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Abstract

We investigate the number of steps taken by three variants of the Euclidean algorithm
on average over Farey fractions. We show asymptotic formulae for these averages
restricted to the interval (0, 1/2), establishing that they behave differently on (0, 1/2)
than they do on (1/2, 1). These results are tightly linked with the distribution of
lengths of certain continued fraction expansions as well as the distribution of the
involved partial quotients. As an application, we prove a conjecture of Ito on the
distribution of values of Dedekind sums. The main argument is based on earlier work
of Zhabitskaya, Ustinov, Bykovskii and others, ultimately dating back to Lochs and
Heilbronn, relating the quantities in question to counting solutions to a certain system
of Diophantine inequalities. The above restriction to only half of the Farey fractions
introduces additional complications.
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1 Introduction
1.1 Euclidean algorithm (classical version)

The Euclidean algorithm—referred to as ‘EA®"” in the sequel—for the computa-
tion of the greatest common divisor (gcd) of two positive integers a and b, has been
described as ‘the oldest non-trivial algorithm that has survived to the present day’ by
Knuth [16, p. 318]. In its most basic form the algorithm proceeds by replacing the
input tuple (a, b) by (a — b, b) ifa < b (‘Case A’) and (a, b —a) ifa > b (‘Case B’)
until one of the arguments becomes zero (‘Case C’), in which case the gcd of the
original input is given by the other argument. (There is some leeway in describing
the algorithm and we shall choose what is convenient for our exposition rather than
what is historically most accurate; the reader is referred to loc. cit. for a more detailed
discussion of that matter.) For instance, on the input (11, 3), the algorithm takes the
following six steps:

AL,3) = (8,3) — (5,3) = (2,3) = (2, 1)

(1.1)
— (I, 1) #> (1,0) (hence, ged(11,3) = 1),
where the asterisks () mark the positions where the algorithm switches between cases.
Observe that the number 11/3 has the continued fraction expansion

11—3+ 1 (12)
3 1 '

1+ =
+ 2
and 6 = 3 4 1 4 2 is the sum of the partial quotients herein.

If one modifies Case A of EA®") as to replace (a, b) by (a — B, b), where B
is the largest multiple of b not exceeding a, and modifies Case B similarly, then
the modified algorithm skips all steps (—) not marked with an asterisk in the above
example; this amounts to precisely 3 steps which is also the number of partial quotients
in the continued fraction expansion (1.2); we shall refer to this version of EA®") by
E A(div) )

It is easy to see that the correspondence of number of steps on the input (a, b) and
properties of the continued fraction expansion

—=[0;a,...,a,] : =0+ (1.3)
ay +

a +—
2 1

e —
dn

S
—

of a/b € [0, 1) (where n € Ny and the so-called partial quotients a1, az, ..., a, are
positive integers and a, > 2) holds in general, i.e.,

@ Springer



Bias in the Euclidean algorithm and a conjecture of Ito 293

A

100 ‘ 9p-------- i

] o 4‘ |

| C e e

| - mm——— —-J‘— ——— e man |

: S e M

1 - 1

\ w e Rl

I ! — — ‘ FRR——

I I | ! I

| | | —ee . 1 | |
AAALAAIRARLANS L, ! | Ly

0 1/2 1 0 1/2 55/89 1
(a) EAG"™) | The maximum number of (b) EAMWY) The maximum num-
steps occurs at 1/100 and 99/100 which ber of steps occurs at 55/89 which
have the continued fraction expansion has continued fraction expansion

[0; 100] and [0; 1,99] respectively. 0; 1,1,1,1,1,1,1,1, 2].

i

(div)
(by-excess)
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1
3
| (0 BA
1
0 1/2 1 ‘2’ occurring 99 times).

(defined in § 1.2). The

Fig.1 The number of steps of EA(S2P) EA (V) & EAEgiyV_)ex cess) when applied to allreduced a/b € [0, 1)NQ
with 1 < b <100

e the number of steps taken by EA") when applied to (a, b) (or any tuple (ka, kb)
with some positive integer k) is a; + a; + - - - + a, (see Fig. 1a for a plot of its
behavior), and

e the number of steps taken by EAY) is n. We denote this number by s(a/b). (See
Fig. 1b for a plot of its behavior.)

1.2 Variants of the Euclidean algorithm

Several other variants of the Euclidean algorithm have been considered in the litera-
ture (see, e.g., [27, 28] for a selection). For the most part, they arise (ignoring some
technicalities) from modifying the distinguishing conditions of the cases A and B as
introduced in Sect. 1.1. Here we discuss only one such variant. In fact, for conve-
nience, we restrict our discussion to only stating a variant that is more similar in spirit

to EAUY) rather than EA ") To obtain this variant—referred to as EAEgiyVl:X cess) in the

sequel—modify Case A of EAW"Y) to replace the input (a, b) by (B —a, b), where B is
the smallest multiple of b not smaller than a and make a similar modification to Case B.

Given this modification, our example (1.1) takes the shape (11, 3) P (1,3) P 1, 0).
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Once more, one can associate a certain continued fraction expansion of a number
a/b € [0, 1) to the behaviour of the algorithm on the input (a, b). The particular
continued fraction expansion relevant in this case is often called minus continued
fraction expansion' and takes the shape

a
—=1;b1,....by] :=1— , 1.4
b [[ 1 m]] 1 ( )
b —
by — - .-

z 1

bﬂ’l
where m € N and by, by, ..., b, > 2 are integers. When expanding a /b as in (1.4),

then m + 1 can be seen to be the number of steps taken by EAEgiy\i)exceSS) on the input

(a, b). We shall write £(a/b) for the number m from (1.4) in the sequel. (See Fig. 1c
for a plot of £(a/b).) For further background on continued fractions we refer to [20].

1.3 Asymptotics for the number of steps of Euclidean algorithms

It is an interesting question to study statistical properties of the number of steps of
the Euclidean algorithm (and its variants), o—equivalently—distribution properties
of continued fractions. It was Heilbronn [12] who first identified the principal term of
the asymptotics for the average number of steps in the case of the classical Euclidean
algorithm, the average being taken over numerators:

1 <a> 4
_ Z s{ =) =A1loghb + O((loglogh)™) (asb — 00);
o) = b
ged(a,b)=1

here ¢(n) := #{1 < m < n : gcd(m,n) = 1} (n € N) is Euler’s totient function
and A is an explicitly given non-zero constant.? For the same average, an asymptotic
formula with two significant terms was obtained later by Porter [21]:

1 a) 16
— sl =) =A1logh+ Ay + O (b~ 1/6%F¢);
v (b) % (b ‘

ged(a,b)=1

here Aj is as before and A is also an explicitly given non-zero constant. Bykovskii
and Frolenkov [6] have recently obtained a generalisation of this and obtained an
improved error term.

