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Abstract

We study ultradistributional boundary values of zero solutions of a hypoelliptic con-
stant coefficient partial differential operator P(D) = P(Dy, D;) on R*!. Our work
unifies and considerably extends various classical results of Komatsu and Matsuzawa
about boundary values of holomorphic functions, harmonic functions and zero solu-
tions of the heat equation in ultradistribution spaces. We also give new proofs of several
results of Langenbruch (Manuscripta Math. 26:17-35, 1978/79) about distributional
boundary values of zero solutions of P (D).

Mathematics Subject Classification 35G15 - 35H10 - 46F05 - 46F20

1 Introduction

The study of distributional and ultradistributional boundary values of holomorphic
functions, which goes back to the seminal works of Koéthe [16] and Tillmann [34]
for distributions and of Komatsu [19] for ultradistributions, is an important subject in
the theory of generalized functions. We refer to the survey article [28] and the books
[4, 5] and the references therein for an account of results on this topic. Similarly, the
boundary value behavior of harmonic functions [1, 8, 22, 35] and of zero solutions of
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the heat equation [6, 18, 26, 27] in generalized function spaces have been thoroughly
investigated.

In the distributional case, Langenbruch [23] generalized the above results by devel-
oping a theory of distributional boundary values for the zero solutions of a hypoelliptic
partial differential operator P(D) = P(D,, D;) on R4+ with constant coefficients.
For ultradistributions much less is known in this general setting: in [24, 25] Langen-
bruch studied spaces of formal boundary values of zero solutions of P (D), in the
style of Bengel’s approach to hyperfunctions [2]. In [25, Satz 2.4] he characterized
the zero solutions f of P (D) that admit a boundary value in a given ultradistribution
space in terms of the ultradistributional extendability properties of f (see also [20,
Section 3]). Furthermore, he proved that, for certain semi-elliptic operators P (D),
the space of formal boundary values of solutions of P(D) may be identified with
the Cartesian product of some Gevrey ultradistribution spaces of Roumieu type [25,
Satz 4.9 and Satz 4.10]. The aim of the present paper is to complement these results
by extending Langenbruch’s results from [23] for distributions to the framework of
ultradistributions, both of Beurling and Roumieu type, defined via weight sequences
[19].

We now describe the content of the paper and state a sample of our main results.
For the sake of clarity, we consider here only Gevrey ultradistribution spaces. Let
P(D) be a hypoelliptic partial differential operator on R*!. Let X € R? be open.
For ¢ > 1 we write 2(°)(X) and 2{°}(X) for the spaces of compactly supported
Gevrey ultradifferentiable functions of order o of Beurling type and of Roumieu type,
and endow these spaces with their natural locally convex topology. The spaces of
Gevrey ultradistributions of order o of Beurling type and of Roumieu type are defined
as the strong dual spaces of 2)(X) and 2!°}(X). We denote them by 2'(°)(X)
and 2} (X). We use 2/1°1(X) as a common notation for 2'®)(X) and 2'°}(X); a
similar convention will be used for other spaces as well. Let V € R?*! be open such
that V N R? = X. Set CP(VAX) ={f € C=®(V\X)| P(D)f = 0}. The boundary
value bv(f) € 2'1°1(X) of an element f € C(V\X) is defined as

o= lim [ (£ = f—speodr, g e 27N,

provided that bv(f) € 21°1(X) exists. We have two main goals: firstly, we wish to
characterize the elements of C°(V\X) that admit a boundary value in 2'"°1(X) in
terms of their local growth properties near X. Secondly, we aim to study the uniqueness
and the solvability of the Cauchy type problem

P(D)f=0 on V\X,
bV(D,Jf):Tj onX forj=0,...,m—1,

where f € C®°(V\X), m = deg, P and the initial data Ty, ..., T,,—1 belong to
2'1°1(X). This will lead to the representation of the m-fold Cartesian product of
2'°1(X) by means of boundary values of elements of C?}’(V\X ).
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Boundary values of zero solutions of differential operators 781

Let us explicitly state the above two results for certain semi-elliptic partial dif-
ferential operators. To this end, we introduce the following weighted spaces of zero
solutions of P (D)

C¥ oy (VAX) 1= {f € CF¥(V\X) VK € V3" > 0 :

1
_ To—1
Iflkn:=  sup  [fx,0le 77 < oo},
(x,H)eK\KNR4

C;’J‘?{G}(V\X) ={feCP(V\X)IVK € VVh >0 : |fllgr < oo}

where K € V denotes that K is a compact subset of V. We endow these spaces with
their natural locally convex topology. We then have:

Theorem 1.1 Let P(D) be a semi-elliptic partial differential operator on R4+ with
deg, P =.--=deg, P =n.Setm =deg, P anday = n/m. Let X < R? be open
and let V. C Rt be open such that V N R? = X.

(a) Let o > max{l, 1/ap}. For f € CF(V\X) the following statements are equiv-
alent:

(i) f € CFupoy(VAX).
(i) bv(f) € 2°N(X) exists.
(iii) For every relatively compact open subset Y of X there is r > 0 such that
{f(-,0)]0 < |t| <} is bounded in 2'°1(Y).

In such a case, bv(fo) € 2'°N(X) exists for all | € Ny. Next, define

m—1
V" CFlot(VNX) = [ 2700, £ > VD] Ho<jem. (1)
j=0

Then, the sequence

m—1
0= CF(V) = CFlun (VN 25 [T 27 x) — 0
j=0

is exact and bV is a topological homomorphism, provided that V is P-convex
for supports. In particular, this holds for all open sets of the form V = X x I,
with I C R an open interval containing 0.

(b) Leto = 1/ag > 1. We have thatbv(f) € 2''°}(X) exists forall f € C(V\X).
Define the mapping bv'™ similarly as in (1). Then, the sequence

m—1
0= CFV) = P\ 25 T 20 - 0
j=0
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782 A. Debrouwere, T. Kalmes

is exact and bv"™ is a topological homomorphism, provided that V is P-convex
for supports. In particular, this holds for all open sets of the form' V = X x I,
with I C R an open interval containing 0.

Since a partial differential operator P (D) on R4+ is elliptic precisely when it is
semi-elliptic with deg, P = -.- = deg, P = deg, P, Theorem 1.1(a) is appli-
cable to every elliptic partial differential operator. Moreover, it is well-known that
every open set V C R? is P-convex for supports in such a case. Therefore, Theo-
rem 1.1(a) comprises two classical results of Komatsu about the boundary values of
holomorphic functions [19, Section 11] and harmonic functions [22, Chapter 2] in
ultradistribution spaces. Also the heat operator and, more generally, the k-parabolic
operators in the sense of Petrowsky [33, Definition 7.11] satisfy the assumptions of
Theorem 1.1(a). In particular, this result extends Matsuzawa’s characterization [27,
Theorem 2.1] of compactly supported ultradistributions via boundary values of zero
solutions of the heat equation to general ultradistributions. Theorem 1.1(b) states that
the space HT;OI 2'\1/40}(X) may be identified with the space C5°(V\X)/C% (V) of
formal boundary values. This partially covers the above mentioned result of Langen-
bruch [25, Satz 4.9 and Satz 4.10] (the assumption deg, P = --- = deg, P is not
needed there as Langenbruch considers anisotropic Gevrey ultradistribution spaces).

Next, we comment on the main new technique used in this article. In [12, p. 64]
Hormander showed the existence of distributional boundary values of holomorphic
functions by combining Stokes’ theorem with almost analytic extensions. Petzsche
and Vogt [30] (see also [29]) extended this method to ultradistributions by using
descriptions of ultradifferentiable classes via almost analytic extensions [7, 10, 29,
30]. We develop here a similar technique to establish the existence of ultradistribu-
tional boundary values of zero solutions of a hypoelliptic partial differential operator
P (D). Namely, we combine a Stokes type theorem for P(D) (Lemma 5.4) with the
description of tuples (¢, . . ., @»—1) of compactly supported ultradifferentiable func-
tions via functions ® € Z(R?*!) that are almost zero solutions of P(D) and satisfy
D,]d>(~ ,0) =¢jfor j =0,...,m — 1 (Proposition 4.1). Petzsche [29] constructed
almost analytic extensions of ultradifferentiable functions by means of modified Tay-
lor series. We use here the same basic idea, starting from a power series Ansatz & that
formally solves the Cauchy problem P(D)® = 0 on R¥*+1\R? and D ®(-,0) = ¢ I
on R for j =0,...,m —1[14, Section 4].

This paper is organized as follows. In the preliminary Sect. 2 we collect several
results about partial differential operators and ultradistributions that will be used
throughout this work. Next, in Sect. 3, we construct a fundamental solution of a
hypoelliptic partial differential operator P (D) satisfying precise regularity and growth
properties. This fundamental solution will play an essential role in our work. We obtain
it by a careful analysis of the construction of a fundamental solution of P (D) by Lan-
genbruch [23, p. 12-14]. Sect. 4 is devoted to the description of ultradifferentiable
classes via almost zero solutions of P(D). By combining this description with a
Stokes type theorem for P (D), we show in Sect. 5 that zero solutions of P (D) satis-
fying certain growth estimates near R? have ultradistributional boundary values. We
also establish the continuity of the boundary value mapping here. Our main results
are proven in Sect. 6. We adapt several classical techniques used in the study of ultra-
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Boundary values of zero solutions of differential operators 783

distributional boundary values of holomorphic functions and harmonic functions [19,
22]. In Sects. 4-6 we also indicate how our methods may be adapted to the distri-
butional case, thereby providing new proofs of several results of Langenbruch [23].
Most notably, we obtain an elementary proof of the continuity of the boundary value
mapping (compare with [23, Section 3]). Finally, in Sect. 7, we discuss our results for
semi-elliptic operators and prove Theorem 1.1.

2 Preliminaries
2.1 Partial differential operators

Elements of R4T! = RY x R are denoted by (x,1) = (x1,...,x4,1). We often
identify R4 with the subspace RY x {0} of R4+ We write D = (D, D;), where D, =
—i(dy,, ..., 0y,) and D; = —i9;. Throughout this article P € C[xy, ..., xq, ] always
stands for a non-constant hypoelliptic polynomial. Moreover, we use the notation

P(x,1) =) Qr(x)*

k=0

for suitable m € N and polynomials Qy € C[ X1, ..., X4],0 < k < m, with Q,, # 0.
Then, Q,, = ¢ € C\{0}[13, Example 11.2.8] and we assume without loss of generality
that c = 1. As customary, we associate to P the constant coefficient partial differential
operator P (D) given by

P(D) = P(Dy, D) = ) Qx(D:)Dy.
k=0

Given V C R4t open, we define Cr(V)={f eC®V)|P(D)f =0} and endow
this space with the relative topology induced by C*>°(V).
We now introduce various indices of P that play an important role in this article.

Definition 2.1 We define (v, o) = (yo(P), uo(P)) as the largest pair of positive
numbers satisfying the following property: There are C, R > 0 such that for all
o€ Ng and/ € Ny

(17 +[e*) | DED P (x, )] < CIP(. DI (0] = R.
The existence of the pair (yp, o) follows from the fact that P is hypoelliptic; see
[13, Section 11.4] and [33, Section 7.4]. Furthermore, it holds that yp, uo < 1. Let

V € R be open. For o, 7 > 1 we denote by ' (V) the space consisting of all
@ € C°°(V) such that for all K € V there is & > 0 such that

W sup |DYDlp(x, 1)
whends! ek A1

By [33, Theorem 7.4], we have that C3°(V) C rV/vol/mo (),
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784 A. Debrouwere, T. Kalmes

Lemma 2.2 Set
d(x) =min{|Im¢||¢ € C, P(x,£) =0}, x e R
For a > 0 the following two statements are equivalent:
(1) There are C, R > 0 such that for all | € Ny
Ix|“|DLP(x, )] < CIP(x,0)l,  |x| > R,t€R.
(i1) There are C, R > 0 such that
|x|“ < Cd(x), |x|=R.

