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Abstract

In this paper, we consider a weakly coupled system of a wave and damped Klein—
Gordon equation with nonlinearities of derivative type. We prove a blow-up result
for the Cauchy problem associated with this system for nonnegative and compactly
supported data by means of an iteration argument.

Mathematics Subject Classification 35B44 - 35C15 - 35L05 - 35L56 - 35L76

1 Introduction

Let us consider a Nakao-type weakly coupled system with nonlinearities of derivative-
type, namely,

2u — Au+ bdu +m?u = |3,v|P, x eR", te(0,7),

32v — Av = [dul?, xeR" te(0,7), W
(u, 9;u)(0, x) = e(ug, ur)(x), x e R,
(v, 9,v)(0, x) = &(vo, v1)(x), x eR",

where p, g > 1, € is a positive parameter describing the size of the Cauchy data, and
b > 0, m? > 0 are real constants.

Over the last years, systems of diffusion and wave equations with coupled nonlinear
terms have been studied in the literature (see [3, 6, 13, 14, 18]). By diffusion equations
here we mean, in a broad sense, not only parabolic equations but also hyperbolic
equations which present diffusion phenomena towards certain parabolic models. This
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kind of nonlinear coupled systems have been named Nakao’s problems in the case of
a weakly coupled Cauchy system of wave and damped wave equations in [3, 6, 18]
after the author of [13, 14], who first proposed and studied these systems in the case
of bounded domains.

Let us summarize briefly the results for the Nakao’s problems considered in the
case of the whole space, i.e. for Cauchy problems. In [6, 18] the Nakao’s problem with
weakly coupled power nonlinearities, namely,

82u — Au+ du = |v|?, xeR" te(0,T),
320 — Av = |ul4, xeR" te(0,T),
(u, 0;u)(0, x) = e(ug, uy)(x), x e R",
(v, 9;v)(0, x) = e(vg, v1)(x), x € R",

@)

has been investigated from the viewpoint of the blow-up in finite time (for suitable p, g
and under suitable sign assumptions on the Cauchy data). While in [18] the so-called
test function method is used, in [6] an iteration argument is employed, by considering
the space averages of the components of alocal solution as time-dependent functionals.

On the other hand, in [3] the Nakao’s problem with weakly coupled nonlinearities of
derivative type, namely (1) for (b, m?) = (1, 0), is studied again from the sufficiency
part. In particular, the blow-up in finite time is proved for p, g > 1 such that

1 n—1
>
pq —1 2

provided that the Cauchy data are compactly supported, nonnegative and nontrivial.
The approach used to prove this blow-up result is inspired in some sense by [11,
Sect. 13.2] and by [10].

In what follows we called (1) a Nakao-type weakly coupled system, since we will
consider a semilinear wave equation for v and a semilinear damped Klein—Gordon
equation for u which are weakly coupled through the nonlinear terms given by powers
of the time-derivatives. We shall focus only on the case of the Cauchy problem and
our goal will be determining a blow-up result in finite time when the exponents of the
nonlinear terms p, ¢ belong to a suitable range and under suitable sign assumptions
for the Cauchy data.

Our approach is based on the blow-up technique introduced by Zhou in [20] for the
treatment of the semilinear wave equation with a nonlinearity of derivative type in all
space dimensions combined with an iteration argument for determining a sequence of
lower bound estimates for a suitable time-dependent functional related to alocal in time
solution to (1). The above cite technique of Zhou consists in reducing the problem to
the one-dimensional case by integrating with respect to the last (n — 1) space-variables
and, then, in proving the blow-up on a suitable characteristic line. More specifically,
when dealing with the wave equation in one space dimension, d’ Alembert’s formula
is used to describe explicitly the solution. Consequently, before proving the main
blow-up result of this paper, we are going to recall an integral representation formula
for the linear equation associated with the equation for « in (1) (which is a damped
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Klein—Gordon equation) in one space dimension. Moreover, since the kernel function
appearing in this integral formula contain an exponential factor, we will need to adapt
the treatment of an unbounded exponential multiplier in the iteration frame from [4,
5] to our problem by applying a slicing procedure while shrinking the domain of
integration in the iteration frame. We anticipate that the other factor appearing in the
integral kernel will be the composition of the modified Bessel function of the first kind
of order 0 with another function related to the forward light-cone. In the derivation of
the iteration frame, we will take advantage of the fact that this special function (denoted
Ip) is bounded from below by a positive function. On the contrary, we may not use
the asymptotic behavior of Iy for large arguments due to the contemporary presence
of the aforementioned exponential factor. For a rigorous explanation we address the
reader to Remark 4.

The range of p, g for which our blow-up result is valid is exactly the same one as in
[3] for the special case (b, m?) = (1, 0) that we recalled above, although the methods
employed in our proof and in the proof of the corresponding result in [3] are quite
different. Moreover, we will extend the blow-up result even to the limit case

1 _n—l
pq—l_ 2

Finally, we point out that the blow-up result in the present work is valid only under
the further assumption

b* > dm?. 3)
We refer to Remark 3 for a technical explanation on the unsuitableness of our method
for b> < 4m?. We may interpret the condition (3) by saying that we consider the case
in which the equation for « in (1) has a mass term m2u that is dominated (or balanced,
when the equality holds) by the damping term bo,u. Therefore, this equation has some
properties which resemble the ones for the damped wave equation rather than the ones

for the Klein—Gordon equation. Let us explain the previous heuristic considerations
more rigorously. If we consider the linear damped Klein—Gordon equation

32¢p — Ap + bdsp +m*p =0,

then, carrying out the transformation ¢ (¢, x) = e¥* (¢, x), where y is areal constant,
it results that i solves

Y — Ay + Qy + b)Y + (¥ + by +m>)y =0.

