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Abstract
In this paper, we consider minimizers of integral functionals of the type

Fu) :=/ [%(|Du|—1)i+f~u]dx
Q

for p > 1in the vectorial case of mappings u: R”* > @ — R" with N > 1. Assuming
that f belongs to L"*° for some ¢ > 0, we prove that 7 (Du) is continuous in  for
any continuous function H: RY” — RN" vanishing on {& € RN" : |&] < 1}. This
extends previous results of Santambrogio and Vespri (Nonlinear Anal 73:3832-3841,
2010) when n = 2, and Colombo and Figalli (J Math Pures Appl (9) 101(1):94-117,
2014) for n > 2, to the vectorial case N > 1.
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1 Introduction and main result

In this paper, we study C'-regularity of minimizers of integral functionals of the
Calculus of Variations with widely degenerate convex integrands of the form

F(u) :=f [F(Du) + f - u]dx, (1.1)
Q

where © C R", n > 2, is a bounded domain and u:  — RN, N > 1, a possibly
vector valued function. We concentrate ourself on the study of the prototype integrand

F() = 5§ = DY, (12)

for some p > 1. The datum f is required to belong to L"*° for some o > 0. The
functional F with the specific integrand F' from (1.2) is the prototype for a class of
more general functionals where F is a convex function vanishing inside some convex
set, and satisfying specific growth and ellipticity assumptions. For sake of clarity,
the results in this paper are stated and proved for the functionals F(u) as in (1.1)-
(1.2). However, we expect our techniques to apply to a general class of integrands
with a widely degenerate structure as well. The functional F(«) and its associated
Euler—Lagrange system

div<(|Du| — 1) |gz|) —f (1.3)
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Higher regularity in congested traffic dynamics 1825

naturally arise in problems of optimal transport with congestion effects. In fact, min-
imizing (1.1) with N = 1 and the integrand from (1.2) is equivalent to the dual
minimization problem

min{f H(o)dx: o € L1(Q,R"), dive = f, 0 - vyq :0}, (1.4)
Q

where the integrand

H(o) = H(|o]), withH(t):t—i—[lltq and 1 +1=1

141
P q
is the convex conjugate of F, or equivalently F = H*, and o represents the traffic
flow. The function g(t) = H'(r) models the congestion effect. Note that o > g(o) is
increasing and g(0) = 1 > 0, so that moving in an empty street has nonzero cost. As
shown in [4] the unique minimizer o (x) of (1.4) is given by D¢ F'(Du(x)). We refer to
[2-4, 6, 7, 36] and the references therein for detailed motivations and for the physical
meaning of the regularity of minimizers. It would be interesting to investigate if there
are applications of the vectorial problem. However, our main motivation to consider
the very degenerate system (1.3) was from a mathematical point of view.

In connection with congested traffic dynamic problems the regularity of minimizers,
as well as the regularity of weak solutions of the associated autonomous Euler—
Lagrange system has been an active field of research in recent years. For instance,
in [2, 4, 9, 24] Lipschitz regularity of minimizers has been established under suitable
assumptions on the datum f.

At this point it is worthwhile to observe that, in general, no more than Lipschitz
regularity can be expected for solutions of equations or systems as in (1.3). Indeed
when f = 0, every 1-Lipschitz continuous function solves (1.3). On the other hand,
in the scalar case N = 1 assuming f € L"*° for some ¢ > n, it was shown
by Santambrogio and Vespri [36] for n = 2 and Figalli and Colombo [10, 11] for
n > 2, that the composition of an arbitrary continuous function vanishing on the set
{|Vu| < 1} with Vu is continuous.

Our aim in this paper is to investigate C'-regularity of minimizers in the vectorial
case N > 1. In general, regularity in the vectorial case is much more delicate and
minimizers may be irregular although the integrand is smooth, cf. [15, 38]. In this
respect, regularity can be expected only for integrands with special structure. The first
result in this direction has been obtained by Uhlenbeck [40] for the p-Laplace system
when p > 2. She proved that weak solutions are of class C Lo The scalar case had
previously been established by Ural’ceva [41], while the case p € (1, 2) was obtained
by Tolksdorf [39]. As already mentioned, we cannot hope for a C**-regularity result
for the elliptic system (1.3), since Lipschitz continuity is optimal. However, we are
able to establish in the vectorial setting that the composition K(Du) is continuous
for any continuous function I: R¥ — R vanishing on {§ € RN : |£| < 1}. This
phenomenon is somewhat reminiscent of comparable results for the Stefan problem,
in which the continuity of the energy cannot been shown, but the temperature shows
a logarithmic type continuity, cf. [16, 31].
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1826 V.Bogelein et al.

1.1 Statement of the main result

Before formulating the main regularity result, we need to introduce a few notations.
The natural energy space to deal with (local) minimizers of the integral functional F
is the Sobolev space wbP(Q, RN). Then, (local) minimizers in WIL’CP (2, RV) of the
functional F are weak solutions of the Euler-Lagrange system

divA(Du) = f (1.5)

and vice versa, where

A¢) :=h(E]E, withh(?) :=

t— P!
% fort e Ry,

for some p > 1. A function u € Wli,bp (2, RY) is a weak solution of the Euler—
Lagrange system (1.5) if and only if

/A(Du)~D<pdx=—/ f-edx
Q Q

holds true for any testing function ¢ € C{°(<2, RY). Our main result proves the
continuity of the composition K(Du) explained above.

Theorem 1.1 Let p > 1, f € L"T(Q,RN) for some 0 > 0 and u e WIL’CP(Q, RM)
be a weak solution of (1.5) in Q2. Then,

K(Du) € C°()

for any continuous function K : RN — R vanishing on {£€ € RN" : |£] < 1}.

By carefully tracing the dependence of constants on the parameter é in the proof
of Theorem 3.6, one could determine an explicit modulus of continuity of G(Du),
where G is defined in (2.2). However, it is not clear if G(Du) is Holder continuous in
general. For a different very degenerate elliptic equation a counterexample to Holder
continuity is provided in [11].

Theorem 1.1 can be regarded as the vectorial analog of the regularity results of
Santambrogio and Vespri [36, Theorem 11] and of Figalli and Colombo [11, Theorem
1.1] as far as the model type integral functional is considered. The vectorial case cannot
be treated with the methods from [11, 36], since these are tailored to the scalar case.
Nevertheless, some steps in our proof are similar, for example, the approximation
procedure by some sequence of uniformly elliptic problems. The main difference
in our proof is that we are establishing a variant of DiBenedetto’s and Manfredi’s
proofs of C'*-regularity of minimizers to p-energy type functionals [17, 32]. It is
also inspired by the arguments from DiBenedetto and Friedman’s pioneering results
on C!%-regularity for parabolic p-Laplacian systems [18, 20]. Roughly speaking,
our strategy is the adaptation of De Giorgi’s approach to the level of gradients in
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Higher regularity in congested traffic dynamics 1827

combination with Campanato type comparison arguments. The past has shown that
De Giorgi’s approach is extremely flexible. Therefore, we expect that our approach
can be transferred to larger classes of widely degenerate functionals in the vectorial
case. However, and in order to keep the individual steps as simple as possible, we limit
ourselves to treating the model case.

1.2 Strategy of the proof

Concerning the overall strategy of proof a few words are in order. First, we observe
that weak solutions of (1.5) are Lipschitz continuous. This has been proved in [2, 4, 9].
Moreover, functionals as in (1.1) fit into the broader context of asymptotically convex
functionals, i.e. functionals having a p-Laplacian type structure only at infinity. This
class of functionals has been widely studied, since the local Lipschitz regularity result
by Chipot and Evans [8]. In particular we mention generalizations allowing super- and
sub-quadratic growth [28, 30, 35], lower order terms [34]. Extensions to various other
settings can be found in the non-complete list [12—14, 23-27, 37].

The proof of Theorem 1.1 is divided into several steps and starts by an approx-
imation procedure. Indeed, by replacing h(t) by h.(¢t) := h(t) + ¢ for ¢ > 0 and
considering instead of (1.5) the Dirichlet-problem on a ball compactly contained in €2
associated to the regularized coefficients s, and with Dirchlet boundary datum u we
obtain a sequence of approximating more regular mappings u.. In particular, u, has
second weak derivatives in leoc' In Sect. 3.1 we summarize the most important prop-
erties, i.e. uniform energy bounds, uniform quantitative interior L°°-gradient bounds,
uniform quantitative higher differentiability W>2-estimates, and finally strong L”-
convergence of Gs(Du,) — Gs(Du) in the limit § | 0. The nonlinear mapping
Gs: RN" — RN with § € (0, 1] is defined by

Gs(€) = % £ fort e RV,

Observe that G5 vanishes on the larger set {|£| < 1+ 4}. The reason for considering Gs
is that on the complement of {|§| > 1 + 4} the system (1.5) behaves non-degenerate
in the sense that the vector field A admits a uniform ellipticity bound from below, of
course, with constants depending on §. This point of view has already been exploited in
[11, 36]. As a first main result we prove that Gs(Du,) is Holder continuous uniformly
with respect to . However, the constants in the quantitative estimate, i.e. the Holder
exponent and the Holder norm, may blow up when é | 0. We distinguish between two
different regimes: the degenerate and non-degenerate regime. The degenerate regime
is characterized by the fact that the measure of those points in a ball in which |Gs (Du,)|
is far from its supremum is large, while the non-degenerate regime is characterized
by the opposite. In the non-degenerate regime we compare u#, with a solution of a
linearized system. This allows us to derive a quantitative L?-excess-improvement for
Gos(Du,) on some smaller ball (see Proposition 3.4). This step utilizes a suitable
comparison estimate and the higher integrability of u,. On the smaller ball we are
again in the non-degenerate regime, so that the argument can be iterated yielding a
Campanato-type estimate for the L2-excess of Gos(Duy). In the degenerate regime we
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1828 V.Bogelein et al.

establish that U, := (|Du.| — 1 — 8)3r is a subsolution to a linear uniformly elliptic
equation with measurable coefficients; of course the ellipticity constants depend on §
and blow up as 6 | 0. At this stage a De Giorgi type argument allows a reduction of
the modulus of Gs(Du,) on some smaller ball (see Proposition 3.5). However, on this
smaller scale it is not clear whether or not we are in the degenerate or non-degenerate
regime. Therefore one needs to distinguish between these two regimes again. In the
non-degenerate regime we can conclude as above, while in the degenerate regime the
reduction of the modulus of Gs(Du,) applies again. This argument can be iterated as
long as we stay in the degenerate regime. However, if at a certain scale the switching
from degenerate to non-degenerate occurs, the above Campanato type decay applies.
If no switching occurs, we have at any scale of the iteration process a reduction of
the modulus of Gs(Du,). This, however, shows that the supremum of |Gs(Du,)|—
and hence also the one of |Gys(Du,)|—on shrinking concentric balls converges to 0.
Altogether this leads to a quantitative Holder estimate for Gos(Du,) which remains
stable under the already established convergence u, — u as ¢ | 0. The final step
consits in passing to the limit § | 0 and conclude that G(Du) = %Du is
continuous. This can be achieved by an application of Ascoli-Arzela’s theorem. It is
here where we loose control on the quantitative Holder exponent. At this point the
continuity of C(Du) for any continuous function C vanishing on {|£] < 1} is an
immediate consequence.