Proof The proof is similar to the one of [13, Lemma 11.1.4] and therefore left to the
reader. o

Definition 2.3 We define ag = ag(P) as the largest positive number a such that con-
ditions (i) and (ii) from Lemma 2.2 are valid.

The existence of ag follows from the fact that P is hypoelliptic and [13, Corollary
A.2.6] (cf. the proof of [13, Theorem 11.1.3]). Note that yg < ap.

Definition 2.4 We define

d
bo = bo(P) :=max{£Q"|k=o,...,m—1}.
m—k

Remark 2.5 By evaluating the inequalities from Lemma 2.2(i) for t = 0, we obtain

that there are C, R > O such thatforallk =1,...,m
XK Qi ()] < ClQo()].  Ix| = R.
Hence,
[P(x, |x]“)] < ClQo(x)|,  Ix| = R, (2)
(with a different C) and
aofmin{wufkfm} L deedo
k m
Since ag > 0, we also have that deg Oy < deg Q¢ forallk =1, ..., m.

The main results of this article are valid under the assumption ag = by. In Sect. 7,
we calculate ag(P), bo(P), yo(P) and po(P) for semi-elliptic polynomials P.
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Boundary values of zero solutions of differential operators 785

2.2 Weight sequences

Let M = (M) pen, be a sequence of positive numbers. We write My = M)y for
o € Ng. Furthermore, we set m, = M,/M,_; for p € N. Given a > 0, we define
M® = (M%) pen, and M®* = (M%/p1) peny-

We consider the following conditions on a positive sequence M:

(M.1) M; <M, \Mpi1,peN.

M.2) Mp4y < CHPTIM,M,, p,q € Ny, for some C, H > 1.
(M.2)* 2m ), < myp, p = po, for some pyg, N € N.

M.3) 300, W < 0.

We refer to [19] for the meaning of the conditions (M.1), (M .2) and (M .3)’. Condition
(M .2)* was introduced in [3] without a name. Note that (M .1) means that the sequence
(mp) pen is non-decreasing. Hence, any positive sequence M with My = M; = 1
satisfying (M.1) is non-decreasing. Furthermore, it holds that M“, a > 0, satisfies
(M.1), (M.2) and (M.2)*, respectively, if M does so. On the other hand, condition
(M .3)" is not preserved under taking powers.

Definition 2.6 A sequence M = (M) eN, of positive numbers is called a weight
sequence if

(1) Mo=M; =1.
(i) M satisfies (M.1), (M.2) and (M .3)’.

The most important examples of weight sequences are the Gevrey sequences p!° with
index o > 1.

Given two positive sequences M and N, the relation M C N means that there are
C,L > 0 such that M, < CLPN,, for all p € Ny. The stronger relation M < N
means that the latter inequality is valid for every L > 0 and suitable C > 0. We write
M =< NifbothM C Nand N C M.

The next condition plays an important role in this article.

Definition 2.7 Let a > 0. A positive sequence M is said to satisfy condition (M .4),
if the sequence (m% ™) pen is almost non-decreasing, i.e., my™ < Cmg™, p,q € N,
p < g, for some C > 0.

The Gevrey sequence p!° satisfies (M.4), if and only if ¢ > 1/a. In the next lemma
we state some consequences of the condition (M .4),.

Lemma 2.8 Leta > 0. Let M be a positive sequence satisfying (M .4),.

(1) There exists a positive sequence N with N < M such that N** satisfies (M .1).
(i) Either p!'/* < M or p!'/¢ < M holds.
(iii) M satisfies (M .2)*.

Proof (i) This follows from [32, Lemma 8].
(i) By (i), we may assume without loss of generality that M** satisfies (M.1), or
equivalently, that (m%™) yen is non-decreasing. If lim,_, oo m% ™ = o0, we have that
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786 A. Debrouwere, T. Kalmes

also limp_mo(M;’*)l/P = oo and thus p!"/¢ < M. If lim,_, o m}™ < o0, it is clear
that p!'/¢ < M.
(iii) This follows from [17, Theorem 3.11]. O

Let M be a positive sequence with lim,_, oo M 11,/ P = o0. The associated function of
M is defined as

P M
wpm(p) = sup log P 0, p > 0.
peNy MP

Note that log p = o(wpy(p)) as p — oo. If M satisfies (M.1) and (M .2), then by [19,
Proposition 3.6]

20m(p) < wm(Hp) +1logC,  p >0,

where C and H are the constants occurring in (M.2). Given two positive sequences
M and N satisfying (M.1) with lim oo M,/? = lim, .« N,/? = o0, it holds that
N C M if and only if

ou(p) <wn(Lp)+logC, p=0,

for some C, L > 0 [19, Lemma 3.8]. Similarly, N < M if and only if the latter
inequality remains valid for every L > 0 and suitable C > 0 [19, Lemma 3.10].
We have that wpie (0) ~ p'/? (which means that wpre (p) = O(p'/?) and p'/7 =
0 (@pr (0)).

Remark2.9 Let N = (N,)pen, be a sequence of positive numbers such that N < 1,
we define the associated function of N as

0, 0<p=1,
oo, p>1.

wn(p) = {

Whenever we make use of this function we employ the convention 0 - co = 0. This
applies in particular to N = M%*, where M is a weight sequence satisfying p!'/¢ <
M.

Finally, we present a lemma that will be used later on.

Lemma 2.10 Let a > 0 and let M be a weight sequence. There are C, L > 0 such
that

M ap) §CLPMZ, p € Np.

Proof Recall that M satisfies (M.1) and (M.2) because M does so. Hence, there are
C, L > 0 such that

awpya(p) < wya(Lp) +1logC,  p>0.
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Boundary values of zero solutions of differential operators 787

Note that wpa (p) = awy (p'/?) for p > 0. By [19, Proposition 3.2] and the fact that
M > 1, we have that for all p € Ny

lap] P p pP
M =Sup —— < Suyp——=Sup——— =Sup ——
Lap) = 500 om0y = 5B cout SR coutT T S Tt
)4 P
1/a p l/ayp P _ rl/ayppga
< _— < =
=C ooh eoma oLy = crL oo e @) CLIM,.

2.3 Ultradistributions

Fix a weight sequence M. Let K € RY be such that int K = K and let & > 0. We
write &M-" (K for the Banach space consisting of all ¢ € C*(K) such that

| DS (x)]

lellgmngy = sup sup e

aeNg xek

For X € R? open we define the spaces of ultradifferentiable functions of class (M)
and {M} (of Beurling and Roumieu type) in X as

EM(X):= lim lLim &Y"K), &M(X):= lim lim &M (K).
<— < <— —>
KeEX h—0t KEX h—oo

We employ [M] as a common notation for (M) and {M}. In addition, we often first
state assertions for the Beurling case followed in parenthesis by the corresponding
ones for the Roumieu case.

Let K € R and let & > 0. We define @,’?’h as the Banach space consisting of all
¢ € C®(R?) with supp¢ < K such that |||l gmn gy < 00. We set

M) . q; M,h MY 1. oM .h
7" = 1im g g = tim oY
h—0t h— 00

For X C R4 open we define

KeX

Following Komatsu [21, 22], we will sometimes make use of an alternative descrip-
tion of the spaces of ultradifferentiable functions of Roumieu type. We denote by R
the set of all non-decreasing sequences i = (/;);en, of positive numbers such that
ho = h; = 1 and lim;_, o, h; = oo. This set is partially ordered and directed by the
pointwise order relation < on sequences. We remark that we will use 4 (and #’) to
denote both positive numbers and elements of fR. In order to avoid confusion, we will
always clearly indicate whether 4 > O or h € *R.
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788 A. Debrouwere, T. Kalmes

Let K € R? be such that int K = K and let & € 9R. We write &M-"(K) for the
Banach space consisting of all ¢ € C°°(K) such that

aeNd xek ]_[120 hy M,

Let K € R? and let 1 € R. We define @2’1 1 as the Banach space consisting of all
¢ € C®(R?) with supp ¢ C K such that l@llgmngy < oo.

Lemma 2.11 Let M be a weight sequence.
(i) [21, Proposition 3.5] Let X C R¥ be open. Then,

as locally convex spaces.
(ii) [22, Proposition 1.1] Let K € R?. Then,

(M} . M,h
Dy =1im Ty
heR
as locally convex spaces.

LetG(z) =), N Ca 7%, ¢y € C, be an entire function on C?. The associated infinite
order constant coefficient partial differential operator G(Dy) = Za eNd Ca DY is said
to be an ultradifferential operator of class [M] if for some h > 0 (for all & > 0)

|ca| My
hlel

d
aeNj

By [19, Proposition 4.5], G(Dy) is an ultradifferential operator of class [M] if and
only if for some 4 > 0 (for all 4 > 0)

sup |G(z)le M < o,
zeCd

Condition (M.2) implies that, for all X C R? open, the linear mappings G(Dy) :
EMI(X) - &MI(X) and G(Dy) : 2M(X) — 2MI(X) are continuous.

Let X € RY be open. We denote by 2'M1(X) and &"™1(X) the strong duals of
M1 (X)) and &™1(X). The elements of 2'M1(X) are called ultradistributions of class
[M]in X. The space &"'™™1(X) may be identified with the subspace of 2'™1(X) con-
sisting of compactly supported elements. Let G (D) be an ultradifferential operator of
class [M]. We define the mapping G (D,) : 2'™M(X) — 2'MI(X) via transposition.
Hence, G(Dy) : 2'M1(X) — 2'™MI(X) becomes a continuous linear mapping.

Later on, we will make use of the following result about the existence of parametri-
ces, which is essentially shown in [11]. It improves a classical result of Komatsu [22],
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Boundary values of zero solutions of differential operators 789

namely, the strong non-quasianalyticity condition (M.3) [19] is relaxed to the weaker
pair of conditions (M.2)* and (M .3)’; the fact that (M .3) implies (M .2)* follows from
[17, Theorem 3.11]. Its proof requires the next lemma.

Lemma 2.12 [31, Lemma 2.3] For every h € R there is h' € R such that hy < h; for
[ large enough and ]—[f;)q hy < 2P TTF_ h) T1i_g h) forall p,q € No.

