, is also an isomorphism since it is self-adjoint and its domain is

the orthogonal complement of its kernel. Note also that for any f € V>®, Vf is

orthogonal to ker(L»), as 8§n = —trd (85’)*77 = 0 for any n € ker(L»). Thus, for
(v,d,w) € vor R whe,

we have
2 N
Dy®((L7'(v) + ~d)§ + EH* (L)' (w + VL) W) = (v, d, w),
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which shows that D ® is surjective. Therefore, C is an analytic Banach submanifold.
It remains to determine the kernel of Dy ®. The inclusion Cz""(TTg,) C ker(D;)®
is clear from (37). Now suppose that D;®(h) = 0. Then by (37), it follows that

8¢h = 0. Again by the Obata-Lichnerowicz eigenvalue estimate [36],0 ¢ spec, (Ag).
Therefore, tré h = 0 and h € C2’°‘(TT§). m]

Proposition 6.2 Provided that the neighborhood U of g in Proposition 6.1 is chosen
sufficiently small, there exists another C*>%-neighborhood V C C**(M) of 1 such
that

V:YVxC—-U, Y(f,g=/fsg,

is a diffeomorphism onto its image. Furthermore, any metric in U is isometric to a
metric in the analytic submanifold

S =vW¥ x0).
Proof By [6, Lemma 4.57] we have a direct sum
CHU(M) - g @ C2(TTy) = T3(CT* (M)E) - § @ TyC.

which is the injective image of D g W. The first assertion follows from the implicit
function theorem. For the second assertion, consider the map

®: S x Diff**(M) — C*“(S1M), O(g.9) = ¢*s.
The differential D(; 3)® corresponds to the decomposition

CH(SM) = C**(M) - § ® C**(TT) @ 85(C**(T* M)
= T;S @ T;(§ - Diff>* (M)

and thus, it is surjective. Consequently, ® is surjective near ¢ which proves the second
assertion. O

Proposition 6.3 Provided that U is chosen small enough, there exists a real ana-
lytic finite-dimensional submanifold Z C C whose tangent space is equal to T3 Z =

ker(Ag) N C>%(TT;) such that

scal®

5::{g6C|Ricg: g}CZ

is a real analytic subset.
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Proof A similar statement is given in [26, Lemma 13.6] for maps between Hilbert
spaces. The same proof however also works in our more general setting. We give the
proof for the sake of completeness. Consider the real analytic map

18
E:C— CO($2M),  E(g) = Rict — g,
Clearly, 2(g) = 0 and the differential of E at g is
D;E: TT; — C¥*(S*M),  D;E(h) = Agh.

Consider the closed subspace
V i=im(D;E) = {h € COU(TTy) | h Lyagp ker(Ap) N C“‘(TTg,)}

and the L?(g)-orthogonal projection 7y : C%¥(S2M) — V. By construction, the
map wy o & : C — V has surjective differential Dg(mry o E). Thus by the implicit
function theorem,

Z = (y o )" 10)

is a real analytic submanifold of C such that

T;Z = ker(Ag) N CH*(TTy),
in particular, Z is finite-dimensional. Finally,
E=EMO=@yoB)'ONU-myoB) M O)=ZN(U -y 0B '(0)C 2
is an analytic subset. O
Proof of Theorem 1.4 Throughout the proof, we assume that the C>*-neighborhood s
U, C,and V are chosen so small that the above propositions apply. By Proposition 6.2
and diffeomorphism invariance, the equivalences hold in general if they hold for all

metrics in S. Also by Proposition 6.2, we may write any metricin S as fg with f € V
and g € C. By [9, Theorem C], any g € C is a Yamabe metric. Thus,

Y(fg) =YM,[fgD) =Y(M,[g]) = scal® (38)

for all fg € S. Now we are ready to prove the desired implications.

(i)« (iii): This is an immediate consequence of (38).

(ii)=(iii): This is trivial.