2 Notation and preliminary results
2.1 Notation

For the open ball of radius ¢ > 0 and center x, € R" we write B,(x,) C R". The
mean value of a function v € L! (Bo(x0), R¥ ) is defined by

(v)x,,,g ::.fB ( )U(X) dx.

If the center is clear from the context we omit the reference to the center and write B,
respectively (v), for short. For the standard scalar product on Euclidean spaces R¥ as
well as the space R of k x n matrices, we use the notation £ - . Finally, we use the
notion Vu for the gradient of a scalar function u, while we use Du for a vector field
u.

Throughout this paper we abbreviate

(-1}

g() = fort € R4 2.1

and

G() = Ms for& € R, k e N. (2.2)

&1
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Observe that

g(EDE=1G®)IP'GE)  forany & € R
Moreover, for § € (0, 1] we define

Gs (&) ::Mg for e RF, ke N (2.3)

&1

and note that Gy = G.

Generic constants are denoted by c. They may vary from line to line. Relevant
dependencies on parameters and special constants will be suitably emphasized using
parentheses or subscripts.

2.2 Algebraic inequalities

In this section, we summarize the relevant algebraic inequalities that will be needed
later on. The first lemma follows from an elementary computation.

Lemma 2.1 Forn,¢ € R’;O, k € N we have

2
R =)

[l 16l — Inl
The next lemma can be deduced as in [29, Lemma 8.3].

Lemma 2.2 For any o > O, there exists a constant ¢ = c(«) such that, for all n, ¢ €
]RI;O, k € N, we have

_ _ —1 _ _
Hme =1z e < (Il + 1) = ¢l < e|ml*'n = 1217 ¢ .
Lemma2.3 Let§ > 0andn, ¢ € Rk k e N. Then, for Gs as defined in (2.3) we have

Gs(m) — Gs ()| = 3In — &

Moreover, if § > 0 and |n| > 1+ § there holds

In—¢l < (1+2) 160 — G(©)I.
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1830 V.Bogelein et al.

Proof We distinguish between different cases. If 5|, |¢| < 1 + § the inequality holds
trivially since Gs(n) = 0 = G5(¢). If |n|, |¢| > 148, we apply Lemma 2.1 and obtain

—1-9 —1-=95
|ga<n)—ga(c>|="”' ——%n- 1 - z‘

S

<=+ A+8|L - =

<n—¢l+( )‘W -

<3In—¢|.

If In] > 1+68and |¢| <1+ 6, we have

1Gs(m) — Gs (O =1Gs(m| =Inl =1 =38 =<Inl—1¢] < In—Z<l.

The case when || < 14§ and [¢] > 14 § is similar, we just have to interchange the
role of 1 and ¢. Joining the three cases gives the first assertion of the Lemma.

Now, we come to the proof of the second assertion. First, we consider the case
|¢] < 1in which G(¢) = 0. In this case we have

In —¢| zln—CL:M—IIShH+1:1 <142
G =G 1gml  Inl=1" In—1 Inl -1 8

Next, we consider the case [¢| > 1. Recall that by assumption || > 1 + §. We start
with the observation that G : R*\ {|5| < 1} — R\ {0} is a one to one mapping whose
inverse mapping is given by G~ (§) = %é We let 77 :== G(n) and £ := G(¢) and
estimate with Lemma 2.1

g7 -7 @)| _ % |
/il = ¢| il = <1

In the second to last estimate we used || > 8. Using in the previous inequality the
definition of 7 and ¢ the claim immediately follows. O

Lemma 2.4 There exists a constant ¢ = c(p) such that for any a > 1 and b > 0 we
have

—14®B-1 P!
o) — @b = e T EC DT, g
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Higher regularity in congested traffic dynamics 1831

Proof We apply Lemma 2.2 with = p — 1 > 0 to obtain

Ih(@ = k)b = @b - a)+ @ = 1P~ = b= D]
<h@lb—al+|@@—DP' = @B - DI
<h@lb—al+c[@@a—1)+®b-1]1"b-al

— 14— 117!
< c(p) a(_l)” b~ al.

This proves the claim. O
Lemma 2.5 Fora > 1 we have

/ p(a_l)P—2
|7 (a)| < —

Moreover, for a, b > 1 there holds
|W'(BYb — 1 (@)a] < c(p)[(a—DP>+ b —1DP3]lb—al.
Proof By direct computation we have for a > 1 that

(p—D@—D"2a—(@-1r'  (@=1P[p—-2+;]

h'(a) =
@ a? a

, 24

from which the first claim immediately follows. We now turn our attention to the
second claim. We may assume that | < a < b; otherwise we interchange the role of
a and b. In view of (2.4) we find

W ()b — h (@al < (b—DP2|L L |(p—2)+ 1|6 — )P — (@ — DP72).
For the first term we have

b—1)r—
b—DP2E— 4| = %m —bl < (b -1 la—bl.
a

For the second term we estimate

[(p =2+ [ = D2 — (@ = DP?|
<plb-D"? —(@@— 1P
< plp =2| max (¢ = )’ 7|b - al
tela,b]

<plp=2[[ta—= D"+ b -1P?]|b—al.

This completes the proof of the lemma. O
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1832 V.Bogelein et al.

Lemma 2.6 Foranyt € Ry we have
g <h@®)(t— DY

and
2
g0? + g/ (% < %[h(r) +H 0] — 1)

Proof The first assertion can be achieved, since for ¢t € R4 we have

_ 1N\2p _ 1\2p—1
et A s

= h(t)(t — Y.

For the second claim, we first observe that both sides are zero for ¢t < 1. Therefore, it
remains to consider r > 1. Recalling (2.4) we compute

h(t) +h' (Ot = (p— Dt — DP 2 (2.5)
Moreover, we have

t—DP(p -t +1]

g'(t) = 3
so that
e+ g0t =" —tzl)zp L= 1)21,2[55 D41
N O_:#[(t — 2+ [(p = Dr+ 1]
= (t_:#[(f D+ [(p-Dr+ 1]]2
=pi— P2

Dividing the previous inequality by &(t) 4+ h’(t)t we infer that

2 1(\242 204 _ 1)2p—2 2
g " +g ()t - P (t—1DF P iy
h(t) + ' ()t (p—D@—1P2  p—1

holds, proving the second claimed inequality. O
2.3 Bilinear forms
For ¢ € [0, 1] we define

he(t) ;== h(t) + ¢, fort € R>y.
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Higher regularity in congested traffic dynamics 1833

We note that i, € Cl(Rzo) for p > 2, while for p < 2, we have h, € WI’I(R>0) N
C'([0, 1) N (1, 00)). For p = 2 we additionally have i, € W' (R=0). In any case,
he = ¢ on the interval [0, 1]. Moreover, we let

Ac(§) == he(IEDE,  for§ e RV (2.6)
For £ € RV \ {0} with |&| # 1if 1 < p < 2 we define the bilinear forms

Eally E355

e forn, ¢ e RV

N n
A &), 0) = he(EDn - ¢+ (EDIEL D D

i,j=la,py=1

and

51770( Eﬂfﬁ for

Be(€)(n, ¢) = he (D0 - ¢ + hi(EDIE] Z Z e L eRY@27)
i,j=la,p=1
and
“:: nagﬁfﬁ .
Co(&)(,0) == he(lEDn - ¢ +h, (|5|>|5|Z Z g PrngeRL Q28

i=1 a,p=1

Observe that all forms are symmetric in the arguments 1 and ¢ . Due to the special struc-
ture of &, and &), the compositions A, (Dv), B, (Dv) and C.(Dv) are well definined
for v € W'P as integrable functions. Therefore integral calculations involving these
quantities make sense.

The next Lemma provides the relevant ellipticity and boundedness properties of
the bilinear forms A, (&), B (§) and C.(£). The following abbreviations

A(t) :==min {h(t), (p — D)t = P72} fort > 1,
and
A@®) :=max {h(t), (p — )t — DP2}  fore > 1,

and A(t) = 0 = A(¢) for 0 < t < 1 prove to be useful in the formulation of the
Lemma.

Lemma2.7 Lete € [0, 1] and € € RV" \ {0}. The bilinear form A, (&) defined above
satisfies

[e + A(ED]IC1 < A, &) < [e + AED]IC® forany ¢ e RN,

The analogous estimates hold for the bilinear form B, and any n, ¢ € RN, as well
as for Ce and any n, ¢ € R".
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1834 V.Bogelein et al.

Proof If |&| < 1 the inequality holds trivially. Therefore, it remains to consider the
case || > 1. We first establish the lower bound. If A/, (|£]) > 0 we omit the second
term in the definition of A, and obtain

A (E)(E, 0) = ha(IEDICIF = [ +1(ED]ICI,

while for 4 (|§]) < 0 we use Cauchy-Schwarz inequality and (2.5) to conclude

A (6)(¢,¢) = [e +h(ED + B (EDIEN]IC I
=[e+ (p— D&l = DP ]I * = [e + A(ED]ICI*

Now, we turn our attention to the upper bound. If A/, (|£]) > 0 we have

A ()¢, ¢) < [he (€D + hL(EDIE]IC]?
=[e+(p— D&l — DP2]ic* < [e + AUED]ICIA

while for 4 (]&]) < 0 we obtain

Ac(E)(E, ) < he(EDIZP < [+ AUED]ICI.

This proves the claim for the bilinear form A,. The corresponding estimates for B,
and C; follow in the same way. O

It should also be mentioned that the coercive symmetric bilinear forms fulfill
Cauchy-Schwarz inequality. In particular, we have

|C&) (1. 0)| < VCe(E), MY/ Ce(€)(¢, ¢)  foranyn, ¢ € R".