Lemma 2.13 Let M be a weight sequence satisfying (M .2)*. Let h > 0 (h € R) and
let r > 0. There exist an ultradifferential operator G(Dy) of class [M], u; € gM:h

B(O,r)
and uy € @[EA(/IO] " such that G(Dy)uy = 8 + us in 2'™I(RY),
Proof We first consider the Beurling case. By [3, Theorem 14], the function wy, is a
weight function in the sense of [11, Definition 1.1]. Moreover, there are n € N and
C > 0 such that [3, Equation (5)]

Mon () < Ch/P M. peN,

where goj;M denotes the Young conjugate of ¢,,, : [0,00) — [0, 00), ¢y, () =
wp(e") [11]. Hence, [11, Proposition 2.5] and conditions (M.1) and (M.2) imply that
there are an ultradifferential operator G (Dy) of class (M) and u € C*® (R?) such that

| DY u(x)]

sup sup m <

aeNg xeRd

’

u is real analytic in R?\{0} and G(Dy)u = & in /™ (R?). Choose ¥ € 2M)

B(0,r)
such that ¢ = 1 in a neighborhood of 0. Then, u; = Yu € Qg/l(bhr) and up; =
G(D)(Wu —u) € 79 satisfy G(Dy)uy = 8 + up in 2™ (R?). Next, we treat

B(0,r)
the Roumieu case. Note that the positive sequence N = (]_[fzo hiMp)pen, satisfies
(M.1), (M.3)" and (M .2)* because M does so. Furthermore, by Lemma 2.12, we may
assume without loss of generality that N also satisfies (M.2). Hence, the result can be
shown by applying the same reasoning as in the Beurling caseto M = N and h = 1.
O

Finally, we introduce some notation from classical distribution theory. For K € R?

we denote by Pk the Fréchet space consisting of all smooth functions with support
in K. For X € R¥ open we define

2(X) = h_n)l Dk .
Kex

For [ € Ny we define the norm

gl = sup max [Dig()l, ¢ € FRY.

xeRd al<
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790 A. Debrouwere, T. Kalmes

In this context, we sometimes also write & (X) = C*°(X). We denote by 2'(X) and
&' (X) the strong duals of 2(X) and &(X), respectively. The space &’ (X) may be
identified with the subspace of 2’(X) consisting of compactly supported elements.

3 A fundamental solution with good regularity and growth properties
The goal of this auxiliary section is to construct a fundamental solution of P (D) with
precise regularity and growth properties. The next result and its proof are inspired by
[23, p. 12-14].

Proposition 3.1 There exists a fundamental solution E € 2' (R4t of P(D) satisfy-
ing the following property: there are A, L, S > 0 such that

|D*DLE (x, 1)||¢|/@)/a0+/10+5 o= Al
LlalH |g|11/ao]11/ 1o

sup sup < 00. 3)

(@.)eNgH! (x.)eRIFTI\RY

In particular, there is L > 0 such that for all | € Ny there is S > 0 such that for all
r>0

|DYDLE (x, 1)||t|leV/a0+S
Llol|g[11/a0

“

sup sup

aeNg xeR4
O<|t|<r

We need some preparation for the proof of Proposition 3.1. Definition 2.1 and
Definition 2.3 imply that there are C, R > 1 such that for all / € Ny

(Ix% + |t |DIP(x, )| < C|P(x, 1), |x| >R, t €R.

Throughout this section the constants C and R will always refer to those occurring in
the above inequality. We need the following lemma.

Lemma 3.2 (i) There are C1, L1 > 0 such that for alll, p € Ny

, x| > R, t e R.

p (1| - LYl + max (1 e}
"\Pan/| T (lx]o + |¢0)P

(ii) There are A > 0 and Co, Ly > 0 such that for all I, p € Ny

|x] <,R,t € R.

. [
P (t +iA) _ G LY p!
"\PEr+iA) )| T A+ )t

Proof Note that |P(x,t)| > 1/C for all |x| > R and t € R. We first show (i). Set
r = log(1 + (2C)~1). Fix x € R? with |x| > R and ¢ € R arbitrary. For all { € C
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with [£] < r(Jx]% + |¢|0) it holds that

m l
|P(x,t+8) = P(x,0] < Y |D{P(x, ,)|&<_|P( nl.

=1

Hence, |P(x,t 4+ ¢)| > 1/(2C). Cauchy’s inequalities give that for all /, p € Ny

) 1
t ! t
P(x,1) rP(|x]90 4 [t]H0)P |¢)<r(|x|%0+|e|#0) | P(x, t + )]
_ 2Cp!(Jt] + r(|x]90 + [¢[H0))!
rP(|x|90 + [¢|Ho)P

)

from which (i) follows.
Next, we prove (ii). Set S = maxy|<g Zfz_ol |Qr(x)|.Forall x € R? with |x] <R
and ¢ € C with |¢| > max{l, § + %} it holds that

m—1

PO = 12" = Y 1Qewllg | =

k=0

| =

Set A = 2max{l, S + %}. Fix x € R? with |[x| < Randr € R arbitrary. Cauchy’s
inequalities give that for all /, p € Ny

o E+iA) 27 p! It +iA+¢|!
D d < : max -
P(x,t+iA) [t + AP |gI<li+iAl/2 |[P(x,t +iA+ )]
pHA+1 )
_ 2 p! 7
T |t +iA|P!
from which (ii) follows. O

Proof (of Proposition 3.1) Set B = {x € R? | |x| < R}. With A from Lemma 3.2(ii),
we define E € 2/(R4t1) via

P, n)
Vo= (2n>d+l /Rdw/ P -

+iA
(Zn)d-‘rl // pzp(i- n_nl_l)A)d"d‘f’ ¢ € ZRTD,

where @ denotes the Fourier transform of . It is clear that E is a fundamental solution
of P(D). Since P is hypoelliptic, E is smooth in R*1\ {0}. We set

le| +d +1 142
Pa,l = +

—‘, a e N4, I e No.
ao Ko
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There are C3, L3 > 0 such that
Paitl < CLE jqpl/aoptimo o e NE 1 e Ny, 5)

and C4, L4 > 0 such that

[ee) ap 1
la| (1€]% 4 max{1, [n]}) I d
/1‘@01\3 & /_Oo e Dy s < Gl @ €N 1€ N0 ©

Let v € 2(RY) and x € 2(R) be arbitrary. Let ry > 0 be such that supp x <
[—ry,ry]. Foralla € N¢ and [ € Ny it holds that

Qo) T UDYDLE (x, )Pl yr (x) x (1))

00 l
— it 2(m| | DP*! "—)‘d d
/RCI\B|5| W(é)l/_oolx(n)l‘ ; (P(—e,—m nds

~ L (n+iA)
‘C\l| Pa,l Ny
+ [ 1 IW(S)I/OOIX(nJrlA)I‘D, <p<_s,—n_iA)>‘d”d5‘

Lemma 3.2(i) and (6) imply that

00 I
o o o
/Rd\3|5| W(E)I/_Oolx(n)l‘ (gt )| ans

I % (|&]% + max{1, ||}’
< C LY po Il x| / |s|'°"f dndg
! . LATL Jpa g oo ([E]90 4 |y|H0)Pact

o1+
< C1CaLY" Ly po W I -

Likewise, Lemma 3.2(i7) yields that

- PO (+iA)
o] Pa.l
/Bm W(é)l/_oolx(nﬂA)l‘D, (—P(_s’_n_m))‘dndg
Pa,i

o0
1
<0l DA ol / a / 1 anae
P T R e

< 2G| BIRILE™ py e 51y |11 1 1
By (5), there are C, L > 0 with
(DY DLE (x, )tPed  yr (x)x (1))| < CLI*H a1 /a1 mo o Ar |yl 4l

Fix x € R? and t+ € R\{0} arbitrary. Choose ¥ € Z(R¢) non-negative with
fRd Y (y)dy = 1 and x € Z(R) non-negative with ffooo x(s)ds = 1 and supp x <
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[—1, 1]. For ¢ > 0 we set

1 X —y 1 t—s
Ure(V) = ¥ ( > s Xre(®) = —x < ) :
& & & &

Then, [Yxellpr = I¥llpr = L lixeell,r = lixlipr = 1 and supp x; o S [—[2] —
&, |t| + €]. We obtain that for all o« € Ng and [/ € Ny

|DYDLEGe, 017! | = Tim [(DDLE(y, )57 e (00 (9))|
£~

< CLIOlI-H|0[|!1/00[!1/M06A\f|’

which implies (3). |

4 Characterization of ultradifferentiable functions via (almost) zero
solutions of P(D)

In this section, we characterize tuples (¢, . . ., ¢m—1) of compactly supported ultrad-
ifferentiable functions via functions @ € 9 (Rd‘H) that are (almost) zero solutions of
P (D) and satisfy D,JCD( -,0)=gjforj=0,...,m— 1. We start with the following
result, which is essential for this article.

Proposition 4.1 Let M be aweight sequence satisfying (M .4)p, andlet K & RY. There
is L > 0 such that for all h > 0 the following property holds: for all o, ..., om—1 €
@%’h there exists ® = ®(@o, ..., om—1) € 2RI with supp ® € K x R such
that

() DI®(-,0)=gjfor j=0,....m—1.

1
by | —p—
(1) sup( yyera+i\re | P(D)P(x, 1)le o <“’b0"‘> < 0.

Remark 4.2 By Lemma 2.8(ii), (M.4),, implies that either p!'/% < M or p!!/bo <
M. If p!'/bo < M the meaning of condition (ii) in Proposition 4.1 is clear. If p!!/0 <
M, this condition means that ® satisfies P(D)® = 0onR? x (—1/(Lh), 1/(Lh))
(cf. Remark 2.9). The same convention will be tacitly used in the rest of this article.

The proof of Proposition 4.1 requires some preparation. In [29] Petzsche constructed
almost analytic extensions of ultradifferentiable functions by means of modified Taylor
series. If p!'/70 < M, we use here a similar idea to prove Proposition 4.1, starting
from a power series Ansatz ® that formally solves the Cauchy problem P(D)® = 0
on Rd+1\Rd and D,/d)( -,0) =¢; on RY for j =0,...,m — 1[14, Section 4] (see
also the proof of [24, Satz 4.1]). If p!l/ b — M, we even show that ® converges.
We now recall the definition and some basic properties of this formal power series
solution; see [14, Section 4] for details. For [ € Ny we recursively define the mapping

@ Springer



794 A. Debrouwere, T. Kalmes

€ C®RY) - C®(RY) as

0, 1=0,...,m—2,
Cgl(w) = (pv l =m — 1,
— > QD) Ciri-m (), 1= m.

Since Q,, = 1, we have that for all [ € Ny
m
> 0uDOryi(9) =0, ¢ e CPRY. @)
k=0

Moreover, as %; is a constant coefficient partial differential operator, supp %;(¢) <

supp ¢ and D¢ %6;(¢) = €1(DS¢) forall g € C®(RY anda € Ng.lfgoo, ey Pm—1 €
C*®(R?) are such that

00 N
i)
S0 = Gilepm—r-, @0 eRM
1=0 )
converges in COO(R‘”I) forall j =0,...,m — 1, then

m—1—

1—j
> Qjur1(D)D;S())
k=0

m—1
0=
Jj=0

solves the Cauchy problem P(D)® = 0 on RI*TI\R? and Di/CID(- ,0) = ¢j on R4
for j =0,...,m — 1[14, Proposition 4.4].
We need the following lemma.

Lemma 4.3 Let M be a weight sequence and let K € R?. There is Ly > 0 such that
for all h > 0 the following property holds: For all @ € N? there is C > 0 such that
forall p € Ny

M. h
16, (DY)l < CALRPY MP gl grniy, @ € D"

Proof By (M .2), it suffices to consider the case « = 0. For [ € Ny we define the
auxiliary norm

gl = sup max|Dip(x)l, ¢ € 2RY).

xeRd l@l=!