For b? > 4m? we can choose y = 3(—b + /b — 4m?) so that  solves the damped
wave equation

92y — Ay + (B* — 4m) 29,y = 0.
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For this reason, we call the case b > 4m? the case with dominant damping. On the
contrary, for b> < 4m?, setting y = —%’, we get that ¢ solves the Klein—Gordon
equation (with positive mass)

2
a}w—Aer(mz—%)w:o.

Hence, we call b2 < 4m? the case with dominant mass. In the limit case b? = 4m?,
we find that ¥ solves the free wave equation, therefore, we call it the balanced case.
We stress that this nomenclature is borrowed from the introduction of [8].

The paper is organized as follows: in Sect. 2 we state the main blow-up result for (1);
in Sect. 3 we recall the integral representation formula for the linear Cauchy problem
associated with the damped Klein—Gordon equation when n = 1; finally, in Sect. 4 we
derive the iteration frame and we apply the slicing procedure to perform the iteration
procedure.

2 Main result

Theorem1 Letn > 1 and let b > 0, m? > 0 be real constants satisfying (3). We
assume that ug, vo € %OZ(R"), up, vy € ‘50] (R™) are nonnegative and compactly
supported functions with supports contained in Bg for some R > 0, and that vy is
nontrivial. Let us consider exponents for the nonlinear terms p, q > 1 satisfying

1 n—1

pqg —1 2

O(n, p,.q) = > 0. 4

Then, there exists a positive constant ¢y = eo(n, p,q, b, R, vy) such that for any
e € (0,e0] if (u,v) € (‘52([0, T) x R”))2 is a local in time solution to (1) such that

supp u(t, -), suppv(t, -) C Brys foranyt €[0,7), (5)

where T = T (¢) denotes the lifespan of (u, v), then, (u, v) blows up in finite time.
Furthermore, the following upper bound estimate for the lifespan holds

Ce—00.p.)" if 0(n, p,q) >0,

T(e) <
© exp (Ce~P4=D) if 6(n, p.q) =0,

(6)
where the positive constant C is independent of €.

3 Integral representation formula in one space dimension

In the proof of Theorem 1 we are going to use the approach from [20] to proving the
blow-up on a certain characteristic line, as described in the introduction.
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Since the second order partial operator acting on « in (1) is a damped wave operator
with a mass term we need first to get a representation formula for the corresponding
linear Cauchy problem in the one-dimensional case, namely,

3¢ — 029 +bdp +m?>p=F(t,x), xR, t>0,
#(0,x) = f(x), x eR, )
a[d)(ov-x):g(-x)’ XER.

The integral representation formula for the solution to (7), under suitable regularity
assumptions on the data f, g, F, is already known in the literature. However, the proof
of this representation formula in the form that we will employ is scattered through
different references. For the ease of readability we shall provide an elementary proof
of it.

In what follows, we collect and adapt the results from [7, Chapter III Sect. 3.5 and
Chapter VI Sect. 12.6] and [19, Sect. 1.1]. Hereafter, we denote by I,,, J,, the modified
Bessel function and the Bessel function of the first kind of order v, respectively.

Lemma2 Letb > 0and m? > 0. Forany h € %I(R) andanyt > 0, x € R we define
the solution operator

1 b X+t
_eﬁ’/ Iy (M,/ﬂ —|x = y|2> h(y)dy for 4m? < b2,
% pEas
S(t; b, mz)h(x) = Ee_%’/ h(y)dy for 4m? = b2,
1 b x;fH
ze—f'/ Jo (u\/ﬂ —Jx — y|2)h<y>dy for 4m* > b?,
x—t
3
where
bz
w= T m?

and 1y, Jo denote the modified Bessel function and the Bessel function of the first kind
of order 0, respectively, (cf. [15, Sections 10.2 and 10.25]).

Let us consider f € €*(R),g € €' (R) and F € €'([0, 00) x R). Then, the
solution to the linear Cauchy problem (7) is given by

¢(t,x) = S(t; b, m?) (g + bf)(x) + %s(z; b, m?) f (x)

t
+/ S(t — ©: b, m*)(F(z, ))(x) dt. 9)
0

Remark 1 In the special case (b, m2) = (1, 0) the representation formula (9) coincides
with the one for the classical linear damped wave equation (see [7, Equation (43), page
695] or [17, Proposition 2.1]).
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Proof In the balanced case b> = 4m? the function ¥ (¢, x) = e%’ ¢ (t, x) solves the
Cauchy problem

2y — 02y = F(t,x), xeR, t>0,
¢0,x) = f(x), x €R,
09 (0, x) =g(x)+l§’f(x), x e R.

Combining d’ Alembert’s formula with Duhamel’s principle and the inverse transfor-
b

mation ¢ (¢, x) = e~ 2"y (¢, x), we get immediately (9).