In the next Lemma we put together the monotonicity and growth properties of the
vector field A.

Lemma2.8 Lete € [0, 1] and &, & € RF with |€| > 1. Then, we have

—1 El— 1)y 17717 -
(&1 — 1) + (€] — D+] ]Is—él

Ac) — Ac())] <
A (§) (s>|<c<p>[s+ =1

and

: : min{l, p — 1} (§]—1” } >
Ac(§) —A () - E—8) = e+ = —EJ%
(A =4 ®) - =8 [8 T e+ @l
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Higher regularity in congested traffic dynamics 1835

Proof The first inequality results from the following chain of inequalities

A (€) — As(8)] < heo(EDIE — &| + [R(ED) — h(ED]IE]
. —1 El — 1).1P L .
< el — g1 +c LD L= Dl
[(1&] — D) + (&] - 1)+]P1] .
B 1 & — &l

<c(p) [8 +

From the third last line to the second last we used Lemma 2.4. For the proof of the
second inequality we abbreviate

g :=E+s(E—&), forsel0,1].

Keeping this in mind we compute

(Ac(6) —AL(®) - E —8)
1 d ~
=/ A s E -8
0 S

R (1&s 1)
|5l

1
=f0 Bo&)E — £, F —£)ds

1
=f0 [h (&) — &) + 1eUSD s-(é—s)ss]ds-@—s)

l ~
> / e+ A(&D] ds & — &2
0

min{l,p—l}fl p-l } —
> ler ML= e - 1y ds [ 1E — g2,
[8 g1+ E o I D ]l

Inturn we used Lemma 2.7 and the elementary inequality (|| —1)+ < [&] < |E|+]E].
Now, we distinguish whether or not |§| < |£]. If |§] < |&], then

&) > (1 —s)IE] — sl = (1 —29)E| > 1 Vselo, %)

For s € [O, |§4||—§|1] this implies a bound from below in the form

—1
(&) = Ds = & — 1 = (1—25)[8] — 1 = [1— |§2||s| ]I$|—1=%(IEI—1)-

So it follows that
|€]—

| e | L (gl =D?
/(w—l)f’ ds>/ (&1 = DI ds = o =
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1836 V.Bogelein et al.

holds true. In the case that |€| > |£]|, we estimate |&;| from below by

&l = sIEl— (1 —9)l&| > @s— DIEI > 1 Vs e (5 1],

Therefore, for s € [35;1 , 1] we obtain

361+ 1
(&I =Dy =1&1—-1>Q2s = DIE| =1 > [ e LIl -1= %(ISI - D.
This yields
! g ! N 1 (- DP
) (I&s] — )+ s = 35?‘_1 (&1 — )+ s = ﬁT
Inserting this above, we obtain the second claim of the Lemma. O

Lemma 29 Lere, § € (0, 1] and$,§ € RN Then, we have
e21E —EP 4 |Gs (&) — Gs(®)|” < &7 (€ + e (AcE) — Ac(®)) - E — &)

for a constant ¢ = c(p, J).

Proof If ||, |&| < 148, wehave Gs(£) = 0 = Gs(£). Therefore, the desired inequality
follows from the second inequality in Lemma 2.8 after omitting the positive second
term in the bracket on the right-hand side.

Therefore, it remains to consider the case where either || > 1+8 or |€] > 1+8. We
again distinguish two cases and start with || > |€]. Note that this implies |£] > 1+6.
If p > 2 we use Lemma 2.3 to conclude

1G56) = Gs(®)[" <3716 — 1P < 2" 23P|E1P72E — &,
while in the case p < 2 we use Young’s inequality and Lemma 2.3 to obtain

r2=p) r(p=2)

Gs€) —Gs®)|" = 161" 7 1&]" 7 |Gs(®) — Gs(®)|"
LebleP 4 ce™ o 161772y B) — Go(6)|*

1 _1 -
< Ler|gP +cem2IE|P R E — &),

IA

for a constant ¢ = c(p). Combining both cases, taking into account the elementary

inequalities — < mi@ ~and J§] < (1+ 5)(I&] = 1), and finally applying Lemma 2.8,

we obtain
Y .
f(|‘§|~ )+ |§_$|2
£2|E|(E| + [£])
<ledfeP e (M) —AL®) - G —8),

218 — £ + (G5 (8) — G (B)|" < e2)E — &2 + Led |5 +
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where ¢ = ¢(p, §). This proves the claimed inequality in this case. In the remaning
case, i.e. [§] > |§], we obtain a similar estimate. We only have to replace on the
right-hand side || by |£|2. Then, we use the estimate |£|> < 2(|& — £|> + |£|%) and

absorb e% |E — &2 by Lemma 2.8 into the second term on the right-hand side. In this
way, we obtain

1= z 1= _1 z =
2| — &7 +(Gs(6) — Gs(®)|" < 3751+ ceT 7 (Ac(B) — Ac(®)) - E — &)
1 _1 ~ ~
<25 +ce 2 (Ac®) — Ac(®)) - (€ —8),
proving the claim also in this case. O
In the following Lemma we quantify the remainder term in the linearization of A,.

In the application, it can be assumed that the linearization only takes place in points &
with |£] > 1 in a quantifiable way. The precise statement is

Lemma2.10 Lete € [0, 1], and &, & € RN with || > 1+ Lpuand |€], ] < 142
for some . > 0. Then, we have

1B:(6)(E —£,0) — (Ac®) — A:(®)) - ¢| < c(p) P 1E —€7[¢l,  ¥¢ e RV™

Proof We distinguish two cases. We start with the case |§ — £ < %,u. For s € [0, 1]
we write & := & 4 s(€ — £). Note that

&l = €l —slE —&l =1+ gu—gu=1+4n Vsel0, 1. (29

Similarly to the computations in the proof of Lemma 2.8 we have

- I g .
& — Ag ¢ = —Aels + 56 — ~¢ds
(Ac(®) — Ac(®)) A dsA (E+s¢E—-9)-¢d

L (&)
I, |

1

=/0 [hg<|ss|><§—s>+ a-é—s)a];ds
1

=/0 Bo(&)(E —£.0)ds.

This allows us to re-write

~ ~ 1 ~
Be(E)(E —£,0) — (A:() —Ac(®) - ¢| = ‘/0 [Be(§) — Be(5)](6 — €, ¢)ds

We decompose and estimate the integrand appearing on the right-hand side and obtain
in this way

[Be(§) — Be(6)]¢G — €, 0| <T+11,
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where

I:= ’h(|§|) - h(|§s|)||§ —&l|¢]
i £
M= ‘( ‘ a5y

£
In view of Lemma 2.4 we have

ELEILN -
Tﬂ)(if—é)fxié

DI&s|

(Il — 1+ (&l — D+]""
hs — hg s —
e 181) = he (18] < c(p) =i

<c(p)uP3lE — &l

|$_";:s|

which immediately implies

I <c(p)uP g —EP 2.

For the second term we use Lemma 2.1, Lemma 2.5, the assumptions on &, § and (2.9)
to obtain

ra / &)L (E)5\27? .
Il < Z( eS| = ﬁ)] € — £llc|
= h(|§|>|$|5|§|f — (&I éslf’lfs E —£li¢|
< |h/<|s|>||s|‘§|§f - 5‘]3? + |1 gDIE - h/(|ss|>|ss||]|§ —&|¢]
< |21 (|s|>|'$'g|'fs'|s—ss|+;h’<|s|>|5|—h’<|sx|>|ss||]|§—5||§|
sc(p)[(lél 1P 3"5';'5" (Il = DP3 4 (&) = )P 3]|s £z |

<c(p)uP3E — &P ¢l
Inserting the preceding estimates above, we find that
IB:(E)E —&,0) — (Ac®) — Ac(®)) - ¢| < c(p) P 1E — &P [¢).

At this stage it remains to consider the case |§ — £| > % . Note that

B.(6)E—&,0)=eE —£)-¢+Bo)E —£,0).
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Therefore, by Lemma 2.7 and the assumption p < 8| — &| we obtain

1Be(E)(E —£.0) — (Ac(®) — Ac(®)) - ¢|
= |Bo6)(E — £.0) — (h(EDE — h(EDE) - ¢|
< |AGEDIE — &1+ (Bl = DI + (g1 — D¢
<c(p)[u’?1E — &1+ u" ¢ |
<c(p) u’71E — £l

Joining both cases yields the claim. O

Lemma 2.11 For any ¢ € [0, 1], any ball Bg C R" and any v € W120’C2(BR, RY) we
have

2p2

|D[g(IDv))DV]|* < 1 A (Dv)(D*v, D*v) (IDv| — 1)) a.e. in Bg,

where g is defined in (2.1).

Proof For« € {1, ..., n} we compute

|Do[g(1DV) DV]|* = |g(IDV]) Dy Dv + g'(IDV]) Dy | Dv| Do
= 2[ gD D Dof* + ¢/ (1D Do e D] .

Summing with respect to o € {1, ..., n}, we obtain

|D[g(IDv))Dv]|* = Z |Da[g(1Dv))DY]|?

a=1

2
= 2[ gD D + ¢/ (D)) DV |VIDw| ]

In the preceding inequality we replace the term g(|Dv|)? by h(|Dv|)(|Dv| — D)%,
which is possible by an application of the first inequality in Lemma 2.6. Moreover,
we would also like to replace g’(|Dv|[)?|Dv|? by h'(|Dv|)|Dv|(|Dv| — l)ﬁ. To this
aim we have to distinguish two cases. If A'(]Dv|) > 0, we use the second inequality
in Lemma 2.6 to replace g’(|Dv|)?|Dv|*> by [A(|Dv]) + k'(|Dv])|Dv|](|Dv| — l)i.
Thereby, we may omit the positive term g(| Dv|)? on the left-hand side. Inserting this

@ Springer



1840 V.Bogelein et al.

above and using also Kato’s inequality in the form |V|Dv|| < |D%v|, we obtain

|D[g(IDv) D]

2
< ST (Dvl = DY [RADUDID*I + [ DvD) + K (DuDIDu]| V10w ]
2 2
< L (ADvl = DL [HUDD D + (Do) v V1Dvi ]
2p? 2 2 p
<~ A«(Dv)(D*v, D*v) (IDv| = DY
.