Considering averages over both numerators and denominators, an asymptotic for-
mula with power-law fall-off in the error term was obtained by Vallée [27] through
the use of probability theory and ergodic-theoretic methods. This was improved by

! Instead of ‘minus’, some authors use the attribute ‘backwards’ or ‘regular’ instead.

2 See Sect. 2.3 for a comment on the notation.
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Ustinov [24], who obtained an asymptotic formula with better fall-off in the error term
than the one that can be derived from Porter’s result:

1 a\ X
#7(0) b;;(; S(Z) = Bilog O + By + O((log 0)°/ Q). (1.5)
gcg(a,b)_:l

where

log2 log?2 < ’(2) > 1
B = , By = 3log2 +4y —2 —3) -,
T PTao\U T T 4

y denotes the Euler—Mascheroni constant, ¢ is the Riemann zeta function, and
F(Q)={a/beQ:gcd(a,b)=1,0<a<b=<0Q}

denotes the set of Farey fractions of order Q. In this regard it is worth noting that
another natural way of averaging is over all pairs (a, b) with 1 < a < b < Q without
assuming coprimality of a and b. However, this situation is easily covered using (1.5)
and Mobius inversion.

While examining the statistical properties of different variations of the Euclidean
algorithm, Vallée [28] obtained also the leading term of the asymptotic formula for the
expectation of the number of steps of the by-excess Euclidean algorithm (and hence for
the average length of minus continued fractions). This was improved by Zhabitskaya
[30] (following the approach of Ustinov [24]), a few years later, who showed that

L a\_ ) .
#7(0) lgg E<b>—C1(log Q)"+Czlog 0+C3+0((log 0)°/Q), (1.6)
ged(a,b)=1

where C1, Cy, C3 are explicitly given non-zero constants, the first two being given by

Ci (1.7)

1 3 cm»
- G=—(2v-2-2 :
w2 am(y 2 T

and the value of C3 being given by a somewhat longer, yet similar expression which we
omit here. Both error terms in (1.5) and (1.6) have been improved to O ((log Q)3 / Q)
by Frolenkov [10] who incorporated ideas of Selberg from the elementary proof of
the prime number theorem.

For more results regarding the expectation and the variance of the number of steps
of the classical and by-excess Euclidean algorithm, we also refer to the work of Baladi
and Vallée [1], Bykovskii [5], Dixon [8, 9], Hensley [13] and Ustinov [25, 26].
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1.4 Dedekind sums

Let |n] = min{n € Z : n < n} denote the integer part of n € R. Then the saw-tooth
function is defined as

_n—=1Inl—=1/2 ifneR\Z,
() = {0 if n € Z.

For any pair a, b € Z, b # 0, the Dedekind sum’ D(a, b) is defined as

ven =3 ()

n<b

It can be verified that D(a,b) = D(ka, kb) for any non-zero integer k. Hence,
D(a/b) := D(a, b) is well defined. Moreover, the function D: Q — Q just defined
is periodic with period one.

Dedekind sums originally arose in connection with the multiplier system for
Dedekind’s efa function over the modular group of two by two integer matrices of
determinant one [7] and also satisfy a curious reciprocity law. By means of the latter
Barkan [2] and (independently) Hickerson [14] have obtained the following identity
which connects Dedekind sums with continued fraction expansions:

Dt -1 n a/b—(=1D)"0;ap,...,a2,a1] + X1(a/b)

D(a/b) = g P ;o (1.3)
here a/b = [0; ay, az, ..., a,]is asin (1.3) and
Ti(a/b) = Z(—l)f—laj. (1.9)
Jj=n

(See Fig. 2 for a plot of X'1.) In particular, Hickerson employed (1.8) to prove that the
set {(a/b, D(a/b)) : a/b € Q} is dense in R2.

Concerning distribution properties of Dedekind sums observe that via the symmetry
property D(x) = —D(1 — x) it is easy to see that

Z D(x) = 0.

xeZ(Q)

On the other hand, let .%(Q) = .% (Q) N[0, 1/2) denote ‘half” of all Farey fractions
with denominators bounded by Q. Then, on the basis of numerical evidence, it has
been conjectured by Ito [15] that

. . 1
Qh_I)nOO X (Q) =400, where X(Q):= ¥70) XE;Q)D()C). (1.10)

3 The notation s (a/b) is also commonly used, but would conflict with our notation for the length of (1.3).
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100

Fig.2 Plot of Xt (a/b) when applied to all Farey fractions a/b € [0, 1] N Q with 1 < b < 100. Note that
the average of the plotted values over the interval [0, 1/2) is clearly positive, whereas the average of the
plotted values over the interval [1/2, 1) is negative

For an exposition of results on Dedekind sums we refer to the classical work of
Rademacher and Grosswald [22], as well as a more up-to-date survey of Girstmair
[11] with a focus on distribution properties.

2 Main results
2.1 Results

One of the main results of the present work is a proof of Ito’s conjecture:

Theorem 2.1 (Ito’s conjecture is true) The statement in (1.10) holds. In fact, one even
has the following stronger quantitative version:

1 1
i7 0 Y D)= 1—610gQ+0(1). 2.1)
xeFy(0)

The proof of Theorem 2.1 rests crucially on the following variant of (1.6) which
we believe to be of independent interest:

(div)
(by-excess

Theorem 2.2 (Bias in EA )) We have

Y ) =ci(log 0)* + calog @ + O(1),

#F
(@) xeZ0(Q)
where c1, ¢y are non-zero constants satisfying 2cy = Ci and 2c¢y > Cp with the
constants Cy and Cy given in (1.7). More precisely,
1 1 3 "2 3¢(2 C 3
cl=——, (g = —— 2)/———24()4—ﬁ =—2+—.
4¢(2) 2¢(2) 2 ¢(2) 4 2 8
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The above theorem may be interpreted as a quantitative version of the statement
that the length £(a/b) of the minus continued fraction expansion (1.4) tends to be
larger on average on .Zo(Q) than on .7 (Q) \ Fo(Q) (due to 2c; > Cz; see (1.6)).
This may be phrased equivalently as saying that EAEglyV_)excess) takes longer on average
for fractions in [0, 1/2) than it does for fractions in [1/2, 1).