There is R > 1 (only depending on K) such that for all [ € Ny

el < R'loli, ¢ € Pk.
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By Lemma 2.10, there are C, L > 1 such that for all [ € Ny and every ¢ € 92/1,}:

b
0l 1bor) < RPN M por @l emn iy < (LAY M Nl @ll gm k)

min{1, i}

The recursively defined operators 4,,—1+1, [ € Np, have the following explicit repre-
sentation [14, Proposition 4.5]

FENOESEY (—1>ﬂ'</31 7 5 )HQﬁ,"_k(Dx)(ﬂ, ¢ € CORY,
o) LA

BeENI .o (B)=I

where o (8) = 3__, jB;. Choose Ly > 1 such that forallk =0,...,m — 1

10x(D¢llo < Lallgllacg 0, @ € Z(RY.

Leth > 0and ¢ € @,/?’h be arbitrary. For all 8 € Njj' with o(8) = [ it holds that

m

[120 (Do

k=1

< LYl sy, pree 0, i = LAl b
0

b
(LL2 R WY M gl gmn -

C
< (L RbO l <
< (L2R™) @l po1] < min(1. 7]

Hence,

1Cm-141(@) o

c bo 1. borl 1 4D 1B
—  (LL>R™RP) M)
min(1, ] 12 IMPelea D Bi....\ Bm

BeNG.IBI=<!

< D)L Ly RPBPY Mol oatn .
_min{l,h}((m+ )LL> ) M P llellemn )

¢ bo 1,b —1+1 3 sb
mln{l hl+b0(m_1)}((m + 1)LL2R Oh O)m Mm07]+l”(p”£‘M.h(K).

IA

Since 47 = 0 for I < m — 1, this shows the result. O

Proof (of Proposition 4.1) Lemma 2.8(ii) yields that either p!/bo < M or ptt/bo <
M. Suppose first that p!'/?0 < M. By Lemma 2.8(i), we may assume without loss of
generality that ml;,O’* /" 0o. Throughout this proof C will denote a positive constant
that is independent of ¢y, . .., ¢;,,—1 but may vary from place to place. Let H be the
constant occurring in (M.2) for M. Then, MbPo-* satisfies (M.2) with H? instead
of H. Set A = 8L H?, where L, denotes the constant from Lemma 4.3, and L =
HP A = 8L,H?. Choose ¥ € Z(R) such that suppy € [—2,2] and ¥ = 1 on
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796 A. Debrouwere, T. Kalmes

[—1,1]. Let now & > 0 be given, arbitrary but fixed. Define A, = Ahbom};(ﬂ’: for
p € No. Note that 1, /" 0. For ¢ € .@%h we define

o AN
S0 = Sp@@ D = Y G@0 Ly, o eRHL ()

=0 p!

Since A, ' 00, the above series is finite on R? x {t e R||t| > &} foreach & > 0.
Hence, S € C®(RY x (R\{0})). We claim that for all « € Ng and/ € Ny

. @l "’M”O-*<W>

lim sup sup |P(D)(DyD,S)(x,1t)|e "/ < oo, 9)
t—0 xeRd

lirr(l) Di‘DiS(x, 1) = DY%1(p)(x) uniformly for x € RY. (10)

11—

Before we prove these claims, let us show how they entail the result. Property (10)
implies that § € Z(R+!) with supp S € K x R such that

D!S(-,0) = %i(p), €N (11)
For ¢o, ..., om—1 € @g,h we define
m—1m—1-j
O =000, ....om 1) =Y > Qjus1(D)DfSy(p)).
j=0 k=0

Then, ® € 2(R4t!) with supp @ € K x R. Moreover, (9) implies that ® satisfies
(i1). Next, we show (7). In [14, Proposition 4.2] it is shown that

n m—1—j

Y QiuriDIGhin(@9) =¢a,  n=0,...,m—1

j=0k=m—1—n

Combining this with (11) and the fact that 47 = O for / < m — 1, we obtain that for
alln =0,...,m—1

m—1m—1—j

DIO(-,0)=Y" " Qiur1(D)D"Sy(9))(+.0)
j=0 k=0
m—1m—1—j

:Z Z Q jk+1(Dx)Crtn (@)
=0 k=0

n m—l—j

= Z Z O jik+1(D)Chin(@j) = @n.

j=0k=m—1-n
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We now show (9) and (10). Let o € Ng and [ € Ny be arbitrary. We have that
DYD!S = S| + S,, where

-1 00
[
Si(x,t) = E ( ) E Cpn (DS @) (x )( 2 AZI,J:’HDI "Y (A pnt)
n=0 p=0

and

(i)

Sa(x, 1) = Z%p+z(D%><x)
p=0

1ﬂ()\p+lt)-

We first prove (9). Note that

-1
P(D)SI(x,1) = Z( )ZZ( )Z%pﬂﬂ 0L(DH D) (1) )

n=0 k=0 j=0 p=0
l—n+k l—n+k—
)LP‘:H'" jD - jl/f()\p+j+nt)
and P(D)S> = T| + T>, where

m k—1 oo

T (x, r)—ZZ( )Z%pﬂﬂ(gkw ) DS 9) (x >( ) M DI O jat)
k=0 j=0 p=0 !
and
To(x, 1) =Y Y Cpiari(Qr(Dy) DY) (x )mem)
p=0 k=0

We now show suitable estimates for the above expressions. To this end, following
Dyn’kin [7] (see also [29, 32]), we introduce the auxiliary function

1
I'(¢) = min € Ny |mb* > = , e > 0.
(&) {P 0l P+1—8}

Since lim_, oo ml,’,o’* = 00, it holds that I'(¢) < oo for each ¢ > 0. Fix ¢ > 0. By

definition of I', we have that smf,"’*

< 1forall p € Nwith p < I'(¢). Since (mf,o’*)peN
is non-decreasing, we also have that 8m},’,°’* > 1forall p € Nwith p > T'(¢). As
Mé’o’* = 1, we find that the sequence p > ango’* is decreasing for 0 < p < I'(¢)
and non-decreasing for p > TI'(g). Consequently, ' ® Mllf(z’g’; =e M”°*< ) We
remark that these properties of I', which will be frequently used in the rest of the
proof, depend crucially on the assumptions p!'/%0 < M and (M 4)p,. Note that, for
all+ € R\{0} and p € Nitholds that (A1) = 1if p < I'(ARb|t]) and Y(apt) =0
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798 A. Debrouwere, T. Kalmes

if p > T(ARP|r]/2). For all x € R? and r € R\{0} with |z| small enough it thus
follows

(ARO[t /2)—1

-1
P(D)Si(x, 1) = Z ( ) ZZ ( ) Y Cpr QD) DEP)(x)x

k=0 j=0 p=T(Ah0|t))—m—I

(it) l—n+k—j l—n+k—j
p‘ )\p+j+n D W()‘p+1+nt)

m k—1 T'(AhP0 1| /2)—1

T\ P
Ty(x.1) = G410k (D) D) (1) L2 ¢
J p!

k=0 j=0 p=T(AhP0|t])—m—1

k—j k—j
Mo Dr W G ),

and, by (7),

m  T(ARPO|z]/2)—1 (it)?
BEO=3 3 Guen(QDIDIOW Y i)

k=0 p=I(AhY0|t|)—m—I

In order to estimate the inner sums of P(D)S, T1 and T, letn <[,k <mand j <k
be arbitrary. Note that

(p+!=2""plgl,  p,q €No. (12)
For all x € R and 1 € R\{0} with |¢| small enough it holds that

T(AhP0 |1 /2)—1
o in? - n+k—j ~l—n+k—j
> G40 (QuD DI Q)= =, D ¥ (Apsjtnt)
p=L"(ARP0|t])—m~I
by
TR N L

by
= Cllellgmn k) Z (2L1h O)pM[,+l+n prjtn m
p=T(ARYO|t])—m—I

(Lemma 4.3 & inequality (12))
[(ARbO|2|/2)—1

bo,
< Cligll gmng) > QL™ MY
p=L(ARP0|t])—m—I

((m%*) pen is non-decreasing)

T'(AhP0|t]/2)—1
<Clglgway Do g (ARTII/2)P M
p=T(AhPO|t)—m—I

(M .2) for MPo*)
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b o bo,
< Cllllgmn gy (ARl 2T A==ty o

(properties of I")

1 |
—W, b (f)-i-(m-i-l)log( )
= C”w”th(K)e M0 Arbojr| ARPO 1)

(MPo* g non-decreasing & SF(S)M{Z(ES = e_a’M"O'*(l/g))

1 |
3@, b *(T)
< Cllgllgm.nkye MPOF\ apb0 |

(log(p) = o(wyy.+(0)))

1
—W, bk (7)
= C”(p”éaMh(K)e M0 thom

((M.2) for M bo-* in terms of its associated weight function),

where we recall that L = H? A. This implies (9). Finally, we show (10). For all
x € R? and t € R\{0} with |¢| small enough it holds that

-1 C(ARbO|r|/2)—1

I it)P
Sl(x,n:Z(n) > %pﬂ(Dﬁ?w)(x)%x’;wi—"w(xwo

n=0 p=1
and

T (ARPO|1]/2)—1
( |71/2) (it)?

S2(x, 1) — DI (9)(x) = Z Cgp+z(D?<p)(X)7lﬂ()»p+zt)~
p=1 '

Letn < [ be arbitrary. By using similar arguments as above, we find that for all x € R?
and t € R\{0} with |7| small enough

(ARO[t /2)—1

Y G (D))

p=1

(in?
p!

)‘lp_aniinW()‘p+nt)
T(ARb0|1]/2)—1 |
b _
<Clielgwsay D, QLINML S = mms
e p +n)!
T'(AhbO 2] /2)—1
bo,
<Clgllewigy Y. QLI M1
p=1
T(ARPO|t]/2)—1
<Clglemny D 5, (ARI/DP M
p=1
< 11C @l gmi i)
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which implies (10) and finishes the proof of the claim.
Next, we suppose that p!!'/%0 =< M. For ¢ € 92“1 we define

S(x, 1) = Z‘K,,((p)(x)(l;—)'p, (x,1) € RITL,
p=0 '

Lemma 4.3 implies that there is L > 0 (independent of 4 > 0) such that the series
S(x, t) converges in C®(R? x (=2/(Lh"),2/(Lh"0))) and that for all « € Ng and
| € Ny there is C > 0 such that

M, h
sup  [DEDIS(p)(x, )| < Cllgllemng). @€ T
xeRd
lt|<2/(Lh"0)

Furthermore, S satisfies (11) and P(D)S = 0 on RY x (—=2/(Lh™),2/(Lh*0)) by
(7). Choose x € Z(R) with supp x C (—=2/(Lh),2/(Lh")) and such that x = 1
on [—1/(Lh?), 1/(Lh?)]. For g, ..., gm—1 € Z4" we define

m—1m—1-—j

D, 1) = D(0, -, om0, ) =X Y D Qjprr1(D)DFS(9))(x, 1).

j=0 k=0

Then, ® € Z(R4+!) with supp & C K x R. Moreover, P(D)® = 0 on R¢ x
-1/ (tho), 1/ (tho)) and the exact same argument as in the first part of the proof
shows that @ satisfies (7). O

Remark 4.4 Choose x € Z(R) such that x = 1 on a neighborhood of 0. Let ® be the
function constructed in Proposition 4.1. Set

wao,*<+)
l®lll=  sup  [P(DY(xOP(x,1))le ) < oo,
(x,t)eRd+'\Rd

An inspection of the proof of Proposition 4.1 shows that there is C > 0 with
M.h
|||¢(‘p0a7§0m—1)||| SC]:()rna)nafl”(pJ”th(K)’ (0()’--~7(pm—1 G-@K .