Otherwise, if A'(|Dv|) < 0 we use Kato’s inequality twice and again the second
inequality in Lemma 2.6 to obtain

ID[2(IDv)DV]|* < 2[g(IDv])? + ¢'(IDv])?Dv[*]I D]

2p?

< S (Dvl= DE[R(IDv]) + 1 (|Dv | Dv|]|D*v]?

< 22 (Dul— 1) [RUDODID P + K (1 Dol Dol |V Dol

<~ (Dol = DE[AADVDID* I + (| DuD) vl[ VI Dl
2p° 2 2 p

< 7 Ag(Dv)(D v, D v) (|1Dv| — DY
p—

This proves the asserted inequality also in the second case. O

3 Proof of Theorem 1.1

In this section we will prove Theorem 1.1 under the hypothesis that Propositions 3.4
and 3.5 below are true. The remainder of the paper is then devoted to the proof of
those two propositions.

Here and in the following we denote by u € wLp(Q, RN) a weak solution of (1.5).
We first observe that u € W]L’COO(Q, RN)Y; cf [2, 4] for the scalar case and [9] for the
vectorial case. Therefore, we may always assume that Du is locally bounded in €2.

3.1 Regularization

The first step in the proof consists in the construction of more regular approximating
solutions. To this aim we consider afixed ball Bk = Bg(y,) € 2. Welete € (0, 1]and
p := max{p, 2} and recall the definition of the regularized coefficients A, from (2.6).
Byu, e u + Wé P (BgR, RN ) we denote the unique weak solution of the regularized
elliptic system

3.

divA;(Dug) = f, in Bg,
Ug = u, on dBg.
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The weak formulation of (3.1) is

/Ag(Du8)~D(pdx=—/ f-odx  Voe W, (B, RY). (32
Bgr Bpg

Note that u, € WIL’COO(BR, RM) N Wli’cz(BR, RM). This can be retrieved similarly as
in [33].

Lemma 3.1 For any ¢ € (0, 1] we have u; € W]]O’COO(BR,RN) N W]%’CZ(BR,]RN).
Moreover, for any ball By,(x,) € Bpg the (uniform with respect to €) quantitative
L*°-gradient bound

1

7
sup |Dug| §c|:][ (|Dug|”+s|Dug|2+1)dx:|
By (x0) Bag (x0)

withc = c(n, N, p, o, || f || Lr+o(By)) and the quantitative W?22_estimate

2
c
/ |D?u|* dx < —2[/ (1Duc|” + & Due|*) dx + Q—/ Iflzdx}
BQ(X()) €0 Bop (x0) € BZQ(-XU)

with ¢ = c(n, N, p) hold true.
Our first observation is a uniform energy bound for Du,.

Lemma 3.2 There exists a constant ¢ = c(n, p) such that for any ¢ € (0, 1] we have

P

/(|Du5|p+8|Du8|2)dx§cf (|Du|P+s|Du|2+1)dx+cR”||f||g;(‘BR).
Bpr Bpg

Proof The desired estimate can be deduced with a standard argument by testing the
weak formulation (3.2) with the test-function ¢ := u, — u. Indeed, we have

/ [(IDus| — DE + e|Du,|*] dx
Bg
5/ he(|Dug|)Dug - Dug dx
Br

= / he(|Dug|)Dug - Dudx — f-(ug —u)dx.
Br Br
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By Young’s inequality we obtain for the first integral on the right-hand side
/ he(|Dug|)Dug - Dudx < / [(1Dug| — 1)i‘1|Du| + &|Dug||Dul] dx
Br Bpg

<1 [ (Due - 1% dx +c/ \Dul? dx
Br Bgr

+ gf (IDus* + | Dul?) dx.
Bg

The second integral on the right-hand side is estimated with Holder’s and Sobolev’s
inequality, so that

f-(ue —u)dx

1 1

1 n—1
5[/ Ifl”dx} [f |us—u|n"ldx]
Br Br

1
gc[/ |f|"dx]1/ \Du, — Du|dx
Br Br

1
=1 n " p )4 P
<¢|Bgl|"7 |£]" dx [(1Ducl — D2 + | Dul? + 1] dx
Br Br
_r_
scR"IIfllfléBR)+%/ [(1Duel = D + |Dul? + 1] dx,
Bg

‘BR

where ¢ = c(n, p). We insert these inequalities above and reabsorb the terms contain-
ing Du, from the right-hand side into the left. In this way, we get

/ [(IDus| — DE + | Dug|*] dx
Bg

P

< c/ [IDul” + e|Dul* + 1]dx + cR"||f||;7(‘BR),
Br

with a constant ¢ = c(n, p). The desired uniform energy bound can easily be deduced
from the preceding inequality. O

The next lemma ensures strong convergence of the approximating solutions, in the
sense that Gs(Du,) strongly converges to Gs(Du) in LP.

Lemma3.3 Letd € (0, 1]andu, withe € (0, 1] be the unique solution of the Dirichlet
problem (3.1). Then, we have

Gs(Dug) — Gs(Du) in L (Bg,R"") ase | 0.
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Proof Testing (3.2) and the weak formulation of (1.5) with ¢ := u, — u we have

/ (Ag(Dus) - Ag(Du)) - (Dugy — Du)dx = ¢ Du - (Du — Du,) dx.
Bpr Bg

Using Lemma 2.9 and Young’s inequality we find

/ [8%|Du8 — Dul* + |Gs(Du,) — QS(D“)V’] dx
Bg

1

< s%/ |Du|? dx +cs_7/ (Ac(Dug) — Ao (Du)) - (Dug — Du) dx
Br Br

ggz/ |Du|2dx+ce%/ |Dul|Du; — Du| dx
Br Br

<e2 / \Du, — Dul® dx + ce? / |Dul? dx.
Br Br
Re-absorbing the first integral from the right into the left-hand side, we obtain
/ |Gs(Due) — Gs(Du)|” dx < ce%/ |Du|? dx.
Bpr Bg

The integral on the right-hand side is finite, since Du € Lﬁfc(Q, RN ™). There-
fore, the preceding inequality implies strong convergence Gs(Du,) — Gs(Du) in

LP(Bg,RN)ase | 0. ]

3.2 Holder-continuity of G5(Duc)

We recall the definition of Gs from (2.3). In this subsection we will prove that Gs(Du.)
is locally Holder continuous in Bg for any § € (0, 1]. This will be achieved in Theo-
rem 3.6. Thereby, it is essential that all constants are independent of ¢.

The proof of Theorem 3.6 relies on the distinction between two different regimes—
the degenerate and non-degenerate regime. In the non-degenerate regime we will prove
an excess-decay estimate for Gs(Du,) (see Proposition 3.4), while in the degenerate
regime we establish a reduction of the modulus of Gs(Du,) (see Proposition 3.5).
The precise setup is as follows. We consider a ball Bg € 2 and denote by u, the
unique weak solution of the Cauchy—Dirichlet problem (3.1). For 0 < r, < R we let
ry = %(R +71,). Then, by Lemma 3.1 and Lemma 3.2 we have (uniform with respect
to £) boundedness of Du, on B,,. More precisely, there exists a constant

M =M(n,N,p,R—ro, | DullLrsg), ) (3:3)

independent of ¢ > 0, such that ||DMs||L°°(B,l) < M. We may assume that M > 3.
Now, we consider a center x, € B, and aradius ¢ < rq such that B,(x,) C By,. On
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this ball we have

sup |Dug| <1+6+ 1 3.4)
B (x0)

for some © > 0 such that
I+6+u=<M. (3.5)
Next, for v € (0, 1) we define the super-level set of | Du,| by
Ey(x,) := {x € By(xo) : [Duc(x)| =1 =58 > (I —v)u}.

The definition of the super-level set allows us to distinguish between the degenerate
regime which is characterized by the measure condition | B, (x,)\ E g (x0)] = V[By(xo)]
and the non-degenerate regime which is characterized by the reversed inequality.
Roughly speaking, in the degenerate regime the set of points with |Du.| small has
large measure, while in the non-degenerate regime the set of points with | Du, | small is

small in measure. We start with the latter one. In the following we abbreviate g := —%—.

n+o

Proposition3.4 Ler e, € (0, 1] and
0<6§<pu. 3.6)
Then, there exist v = v(n, N, p,o, |l fllirtopg), M,8) € (0, %] and 9 =

o, N, p,o, |l fllntoBgy» M, 8) € (0, 1] such that there holds: Whenever By, (x,) C
By, is a ball with radius ¢ < 0 and center x, € By,, and u, is the unique weak solu-
tion of the Dirichlet problem (3.1) and hypothesis (3.4) and (3.5) and the measure
condition

|Bo(x0) \ E(x0)| < v[By(xo)] (3.7

are satisfied, then the limit
Py, = lim (G2 (Due)) ., (3.8)

exists, and the excess decay estimate

2 r 25 2
|g25(Du5) —Iy,|"dx < (—) w- forany0 <r <o 3.9
By (x0) Q

holds true. Moreover, we have
|Fx0| = K.
The statement for the degenerate regime is as follows.
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Proposition3.5 Lete,§ € (0,1], u > 0 and v € (0, 4—11]. Then, there exist constants
K=k, p, 0, || fllnto, M, 8,v) € [27F/2, D and e, = co(n, p, || fllnta, M, 8,v) =
1 such that the there holds: Whenever By,(x,) C By, is a ball with center x, € By,
and u, is the unique weak solution of the Dirichlet problem (3.1) and hypothesis (3.4)
and (3.5) and the measure condition

|Bo(x0) \ Ep(x0)| = v[ By (x)| (3.10)
are satisfied, then, either
n? < co0”,
or
sup |Gs(Due)| <
Bo/2(xo)
hold true.

We postpone the proofs of Proposition 3.4 and 3.5 to Chapters 4—6 and continue with
formulating the main result of this subsection.

Theorem 3.6 Let ¢,8 € (0, 1] and u. be the unique weak solution of the Dirichlet
problem (3.1) in Bg. Then, Gs(Du,) is Holder continuous in B,, for any 0 < r, <
R with Holder-exponent as € (0, 1) and a Holder constant cs both depending on
n, N, p,o, | fllpr+o gy, M and 8.