In view of the above it seems natural to ask if similar results can be obtained
for the other algorithms EA®"® and EAY) discussed in Sect. 1.1. This turns out
to be a rather easier question. For EA®"™ one sees no difference in behaviour on
Z0(Q) versus on .7 (Q) \ Fo(Q), as should be evident from the symmetry in Fig. 1a
about the vertical line through 1/2. The latter symmetry may be verified easily by
noting that x = [0;ay,az,...,a,] (witha; > 2sothatx < 1/2)and | —x =
[0; 1,a;1—1,as, ..., a,] have the same sum of partial quotients, viz. identical running
time when fed into EA®"®_ On the other hand, an analogue of Theorem 2.2 may be
obtained for EA@V):

Proposition 2.3 (Bias in EAY)) We have

1
#7(Q)

D sx)=bilog Q+by+ O((log Q)°/Q),

xeF0(0)

where 2b1 = By and 2by < By with the constants By and B; given from (1.5). More
precisely, 2by = By — 1/2.

Proof This follows immediately from (1.5) and the fact that s(x) = s(1 — x) — 1 for
x € (0,1/2). O

We should like to mention that Bykovskii [5] has obtained an asymptotic formula for
averaging s(a/q) over all a in some arbitary interval of length at most g. However,
the error term in his result does not permit one to deduce Proposition 2.3.

Generalising Theorem 2.2 and Proposition 2.3 to averages over .% N [0, ) seems
to be an interesting problem. However, this requires a more careful analysis and a
sufficiently flexible generalisation of Lemma 4.2 below. As this seemed dispensable
for our primary intent of proving Theorem 2.1, we shall address this elsewhere in
forthcoming work (see also the first author’s doctoral dissertation [18]).

2.2 Plan of the paper
In the next section we show how Theorem 2.1 can be deduced from Theorem 2.2.
The proof of Theorem 2.2 is rather more involved. In Sect. 4 we sketch the overall

argument and show how Theorem 2.2 can be deduced from a technical proposition
(Proposition 4.5). The proof of the latter is carried out in Sect. 5.

2.3 Notation

We use the Landau notation f(x) = O(g(x)) and the Vinogradov notation f(x) <
g(x) to mean that there exists some constant C > 0 such that | f (x)| < Cg(x) holds
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for all admissible values of x (where the meaning of ‘admissible’ will be clear from
the context). Unless otherwise indicated, any dependence of C on other parameters is
specified using subscripts. Similarly, we write ‘ f(x) = o(g(x)) asx — oo’ if g(x) is
positive for all sufficiently large values of x and f(x)/g(x) tends to zero as x — 0o.

Given two coprime integers a and g # 0 we write inv, (a) for the smallest positive
integer in the residue class (¢ mod ¢)~'.

3 Deducing Theorem 2.1 from Theorem 2.2

Throughout this section we shall assume that Theorem 2.2 has already been proved.
The main tool for deducing Theorem 2.1 from Theorem 2.2 is the formula (1.8) of
Barkan and Hickerson. In this vein, recall also the definition of X1 (x) given in (1.9).
For a number x € [0, 1) as in (1.3) let

n

n
Yodd(x) = Z aj, Xeyen(x) = Z ai.
i=2

i=1 j=
i odd i even

Then, clearly,
21(x) = Xoaa(x) — Zeven(x). 3.1

The connection with minus continued fraction expansions and, thus, Theorem 2.2
arises as follows: in [29] Zhabitskaya notes” that it is implicit in an article of Myerson
[19] that

L(x) = Xoaa(x) — e(x), (3.2)
£(1 = x) = Yeyen(x) + €(x). (3.3)

Here €(x) € {0, 1} is some correction term which is related to our way of forcing
uniqueness in the continued fraction expansion (1.3) by means of requiring the last
partial quotient a,, to exceed 1. In fact, one can describe the value of € (x) quite precisely
(see [29]), but this is not necessary for our particular application.

Corollary 3.1 We have

1

3
i70) > Zi(x) = log 0+ 0(1).

xeFo(Q)
Proof From (3.2) and Theorem 2.2 we deduce that

1
#7(Q)

Y. Foaax) =ci(log 0)° + c2log @ + O(1).
xeZ0(Q)

4 There appears to be a misprint in [29, Eq. (8)]: the left hand side should read I'((b — a)/b), as can be
deduced from the equations (5) and (7) in loc. cit.
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Moreover, by (3.3),

Y Tam@= ) L1-0)+0Q)= > L&)+ 00

x€Z0(0) x€70(Q) x€Z (O\F0(Q)

On the other hand, (1.6) and Theorem 2.2 show that, after dividing by #.% (Q), the
right hand side in the above is

(Cy —c1)(log Q) + (C2 — c2) log Q + O(1).

In view of (3.1), the result follows from the previous considerations. O

Proof of Theorem 2.1 Clearly it suffices to prove (2.1). To this end, observe that,
by (1.8), we have D(x) = X1 (x)/12 + O(1). Now (2.1) follows immediately from
this and Corollary 3.1. O

4 Proof of Theorem 2.2

Before stating the key lemmas needed for the proof of Theorem 2.2, we give a short
informal sketch of the overall argument. In Sect. 4.2 we state the three key lemmas
we require. The proof of Theorem 2.2 is given in Sect. 4.3.

4.1 Sketch of the proof

In proving Theorem 2.2, we adapt the approach of Zhabitskaya [30]. The idea, which
goes back to Lochs [17] and Heilbronn [12], is to transfer the problem of computing
the (restricted) average of the lengths of (minus) continued fractions into a problem of
counting lattice points inside certain regions. By virtue of Lemmas 4.3 and 4.4 (below),
the proof of Theorem 2.2 boils down to evaluating asymptotically the number of integer
solutions of the system

ged(p,q) =1, p.qg=1
inv,(q) < p/2,
2<ng+kp<Q,1<k<n.

This amounts to counting the lattice points inside some region subject to some copri-
mality condition and the additional restriction inv, (q) < g /2. The latter restriction is
not present in [30] and complicates the overall analysis. Following [30], we split the
problem of counting the solutions to the above system into five sub-cases. For every
case we have to count lattice points with certain properties inside regions (see Sect. 4.3
for the details). This counting problem is solved in Proposition 4.5 and it should be
apparent from the proof of Proposition 4.5 that the reason for the bias (2c¢; > C3) in
Theorem 2.2 is found within two of the considered cases. More specifically, for one
of these cases, the number of lattice points to be counted is given, up to some error
term, by
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1 1 Ql/2 1 Ql/2 .
2Ly L@l y Ll
g<Q/4 q/2<b=q q<Ql/*

ged(b,g)=1

where 87 is the function appearing in Lemma 4.2. The same procedure carried out for
fractions greater than 1/2 leads to the same expression with 6 being replaced by 5.
As Lemma 4.2 shows, the functions 7 and 6§~ agree everywhere except at 1 and 2;
this is the reason for 2¢; > C».