(iili)=(ii): By the Obata-Lichnerowicz eigenvalue estimate [36], we know that

scal; . .
{. By continuous dependence of eigenvalues, we may therefore

spec, (Ag) >

n—
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choose a constant & > 0 such that

scal

1= 225 spec, (Ay) g (39)
>
n—la Pec s n—1

for all g € C, provided that C is sufficiently small around g. We are going to show that
g is a maximum of A, on S N M, which by Lemma 5.2 implies the nonexistence of
metrics g € S N M with scal8 > scalé everywhere and scal8 > scalé somewhere.
Letnow fg € S N M. By setting

) f— fodV
T fodVg ' /deg

we can write fg = d(1 + u)g, where u is a function with fM udVy, = 0. Next, we
join g and fg through

g = volM, (1 +tuw)g) 2 (1 +tu)g, tel0,1],

n

which is a curve of metrics of unit volume. Note that d = vol(M, (1 + u)g)~ 2 since
fg = d(1 4+ u)g is assumed to be of unit volume. Therefore, go = g and g; = fg.
By Taylor expansion, we have

2

d 1 d*
ha(f8) = M(8) + —halgn)li=0 + 5

where
1
R(g.u) = / (-0 A (g0)dr.
Since [, u dVy =0, we get

—&rli=0 = ug.

Proposition 5.3 then implies

d
E)‘a(gt)h:O = D()\a)g(”g) =0,

and from Remark 5.6 we know that

d2
Ly (g)|:0=—/ (Lo dV,,
dtQ‘ o t)\t o
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where

L8 = (n—1) ((n — DAS — scal?) <— (1 = fa) AS + ,jcfli) a9~

By (39), we may choose C; so small that

L& < —-2C Ag
for all g € C. This implies
a’ g g 2
7 sha(@)li=0 = — | (LPwu dV® < =2C lully:
t M

where C; > 0 does not depend on g € C. By Lemma 5.7, we have

3

Jke(e) = G lullca lull?

which immediately yields
R(g.u) < C3 lullc2a ull3 -

Combining all these estimates we find that

Aa(f8) < Aa(8) — (C1 — Cs llullcze) lull7; < Aa(g),

provided that f (and hence u) lies in a sufficiently small neighborhood V of 1 in
C2(M). Finally, by assuming (iii), we have

Aa(f2) < Aa(g) = scal® < scal® = A4 (3),

which is what we needed to show.

(ii)=(iv): Suppose that g € M satisfies scal® = scal® but is not Einstein. We then
consider the tracefree tensor /& := Ric$ —% scal® g which does not vanish identically.
Since scal® is constant, the contracted second Bianchi identity implies that

3 1 .
8h = §Rict = _EV scal® =0,

and A is thus a TT-tensor. Let g; be a solution of the volume-normalized Ricci-de Turck
flow

d
—tg, = —2Ricd + scal® dV& g + Ly (g 08t

oo )
d nvol(M, g:) Ju
V(g 9)F = (807 (N(gnf; — T(9)F).
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with reference and initial metric go = g. Then, g; is a smooth curve in M| which
satisfies go = g and % gtlr=0 = —2h. Moreover, by parabolic theory, the metrics g;
are smooth for ¢ > 0 and stay C 2.2 _close to g.Since h is a TT-tensor, the first variation
of the scalar curvature is

d 1
= scal®’ ;= = —2 (A(trh) + 8§(8h) — (Ric®, h)) = 2(h + — scal® g, h) = 2|h|*.
n

Sinc; h # 0, we get a curve g, € M such that for small 1 > 0, we have scal®’ >
scal® = scal® everywhere and scal$’ > scal® somewhere, contradicting (ii).
(iv)=-(iii): Let us consider the disjoint sets

C. = {g € C | scal® > scalg},
C. = {g € C | scal® < scal‘é},

C- = {g € C | scal® = scalg}.

Recall that T;C = c2yT T;). Since the second variation of the Einstein-Hilbert
functional is unbounded below on T T -tensors (see for example [6, Theorem 4.60]), we
always have that C. # (. By Proposition 6.3, there is a finite-dimensional submanifold
Z C C which contains £ and thus C— by assumption. Assume that (iii) does not hold.
ThenC- and C- are both nonempty open subsets of C. We thus find metrics g4 € C-\Z
and g_ € C- \ 2. As Z has infinite codimension in C, C \ Z is connected. Thus, we
can join g4 and g_ by a continuous curve g, t € [0, 1] in C \ Z. On the other hand,
as the scalar curvature of g; is continuous in #, we must have g, € C= C Z for some
to € [0, 1] which is a contradiction. O

7 Local scalar curvature rigidity

For a compact Riemannian manifold (M, g) with boundary, we use the notation

M];J”Z = {g | ¢ Riemannian metric such that g — g € w2¢21-01£jl,2(52M)} .

