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Abstract

We provide a general, homotopy-theoretic definition of string group models within an
oo-category of smooth spaces and present new smooth models for the string group.
Here, a smooth space is a presheaf of co-groupoids on the category of cartesian spaces.
The key to our definition and construction of smooth string group models is a version of
the singular complex functor, which assigns to a smooth space an underlying ordinary
space. We provide new characterisations of principal co-bundles and group extensions
in oco-topoi, building on work of Nikolaus, Schreiber and Stevenson. These insights
allow us to transfer the definition of string group extensions from the co-category
of spaces to the co-category of smooth spaces. Finally, we consider smooth higher-
categorical group extensions that arise as obstructions to the existence of equivariant
structures on gerbes. These extensions give rise to new smooth models for the string
group, as recently conjectured in joint work with Miiller and Szabo.
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1 Introduction and overview
The most direct way to define the string group is via the Whitehead tower of O(n),
-+« —> String(n) —> Spin(n) —> SO(n) —> O(n) . (L.1)

By this approach, String(n) is defined as a 3-connected topological space with a
continuous map String(n) — Spin(n) which induces an isomorphism on all homotopy
groups except for in degree three. So far, this defines String(n) only as a space, but
in [34] Stolz constructed String(n) as a topological group and the map String(n) —
Spin(n) as a morphism of topological groups. In fact, he presented a construction that
produces, for any compact, simple, and simply connected Lie group H, a morphism
String(H) — H of topological groups whose underlying continuous map is a three-
connected covering. A covering of this type is also called a string group extension of
H. In these conventions, we write String(n):=String(Spin(n)).

The string group is important in geometry and topology in several ways. Originally,
Killingback [20] and Witten [41] investigated the two-dimensional supersymmetric
o-model on background manifolds M and found that this is well-defined only if the
free loop space LM admits a spin structure. Witten, moreover, computed the index
of a hypothetical Dirac operator on LM based on physical arguments, leading to
the definition of the Witten genus. By now, it has been understood that the Witten
genus is related to the cohomology theory of topological modular forms (TMF). The
string group enters in this story, for example by defining orientations in TMF [1, 14],
analogously to how the spin group underlies orientations in real K-theory.

Since the free loop space L M is less tractable than the manifold M itself, it is an
important question whether the condition that L M admit a spin structure can be recast
as a condition on the manifold M itself. This is indeed the case: spin structures on L M
correspond to string structures on M [35, 36, 40]. Topologically, a string structure
on M is a lift of the classifying map M — BO(n) of the tangent bundle TM — M
to amap M — BString(n). That is, a string structure is a reduction of the structure
group of T M to String(n). From a geometric perspective, the interest ultimately is in
identifying consequences and constructions that are facilitated by a string structure
on a manifold. Concrete examples include the Hohn-Stolz conjecture [18, 34] that the
Witten genus is trivial for any Riemannian 4k-manifold with positive Ricci curvature
which admits a string structure, or the long-standing goal to define a Dirac operator
on the loop space LM.

In order to study the differential geometric, rather than topological, implications
of string structures, it is paramount to have models for String(rn) not just as a topo-
logical group, but as a group object in some geometric category. For instance, given
a Riemannian manifold M, the construction of the Dirac operator associated with
a spin structure on M depends on the ability to glue the tangent bundle 7M from
smooth Spin(n)-valued functions. Technically, one also needs to find local frames
for TM in which the Levi-Civita connection of M is represented by 1-forms val-
ued in the Lie algebra spin(n) rather than so(n); however, since the fibre of the map
Spin(n) — SO(n) is discrete, these Lie algebras happen to be canonically isomorphic
(for more background on spin geometry and Dirac operators, see, for instance, [21]).
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Principal co-bundles and smooth string group models 691

Analogously to how spin structures on L M stem from string structures on M, a hypo-
thetical Dirac operator on LM may well stem from a geometric operator on M itself
(e.g. via some transgression procedure), obtained from a further lift of the Levi-Civita
connection to the Lie algebra string(n). However, for this to make sense, one must
work with a smooth, rather than topological, model for String(n).

Classical results on cohomology readily imply that it is impossible to construct
String(H) as a finite-dimensional Lie group (for any compact, simple, simply con-
nected Lie group H). Thus, to find geometric models for String(H'), one needs to look
beyond the category of smooth, finite-dimensional manifolds. Indeed, a number of
models for String(H) have been found in (higher) categories of smooth spaces that
generalise the notion of a manifold in various ways [2, 16, 17, 25, 31, 39].

In each of these constructions, an extension

A — String(H) — H

of a compact, simple, simply connected Lie group H is constructed within the chosen
ambient category of smooth spaces. It is then argued that on the underlying ordinary
spaces (meaning topological spaces or simplicial sets) one obtains a string group exten-
sion in the sense of (1.1). However, so far there is no general definition of String(H) in
a smooth context that formalises this procedure. Consequently, in geometric models
for String(H) the extending group A currently has to be chosen ad hoc as an explicit
delooping of the Lie group U(1) in a rather strict sense. This obscures the homotopy-
theoretic nature of String(H ), since from a homotopical point of view, not A is fixed,
but only its homotopy type.

In [10], studying symmetries of gerbes, we came across extensions of Lie groups
H not by a delooping of the Lie group U(1), but by the delooping of the diffeological
group U(1)# of smooth maps from H to U(1). However, if H is simply connected,
then the smooth group U(1)# is homotopy equivalent to U(1). Therefore, extensions of
H by the delooping B(U(1)#) potentially have the correct homotopy type to produce
smooth string group extensions of H. Nevertheless, we could not make this rigorous
due to the lack of a homotopy-theoretic notion of smooth string group extensions that
does not fix the extending group, but only its homotopy type.

Here, we provide such a general definition of smooth string group extensions, and
we prove that the string group models proposed in [10] fit within this definition. Let
Mfd denote the category of manifolds and smooth maps, and let Cart C Mfd be the
full subcategory on those manifolds that are diffeomorphic to R” for any n € Np.
We denote the oo-category of spaces by S. As our ambient co-category of smooth
spaces, we choose the oco-category Hyoo:=Fun(Cart’?, S) of presheaves of spaces on
Cart. This provides a very general notion of smooth space: for instance, Hy, contains
the categories of manifolds, diffeological spaces, and Lie groupoids. We write M for
the image of a manifold M under the fully faithful inclusion Mfd < H.

The oo-category H, is even an oo-topos. There exists an established theory of
group objects in co-topoi [23]. Moreover, there exists a notion of principal co-bundles
and extensions of group objects in co-topoi, due to [26]. A large part of this paper is
devoted to developing this theory further. In particular, we show that group actions in
oo-topoi automatically form groupoid objects (Theorem 3.19) and that principal oo-
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692 S. Bunk

bundles essentially consists of an effective epimorphism and a principal group action
(Theorem 3.31); this is analogous to the definition of principal bundles of topological
spaces as a locally trivial map and a principal group action. A group object in an
oo-topos H is a simplicial object A € Fun(A°P, H) satisfying certain properties (see
Definitions 2.6 and 3.2). We provide the following characterisation of extensions of
group objects:

Theorem 1.2 Let H be an co-topos. Let A 5 GL Hbea sequence of morphisms
of group objects in H. The following are equivalent:

1. AS G2 His an extension of group objects in H in the sense of [26], i.e. the
sequence BA — BG — BH is a fibre sequence in H.

2.A5GL His a fibre sequence of group objects in H and p1: G — Hj is an
effective epimorphism (the subscript 1 denotes evaluation at [1] € A).

3. Ag N G AN H, is a fibre sequence in H and p1: G| — H\ is an effective
epimorphism.

4. The morphism p1: G1 — Hj together with the action of A on G1 induced by t
define a principal A-bundle over H;.

In order to give a general homotopy-theoretic definition of string group extensions
within Hy,, we need to associate an underlying space to an object in Hyo. In [6] we
investigated (a model categorical presentation of) a functor S,: Hyo — S from H
to the co-category S of spaces. It evaluates a smooth space B € Hy, on the extended
affine simplices A]e‘ € Cart and then takes the geometric realisation of the resulting
simplicial object in S. One can think of S, is a version of the singular complex functor
for smooth spaces. Here, we give further interpretation and context to this functor.
Consider the adjunction ¢ 4 ', where I' : Ho, — S is the global-section functor and €
is the constant-presheaf functor. This fits into a triple adjunction IT 4¢C 4 I" - codisc,
where codisc is fully faithful and where IT preserves finite products. That is, the co-
topos Hy, is cohesive.

Theorem 1.3 The functor S.: Hoo — S is part of the cohesion of Hx: there is a
canonical equivalence

Im~s,.

This has already been argued in [3] and proven on the level of model categories of
simplicial presheaves in [6]; here we provide an co-categorical proof based on findings
from [6].

Let L: H — H’ be a functor between co-topoi which preserves finite products and
geometric realisations of simplicial objects. We show that L. maps principal co-bundles
in H to principal co-bundles in H' and group extensions in H to group extensions in
H’ (this relies on Theorem 3.19). In particular, the functor S,: Hy, — S has these
properties. In S, a string group extension of a compact, simple, simply connected
Lie group H can be defined as usual: it is an extension A — String(H) — H of
group objects in S such that String(H) is 3-connected and such that the morphism
String(H) — H induces an isomorphism on all homotopy groups of the underlying
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Principal co-bundles and smooth string group models 693

spaces except for in degree three. Using that S, M ~ M for any manifold M (see [6]
for a proof of this classical fact using the present technology) and that S, preserves
principal co-bundles and group extensions, we can now transfer this definition to Hoo:

Definition 1.4 Let H be a compact, simple, and simply connected Lie group, and let
H denote the induced group object in Hy,. An extension of the group object H in Hyo
is called a smooth string group extension of H if its image under S, is a string group
extension in S.

We show that the string group models conjectured in [10] fit within Definition 1.4.
Let M be a manifold endowed with a bundle gerbe G (a categorified hermitean line
bundle). In [10], we addressed the question of when an action of a Lie group H on
M lifts to an equivariant structure on G. We found that the obstruction to such a lift is
captured by an extension

HLBY —% Sym(G) 2> H (1.2)

of H by the smooth 2-group HLBY of hermitean line bundles on M. Each of the above
objects can be interpreted as a group object in Hy, via the nerve functor N, and so the
sequence (1.2) enhances to an extension

N(HLBY) X5 N (sym@)) 25 H

of H as a group object in Hy,. The case relevant for string group extensions is
M = H, where H is a compact, simple and simply connected Lie group, acting
on itself via left multiplication. Since H is 2-connected, there is an objectwise equiv-
alence HLBY ~ B(U(1)), and since H is 1-connected, there is a smooth homotopy
equivalence U(1)f7 ~ U(1). Therefore, the extending group in (1.2) has the correct
homotopy type for a string group extension. We prove:

Theorem 1.6 Let H be a compact, simple, simply connected Lie group, and let N be
the nerve functor. Consider the left-action of H on itself via left multiplication. Let
G € Srb(H) be a gerbe on H whose class in H3H;7Z) 2 Zisa generator. The
sequence

N(HLBH) Ny N(Sym@)) ~% H

is a smooth string group extension of H.

This string group model is somewhat similar to the model in [16], which is obtained
by studying symmetries of gerbes with connection. However, here the presence of
connections forces the extending group to be the delooping BU(1). Itis interesting that
the connection does not change the homotopy type of the extension. In [10, Def. 5.33],
we also constructed a second extension of H with a connection on the gerbe G acting
as crucial auxiliary data. We showed that this extension is equivalent to the one in (1.2)
[10, Thm. 5.36], it gives rise to a second smooth string group extension of H.
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694 S. Bunk

Finally, we expect that most (or possibly all) of the aforementioned smooth string
group models fit within Definition 1.4. Checking this in full detail in each case would
go beyond the scope of this article, but we outline the relevant arguments here: for the
models in [16] and [39] the methods we use here should adapt in a straightforward
manner. The models [17, 31] should fit into the present framework via the presentation
of sheaves of co-groupoids on Cart as co-Lie groupoids (see, for instance, [27, 28,
32]). For the infinite-dimensional models in [34] and [2], one needs to be able to
compute homotopy types of infinite-dimensional manifolds, such as gauge groups
and loop spaces, via the functor S,. In the case of loop spaces, this is facilitated by the
Smooth Oka Principle from [30]. For gauge groups one needs that the homotopy type
induced from the infinite-dimensional manifold structure agrees with the homotopy
type extracted by using S,. This should follow from general results on the relation
between diffeological spaces and infinite-dimensional manifolds in [19].

QOutline. In Sect. 2 we investigate the functor S,: Hy, — S. Further, we recall
some basic notions and facts about co-topoi and prove Theorem 1.3.

Section 3 is devoted to the theory of group objects, group extensions, and principal
oo-bundles in co-topoi. We recall the definitions of these notions from [26] and provide
new characterisations of principal co-bundles and group extensions. In particular, we
prove Theorem 1.2.

In Sect. 4, we use the results obtained thus far to transfer the definition of string
group extensions in S to the co-topos Hy. After recalling from [10] the smooth 2-
group extensions which control equivariant structures on gerbes, we show that these
extensions give rise to new smooth models for string group, thus proving Theorem 1.6.

Finally, in Appendix A we prove Theorem 3.19: we show that group actions in an
oo-topos give rise to groupoid objects.

Notation. We usually make no notational distinction between ordinary categories
and oo-categories; the nerve functor will be used implicitly where necessary.

We write A for the simplex category, and Setp for the category of simplicial
sets. In a simplicial category €, we denote the simplicially enriched hom-functor
by C(—, —): C°P x € — Seta.

We write |—| = colimgOp for the colimit of simplicial objects in an co-category C.
Moreover, we also refer to | X| (if it exists) as the geometric realisation of a simplicial
object X in C.

Usually, we denote oo-categories by letters C, D, ..., but for co-topoi we use
bold-face letters H. In particular, the co-topos of spaces is denoted by S. We write
D(—, —): D x D — § for the mapping spaces in an co-category D.

We model co-categories by quasi-categories. Given an oo-category € and a simpli-
cial set K € Seta, we write Jun(K, €) = Seta (K, €) = CK for the co-category of
functors from K to C.

We let A, denote the augmented simplex category, i.e. the category A with an
initial object adjoined. We usually do not distinguish notationally between augmented
simplicial objects X € i}“un(A(j_p, C) in an co-category C and their underlying simplicial
objects. If we wish to make this distinction explicit for clarity, we will denote the latter
by the restriction X pop.
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Principal co-bundles and smooth string group models 695

If M is a simplicial model category, then M? is the full simplicial subcategory on
the cofibrant-fibrant objects of M. Recall from [23] that the coherent nerve N (M°)
is an oco-category.

If € is a (small) co-category, we write P(C) = Fun(C°P, S) for the co-category of
presheaves of spaces on C.

2 Smooth spaces and oo-topoi

In this section we recall and develop some background on the oo-categories most
relevant in this paper. Most importantly, we consider a presheaf co-category Hyo,
whose objects can be interpreted as a general notion of smooth spaces. We study an
oo-categorical version S,: Hy, — S of a Quillen functor considered in [6], which
provides a singular complex functor for smooth spaces. Subsequently, we briefly recall
the definition of an co-topos and of cohesion of co-topoi, and we show that S, is part
of the cohesion of Hyo.