4.2 Four lemmas

Each of the following lemmas plays a crucial réle in the proof of Theorem 2.2. In fact,
in spite of its simplicity, Lemma 4.1 turns out to be particularly useful in establishing
Proposition 4.5: it permits a simple, yet important modification of the considered
systems, allowing us to evaluate R3(U) and Rs(U) (to be defined below) with the
required precision (see Sect. 5 for details). The relevance of Lemma 4.2 as the source
of bias was already explained in Sect. 4.1. Lemmas 4.3 and 4.4 are adapted from [30,
Lemma 2 in § 2.3] and allow us to translate our problem into the enumeration of the
solutions of a system of inequalities (see (4.2)).

Lemma 4.1 (Inversion trick) Let p, q > 2 be two coprime integers. Then
; p . o q
inv,(q) < B ifand only if inv,(p) > X

Proof By coprimality, there are integers a and b such that ag + bp = 1, where
a =inv,(q) +tp and b = inv,(p) + sq for some integers s and 7. Hence

inv,(q)g +invy(p)g —gp = 1 mod pq.

On the other hand, the left hand side of the above is contained in the interval (— pq, pq).
Hence, we conclude

inv,(q)g +invy(p)p = 1+ pq,
from which the lemma follows. |

Lemma 4.2 Let ¢ be Euler’s totient function and define for every positive integer q
the counting functions

(@)= Y. 1 and §t(@= Y L

b=q/2 q/2<b=q
ged(b,q)=1 ged(b,q)=1

Then the following assertions hold:
1 85T(H=6"@2)=1;
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2. 8%(2)=6"(1) = 0;
3. 8%(q) =87 (q9) = ¢(q)/2 forq = 3.

Proof The assertions for ¢ < 2 are trivial to check. For ¢ > 3 note that the sets
{1<b=<gq/2:gcd(b,q)=1} and {q/2 <b <gq:ged(b,q)=1}

are disjoint and in bijection by means of the map b +— g — b. As the union of both
sets contains exactly ¢(q) elements, we are done. O

Lemma 4.3 The sum No(Q) of the lengths of the minus continued fraction expansions
of the numbers a/q with 1l <a < q/2,q < Q' is

No(Q) = To(Q) + 0(0Y),

where To(Q) denotes the number of solutions (a1, q1, az, g2, m,n,a, b) € N8 70 the
following system of equalities and inequalities:

aqg—aqr=1,1<a <q1, 1=<a=<q/2,
na; —may =a, nqgy—mqy =b, 1 <a<b<y, “.1)
1 <m<n, 1 <q1 <q.

Proof The claim follows mutatis mutandis from [30, pp. 1185-1186]. O

Next, discarding an acceptable number of solutions in the process, we reduce the
system (4.1) to a system with four variables.

Lemma 4.4 Let R(Q) denote the number of solutions (p, q, n, m) € N* of the system

ged(p,q) =1, p.q=>1,
inv,(q) < p/2, 4.2)
2<ng+kp=<Q,1<k<n.

Then, the number No(Q) defined as in Lemma 4.3 satisfies

No(Q) = R(Q) + 0(Q?).
Proof By virtue of Lemma 4.3, we only need to show that R(Q) = Tp(Q) + O(Qz).
It is convenient to exclude the solutions with g; = 1 from the discussion. We claim
that their number is O(QZ) and, thus, negligible. To this end, consider first all the

solutions of the system (4.1) with g; = 1. The conditions in system (4.1) force that
a; = ay = q1 = 1 and g = 2, reducing the system to

n—m=a, 2n—m = b,
l<a<b=<(Q,1<m<n,

for which one easily sees that its number of solutions is < Q2.
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For the remainder of the proof we shall assume that g; > 2. We claim that this
assumption also implies that a; < ¢1/2. Indeed, suppose to the contrary that there
was some solution to (4.1) with g1 > 2 and a; > ¢1/2. We then deduce that

2 =2(a192 — a2q1) = (g1 + Dg2 — 2a2q1 = (g1 + Dg2 — q2q1 = q2 > q1,

in contradiction with g; > 2.
Uponreducing the equationa; g2 —azqy = 1 modulo g, we obtaina; = inv,, (g2)+
tq for some integer ¢. As aj is positive and g1 < ¢», it follows that ¢+ must vanish.
Hence, a1 = inv,, (¢2). Consequently, invg, (¢2) < g1/2. Now consider the system
{gcd(qu Q) =1, 1 <q1 < q2, invg (q2) < q1/2, 43)
2<ng—mq; <Q,1<m<n. ’

We now contend that the map W sending solutions u = (ay, q1, a2, g2, m, n, a, b)
of (4.1) with g; > 2 to solutions v = (q1, q2, m, n) of (4.3) (by means of dropping
the entries ap, az, a, and b) is a bijection. Indeed, above we have just seen that this
map is well defined. To see that it is injective, suppose that v arises from some solution
u of (4.1). As we have seen, a; = invy, (¢2) is already determined by v. But then, by
aiq> — arq1 = 1, also ay is determined by v. Similarly, (4.1) then yields that also a
and b are determined by v, showing that W is injective.

To show that W is also surjective, we start out with some solution v = (g1, g2, m, n)
of (4.3) and need to exhibit some preimage of v under W. As g1 and g, are coprime,
there exist integers a; and ay such that ajga — axq1 = 1. Moreover, by replacing
(a1, a2) by (a1 + tq1, az + tgz) with an appropriate integer f, we may assume that
0 < a1 < q;.Furthermore, define a = na, —maj and b = ng, — mq;. We now show
that the octuple u = (ai, q1, a2, q2, m, n, a, b) is the desired preimage v under V.
We have shown above that a; = invg, (g2). Similarly, by reducing a;1q> — azq1 =1
modulo g7, we find that a; = 1,¢> — inv,, (¢g1) for some integer #,. We claim that
t» = 1. To see this, first observe that

a1q2 — (g2 — vy, (q1))q1 = a1q2 —axqy =1 mod q14q>. 4.4)

From (4.3) we see thata; = invy, (¢2) < ¢1/2 and Lemma 4.1 shows thatinvy, (q1) >
q2/2. Therefore,

> q192/2 — (g2 — q2/2)q1 =0,

4.5
< q192- (%)

aiqy — (g2 — invy, (q1))q1 {

Upon combining (4.4) and (4.5) we infer that the left hand side of (4.5) is equal to one
and this shows that ay = g —inv, (¢1), as claimed. In particular, we have ay < q2/2.
Moreover (4.3) shows that b < Q. It remains to show that a < b. We have

g1a = q1(nay —may) = n(a1qx — 1) —ma1q; = aj(nga —mqy) —n = arb —n.