Proposition 4.5 Let M be a weight sequence satisfying (M .4)4,. There is L > O such
that for all h > 0 the following property holds: let ® € 2(R*1) be such that

1
sup |[P(D)®(x, t)|ewM“0'*(”"'
(x,)eRd+I\Rd

) < 0. (13)

Set K = supp ®(-,0). Then, DI&(-,0) € 2" for all I € Ny
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Remark 4.6 We would like to point out that Proposition 4.5 is not needed to prove
the main results of this article in Sects. 5 and 6 below. However, we believe this
result is interesting in its own right as it provides a complete characterization of
ultradifferentiable classes in terms of (almost) zero solutions of P (D) (provided that
ap = bp); see Theorem 4.8 and Remark 4.9 below.

We need the following lemma to prove Proposition 4.5.

Lemma4d7 Let K €RY, r > 0and V C RI+! open be such that K x [—-r,r] € V.
Let T € 9'(V) be such that Tyy\vrrd € LIIOC(V\V N R?) and suppose that there is
N € N with

sup IT(x, D)tV < oo. (14)
(x,t)eK x[—r,r\K

Furthermore, let ] € Ng and C > 0 be such that

|<T7 §0>| = C||<P||l, ("28S -@Kx[fr,r]- (15)
Let ¢ € Dk x|—r.r) be such that

sup M < 00 (16)

(x,1)eRA+I\RI |¢|max{N.I+1}

Then,

(TJP):// T (x,)o(x, t)dxdt.
R JRY

Proof In view of (16), Taylor’s theorem yields that Df'¢(-,0) = O for alln < [.
Hence, also D¢ D}¢(-,0) = 0forall « € N andn < 1. By another application of
Taylor’s theorem, we obtain that

DD} p(x, 1))

d
T < 00, aeN k<n<lI. (17

sup
(x,1)€RI+HI\RI

Choose ¢ € Z(R) such that ¥ = 1 on a neighborhood of 0. Set ¥ (¢) = vy (¢/¢) for
& > 0. Property (17) implies that

lim ||y ()e(x, D) = 0.
e—0F

Hence, by (15),

(T, ) = gg%lJr(T(x, 1), (1 = Ye@)e(x, 1))
= lim /f T(x, 1)(1 — Yo (1) (x, t)dxdt
e—>0t Jr JRd
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:// T (x,t)p(x, t)dxdt,
R JRY

where the last equality is justified by Lebesgue’s dominated convergence theorem and
the inequalities (14) and (16). O

Proof (of Proposition 4.5) By Lemma 2.8(ii), we have that either p!l/ 4 < M or
p!1/9 = M. We only consider the case p!'/% < M as the case p!'/% = M can be
treated similarly. Let E be the fundamental solution of P (D) constructed in Proposition
3.1. Let | € Ny be arbitrary. Choose > 0 such that supp ® € R¢ x [—r, r]. There
are C, S > 0 such that

sup |DYDLE(x, 1)||t|lVatS < cLlljgpl/a0 o e NE. (18)
xeRY
O<|t|<r
Set
o
paz[u—l-S—‘, aeNg.
ag

There are C, L1 > 0 such that
|/ < L p,), @ e N
Lemma 2.10 and (M.2) imply that there are C», L, > 0 such that
My, < CLY' MY, o eNd.

The above two inequalities and (13) yield that there are C3, L3 > 0 (with L3 inde-
pendent of /) such that

|P(D)®(x. 1) _ C3(Lsh'/™)“IM,
|¢]lel/ao+S = |oe|!1/a0

,  aeN 19)
(x,t)e]RdH\Rd

Lemma 4.7 implies that for all x € R? and « € Ng

DD'®(x,0) = (D*D'E % P(D)®)(x, 0)
= (DYD}E(x — y,—1), P(D)®(y, 1))

= / / DYD'E(x —y, —1)P(D)®(y, t)dyd:r.
R JRA
The inequalities (18) and (19) imply that for all @ € Ng

sup | DY Dy ®(x, 0)] < sup/H;/Rd|D§3‘D£E(x—y,—z>||P<D>d><y,t>|dydr

xeR4 xeRd
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< [supp ®|CC3(LL3h"/")* M.

O
Propositions 4.1 and 4.5 yield the following result.

Theorem 4.8 Suppose that ay = by. Let M be a weight sequence satisfying (M .4)4,
(and p!'/% < M inthe Beurling case). Let X € R? be openandlet V. C R+ be open
such that VRS = X. Let @, ..., om—1 € 2(X). Then, @, ..., om—1 € ZMI(X)
if and only if for all h > 0 (for some h > 0) there exists ® € Z(V) such that

(i) D] ®(-,0) =g, forj=0,....,m—1.

1

(i) sup(, pyegra+i\re [P (D)@ (x, t)lewM”"’*(”"') < o0.

Remark 4.9 For M =< p!'/% the following analogue of Theorem 4.8 holds in the
Beurling case: Suppose that ay = bgy. Let X C R4 pe open.Letgy, ..., pm—1 € D(X).
Then, o, . .., om—1 € DM (X) ifand only iffor all h > O there exists ® € 2(X xR)
such that

(i) D] ®(-,0)=¢forj=0,...,m—1.

(i) P(D)®(x,1) =0onX x (—1/h, 1/h).

We end this section by giving an analogue of Proposition 4.1 and Remark 4.4 for
compactly supported smooth functions.

Proposition 4.10 Let K € RY andlete > 0. Let N € Ny. Forall D05 > Pm—1 € Dk

there exists ® = ®(¢o, ..., Pm—-1) € DK x[—s.¢] Such that
(i) D] ®(-,0) =gjforj=0,....m—1.

H P(D)d(x,

@) [[|D]|l = SUP (1) eRd+1\Rd % < 00.

Furthermore, there arel € Ny and C > 0 such that

|||®(¢0,,¢m—1)||| SC/_JnaX 1||(pj||[1 (p()s-"’(pm—l 69]{.

..... m—

Proof Let ¢y € Zj_¢ ¢ be such that ¥ = 1 on a neighborhood of 0. For n € N and
¢ € Pk we define

(ink

' (x,1) € R,
p!

Su(x, 1) = Sp(@)(x, 1) = Y (1) Y €,p()(x)

p=0
The result can now be shown in a similar way as Proposition 4.1 but starting from

S = S, with n large enough instead of the function defined in (8). O

5 Boundary values of zero solutions of P(D)

In this section, we show that zero solutions of P (D) satisfying suitable growth esti-
mates near R? have boundary values in a given ultradistribution space. We start with
the following fundamental definition.
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804 A. Debrouwere, T. Kalmes

Definition 5.1 Let M be a weight sequence. Let X C R? be open and let V € R4+!
be open such that V NRY = X. The boundary value bv(f) € 2'™1(X) of an element
f e CP(V\X) is defined as

(bv(f).¢) := lim /X (fO.D) = f. =s)pwdx, ¢ e 7™M X), (20)

provided that bv(f) € 2'M1(X) exists.

Since 2M1(X) is barrelled, bv(f) € 2'™M1(X) exists if and only if the limit in the
right-hand side of (20) exists and is finite for all ¢ € ZM1(X).

Lemma 5.2 Let M be a weight sequence. Let X € RY be open and let V.C RT! pe
open such that V\RY = X. Let f € CP(V\X) be such that bv(f) € g'™M1(x)
exists. Then,

(i) bv(D% f) = D2 bv(f) € 2'™V(X) exists for all o € NE.

(ii) Assume additionally that p!l/y‘) <M (p!l/VO C M). Let G(Dy) be an ultradiffer-
ential operator of class [M]. Then, G(Dy) f € C3(V\X) and bv(G(Dy) f) =
G(Dy)bv(f) € 2'™I(X) exists.

Proof (i) Obvious.

(i1) The condition p!'/? ¢ M (and thus also p!'/70 < M) implies that G(D,) is an
ultradifferential operator of class {p!'/70}. Since f CP(V\X) C /v mo v\ x)
(see Sect. 2.1), we have that G(D,)f € C*®(V\X) and P(D)G(D,)f =
G(D,)P(D)f = 0.Hence, G(D,) f € C3’(V\X). The second statement is clear. O

We now introduce various weighted spaces of zero solutions of P(D). Let M be a
positive sequence. Suppose that p! < M. Let X € RY be open and let V € RY*! be
open such that V NR? = X. For i > 0 we define Bp._m.n(V\X) as the Banach space
consisting of all f € C3°(V\X) such that

1

1 e s nvix) = sup If(x,t)lefwM]‘*(”"‘) < 0.
(r.eV\X

Let b > 0 and suppose that p!l/ b < M. Choose a sequence (V)en, of relatively
compact open subsets of V suchthat V; € Vjyjand V = UleNo Vi.SetX; =V,NX
for I € Ny. We define

Cromp(V\X) = Tim lim ZBp p , (VI\XD),
1eNg h—0t

C?{M},b(v\x) = l(ln hl(ir_n ‘%P,Mb,h(‘/l\xl)'
IEN() — 00

This definition is independent of the chosen sequence (V;);cn,. Obviously, it holds
that CF(V) C C 141, (VAX)IE pVP < M, weset C3Fypy , (VAX) i= CF(V\X).
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Boundary values of zero solutions of differential operators 805

Next, we define for j = 1,...,m

Pjy(x, 1) =Y Q).

k=j
Since Q,, = 1, we have the recursion relations

j Py, i =0,
d=1" j-1 c 1)
P(m—j)—zk:o Okam—jt*, j=1,....m—1

We are ready to discuss the existence of ultradistributional boundary values of zero
solutions of P (D).

Proposition 5.3 Let M be a weight sequence satisfying (M.4)p, (and pl/bo < m
in the Beurling case). Let X C R¢ be open and let V. C R4t be open such that
VARY = X. Forall j =0, ...,m — 1 the mapping

C¥ 0o V\X) = Z™I(X), f > bV(P(j11)(D) f)

is well-defined and continuous.

We shall show Proposition 5.3 by combining the description of ultradifferentiable
functions via (almost) zero solutions of P(D) (Proposition 4.1) with the identity
obtained in the next lemma. As mentioned in the introduction, this is a generalization
of the method of establishing the existence of (ultra)distributional boundary values of
holomorphic functions by combining almost analytic extensions with Stokes’ theorem
(more precisely, the formula in [12, Equation (3.1.9), p. 62]).