2.1 Presheaves on cartesian spaces and the smooth singular complex

We let Cart denote the (small) category whose objects are submanifolds of R that
are diffeomorphic to R” for any n € Ny, and whose morphisms are the smooth maps
between these manifolds. We let

H,.:=P(Cart) = Fun(Cart’?, S)

denote the co-category of presheaves of spaces on Cart. The co-category Hy is pre-
sented by several model categories of simplicial presheaves on Cart—for example,
there is a canonical equivalence [23]

Hoo = Na((H5)°).

where fJ-Cf)O is the category of simplicial presheaves on Cart, endowed with the injective
model structure.

Let I:={c x R — c|c € Cart} denote the set of morphisms in Cart of the form
1. X cr, where cr: R — = is the map that collapses the real line to the point. We can
localise both . and H at this set of morphisms (or rather at its image under the
Yoneda embedding), and there is still a canonical equivalence between the localisations
(23],

NA((L1HL)®) ~ L Hu .
The simplicial model categories H’_ and L;H’_ were the subject of [6]. On the level
of their underlying co-categories, one of the main results of that paper can be phrased
as follows. For k € Ny, we let A’e‘::{t e Rk Z;{:o t' = 1} denote the extended

(affine) k-simplex. This is a k-dimensional affine subspace of R*!, and hence forms
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696 S. Bunk

a cartesian space. The face and degeneracy maps of the standard topological simplices
| A¥| extend to the extended affine simplices, turning them into a functor

Ae: b — Cart, [k]+— AX.

We let S, : Hyo — S denote the composition of functors

A i
S.: Hoo ——%—3 Fun(AP,S) —im , g 2.1)

We refer to this functor as the smooth singular complex functor; viewing the oco-
category Hy, as an oo-category of smooth spaces, S, thus assigns an underlying
ordinary space to a smooth space.

Theorem 2.2 [6] There exist adjunctions of co-categories

Loc N
H, . 1 ')L[Hoo

| 7N
Se |H|Re Ll =S AR

NV,

where Sg is the restriction of S, to LHs, C H. Furthermore, the following state-
ments hold true:

The functor S, : Hs, — S preserves and reflects I-local equivalences.

The morphism t is fully faithful, i.e. Loc is a reflective localisation.

The three right-hand vertical functors are equivalences of co-categories.
The diagram obtained by omitting the morphism Lg is (weakly) commutative.

v

Proof The first claim follows readily from Proposition 3.6, Corollary 3.12, and Corol-
lary 3.37 of [6]. (Note that model categorical presentations of Hy,, L;H, and S are
used in [6], and the functors in the statement are presented by Quillen functors.)
Further, claim (1) follows readily from [6, Cor. 3.15]. Claim (2) follows from
general properties of oo-categories underlying simplicial model categories and their
Bousfield localisations [23]. Claim (3) is the version on the underlying co-categories
of Theorems 3.14 and 3.40 of [6]. Claim (4) holds true because the diagram of the
right-adjoints clearly commutes (¢ is an inclusion, and R, simply factors through
LiHy C Hyo [6]). O

Remark 2.3 There is a fully faithful embedding Mfd < H from the category of
manifolds into Hy: it sends a manifold M to the presheaf M of discrete spaces that
maps a cartesian space c to the set Mfd(c, M) of smooth maps from ¢ to M. By [6,
Thm. 5.1] there is a canonical equivalence of spaces M ~ S, M for any M € Mfd,
which is natural in M. <
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Principal co-bundles and smooth string group models 697

Proposition 2.4 The localisation functor Loc: Hs, — LjHo preserves finite prod-
ucts. The class Wy of I-local equivalences in H is closed under finite products.

Proof By [6, Prop. 2.13], the localisation L ;Hs, agrees with the localisation Ly Hy
of Hy at the set W of all collapse morphisms ¢ — x, for ¢ € Cart. The set W is stable
under finite products in He, since Cart has finite products. Therefore, the first claim
follows from [13, Cor. 7.1.16]. The second claim then follows since a morphism in
H is in Wy precisely if its image under Loc is an equivalence [23, Prop. 5.5.4.15]. O

Proposition 2.5 For B, C € Hy, let C8 e Hy, denote their internal hom object in
H . The localisation functor Loc: Ho, — L1H is given (up to equivalence) by

~ ingHoo ((—)Ae
Loc =~ c%%m (( ) ) .
Proof By Theorem 2.2(4), there is a canonical equivalence S e’ oLoc 2 S.. Combining
this with Theorem 2.2(3), we obtain canonical equivalences
Loc ~L! oSl oLoc~Llos,.
Consider the adjunction € : S & Hy, : ev,, where C assigns to a space K the constant
presheaf with value K, and where ev, evaluates a presheaf on the final object * € Cart.
These functors induce an equivalence € : S = L;H, : ev, [6, Thm. 2.17], and there is
a canonical equivalence ev, >~ Sg of functors L;Hy, — S by [6, Prop. 2.7, Cor. 3.15].
By adjointness, we also obtain a canonical equivalence € =~ Lg. Consequently, there
is a canonical equivalence
Loc~cCoS,.
We observe that there exists a canonical equivalence
— - S ~ 1 Hoo A
Se = C(ilolpn’l (AZ‘(—)) ~ evy Oc%lpm ((—) ) )
By [6, Prop. 6.2], we have that Colim};‘,ﬁf’((—)Af) is a functor Hyo — L;H; that is,
it takes values in /-local objects. It follows that there are canonical equivalences
~ ¢ ~ ¢ i Hoo ((_VAe) ~ s Hoo ((_VAe
Loc~coS, _COev*oc%lpm (( ) )_C%Llpm (( ) )

This completes the proof. O

2.2 Background on oco-topoi

In this section, we briefly recall some background on co-topoi. Most of the material
in this section can be found in [23, 26, 32]. For n € Ny and a subset S C [n], let
AS C A" be the full co-subcategory on the vertices that lie in S. There is a canonical
isomorphism AS = AlSI as simplicial sets, where |S| is the cardinality of S. The
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698 S. Bunk

simplicial set AS can equivalently be seen as the image of an inclusion A5l < A”
that sends the i-th vertex of A!S! to the vertex of A" which corresponds to the i-th
element of S (with the order induced from the inclusion S C [r]). Given an co-category
€ and a simplicial object X € Fun(A°, ), we set X (S):=X(A!5!). This comes with
a canonical morphism X, — X(S), induced by the inclusion S C [n].

Definition 2.6 Let C be an co-category. A groupoid object in C is a simplicial object
X € Fun(A°P, C) such that, for every n € Ny and every partition [n] = S U S’ (as
finite sets) with S N S” = {*} consisting of a single element, the diagram

X, — X(S')

! !

X(S) — Xo

is a pullback diagram in C.
In particular, any groupoid object is a category object (see also Definition A.1): for

every n > 1, the spine decomposition [n] = [1] Lo} - - - U[oj [1] induces a canonical
equivalence

Xn = X1 Xxy - Xx9 X1 .

n+1 factors

We denote the full subcategory of Fun(A°P, €) on the groupoid objects by
Gpd(C) C Fun(A®?, C).

Let A denote the simplex category with an initial object [—1] adjoined. Forn € Ny, let

Ay <;, C A4 be the full subcategory on the objects [—1], .. ., [1#]. In particular, Ai‘t <0

is the category with two objects and one non-trivial morphism [0] — [—1]. Therefore,

any morphism p: P — B inan oco-category C defines an object {p} € ?un(A?SO, ©).

Definition 2.7 Given a morphism p: P — B in an co-category C, its Cech nerve ép
(if it exists) is the augmented simplicial object obtained as the right Kan extension

A-Oirp,s() L> ¢

That is, ép = Ran, {p}, where 1 is the inclusion A‘_ﬁso — Aj_p.

For later use, we record:
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Principal co-bundles and smooth string group models 699

Proposition 2.8 [23, Prop. 6.1.2.11] Let € be an co-category, and let X : Aip — Cbe
an augmented simplicial object. The following are equivalent:

1. X is a right Kan extension of Xpper_ .
+.<0

2. The underlying simplicial object X ‘?Aop is a groupoid object in C and the diagram

X1A>X0

al ]

Xo — X1

is a pullback square in C.

Definition 2.9 Let C be an co-category, and let p: P — B be a morphism in €. Then,
p is an effective epimorphism if the augmented Cech nerve C p € i?un(A(jrp, e =
Fun((A°P)>, €) is a colimiting cocone in C. In other words, the morphism p: P — B
is an effective epimorphism precisely if the colimit IC p| exists in C and the induced
morphism IC p| — B is an equivalence.

LetX: Aj_p — C be an augmented simplicial object in an co-category C. We denote
the morphism Xy — X_; by p. Suppose that its Cech nerve C p exists. Observe that

{p} = 1*X as objects in Fun(Al, @) = ?un(A‘f <o» ©). By the adjointness property

of the right Kan extension, there is a canonical equivalence of mapping spaces
Fun(bY o, ©)G*X, (p}) = Fun( T, ©)(X. Cp).
The identity :*X = {p} thus induces a canonical morphism
n: X — Cp. (2.10)

We define oco-topoi in terms of the Giraud-Lurie-Rezk axioms [23, Def. 6.1.0.4,
Thm. 6.1.0.6]:

Definition 2.11 An oco-fopos is an co-category H satisfying the following axioms:

1. H is presentable. In particular, H has all limits and colimits [23, Def. 5.5.0.1,
Cor. 5.5.2.4]. We denote its initial object by ¥ € H and its final object by * € H.

2. Colimits in H are universal: for any diagram D: K — H, any cocone D: K* — H
under D with apex C € H, and for any morphism f: B — C in H, the induced
morphism

colimH(D X CB) — (colimHD) X B
K cC K C

is an equivalence (on the left-hand side, cB, cC: K — Hare the constant diagrams
with values B and C, respectively, and the pullback is formed in Fun(K, H)).
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700 S. Bunk

3. Coproducts in H are disjoint: for every pair of objects B, C € H, the pushout
diagram

A é—=

—_
— B

C <™

Cc

is also a pullback diagram.

4. Groupoids in H are effective: given any groupoid object X € Gpd(H),let p: X¢ —
| X| denote the canonical morphism which is part of the colimiting cocone. Then,
the comparison morphism n: X — C p constructed in (2.10) is an equivalence of
simplicial objects in H. In particular, p is an effective epimorphism.

Example 2.12 We list some examples of co-topoi; we will mostly be using the first
two of these.

1. The oco-category of spaces S is an co-topos.

2. Any oo-category P(C) of presheaves of spaces on a (small) co-category C is an
00-topos.

3. Any accessible, left-exact, reflective localisation of an oco-category P(C) of
presheaves on a small co-category € is an oco-topos; in fact, every co-topos is
equivalent to an co-topos of this form [23, Thm. 6.1.0.6, Prop. 6.1.5.3]. <

We will later need the following properties of effective epimorphisms in an co-
topos:

Lemma 2.13 In an co-topos H, effective epimorphisms are stable under pullbacks and
colimits.

Proof The fact that effective epimorphisms are stable under pullback is [23,
Prop. 6.2.3.15]. The effective epimorphisms in H are precisely the (—1)-connected'
morphisms [23, Def. 6.5.1.10]. The class of n-connected and n-truncated morphisms
in an oo-topos form a factorisation system [23, Rmk. 5.2.8.16], and the left class of
morphisms in a factorisation system is stable under colimits [23, Prop. 5.2.8.6(7)]. O

An important notion of morphism between oco-topoi is that of a geometric mor-
phism, which is more adapted to the additional structure on oco-topoi than a mere
functor of co-categories:

Definition 2.14 Let H and H' be oo-topoi. A geometric morphism of oo-topoi from
H to H' is a functor F,: H — H’ admitting a left exact left adjoint F*: H' — H.

One can show that the co-category S of spaces is final in the co-category of co-topoi
and geometric morphisms [23, Prop. 6.3.4.1]. That is, for every co-topos H there exists
an essentially unique geometric morphism H — S. We will denote the corresponding
adjunction by €: S = H : I' and refer to I' as the global-section functor of H.

! Note that there is a shift in convention between [23] and the nLab: A morphism f in H is n-connective
in [23] if and only if it is (n—1)-connected in the conventions used on the nLab. We follow the nLab here.
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Example 2.15 Consider a Grothendieck oco-site, i.e. a small co-category C with a
Grothendieck coverage. Suppose C additionally has a final object. If H is the oo-
category of sheaves of spaces on C, then the global section functor I' of H agrees with
the evaluation of sheaves at the final object of C. In particular, this applies to Hyo, the
oo-topos of presheaves of spaces on Cart from Sect. 2.1. <

Definition 2.16 An co-topos H is called cohesive if the adjunction€: H= S : " can
be extended to a triple adjunction IT <€ 4 I" - codisc, in which the left adjoint IT
preserves finite products and the right adjoint codisc is fully faithful.

Cohesive oco-topoi have been studied extensively in [32] and related works.

Theorem 2.17 The co-topos H, is cohesive, i.e. there exists a triple adjunction IT -
€T Hcodisc as in Definition 2.16, and there is a canonical equivalence

Im~Ss,.

Remark 2.18 The fact that H, is cohesive is not new, see [32]. The second statement
has been proven in a model categorical presentation in [6], and a different argument
has been given in [3]. We give an oco-categorical proof of this fact for completeness. <

Proof The oo-topos Hy, = P(Cart) admits a right-adjoint to its global-section functor
I" by abstract arguments: evaluation of a presheaf at any object preserves colimits,
and since both Hy, and S are presentable, I' must admit a further right adjoint [13,
Prop. 7.11.8]. It is well-known that this can in fact be extended into a triple adjunction
which establishes that Hy is cohesive [32].

For the second part of the statement, we show that S, is left-adjoint to the functor
C. Recall from Sect. 2.1 that here C simply sends a space K € S to the constant
presheaf on Cart with value K. Further, recall from the proof of Proposition 2.4 (and
[6, Prop. 2.13]) that the 7-local objects in Hy, are precisely the essentially constant
presheaves, i.e. those F' € H, for which the canonical morphism F (x) — F(c) is an
equivalence for every ¢ € Cart. Equivalently, F is /-local if and only if the canonical
morphism Co I'(F) — F is an equivalence in Hyo. Further, by Theorem 2.2 the right
adjoint R, to S, factors through the localisation L;Hy, C Heo; this is precisely the
full co-subcategory of Hy, on the /-local objects.

Consider the two adjunctions S, : Hooc 2 S : R, and € : S 2 Hy, : I'. They
induce an adjunction

Se0¢C:S I " S:ToR,.

By the definition (2.1) of S, for any space K € S we have a canonical natural
equivalence

Se 0 E(K) = colim®(E(K)(A,)) ~ K , @2.11)
AP

because left-hand side is the colimit of a constant diagram over an indexing cate-
gory whose nerve is contractible in the Kan-Quillen model structure on Setp (see

@ Springer



702 S. Bunk

Lemma A.7, Example A.9). In other words, there is a canonical natural equivalence
S, o€ =~ 1g. Consequently, there is also a canonical equivalence on the right adjoints,
I' o R, =~ 1g. We obtain natural equivalences

€~Col'oR, ~R,.