When b*> # 4m? we begin by proving that S(t; b, mz)(g)(x) solves the Cauchy
problem (7) for f = 0 and F = 0. We carry on the computation only in the dom-
inant damping case > > 4m?, since in the dominant mass case b> < 4m? the
procedure is completely analogous. Let us check the Cauchy conditions first. Clearly
S(O; b, mz)(g)(x) = 0. On the other hand, using Ip(0) = 1, we have

1
D S(1: b m?) (@) () = Se gtk + gl — 1)

Jat
b _b, x+t
e / Io<,u\/t2—|x—y|2)g(y)dy
X

—t

Y /x+t I (u 12— |x — y|2)
X

—l—%te 3 g(y)dy. (10)

— 2 —lx—y?

Consequently, 9;S(z; b, m?)(g)(x)|,_, = g(x).
We prove now that S (t; b, mz) (g) (x) solves the homogeneous differential equation.
A further differentiation of (10) with respect to ¢t provides

92 b 2t
S58(r6.m) (9)(x) = (—5 + %) e (g(x + 1)+ g(r — 1)
L b, /
+§e (g (x+)—gx—1)
b2 x+t
+ ge_%t /H Iy (u,/tz —|x — y|2) g(y)dy

1, [*H w(l = br) ut?
+7e_7’/ I ( V12— |x— 2) - (y)d
2 . o\ M | yl ,7t2—|x—y|2 (t2—|x—y|2)3/2 gly)dy

—t

1 b, x+t Y 5 5 M2t2
+§e 2 Ip | myt2—lx =yl mg(y)d)’- (11)
X

—t
We point out that, differentiating the second integral in (10), we applied the relation

1
=3 (12)
z=0

Z
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that follows from the relation Ify = I; and from the Maclaurin series expansion for the

function z~'1; (z) (cf. [15, Equations (10.29.3) and(10.25.2)]). Using again (12), we
find that the second order derivative with respect to x of S(t; b, m2) (g)(x) is given by

2

9 2
—5S(bom) () = “Te‘%’(gu +0)+gx—1)

[N N

e (g4 —g(x—1)

1 _p, [T 2 nwix — y)?
+7e_7’/ I ( Ji2 = x— 2) - () d
2 o o\ M | )’| ﬁ — |x_y|2 (2‘2 — |x — y|2)3/2 gly)dy

—t

1 b X+t 2 X — 2
+ ge‘f’/ i (u\/ﬂ —x - y|2) té‘_(uiy)z g dy. (13)

—t =l

Combining (10), (11) and (13), we get

92 9x2

1 _by A 2/ 2 2
=5et 121 Mm g(y)dy
X

—t

1y, [ nlf (,u 12 —|x — y|2)
—e 2
s /

d
X+t b2
'/x <m2 - Z) Io <Wt2 —|x - y|2> g(y)dy

—t

X+t I/
e / <16’<z)+ Of) —IO(Z)>

—t

2 2
( O m21> S(1: b, m?) ()(x)

b
2

gy)ydy =0, (14)
=/ 12— (x—y)?

where in the last step we used the fact that Iy is a solution of the ODE (see [15, Equation
(10.25.1)D

21(2) + 20y (z) — 2°To(z) = 0.

We emphasize that in the dominant mass case we can repeat the same steps as before.

. 2, . . .
However, since Mz =m?— I’T in this case, we use the fact that J is a solution of the

ODE (see [15, Equation (10.2.1)])
2152 + 2152 + 2To(2) = 0.

So, we proved (9) for f =0and F = 0.
Now we focus on the case g = 0 and F = 0. We claim that

~ 0
o(t,x) = ES(“ b, m?)(f)(x) + bS(t; b, m?)(f)(x)
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is the solution of (7) with vanishing second data and source term.

Clearly, ¢~5 solves the homogeneous differential equation as the differential operators
(0; +bI) and (8t2 — 8)% + b3, + m2I) commute. We check now the Cauchy conditions.
Using the initial conditions derived in the previous case, we see immediately that
#(0, x) = £(x). On the other hand,

2 2

9 9 3 )
—¢( x) = <—+ba )S(l; b, m?)(f)(x) = (7 —m I)S(t;b,m ) () ().

Therefore, combining (8) and (13) with the previous relation it follows that
34(0, x)=0.

It remains to consider the inhomogeneous Cauchy problem (7) with both vanishing
initial data f = g = 0. By using Duhamel’s principle together with the solution opera-
tor defined in (8), since the model under consideration is invariant by time translations,
we get that the solution for this case is given by

t
f S(t — 3 b, m*)(F(z, ))(x) dr.
0

Due to the linearity of (7), combining the results from the previous subcases, we
conclude the validity of (9). O

Remark 2 By using (8) and (10), we can rewrite (9) more explicitly as follows:

¢, x) = 5 e (F D+ flx—1)
2 2
w oy, h (M 2 —|x -yl )
+= d
et [ IO
1 X+t b
+Ee_%’/ Io (M\/tz—lx—ylz) (g(y)+5f(y)> d
xX—t
1 t b X+t—1
+—/ e,j(,,,)/ Iy <u\/(t—r)2— Ix—yIZ)F(r, y)dydz
2 0 x—t+71