Using a; < g1, this shows that a < b. We conclude that W is surjective.
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Finally, we transform the system (4.3) into the system (4.2) by changing the vari-
ables slightly by means of the following map:

{solutions (g1, g2, m, n) of (4.3)} i {solutions (p, q, k, n) of (4.2)},

(g1, g2, m,n) —> (q1, 92 — q1,n —m, m).

This is easily checked to be a bijection; we omit the details. O

4.3 Proof of Theorem 2.2
In view of Lemma 4.4, it suffices to count the number of solutions of the system

ged(p,g) =1, p,g=1,
inv,(q) < p/2, (4.6)
2<nq+kp=<0,1<k<n,

with an error term of size O(Q?). The reader may notice the similarity between
the system (4.6) and the system [30, Eq. (42)]: they are almost identical, up to the
additional constraints concerning coprimality and modular inversion. Set U = Q'/2
and consider the following five cases:

e p=<q=U, (‘Case 1)
e p=gq,U<gq; (‘Case 2°)
«qg<p=U; (‘Case 3')
e g<p U<p,n=<U, (‘Case 4’)
e g<p,U<pU<n. (‘Case 57)

Those cases are exactly the five cases appearing in [30]. The following proposition
provides us the asymptotic number of solutions for each single case.

Proposition 4.5 Suppose that 1 < i < 5and let R;(U) denote the number of solutions
to the system (4.6) subject to the additional constraint that ‘Case i’ be satisfied. Then
we have

1. Ry(U) = izfz’zz) Utlog U + 0(U,
2. Ry(U) = E%U“ logU + O(U*%),
_ U*(logU)*  U*logU Q) 32 A
)= O T xo) (V_ (@ T4 _l°gz>+0(U !
. U*(logU) U*logU _ 4
4. Ry(U) = 87(2) + ) (y —log2) + O(U"),
Ut ,, U? 7' 332 4

The proof of Proposition 4.5 is the most technical part of the paper. We postpone it
until Sect. 5.
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Assuming the conclusion of Proposition 4.5 for the moment, we are now in a
position to finish the proof of Theorem 2.2. Indeed, by the above, we find that the
number of solutions of the system (4.6) is equal to

3¢(2)
4

4 4 /
U—(logU)z—l- v (2 ‘@

3
20 (2) 2w\ Tt 2

) logU + O(U").

Substituting U = Q'/2, we conclude for real numbers Q > 0 which are not squares
that

2 2 "2) 3 3c(2
No(Q) = 0 0 < U@ 3 30

2 2
8§(2)(logQ) %o 2 @ 272 >1ogQ+0(Q ),
(4.7)

where No(Q) is the quantity described in Lemma 4.3. To obtain the same result in
case Q is a square, it suffices to notice that the asymptotic formula for No(Q + 1/2)
matches (4.7) up to an error of order O (Q log Q). To finish the proof, we still have to
restrict to the set .%o (Q). To this end, notice that by Mobius inversion we have

> =Y Y ef)=-Tua X ¥ ;)

xeF(0Q) b<Qa<b/2 d<Q b<Q/da<b/2
ged(a,b)=1
0
= Z ,L(d)M)(E .
d=<Q

Hence, we deduce from Lemma A.3 and (4.7) that

_Q%(og0)*  Q%logQ 3 ,0@ 3Q >
Y wn=St St (- e+ ) o
xeFp(Q)
This concludes the proof of Theorem 2.2. O

5 Proof of Proposition 4.5

As mentioned in Sect. 4.3, we count the solutions of (4.6) in five different cases
which are exactly those considered by Zhabitskaya with the additional restrictions on
coprimality and modular inversion. Therefore, in what follows we often refer to the
proof of [30, Theorem 2] as it contains several estimates which we employ directly
here to simplify our exposition.
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Case 1
We count the number of solutions R (U) of

ged(p,q) =1, l<p<g=<U,

inv,(q) < p/2, (5.1
2§nq—|—kp§U2, 1<k<n.

If p and g are fixed, then the number of solutions of the above system with respect
to the various 1 < k < n has been shown in [30, (45)] to be equal to

4

U
X(p,q) = —+EU, p,q),
(P, q) 2q(p+q)+ U, p,q)

where E(U, p, q) is given explicitly in [30, (45)]. Thus, the number of solutions of
(5.1) is equal to

YY se0-2Y ¥ o(X X rw. o)

q<U p=q p<U p=<q=<U CI(P + q) q<U p=q
ged(p,g)=1 ged(p,g)=1
inv,(@)<p/2 invy(q)<p/2

(5.2)

The error term above has been proved in [30, (45)-(47)] to be O (U 3). It remains to
compute the first double sum in the right-hand side of (5.2). We deal with the inner
sum over ¢ first. To this end, we set

R <p(p) B .
f@ = ooy = —p) and M) = .

Then Lemmas A.2 and A.1 yield that

3 1 _e(p) (Y dx
Sy a2 Sy P .
ged(p.g)=1 1 x(2x + p)
inv,(q)<p/2 + Oc (p3/2—e + /p pl/2—¢(x2 4+ xp)? de

ep) (Y(1 1 ~3/2+e€
= — - — d 0
2])2 <x x+p X+ Oc\ p

Z?bw+m0)+@@*mﬂ.

We now take € = 1/3 (any € < 1/2 would do) and sum the above terms over p < U.
Our choice of € ensures that the sum over the error terms remains bounded. In view
of Lemma A.5 (3), we conclude that

@ Springer



Bias in the Euclidean algorithm and a conjecture of Ito 307

_ log2 log?2
p=U p=q<U q(q o p=t =
ged(p,q)=1
inv,(q)<p/2

For later use, observe also that the relation

DD _loe2 vt o0 (5.4)
p(q +p) 20

q<U g<p<U

ged(p,g)=1
invy (p)>q/2

can be derived in the same way as relation (5.3) was. Finally, upon combining (5.2)
with (5.3), we conclude that

log2

== U*logU + O(UY).
@) ¢ ¢

Ry(U) =

Case 2
We count the number of solutions Ry (U) of

ged(p, q) =1, 1<p=<gq,U=<g,
inv,(q) < p/2, (5.5)
2<ng+kp<U? 1<k<n.