In the second equivalence we have used that R, takes values in L;Hy, C Hy and
that on objects in L;Hy the morphism € o I' — Iy, is an equivalence. From the
equivalence R, >~ Cand the adjunction S, - R, we infer that S, is a further left adjoint
to C. Hence, it is equivalent to the functor IT. O

Theorem 2.17 shows that the smooth singular complex functor S,: Hoo — S has
a deep homotopical meaning for assigning homotopy types to objects in Hy, and for
studying these homotopy types. It also provides an additional, refined, perspective on
the good homotopical properties of the functor S, that were found and studied in [6].
Finally, note that we also obtain from this a natural equivalence

Se(F) = colim®(F(A,)) ~ colim®(F) .
A°P Cart°P

That is, we see that S, computes the oco-categorical colimit of Cart°®-shaped dia-
grams of spaces, and thus, by [13, Thm. 6.4.5], that NA,: NA — NCart is a cofinal
morphism in Seta .

3 Principal cc-bundles and group extensions in co-topoi

In this section, starting from the theory introduced in [26], we develop characteri-
sations of principal co-bundles and extensions of group objects in co-topoi. These
characterisations are interesting already in their own right. In Sect. 4 they will also
allow us to transfer the definition of string group extensions from S to Hy, and to
construct explicit smooth models for the string group.

3.1 Groups and group extensions

Here we recall the definitions of group objects and their extensions in co-topoi [26].
We investigate how to compute limits of group and groupoid objects in co-topoi,
and how group objects and their classifying objects behave under functors between
oo-topoi that preserve finite products and geometric realisations.

Let H be an oco-topos, and let Gpd(H) be the co-category of groupoid objects in H.
Further, let EEpi(H)  Fun(A', H) denote the full co-subcategory on the effective
epimorphisms in H. Recall that by Definition 2.11(4) and Proposition 2.8 there is a
canonical equivalence

Spd(H) ~ EEpi(H) , (3.1
given by forming colimits and Cech nerves, respectively.
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Definition 3.2 Let C be an oo-category. Let Grp(C) C Gpd(C) denote the full co-
subcategory on those groupoid objects X in € for which X is a final object of C. We
call Grp(C) the co-category of group objects in C.

Proposition 3.3 For any oco-topos H, there are reflective localisations
Fun(£, H) é; Spd(H) L > Srp(H) .

Proof First, the right adjoints in the above sequence of adjunctions are fully faithful by
definition. The first morphism has a left adjoint by [23, Prop. 6.1.2.9]. For the second
left adjoint, we use the equivalence (3.1)%: this equivalence induces a commutative
square

Gpd(H) +—— Srp(H)

~| B

EEpi(H) «— EEpi, (H)

where EEpi, (H) C EEpi(H) is the full co-subcategory on those effective epimor-
phisms f: Xo — X_; where X is a final object. A left adjoint to the bottom
morphism is given by the functor that sends an effective epimorphism f: Xo — X_;
to the morphism g: * — X_; Uy, * induced by the pushout. Since f is an effective
epimorphism, Lemma 2.13 implies that so is g. O

For a group object G € Grp(H) in an co-topos H, we set

BG::colipmH G=|GleH.
AO

Note that in an oo-topos H, for any groupoid object X € Gpd(H) the map Xo —
colimg,pX is an effective epimorphism. Hence, given a group object G in H, the
morphism * >~ Gy — BG is an effective epimorphism. Moreover, the functor B is
part of an equivalence [23, Lemma 7.2.2.11] (see also [26, Thm. 2.19])

Q
H 1 S, 34

where Hi/ | is the oco-category of pointed, connected objects in H. Note that, for each

T e Hi/l, we view QT as a group object in H, i.e. QT € SGrp(H). Its underlying
objectin His (Q7T);=:21T.

Unravelling the definition, we obtain that a group object in an co-category C with a
final object x € C is equivalently a simplicial object G in € such that G¢ =~ * and, for
any [n] € A and any partition [n] = S U S’ as finite sets with § NS = {*} consisting

of a single element, the diagram

2 This proof goes back to a mathoverflow answer by Jacob Lurie, see https://mathoverflow.net/questions/
140639/is-the- category- of- group-objects-in-an-infty- 1-topos-reflective-as-a-subcat/140742#140742.
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Gy — G(S)

l |

G(S') —> Gy~ x

is a pullback diagram in C. That is, there is a canonical equivalence G, = G(S) x
G(S"). In particular, iterating this for the spine partition [n] = [1] o] - - - Ujoy [1], we
obtain a canonical equivalence

G, — GI.

Proposition 3.5 Let L: H — H' be a functor between oo-topoi.

1. If L preserves finite products, then it preserves group objects.
2. If L additionally preserves geometric realisations, then, for any group object G in
H, there is a canonical equivalence

B(LG) ~ L(BG).

Proof The first part of the Proposition is known [23]; we include its proof only for
completeness. Any functor F: € — D between oco-categories preserves simplicial
objects, i.e. it induces a functor Fun(A°?, ) —> Fun(A°P, D). Suppose that G €
Fun(A°P, H) is a group object in H. Since L preserves finite products, it preserves final
objects, so that (LG)g = * is final in H'. For n # 0 and any partition [n] = SU S’
with § N §" = {x}, we obtain a commutative diagram

(LG)y = L(G,) —— L(G(S) x G(5))

T~ f

LG(S) x LG(S)

The top morphism is an equivalence since G is a group object in H and the vertical
morphism is an equivalence since L preserves products. This proves claim (1). Using
that BG = colimgan = |G|, the second part is now immediate. O

Remark 3.6 We will prove a number of statements about functors as in Proposi-
tion 3.5(2), i.e. functors between oo-topoi which preserve geometric realisations
and finite products. An important class of such functors is given by the additional
left-adjoints of cohesive oco-topoi—see Definition 2.16. In particular, the functor
Se: Hoo — S from Sect. 2.1 is of this type by Theorem 2.17. <

Lemma 3.7 Let H be an co-topos.

1. A morphism X — Y in Gpd(H) is an equivalence if and only if X; — Y; is an
equivalence in H fori =0, 1.

@ Springer



Principal co-bundles and smooth string group models 705

2. A morphism G — H in Srp(H) is an equivalence if and only if G| — H\ is an
equivalence in H.

Proof Proposition 3.3 implies that an equivalence of groupoid objects X — YinH
is the same as an objectwise equivalence of the underlying simplicial objects in H:
X and Y are local objects in Fun(A°P, H) with respect to the localisation Gpd(H) C
Fun(A°P, H), so that the local equivalences between them are precisely the original,
i.e. the levelwise, equivalences. In particular, this implies the ‘only if” part of claim (1).

Conversely, if we are given a morphism X — Y of groupoid objects in H such that

X; — Y; is an equivalence for i = 0, 1, then it follows that X =5 ¥ is a levelwise
equivalence of simplicial objects; this is because for each n € Ny there is a canonical
equivalence X, >~ X| xx, --- Xx, X1, natural in X € Gpd(H). It then follows that
the morphism X — Y is also an equivalence in Spd(H).

The same line of argument shows the second claim. O

Lemma 3.8 Let H be an co-topos, and let K € Seta be a simplicial set.

1. A diagram X : K° — SGpd(H) of groupoid objects in H is a limit diagram if and
only if the composition 1X : K* — Gpd(H) — Fun(A°P, H) is a limit diagram.

2. A diagram X : K° — SGpd(H) of groupoid objects in H is a limit diagram if and
only if the induced diagrams X;: K¥ — H are limit diagrams fori = 0, 1.

3. Adiagram G: K= — Srp(H) of group objects in H is a limit diagram if and only
if the the composition jG: K< — Grp(H) — Spd(H) is a limit diagram.

4. Adiagram G: K° — Srp(H) of group objects in H is a limit diagram if and only
if the induced diagram G1: K* — H is a limit diagram.

Proof One can see the ‘only if” direction of claims (1) and (2) as follows: we first
note that since the inclusion Gpd(H) C Fun(A°P, H) is a right adjoint, we have that
if X: K¥ — Gpd(H) is a limit diagram, then so is X: K — Fun(A°P, H). Further,
since limits in diagram oo-categories are computed pointwise, this is equivalent to the
functor X;: K¥ — H being a limit diagram in H for every [i] € A.

For the converse direction in claim (1), we first show that limits of diagrams in
Gpd(H) can be computed in Fun(A°P, H). More precisely, a functor X : K< — Gpd(H)
is a limit diagram whenever its composition with the inclusion ¢: Gpd(H) —
Fun(A°P, H) is so, i.e. the inclusion reflects limits. Equivalently, the co-subcategory
Spd(H) — Fun(A°P, H) is closed under limits in Fun(A°P, H). This is seen as fol-
lows: consider a functor X : K< — Spd(H) and a decomposition [n] = S U S’ with
S NS’ = {x}. This induces an equivalence

X, — X(S) x X(5)
Xo

in Jun(K <, H). Setting Y::limiun(AOP’H) (tX) and using that limits commute with
limits [23, Lemma 5.5.2.3], we have

@ Springer



706 S. Bunk

~ (137 Fun(A°P H)
Yy 2 (lim7" (X)),
~ 1i[£nH(LX,,)
~ Him* (1X($) x (X(5)
K tXo

~ (limMeX (S x  (imMXx(8)
) | )

>~ Y(S) xy, Y (S8, (3.9)

which shows that Y € Fun(A°P, H) is local with respect to the localisation Gpd(H) <>
Fun(A°P, H), i.e. that Y € Gpd(H). Since the inclusion ¢: Spd(H) <— Fun(A°P, H)
is fully faithful, Y is also a limit of the diagram X: K — Gpd(H). Consequently, if
the composition (X : K¥ — Gpd(H) — Fun(A°P, H) is a limit diagram, then so is
X: K°— GpdH).

For the converse direction in claim (2), suppose that X : K< — Gpd(H) is adiagram
such that the functors X;: K¥ — H are limit diagrams for i = 0, 1. By part (1) it
suffices to show that the composition (X : K< — Fun(A°P, H) is a limit diagram; that
is, it suffices to show that X;: K® — H is a limit diagram for every [i] € A.

Since X: K¥ — Jun(A°P, H) is valued in groupoid objects, and since limits in
H commute with limits, it follows from (3.9) that for every [n] € A the diagram
X,: K — His equivalent to a limit diagram X1 Xy, --- Xx, X1: K — H, and is
hence a limit diagram itself.

The proof of claim (3) proceeds along the exact same line as the proof of part (2): the
key insight is the fact that if G: K — Grp(H) is a diagram such that the composition
JG: K® — Gpd(H) is a limit diagram, then limﬁpd(H)
to the localisation Srp(H) C Gpd(H).

Claim (4) is then the combination of claims (2) and (3). m]

(7 G) is still local with respect

Having established several properties of the co-category of group objects in H, we
now define extensions of group objects:

Definition 3.10 [26, Def. 4.26] Let A and H be group objects in an co-topos H. An
extension of group objects of H by A is a sequence A — G — H in the co-category
Srp(H) such that the sequence BA — BG — BH is a fibre sequence in H.

Remark 3.11 This definition of a group extension has advantages from a theoretical
perspective. Nevertheless, it appears that there should be a simpler definition that
more directly generalises extensions of groups in Set to the co-categorical setting.
For group objects in Set, a group extension is a sequence A — G — H of group
homomorphisms such that G — H is surjective and A is the fibre of the morphism
G — H at the identity element of H. We will prove in Theorem 3.48 that one can
indeed generalise this view on group extensions to group objects in co-topoi. <
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3.2 Group actions in co-categories

We now investigate actions of group objects in co-topoi. Let Seta ; denote the category
of simplicial sets endowed with the Joyal model structure. For K € Seta, we let obj(K)
be the set K of vertices of K, seen as a discrete simplicial set. Let J =Al f 11 be
the localisation of A! at its non-trivial edge (see e.g. [13, Sec. 3.3]).

Lemma 3.12 Let C be an co-category, and let K be a simplicial set.

1. The inclusion t: obj(K) — K induces a morphism
€K = Jun(k, €) — Fun(obj(K), €) = CNK)

of simplicial sets, which is a fibration between fibrant objects in the Joyal model
structure. '

2. Consider either of the inclusions A < J wherei = 0, 1. The induced mor-
phism

Fun(J, CX) — X x Fun(J, c°ME))
eob_](]()

is a trivial Kan fibration.

3. Letg: K — Cand g': obj(K) — C be functors. For any equivalence n: (*g =
g, consider the space of pairs (g', 1), where g’ is alift of g’ to afunctorg’: K — G,
and where 1) is an equivalence g = 8’ such that *1) = n. This space is a
contractible Kan complex.

Proof Part (1) follows since obj(K) < K is a cofibration in the Joyal model category
Setp y, C is a fibrant object in Seta ;, and Seta ; is a (closed) symmetric monoidal
model category.

For part (2), we apply [13, Cor. 3.6.4] to the categorical anodyne extension At} <
J = A'[f~1] and the Joyal fibration (i.e. isofibration) from part (1).

Part (3) is obtained by taking the fibre of the morphism from part (2), which is a
contractible Kan complex since it is the fibre of a trivial Kan fibration. This fibre is
equivalently described as the space of lifts in the commutative diagram

Al &y oK

I L

J —— @bk
n

which is precisely the space of pairs (&', i) of lifts g’: K — € of g’ and equivalences
n: g —> &' such that (*n = n. O

Example 3.13 Let G be a group object in an oo-category € with a final object. This
is, in particular, a simplicial object G : A°? — € (we suppress the canonical inclusion
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functors Srp(€) — Gpd(C) — Fun(A°P, €)). Consider the functor
[O]x(—=): A —> A, [n] — [O]x[n] = [n + 1],

where x denotes the join of categories (and where we view partially ordered sets as
categories). The induced pullback functor

Dec? :=([0]%(—))": Fun(2°P, €) —> Fun(AP, C)

is also called the decalage functor; see [33] for more background. For each n > 1, the
partition [n] = {0, 1} Ly {1, ..., n} induces an equivalence

Yu: Dec® G)p = Gyl ~ G x Gy (3.14)

We can phrase this as an equivalence of functors Dec’ G ~ G| x (*G : obj(A%®) — €.
From Lemma 3.12 we obtain that there exists an essentially unique way to lift these data

toa functor A°’ — @, which we denote by G /G, and an equivalence y : Dec® G =
G1//G in Fun(AP, €), whose components are exactly the equivalences y,, from (3.14).
One can now check that G //G is the simplicial object in € that describes the right
action of G on itself via the group multiplication in G. <

Definition 3.15 Let C be an co-category with pullbacks and a final object. Let G be
a group object in C, and let P € C. An action of G on P is a simplicial object
P//G € Fun(A°P, @) such that

1. for each n € Ny, we have (P//G), = P x G",

2. the morphismd;: P x G| — P is the canonical projection onto P, the morphism
so: P — P x G agrees with the morphism 1p x (x X G1), and

3. the collapse morphism P — * induces a morphism P /G — G in Fun(A°P, C).

Given a group action P//G, we set a:=dp: P x G — P. It follows by the
pasting law for pullbacks that there are canonical equivalences of morphisms between
do: P x G| — P x G’fﬁl anda x lgn1: P X G} — P x G’l’fl, and similarly

1

betweend,: P x G| — P x G} ~!and the projection onto the first n factors.