(15)

for b2 > 4m?, and

1 _b, 1 _b, x4+t b
¢(t,x)=§e 2 (f(x+t)+f(x—t))+§e 2 f g(y)+§f(y) dy
x—t
1 x+1—1
+—/ e 3= ”/ F(t,y)dydr (16)
2 0 X—t+T

for b> = 4m?>. Finally, for b> < 4m? the representation formula is analogous the the
one in (15), but instead of the modified Bessel functions Iy, I; we have the Bessel
functions Jo, —J1, respectively. In particular, we use the relation JE) = —Jy, see [15,
Equation (10.6.2)].
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Remark 3 1In the statement of Theorem 1 we consider only b, m? such that b2 > 4m?2.
This assumption is due to the fact in the dominant mass case b> < 4m? the kernel
functions in the representation formula (9) are no longer nonnegative functions. Indeed,
in the iteration argument that we will use to prove the blow-up result it is crucial the
fact that we will be working with a nonnegative functional. For b? < 4m? the partial
differential operator acting on « in (1) is in this sense very close to the Klein—Gordon
operator (i.e. for b = 0) and the damped oscillations of the Bessel functions of the
first kind do not allow to carry on with the iteration procedure. We stress that when
the equation for u in (1) is exactly Klein—-Gordon equation (namely, for b = 0) the
approach of this paper is unfruitful for a positive mass, but it could be used to deal
with a negative mass (that is, for m? < 0 in our notations).

4 Proof of Theorem 1

The proof of Theorem 1 is based on the approach introduced by Zhou in [20], where
a blow-up result for the semilinear wave equation with nonlinearity of derivative-type
is proved for all space dimensions. Recently, this approach have been applied to study
semilinear models with time-dependent coefficients (cf. [9, 12, 16]).

In [20] d’ Alembert’s formula is used to prove the blow-up result for the semilinear
wave equation with nonlinearity of derivative type. In our case, since we work with
the weakly coupled system (1) together with d’ Alembert’s formula (coming from the
equation for v) we shall also employ the representation formulas (15) and (16) from
Sect. 3. Notice that (15) coincides exactly with (16) for © = 0. Hence, in what follows
we work always with (15) for both cases.

Let us introduce the following notation: we will write any x € R" as x = (z, w)
with z € R and w € R"~!. Thanks to this notation we might introduce the following
functions

U(t,z) = / u(t,z, w)ydw, ¥(t,z2) = f v(t,z, w)dw foranyz €[0,7), z € R,
Rn—] ]Rn—l

g//_;(z)if luj(z,w)dw, “//j(z)if ]vj(z,w)dw foranyz € R, j =0, 1.
Ri- Ri—

Clearly, it makes sense to introduce these functions only for n > 2, while forn = 1
we set simply (%, 7)) = (u, v) and (%, %, %0, 1) = (uo, uy, vo, v1).

We remark that due to the assumption supp u ;, supp v; C Bg for j = 0, litfollows
that

supp %;,supp¥; C (=R, R) j=0,1. (17)
Analogously, from (5) we have
supp % (t, ), supp ¥ (t,") C (= (R+1), R+1) foranyt € [0, 7). (18)
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By a straightforward computation we find that (%7, #") solves for n > 2 the following
system

NU — U + b, U +m*U = 10v(t, z, w)[Pdw, t€(0,T), z€R,
Rn—l
Y - = [9u(t, z, w)|9dw, te,T), z R,
Rn—l
(%58f%)(0’ Z) 28(%0’%1)(Z)7 Z GR’
(7, 0,700, 2) = (M, 1) (2), zeR.

By using D’ Alembert’s formula and the representation formula for the damped wave
equation with amass term from Sect. 3, we obtain the following integral representations

Ut,z) = U™, 2) + w0, 2),
V(t,z) =V, 2) + ving, 2),

where
U, z) = %e*%f(%(z 1)+ Uz — 1)
z+t
+let [ (Mm ) (%) + 2% () dy
z—t

Uy(y)dy,

e y z+t11(,u t2—|Z—y|2)
+—Ie_7t[
2 Zz

R A At
nlin . L[ é(rft) s 2 2
U, )= 5] € To{ i/ (2 — T)* =]z 1|3tU(1" y, w)|’dwdydr,
0 4 Rn—

—HT
Z+t

VI = (R0 + NG —0)+5 [ Ay,

z—t

. 1 t z+t—1
yoling 7y = f/ f / 10,u(t, y, w)|?dw dy dr.
2Jo Ji—t4r Jrr

Now that we obtained the explicit integral representation formulas for (%, ¥),
we need to determine the functional related to (u, v) that blows up in finite time. We
anticipate that this functional will be 7 evaluated on a certain characteristic line. In
order to prove the blow-up result we will establish a sequence of lower bound estimates
for this functional, that we will determine by means of a suitable iteration frame.

The next step is to determine the iteration frame. For this purpose we proceed with
lower bound estimates for the functions Z/™Min_ ynlin Hereafter we focus on the case
n > 2, nevertheless our computations can be repeated with simple modifications in
the case n = 1.