In this case the inequalities n < U?/g < U hold as well.
Let C := {(p,q) € N? : ged(p,q) = 1} and fix k and n. If n + k < U, then the
domain of solutions of the above system can be expressed as the lattice’

U? U —kp . p
S1(n,k)={(p,q)€C:1§p§ Pt U<q§T, 1nvp(q)55}

without the points of the lattice

U? . p
Sz(n,k)z{(p,q)eC:U<p§ P U<gq=<p, 1nvp(q)55}.

The number of integer points in Sy (n, k) is equal to

U —k
Zl(n,k) = Z Ap<U, Tp>v

p<UZ%/(n+k)

5 The interested reader can have a look at the figures in [30, p. 1200] for a visual representation of those
regions. The domain is the same but we restrict to its intersections with modular hyperbolas.
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where A, (y, x) is defined in Lemma A.1. Therefore, it follows that

U? k
Sim k)= ) @(— —U—p;) +

2
p<U?/(n+k) P
U2 —kp —nU +np (5.6)
D I
p<U?/(n+k)
=: 811 + Si2.

Regarding the first sum, Lemma A.5 (1)—(2) and inequalities k < n < U yield that

U? U2 U2
= (7 - U)(zc(zxn o T 0<1°g " +k))

_E(U_“+0<U_21 U_2>>
n\4z2)(n + k)? nt+k Patk

U4 U3 kU* <U2 U? )
= — — + O —log
20n(n+k)  20(n+k)  4c2n(n+k)? n n+k
Ut U4 U3 U? U?
KO+l om0 2Z@n+h O( n Eny k)

For the sum S, over the error terms, we estimate

Sy Ke

U2 —nU U2 1/2+€ n—k U2 3/2+€ U3+2€
=G G <

n+k n n—+k <€n(n+k)1/2+f'

We work similarly for the number of integer points in S (n, k):

San k)= Y AU, p)

U<p<UZ?/(n+k)

o(p) 2p+U
= > (Po-vro(T5ET))

U<p<U?/(n+k)
Once more, Lemma A.5 (1)—(2) and inequalities k < n < U yield that

(P(P) 1 < U4 2 U2 U2
Y S -U) = ;-U*)+0 log
U<p<U2/(n+k) 2p 4c2)\ (n+k) n+k “n+k

_L<U_2_U+o<10 v ))
202 \n+k Btk

= v N +0(U2+U—21 UZ)
T @m0+ kb n S nyk)
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while for the sum of the error terms we obtain that
2p+U 1o+ U3+2e
Z O¢ Ny <Le Z V4 /2+e <Le e 5.7
b4 (n+k)
U<p§U2/(n+k) U<p§U2/(n+k)
In view of (5.6)—(5.7) and Lemma A.4 (1), we conclude that the number of solutions

of the system (5.5) for pairs (n, k) € N2 suchthat] <k <nandn+k < U, is equal
to

D) (Zin k) = Tan, k)

n<U k<n
n+k<U
5 U3+2€
o O
4;(2)ZZn(n+k) ?,E[ o ( k1/2+f)]
n+k§U n+k<U
log2 4 7/242
= UtlogU + O(U%H + o (U2,
22 ogU+ OWU™) + e(

Now we consider the pairs (n, k) € N2 for which 1 <k <nandn+k > U.
In that case the number of solutions of the system (5.5) is smaller than the number
of solutions of the same system without the restrictions on coprimality and modular
inversion. This number has been computed in [30, (54)—(56)] to be O (U 4). Therefore,
by fixing € € (0, 1/4), we obtain that

log?2

S~ U*logU + OU*
Q) og o).

Ry(U) =

Case 3

We count the number of solutions R3(U) of

ged(p, q) =1, I<g<p=U,

inv,(q) < p/2,
2§nq+kp§U2, 1<k <n.

Similar as in Case 1 (see also [30, (58)-(60)]), the number of solutions of the above
system is equal to

— + O3 1ogU). 5.8
le/q;) q(p+q) (U*logU) (5.8)

ged(p,g)=1
inv,(q)<p/2
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It remains to compute the double sum

2. IPIE-TIDIDD

<Ua=p q(p+q) s<Uq<p s<Ua<p p(q+p)
ged(p,g)=1 ged(p,g)=1 ged(p,g)=1
invy(g)<p/2 inv,(q)<p/2 inv,(q)<p/2
S DD 3 S Bp P
p<Up|/2<q<p p<U g<pl/2 p<Uq<p
gcd(p,q)=1 gcd(p,q)=1 ged(p.g)=1
inv,(g)<p/2 inv,(g)<p/2 inv,(¢)=<p/2
=S+ 85 — 8.
5.9)
In view of Lemma 4.1 and our remark (5.4), we have that
log2
=YX a2 X s " g U+ O0
p<vq-p PATP q<Uq<p<qu p ¢
ged(p,g)=1 ged(p,q)=1
inv,(¢)=<p/2 invy(p)>q/2
(5.10)

Interchanging the sums in S; and applying Lemma 4.1 yield that

DILED I

q<U q<p=Vy
ged(p,q)=1
iHVq([?)>¢1/2

where V, := min{U, g%} If we set

_ <p(q)

1
o)==, g ="7"~(x—¢q) and M(x)=

X
gl2—e’

then it follows from Lemmas A.1 and A.2 that

1 o(q) Ve dx _ Vo dx
Yo = oo |
P 2q x ¢ Xq

q<p=Vy q
d(p.g)=1 p(q@) ., V. B
ii(\:/q(l;)iq/Z = 2—10g_q + O g2+,
q
Hence,
S1 = Z <,0(q)1 ogq + Z aC) (logU —logq) + Z 0. g=3/2+2).
2g2 2q2
g<U/2 Ul2<g<U ey
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We now take € = 1/5, so that the last sum on the right hand side converges if U is
replaced by oo (any € < 1/4 would do). Therefore, in view of Lemma A.5 (3)—(4),
we obtain that

logU)?  (logU)? logU)?\ 3(logU)?
Sl:(og )~ , (ogU) 0((0g ))_ (log U) Lo
1602) T 42@) U 16¢(2) S
_ Qg0 ) |
8£(2) '
Lastly, we proceed with the computation of S> where the bias in the EAUY

(by-excess)
makes its appearance for the first time. Interchanging the sums in S, and applying

Lemma 4.1 yield that

1
LEDIDIEED NP DI
p=gpr PU e ey
eed(p,g)=1 ged(p,g)=1
mvp(q><p/2 invg (p)>q/2 (5.12)

M ED DR DI
q<U!/2 1 q/2<b=q q?<p<U p
ged(b,9)=1 p=inv, (b) mod ¢

Since

#{p<x:p=invgb)modg} ="+ 0().
q
for any coprime integers 1 < b < g, we know from Lemma A.2 that

1 -2
> o=y log +0(q7?).
q?<p<U

p=inv,(b) mod g
Inserting this to (5.12) yields that

Z > [log +0(q—2>}

¢1<U|/2 q/2<b=<q
ged(b,g)=1 (5.13)

S, U (5@
- ¥ [Seego(50)]

g<Ul2 q

where 8% (g) is defined in Lemma 4.2.