Lemma5.4 Let X € R be open and let a, b € R witha < b. For all f € C®(X x
[a, b]) and ® € 2(X x R) it holds that

b b
/ /f(x,s)ﬁ(D)Q(x,s)dxds:/ /P(D)f(x,s) ®(x, s)dxds
a X a X

m—1
+iy (-1 fx P11 (D) £ (x, B)D @ (x, b) = P(j 41y (D) f (x, @) D] @ (x, a)dx,
j=0

where, as usual, 15(5) = P(-§).
Proof This follows by multiple partial integrations. O

Proof [of Proposition 5.3] We only show the Beurling case as the Roumieu case can
be treated similarly. Let 0 < j < m — 1 be arbitrary. It suffices to show that for all
relatively compact open subsets ¥ of R?, r, i > 0 and K € Y the mapping

B yro n ¥ X (=1, P\Y) = (DY), |+ bV(P(j1) (D) f)
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806 A. Debrouwere, T. Kalmes

is well-defined and continuous. Let f € #p (Y X (—r, r)\Y) be arbitrary. We set

fi(x,s) = f(x,s+1) for0 <t < r/2.Then, f; € C®(Y x [0, r/2]). For g € 2"
we consider the function ® = ®(0,...,¢; = ¢, ..., 0) from Proposition 4.1 (with
P and (h/L)'/™ instead of P and k). Choose ¥ € Z(R) with supp ¥ C [—r/2,r/2]
and ¥ = 1 on a neighborhood of 0. By applying Lemma 5.4 to f; and ¥ ®, we obtain
that for0 <t < r/2

.2 .
/;/P(,/'-H)(D)f(x»t)‘P(x)dx: (—1)11'/0 /Yf(x,s+t)P(D)(w(S)<I>(x,S))dde-

Likewise, one may show that
/ P41y (D) f (x, =)@ (x)dx
Y

0
=(—1)f+1i/ /f(x,s—t)f’(D)(I//(S)CD(x,s))dxds.
Y

—r/2
Hence,

r/2

bV (P41 (D) f). @) = (—1)ii /

—r/2

f f @ )P(D)W () (x, 5))dxds,

Y

where the integral at the right hand-side is convergent by property (ii) of Proposition
4.1. The result now follows from Remark 4.4. O

Proposition 5.5 Let M be a weight sequence satisfying (M .4)p, (and p!t/bo < m
in the Beurling case). Let X C R be open and let V. C R4t be open such that
VNRY = X. Forall | € Ny the mapping

C¥ w100 (V\X) = 2™I(X), f — bv(D)f)

is well-defined and continuous.

Proof Forl =0, ..., m— 1 thisis a consequence of (21), Lemma 5.2 and Proposition
5.3. As O, = 1, the result for / > m then follows by using Lemma 5.2 recursively. O

Finally, we discuss the existence of distributional boundary values of zero solutions
of P(D).

Definition 5.6 Let X € RY be openandlet V C RY*1 pe open such that V NRY = X.
The boundary value bv(f) € 2'(X) of an element f € C;’)O(V\X ) is defined as

(bv(f),¢) := lim (f(x,0) = f(x, =s)e)dx, ¢ € D(X),
t,s—0t Jx

provided that bv(f) € 2'(X) exists.
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Let V C RA*! pe open such that V N R? = X.For N € Ny we define Bp.n(V\X)
as the Banach space consisting of all f € C°(V\X) such that

If 12y = sup [ f@x.Dle]Y < oo.
(x,H)eV\X

Choose a sequence (V});eN, of relatively compact open subsets of V such that V, e
Viyrand V = UleNo V;.Set X; = V; N X forl € Ny. We define

CFpar(VAX) = lim Tim Bp n (VI\X)).
1eNg NeNy
We then have:

Proposition 5.7 (cf.[23, Satz2.4 and Satz3.3]) Let X C R? be openandlet V < R4+
be open such that V \R? = X. For all | € Ny the mapping

CFpo(VAX) = Z/(X), [+ bv(D}f)

is well-defined and continuous.

Proof It suffices to show that forall j =0, ..., m — 1 the mapping
Cpot(VAX) = Z'(X), [+ bv(P(j1+1)(D)f)

is well-defined and continuous (cf. the proof of Proposition 5.5). This can be shown in
the same way as Proposition 5.3 but by using Proposition 4.10 instead of Proposition
4.1 and Remark 4.4. O

6 Main results

This section is devoted to the two main results of this article. Firstly, we give various
characterizations of zero solutions of P (D) that admit a boundary value in a given
ultradistribution space. Secondly, we represent the m-fold Cartesian product of an
ultradistribution space as the quotient of certain spaces of zero solutions of P (D).

Definition 6.1 Let M be a weight sequence satisfying (M.4)p, (and p!'/?0 < M in the
Beurling case). Let X € R? be openand let V € R*! be open such that VNRY = X.
We define

m—1

bV Coag (VAX) = [T 2™(X). f > OV(P11) (D) )o<j<m—1
j=0

and

m—1

BV CF i VAX) = [] 2™MX). £+ 0v(D] Fozjzm—1-
Jj=0
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808 A. Debrouwere, T. Kalmes

The mappings bv{' and bv7' are well-defined and continuous by Propositions 5.3 and
5.5, respectively.

We start by showing thatker bv)! = C3°(V) forn = 1, 2. The proof of the next result is
inspired by Komatsu’s proof of the Schwarz reflection principle for ultradistributions
[22, Theorem 2.12].

Proposition 6.2 Let M be a weight sequence satisfying (M.2)* and p!'/70 < M
(p!l/y0 CM). Let X C RY be openandletV C R+ pe open such that V NRY = X
Let f € C*(V\X) be such thatbv(D] f) = 0in 2'™M(X) forall j =0, ...,m— 1.
Then, f € C°(V). Consequently, kerbvy' = C3°(V) forn =1,2.

Proof It suffices to show that for every relatively compact open subset Y of X there is
r > Osuchthat f € CP°(Y x (=r,7)).Set K = Y and write K, = K + B(0, &) for
e > 0. Choose r, s > 0 such that KzS [=r,r] € V. We claim that there is &7 > 0

(h € R) such that for all ¢ € ‘@B(O 5

f*x (P(xvt):/]Rdf(x_y’t)w(}’)dYa (.X,Z)GYX (—r,r)\Y,

belongs to C;’f’ (Y x (—r, r)). Before we prove the claim, let us show how it entails the
result. By Lemma 2.13, there exist an ultradifferential operator G (D, ) of class [M],

uy e 93(0 Y and uy € @B(O N such that G(Dy)u1 = 8 +us in 2™1(R?). The claim

yields that f *u, € C3(Y x (—r, r)) forn = 1, 2. Since p!'/70 < M (p!'/70 c M),
we have that G(Dy)(f # u1) € C3(Y x (—r,r)) (cf. the proof of Lemma 5.2(i7)).
Hence,

f=GD)(f #xur) — f*xuz € C?JO(Y X (=r,1)).

We now show the claim. Let H be the constant occurring in (M.2). Our assumption
yields that there are 7; € g/ M] (X),j=0,...,m— 1, such that

lim D/ f(-,1) = lim D! f(-,—t) =T; 22
t_l)%1+ tf( ) t_lg){r tf( ) j (22)

in the weak-* topology on (9}(]‘;{1)’. Since :@[M] is an (FS)-space ((DFS)-space) and

the set {Dljf( L0 <tl<r,j=0,.. — 1} is equicontinuous in (Q[M])/
obtain that there is &/’ > 0 (b’ € R) such that (22) holds in the topology of umform
convergence on the unit ball of || - || eu (Kay) (in the Roumieu case we used Lemma

2.11(ii)). Furthermore, by Lemma 2.12, we may assume without loss of generality
that the weight sequence (]_[f:() h;Mp)peN0 satisfies (M.2) (with 2H instead of H).
We obtain that there is a net (¢;)g<;<, of positive numbers tending to zero such that
for all ¥ € @}([Z_] and j =0,...,m—1

‘AJDZf(x,t)w<x>dx—<Tj,w> < il llgmn gyye O <ltl<r.  (23)
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By the Hahn—Banach theorem we may extend 7, j =0, . — 1, to a continuous
linear functional on 9 (Wthh we still denote by 7';). We now show that (23) holds

for all ¥ € 9’“/*’ (w Dy WICH) Choose x € Qg‘({} ) With o x(x)dx = 1

and set x.(x) = &~ X(x/s) for ¢ > 0. Since lim,_, o+ ¥ * x = ¥ in .@I[g’sh/, (23)
implies that

'/ D} f(x. )y (x)dx — (Tj. )
R4

= lim
e—>0t

= Ot SE)I{)I+ ||¢ * Xé‘”g’M,h/(Kzs) = Cy|t| ”w”gM,h’(sz)‘

/Rd D} f (e, 09 5 e (0dx = (Tj v )

Seth = h'/H*(h = h'/(2H)?). We are ready to prove that f %, ¢ € CR(Y x(=r,r))
for all ¢ € M1 Tt is clear that frep e CRX x (=r,r\Y). Leta € Nd be

B(0,s)"
arbitrary. Since the set {Df¢(x — -)|x € Y} is bounded in @M W/H (_@M W /(2H))

we infer from (23) that for j =0, ...,m — 1
lim D% D] (f # ¢)(x,1) = lim/ D] f(y,)D%p(x — y)dy = Tj * D¢ (x)
t—0 t—0 Jpd

uniformly for x € Y. Hence, f *, ¢ is a function on Y x (—r, r) that is C* in the
x-direction and C”~! in the ¢-direction. Since f %, ¢ € CP(Y x (=r,r)\Y) and
Om =1, we obtain that f x, ¢ € CP°(Y x (=r,71)). |

Proposition 6.2 implies the next result; it can also be shown directly and easier by
using the Schwartz parametrix method instead of Lemma 2.13.

Proposition 6.3 (cf. [23, Satz 1.5]) Let X € R? be open and let V. C R¥*! be open

such that VRY = X. Let f € CP(VA\X) be such that bV(DJf) =0in 2'(X) for
all j =0,...,m— 1. Then, f € CF(V).

Next, we show that ]_[;":_01 &"™1(X) is contained in the range of bv” forn = 1,2
(provided that ag = bo). It suffices to consider the case X = R4,

Proposition 6.4 Let M be a weight sequence satisfying (M .4),, and plrv < M
( p!l/ Y C M). Let E be the fundamental solution of P(D) constructed in Proposition
3.1. ForTy, ..., Tp—1 € &™I(R?) we define

f(-xvt) = f(T()v M Tm—l)(-xv t)
m—1

=—i Y (T;(). D/E(x —y.0),  (x.0) e RTT\RY
j=0
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Then, f € CP (M.a0 (RHIN\RY) and bvi'(f) = (Tj)o<j<m—1. Consequently, for
n = 1,2 the following statement holds: for all Ty, . .., Ty—1 € &' M™MI(R?) there is
&n € C¥ .00 RITNRY) such that b}y (g) = (Tj)o<j<m—1-

We first prove the following distributional variant of Proposition 6.4.

Proposition65 Let Ty, ..., Ty € E'®RY). Then, f = f(To,...,Tu_1) €
C5 pol(Rd“\Rd) and bv(P(j+1)(D) f) = Tj in Z'(RY) for j = 0,...,m — L.

Proof 1tis clear that f € C3°(RYT!\RY). The bound (4) implies that there is N € N
such that for all > 0

sup Lf (e, D]t < oo
(x,t)eRd X[—r,r]\Rd

In particular, f € C¥ pol(Rd“\Rd). We now show that bv(P(j4+1)(D)f) = Tj in
2'RY) for j =0, ..., m — 1. We define

T=|-i) T;®D/s|«Eec 2 ®™.

Note that Tjga+i\ge = f.Let0 < j <m —1landg € 2(R?) be arbitrary. Set
= supp ¢. Choose ! € N and C > 0 such that

KT, ) <Clvll, e Prxi-1,1-

By Proposition 4.10 (with P instead of P), there exists ® € Pk «[—1,1] such that
fob( -,0) =4 jpforl =0,...,m — 1 (where § denotes the Kronecker delta) and

|P(D)®(x,1)]

(x,1)eRI+I\RI |¢|max{N,[+1}

By employing Lemma 5.4 in the same way as in the proof of Proposition 5.3, we
obtain that

(bv(Pj+1(D)f), o) = (—1)-"1'/]R/Rd fx, ) P(D)®(x, s)dxds.