By the support condition (5) we get

supp o:u(t, -), supp o;v(t,-) C Brys foranyr € [0, T),
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that implies in turn

1. 2 \!/?
supp d,u(t, z, -), suppdv(t,z,-) C Jw € R"7' 1 |w| < ((R +1)° -z ) (19)

foranyt € [0, T) and any z € R such that |z] < R+¢. Combining Holder’s inequality
and (19), we arrive at

_n=ly 1
[y wraw 2 (@02 =)0 o,

_n=l 1
[t yowitdn 2 (@402 -2 T @

forany 7 € [0,¢] andany y € [z —t + 7,z + t — t]. Thus, we obtain

i ro, 41—t Ip (M\/(f —1) - |z — Y|2)
MG,y > | ez - 19,7 (z, y)|” dydz,
n—1
—t+T ((R + 1')2 _ yZ) 7 (p—=1)

-1 el
ying, ) > / / (R+0)2 =y 7 “ Va2 (x, y) dydr.
z—t+71

Applying Fubini’s theorem, we have

- o+ pi—lz—y] b Ip (u (t—1)? =z — y|2)
w2 > / / e —— 194 (. 1P dr dy,
—t Jo ((R 42— yz)T(P* )

. t—lz—y n—1
e, 2) 2/ / (R+0)2 =y 7 V13,2 (z, y)? dr dy.
z 0

From here on we will work on the characteristic line t — z = R for z > R. Also,
shrinking the domain of integration in the previous estimate for % ™", we find

T N e )
YMIN(R + 7, z)>/ / 30- — 19,7 (z, )|” dr dy
(R+T)2 ) 7 (p—D

z 677(17Y) y+R
Z/ 74/ Io (M\/(t—f)z—Iz—ylz)laz’V(r,y)l”drdy
Lo-n [, g

R (R+Y)

z - y+R
> / e—%(z—y)(R + y)—Tl(p—l) / 18: % (z, y)|” dz dy,
R y—R

where in the last step we used the inequality Io(s) > 1 for any s > 0 (due to the
identity Ify(s) = I (s) > 0 for any s > 0 and Ip(0) = 1).
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Remark4 As we pointed out in the introduction, we may not use the asymptotic
estimate

1 ,
To(s) ~ e’ fors — o0

V2ms

while deriving the previous inequality. Indeed, on the domain of integration (namely,
fory € [R,z] and T € [y — R, y + R]) the argument of the modified Bessel function
of the first kind of order O satisfies

(=02 — 12— P~ u Ty,

so it can be large only for y away from a neighborhood of z. However, if we shrink
further the domain of integration by removing a neighborhood of z, then, we are not
able to compensate the exponentially decaying term e_%Z through the factor 2V in
the integral. This explains why earlier we had to use the lower bound estimate Ip > 1
rather than the asymptotic estimate for Ij.

Then, by Jensen’s inequality and the fundamental theorem of calculus, we get

. o n—1 y+R r
%nlln(R+Z1Z) Z/ eif(zfy)(R_i_y)*T(])*l) / atﬂf/(f, y)df dy
R y—R
T b, _nzle,q)
z/ e 2R ENTT OV R Iy (20)
R

for z > R, where we employed #'(y — R, y) = 0 that follows from the support
condition (18). For ™0 the estimate from below on the characteristic liner — z = R
can be obtained in a similar way. For z > R it holds

: z n—1
YR 4+ 2,2) > f (R+y)" 29D (y+ R, y)dy. 1)
R

Therefore, since ug, uy, vg, vi and the kernel functions in the definitions of
lin ylin qpe nonnegative, for suitable positive constants C, K depending on
n, p,q, R from (20) and (21) we have the iteration frame

z —
UR+z,2) > c/ e 3EV(R 4y TP Dy (y £ R, y)Pdy forz > R,

R
(22)
Z -
V(R+2z,2) > K/ (R+y)""TU D% (y + R, y)|?dy forz > R.
R
(23)

In order to start the iteration procedure, we need a first lower bound estimate for
¥ (R + z, z). Since vg is nonnegative (and so is %), from the definition of 71" we
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get immediately
i e [TH
ACEEEY RIS
2 Jat

On the characteristic linet — z = R for z > R itresults [-R, R] C [z —t,z+ 1],
thus, from the support condition (17) we obtain

. I3 £ 1
PRtz =5 [ ey =5 [ [ wowdedy = Sl
2 R 2 R JRr—1 2
(24)

where we used Fubini’s theorem and the nonnegativity of v;.

Remark 5 Let us point out that for %™ we may derive only lower bounds that decay
exponentially. Namely, since Io(s) > 0 and I;(s) > 5 for s > O (the estimate from
below for I is a straightforward consequence of the Maclaurin series expansion), and
we assumed ug, u; > 0, from the definition of %" for 7 > R we have

2
: & _b n-e _b
R +2,2) > s+ oy ny €8+ B Moy 107

Unfortunately, combining the previous exponential lower bound for %7 with the iter-
ation frame (22)—(23) we are not able to get a sequence of lower bound estimates for
% (R +z, 7) whose lower bound diverges as j — oo for ¢ above a certain e-dependent
threshold (j denotes here the index in the sequence of lower bounds). In other words,
an exponentially decaying lower bound for %7 does not allow us to derive a blow-up
result for (1).