Our first goal in this section is to prove the following theorem.
Theorem 7.1 Let (M, &) be a compact n-dimensional Einstein manifold with boundary

and assume that the first nonzero Neumann eigenvalue of the Laplacian satisfies

5 scalé
pYM (M, A%y > T
" —

(40)
Choose o > 0 so small that

.
-
e

scal®

2 .
loe] u¥M (M, A%) >
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Then, if the first Dirichlet eigenvalue of the Einstein operator on TT-tensors satisfies
D
py (M, Aglrr) > 0,

there exists a 1//2¢2H£:;/2-neighb0urh00d Vofgin Mg” such that Ay (g) < Aq(8)

for every g € V withvol(M, g) = vol(M, g). Further, equality holds if and only if g
is Einstein.

We showed this assertion for closed manifolds in the proof of Theorem 1.4, in the
implication (iii)=>(ii). There, we used a local decomposition of the space of metrics
which relies on closedness. We are not able to use these arguments here. We compen-
sate this by assuming strict positivity of Ag|rr which is a stronger assumption than
(iii) in Theorem 1.4.

To prove Theorem 7.1 we need some preparation. Let us recall that on a compact
manifold with boundary, by compactly supported we mean compactly supported in
the interior. Let

C(M) = {f € C®(M) | /M Fdvé = o} .
We have a direct sum
CooM)g 8 (CE(T*M)) & C(TT). 41)

Note that all / in this direct sum satisfy the condition [, trz dV, = 0. That is, as
deformations of the metric they preserve the total volume to first order.

Proposition 7.2 Let (M, g) and o > 0 satisfy the assumptions of Theorem 7.1. Then,
Dzka is diagonal with respect to the decomposition (41). For h € §*(C°(T*M)), we

have nga (h, h) = 0. Furthermore, there is a constant C > 0 so that
Dhg(h, h) < —C I3, 42)

holds for all h € CZy(M)g & C°(TT).

Proof We first consider the sum
oM ® C(TT). (43)

Itis a well-known fact that A g preserves this sum, see for example [6, Theorem 4.60].
Therefore for h € C°(TT) and u € CZ5(M)g, Proposition 5.4 directly yields

D3ro(ug +h,ug +h) = Diha g, u@) + Dgra(h, h). (44)
Consequently, nga is diagonal with respect to (43). By diffeomorphism invariance,
Dzka(é*a), ) =0forallw € C(T*M), since §*w = L,:§. Thus, Dg is diagonal

with respect to the splitting (41) and vanishes identically on §*(C°(T*M)).
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To finish the proof, it remains to prove the H ! -estimate (42). By (44) and the triangle
inequality, it suffices to prove the H'-estimates on the parts of (43) separately. Recall
that for h € C2°(TT), we have

D3, ) = - /M(AEh, By dv

1
2 vol(g)

and forug € CY (M)g, we have

D2hg(u. ug) = / w(Lu) dV,
g M

1
vol(g)
where the operator L is

L=[(n—-1)A —scal][((n —2)a — (n — 1)) A +scal] A !
see Remark 5.6. In both cases, continuous dependence of eigenvalues tells us that

Ag—e-(A+1)resp. —L +€- (A + 1) will still be positive on the respective spaces
for a small € > 0. Consequently, we get

1
D2y (h, h) = — _ Agh, h) dV
Sahi) = =5 [ ()

€ ( 2 2
—seo | (VAP +18P) 4V = = ]},
2vol(g) /M l(g)
and
2 A 1
Dihg(ug,ug) = ~ u(Lu) dV
& vol(g) Jm
< [ (1VuP ) dV = - ——
vol(g) /M vol(g)
in the respective cases. This finishes the proof of the proposition. O

Let us now consider the set of Riemannian metrics
= {g lg—8ev’e Hk”(SzM) vol(M, g) = vol(M, g)}

which is a manifold (as the volume functional is clearly a submersion) with tangent
space

T;R = {h € y2p? Hk+2(32M) | / trhdV = 0}

We define an exponential map

expz : ZROB—>R, hi> f(h)(@+h),
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where the conformal factor f(h) € y2¢>H gfpz(M ) is determined by the condition

1
dVexp,(h) = (1 + > trh) dvs. (45)

Note that exp; maps into R. By differentiating (45), we see that

d t
0= E[dvexpﬁ(,h) — (l + 3 trh) dV§i||t:0

d 1
= (@) dVepllimo = S trh dVy

nd
= Eaf(fh) d V=0,

where we used that f(0) = 1. Thus, 5_1 expg(th)h:o = h, so that
Do exp; = idTgn.