Proof By
v=v(, N, p,o, ||l (s M. 8) € (0, 1]

and

0 =20, N,p,o, |l fllLro(sg) M, 5) € (0,1]

we denote the constants from Proposition 3.4 and by

i =k, p, o, || fllnto, M, 8,v) € [27F/2, 1),
co = con, p, || fllnto, M,8,v) > 1
we denote the ones from Proposition 3.5. The dependence of v on the structural

parameters implies that « depends on n, N, p, o, || f|lx++, M and §. Finally, we let
u=M—1-5and

1

. { [(Ku)z]ﬁ}
0+ = min {0, . )
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We consider aball By, (x,) C By, withcenter x, € B, and ¢ < g as described above.
On this ball we have (3.3)—(3.5) satisfied. Our aim now is to prove that Gos(Du,) is
Holder continuous in B,, with Holder exponent

.__log/c B
o= log2 € (O, 2].

In turn, substituting 2§ by &, this proves the claim of the proposition. We proceed in
two steps.
Step 1: We prove that the limit

[y, = lrif(} (Qza(Due))xmr
exists and that

2 7\ 20 2
|Gas(Due) — Ty, P dx < 8(—) W2 forany0<r<o  (3.11)
By (x0) Q

holds true for a constant ¢ = c(n, p, o, || flln+o, M, 8). To this aim, we define for
i € Ny radii

0i = 2_iQ and p;i =«'p
and observe that

. . . o
=i < 2% = (&) u  foranyi e N. (3.12)
0

Now, suppose that assumption (3.10) holds on B, (x,). Then, Proposition 3.5 yields
that either > < c,0” or

sup |Gs(Due)| < kp = pi.
Bgl(xu)

Note that the first alternative cannot happen, since it would imply

:U«z < CoQﬂ = C()Qf =< K21U«2-
Hence, we conclude that (3.4) holds on By, (x,) with . = 1. If the measure condition
(3.10) is satisfied with o = p1 and u = w1, then a second application of Proposition 3.5

yields that either M% < co,Q’l3 or

sup |Gs(Dug)| < kpy = pa.
Bgz(xo)
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As before, the first alternative cannot happen, since it would imply
1} < cool <27PGep)? < k2.

Assume now that (3.10) is satisfied fori = 1,...,i, — 1 up to some i, € N, i.e. that
(3.10) holds true on the balls By, (x,) with &+ = ;. Then, we iteratively conclude that

sup |Gs(Dug)| < pi, fori=0,...,i,. (3.13)
Bg,-(xo)

Now assume that (3.10) fails to hold for some i, € Ny. If ;, > 8, the hypothesis of
Proposition 3.4 are satisfied on By, (x,) and we conclude that the limit

Ty, = lrif(} (G2s(Duo)),
exists and that

2 r 28 2
|925(Dus) - I‘x0| dx < (—) pi  forany 0 <r < g;,.
By (x0) ]

lo

Moreover, we have
Ty, | < i, (3.14)

Therefore, we obtain from the preceding inequality and (3.12) that

: o\ 20 2B 2a
s ()G =)
Q Qi, Q

][ |g28(Du5) - Fxo
By (x0)

holds true for any 0 < r < g;,. For aradius r € (g;,, 0] there exists i € {0, ..., i,}
such that g;+1 < r < g;. Using (3.13), (3.14) and (3.12) we obtain

2 2
]l 1Gas(Dute) — Ty, Pdx <2 sup [Gs(Du)|? + 21T,
Br(xo)

Bgi (x0)

2\ 2 2
<4l < 4(%) W= 8(2) "

Combining the preceding two inequalities, we have shown (3.11) provided ;, > 8.
In the case u;, < 8, we have Gos(Dug) = 0 on By, (x,). Combining this with
(3.13) and keeping in mind that G>5(Du.) < Gs(Du,), we obtain

sup |Gos(Dug)| < p;, foranyi € {0,1,...}. (3.15)
By, (x0)
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In the final case when (3.10) holds for any i € N, then (3.13) is satisfied forany i € N
and hence we obtain (3.15) also in this case. (3.15), however, implies

Iy, = lriﬂ)l (Qza(Due))xmr = 0.

Forr € (0, o] wefindi € {0, 1, ...}suchthatp;+; < r < ;. Then, (3.15) and (3.12)
imply

][ |Gos(Dus) — T, [Pdx < sup |Gos(Dup) |’
Br(xo)

BQ,- (o)

This establishes (3.11) in the remaining cases.

Step 2: Here, we prove that the Lebesgue representative x +— I'y of Gos(Dug)
is Holder continuous in B,,. The proof is standard once the excess decay (3.11) is
established. For convenience of the reader we give the details. We consider x1, x €
B, . Ifr :=|x1 — x2] < 04 we define X := %(xl + x») and obtain from Step 1 that

2
M=ol = in - raP
By 2(X)

=c) |:][ |Gas (Dug) — Ty, |* dx +][ |Gas (D) — Ty, |* dx]
B (x1) By (x2)

2
X] — X
56(71)('1 2|> Mz.
Ox

This can be re-written in the form

lx1 — x2\*
=l e (M)
Ox

Otherwise, if r = |x1 — x2| > 04, we trivially have

lx1 —x2]\*
Ty — Ty, | <20 < 2(—) w

O«

Together, this establishes that the Lebesgue representative x +— I’y of Gos(Du,)
is Holder continuous in B,, with Holder exponent . Note that  admits the same
dependencies as k, i.e. « = a(n, N, p, o, || flln+eo, M, 8). This finishes the proof of
the theorem. O

@ Springer



Higher regularity in congested traffic dynamics 1849

3.3 Continuity of G(Du)

In this subsection it is important that all estimates are independent of ¢. More precisely,
constants might depend on §, but are independent of ¢.

Proof of Theorem 1.1 We let ¢ € (0, 1] and consider a fixed ball B = Br(y,) € Q.
By u. we denote the weak solution to (3.1) constructed in Sect.3.1. Next, we fix
6 € (0,11 and r € (0, R). From Theorem 3.6 we know that Gs(Du,.) is Holder
continuous in B, with Holder-exponent a5 € (0, 1) and constant cs, both depending
atmostonn, N, p, o, || flln+es, M, and 8. From Lemma 3.3 we know that Gs(Du,) —
Gs(Du) in LP(Bg, RN") as ¢ | 0. This implies that there exists a subsequence ; |, 0
as i — oo such that Gs(Dug;) — Gs(Du) a.e. in Bg. On the other hand, by Ascoli-
Arzela’s Theorem we conclude that G5 (Dug, ) converges uniformly on compact subsets
of Bg. Therefore the limit Gs(Du) is Holder continuous in B, with Holder-exponent
as € (0, 1) and constant cs. In particular, Gs (Du) is continuous in B, forany § € (0, 1].
Moreover, we have Gs(Du) — G(Du) uniformly in B, as § | 0. Indeed

Du
|Gs(Du) — G(Du)| = |(|Du| — 1 — 8)+ﬁ — (|Du| — 1)+|Du|

= [(Dul = 1=8) — (1Dul = 1);| <5

in B,. As the uniform limit of a sequence of continuous functions, G (Du) itself is
continuous on B,. Observe that G(Du) is also uniformly continuous on B,.

Now, let £: RN " — R be any continuous function vanishing on {§ € RN" :
|&] < 1}. Since u € W,>°(2, RY), we find M > 0 such that |Du| < M on B,. By
w: Ry — R, we denote the modulus of continuity of K on {§ € R¥ : || < M},
i.e. forany £, ¢ € RV with |&], |¢] < M we have [C(£) — K(¢)] < w(|€ — ¢[). Next,
given ¢ € (0, 1) we choose § > 0 such that

|Q(Du(x)) — Q(Du(y))| <& foranyx,y e B, with [x — y| < 8. (3.16)

We now distinguish two cases. First, we assume |Du(x)| < 1 + /. If |[Du(x)| > 1
we use I = 0 on {|&] < 1} to conclude

Du(x) Du(x)
IK(Du(x))| = ‘K(Du(x)) - (|Du(x)|)' (\D ® = Do ) < (V7).

The preceding estimate trivially holds if | Du(x)| < 1. Moreover, by (3.16) we have

(IDu(y)] = 1), = |G(Du())| < [G(Du(y)) — G(Dux))| + |G(Du(x))|
<e+(1Du)| —1), <e++e<2Ve

This implies |Du(y)| < 1 + 24/¢. Similarly as above we conclude
IK(Du(y)| < o(2v¢).
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Combining the estimates from above, we end up with
[K(Du(x)) = K(Du(y)| = o(Ve) + w(2Ve) = 20(2V).
Now, we consider the case | Du(x)| > 1 + /z. Here, Lemma 2.3 and (3.16) imply
|Dux) = Du(y)| < (1+ ) [9(Du(x)) = GDu(y)| < e +2ve <3/,
proving
|K(Du(x)) = K(Du(y))| < o(3e).

Hence, K(Du) is continuous on B,. Since B, € Br € Q were arbitrary, we have
shown that /C(Du) is continuous in 2. This completes the proof of the theorem. O

As mentioned above, we have now finished the proof of the main theorem The-
orem 1.1 under the condition that Propositions 3.4 and 3.5 are true. The rest of the
paper is now devoted to the proof of those two propositions.

4 Conclusions from the differentiated system
4.1 The main integral inequality for second derivatives

Throughout this subsection we assume as a general requirement that u.: Bg — RV
is a weak solution to the regularized system (3.1). Instead of u,, we write u for the
sake of simplicity. In contrast, we will continue to use the subscript € in the notation
for the coefficients /. and its associated bilinear forms, such as C.. We recall that the
bilinear forms have been defined in Sect. 2.3.

For some index § = 1, ..., n we differentiate the regularized system (3.1) with
respect to xg and obtain

/D/g[he(|Du|)Du]-Dg0dx=/ f - Dgepdx, 4.1)
BRr Br

for any ¢ € Wol’p(BR, RM). We have

i Jo)
Dqu' Dyu’uy,

Dg[he(1Dul) Dy’ ] = he(|Dul) Dy Dgu’ + h..(| Dul)| Dul Dul i

. Dou'Dyul |
= |:h£(|Du|)5’J(Sya +h;(|Du|)|Du|W]u§M.
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In (4.1) we choose the testing function ¢ = {¢(|Du|) Dgu, where ¢ € C&(BR) is
non-negative and ¢ € WIL’COO (R>0, Rx() is non-decreasing. Note that

Do = $¢(|Dul) De Dgu + £ ¢'(I1Dul) Do | Du| Dgu + Do ¢ (|Dul) Dpu.