Since the nonlinear term in the second equation in (1) is nonnegative, from (24) it
follows

V(R+z,2) > Me (25)

for z > R, where M = %Hv] oty

We can start now the iteration argument to get a sequence of lower bound estimates
for 7 (R + z, z). Since in (22) it is present an exponential factor we need to use a
slicing procedure when shrinking the domain of integration. The idea to shrink the
domain of integration and cut intervals smaller and smaller on each step (i.e. the slicing
procedure) was introduced for the first time in [1]. Hence, in the series of papers [4,
5] it was developed a slicing procedure associated with an increasing exponential
function. Later, this method has been applied to study the blow-up dynamic of several
semilinear weakly coupled systems (cf. [2, 3, 6]).

We shall consider separately the treatment of the subcritical case 6 (n, p,q) > 0
from the treatment of the critical case 6 (n, p, g) = 0.
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4.1 Subcritical case

In this section we focus on the subcritical case 0 (n, p, g) > 0. Let us introduce the
parameters that individuate the slicing procedure, namely, the sequences of positive
reals {£;}jeN, {L}jen defined as follows:

2 .
£p = max {ﬁ’ 1} and ¢; =1+ (pg)~/ forany j € N\{0}, (26)

J
L= ]_[ek for any j € N. (27)
k=0

We emphasize that

o0
L = lim Lj:HEkeR (28)

and, moreover, since £; > 1 forany j € N\{0}, itresults L; 1 L as j — oo.

Remark 6 We emphasize that the convergence of []72 ¢k is a consequence of the
following elementary property: given a sequence of positive real numbers {a }xenN,
then, the infinite product [ ;2 ax is convergent if and only if the series ), In(ax)
is convergent.

Our next goal is to prove
VR+2,2)2Cj(R+2)%(z— LjR)ﬂf forz > L;R andany j € N, (29)

where {C}jen, {oj}jen and {B;} jen are sequences of nonnegative real numbers that
we shall determine iteratively. Clearly, due to (25), (29) for j = 0 holds true by setting
Co = Me and g = 0, Bp = 0. Next we prove the inductive step. We assume that (29)
is satisfied for some j > 0 and we will prove it for j 4 1. Plugging (29) in (22), for
z 2 LR we get

Z _
UR+2.2)> c/ e SED (R 4+ ) TPV (y + R, )P dy
LR

Z

> CCf/ e—%(z—y)(R + y)—%(p—l)—am(y — LjR)Pi? dy
L;R

n—1 X < _ b, _ .
>cc§’(R+z)‘T(”‘“‘“fP/L K 2@ (y — L;R)PIP dy.
J

Thus, if we consider z > LR then [z/£;11,z] C [L;R, z]. Therefore, shrinking
the domain of integration in the previous inequality, for z > L1 R we have

z

U R +2.2) > CCH(R 4 7)~"T P D= f

z/€j+1

3Gy (y — L./.R)ﬂjl’ dy
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» —15 (p-1)-ap (= L
> CCP(R+2)7"2 ~ (e —LjR) e 3@ gy
Z

s /€j+1
2cc? .
= LR+ T = Lty PP (1 - e 20TV (30)
pe'’ o
Jj+1

Let us estimate from below the factor on the right hand-side of the previous chain of
inequalities that contains the exponential term. Then, for z > L ;11 R it holds

1 — e 30=1/62002 5 | _ o= 8RLji(I=1/¢j11) — | _ o= 3RL;j(tj11=1)

1 — e 3ROW=D 5 | _ o=

> 1= (1= = D+ 3 = D?)

= €1 =D (1= 501 = D) = G 204 ((pg) ! = 1)
)2 ((pg) = 5). (31)

WV

2 (pq

Combining (30) and (31), for z > L ;11 R we arrive at

%R+ z,2)
2 —1 _A. . n—1 . .
> %Ccﬂjf{p(m)”““)@ +2)7 2 PP (z — L RYPIP.

Plugging the previous upper bound for % (R + z, z) in (23), for z > L ;1 R we get

< n—1
VR4 =K [ RO LG+ Ry
Ljy1R

KCi1Q2pg — 1)4b~4CP? pz
> J /
L

=l g D—a; .
PP a2t oh (R+y)~ 7 PI7070P (y — L R)PIPY dy
j+1 P4

J+IR

KCi(2pg — 1)b=1C? z

(R+ Z)—%(pq—l)—aqu / (y— L_]-+1R)ﬂ/1’q dy
Ljy1R

Bi .
Kj;plq (pq)zq(]‘H)
KC4(2pgq —1)*b=1Cy?

- (R + 7)~ "7 pa=D=a;pa(; _ Lj RPiPat!,
N (pg)2a G+ (B pg + 1)

Thus, we proved (29) for j + 1 with

KCi1Q2pq — 1)qb—qc§’q

Cit1 = — - , (32)
N (pg)aG+D (Bipg + 1)
.n—1 .
Ajp] = T(pq -1+ pgaj,  Bjr1 =1+ pgB;. (33)

The next step is to determine a suitable lower bound for C;, that will be easier to
handle. First we derive an explicit representation for «; and ;. By using recursively
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(33), we have

j-1
aj = %(PCI -1 +Pq0lj_1 == (pq)joto + %(pq -1 Z(pq)k
k=0
=" (pg)! — D). (34)
il _
Bi=1+paBj1=-=(pg) o+ (pg) = _(1;2):1_ (35)

k=0

Therefore,
Bi-1ipa+ D7 =87 > (pg — Dpg) .