In particular, exp; is a local diffeomorphism in a neighborhood of the origin.
Now, let

S =y P HY (M) @ P 9* (T T). (46)
and
So={ne8im e <el.
For a sufficiently small chosen € > 0, the set
S = exp; (Seo)
is a smooth manifold with tangent space
;S =S.

Proposition 7.3 Let (M, ¢) and o > 0 satisfy the assumptions of Theorem 7.1. Then,
provided that S was chosen small enough, we have Ay (g) < Ay(g) forall g € S and
equality holds if and only if g = 8.

Proof From Proposition 7.2, we get

Dhg(h, ) < =Cy |1l (47)
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forall h € CX(M)g ® C°(TT). By Lemma 3.8, the ¢ ¢2H£§/2-closure of this

direct sum is exactly (46). Thus by density, (47) also holds for h € S. Write geSas
g = exp;(h) for h € S. Taylor expansion then implies

ha(8) =Aa(§>+%D§Aa<h,h)+;/ (a —t)zd ha(g)d1,

where g; := exp;(th). Now we are estimating the error term in the expansion. By
Lemma 5.7,
’ 2 3
‘d ——=halg)| = ’Dg,k (g/") + 3Dy ha(g;, &) + Dy ha(gr, 815 81)

=€ (82 + D&l sl L + Nl il o) -

From the construction of the exponential map we get pointwise bounds

0<iI<k

V¥ |(p) < C(m. k) ( sup IVlhI(P)>

for all p € M and m, k € Ny. Therefore, we can conclude from standard estimates
that

‘ﬁx (80| = Cllhllcza Wl < C Ikl yagopgisn 171
so that
o (8) < ha(@) — (C1 = Ca |kl c2a) Rl 50 < 2a(@) — %cl IAl7,: . (48)
provided that S is chosen small enough. All the assertions are now immediate. O

Proof of Theorem 7.1 Let C°(T M) be the space of smooth vector fields of compact
support and let Diff . () be the group of diffeomorphisms generated by C2°(T M).
Let S be the set in Proposition 7.3. By this proposition, g is a local maximum of A
on S. We have a map

® : S x Diff. (M) — Mg“,
and since A is diffeomorphism invariant, g is a local maximum of A, on the set
W = ®(S x Diff.(M)).
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Let WV be the closure of WV with respect to the y2¢> H, ;f’ff-norm. By continuity, g is
a local maximum of A, also on Y. The tangent space Tg,W is then the closure of

T, W = T;S @ 8*(C°(T* M)
=v’¢ Hk (M)gEBW ¢ Hk y (TT) ® 8" (C(T*M))

with respect to the ¥2¢>H ;fi'lfz-norm. We clearly have

T = $2 G HE2 (MG © vP¢* HEATT) @ S (Co o)’ * v
— PR,

In particular, /) contains an open neighbourhood V of g with respect to the 2 ¢> H, ;f +‘//2

norm. We already know that g is a maximizer of Ay on Y. To finish the proof, it
suffices to show that the maximum can be only attained by Einstein metrics. To prove
this suppose that g is a metric in V such that A,(g) = Aq(g). Let g; be a sequence
in W such that g; — g in the d)szJr2 -norm. By continuity, Ay (g;) — Aq(@).
By construction of W, there are metrlcs gi € S isometric to g;. By diffeomorphism
invariance, Ay (g;) — Ay () as well and (48) implies that

$6i— & inH.
We thus have
Rict —og; — Ricf —0¢ =0, in H™!,  Ric¥ —og; — Ric? —og, iny?¢’Hj .

where o is the Einstein constant of g. Since the y2¢H ;f y-horm and the H'-norm
are stronger than the H ~!_norm, we also have

g —> & & — &  Ric® - Ric®), Ric®¥ — Ric® =og

in H~!. By diffeomorphism invariance of the norm,

8 08 o
| Ric O-g”H*](g) < [Ric# ~ogi HH*l(gi)
= |Ric% —og; — HRicg' —J(QH =0
H a1 H'(@)
Therefore, g is Einstein which was to be shown. O

Remark 7.4 1f (M, g) is Ricci-flat, the assertion of Theorem 7.1 holds without the
volume constraint due to Proposition 5.3 (iii). The proof is the same up to a slight
simplification which comes from dropping the volume constraint.
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Proof of Theorem 1.9 This proofis now a straightforward assembly of the partial results
we have obtained so far.