The resulting equations are then summed with respect to 8 from 1 to n. This leads to

/B[hs(|Du|>|Dzu|2+h;<|Du|)|Du||V|Du||2]¢<|Du|>¢dx
R
+/B [hg(|Du|)|Du||V|Du||2+h;(|Du|)|DW|Du||2]¢/(|Du|)gdx

+/ [h8(|Du|)|Du|V|Du| - V¢ + h.(\Dul)DuV|Dul - Duv;]¢(|Du|)dx
Bg

=C.(Du)(V|Dul|,V¢)|Dul

:/B f-Dﬂ[§¢(|Du|)Dﬁu]dx.

Now, we compute the right-hand side.

: f - Dg[¢d(|Dul)Dgu]dx

= /Qf-DﬁD/guqﬁ(lDuD; dx+/52f~¢/(|Du|)DuV|Du|§ dx

+/ f-¢(Dul)DuVi dx
Q
= R; + Ry + R3,

with the obvious meaning of R;. For the first term, we have by Young’s inequality

2
Ri<c [ napupiDPulpqpupax+ b [ TEEIBD, g,
z “Ja, heliDu)

for any 7 € (0, 1). Similarly, we get

| £12¢' (| Dul)| Du|
he(|Dul)

R, < t/ he(IDu))| Dul|V|Dul[*¢ (| Dul)¢ dx + %/ ¢ dx
Bg

Br

and

R3 S/QIfI¢(|Du|)IDuIIVCIdx-
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Inserting this above and re-absorbing the terms containing second derivatives from
the right-hand side into the left, we obtain

/B [(1 = D (1DupID?ul? + W Dub) | Dul [V1Dul [ (| Dult dx

s |Duv|Dul|7
+/ [(1 - T)hs(IDM|)|V|DuI| + he(|1Dul)|Du| ———5—— ]47 (IDu|)| Du|¢ dx
Bg | Du|

+/ C.(Du)(V|Dul, V¢ )¢(|Dul)| Du| dx
Bg

1/3 |f|z[¢(|Dul) +¢>/(|DM|)|DM|
R

T

<7 h(Da)) he(Dul) }Cdx +/;R [flo(1Du)|Dul|DE | dx

for any non-negative function ¢ € Cg (BR). In the preceding inequality the parameter
7 is at our disposal. We choose T = % min{1, p — 1}. For the first factor, i.e. the term
[...], in the integrand of the first integral on the left-hand side we have
2.2 ’ 2 1 2 2
(1 = ©he(IDu)|D*ul* + hi,(|Dul)| Du||V|Dul|” — + A, (Du)(D*u, D*u)
2
= L max{0, 2 — p}h.(|Dul)|D*u|* + Lh/(|Du))| Du||D|Du||" = 0.
In fact, if 4% (|Du|) > 0 the inequality is obvious. If otherwise 4, (|Du|) < 0, which
can only happenif p < 2 and |Du| > 1, the result follows by an application of Kato’s
inequality and (2.4). Indeed
2
3 max{0, 2 = p}hs(|Dul)| D*ul® + 3, (|Dul)| Dul|V|Dul|
> 3[@ = ph(Dub + 1 (| Dup| Dul || D2l

N 12 2(h —
:%[(2_p)(|Du| DY (Dul = DI 2)|DM|+1]:||D2M|2
|Du| |Du|

Du| —1)77?
:%[(z—p)(wm—1)+(p—2>|Dul+1]I02u|2
:(p_l)Mu)zuﬁzO.

2|Dul

For the term in brackets of the second integral on the left-hand side a similar compu-
tation applies. The result of the calculation is

|DuV|Dul |’

2
(1 = ©)he(|Dul)| D|Du||” + hi(IDu))| Dul Dl

— 1C.(Du)(V|Dul, V|Dul) > 0.

Using the last and second last inequality above, we obtain an inequality which can be
interpreted in two ways. On the one hand it can be seen as an energy inequality for
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the second derivatives of u. On the other hand—by discarding on the left-hand side
the two non-negative terms containing second derivatives—the inequality implies that
|Du| is a subsolution of an elliptic equation with measurable coefficients.

Lemma4.1 Let ¢ € (0,1] and u = u, a weak solution to the regularized system

(3.1) on Bg. Then, for any non-decreasing function ¢ € WIL’COO R>0, R>0) and any
non-negative testing function { € C& (BRr) we have

/ [Ag(Du)(Dzu, D*u)¢(|Dul) + C.(Du)(V|Dul, V|Du|)¢’(|Du|)|Du|]; dx
Bpr

+ 2/ CS(DM)(V|DM|, VC)¢(|Du|)|Du| dx
Br

- C/ |f|2[¢(|Du|) + ¢'(|Dul)|Dul
Bg

h (D)) n-(Du)) }E dx +2/BR | fl¢(|Dul)|Dul|V¢|dx,

. 4
where ¢ .= T =T} O

4.2 Subsolution to an elliptic equation

We start by showing that (|[Du.| — 1 — 5)_2|r is a sub-solution of a certain elliptic
equation. More precisely

Lemma4.2 Let ¢ € (0,1] and u, € WHP(Bgr, RY) be a weak solution of the reg-
ularized system (3.1) satisfying (3.4) and (3.5) on B,(x,) C By, € Bg. Then, the
function

Ue i= (1Due| — 1 -5)° (4.2)

is a sub-solution of a linear elliptic equation on By (x,), in the sense that
/ AapDoUg D¢ dx SC/ |f|2§dx+CM/ |flIDgldx,  (4.3)
Bg(xo) BQ (x0) Bg (x0)

holds true for any non-negative test function { € Cé(BQ (x,)) and with a universal
constant ¢ = ¢(p, M, 8). The coefficients Ayg are given by

Aapnalp = |[Dug|Ce(Dug)(n, ) forn, ¢ e R",
where C; is the bilinear form defined in (2.8).

Proof We apply Lemma 4.1 with ¢(¢) = (t — 1 — §)+. Due to Lemma 2.7 the first
two integrals on the left-hand side are non-negative and therefore can be discarded. In
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this way, we obtain with ¢ = that

__ 4

min{l, p—1}

L:=/ |Dute| Co(Dug) (V| Dus |, V&) (| Due )
Bg(xo)

[ #(Duc) ¢’(|Dug|>|Due|] ]
5C/BQ<xa>'f' [h@(mugn+ Dy )0

+/B( )|f|¢(|Dua|)IDusI|DC|dx =R (4.4)

holds true for any non-negative ¢ € Cé (B, (x,)). To proceed further we compute

0 _¢0) _tGt—1-8y _ 1’
he(®) ~ h(t) (@ —Dp=T T §p-l

and

0t _ ¢ _ Xysient® 1
he(t)y — h(t) — (t—1p=1 = sp=l

The above inequalities together with the general assumptions (3.4), (3.5) allow to
estimate

#(|Ducl) @' (|Duc|)| Due| _ 2M?
he(|Dugl) he(|Dugl) - sp—17

Moreover, we have ¢ (|Du|)|Dug| < M. In this way, we obtain for the right-hand
side in (4.4) the estimate

R < c/ £ P da +cuf fIIDe ] dx,
Br Bg

where ¢ = ¢(p, M, §). Now, we consider the left-hand side in (4.4). Observe that
VU, = 2¢(|Dug|)V|Du,|, so that by the linearity of C. (Du,) with respect to the first
variable we have

Ce(Du;)(V|Duel, V¢)p(IDug|) = 1Co(Dug)(VU, V).

For the left-hand side this has the consequence that
L= %/ |Dug|Ce(Dug)(VUs, V) dx = %/ Aap(x) Do U D¢ dx
By (x0) By (x0)

holds true. Here, we have taken into account the definition of the coefficients Ayg.
Altogether we have shown the claim (4.3). O
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The coefficients Aqp in (4.3) can be explicitly written as

h. (|Du.|)Dyu, - Dgu
Awp :=h5(|Dus|>|Dus|[5a,s+ (1Dt ) Dauie - Dp ]

he(|Dug|)|Dug|

They are only degenerate elliptic due to the factor s¢ (| Dug|)|Du,| which, for ¢ =0,
vanishes on the set {|Du| < 1}. On the other hand U, has its support in the set
BrN{|Du;| > 1+4}. This allows us to modify the coefficients on BRN{|Du,| < 1+6}.
This idea will lead us to an energy estimate for U, in the next lemma.

Lemma4.3 Let ¢ € (0, 1] and u, € WHP(Bg, RY) be a weak solution of the regu-
larized system (3.1) satisfying (3.4) and (3.5) on B,(x,) C By, € Bg and denote by
U, the function defined in (4.2). Then, for any k > 0 and any t € (0, 1) we have

/ DU, — k)4 dx
Bro(x0)

Cc

1—-2428
sm/ﬂ )(Ug—k)%rdx+c||f||,%+(,|BQ(x0)n{U8>k}| =
0 (Xo

where c = c¢(n, p, M, 8) and = -2

n+o "

Proof We let Aqp be the coefficients defined in Lemma 4.2 and extend them from
BrN{|Dug| > 1+ 8} to the complement Bg N{|Du,| < 1+ 38} by letting Agg = Sup-
The new coefficients Ayg are thus defined by

- 8ap.  on{x € Bg : |Dug(x)| <1+ 5},
Aaﬁ(x) =
Agp(x), on {x € Bg : [Dug(x)| > 1+ 8}.

From this definition and Lemma 4.2 we observe that U, is a weak sub-solution also
with the modified coefficients. More precisely, we have that

/ ZaﬂDaUsDﬂcdxsc/ |f|2¢dx+cu/ FIIDCldx,  (45)
Bg(xo) Bg(xo) Bg(xo)

for any non-negative { € Cé (BR). -

We now investigate the upper bound and ellipticity of the coefficients Ayg. We will
show that there exist 0 < A < A < oo both depending at most on p, M and § such
that

MeP < Agg(0)alp < AlCI?

for any x € B, and ¢ € R". We start with the former one. On the set where | Du,| <
1 4 8 the upper bound holds with A = 1, while on the set where |Du.| > 1 4+ § we
have from Lemma 2.7 that
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Awplulp = |Duc|Ce(Due) (L, ¢)
< |Du;|[e + A(|Duc])]I¢|?