Moreover, since

lim €777 = fim exp
j—o00 Jj—o00

<(pq)j - pq

In (1 + (pq)_j)> =e!/rah),
pg—1

there exists N = N(p, ¢, b, R) > 0 such that K;ﬁj_lpq > N for any j € N. Conse-
quently,
KC1Q2pg — 1)qlchj’.’il

J = TB._ ;
P (pg)2ai (B-1pg + 1)

> D(pg)~*+Dich, (36)
forany j € N, where D = KCIN(2pg —1)4(pg — 1)b~9. Applying the logarithmic
function to both sides of (36) and using iteratively the resulting inequality, we have

InC; =2 pgInC;—1 — (29 + 1)jIn(pg) +1n D
> (pg)*InCj_2 — 2q + DIn(pg)(j + (j — Dpg) + (1 + pg)In D

j—1 j—1
> 2 (pg) InCo— g + Dn(pg) Y (i —K)(pg)* +In DY " (pg)".
k=0 k=0

Using the identities

j—1 i+1 j—1 .

. 1 (rg)’ ™ —pq . (pq)) — 1

— k k = ( — ) . k =,

kgzou )(pq) g —1 g —1 J kEZO(pq) v — 1
(37)

it results

- 2q + 1pql In D 2q + 1)pql
1nC,->(pq)J(1ncO_(q+)P61 n(pg) , In ) (2 + 1) pq In(pq)

(pq — 1)? pq —1 (pg — 1)?
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29+ DlIn(pg) . InD
+ - .
pq —1 pq —1

Let us denote by jo = jo(n, b, p, g, R) the smallest nonnegative integer such that

In D Pq
(2q +Dn(pg) pg—1

Jo =
Then, for any j > jo

(2¢ + )pgIn(pg) =~ InD
(pg — 1)? pq—1

InC; > (pq)’ <ln Co — ) = (pq)! In(Ee), (38)

where E = M(pq)~2a+Dwa)/(pa=1? p1/(ra=1)  Combining (29), (34), (35) and
(38), for j > jo and z > LR we find

() ~1

Y (R+2,2) = exp ((pq)f ln(Ee)) (R+2)""7 0D (7 _ [ R) 7T

=exp ((pg)’ (In(Ee) = 5 (R +2) + 57 Iz — LB)))
% (R+2)"7 (z— LRy 7T,

Equivalently, for t > (L + 1)R and j > jo it holds

Y, —R) > exp ((pq)j (ln(Ee) — 2 g+ LG — (L + 1)R)))

n— N
X "7 (t — (L + )R) 7a T,

For t > 2(L + 1)R we can estimate In( — (L + 1)R) > In¢ — In 2. Consequently,
fort > 2(L+ 1)R and j > jy we have

Y, 1 — R) > exp ((pq)j <ln(E8) + Gy = 15 I — 2L n 2)) (39)

n— I
% "7 (t — (L + 1)R) 7a-1

1

— exp ((pq)f (1n (Elstg("’p’q)») T (1 — (L+ DR 7T, (40)

where E; = 271/ (P4=D E and 6 is defined in (4).
Let us fix g = eo(n, p, q, b, R, v1) > 0 sufficiently small so that

g0 < E;' QL+ HR)Imr),
Then, for any ¢ € (0, g9] and any ¢ > (Ele)_g(”'f”’q)_1 we have

t>2(L+ 1R and In (Elste("'p"’)) >0,
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so letting j — oo in (40) we see that ¥/ (¢, t — R) is not finite.
Summarizing we proved that («, v) blows up in finite time and we established the
upper bound estimate in (6).

4.2 Critical case

In this section we study the blow-up result in the critical case 6 (n, p, ¢) = 0. In this
case it is more convenient to rewrite the iteration frame as follows

z —
URA+7,2) > cf e_%(z_y)y_Tl(p_l)W/(R+y,y)|pdy forz > R, (41)
R

Z —
YR+2.2) > K/ v D% (R £y, y)l dy forz>R.  (42)
R

Note that, for the sake of simplicity, we kept the same notations for the multiplicative
constants as in Sect. 4.1.

The main difference in comparison to the subcritical case consists in the choice
of the parameters characterizing the slicing procedure. We introduce the sequence
{A}jen, where

A-£1+i(2—2’f) forany j € N.
! bR

The sequence {A j} jen is strictly increasing and bounded and Aj + A =1+ 8/(bR)
as j — oo. We shall employ this sequence when applying the slicing procedure.
The next step is to prove the sequence of lower bound estimates

Vi
V(R+12.2) > K| (m (ﬁ)) forz > AR andany j €N,  (43)
j

where {K;}en and {y;}en are sequences of nonnegative real numbers to be deter-
mined iteratively throughout the proof.