Remark 3.16 Definition 3.15 is taken from [26, Def. 3.1] almost verbatim, but it differs
from that source in that we do not require group actions to be groupoid objects. Instead,
we show in Theorem 3.19 that this is a consequence of the axioms in Definition 3.15. A
second (minor) difference is that we also fix the level-zero degeneracy map so: P —
P x Gq. <

Example 3.17 For any group object G € SGrp(C) there is a canonical trivial action
x//G on the final object x € C, coming from the canonical equivalence * x G =~
G of simplicial objects; there is a canonical equivalence G ~ /G in Fun(A°P,
©). <
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Example 3.18 We can now give a precise meaning to the last sentence of Exam-
ple 3.13: the object G1 /G € Fun(A°®, C) is an action of G on its underlying object
G1 € H viaright multiplication; see also [24, Def. 4.2.2.2, Example 4.2.2.4] for more
background. <

Given an action of a group object G on an object P in C, we would like to think of
the simplicial object P //G as the action groupoid associated with this action. This is
indeed justified:

Theorem 3.19 Let C be an co-category with finite limits, let G € SGrp(C) be a group
object in C, and let P |G € Fun(AP, C) be an action of G on an object P € C. Then,
P /G is a groupoid object in C.

Remark 3.20 Let L: H — H’' be a functor between oco-topoi which preserves finite
products and geometric realisations. The relevance of Theorem 3.19 is that it will allow
us to show that functors of this type map group actions in H to group actions in H' (see
Theorem 3.32). In [26], group actions are defined to be groupoid objects, but functors
L: H — H as above do not preserve groupoid objects in general. However, Theo-
rem 3.19 shows that—as in the classical case of (set-theoretic) group actions—actions
of group objects in co-topoi automatically form groupoid objects. Consequently, we
do not need to require L to preserve groupoid objects. <

We prove Theorem 3.19 in Appendix A. For the remainder of this section, let H be
an oo-topos.

Definition 3.21 Let G € Grp(H) be a group object. A G-action over an object B € H
is an augmented simplicial object X € H’un(Aip, H) whose underlying simplicial
object is a G-action P //G on some object P € H, and whose augmenting object is
B,ie. X_1 = B. Writing p: P — B for the morphism X\A‘f<0’ we also denote a

G-action over B by
P)G 5 B e Fun(xP H).

A morphism of G-actions over B € H,

(P)G — B) 1> (0)G — B),

is a morphism f in S"un(Aip, H) as above such that

1. f_; = 1p is the identity on B, and
2. the collapse morphisms P — * and Q0 — x* induce a (weakly) commutative
diagram

PG — " oG

NS

x)/G

of simplicial objects in H.
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The oo-category of G-actions over an object B € H is the full co-subcategory of
Jun(A°P, H) /(Bx («/G)) on those objects whose underlying simplicial object is a G-
action.

An ordinary G-action is equivalent to a G-action over the final object * € H.

Example 3.22 For a group object G € Grp(H) and an action P//G of G on an object
P e H,letg: (A°?)> — H be a colimiting cocone of the simplicial diagram P /G in
H. Observing that (A°P)” = (A9)°P = (A4 )P, this defines an augmented simplicial
object in H, which we denote as

g: PG —> colim(P/G) = PG

Therefore, the data P /G — |P //G| form a G-action over | P //G|. In particular, the
canonical morphism */G — BG is of this form. <

Another example of a morphism of this type is the collapse morphism G1 /G — ,
as we show now:

Proposition 3.23 If G is a group object in H, then the canonical morphism
IG1/G| — =

is an equivalence.

Proof Since H is presentable, there exists a combinatorial simplicial model category
M and an equivalence of co-categories H >~ N (M°) [23, Prop. A.3.7.6]. Under this
equivalence, colimits in H over diagrams indexed by ordinary categories correspond
to homotopy colimits in M [23, Cor. 4.2.4.8]. It now suffices to observe that any
simplicial object in M obtained as the decalage of another simplicial object has an
augmentation and extra degeneracies [29, 33]. O

Any morphism A — G of group objects induces an action of A on G by the
following construction:

Proposition 3.24 Let f: A — G be a morphism in Srp(H). Define a simplicial object
G1// A as the pullback
Gi1JJA — G1J/G

l l (3.25)

%A —— x//G
in Fun(A°P, H). Then, G1// A is an action of A on G .

Proof We check the axioms in Definition 3.15: axiom (1) follows from the pasting
law for pullbacks and the diagram

(G1)A)n — (G1//G)n — G

! L

JA)y —— )Gy —— *
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in which the right-hand square is a pullback for any n € Ny by construction of G1//G.

Axiom (2) is readily seen from applying the maps d; and sy to the diagram (3.25),
forn = 0, 1. Axiom (3) follows since the morphism G/ A — *// A induced by the
above diagram agrees with the morphism obtained by collapsing the first factor G1. O

3.3 Principal co-bundles

In this subsection, we characterise principal co-bundles and group extensions in co-
topoi. Throughout this section, let H be an co-topos and let G € Grp(H) be a group
object in H.

Definition 3.26 [26, Def. 3.4] A G-principal co-bundle on an object B € H is a G-
action P//G — B over B such that the augmented simplicial object P /G — B is
a colimiting cocone for the simplicial diagram P /G € Fun(A°P, H). In other words,
the augmenting map p: P — B induces an equivalence colimgop(P /G) — Bin
H.

A morphism of G-principal oo-bundles on B, denoted (P)/G — B) —>
(Q/G — B), is a morphism of the underlying G-actions over B. The oo-
category Bung (B) of G-principal co-bundles over B is the full co-subcategory of
Jun(A°P, H) /(B x («/G)) (cf. Definition 3.21) on the G-principal co-bundles on B.

Example 3.27 Let G € Srp(H). For any G-action P /G in H, the morphism P /G —
|P//G]| is a principal G-bundle in H over | P /G|. As concrete examples of this type,
we have already seen that G //G exhibits G| as a principal G-bundle over * € H
(Proposition 3.23), and that x// G exhibits * as a principal G-bundle over BG (by the
definition of BG). <

We now provide an alternative characterisation of principal co-bundles in co-topoi.
Let G € Srp(H) be a group object in H, and let p: P//G — B be a G-action over an
object B € H.Let:: A(ﬁ <0 < A(jrp be the inclusion. The identity provides a canonical
equivalence B

n: {p} = 1*(PJ)G — B) —> 1*(Cp) = {p}

in S"un(A:)Lp < H) = Fun(A', H). Since right Kan extension is a right adjoint, there
is an equivalence

Fun(r . H)(i* (PG — B), {p}) ~ Fun(aL. H)((P /G — B).Cp)

of mapping spaces (compare also (2.10)). We denote the image of 1 under this equiv-
alence by

o: (PG — B) — ép.
Observe that, by construction, the restriction of « along  is 7. We will not distinguish
notationally between « as defined here and its restriction along the inclusion A°P C Aip

(since 1 = 1p).
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Definition 3.28 A G-action P /G — Bover B € His called principal if the canon-
ical morphism «: P//G —> C p is an equivalence in Fun(A°P, H).

This is an co-categorical version of the principality condition for a group action.
It is, in fact, equivalent to the usual principality condition—that the action morphism
P x G1 — P xp P is an equivalence—in the following sense (in particular, this
implies the converse to [26, Prop. 3.7]):

Lemma3.29 Let P//G — B bea G-actionover B € H. The following are equivalent:

1. The G-action is principal.
2. The diagram

a=dy p (330)

is a pullback diagram in H.

Proof (1) implies (2) since the action P//G L, Bis principal precisely if it is
equivalent, as an augmented simplicial object in H, to the Cech nerve C p = Ran,{p}.
Thus, the implication follows from Proposition 2.8.

Conversely, (2) also implies (1): we know from Theorem 3.19 that P//G is a
groupoid object. If we additionally have that (3.30) is a pullback diagram, then we
can again apply Proposition 2.8 to obtain the claim. O

We can use Lemma 3.29 to give a characterisation of principal co-bundles which
can be understood as encoding directly the classical criteria for principal bundles: a
locally trivial map p: P — B and a principal G-action over B.

Proposition3.31 Let P//G L B be a G-action over an object B € H. The following
are equivalent:

1. PJG 2, Bisa principal co-bundle (in the sense of Definition 3.26).
2. The morphism p is an effective epimorphism and the action P /|G is principal.

Proof To see that (1) implies (2), first observe that since P //G is a groupoid object in
H, and since by assumption the canonical morphism |P /G| — B is an equivalence,
it follows from Definition 2.11(4) that the canonical morphism«: P /G — 6] pisan
equivalence in Fun(A°?, H). In particular, p is an effective epimorphism. Further, it
has been shown in [26, Prop. 3.7] that if P//G — B is a principal bundle, then the
action P //G satisfies condition (2) of Lemma 3.29, and so the action is principal.

To see the other direction, consider the commutative diagram

PJG| —2 5 Cpl

NS
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In this case, both the top and the right-hand morphisms in diagram are equivalences.
It thus follows that also the left-hand morphism is an equivalence, which amounts to
the fact that P//G — B is a principal G-bundle in the sense of Definition 3.26. O

Theorem 3.32 Let L: H — H' be a functor between oo-topoi which preserves geo-
metric realisations and finite products. Suppose G is a group object in H.

1. L maps G-actions P /|G L B over B € H to LG-actions LPJLG E) LB over
LB e H.

2. Ifthe action P /G — B is a principal G-bundle, then the action LP /LG 2) LB
is a principal LG-bundle.

Proof Since L preserves finite products, the first claim follows readily from Defini-
tion 3.15.

For the second claim, recall that P//G — B is a principal G-bundle precisely if
the map |P /G| — B is an equivalence. Applying the functor L to this morphism,
we obtain an equivalence L| P /G| = LB. Since L preserves geometric realisations,
and using claim (1), we obtain further canonical equivalences

ILP/LG| —> L|P//G| —> LB,

L
which establishes the action LP /LG % LBasa principal LG-bundle over B. O

Proposition 3.33 Let G be a group object in H, and let P /G — C be a G-principal
oo-bundle in H. For any morphism f: B — C in H, there is a canonical G-action
over B on the pullback Q:=B xc¢ P that makes Q//G — B into a G-principal
oo-bundle on B.

Proof Letc: H —> Jun(A°P, H) be the constant-diagram functor. Consider the pull-
back diagram

¢B xcc (PJG) —2— PG

P » (3.34)

cB 7 > cC

in Fun(A°P, H) (or, equivalently, in Gpd(H)). For any [n] € A there exists a canonical
equivalence

(cB xcc (P)G)), ~ B x¢c (P x G}y = (B xc P) x G} ™"
We use Lemma 3.12 to obtain from these equivalences a canonical pair (up to con-
tractible choices) of an object (B x¢ P)//G € Fun(A°P, H), with ((B x¢ P)//G), =
(B x¢ P) x G for all n € Ny, together with an equivalence

(B x¢ P)JJG —> ¢B xcc (P)/G) (3.35)
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of simplicial objects in H. By a slight abuse of notation, we also denote the composition
(Bxc P)JG —5 ¢B xcc (PJ/G) — cB

by f*p. It follows by construction that (B x¢ P)//G Q) B is a G-action over B.
We are hence left to show that it is a principal co-bundle.
To that end, we will show that the morphism

|(B xc P)/G| — B

is an equivalence. Diagram (3.34) is a diagram of the form A! x A! — Fun(A°P, H).

Composing with the functor colimgnp = |—|: Fun(A°P, H) — H we obtain a dia-
gram
I/l
(B xc P)JG| — T — PG|
p ~|p (3.36)
B 7 > C

in H. The right-hand morphism is an equivalence since P /G — C is assumed to be
a principal co-bundle. Using the equivalence (3.35), diagram (3.36) is equivalent to
the diagram

IcB xcc (PG| —L— |PyG
. |, (337)
B 7 s C

By the universality of colimits in H, we have a canonical equivalence
|cB xcc (P/JG)| =~ B xc |P//G].

This establishes that the morphism f* p in diagram (3.37) is the pullback of an equiv-
alence in H, and hence that f*p is an equivalence itself. O

One can now show that every G-principal co-bundle arises as a pullback of the bun-
dle (x/G) — BG. This insight is not new, but has been observed in [26, Prop. 3.13,
Thm. 3.17] already. However, in Sect. 4.3 it will be important to have a good under-
standing of the classifying map of a principal co-bundle, and so we include a brief
treatment of these maps. We start with two short technical lemmas, before constructing
for each G-principal co-bundle in H its classifying map.

Lemma 3.38 Ler G be a group object in H, and let f: * — BG be the base point
of BG. The pullback of the canonical bundle (x//G) — BG along f agrees with the
bundle G1J/G — *.
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Proof Consider the commutative square

GG — x//G

| !

* —— (BG

in Fun(A°P, H). By the canonical equivalence G >~ QBG in Srp(H) (see (3.4)), this
diagram is level-wise a pullback, i.e. it is a pullback diagram in Fun(A°P, H). That
proves the claim by Proposition 3.33. O

Definition 3.39 A G-principal co-bundle P /G — B is trivial if it is equivalent in
Bung (B) to the trivial G-principal co-bundle B x (G1//G) — B, i.e. if there is an
equivalence of simplicial objects in H, g between P /G and B x (G / G) that commutes
with the canonical morphisms to *x//G.

Lemma 3.40 [26, Prop. 3.12] For every G-principal oo-bundle P /G — B in H, there
exists an effective epimorphism U — B such that the pullback bundle U xp (P //G)
is trivial.

Proof We give an alternative proof to [26]. Given a G-principal co-bundle P /G — B

in H, consider the effective epimorphism P — B and the pullback bundle P xp
(P //G). We have a commutative diagram

P x (G1/G)

~A
P xp (P)J)G) —— PG

L]

cP —— B

in Fun(A°P, H), where a x 1 acts on P with the first copy of G and as the identity on
the remaining copies of G. The induced morphism v is a morphism of G-principal
oo-bundles (since the triangles in the diagram commute and since a x 1 is a morphism
of G-actions). It is thus equivalent to a morphism

¥': C(P x G — P) — C((P xp (P)G)) —> P)

of Cechnerves over P. The level-zero component of ¥/’ is precisely the equivalence P x
G| — P xp P which establishes that P /G — B is principal (cf. Proposition 3.29).
Since ¢’ is the image of ¢ under the right Kan extension Ran, (compare Definition 2.7),
it follows that v/, and hence v, is an equivalence. O

@ Springer



716 S. Bunk

Proposition 3.41 For every G-principal co-bundle P /G — B in H, the diagram

P)G -5 x)G

l J, (3.42)

cB T cBG

is a pullback diagram in Fun(A°P, H): there is an equivalence (PG — B) =~
B xpg (x//G) of G-principal co-bundles over X. In particular, every G-principal
oo-bundle is a pullback of the bundle * /|G — BG.

This is a refinement of [26, Prop. 3.13] to a statement on the level of simplicial
objects, rather than only on their zeroth level.

Proof Consider the diagram

G1))G ——— #//G

P x (G1//G) ‘—) PG
(3.43)

* > (BG

s e

cP > CB

in Fun(A°P, H). Here, the front and rear squares are pullbacks (by Lemmas 3.40 and
3.38, respectively), and the diagram is obtained as a morphism of pullback diagrams.
We need to show that the right-hand face is a pullback square in Fun(A°P, H).