(i)=(ii)&(iii): Let K C M be a compact subset and let g be a smooth metric on M
which is C**-close to ¢ and satisfies

g —8mxk =0.
Further, let N be a compact manifold with boundary such that
KcCcNcCcM.

Then, g|y is w2¢2H£jﬁz-close to g|n. Choose N so close to M that

5 scalé
uyM(N, A%) >

n—1
and choose @ > 0 so small that

scal®
n—1

_9 .
|:1—n a]M{VM(N, A8) >
n—1

From (i), (M, g) is linearly stable, and we have le (N, Ag|rr) > 0. Thus by Theorem
7.1, we get Ao (g|n) < Aq(&|n), provided that g was chosen sufficiently close to g.
Thus by Lemma 5.2, it can not happen that scal$ > scal? everywhere and scal$ > scal®
somewhere. This implies (ii). Now suppose that scal® = scal® = constant. Then we
have Ay (g|n) = Ay (€|n) and the rigidity part of Lemma 5.2 implies that g is Einstein
as well. Now, g and g are both Einstein metrics and hence both analytic Thus, since
g and g agree on an open set, they have to be isometric, see [16].

(ii)=(i) Suppose that (i) does not hold. Then, we find a nontrivial TT-tensor & with
compact support K := supp(h) C M such that

/ (Agh,h) dV < 0.
M

Let N be a smooth manifold with smooth boundary such that K C N C M. Further,
let f € C°°(M) be a nonnegative function with supp(f) C N and

/(AEh,h)dV=—2/ fdv <o.
M M

Then by Theorem 4.1, there exists a family of metrics g; such that

O
scal® = scal® —|—3f.

Since f nonnegative but not identically vanishing, this contradicts (ii).
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(iili)=(i) This proof is similar to the previous one. If (i) does not hold, we find a
TT-tensor h_ with compact support K := supp(h) C M such that

/ (Aph_,h_)dV <O.
M

On the other hand, because A g is unbounded from above, we find another TT-tensor
h4 supported in K such that

/ (Aghs, hy)dV > 0.
M

By continuity, there exists s € (0, 1) such that & := (1 — s)h_ + sh satisfies

/ (Agh,h) dV = 0.
M

Because i_ and k. are linearly independent, 4 is a nontrivial TT-tensor supported in
K. Thus by Theorem 4.1, there exists a family of metrics g, with % 8tlt=0 = h such
that

scal® = scal® .

It remains to show that the metrics g; are not Einstein for small values of z. Since 4 is
a TT-tensor we have

d RicE scal® N 1A A
PR lc —_— J— = - .
dt " 81 =0 ) E

However, as & is compactly supported, the unique continuation property for elliptic
equations tells us that & ¢ ker(Apg). Therefore, g; can not be Einstein for small ¢,
which contradicts (iii). m]

Proof of Theorem 1.8 Up to taking Remarks 4.3 and 7.4 into account, the proof is the
same. O

8 Mass-decreasing perturbations
Two well-known complete Ricci-flat manifolds which are linearly unstable are the
Riemannian Schwarzschild manifold and Taub—Bolt manifold.

Let o be the standard round metric on S2. Form > 0, the Riemannian Schwarzschild
metric is defined on S'(87m) x (2m, 00) x 2 by

2 2m\ !
ghs = (1 - —m> dr* + (1 — —m> dr* +r’o, (49)

r r
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where t € §'(87m) which is the circle of length 8rm, and r € (2m, 00). It extends
to r = 2m to give a complete Ricci-flat metric on R? x $2. The metric g% has an
asymptotically flat end, meaning that the metric approaches the flat product metric on
R3 x S! on this end. This metric is known to be linearly unstable, see [2, 21, 43].