It is clear from relation (5.13) and Lemma 4.2 where the bias occurs. In the case
we are considering (for fractions less than 1/2), the terms which correspond to g = 1
and ¢ = 2 come with weight 1 and 0, while in the complementary case (for fractions
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greater than 1/2) where the counting function 8V is replaced by 8§, they come with
weight 0 and 1/2, respectively.
Now in view of Lemma 4.2, Lemma A.5 (3)—(4) we have that

v(q) U
Sy=logl+ 2—210gq—2+0(1)
3<q<U!/2
=llogU—1logU+ > @(logU—zloquO(l) (5.14)
2 8 2¢2 :
g<U'2
3 (log U)? 10gU< ;’(2))
=ZlogU + - + 0(1).
g ¢ 82 | 2(2) cQ2) M

Finally, we deduce from (5.8), (5.9), (5.10), (5.11) and (5.14) that

R3(U) =

U*(logU)? U4logU< Q) 3¢

- —log2 ) + OoWUH.
82(2) xo V"ot s Og)+ o

Case 4

We count the number of solutions R4(U) of

ged(p,q) =1, 1<q<p, U<p,
inv,(q) < p/2, (5.15)
2<ng+kp<U* 1<k<n<U.

Similar as in Case 2, we fix k and n and count the number of the above system, when
n+k<Uandwhenn+k > U.

If n 4+ k < U, then the domain of solutions of (5.15) can be expressed as the union
of the lattices®

2

Sl(n,k)={(p,q)€C:U<p§ ,ISqSP,invp(q)sg}

n+k
and
U2 U2 Ur—kp . p
Sz(fl,k)={(1?,t])€c¢n_’_k<l75k l<qg= smVp(Q)SE
ppeCil<g< Ul g UL, Vom0 g
= N N = = — U, < = , 1NV, > —0¢,
P-4 =% nrk P K a\P) =5

6 See [30, p. 1206] for figures.
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where we have employed above Lemma 4.1 and have introduced a parameter 6 € [0, 1]
which may vary. The number of integer points in S (n, k) is equal to

21 (n, k) := > > > 1= > @.

U<p<U?/(n+k) b=p/2 q<p U<p=<U?/(n+k)
gcd(b, p)=1 g=invy(b) mod p

It follows now from Lemma A.5 (1) that

v k—l v 2—U2+0 U21 v
1, )_m m) ) n—+k 0gn+k

Ut , U? U?
S —1 N 1 .
Km0 T ( P 0gn+k>

(5.16)

The number of integer points in S»>(n, k) is equal to
U? U?*—-ngq
Z ) k := B _’ - 9
D .
q<U?/(n+k)—6
where B, (y, x) is defined in Lemma A.1. Upon applying said lemma, we infer that

Xo(n, k) = S21 + 0 (822),

where
(q9) nU? n
we ¥ S men 1)
q<U?/(n+k)—0
nU? nq 1
S = LA —1/2+¢
2 2 <k(n+k) k +q>q

q<U?/(n+k)—0

From Lemma A.5 (1)—(2) and inequalities k < n < n 4+ k < U we obtain that

Sy = " U iofoe P 4
T i+ e \n+k S

n U? 2 U2 U2
- 4k§(2)<<n+k _9) + 0(n+k10gn+k>>

B nU* Lo U
= 40 Q)k(n 1 k)2 kn+ k) Cntk)

For the sum over the error terms we estimate

w2 U2 \V24e ks U \3/2He
S - (=
2 K k(n+k)<n+k> T <n+k>
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nU3+2E

. 5.17
k(n + k)3/2+€ 17

<Le

In view of (5.16)—(5.17) and Lemma A.4 (2), we deduce that the number of solutions
of the system (5.15) for pairs (n, k) € N?suchthat 1 <k <mnandn+k < U, is
equal to

D) (Cim k) + Taln, k)
n<U k<n
n+k<U

U3+2e
4¢<2> sz(n+k) ZZ[O(U )+06<k 1/z+e>}

n<U k<n
n+k<U n+k<U

U*(logU)?>  U*logU(y —log2) 4 ( 1
— + +0oWU +0€U/+2€>.
8¢(2) 4¢(2) o

Now we consider the pairs (n, k) € N2 for which 1 < k <nandn+k > U.
In that case the number of solutions of the system (5.15) is smaller than the number
of solutions of the same system without the restrictions on coprimality and modular
inversion. This number has been computed in [30, (64)—(65)] to be O (U 4). Therefore,
by fixing € € (0, 1/4), we see that

U*logU)?> U*logU
Ri(U) = é;é)) + 4;2‘%) (y —log2) + O(U%.

Case 5

We now count the number of solutions Rs(U). Employing Lemma 4.1, we find that
this is the same as counting the number of solutions of the system

ged(p, q) =1, 1<qg<p,U<p,
invy(p) > q/2, (5.18)
2§nq+kp§U2, 1<k<n, U<n.

Notice that the set of solutions of the above system is non-empty if, and only if,
k+qg <U.