Lemma 4.7 implies that

m—1
// f(x, s)P(D)CID(x s)dxds —<<—l ZTk(X)Dk )*E P(D)<I>>

k=0

m—1
zZ Ti ® DFs, @)
k=0
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= —i(=D’(T}, ),
which yields the result. O

Proof (of Proposition 6.4) Since yy < ag, we have that p!'/% < M in the Beurl-
ing case. The bound (4) implies that for all [ € Ny it holds that DfE(-,t) €
g0y RAy = FIMIR) for 1 € R\{0} fixed. Hence, the dual pairing in the def-
inition of f makes sense. It is clear that f € C¥’ (RIT1\R?). We now show that
f € C?[M]’QO(R‘{“\Rd). By Lemma 2.8(ii), we have that either pll/a < M or
p!M/90 =< M.If p!'/% < M, by the definition of C3°; ., (RYT\RY), there is noth-
ing left to show. Therefore, we assume that p!l/ @ < M. There is K € R? such that
for some 4 > O (for all # > 0) there is C > O such thatforall j =0,...,m — 1

UTj, )| < Clgllgmigy. @€ EMRD.

The bound (4) yields that there are Cq, L1, S > 0 such that for all o € Ng and
j=0,...,m—1

C LY o)t/

d
<<
—|[||0t|/ao T xeRY0<t] <.

|DYD] E(x,1)| <
Furthermore, (M.2) implies that there are Cy, L> > 0 such that

2
—wpao* (1) < wpyaox(Lot) +1ogCr, 1> 0.
ao

For all x € R? and ¢ € R\{0} with |¢| small enough it holds that

m—1 ot 1/a
i mCC Li'a|!/90
x, 0| <C D/E(x — -, )|l emn gy < su 1
o0l = ,go” PEGT  Dllemn = T B Gt e
aglal\ 1/40 1 1 1
< mCsCl su <%> :mccle"ow’”“o’*<<h/L1>“0|r|>+Sl°g(m)
115 qeng \ Mo 12]1*!

v ] )
= mcclea"wwo’*((’I/Ll)ao"‘) < mCC1CzewMao’*((h/Ll)“om

for some & > O (for all 2 > 0). This shows that f € C?[M],ao (RHI\RY), Finally,
we prove that bv' () = (Tj)o<j<m—1. By Lemma 2.13 (and Lemma 2.11(i) in the
Roumieu case), there are an ultradifferential operator G(D,) of class [M]and T ; €
C.(RY c & RY) forg =1,2andj =0,...,m—1 suchthatT; = G(D )Ty, j+12,
in 2'™V(R9). Since

[Ty, ..., Tu1)) =Gy f(To,.... Ti,m—1) + f(T20, ..., To.m—1),

@ Springer



812 A. Debrouwere, T. Kalmes

the result follows from Lemma 5.2 and Proposition 6.5. The result obviously shows
that for all Ty, ..., Tj—1 € &'™IRY) there is g € Cfff[M]’aO(Rd“\Rd) such that
bv'(g) = (T})o<j<m—1. The corresponding statement for bv’' follows from it by (21).

O
We are ready to prove the two main results of this article.

Theorem 6.6 Suppose that ag = by. Let M be a weight sequence satisfying (M .4)q,
and p!"'7 < M (p!V/" < M). Let X € R? be open and let V. C R4t be open such
that VRY = X. Let f € CP(VAX). The following statements are equivalent:

(i) f € CFpata0(V\X).

(i) bv(D! ) € 2™ (X) exists for all | € Ny.

(iii) bv(f) € 2'™I(X) exists.

(iv) For every relatively compact open subset Y of X there is r > 0 such that
{(F(-,1)|0 < |t| < r}is bounded in 2'™I(Y).

(v) For every relatively compact open subset Y of X there is r > 0 such that f =
G(Dy)f1+ fronY x (—r,r)\Y, where G(Dy) is an ultradifferential operator
of class [M] and f;, € CP(Y x (=r,r)\Y)N LY x (=r,r)) forq =1,2.

Proof (i) = (ii) This has been shown in Proposition 5.5.

(ii) = (i) It suffices to show that for every relatively compact open subset ¥ of
X andr > O withY x [—r, r] € V it holds that f e Cf,"’[M]YaO(Y X (—r,r\Y).
Choose ¥ € ZM1(X) such that ¥ = 1 on Y. Set T; = ¢ bv(D; f) € &™MI(RY) for
J =0,...,m — 1. By Proposition 6.4, there is g € CF(3;1 ., RYTI\RY) such that
bv(D] g) = T; in 2'™I(RY) and thus bv(D/g) = T; = bv(D] f) in 2'™MI(Y) for
Jj =0,...,m — 1. Proposition 6.2 implies that f — g € C3°(Y x (—r,r)), whence
fe C?[M]’aO(Y X (=r,r)\Y).

(ii) = (iii) and (iii) = (iv) Obvious.

(iv) = (v) This can be shown by using the parametrix method (Proposition 2.13)
in a similar way as in the proof of Proposition 6.2.

(v) = (ii) This follows from Lemma 5.2(ii) and Proposition 5.5 as obviously
fq € C%O,[M]’QO(Y X (—=r,r)\Y) forg =1, 2. O

Theorem 6.7 Suppose that ay = bg. Let M be a weight sequence satisfying (M .4)4,
and p!"/vo < M (p!V/"0 < M). Let X € R? be open and let V. C RI*! be open
such that V N R? = X. Suppose that V is P-convex for supports. For n = 1,2 the
sequence

m—1
b m
0= CP(V) = C¥lua(V\X) — [T 2™(X) - 0
Jj=0
is exact and bV!!" is a topological homomorphism.

Proof The mappings bv/' and bv5' are continuous by Proposition 5.3 and Proposition
5.5, respectively. Proposition 6.2 yields that ker bv;® = C3°(V). Next, we show that
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bv" is surjective. To this end, we shall use some basic facts about the derived projective
limit functor; we refer to the book [36] for more informatio& Choose a sequence
(VDien, of relatively compact open subsets of V such that V; @ V4 and V =
Upen, Vi-Set Xi = ViNX and by’ = byt - CF 1y, (VXD — [1755 2 (X))
for I € Ny. We define the projective spectra

m—1
2 = (CPVDNeng: ¥ = (C8un.ag VINXDeng. Z = | [T 2™ x0) :
j=0 l1eNy

(with restriction as spectral mappings) and the morphism (bv)’ )jen, : # — 2. We
need to show that the mapping

m—1
by = Proj (bv) DieNy : Cpary.a0(V\X) = Proj & — [ 2™ (X) = Proj 2
j=0

is surjective. Proposition 6.2 yields that 2" = ker(bv,'))ien,. By [36, Proposition
3.1.8], it suffices to show:

(i) Foralll € No and To, ..., -1 € Z2"™(X;41) there is f € CF [y 00 (VINXD)
such that bv:ﬁl(f) = Toyx; - -» Tu—11x,)-
(ii) Proj! 2 =0.

Property (i) is a consequence of Proposition 6.4 (cf. the proof of (ii) = (i) in
Theorem 6.6), whereas (ii) follows from the fact that V is P-convex for supports
[36, Section 3.4.4]. Finally, since C2°;, . (V\X) is webbed and ]—[’;:01 2'™1(x) is
ultrabornological, bv/ is a topological homomorphism by the open mapping theorem
of De Wilde. O

We end this section by giving the analogues of Theorem 6.6 and Theorem 6.7 for
distributions.

Theorem 6.8 (cf. [23, Satz 2.4]) Let X C R be openandlet V. C R+ pe open such
that VR = X. Let f € C(V\X). The following statements are equivalent:

(i) f € CFp(V\X).

(i) bv(D!f) € Z'(X) exists for all | € Ny.

(iii) bv(f) € Z'(X) exists.

(iv) For every relatively compact open subset Y of X there is r > 0 such that
{f(-,0)]|0 < |t| < r}is bounded in ' (Y).

(v) For every relatively compact open subset Y of X there is | € Ny such that f =
Aif] + fronY x(=r,r\Y,where f; € CF(Y x (=r, )\Y)NL®Y x (=r, 1))
forqg =1,2.

Proof This can be shown in a similar way as Theorem 6.6. O

The mappings bv/' and bv? for distributions are defined similarly as in Definition 6.1.
We then have:
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Theorem 6.9 (cf. [23, Satz 3.3 and the subsequent remark]) Let X C RY be open
and let V. C R4 be open such that V N R¢ = X. Suppose that V is P-convex for
supports. For n = 1, 2 the sequence

m—1
b m
0= CP(V) = C¥p(V\X) —5 ] 20 — 0
j=0

is exact and bv!!' is a topological homomorphism.

Proof This can be shown in a similar way as Theorem 6.7. O

7 Semi-elliptic polynomials

In this section, we discuss the assumptions of our main results (Theorem 6.6 and
Theorem 6.7) for semi-elliptic polynomials. For g € Ng‘H and n € Nt! we write

el . d+1 Bj
| :m|:= Z/’:l #

Definition 7.1 A polynomial P € C[&y, ..., &;41] is called semi-elliptic if there is
n € N9t! guch that P can be written as

P& =Y cpt’

|B:m|<1

and

POE) = > cpEP #£0
[Bm|=1

for all &€ € RI*+1\{0}.

If P is semi-elliptic, the multi-index n in the above definition is unique. More
precisely, n; = degsj P,j = 1,...,d + 1 [33, Lemma 7.14]. Furthermore,
deg P = max{deng P|1 < j <d+ 1} [9, Proposition 2]. It is well-known that
semi-elliptic polynomials are hypoelliptic; see [13, Theorem 11.1.11] and [33, Theo-
rem 7.7].

We now determine the values ag(P), bo(P) and y(P) for semi-elliptic polynomials
P.