First, we show that the top square of (3.43) is a pullback. By Lemma 3.8 it suffices
to check this level-wise: at simplicial level n = 0, it is trivial. For n € N, the square
consists of the the image under the functor (—) x G ~1 of the diagram

PxG 5 P

pry l l (3.44)

Gy — x

This a pullback diagram: there is a commutative diagram
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in which the dashed morphism is given by the composition
g=(axlg)o(lp xinvxlg)o(lp X Ag,),

where Ag,: G| — G% is the diagonal morphism, and where inv: G — G is the
choice of an inverse in G since the group object G € Grp(H) is in particular a groupoid
object, we have a diagram

G1~ G| xx —> G x G ~G(A2) <& Gy -2 Gy,

where we have used the characterisation of groupoid objects as certain category objects
from Proposition A.5. Choosing an inverse for the right-facing morphism defines the
morphism inv.

Since g is an equivalence (because G is a group object), diagram (3.44) is a pullback
in H, and since the span category {0, 1} < {0} — {0, 2} has contractible nerve, the
pullback (3.44) is preserved by (—) x G'I’_l (see Lemma A.9). We thus obtain that
the top square in diagram (3.43) is a pullback.

Next, we prove that the bottom square of (3.43) is a pullback. We define an object
C:=xxpg B € H, and we consider the diagram (omitting constant-diagram functors)

C xp (P)G) > C S %
l l
PG s B s BG

Both squares in this diagram are pullbacks in Fun(A°P, H), so that the pasting law
yields a canonical equivalence of simplicial objects

Cx(PJG)=x%x x (P}G).
B BG

Observe that C xp (P//G) — C is a G-principal co-bundle by Proposition 3.33, so
that

C~|[Cx(PJG)|~|*x x(P)G)|.
B BG

Now we use that the morphism P /G — BG factors through %/ G (by Definitions 3.15
and 3.26) and that * xpg (*/G) ~ G1//G (by Lemma 3.38). Applying the pasting
law to the diagram

(PJG) (*76) (G1//G) —— G1//G N
! |
PG s x)/G s BG
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in Fun(A°P, H), in which both squares are pullbacks, we obtain a canonical equiva-
lence

* X (PJG)~(P)JG) x (G1//G).
BG (*/G)

The right-hand side is precisely the pullback described by the top square in dia-
gram (3.43). Since we already know that the top square of (3.43) is cartesian, we
obtain an equivalence

(PJG) x (G1//G) =P x(G1/G)
(+/G)

in Fun(A°P, H). Thus, it follows that

C:|*B><G(P//G)y ~|P x (G1)G)| ~P.

The last equivalence can be seen either by combining Proposition 3.23 with the fact
that |—| preserves finite products (because AP is sifted [23, Lemma 5.5.8.4]), or simply
by recalling that P x (G1//G) — P is a G-principal co-bundle on P. This shows that
the bottom square in (3.43) is a pullback.

Finally, we prove that the right-hand square in (3.43) is a pullback as well. Consider
the commutative diagram of solid arrows

PJG
:\
A

B x (x)/G) — x//G
BG

! |

B — BG

which induces an essentially unique morphism ¢ of simplicial objects in H. By the

commutativity of the right-hand triangle in this diagram, ¢ is even a morphism of
G-actions. By the commutativity of the left-hand triangle it is even a morphism of G-
actions over B. Since its source and target are G-principal co-bundles, ¢ is equivalent
to a morphism of Cech nerves

¢: C(P > B) — é((B X %) —> B).
BG
That is, ¢’ is the image under Ran, (compare Definition 2.7) of the square
%
P — B x *
l BG
B

B
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This ¢ is an equivalence since the bottom square of (3.43) is a pullback. Consequently,
the morphism ¢ is an equivalence in Fun(A°P, H), and thus the right-hand face in (3.43)
is a pullback. O

Corollary 3.45 Let P//G — B be a G-principal oco-bundle in H. For any morphism
x: *x — B, we have a pullback diagram

G1/G — PG

[

in Fun(A°P, H). In particular, any fibre of P — B is canonically equivalent to G1 in
H.

Remark 3.46 For any group object G in H and any object B € H, there is an equiva-
lence

Bung(B) ~ H(B, BG)

between the oo-category of G-principal co-bundles on B and the mapping space
H(B, BG) [26, Thm. 3.17]. This implies that every morphism of principal G-bundles
on B is an equivalence. Proposition 3.41 feeds into the proof of this equivalence by
showing that the functor H(B, BG) — Bung(B), sending a morphism B — BG to
the principal co-bundle B xpg (*x//G), is essentially surjective. <

In particular, under the equivalence of Remark 3.46, the morphism |p|: B — BG
in diagram (3.42) is a classifying morphism for the bundle P /G — B.

Proposition 3.47 Let L: H — H' be a functor of oo-topoi which preserves finite
products and geometric realisations. If P /G — B is a G-principal oco-bundle in
H, classified (up to canonical equivalence) by a morphism |p|: B — BG, then the
LG-principal oo-bundle LP /LG —> LB (compare Theorem 3.32) in H' is classified
by the morphism |Lp| ~ L|p|.

Proof Consider the commutative diagram

L(PJG) — L L(+/G)
LP//LG/q ‘ ) *//LGK

L|Pl//G| _Wel L, 1BG
|LP//LG|/ - , BLG -~
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The morphism ¢ is the canonical morphism induced from the collapse morphism
LP — x. By Proposition 3.41, the front face of this diagram is a pullback in H’,
witnessing |g| as the classifying morphism LX — BLG of the bundle LP /LG —
LX. Since all diagonal morphisms are equivalences, the rear face of the diagram is a
pullback as well, showing that L| p| is a classifying morphism for the LG-principal oo-
bundle L(P//G) —> LB, whichisequivalent to the bundle LP /LG — LB.Finally,
since the diagonal morphisms arise from the natural equivalences L o |—| >~ |—| o L,
it follows that |g| >~ |Lp]|. m]

We now state several alternative characterisations of group extensions in co-topoi.
These clarify the relation between the original notion of an extension of group objects
from Definition 3.10 and more direct categorifications of several perspectives on group
extensions in Set. The last of these alternative characterisations will be important in
Sect. 4.3.

Theorem 3.48 Let H be an oo-topos, and let A 5 G Hbea sequence of mor-
phisms in Grp(H). The following are equivalent:

1. A5 G 5 Hisan extension of group objects in H, i.e. the induced sequence
BA — BG — BH is a fibre sequence in H (see Definition 3.10).

2.A5 G2 His a fibre sequence in Grp(H) and G| — H) is an effective
epimorphism in H.

3. Ay AN G LLN H is a fibre sequence in H and G — H is an effective epimor-
phism in H.

4. The morphism p1: G1 — H\ together with the action G1// A of A on G induced
by i define a principal A-bundle over H;.

Proof (1) = (3): This implication was proven in [26] already. We import the proof
for completeness: consider the diagram

A > G S %

l lpi l

* > H) > BA .- (3.49)
l Bt
* > BG > BH

Bp

in H. Each square in diagram (3.49) is a pullback square (this assumes (1)). It thus
follows that the sequence

g Pi
A —> G — H

is a fibre sequence in H. By this construction, the morphisms ¢’ and p’ coincide with the
morphisms €20 B(t) and 2 o B(p), respectively. The equivalence (3.4) then yields that
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also A 4 G ANy 1 is a fibre sequence in H. Observe that each vertical morphism in
diagram (3.49) is an effective epimorphism since * — BG is an effective epimorphism
for every group object G € Grp(H) and since effective epimorphisms are stable under
pullback. In particular, p; is an effective epimorphism.

(3) & (2): This follows from Lemma 3.8.

(3) = (4): By Proposition 3.31 it suffices to show that the action of A on G
is principal (in the sense of Definition 3.28). We will make use of Lemma 3.29. By
assumption, the diagram

A1L>G1

"

* — Hj

is a pullback diagram in H. Let m: G| x G1 — G be the multiplication on G (it
can be identified with the morphism d; : Go — G1). Further, letinv: G| — G be
a choice of inverse for the group object G (compare the proof of Proposition 3.41).
There is a commutative diagram

invx1

G]XG1—>G1XG1L>G1
H; J/
l pi

* > Hj

Using that A1 =~ * x g, G, the universal property of pullbacks thus provides an
essentially unique morphism ¢ : G| x g, G1 — Aj1. The morphisms

pry x¢
G| x Gy <—> G x Ay
Hy pry xact

are mutually inverse equivalences in H. Lemma 3.29 now implies that p1: G| — Hj,
together with the A-action on G induced by t: A — G is a principal A-bundle over
H.

(4) = (1): First, note that the morphism p: G — H induces an action of G on
H, (via Proposition 3.24). We would like to compute the pullback

* x BG — BG

B (3.50)
L -

x —— BH
in H. Since colimits in H are universal and BG = |*// G|, we have equivalences

* X BG ~ }(* X *)//G| ~ |H /G|,
BH BH
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where we have used that QBH >~ H in Grp(H) by the equivalence (3.4). One can also
see this equivalence more explicitly by applying the pasting law to the diagram

H )G —— HiJ/H —— *

! ! l

x//G > x//H > BH

The left-hand square is a pullback by the definition of the action H; /G and Proposi-
tion 3.24. The right-hand square is a pullback by Lemma 3.38.

The canonical morphism * — Hj and the morphism:: A — G induce a morphism
of simplicial objects ¥ : x /A —> H;//G. Its colimit is a morphism |¢/|: BA —
|H1//G|. In particular, we obtain from this an augmented simplicial object /A —>
|H1//G|inH. Letq: * — |H;//G| denote the restriction of this augmented simplicial
object to Ay <o. We claim that x/A — |H; /G| is equivalent to the Cech nerve of
q. By Definition 2.7, Proposition 2.8 and the fact that x// A is a groupoid object, it
suffices to show that the diagram

A —— %

l l

* — [H1//G]|

is a pullback diagram. We can see this as follows: with the G-action induced by
p: G — H, the morphism H; — |H;//G| becomes a principal G-bundle in H.
Since the sequence of morphisms A; — G; — H) is a fibre sequence in H by
Corollary 3.45, we obtain a double pullback diagram

A1L>G1—>>k

|

* — Hy — |H1 /G|

We have thus shown that the augmented simplicial object %A — |H;//G]| is
equivalent to the Cech nerve of ¢: * — |H;//G|. As the latter describes the loop
object Q2| H1 /G| as a group object in H, we infer that

QIH )Gl ~A € GrpH),
i.e. as group objects in H.

The claim will now follow from the equivalence (3.4), provided we can additionally
show that | H /G| is a connected object in H. One way of proving this is by showing
that the morphism * — |Hj //G]| is an effective epimorphism. Consider the morphism
of simplicial objects

GG — H /G
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induced by p. In each simplicial level, this is an effective epimorphism by assumption
on p. Since effective epimorphisms are stable under colimits (see Lemma 2.13), it
follows that the morphism induced on colimits,

* > |G1//G| — |H1//G]|

is an effective epimorphism as well. Alternatively, one can see that the left-hand mor-
phism in (3.50) is O-connected: the morphism Bp: BG — BH is a colimit of effective
epimorphisms. Thus, itis an effective epimorphism itself. It is also a morphism between
connected objects in H and therefore necessarily induces an isomorphism on zeroth
homotopy groups (i.e. it is a connected morphism). The claim then follows since n-
connected morphisms in co-topoi are stable under pullback [23, Prop. 6.5.1.16(6)].

(]

Corollary 3.51 Suppose A % G & His an extension of group objects in H. Then,
there is a canonical equivalence in H,

|G1//A| =~ H .

This is the co-categorical analogue of the canonical isomorphism G/A = H for
ordinary (set-theoretic) group extensions A - G — H.

Corollary 3.52 Let L: H — H' be a functor between oo-topoi which preserves geo-

. . . L P ; .
metric realisations and finite products. Suppose A — G — H is an extension of

L L
group objects in H. Then, the sequence LA = LG =5 LH is an extension of group
objects in H'.

Proof This statement now follows from combining Theorems 3.32 and 3.48. O

4 Homotopy-theoretic smooth string group models

In this section, we present a definition of string group extensions within the co-category
H of smooth spaces. It relies on the singular complex functor S,: Hy, — S for
smooth spaces from Sect. 2 and the theory of group extensions in co-topoi from
Sect. 3. We begin by recalling the definition of a string group extension in the co-
category S of spaces. Then, we use our results thus far to transfer this definition to
H, along the functor S,, leading to a homotopy-theoretic definition of smooth string
group extensions (Definition 4.2).

After recalling some background on bundle gerbes in Sect. 4.2, we provide new
smooth models for the string group in Sect. 4.3, building on recent constructions of
smooth 2-group extensions in [10]. (There already, evidence was given that these
smooth 2-group extensions can model the string group; here we provide a full formal
framework and proof for that conjecture.)
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4.1 The definition of smooth string groups

The definition of a string group via the Whitehead tower (see Sect. 1) is purely
homotopy-theoretic. In particular, in a string group extension A — String(H) — H
the extending group A is not fixed, but only its underlying homotopy type. So far, to
our knowledge there does not exist a definition of string group extensions in a smooth
context that contains this flexibility—the extending group A is usually chosen ad hoc
to be some smooth version of BU(1). Here, we provide a smooth version of the original
homotopy-theoretic definition (see Definition 4.2). In particular, only the underlying
homotopy type of the extending smooth group A is fixed in this definition.

To avoid clashes of notation, we denote a Lie group by a triple (H, -, ey ), where
Hy € Mfd is the underlying manifold, (—) - (—) denotes the multiplication on H; and
ep : * — Hj isthe neutral element in H;. Recall that each compact, simple and simply
connected Lie group (Hj, -, ey) is also 2-connected and satisfies HYH:Z) = Z
[12]. Any Lie group (Hj, -, ey) canonically defines a group object H in the co-topos
of spaces S. We start by reformulating the definition of a string group extension of
topological groups within the co-category of spaces:

Definition 4.1 Let (Hj, -, ) be a compact, simple and simply connected Lie group,
and denote by H € Srp(S) its associated group object in S. A string group extension
of (Hi, -, eq) is an extension of group objects

A —5 String(H) 2 H

in S such that

1. Aj is an Eilenberg—MacLane space K (Z, 2), and
2. under the isomorphism

moS(Hy, BA) = moS(Hy, K(Z,3)) = H (H; Z) = Z,

the classifying morphism H; — B A of the A-principal co-bundle String(H) /A —
H (compare Remark 3.46 and Theorem 3.48(4)) represents a generator of Z.

Given condition (1), condition (2) is equivalent to saying that the map String(H); —
Hj of spaces induces an isomorphism 7; (String(H)1) — m; (Hp) for i # 3 and that
m3(String(H)1) = 0. This is a consequence of the Hurewicz Theorem, the Universal
Coefficient Theorem, and the long exact sequence of homotopy groups associated to
a (homotopy) fibre sequence of spaces. That is, String(H); — H; is a 3-connected
covering of Hj.

Recall the co-topos Hy, = P(Cart) from Sect. 2.1. There we also introduced the
localisation L;Hy, of Hy at the set I = {¢ x R — c¢|c¢ € Cart} and the smooth
singular complex functor S,: Hoe — S. Also recall the fully faithful embedding
(—=): Mfd — Hy, with M (c) = Mfd(c, M); under this embedding, any Lie group
(Hy, -, ey) canonically gives rise to a group object H in Hu,. We can now use our
results from Sect. 3 to transfer the definition of a string group extension to the co-topos
Ho:
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Definition 4.2 Let (Hy, -, ey ) be a compact, simple, and simply connected Lie group.
A smooth string group extension of (Hy, -, ey) is an extension

A — String(H) 2 H

of group objects in Hy, whose its image under S, is a string group extension in S.