= [e1Duel + max {(1Duel = D77, (p = DIDue|(1Due = P2} ic 2

MP
< [M+ "T}mz,

which proves the claimwith A = A(p, M,8) = M+ paﬁ. Similarly, on the set where
|Dug| < 1+ 6 the ellipticity holds with A = 1, while on the set where |Du,| > 14§
we have from Lemma 2.7 that

Aaplalp = |Dug| Co(Dug)(E, ¢)

|Duc|[e + A(|Dus ]IS 1*

min {(|Due| — 1), (p — D|Due|(|Duc| — HP~?}|¢|?
min{1, p — 1}87 "z ?,

IV

\

v

which proves the claim with A = A(p, §) = min{l, p — 1} 8771,
Now, the claimed energy estimate follows in a standard way by choosing in (4.5)
a test-function of the form ¢ = n?(Us — k) with a cut-off function n € Cé (Bo(x0))

with = 1 on By, (x,) and |Vyj| < % cf. [19, Chapter 10.1]. O

4.3 Energy estimates
Here, we assume that the hypothesis of Proposition 3.4 are in force. Our starting point
is again Lemma 4.1. This time we keep the two non-negative terms containing the
quadratic forms A, and C, on the left-hand side. For any non-decreasing function
¢ € WIL’COO (R>0, R>0) and any non-negative function { = n2 € Cé (By(x,)) we have
| [Awu (0. DPu)p )
By (x0)

+ Co(Due) (VI Due ], VI Due )¢ (1Dute )| Due | | dx

54‘/\ ( )Cs(Dus)(leugla Vn)¢(|DM5|)|Du8|ndx
By (x0

¢(|Dug|) n ¢ (lDu£|)|D“8|i|n2 dx

i 2
P J ! [hgaDusn he (1Dt )

+4/ [ f1¢ (| Dug))| Dug||Vnln dx
Bg(xo)

=:41 4 c(p)II 4 4111
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with the obvious meaning of I-III. For III we have

¢/(1Duc))| Du| #*(1Du.))| Du| }
ATII < 2 2@ UM DIZMel 2 4 gy (1D, ) T DIl G2 g
= /an) ['f' he(Duy " P ey Y4

Moreover, we estimate the integral I by Cauchy-Schwarz inequality and obtain

41 < / Ce(Dug)(V|Duel, V|Dug|)¢' (| Dug|)| Dug|n* dx
Bg(xo)

¢*(|Du,|)| Du| q
_— x
¢'(IDu|)

< / Co(Due) (VI D], V1 D) (| Dute )| Dute I dix
By (x0)

+ 4/ Ce(Dug)(Vn, Vn)
By(x,)

¢*(|1Du;|)|Duc| _
4 A(|Dug|)|—————|V dx.
" /Bgm) [ AQDuD =y IV dx

From the second to last inequality we used the upper bound from Lemma 2.7 to
estimate the second integral. Inserting the results above and re-absorbing the first term
from the right into the left, we find that

/ A, (Dus)(D?up, D) (|Due )’ d
By (x5)

¢*(|Duc|)| Due|

4 + A(|Dug|) + he(|Duy vl d
< fw[s (1DusD + o (D) = 92
, $(IDucl) + ¢ (Duc) Duc|
d 4.6
+C/Bg(xo>'f' e (1 Duz ) i 0

holds true with a constant ¢ = c¢(p). We now choose ¢ (t) := (t — l)f_(;;(t), where
¢ e Wllo’cOo (R>0, R>p) is non-decreasing. Note that

&' =t — DY [pd() + (t — Db )]
Fort € [0, 1 + 2] we compute

P (1)t

(1)

« — D)
po(t) + (t — )4/ (1)

<2[e = DYt max {0 = DY (p = D= DY 1)

[e+ A@) + he(1)]

<2[e+A®)]

P (1)
o) + (t — 1)1/ (1)
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7
< clepPt? + ] — LA N
po) + (t — 1)1¢'(2)
2p 32
< c(p. M. 5) wre=()

PO + (1 — 4@ (1)

In turn we used 6 < u < M from (3.5) and (3.6), which implies on the one hand
t<142u < (2 + %)/,L, and on the other hand u? < max{8%~7, M>~P}uP. Next, we
compute

o)+ ¢ (01 _o0+ ¢'()t
he(t)y — — k()
=[(t = D1d@) + ptd(®) + (t — 1)1 (1]t
<c(p, M, 8)[¢(t) + ¢ (D)1].

Due to assumptions (3.4) and (3.6) we know that [Dug| < 1+ 2u on By(x,). This
allows us to use the preceding estimates in (4.6) to bound the right-hand side from
above. Moreover, by Lemma 2.11 the left-hand side in (4.6) can be estimated from
below. Proceeding in this way we obain

/B ( )!D[g(|Dug|)Due]|2<73<|Du8|>n2dx

2p 12
< C/ _ wPp=(|Ducl) _ |V17|2dx
By(xo) PP(|1Ducl) + (|Dug| — 1)4¢' (|1 Duel)

* CfB . |12 [#(1Duc)) + &' (IDuc )| Due| ]n* dx, “.7)

for any n € Cé (By(x,)). The constant ¢ depends only on p, M, and 4.

Different concrete choices of ¢ in (4.7) result in two important energy inequalities.
The first one is

Lemma4d.4 Let ¢ € (0,1] and u, € WYHP(Bg,RN) be a weak solution of the
regularized system (3.1) such that hypotheses (3.4), (3.5) and (3.6) are in force on
By(x0) C By, @ Bg. Then, for any t € (0, 1) there holds

2p

2
/Bw(m |D[g(|Du.|)Du, ]| dx < C[—Qz(l 7

_
+ o n+o ”f”%)H»J(BR)iI |BQ|

for some universal constant c = c(n, p, M, §).

Proof We apply inequality (4.7) with the choice ¢ = 1. The cut-off function n €
Cl(By(x,)) is chosen such that n = 1 in Brp(x,), 0 < n < 1, and |Vy| < ﬁ

@ Springer



1859

Higher regularity in congested traffic dynamics

This leads us to

2
/ |D[g(|Duc|) Duc]|”dx < c/
Brg(xa BQ(XO)
2p
CH — _2n
S i )

[PV + | f17] dx

with a constant ¢ = c¢(n, p, M, §), which is the claimed energy estimate.

The second energy estimate is
Lemma4.5 Letv € (0, %], e € (0,1l and u, € Wl’p(BR, ]RN) be a weak solution

of the regularized system (3.1) such that hypotheses (3.4), (3.5), (3.6) and (3.7) are in

force on By(x,) C By, € Bg. Then, for any t € (0, 1) we have
2n

2p
2 /1' v Q n+o 2
D D D dx < n+o By,
/E |D[(1Due ) Du| x_c|:92(1_t)2+ ||f||L+(BR)}I ol

7o ¥o)

for a constant ¢ = c(n, p, M, §).

Proof This time we choose
¢(t)=(t—1-8—k?Z withk := (1 —2v)u

in inequality (4.7), and obtain
2
" dx

2 3
MP(|Dus|—1—8—k)+ Vol de

<c
/Bg(xo) p(|Due| =1 =38 —k)+2(|Duc| — 1)

+cf | /1? IDuel(|Duc) — 1 — 8 — k), n” dx.
X,

By (xo

f 72| D[g(1Due)) Duc]*(1Du| — 1 — 5 —k)
Bg(xo)

On By (x,) N{|Dug| > 1+ 8 + k} we have
(IDugl =1 =8 —k), <p—k=p—(1=2v)u=2vpu,

and
p(IDuel =1 =8 —k) +2(1Duc| — 1) = 206 + k) = 2k > ,

since v < }‘. Again, we choose 1 € Cé (B, (x,)) to be a non-negative cut-off function
= 1in Bp(x,),0 <n < 1,and |Vy| < ﬁ. This, together with the fact
@ Springer
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that [Du,| < 1+ 2u on By (x,), allows us to estimate the right-hand side in the above
inequality. Indeed, we have

f | D[g(1Duc)) Due]|*(1Du| — 1 — 8 —k)* dx
Brg Xo)

3, .2p+2

v

SC[% Qn72+U/L2/ |f|2dxi|
(I-1) By (xo)

Therefore it remains to estimate the left-hand side from below. The integral has to be
taken only on the set of points x € B, (x,) with [Dug(x)| —1—06 > k= (1 —2v)u.
We shrink this set to those points satisfying the stronger condition |Dug(x)| —1—6 >
(1 —v)u > k,ie. to E;’g(xu). On this set we have

|[Dugs| —1—86—k>0—-v)u—(1-=2v)u =vu.

Inserting this above we conclude that

UZMZ/
EY,(x0)

T0 Xo

V3202

2 2 2
+ oo e ||f||Ln+a(BR)]|Bg|

holds true. This proves the claim. O

5 The non-degenerate regime

The aim of this section is to prove Proposition 3.4. Throughout this section we
presume the following general assumptions. For given ¢ € (0, 1] we denote by
ue € WHP(Bg, RY) the unique weak solution of the regularized system (3.1). More-
over, we assume that for some § € (0, 1] and u > § and a ball By,(x,) C B,, with
o < 1 assumptions (3.4)—(3.6) are in force. We denote by

2
®(x,, 0) :=][ |Due — (Dug)y, o dx (5.1)
By (x)

the L%-excess of Du, on By (x,), i.e. the L?-mean square deviation of Du, from its
mean value (Dug)y, o-

5.1 Higher integrability

An ingredient in the proof of Proposition 3.4 is the following higher integrability
result.

Lemma 5.1 Under the general assumptions of Sect. 5 there exist 9 = v (n, p, o, M, §)
€ (0, min{%, ”JQF" — 1Yl and ¢ = c(n, p, M, 8) such for any & € RN" satisfying

14+8+u <l <1+8+nu,
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we have

1+9
][ D, — £POdx < c[ ][ |Du, — stx] be ][ (ol F DX+ dx.
BQ/2(X(J) Bg (x0) Bg (x0)

Proof We consider a ball By(z,) C B,(x,). We test the weak form (3.2) of the elliptic
system by the testing function

@ = Uzw, where w = u; — (us)zo,s —&(x — 20)

and n € C}(Bs(z,)) is a standard cut-off function with n = 1in By2(z,),0 < n < 1,
and |Vn| < 4 We obtain

R

o:/ [Ac(Dug) - Do + f - ¢]dx
B (z0)
:/ [(AE(DMS)_A&‘(E))'D¢+f'(p]dx
By (z0)

:A( )[(Aa(Dus)—As(é))~[nsz+2nVU®w]+f'fﬂ]dx-

We use the monotonicity of A; from Lemma 2.8 in order to estimate the first term
from below. Due to our assumption on £ and (3.4) we have |£| 4+ |Du.| < 5|&| and
therefore obtain

[ e - ae) - pwar = (e ESDE [ Ripukar,
By(2)) &1 By(2,)

where A = 5_2% min{1, p — 1}. To bound the second integral from above we use the
structural upper bound from Lemma 2.8. Moreover, we observe that (|[Dug| — 1)1 <
4(l&| — 1) due to our assumption on &. This allows us to estimate

2‘/ U(As(Dus)_As(S))‘vn(g)de
Bs(z0)

gc[8+(|s|—1>1’—2][ 7 Dwlw||Vn| dx
By (z0)

Y
< [s—i—%k (81— D7 2) }/ 7% Dw|? dx
€] By (20)

+cle + €718 - 1)!"“]/ lwl?Vn|? dx.