Proposition7.2 Let P(x,t) = kazo Qk(x)tk be semi-elliptic. Then,

min{deg, P |1 < j <d}
ao(P) = - - ,

max{deg, P|1=<j<d} degQo

m m

bo(P) =
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min{deng Pl <j<d}

P) =
v (P) dog P

Proof The result for yq follows from [13, Theorem 11.4.15] (see also [33, Theorem
7.7]). Setn; = deng P,j=1,....,d,ng+1 =mandn = (ny,...,ng+1). Then,

P(&) =Y |pmj<i cpP & € RIH! forsuitablecg € Cand PO(§) = 3 502 €5EP #
0 for all & € R?T1\{0}. We define |£], = Zd“ &1, & € RIF!. Note that for all
B e N61+1

18 < 1™, £ e R, (24)
Furthermore, there are C, R > 1 such that for all 8 € Ng‘“
EW™DPPE) < CIPE)], €]l = R, (25)

as essentially follows from (24) and the fact that P is semi-elliptic; see the proof of
[33, Theorem 7.7] for details. We now determine aq. For all x € R4 with x| > R,
t € Rand!/ € Ny it holds that

<|x1 ) "y mintn 1=)=a)
x|

m

Ma.

d
0,...,0,0): ;
|(x, 1)l N DT

j=I j=I

n{n \1<j<d}

lml <j<
inf Z|y,|”f By —

d
yeR Jyl=1 =

which, by (25), shows that ap > min{n; |1 < j < d}/m. For the converse inequality,
note that

Qo)=Y caox®. (26)

[(,0):n|<1
Hence, (24) implies that
d
Qo) < Co Y IxjI",  xeRY |x|>1,
j=1
for some Co > 0. Inequality (25) particularly shows that
[€ln = C1IP&), [l =R,
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for some C; > 0. The above two inequalities together with (2) yield that for x € R?
with |x| sufficiently large

d d
D I x| = | [x )| < CrIP(x, [x]®)] < C Y Y
j=1 j=1

for some C > 0, which implies that ap < min{n; |1 < j < d}/m. This proves
the result for ag. Next, we determine by. Let 0 < k < m — 1 with Q; # 0 be
arbitrary. Then, there is @ € N with || = deg Qy such that C(a,k) # 0 and, thus,
|(a, k) : m| < 1. Hence,

d o k deg O k

DI L

_n m_max{nj|1§j§d}
This implies that deg Qx/(m — k) < max{n;|1 < j < d}/m and, thus, by <
max{n;|1 < j <d}/m.Let1 < j < d be arbitrary. Consider &/ = (0, . ..,aj =
nj,...,0 € N?. Then, Clai 0) F 0 for otherwise (8;,j)1<i<a+1 7# 0 would be

a zero of PO. By (26), we obtain that n; = degxi Qop. Since Qg is semi-elliptic

(on R?) as P is so, we have that deg Qo = max{deng Qoll < j < d}. Hence,
max{n; |1 < j < d}/m = deg Qo/m. Clearly, deg Qo/m < by. This proves the
result for by. ]

Remark 7.3 Let P(x,t) = 221:0 Ok (x)tk be semi-elliptic. By [13, Theorem 11.4.15],
we have that uo(P) = m/deg P. Since the exact value of 11o(P) is not important to
us, we do not consider it in what follows.

Corollary 7.4 Let P(x,t) = > 01 (x)t* be a semi-elliptic polynomial with
deg, P =..-=deg,, P =n. Then,

ao(P) = bo(P) =

n  deg Qo
—=

m

and  yo(P) =min{1, %}

Next, given a semi-elliptic polynomial P, we present a sufficient geometric con-
dition on an open set V. C R*! to be P-convex for supports [9, 15]. A function
f 1V — Ris said to satisfy the minimum principle in a closed subset F of R4*! if
for all K € F NV it holds that

Tei}? fx) = xg;)iFnK f),

where dr K denotes the boundary of K in F (in case of F' NV = {J the condition is
vacuous).

Proposition 7.5 ([15, Theorem 1] and [9, Proposition 2(iii)]) Let P be a semi-elliptic
polynomial on R4, Then, an open set V. C R4t is P-convex for supports if its
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boundary distance function
dy : V=R, £ dERTNY),

where d(£, RTI\V) = inf{|g — n||n € RITI\V), satisfies the minimum principle
in every affine subspace parallel to the subspace

{¢€ € Rdﬂlsj =O0foralll <j<d+1with degsj P < deg P}.

Corollary 7.4 implies that Theorems 6.6 and 6.7 are applicable to every semi-elliptic
polynomial with deg, P = --- = deg, P = n. Moreover, Proposition 7.5 gives a
sufficient condition on the open sets V C R4*! for which Theorem 6.7 is valid. We
now discuss this class of polynomials in some more detail. We distinguish three cases:

(i) m = n = deg P: Then, P is elliptic and, conversely, every elliptic polynomial
is of this form. Corollary 7.4 implies that

ao(P) = bo(P) = yo(P) =1,

while Proposition 7.5 yields the well-known fact that every open set V C R+ is
P-convex for supports.

(ii) m < n = deg P: The heat operator and, more generally, the k-parabolic
operators in the sense of Petrowsky [33, Definition 7.11] are of this form. Corollary
7.4 implies that

ao(P) =by(P) =n/m and  yo(P) = 1.

By Proposition 7.5, we have that an open set V € R?*! is P-convex for supports if
dy satisfies the minimum principle in every characteristic hyperplane, i.e., in every
hyperplane of the form {(x, 7)|x € R¢}, T € R. We mention that, by [15, Corollary
5] (see also [13, Theorem 10.8.1]), the converse holds true as well in this case. In
particular, all open sets of the form V = X x I, X C RYand I C R open, are
P-convex for supports.

(iii) m = deg P > n: Corollary 7.4 implies that

ag(P) = bo(P) = yo(P) =n/m.

By Proposition 7.5, we have that an open set V. C R4+ is P-convex for supports if dy
satisfies the minimum principle in every line {(x, 7)| 7 € R}, x € R. Again, all open
setsof theformV = X x I, X CRYand I C R open, are P-convex for supports.

Finally, note that Theorem 1.1 stated in the introduction follows from Theorem 6.6,
Theorem 6.7 and the above remarks.

Funding Open Access funding enabled and organized by Projekt DEAL. The research of A. Debrouwere

was funded by FWO-Vlaanderen (Research Foundation-Flanders) through the postdoctoral Grant
12TO519N.

@ Springer



818 A. Debrouwere, T. Kalmes

Declarations

Competing interests On behalf of all authors, the corresponding author states that there is no conflict of
interest.

Availability of data and material Not applicable.

Code availability Not applicable.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alvarez, J., Guzman-Partia, M., Pérez-Esteva, S.: Harmonic extensions of distributions. Math. Nachr.
280, 1443-1466 (2007)
2. Bengel, G.: Das Weylsche Lemma in der Theorie der Hyperfunktionen. Math. Z. 96, 373-392 (1967)
3. Bonet, J., Meise, R., Melikhov, S.N.: A comparison of two different ways to define classes of ultrad-
ifferentiable functions. Bull. Belg. Math. Soc. Simon Stevin 1(4), 424-444 (2007)
4. Carmichael, R., Kaminski, A., Pilipovi¢, S.: Boundary Values and Convolution in Ultradistribution
Spaces. World Scientific Publishing Co Pte. Ltd., Hackensack (2007)
5. Carmichael, R., Mitrovic, D.: Distributions and analytic functions, Pitman Research Notes in Mathe-
matics Series, 206, Longman Scientific & Technical. Wiley, New York (1989)
6. Chung, S.-Y., Kim, D.: Representation of quasianalytic ultradistributions. Ark. Mat. 31, 51-60 (1993)
7. Dyn’kin, E.M.: Pseudoanalytic extension of smooth functions The uniform scale. Am. Math. Soc.
Transl. Ser. 115, 33-58 (1980)
8. Estrada, R., Kanwal, R.P.: Distributional boundary values of harmonic and analytic functions. J. Math.
Anal. Appl. 89, 262-289 (1982)
9. Frerick, L., Kalmes, T.: Some results on surjectivity of augmented semi-elliptic differential operators.
Math. Ann. 347, 81-94 (2010)
10. Fiirdos, S., Nenning, D.N., Rainer, A., Schindl, G.: Almost analytic extensions of ultradifferentiable
functions with applications to microlocal analysis. J. Math. Anal. Appl. 481, 123451 (2020)
11. Goémez-Collado, M.C.: Almost periodic ultradistributions of Beurling and Roumieu type. Proc. Am.
Math. Soc. 129, 2319-2329 (2000)
12. Hormander, L.: The Analysis of Linear Partial Differential Operators 1. Springer, Berlin (2003)
13. Hormander, L.: The Analysis of Linear Partial Differential Operators II. Springer, Berlin (2005)
14. Kalmes, T.: An approximation theorem of Runge type for kernels of certain non-elliptic partial differ-
ential operators. Bull. Sci. Math. 170, 103012 (2021)
15. Kalmes, T.: Surjectivity of differential operators and linear topological invariants for spaces of zero
solutions. Rev. Mat. Complut. 32, 37-55 (2019)
16. Kothe, G.: Die Randverteilungen analytischer Funktionen. Math. Z. 57, 13-33 (1952)
17. Jiménez-Garrido, J., Sanz, J., Schindl, G.: Indices of O-regular variation for weight functions and
weight sequences. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 438, 920-945 (2019)
18. Kim, K.W., Chung, S.-Y., Kim, D.: Fourier hyperfunctions as the boundary values of smooth solutions
of heat equations. Publ. Res. Inst. Math. Sci. 29, 289-300 (1993)
19. Komatsu, H.: Ultradistributions I. Structure theorems and a characterization. J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 20, 25-105 (1973)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Boundary values of zero solutions of differential operators 819

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Komatsu, H.: An analogue of the Cauchy—Kowalevsky theorem for ultradifferentiable functions and a
division theorem of ultradistributions as its dual. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 26, 239-254
(1979)

Komatsu, H.: Ultradistributions. III. Vector-valued ultradistributions and the theory of kernels. J. Fac.
Sci. Univ. Tokyo Sect. IA Math. 29, 653-717 (1982)

Komatsu, H.: Microlocal analysis in Gevrey classes and in complex domains. In: Microlocal Analysis
and Applications. Lecture Notes in Mathematics, pp. 161-236. Springer, Berlin (1991)
Langenbruch, M.: Randverteilungen von Nullosungen hypoelliptischer Differentialgleichungen.
Manuscripta Math. 26, 17-35 (1978/79)

Langenbruch, M.: P-Funktionale und Randwerte zu hypoelliptischen Diffrentialoperatoren. Math. Ann.
239, 55-74 (1979)

Langenbruch, M.: Fortsetzung von Randwerten zu hypoelliptischen Differentialoperatoren und par-
tielle Differentialgleichungen. J. Reine Angew. Math. 311(312), 57-79 (1979)

Matsuzawa, T.: A calculus approach to hyperfunctions I and III. Nagoya Math. J. 108, 53-66 (1987);
118, 133-153 (1990)

Matsuzawa, T.: A calculus approach to hyperfunctions II. Trans. Am. Math. Soc. 313, 619-654 (1989)
Meise, R.: Representation of distributions and ultradistributions by holomorphic functions. In: Func-
tional Analysis: Surveys and Recent Results, pp. 189-208. North Holland Pubishing Co., Amsterdam
(1977)

Petzsche, H.-J.: Generalized functions and the boundary values of holomorphic functions. J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 31, 391-431 (1984)

Petzsche, H.-J., Vogt, D.: Almost analytic extension of ultradifferentiable functions and the boundary
values of holomorphic functions. Math. Ann. 267, 17-35 (1984)

Prangoski, B.: Laplace transform in spaces of ultradistributions. Filomat 27, 747-760 (2013)

Rainer, A., Schindl, G.: On the extension of Whitney ultrajets, II. Stud. Math. 50, 283-295 (2020)
Treves, F.: Linear partial differential operators with constant coefficients. Mathematics and its Appli-
cations, vol 6, New York (1966)

Tillmann, H.G.: Randverteilungen analytischer Funktionen und Distributionen. Math. Z. 59, 61-83
(1953)

Vuckovic, D., Vindas, J.: Ultradistributional boundary values of harmonic functions on the sphere. J.
Math. Anal. Appl. 457, 533-550 (2018)

‘Wengenroth, J.: Derived Functors in Functional Analysis. Springer, Berlin (2003)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Boundary values of zero solutions of hypoelliptic differential operators in ultradistribution spaces
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Partial differential operators
	2.2 Weight sequences
	2.3 Ultradistributions

	3 A fundamental solution with good regularity and growth properties
	4 Characterization of ultradifferentiable functions via (almost) zero solutions of P(D)
	5 Boundary values of zero solutions of P(D)
	6 Main results
	7 Semi-elliptic polynomials
	References