Note that by Theorem 3.52 the functor S, maps group extensions in Hy, to group
extensions in S. Further, even though S, induces an equivalence between S and the
localisation LjHy, rather than the full oo-category Hoo, we do not need to demand
that A, String(H) and H are local objects, because S, sends all /-local equivalences
in Hy, to equivalences in S (Theorem 2.2(1)).

Remark 4.3 Definition 4.2 is a generalisation as well as a weakening of the following
approach to smooth string group extensions (see, for instance, [16]): there, one works
in the localisation L;Hs, of Hy, at the Cech nerves of differentiably good open
coverings {c, — c}qen of cartesian spaces ¢ € Cart. Recall that a differentiably good
open covering of ¢ € Cart is an open covering {¢, <> c}sea such that every finite
non-empty intersection of the images of the patches c, is again a cartesian space. The
differentiably good open coverings endow Cart with a Grothendieck coverage 7 [15,
32]. In [16] string group extension of H are defined via the pullback

BString(H) —— *

| ! (4.4)

BH —— B3U()
2 P1 -

Here, % p1 denotes the fractional first Pontryagin class, which is a generator of
H*(BH: Z) = 7. However, this definition of String(H) is considerably stricter than
the original perception of String(H ) as a 3-connected covering of H; by another group
object (Definition 4.1). For instance, the definition of a string group extension based
on (4.4) enforces that the morphism String(H); — H ; is aBU(1)-principal co-bundle
(note that if H is an co-topos and A € Grp(H) is a group object whose multiplication
lifts to an [Ep-algebra structure, then B A is canonically the underlying object of a group
object in H [26]). However, from the purely homotopy-theoretic point of view, it is
not the actual fibre of this map in H that should be fixed, but only the homotopy type
of its underlying space in S (which must be a K (Z; 2)). Definition 4.2 emphasises this
latter, homotopy-theoretic aspect of string group extensions.

More concretely, for smooth string group extensions A - String(H) L H in the
sense of Definition 4.2 it is enough if there is an /-local equivalence A} ~ BU(1)
in Hyo. Therefore, this setup is considerably more general than working with the
pullback (4.4). In particular, two different smooth string group extensions of a Lie
group H need not be equivalent in Hy, but only in L;H. In Sect. 4.3 we present a
smooth string group extension which satisfies the criteria from Definition 4.8, but not
the stricter version (4.4): its fibre A is not equivalent to BU(1) in L;H, but only in
L/Hy >~ S. T <
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Remark 4.5 Not allowing for this flexibility would lead to simply missing or being
unable to recognise smooth group extensions found in nature whose underlying spaces
form a string group extension in the classical sense. The smooth co-group A we find
in the string group model in Sect. 4.3 is much larger than the simple delooping of
U(1), but this can have advantages: for example, our string group model should act
extremely naturally on the K-theory of the underlying Lie group twisted by its basic
gerbe. <

Remark 4.6 1t will be very interesting to see a Lie-algebra version of Definition 4.2.
The oo-groups A € SGrp(H) that we allow to appear in string group extensions
can have much larger Lie algebras than those which appear in the stricter definition
via (4.4). This is true, in particular, for the smooth string group extension we present
in Sect. 4.3 below. There might hence be a Lie-algebra version of /-local equivalences
of group objects in Hyo. <

4.2 Bundle gerbes and their symmetries

Before we can present our smooth string group extension, we need to recall some
background on bundle gerbes. We will not give full definitions or details here, but refer
the reader to [7, 11, 37, 38] for technical background and [8, 9] for an introduction
to the topic. Bundle gerbes provide an explicit, geometric model for categorified line
bundles. We point out that there also exists a notion of connection on a bundle gerbe,
but here we will only be working with bundle gerbes without connection. (This is the
main technical cause for the distinction between our smooth string group model and
that in [16].)

To any manifold M, we can assign a symmetric monoidal 2-groupoid (Grb(M), ®)
of bundle gerbes on M. Given a bundle gerbe G € Grb(M), the monoidal groupoid
Srb(M)(G, G) of automorphisms of G is canonically equivalent to the symmetric
monoidal groupoid (HLB(M), ®) of hermitean line bundles on M with the usual
tensor product (which we also denote by ®). Note that (HLB(M), ®) is even a 2-
group; that is, it is a symmetric monoidal groupoid in which every object has an
inverse with respect to the monoidal product. Every smooth map f: N — M of
manifolds induces a monoidal 2-functor

f*: Grb(M) — Grb(N).

Isomorphism classes of gerbes are in canonical bijection with the third integer coho-
mology of M: there is an isomorphism of abelian groups

mo(Srb(M), ®) = H(M; Z) . 4.7

The class associated to a gerbe G under this isomorphism is called the Dixmier-Douady
class of G.

We let H<; denote the following 2-category: its objects are functors 7 : € — Cart
that are Grothendieck fibrations in groupoids (that is, 7 is a Grothendieck fibration
and all its fibres are groupoids). Its morphisms (7 : € — Qart) —> (7’: €' — Cart)
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are functors F: € — € such that 7’ o F = 7, and its 2-morphisms are natural
transformations n: F — F’ such that 7'n is the identity natural transformation
leart = leart. Note that the 2-category H< is canonically equivalent to the 2-category
of pseudo-functors Cart®® — SGpd from Cart®® to the 2-category of groupoids via the
Grothendieck construction. We make the following definitions; for more background,
see [10, 31].

Definition 4.8 [10] The 2-category of smooth 2-groups is the 2-category of group
objects in the 2-category H<.

Example 4.9 Let (Hy, -, ey) be a Lie group. We associate to it the following category,
denoted by [H: its objects are pairs (c, h) of a cartesian space ¢ € Cart and a
smooth map /#: ¢ — Hj. A morphism (c, h) — (c’, h’) is a smooth map f: ¢ — ¢
such that A" o f = h. The category [H, comes with a canonical projection functor
f H, — Cart. The product on H;-valued maps turns f H | into a smooth 2-group in
the sense of Definition 4.8; we denote this smooth 2-group by [ H. Note that [ H is
simply the Grothendieck construction of the presheaf of sets H; on Cart. <

Example 4.10 For a manifold M, let HLB(M) denote the groupoid of hermitean line
bundles on M. For fixed manifold M, we define a category (HLB); as follows: its
objects are pairs (c, L) of a cartesian space ¢ € Cart and a hermitean line bundle
L € HLB(¢xM). A morphism (¢, L) — (¢, L) is a pair (f, ¥) of a smooth map
f: ¢ — ¢ and an isomorphism ¥ : L — (fx1)*L’ of hermitean line bundles
over c. This category comes with a projection functor (HLBM); — Qart. The tensor
product of hermitean line bundles turns (HLB™); into a smooth 2-group, which we
denote by HLBY . <

Let M be a manifold, and let G € Grb(M) be a gerbe on M. Further, let (H, -, ex)
be a connected Lie group acting smoothly on M from the left; we denote the action
by ®: H; x M — M. Given these data, we define a category Sym(G); as follows: an
object in Sym(G); is a triple (c, k, A), where ¢ € Cart is a cartesian space and where
h: ¢ — Hj is a smooth map. These give rise to a smooth map ®;: ¢ X M — ¢ X M,
defined as the composition

lexhx1y
—_

Ax1y 1o xd
PpiecxM —S cxex M cxHxM =S cxM,

where A: ¢ — ¢ x c is the diagonal map. Then, A is a 1-isomorphism

A: pry, G — @;G
of gerbes on the manifold ¢ x M. A morphism (c, h, A) — (¢/,h’, A) is a pair
(f, V), where f is a smooth map f: ¢ — ¢’ such that A’ o f = h, and where ¥ is a
2-isomorphism ¥ : A —> (f x 131)* A’ (where we have implicitly used that there is a
canonical 1-isomorphism (f x 17)*®},G = ®;G). Observe that there is a projection

functor pi: Sym(G); — fﬂl, acting as (¢, h, A) — (¢, h) and (f, ¥) — f.
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Remark 4.11 In this set-up, the following statements hold true:

1. There is a canonical inclusion ¢ : (HLBM); < Sym(G); in H.

2. The connectedness of H; ensures that the functor p; is surjective on objects.
Further, p; is an essentially surjective Grothendieck fibration in groupoids; it is
even strictly surjective on objects [10, Thm. 5.27].

3. The equivalence Grb(N)(G’, G') ~ (HLB(N), ®) for any gerbe G’ on any mani-
fold N implies that the diagram

(HLBM); 5 Sym(G);

.

* o JH,

is a pullback in H<j, where ey is the functor that sends ¢ € Cart to the
constant map ¢ — H; with value the unit element of Hj. Since p; is a
Grothendieck fibration in groupoids, this pullback is even a homotopy pullback
[10, App. A.1]. <

Theorem 4.12 [10, Thms. 5.23,5.27] Let ®: Hy x M — M be a smooth action of a
connected Lie group (Hy, -, egy) on a manifold M. Let G € Grb(M) be a bundle gerbe
on M.

1. Sym(G)| carries the structure of a smooth 2-group. We denote this smooth 2-group
by Sym(g).

2. The functors 1 and p1 canonically lift to morphisms of smooth 2-groups and
induce a sequence

HLBM -5 Sym@G) 2> [H (4.13)

of smooth 2-groups.

The nerve functor N: Cat — Cats induces a functor N: H<; — Hy (where
we have used the canonical equivalence between H<; and the 2-category of pseudo-
functors Cart®® — SGpd from Cart®P to the 2-category of groupoids). This functor, in
particular, preserves final objects and products, so that it maps smooth 2-groups to
group objects in Hy,. Our smooth string group model will be obtained by applying
this functor to the sequence (4.13).

4.3 A smooth string group model

We can now state the main theorem of this section. It provides a new smooth model
for smooth string group extensions which fits Definition 4.2, but which lies outside
the scope of the stricter definition via the pullback (4.4). Note that applying the nerve
functor N to [H,; € H<; yields the familiar presheaf of spaces H; € Hq, defined
via H(c) = Mfd(c, H) for cartesian spaces ¢ € Cart. Further, N maps the smooth
2-group [H in H<; to the group object H in Hy.
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Theorem 4.14 Let (Hy, -, efr) be a compact, simple, simply connected Lie group. We
consider the left-action of Hy on itself via left multiplication. Let G € Grb(H) be
a gerbe on Hy whose class in H3H;7Z) 2 Zisa generator (see (4.7)). Then, the
sequence

N
N(HLBY) 2% N(Sym(@) =5 H (4.15)
of group object in H is a smooth string group extension of (Hy, -, ep).

The proof of Theorem 4.14 will occupy the remainder of this section. By Defini-
tion 4.2 we have to show that the sequence (4.15) is an extension of group objects in
H, and that its image under the functor S, : Hy, — S is a string group extension in
S in the sense of Definition 4.1.

Proposition 4.16 The sequence (4.15) is an extension of group objects in the co-topos
H.

Proof The nerve functor N : Cat — Cat, is a right adjoint and hence maps products
in H<; to products in H,, and final objects to the final objects. Consequently, it
preserves group objects and group actions.

We will now use the characterisation of group extensions from Theorem 3.48(4)
to show that the sequence (4.15) of group objects in Hy, is an extension of group
objects. That is, we have to show that NSym(G); with the N HLB# -action induced
by the morphism N¢ (cf. Proposition 3.24) is an NHLB -principal co-bundle over
H . According to the characterisation of principal oo-bundles in Proposition 3.31,
it suffices to prove that the morphism Npj is an effective epimorphism and that the
action of NHLB# on NSym(G); is principal.

We start by showing that the morphism Np; is an effective epimorphism: by [10,
Sec. 5.1] the restriction py . of p; to any fibre is essentially surjective, hence Npj| is
surjective on connected components. Since Hy; is a presheaf co-topos (in which limits
and colimits are computed objectwise), a morphism in Hy, is an effective epimorphism
if and only if it is objectwise an effective epimorphism in S. The effective epimor-
phisms in S, however, are exactly those morphisms which are surjective on connected
components [23, Cor. 7.2.1.15]. Therefore, Np; is an effective epimorphism in Hyo.

The action of NHLB on NSym(G); is principal with respect to Np; as was
shown in [10, Thm. 5.27] (there, the principality condition was shown on the level of
the sequence (4.13) of smooth 2-groups—this suffices for the co-categorical context
used here because of Lemma 3.29 and because the nerve functor is a right adjoint).
Therefore, the sequence (4.15) is a group extension in Hy. O

It thus remains to show that the image of the sequence (4.15) under S, is a string
group extension in S. To that end, we first show the following lemma:

Lemma 4.17 Let M be a connected manifold with H*(M;7)=0.

1. The object (NHLBM)| = N(HLBM)| € H, is equivalent to B(U(1)!).
2. If M is additionally simply connected, (NHLBM)| € H, is I-locally equivalent
to BU(1) € Hwo.
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Both equivalences are even established by morphisms of group objects in Ho.

Since S, maps I-local equivalences in Ho, to equivalences of spaces, applying
Lemma 4.17 to M = H| establishes axiom (1) of Definition 4.1 for the image of the
sequence (4.15) under the functor S,.. Note that for a simplicial object X € Fun(A°P, H)
in an oo-topos H and an object B € H, we can form the level-wise exponential
X8 e Fun(A°P, H). There are canonical equivalences (X %), ~ (X,)5. Thus, we can
simply write X2 If X is a groupoid or group object, then so is X &.

Proof We proceed in parallel to the proof of [10, Thm. 8.7]: since any ¢ € Cart
is contractible and since HZ(M ; Z) = 0, it follows that any hermitean line bundle
on ¢ x M is trivialisable. Consequently, the groupoid HLBM (¢) is equivalent to the
groupoid with one object and morphisms given by the group wﬂ(c) of smooth
maps from ¢ x M to U(1). This induces an equivalence (N HLBM), ~ B(U(I)M) in
H,., which extends to a morphism of group objects in Hoo. This proves (1).

Next, since mj(M) is trivial, there exists a smooth homotopy equivalence
eVy 1: U(l)lM — U(1)1, given by restricting a smooth map ¢ x M — U(1) to ¢ x {x},
where x € M is any point. A homotopy inverse to evy,1 is given by pulling a smooth
map ¢ — U(1) back along the projection ¢ x M — ¢ [10, Lemma 8.9]. In particular,
evy,1 is an /-local equivalence [6, Cor. 3.16].

Observe that evy | induces a morphism of group objects

erinHw-

Since evy 1 is an /-local equivalence in Hy, and 7-local equivalences are closed under
finite products (Proposition 2.4), the morphism ev, is a levelwise I-local equivalence
of simplicial objects in Hy.

Further, the class W; of I-local equivalences in Hy, is strongly saturated [23,
Lemma 5.5.4.11]. In particular, the full subcategory of fr"un(A1 , Hoo) on the I-local
equivalences is stable under colimits. Therefore, taking the colimit in Hy, of simplicial
objects (i.e. taking geometric realisations), we obtain an /-local equivalence

Bev,: B(UMY) — BU(1)

in Hy,. Composing with the morphism constructed in part (1), we now obtain the
desired 7-local equivalence NHLBY — BU(1) in Hy. O

We are thus left to show that the sequence of group objects in S obtained by applying
the functor S, to the sequence (4.15) of group objects in Hy, satisfies axiom (2) of
Definition 4.1. That is, we have to show that the principal co-bundle of spaces

(SeNSym(G)1)//(SeN HLB) — S.H,
represents a generator of H* (H; Z) = Z. This is best checked using Cech cohomology.
Recall the Grothendieck coverage t of differentiably good open coverings on Cart

from Remark 4.3.
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Lemma 4.18 Let M € Mfd be a simply connected manifold, and let k € Ny. Then,

1. In H, there is an I-local equivalence
B(uMy ~ Bku(1) .

2. The presheaf B*(U(1)Y) satisfies descent with respect to the Grothendieck cover-
age T of differentiably good open coverings on Cart.