For fixed k and g the number of solutions of (5.18) with respect to the various n
and p is equal to

TN D SENED S

U<n<(U2—k[UV)/q 4/2<b=q U<p<(U2—nq)/k
ged(b.q)=1 p=inv,(b) mod ¢

1/U? -
= > > (—(an—u)+0(1)>
U<n<(UI—k[UT)/q 9/2<b<q 1
ged(b,g)=1
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6+<q>(02—nq ) (6*@)))
= ——-U)+0 ,
Z ( q k q

U<n=(U>—k[UN)/q

where [x] := |x] + 1 is the ceiling function. From Lemma 4.2 and k < U we deduce
that

Yk, 1)

U? n 2
> (T—U—Z>+0(U)

U<n<U?—k[U]

U2
(7 —U)(Uz—krm — U+

(U —k[UD* 4+ U2 —k[U] = [U]LU]
2k

+0U?
4

U
=—+0U°
2k+ w-)

and X (k,2) = 0. Here is another case where the bias in the Euclidean algorithm
appears. Lastly, if g > 3, then

2
S(k.q) = 3 M<U——U—ﬂ>+0(uz)
U<n<<U2—k[U] /q

=M<U_2_U><U2—kU+0(k)

— U+ 0(1)) + oY +

2q k q
2 2
- ¢a) ((U RAO0® 0(1)) — W+ 0(1))2)
4k q

and by expanding each of the products we obtain that

Ut 23 Ul kU?
Sk q) = o(q) (_ I 0(U2)) +0WU% +
2qg \ kg q k q

U* = 2kU3 + k202 kU U?
_(0(‘1)( 5 +0<_2+_>—U2+0(U))

4k q q q
_ @U@V ¢@U* | g@kU® | o@U” | 0
2 24k 442 4k '
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Now we sum up over all pairs (k, ¢) € N? such that k + ¢ < U, which is essentially
equal to R5(U):

v 9(q) 1 1 4
;Xq:z(k,q)_T@:ZWJr 2 @>+O(U)+

q k<U-1 k<U-2
k+q<U k+q<U
N _ZZ<¢)(Q) so(q)> ZZ(w(q)k w(q))
k+q<U k+q<U

Each of the above sums is already given in Lemma A.6, except of the harmonic sums

Z %— Z 41k 3logU—i-O(l)

k<U-—1 k<U-2

which have occurred here, because the quantities X (k, 1) and X (k, 2) are not of the
form

U?p(q)

ow?, qg=1,2,
Thg? +0W"), ¢q

respectively. Thus, we conclude that

Rs(U) =

U*(logU)?>  U?logU (2 ) 3¢(2)

3+ 222 )+ oh.
%) T (@ T3 >+ o

Acknowledgements It is the authors’ pleasure to thank the anonymous referee for spotting some inaccu-
racies in an earlier draft and providing helpful suggestions. During the preparation of this manuscript, the
first-named author has been an associated student in the doctoral school programme ‘discrete mathematics’
at Graz University of Technology. MT is supported by the joint FWF-ANR project ArithRand (FWF 1
4945-N and ANR-20-CE91-0006).

Funding Open access funding provided by Graz University of Technology. PM is supported by the Austrian
Science Fund (FWF), project I-3466. AS is supported by FWF projects Y-901 and F-5512.

Declarations

Conflict of interest All authors declare that they have no conflict of interest.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Bias in the Euclidean algorithm and a conjecture of Ito 317

Appendix A: Some asymptotic formulae

We start by recalling, for the reader’s convenience, a special case of a classical result
on the distribution of points on modular hyperbolas.

Lemma A.1 (Points on the modular hyperbola) Let p be a positive integer and x >
y > 0. Let

Ap(y.x):== > 1 and By(y.x):= Y L

y<q=x y<q=<x
ged(p.g)=1 ged(p.g)=1
inv,(q)=<p/2 inv,(q)>p/2

Then, for any € > 0,

@(p) x—y+p
Ap(y,x) = W(x —y)+ Oc <W) = B,(y, x).

Proof This is a consequence of a more general folklore result about points (g, inv,(q))
on a modular hyperbola (mod p) where both coordinates are restricted to intervals.
The interested reader may consult the survey [23] (in particular, see Theorem 13 in
Sect. 3.1 therein). A version with a slightly more explicit error term can be found,
for instance, in [3, Lemma 1.7]. Strictly speaking, in both of the above sources, the
intervals in question are restricted to have length not exceeding p. Nevertheless, the
version required here easily follows from that by splitting (y, x] into < 14+ (x —y)/p
intervals of length at most p. O

The next result is a version of Abel’s summation formula.

Lemma A.2 (Abel’s summation formula) Let f, g: [0, 00) — R be continuously dif-
ferentiable functions. Let y > 0 be arbitrary. Suppose that (a,),eN is a sequence of
complex numbers such that the approximation

Y an =g+ 0(M(x)),

y<n<x

holds with some continuous function M : [0, co) — [1, 00). Then

> anf(n)=/ f(t)g’(t)dt+O(Qg@lf(t)M(t)l+/ |f’(t)|M(t)dt).
y ’ y

y<n=<x

We also require the following lemma, which is an application of M&bius inversion.

LemmaA.3 Ler W(Q) = aQ?*(log Q)> + bQ?log Q + O(Q?). Then

0 a 2 2 1 < f/(2)> 2 2
DAV =)= — 1 +—(b-2 1 o .
dE<QM( ) (d) ;(2)Q (log Q) 0 a§(2) Q7log O+ 0(Q")
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Proof For a proof see, e.g., [30, Corollary 3]. O

We conclude with recording two technical lemmas which are used in the proof of
Proposition 4.5.
Lemma A.4 The following asymptotic formulae hold for any U > 2.

1
1. ——— =1log2logU + O(1),
> Y ot = ler2iogv + 011

n<U k<n
n+k<U

1 (log U)?
2. = —log2)log U + O(1).
sz(n+k) 5+ (r —log2)log U + O(1)
n<U k<n

n+k<U

Proof For a proof see [30, Lemma 9]. Notice that the formulae there are being proved

for U ¢ N, but they are readily seen hold for U € N as well. O

Lemma A.5 The following asymptotic formulae hold for any x > 2:

2

1Y @) = 2;“(2) + O(xlogx),
qg<x

plg)  x
2. —=——=40( ,
q; PR R

ONER R0 log x
3.2—_@<logx+y >+0< )

ot q? £ (2) x
v(q) (log x)*
4. E T logg = —=—" + O(1).
g=<x q? oed 2¢(2) )

Proof The first two formulae are well known and the proof of the third one can be

found in [4, Corollary 4.5]. The last formula can be deduced easily from (3) and
Lemma A.2. O

Lemma A.6 The following asymptotic formulae hold for any U > 2:

1 2 "2
7 Zzﬂz;qz):(ogU) N 0gU<2y_§())+0(1)’
k q

¢(2) 2(2) ¢(2)
k+q<U
¢lg)  UloglU ¢(q)

2. —=——+0U) = —_—,
Xk:; q* £(2) ) Xk:; qk
k+q<U k+q<U

¢(@)k _ U’logU > ¢(q)

3. = +O0WU~) = —_

k+q<U k+gq<U

Proof They follow directly from the formulae of Lemma A.5 and the asymptotic

formula of the truncated harmonic sum. O
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