We remark that (25) implies the validity of (43) for j = 0, provided that Ko = Me
and yp = 0. In order to establish (43) for any j € N it remains to demonstrate the
inductive step. Let us assume that (43) is fulfilled for some j € N, then, we have to
prove that (43) is satisfied also for j + 1. Plugging (43) in (41), for z > Aj 1R we
find

UR+2,2) > C/ e 3y 0Dy (R 4y, y)|P dy
AR

z b el . y Yip
> CKj.p/ e 2@y = =D <ln (ﬁ)) dy
A]‘R J
4 vip
V)] %@y Y
>Csz 2 ‘/‘A‘/-z e 2 <ln<AjR dy

Aj+
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n—1 1 Z Yip N b )
>CKkPz7 7P D (In /A‘_ e" 2@V gy
J Aj+]R it

vipP bin. A —Z
Jj+1

where in the third step we used [Aj R, z] D [+ /f] ,z]. Since {A j} jen is an increasing
: J

sequence, for z > A 11 R we may estimate

<
_ efg(Af“fAj)Am >1—e FUm—A)
bR bR
> T(Aj—i-l —Aj)|1— T(Aj+1 —Aj)
= 2-QiHD i+l _ ]y 3 = @itD),

52

where in the second inequality we used the elementary inequality €™ < 1 — s + >
for any s > 0. Thus, for z > A j;1 R we showed that

u plca gt 5 o0 (10 ()"
R4z, 2b ' C2 YKl "7 (- .
(ke A (n(Aj+1R>>

Using the last lower bound estimate for % (R + z, z) in (42) and the critical condition
O, p,q) =0,forz > Aj 1R we get

Z

Y(R+2.2) > K/ YT @D\ 2 (R 4y, )l dy

Aj+1R

b4 Yjp4q
> Kb 1C1 2—24-/'1(]1."1/ y~ "7 (=D (m( Y >> j dy
AjriR Aj+1R

) z y Yipq
= Kb 9Cc927%4 K/’."’/ y~! <ln< )) dy
P AR Ajt1R

2qj rr P4 1 z vipat]
= Kb 1C127 UK (yipg + 1)~ <ln< ' >> ,
o AjyiR

which is exactly (43) for j + 1, provided that we set
Kjy1 = Kb~ 9C1 272 KM (yjpg + )7, (44)
Yi+1 =vjpq +1. (45)
By applying iteratively (45) and yp = 0, we obtain
j—1

. J_
vi=l+payia=-=0) n+ ) (po) =05 @)
k=0
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Next we determine a lower bound estimate for the constant K ;. From the previous
representation for y; it follows

Kj=Kb 1127200 DK (y;1pg + D)7 = Kb0CT 27200 "D gy 7
> ZZqu_qu(pq -1 2—2qj(pq)—f1<]f.’21 = E(Zquq)_ijgl,

where D = 224K b4 C?(pg — 1). Applying the logarithmic function to both sides
of the inequality K; > D(2% pq)~/ K 77, and using in an iterative way the obtained
inequality, we obtain

InK; > pghnK;_; — jIn(2* pg) +1In D
> (pg)* K — (2% pg)(j + (j — Dpq) + (1 + pg)In D
Jj—1 Jj—1
> 2 (pg) In Ko —In(2* pg) Y (j —k)(pg)* +In DY (pg)*
k=0 k=0

(pg — 1)? pq —1 pg —1

(pg)In24pg) D
(pg—1*  pg—1

= (pq)’ <1n(Ms)— (pq)In@2%pg) D >+ln(2"pq)j

where in the last step we applied the identities in (37).
If we denote by j; = ji(n, b, p, g, R) the smallest nonnegative integer number
such that

InD Pq
1 = - )
In(27pq)  pg—1

J
then, for any j > jj it results

(p9)In(2pg) =~ InD
(pq — 1)? pg —1

InK; > (pq)’ (ln(Ms) - ) = (pg)) In(Ee), (47)

where E = M (29 pg)~P®/(pa=* p1/(rg=1)
Combining (43), (46) and (47), for j > j; and z > AR we find

V(R +2z,2) > exp ((pq)j ln(Eg)) <ln (ﬁ)) (l;jq)iTl
1

= exp ((pq)f <ln <E€ In (ﬂ)f""‘))) (m (ﬂ))‘m
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Therefore, for > (A + 1)R and for any j > j; we have

l —
i ~ t — R\ pa-T t —R\\ pg-1
V(t,t—R) > T In|Eel 1
( ) = exp | (pg) |In 8n<AR> <H<AR ))
1 RN - 1
i ~ t pg—1 t— Pq—1
> T {In|{Eeln| — 1 '
exp | (pg)” | In 8n<2AR> <n<AR ))
(48)
Let us fix g = so(n,b, p,q, R) > 0 sufficiently small so that gy ™" >

EPi—11n A'Xl Then, for any ¢ € (0, &9] and any r > (2AR)exp ((Ea) (pa— 1))
the following inequalities are satisfied

~ t pg—1
> (A+ DR d In{Eeln| —— 1,
(A+ DR an n & n<2AR) >

thus, letting j — oo in (48) the lower bound for ¥/ (¢, t — R) diverges. Consequently,
Y (t, t — R) cannot be finite. So, we proved that v blows up in finite time and we found
as byproduct of the iteration procedure the upper bound estimate

T(s) < exp (E"]e_(”q_l))

for the lifespan of the solution (u, v) for any ¢ € (0, o], where E 1 > 0 is a suitable
constant depending on n, b, p, q, R, vy.
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