Proof Ad (1): This is an iteration of the argument in the proof of Lemma 4.17(2).

Ad (2): We prove this claim by induction. For £ = 0, we have to check that the
functor Cart®® — S, ¢ > Mfd(c x M, U(1)) satisfies descent with respect to good
open coverings of c. However, this follows directly from the fact that, for any manifold
Y, the functor

Op(")® — Set, U+ Mfd(U, U(1))

defines a sheaf on Y, where Op(Y) is the category of open subsets of ¥ and their
inclusions.

Suppose that B/(U(D)M) is a sheaf on Cart forall/ = 0, ..., k. Let ¢ € Cart, and
let U = {c; <> c}qen be a differentiably good open covering of c. We have to show
that the canonical morphism

g*: B (UM () — mﬁs H_ (CU,, BF ! (u)M)) (4.19)

is an equivalence of spaces. Here, CU € Fun(A°P, Hy) is the Cech nerve of the
covering U.

We first show that ¢g* is essentially surjective; that is, it induces a bijection on
isomorphism classes of objects. Since limits and colimits in Hy, = Fun(Cart°P, S) are
computed pointwise, we have isomorphisms

o (B (UM) ) (0) = 70 (B! (UM (e)) ) =+

On the other hand, we have that

70 1imS H (CU,,, B (U(1)2)) = 7 (

nen

U; UHM), (4.20)

where on the right-hand side we have the usual Cech cohomology group with respect
to the covering U of the sheaf of abelian groups on ¢ given by

Op(©)® — Ab, U~ Mfd(U x M,U(1)).

By a slight abuse of notation, we also denote this sheaf by U(1)X. We claim that the
right-hand side of (4.20) is further isomorphic to H**2(¢; Z) & x.
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First, the Cech cohomology groups HkH (U; U(1HM) are isomorphic to the sheaf

cohomology groups of U(1)X: since the covering U of c is differentiably good, it
follows from [4, Thm. 1.3.6] that there is a canonical isomorphism

v k
H (W M) = H* (c; uHM).
Next, we observe that since M is simply connected, there is a short exact sequence
Z— RM 5 yH4.

We further observe that the sheaf R is fine (it admits partitions of unity, for instance
those induced from the canonical map R — RM) when seen as a sheaf on the open
subsets of amanifold. Therefore, for any manifold Y, we have a canonical isomorphism

HY(Y; U)X = B (v; Z)
for every k > 1. We thus arrive at

70 11125 H. (CU,, B UMy = B 2(¢; 2) = «,
ne -
for each cartesian space ¢ € Cart and each k > 0. This completes the proof that the
morphism g* from (4.19) is bijective on connected components.

It remains to check that the morphism ¢* from (4.19) is an isomorphism on all
higher homotopy groups in Hy, = P(Cart). We will achieve this by comparing the
automorphisms of the unique object in the source and target space of ¢*. On the source
side, this automorphism space is given as the pullback of spaces

QB UMM () ——— =

| |

* ————— BMH(UMMY) (o)
and there is a canonical equivalence in Hy,
QB (UM (0) ~ B¥(U(DHM(0)) .

On the target side of ¢*, the automorphism space of the (essentially) unique object is
the pullback

Qlim® H_ (CU,, B u)M)) >
ne l
M > lim® H_.(CU,, BE (u()My)
ne
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Since limits in Hy, are computed objectwise, there are canonical equivalences
Q 11125 H_ (CU,, BT (u(HM)) ~ 11125 H_ (CU,, @B u)M))
ne - ne -

~ lim® H (CUy,, B UDM)).

However, by the induction hypothesis, the presheaf Bk(U(l)M) is a sheaf, so that
g™ induces an equivalence between the automorphism spaces. This proves that g* is
indeed an equivalence. O

An application of [5, Thm. 1.1] now implies that, for each simply connected man-
ifold M, the presheaf of spaces

H.(~ B"(UDY)): Mia? — §

satisfies descent with respect to open coverings (and even surjective submersions).
Consequently, given any open covering V = {c, < M},cp, Wwhose Cech nerve we
denote by CV — M, the canonical morphism

H, (M, B"(U()*) = lim® Ho, (CV, B"(U)*)
is an equivalence of spaces. Therefore, there is an isomorphism

moH (M, B"(U()M) = H' (M5 U(H™M), @.21)
which can be represented explicitly by composing a morphism M — B” (@M)
with any Cech nerve CV — M of an open covering of M. (Alternatively, this can be
seen directly in the presentation of Hy, by the projective model structure on simplicial
presheaves on Cart.)

Now let us return to the case where M = Hj is the manifold underlying the compact,
simple, simply connected Lie group (Hj, -, en). Let ev, 1: wlﬂ‘ — &1 be
the morphism induced by pullback along the base-point inclusion ey : * — H. It
induces a morphism of group objects ev, : U(1)Z1 — U(1). We obtain acommutative
diagram o o

ol (Hy, B"UE) — By ol (B, B"U(D)

l; l; (4.22)

H' (Hy; (D) (e s 1 (H: U(1)

It was shown in [10, Prop. 8.11] that the bottom horizontal morphism is an isomor-
phism for all n € N (with n > 0); thus, so is the top horizontal morphism. Consider
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the morphisms

moHy (H,, B"(U()H1)) — moS(S.H ., S.B" (U(1)Hn)
= moS(H, B"S.(U(1)n))
= moS(H1, B"S.U())
= 7oS(Hi, B"U(D)). (4.23)

The first morphism is applying the functor S,.. For the second morphism we have
used [6, Thm. 5.1]: for every manifold ¥ € Mfd, there is a canonical equivalence
S.Y >~ Y in S. Further, here we have used that S, commutes with B (Proposition 3.5).
For the third morphism, we have used that the inclusion U(1) — U(l)ﬂ1 is an /-local
equivalence in Hyo: since Hj is connected and simply connected, this morphism is a
smooth homotopy equivalence by [10, Lemma 8.9], and by [6, Cor. 3.16] any smooth
homotopy equivalence is an /-local equivalence. The last morphism again uses [6,
Thm. 5.1]. Since S, preserves finite products, the equivalence Sewl ~U(l);inS

is compatible with the group structure® on U(1).
We can describe the map (4.23) more explicitly as follows: we have already seen
above that any element in moH_ (H,, B"(U(1)21)) can be described as a smooth

U(1)#1-valued Cech cocycle with respect to a (differentiably good) open cover V of
H;. Under the map (4.23), these data are sent first to the same Cech cocycle, but seen as
amap of spaces, and then this resulting Cech cocycle is composed with the evaluation
u(l) ?1 — U(1); atthe unitelement in H. Therefore, using the canonical isomorphism
moS(Hy, B"U(1)) = i (Hq; U(1)) and combining this with the maps (4.22) and (4.23)
we obtain a commutative diagram of abelian groups

moH,, (H,, B"(U()H1)) ——— moS(Hi. B"S . (U(HIn))
l l(B”Se(eVe))* (4.24)

H'" (Hy; U(1)Hr) © e H'(Hy: u(D))

In this diagram, the left-hand vertical morphism is invertible as argued before (4.21).
The bottom morphism is an isomorphism by [10, Prop. 8.11] and the fact that Cech
cohomology and abelian sheaf cohomology are isomorphic on manifolds. The right-
hand vertical morphism is invertible as a consequence of the isomorphisms in (4.22)
and the fact that the map ev, 1 : U(l)lﬂl — U(1) is an I-local equivalence.
Combining diagram (4.24) with Proposition 3.47 and Lemma 4.17, we obtain that

the class in H3 (H,; Z) = I:I2 (Hy, U(1)) defined by the NHLB /1 -principal co-bundle

(NSym(G),)/NHLB"' — H, (4.25)

3 This can also be seen directly: for any manifold M, the comparison map ScM — Sing(M) sends a
smooth map A{f — M to the restriction |Ak| — M—see [6, Secs. 4, 5] for details.
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in Hy, agrees with the class defined by the principal co-bundle
(SeNSym(G)1)//(SeNHLB™) — S, H | ~ H,

in S. Here we have used that there is an equivalence NHLB H ~ By (l)ﬁ1 in Grp(Hoo ),
so that

moH, (H,,B NHLB"') ~ moH_ (H,, B*U(1)H1) .

(Again, one can alternatively see the coincidence of the cohomology classes more
explicitly on the level of Cech cocycles in the presentation of Ho, by the simplicial
model category HZ,: a smooth bundle represented by a smooth U(1) 1 -valued cocycle
on H gets sent to the topological bundle represented by the same Cech cocycle inter-
preted as a collection of continuous maps.) It thus remains to compute the cohomology
class associated to these bundles. In [10, Sec. 8] it has been shown that the class in
H3(H1; Z) of the bundle (4.25) agrees with the class in H3(H1; 7)) that classifies the
gerbe G under the isomorphism (4.7). Since we started our construction from a so-
called basic gerbe, i.e. one whose Dixmier-Douady class is a generator of H3 (H\; Z),
this completes the proof of Theorem 4.14.

Remark 4.26 We conclude with the following remarks:

1. In [10], we suggested the smooth 2-group extension (4.15) as a model for the
string group extension of (Hy, -, ery). However, the necessary formalism to make
this precise was not available then—its development was the main goal of the
present paper.

2. Moreover, in [10, Sec. 5.5] we also presented a second smooth 2-group extension

HLB# — Desy 2 [H 4.27)

of (Hy, -, e ); its construction uses a connection on G as auxiliary data and relies

heavily on a notion of parallel transport on a gerbe G with connection, as developed
in [10]. The extension (4.27) is then obtained via a homotopy-coherent version
of an associated bundle construction. By [10, Thm. 5.33], there is an equivalence
(in H<) between the smooth 2-group extension in (4.27) and (4.13), so that we
automatically obtain an equivalence between the group objects in Hy, they induce
under the nerve functor. Hence, given the input of a basic gerbe G on Hj, by
Theorem 4.14 the extension (4.27) also gives rise to a second, equivalent smooth
string group extension

NHLBf' — NDesy — H

of (Hi, -, ey), for any compact, simple and simply connected Lie group
(Hi, -, en). <
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A Actions and category objects

In this appendix, we prove Theorem 3.19; that is, we show that group actions P /G
in oo-topoi (as in Definition 3.15) are automatically groupoid objects.

Definition A.1 A category object in an oco-category C is a simplicial object X €
Fun(A°P, €) such that for every n € Ny the pullback X| xx, --- Xx, X1 exists
in € and the morphism

X, — X1 x---x Xy,
Xo Xo

induced by the spine decomposition [n] = [1] Lg; - - - Upoj [1] of finite ordered sets, is
an equivalence.

Suppose € has a final object. In analogy with Definition 3.2, a monoid object in C
is a category object M € Fun(A°P, C) such that My >~ x is a final object in C. As for
group objects, it follows that there are canonical natural equivalences M, ~ M {’*1.
Therefore, by Lemma 3.12 we may assume, without loss of generality, that we have
M, = Mf'_l for any n € No. We set M{//M:=Dec® M e Fun(A°, C). Monoid
objects can act on objects in their ambient co-category. A monoid action is defined in
the same way as a group action (Definition 3.15), but for the reader’s convenience, we
spell out the definition (compare also [24, Def. 4.2.2.2, Rmk. 4.2.2.3]):

Definition A.2 Let C be an oco-category with a final object, and let M be a monoid
objectin C. Let P € C be an object in C. An action of M on P is a simplicial object
P//M € Fun(A°P, C) such that

1. for each n € Ny, we have (P)/M),, = P x M7,
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2. the morphismd;: P x M| — P agrees with the projection onto P, the morphism
so: P — P x M agrees with the morphism 1p x (* — Mj), and
3. the collapse morphism P — x induces a morphism P /M — M in Fun(A°P, @).

The trivial action of M on the final object x satisfies %/ M = M as simplicial objects
in C. We set a:=dy: P x Mj — P. The pasting law for pullbacks implies that there
are canonical equivalences of morphisms between dy: P x M — P x Milil and
e PxM] — Px Mf_l, and similarly betweend,, : P x M — P x Mf_l
and the projection onto the first n factors.

axl

Proposition A.3 Let C be an oo-category with pullbacks and a final object, let M €
Fun(A°P, C) be a monoid object in C, and let P JM € Fun(A°P, C) be an action of M
on an object P € C. Then, P /M is a category object in C.

Proof Consider the diagram

(PJM) (P M) P x M, P x M
(P//M)o P

We use the following notational convention: let / be a set, and consider a product
[lics Ci of objectsin €. Forasubset J C I, weletpr;: [[;c; Ci — [];c, C; denote
the canonical projection. If J = {ig, ..., i,} is finite, we also write pr; ; instead of

10...In
Pllio.....in}- . _
We can augment the above diagram to a diagram

a><lM1 pry
PxMy xMy ——— P x M —— M

R

P x M, > P > *

a

Here, the right and the outer rectangle are pullback diagrams, and hence the left
square is a pullback diagram as well by the pasting law. It follows that the canonical
morphism

(PJM)zy —> (PJM)1 x (Pj/M)
(P/M)o

is an equivalence in C.
We now proceed by induction: suppose that the canonical morphism

(PJM)y — (PfM)y x --o X (P)M);
(P/M)y  (P/M)o
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is an equivalence, for each 2 < k < n. By this assumption, it now suffices to show
that the morphism

(PM)nt1 —> (PM)y X (P)M); (A4
(P/M)o

induced by the partition [n + 1] = [n] Ujo) [1] is an equivalence. We again have an
augmented diagram

a(") X 1M1

P x Mt Ll

x M — T P My —— My
Pr()...nJ lpro J/
P x MY > P > %

am
where the morphism a™ is, up to canonical equivalence, the morphism
ao(axly)o--ofaxly: PxM!— P.

Again, the right-hand and outer squares in this diagram is a pullback squares. It follows
by the pasting law that the left-hand square is a pullback as well. Since (P j/M),+1 =
P x M?‘H, and the morphisms P x Mf“ — P x M} and P x MI”+1 — P x M,
in (A.4) canonically equivalent to those morphisms which are induced by the partition
[n + 1] = [n] Ujo) [1]. This completes the proof. O

We recall a criterion from (the proof of) [22, Prop. 1.1.8] for when a category object
is a groupoid object. Given a simplicial object X € Fun(A°P, C) in an oco-category C
and a simplicial set K € Seta, we define an object X (K) € C as the limit (if it exists)
of the diagram

N(bx)® — NP 55 e,

The following can be found in the proof of [22, Prop. 1.1.8]:

Proposition A.5 Let C be an co-category with finite limits. A category object X in C is
a groupoid object in C if and only if the inclusion A(z) s AZ induces an equivalence

Xy —> X(AD).

Let J be the span category, depicted as {0, 1} < {0} — {0, 2}. Consider the functor
D:J — A, 2, which sends the object {0} € J to the tip inclusion A% < A2 and the

object {0, i} to the edge inclusion A% < A2 fori =0, 2.