Letoy, 07, 03 be the standard left invariant 1-forms on § 3 Form > 0, the Taub—Bolt
metric is defined on (2m, 00) x S3

2 _m? r2 — 2mr + m?
gTB = #drz + (r2 — mz)(al2 + 622) + 4m22—032,
rz—%mr—i—m2 r2 —m?
(50)

where r € (2m, 00). It extends to r = 2m to give a complete Ricci-flat metric on
CP? \ {point} with an asymptotically locally flat end, which means that the metric
approaches a flat metric on the total space of a non-trivial S'-fibration over R3 \ B3
on the end. The metric gTB is also known to be linearly unstable, see [24, 45, 47].

Proposition 8.1 The Riemannian Schwarzschild and the Taub—Bolt manifolds allow
compactly supported perturbations which strictly increase scalar curvature.

Proof These metrics have a negative bottom of the LZ-spectrum of Az on the whole
manifold. This implies that lowest Dirichlet eigenvalue of Az, on any sufficiently large
open subset 2 with smooth boundary is negative. The corresponding eigensection is a
TT-tensor, and from Corollary 3.10 we conclude that g®5 and g7 are unstable as in
Definition 1.7 on such €2. The existence of compactly supported perturbations which
increase scalar curvature now follows from Theorem 4.1. O

For asymptotically flat and asymptotically locally flat manifolds there is a mass
invariant defined at infinity, similar to the ADM mass for asympotically Euclidean
manifolds. We will now see that compactly supported deformations from the above
proposition can be transformed to mass-decreasing scalar flat perturbations which
preserve the length of the circle at infinity.

When discussing the mass invariant we restrict attention to manifolds of dimension
four. Let A be the standard flat product metric on R3 x S!, where the circle factor
has length L. Following [34, Section 3.3] we define (M, g) to be asymptotically
flat if outside compact subsets, M is diffeomorphich to R? x S!, and under this
diffeomorphism it holds that

g=ho+ 007", dg=00"""",  8dg=00"""),

for some t > 1/2. For such manifolds, the mass is defined by

1
D : h h h
=—1 (80 dt")dV".
Ko im g 0 g )

Using a conformal trick from [42, Lemma 3.3] we can now prove the following.
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Proposition 8.2 The Riemannian Schwarzschild manifold has scalar-flat perturba-
tions which strictly decrease the mass, while keeping the length L at infinity
constant.

Proof Let g, be a family of metrics on M = R? x §? with gg = g5, g, = gF
outside a compact set, and scal8 > 0 with scal® > 0 somewhere for ¢ > 0.
Let ¢; = 1 + u, be the solution to

0= —6A8% @, + scal® ¢; = —6A8 u, + scal® u + scal®

with u; — 0 at infinity. The existence and uniqueness of such a u, can be deduced as
in [34, Section 2]. By the maximum principle we have ¢; > 0. Set g; := <p[2 g:. Then
(M, &) is an AF manifold with scal® = 0. The length L of the circle factor at infinity
for g; is the same as for g,

We compute the mass of (M, g;),

1

D : ho = ho ~ h

nw: = —— lim (80 —dtr' ) A%
17 A\ L Sk 8t 8t )4

_1 i h 2 h 2 h
- 4 L Rlimoo Sk (5 O(p; gr) — dtr"(g; gt))J dvho

1 6
= i 2(5h0 —duho ) dvho — 2 i dg,odV'"
AL R /SR $r\0 8 —alrm g ) arL R Jg, P14

6
D : h
=uP — — lim dg; s dvho
Hoo ™ 4nL r5o Jg, 199

6
D : h h
— lim 0 dv O’
- :u'gRS Al 1 /;R v ((ﬂt)

where 1" is the outward pointing normal to Sg with respect to /9. From the equation
for ¢; we have

V8 (¢r) dV¥& +/ scal¥ ¢, dV&,

0 =/ (—6A8 @, +scal® @) dV& = —6/
Br N Bg

R

so in the limit R — oo we find

6 lim V() dV' =6 lim V8 (@) dVE& = / scal® ¢, dV#.
R—o0 R—o0 M

Sk SR

Together we get
p_ybo L scal ¢, dV&
Mg = Hgrs arl Jy, Pt )

so the mass of (M, g;) is strictly less than the mass of (M, gRS). O
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In [34] the mass of asymptotically locally flat manifolds is defined. A similar compu-
tation shows that the same conformal change produces mass decreasing perturbations
of the Taub—Bolt metric.
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