LemmaA.6 Let D:J — A/A% be defined as above, and let C be an co-category with
finite limits. The following statements hold true:

1. The functor D: J — A/A% is cofinal.
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2. For any X € Fun(A, @), the diagram

X(Ad) N X

A &

X]T>X0
1

is a pullback diagram in C, where LO denotes the morphism X (A%} < A2)
3. A category object X € Fun(hP, (?) in C is a groupoid object precisely if the
diagram

d
X2—2>X1

] 1

X1 — Xo
dy

is a pullback diagram in C.

Proof For claim (1), note that an object of A/A% is a pair ([n], ¢) of an object [r] € A

and a morphism of simplicial sets ¢ : A" — A2J. We show that, for each object ([], ¢)
of A, 2, the slice category ([n], ), p is contractible.

Since the horn A% fits into a pushout diagram

Al0} by Af0n)

atl {

A2y A2

in Seta, the morphism ¢: A" — A% is either the constant map at the apex of the

horn, i.e. ¢ factors as ¢: A" — Al <5 A2 or it factors through a unique map
A" — A% fori = 0ori = 2, but not through the apex A% < AZ. (One can see
this either by writing A" = N[n] and A2 = NJ and using that the nerve functor is
fully faithful, or by using that Seta (A", —) = (—), preserves colimits.)

In the first case, the slice category ([n], ¢),p is the category describing spans; in
other words, it is isomorphic to J, and we have [NJ| = |A Lo AT Z | AU po | A] >
*. In the other cases, the slice category ([n], ¢),p is the final category, and hence
contractible as well.

Claim (2) now follows directly from the definition of X (K), for K € Seta, together
with part (1) (after taking opposites), and claim (3) then follows by combining claim (2)
with Proposition A.S5. O

LemmaA.7 Let K be a simplicial set, let C be an co-category, and let C € C be an
object. Let c: C — Fun(K, C) denote the constant-diagram functor.
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1. If K is contractible, i.e. K >~ % in Seta with the Kan-Quillen model structure, and
colimlg (cC) exists in C, then the canonical morphism colimle( (cC) > CinCis
an equivalence.

2. Dually, if K is contractible and limlcé (cC) exists in C, then the canonical morphism

C — liml(z (cC) in C is an equivalence.

Proof By the definition of c, there is a commutative diagram

K <se

col Il %
*

in S. By [23, Cor. 4.1.2.6, Thm. 4.1.3.1], the morphism col! is cofinal if and only
if the simplicial set K x * = K is contractible, i.e. precisely if coll: K — s is an
equivalence in Seta (in the Kan-Quillen model structure). The first claim then follows
from the fact that cofinal morphisms preserve colimits [23, Prop. 4.1.1.8]. The second
statement follows by duality. O
Example A.9 We need the following two specific cases in which Lemma A.7 applies:

1. The nerve NJ € Sety is contractible, as already seen in the proof of Lemma A.6.
2. The inclusion {[0]} <> A is the inclusion of a final object. Thus, the nerve NA €
Seta is contractible in Seta . <

LemmaA.9 Let K € Seta be contractible (in the Kan-Quillen model structure) and
let C be an oo-category admitting limits of shape K. Let P € C be any object.

1. The constant diagram functor c: € — Fun(K, C) is fully faithful.
2. If C admits finite products, then the functor P x (—): C — C preserves limits of
shape K.

Proof Let C, D € C be any objects. To see (1), we use the adjunction ¢ limle( and
Lemma A.7, which yield canonical equivalences

eX(cc,cp) ~ e(C,1im$ cD) ~ e(C, D).

For claim (2), let C, P € C be objects, and let F: K — C be a diagram. We now
have canonical equivalences
C(C, lim&(cP x F)) =~ €X(cC,cP x F)
~eXcc,cr) x eX(cC, F)
~ @(C, P) x C(C, lim§ F)
~@(C, P x lim& F).

In the third equivalence we have used part (1), i.e. that c is fully faithful here. Then,
the statement follows from the Yoneda Lemma. O
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We can now prove Theorem 3.19:

Proof of Theorem 3.19 Since every group object in € is in particular a monoid object
in C, it follows from Proposition A.3 that P //G is a category object in C. We now use
Lemma A.6 to show that it is even a groupoid object. By that lemma, it suffices to
check that the diagram

dr=prg;

(P)G)y —2— (PG PxG? P x Gy
d1J Jd] = d]J ldl =pr, (A.10)
(P//G)l T) (P//G)() P x G T) P
=pr

is a pullback diagram in €, where we have used axioms (1) and (2) of Definition A.2
and their consequences pointed out after Definition 3.15.

Our goal now is to split off the factor P in diagram (A.10). To that end, consider
the diagram

P P
pro~=dd>
/ A;d]
P x G? 4 — P x G (A.11)
pry
p%
G? e y Gy

The bottom rectangle in diagram (A.11) commutes by axiom (3) of Definition 3.15.
The top rectangle commutes because P //G is a simplicial object in C, so we have a
canonical equivalence dyd> >~ did;. This establishes the morphism d; as a product of
morphisms in €: it is induced by the morphisms 1p: P — P and dIG: G% — Gi.
That is, there is a canonical equivalence

dlzlpxle,

of morphisms (P //G), — (P//G)1 in H. We thus have an equivalence of diagrams

5 da=pry 2 dy
Px G} 2 pyg, @2 —2 6
d1:1pxd10l ldl—pro = Px d?l l
PxG — 3 P Gl —— %
d1=pry
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By the definition of G as a groupoid object, the diagram

2 4
G} —2— Gy

"

Gi —— %

is a pullback diagram in C. It now follows from Lemma A.9 that the functor P x (—)
sends this pullback diagram to a pullback diagram. Consequently, the square (A.10)
is a pullback diagram in H.

References

1. Ando, M., Hopkins, M.J., Rezk, C.: Multiplicative orientations of K O-theory and of the spectrum of
topological modular forms. https://faculty.math.illinois.edu/~mando/papers/koandtmf.pdf
2. Baez,]J.C., Stevenson, D., Crans, A.S., Schreiber, U.: From loop groups to 2-groups. Homol. Homotopy
Appl. 9(2), 101-135 (2007). arXiv:math/0504123
3. Berwick-Evans, D., Boavida de Brito, P., Pavlov, D.: Classifying spaces of infinity-sheaves.
arXiv:1912.10544
4. Brylinski, J.-L.: Loop Spaces, Characteristic Classes and Geometric Quantization. Modern Birkhauser
Classics. Birkhduser Boston, Inc., Boston (2008). y Reprint of the 1993 edition
Bunk, S.: Sheaves of higher categories on generalised spaces. arXiv:2003.00592
Bunk, S.: The R-local homotopy theory of smooth spaces. arXiv:2007.06039v2
7. Bunk, S.: Categorical Structures on Bundle Gerbes and Higher Geometric Prequantisation. PhD thesis,
Heriot-Watt University, Edinburgh (2017). arXiv:1709.06174
8. Bunk, S.: Gerbes in geometry, field theory, and quantisation. Complex Manifolds 8(1), 150-182 (2021).
arXiv:2102.10406
9. Bunk, S., Szabo, R.J.: Fluxes, bundle gerbes and 2-Hilbert spaces. Lett. Math. Phys., 107(10):1877—
1918 (2017). arXiv:1612.01878
10. Bunk, S., Miiller, L., Szabo, R.J.: Smooth 2-group extensions and symmetries of bundle gerbes.
arXiv:2004.13395
11. Bunk, S., Sdmann, C., Szabo, R.J.: The 2-Hilbert space of a prequantum bundle gerbe. Rev. Math.
Phys., 30(1):1850001 (2018). arXiv:1608.08455
12. Cartan, E.: La topologie des groupes de Lie. Actual. Sci. et Industr. 358. Hermann & cie, Paris (1936)
13. Cisinski, D.-C.: Higher Categories and Homotopical Algebra. Cambridge Studies in Advanced Math-
ematics, vol. 180. Cambridge University Press, Cambridge (2019)
14. Douglas, C.L., Henriques, A.G., Hill, M.A.: Homological obstructions to string orientations. Int. Math.
Res. Not. IMRN 18, 4074-4088 (2011). arXiv:0810.2131
15. Fiorenza, D., Schreiber, U., Stasheff, J.: Cech cocycles for differential characteristic classes: an co-Lie
theoretic construction. Adv. Theor. Math. Phys. 16(1), 149-250 (2012). arXiv:1011.4735
16. Fiorenza, D.,Rogers, C.L., Schreiber, U.: Higher U (1)-gerbe connections in geometric prequantization.
Rev. Math. Phys. 28(6), 1650012 (2016). arXiv:1304.0236
17. Henriques, A.: Integrating Loo-algebras. Compos. Math. 144(4), 1017-1045 (2008).
arXiv:math/0603563
18. Hohn, G.: Komplexe elliptische Geschlechter und § 1 -aquivariante  Kobordismustheorie.
arXiv:math/0405232
19. Kihara, H.: Smooth homotopy of infinite-dimensional ¢°°-manifolds. arXiv:2002.03618
20. Killingback, T.P.: World-sheet anomalies and loop geometry. Nucl. Phys. B 288(3—4), 578-588 (1987)
21. Lawson, H.B., Jr., Michelsohn, M.-L.: Spin Geometry. Princeton Mathematical Series, vol. 38. Prince-
ton University Press, Princeton (1989)
22. Lurie, J.: (00, 2)-Categories and the Goodwillie Calculus I. https://www.math.ias.edu/~lurie/papers/
Goodwilliel.pdf

o »n

@ Springer


https://faculty.math.illinois.edu/~mando/papers/koandtmf.pdf
http://arxiv.org/abs/math/0504123
http://arxiv.org/abs/1912.10544
http://arxiv.org/abs/2003.00592
http://arxiv.org/abs/2007.06039v2
http://arxiv.org/abs/1709.06174
http://arxiv.org/abs/2102.10406
http://arxiv.org/abs/1612.01878
http://arxiv.org/abs/2004.13395
http://arxiv.org/abs/1608.08455
http://arxiv.org/abs/0810.2131
http://arxiv.org/abs/1011.4735
http://arxiv.org/abs/1304.0236
http://arxiv.org/abs/math/0603563
http://arxiv.org/abs/math/0405232
http://arxiv.org/abs/2002.03618
https://www.math.ias.edu/~lurie/papers/GoodwillieI.pdf
https://www.math.ias.edu/~lurie/papers/GoodwillieI.pdf

Principal co-bundles and smooth string group models 743

23.

24.
25.

26.

27.

28.
29.

30.
31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

Lurie, J.: Higher Topos Theory. Annals of Mathematics Studies, vol. 170. Princeton University Press,
Princeton (2009)

Lurie, J.: Higher Algebra. v. 09/(2017). http://www.math.harvard.edu/~lurie/papers/HA.pdf
Nikolaus, T., Sachse, C., Wockel, C.: A smooth model for the string group. Int. Math. Res. Not. IMRN
16, 3678-3721 (2013). arXiv:1104.4288

Nikolaus, T., Schreiber, U., Stevenson, D.: Principal co-bundles: general theory. J. Homotopy Relat.
Struct. 10(4), 749-801 (2015). arXiv:1207.0248

Nuiten, J.: Higher stracks as a category of fractions. https://www.math.univ-toulouse.fr/~jnuiten/
Writing/Groupoids.pdf

Nuiten, J.: Localizing co-categories with hypercovers. arXiv:1612.03800

Riehl, E.: Categorical Homotopy Theory. New Mathematical Monographs, vol. 24. Cambridge Uni-
versity Press, Cambridge (2014)

Sati, H., Schreiber, U.: Equivariant principal co-bundles. arXiv:2112.13654

Schommer-Pries, C.J.: Central extensions of smooth 2-groups and a finite-dimensional string 2-group.
Geom. Topol. 15(2), 609-676 (2011). arXiv:0911.2483

Schreiber, U.: Differential cohomology in a cohesive co-Topos. arXiv:1310.7930v1

Stevenson, D.: Décalage and Kan’s simplicial loop group functor. Theory Appl. Categ., 26 (2012).
arXiv:1112.0474

Stolz, S.: A conjecture concerning positive Ricci curvature and the Witten genus. Math. Ann. 304(4),
785-800 (1996)

Stolz, S., Teichner, P.: The spinor bundle on loop space. https://people.mpim-bonn.mpg.de/teichner/
Math/ewExternalFiles/MPI.pdf

Stolz, S., Teichner, P.: What is an Elliptic Object? In: Topology, Geometry and Quantum Field Theory,
Volume 308 of London Math. Soc. Lecture Note Ser.. Cambridge Univ. Press, Cambridge, pp. 247-343
(2004). arXiv:1108.0189

Waldorf, K.: Algebraic structures for bundle gerbes and the Wess-Zumino term in conformal field
theory. PhD thesis, Universitit Hamburg (2007). http://ediss.sub.uni-hamburg.de/volltexte/2008/3519/
Waldorf, K.: More morphisms between bundle gerbes. Theor. Appl. Cat. 18(9), 240-273 (2007).
arXiv:math/0702652

Waldorf, K.: A construction of string 2-group models using a transgression-regression technique. In:
Analysis, Geometry and Quantum Field Theory, Volume 584 of Contemp. Math.. Amer. Math. Soc.,
Providence, pp. 99-115 (2012). arXiv:1201.5052

Waldorf, K.: String geometry vs. spin geometry on loop spaces. J. Geom. Phys. 97, 190-226 (2015).
arXiv:1403.5656

Witten, E.: The index of the Dirac operator in loop space. In: Elliptic Curves and Modular Forms in
Algebraic Topology (Princeton, NJ, 1986), Volume 1326 of Lecture Notes in Math., pp. 161-181

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://www.math.harvard.edu/~lurie/papers/HA.pdf
http://arxiv.org/abs/1104.4288
http://arxiv.org/abs/1207.0248
https://www.math.univ-toulouse.fr/~jnuiten/Writing/Groupoids.pdf
https://www.math.univ-toulouse.fr/~jnuiten/Writing/Groupoids.pdf
http://arxiv.org/abs/1612.03800
http://arxiv.org/abs/2112.13654
http://arxiv.org/abs/0911.2483
http://arxiv.org/abs/1310.7930v1
http://arxiv.org/abs/1112.0474
https://people.mpim-bonn.mpg.de/teichner/Math/ewExternalFiles/MPI.pdf
https://people.mpim-bonn.mpg.de/teichner/Math/ewExternalFiles/MPI.pdf
http://arxiv.org/abs/1108.0189
http://ediss.sub.uni-hamburg.de/volltexte/2008/3519/
http://arxiv.org/abs/math/0702652
http://arxiv.org/abs/1201.5052
http://arxiv.org/abs/1403.5656

	Principal infty-bundles and smooth string group models
	Abstract
	1 Introduction and overview
	2 Smooth spaces and infty-topoi
	2.1 Presheaves on cartesian spaces and the smooth singular complex
	2.2 Background on infty-topoi

	3 Principal infty-bundles and group extensions in infty-topoi
	3.1 Groups and group extensions
	3.2 Group actions in infty-categories
	3.3 Principal infty-bundles

	4 Homotopy-theoretic smooth string group models
	4.1 The definition of smooth string groups
	4.2 Bundle gerbes and their symmetries
	4.3 A smooth string group model

	Acknowledgements
	A Actions and category objects
	References