By (z0)
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for a constant ¢ = c(p). Re-absorbing terms on the left-hand side, we find that

— 1P
%/\M/ 21 Dw|? dx
|é:| Bx(Zn)

<c[1+117(El - 1>p—4]/

|w|2|Dn|2dx+f | fllw]dx,
BS(Z())

By (z0)

where ¢ = c¢(p). Due to the assumption on &, the assumption (3.5), and the particular
choice of 1, we conclude with an application of Holder’s and Sobolev—Poincaré’s
inequality a reverse Holder inequality of the form

Cc
][ |Dw|*dx < — |w|2dx+cs2][ |f1%dx
B.Y/Z(Z()) S Bs(20) Bs (o)

n+2
27! n
§c|:][ |Dw|n+2dx:| +cgz][ |f1?dx,
B.&(Zo) Bs(Zo)

with a constant ¢ = c¢(n, p, M, §). The dependence of ¢ upon M only occurs in the
sub-quadratic case of p < 2. The claim, i.e. the higher integrability, now follows with
Gehring’s lemma, since Dw = Du, — &, cf. [1, Theorem 3.22], [22, Theorem 2.4]
and [42, Theorem 3.3]. Note that ¢ can always be diminished if necessary. O

5.2 Comparison with a linear system

In this section we will consider the weak solution v € u, + Wol’z(BQ/z(xg), RN) of
the linear elliptic system

/ B.((Due)s, 2)(Dv. D) dx =0, (5.2)
BQ/Z(XU)

for any ¢ € WO1 ’Z(BQ/Q(XD), RY) as comparison function to our solution u, of the
regularized elliptic system (3.1). Recall that BB, has been defined in (2.7).

Lemma 5.2 Let the general assumptions of Sect. 5 be in force and assume that

L+ 84 g1 < [(Dite)y, 0 < 148+ . (5.3)

Then, there exists 9 = 9 (n, p, M, 0, 8) € (0, min{3, 5% —1}]andc = c(n, p, M, $,
I f | Lnte (BR)) such that

®(x,.0) 1
][ |Duyg —Dv|2dx SC[M] <I>(x0,Q)+CQ2’3.
BQ/Z(-XO) H

Here, v is the unique weak solution of the Dirichlet problem (5.2) and § = #
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Proof Throughout the proof we omit the reference to the center x,, and write B, instead
of B, (x,). Moreover, we abbreviate § := (Du,),. Using the weak form (3.2) of the
elliptic system we obtain

O:/ A:(Du;) - Do dx + f-edx
Boy2 By

:/ (Ae(Dug) — Ae(§)) - Do dx + f-edx,
Bop2 Bg/2

forany ¢ € Wol’Z(BQ /25 R¥). Using also the fact that v is a weak solution of the linear
elliptic system (5.2), we find that

B:(&)(Du; — Dv, Dyp) dx

By

= B (§)(Du;, Dy) dx
By/a

= B:(&)(Du, — &, Do) dx
B2

_ / [BS(S)(Dug — &, D) — (As(Dug) — Ac(§)) - Dw] dx— [ f-edx
By Yer2

-3 2 2 % 2 %
< c(p) / \Due — €12 Dy dx + / P dx / ol2dx ) .
Byy2 Boj2 By2

Here we used from the second to last line Lemma 2.10. This is possible since (3.4) and
(5.3) arein force. Since u, —v € WO1 ’2(BQ /25 RY), we may choose the testing function
¢ = u, — v. Together with the bound from below from Lemma 2.7 and Holder’s and
Poincaré’s inequality this leads us to

VMp_2/ |Du, — Dv|* dx
By/a
< B.(&)(Dug — Dv, Du, — Dv) dx
Bop

fc(p)u”_3/ \Duts — 2| Dus — Dol dx
By)o
1

1 1
2 2
+ (/ |f|2dx) </ |ug —v|2dx>
Bop2 Bop2
1 1
< c(p) uP=3 ) 2 )
<c(p)u [Dug, —&[" dx [Du; — Dv|”~dx
Bo/2 By
1 1
2 2
+c(n)g</ |f|2dx) (/ |Du, — Dv|2dx>
Bo2 Bop2
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for a constant y = y(p, §) > 0. We divide both sides by
1
V/L”_Z[/ |Du, — Dv|* dx]?,
Bos2
square the result and finally take means. This implies

2 ¢ 4 el 2
fopu-pupax = S ibu - gt s e S
By Bop2

with a constant ¢ = c¢(n, p, M, §). Here we have also used 6 < p < M. At this stage
arrived, we want to reduce the integrability exponent on the right-hand side from 4
to 2(1 + ), where © = 9% (n, p, M, 8) € (0, min{%, "'5" — 1}] is the integrability
exponent from the higher integrability Lemma 5.1. This is possible since | Du,| and
|| are bounded by (2 + %)M on account of (3.4) and (3.6). Then, the application of

the higher integrability lemma yields

&
|opu-gtar s G f - P00
Bop2 Bg/2
c 5 1+v -
—W[][ |Due — | dx} +c][ (el D> dx
128 B, B,

o071 20040) (|4
56[7 @) +co I flInin by

where ¢ = c(n, p, M, §). Inserting this inequality above and noting that o < 1 finishes
the proof of the lemma. O

The following a priori estimate for solutions to linear elliptic systems can be inferred
from [5] once the ellipticity conditions for the quadratic form Bg((Dug)me) are
established; see also [21, Theorem 2.3].

Lemma 5.3 Ler the general assumptions of Sect. 5 be in force and assume that
(5.3) holds true. Then, the weak solution v € Wl’z(Bg/z(xo), RN) of the linear
elliptic system (5.2) satisfies v € Wli’CZ(BQ /2(X0), RN and there exists a constant
co = co(n, N, p, §) such that for any t € (0, %] we have

][ |Dv — (Dv)y, rol* dx < cor2][ |Dv — (D)4, /2] dx.
Brg(xo) BQ/Z()C())

Proof As mentioned before, the a priori estimate is standard. The constant ¢, depends
on the dimensions n, N and the ellipticity constant and the upper bound of the quadratic
form Bg((Dug)xm Q). Due to assumption (5.3) and Lemma 2.7 these quantities only
depend on p and 8. O

@ Springer



Higher regularity in congested traffic dynamics 1865

5.3 Exploiting the measure theoretic information

The aim of this subsection is to convert the measure theoretic information (3.7) into a
lower bound for the mean value of Du, and smallness of the excess.

Lemma 5.4 Let the general assumptions of Sect. 5 be in force. Furthermore, assume
that (3.7) holds for some v € (0, zlt]' Then there exists a constant ¢ = c¢(n, p, M, §)

such that for any T € [%, 1) there holds

2 28
vn o
(D(-x()s TQ) S Cﬂz[(l _ 1_)2 + v ||f||%n+(7(BR)i|o

Proof Throughout the proof we omit the reference to the center x,, and write B, instead
of By(x,). We define ¢ € RN by

€177"'¢ = (1G(Due)P~'G(Duy))
and let
£=G67"©.

Note that [¢] < § + w by (3.4) and |g:| < 14 6 + p. Due to the minimality of the
integral average (Du,);, with respect to the mapping & fBrg |Du, — &|2dx, we
have

oo = [ [Du [ ax
By

1
|Brg| E¥Q

|Due — £ dx + |Due — £[*dx = T+1L

|Brol JBo\E2,

Werecall that | Due|, || < 148+ and hence by (3.6) we have | Dug|, [¢] < (2+5)u.
Due to assumption (3.7) we therefore obtain for the second integral

2
< c@)n
| Bl

c(d) vuz
o

I1

|Bo \ Eg| <

For the estimate of I we first note that |Du.| > 1 + %8 on E;’Q since v € (0, %] and
@ > §. Therefore, the application of Lemma 2.3 yields

1< c(8)
|B1.'Q| E{’g

|G(Du) — ¢ | dx.

Next, we note that
IG(Du)| +1¢| = |G(Dug)| = (1Dugl — Dy > 8+ (1 —v) > Sp on Ely.
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Using this information, Lemma 2.2, the choice of ¢, and Poincaré’s inequality we
obtain

c(p,d) 2p-2 2
=225 )y, (IG(Du)| + 1¢1)"77|G(Due) — ¢|" dx

c(p,d) -1 1.2
<=5 [IG(Due)|P~'G(Dug) — |¢17~ ¢ | dx

M Bz

c(p. 9o pei P
<o ]éTQ|D(|g<Dus)| G(Due))|" dx

c(p. )0 2 1
= ][BTQ|D[g(Du£)Du8]| dx

We once again decompose the domain of integration into E; oand Bry \ E zo- Subse-
quently applying Holder’s inequality and taking into account assumption (3.7) leads
us to

2
< —c(p, 5o |:/ |D[8(DM3)DM£]|2(1X + v%/
E‘TJQ

2
D|g(Dug)D dx|.
< 2028, B\, |D[g(Dus)Du|| x]

We note that t > % and hence | B;,| > c(n)o". For the first integral we use Lemma 4.5,
while for the second one we use Lemma 4.4 and the assumption p > §. In this way
we obtain

2 2 2n

29 €Q" mio
ERR ) e

c

=0

2
112 5
2 20
2 Vn Qn+<r 2
S cu [m + T”f”L’H'”(BR)iI’

for a constant ¢ = c(n, p, M, §). Inserting this above yields the desired estimate. 0O

Lemma5.5 Let the general assumptions of Sect. 5 be in force. Then, for any 6 €
(0, &1 there exist v = v(n, p, M, 8,60) € (0, Y1 and 0, = 00 (n, p. 0, | fll Lr+o (8y)»
M, 3§, 0) € (0, 1] suchthat the smallness assumption o < 0, and the measure theoretic
hypothesis (3.7) imply

[(Due)syof = 14+8+ 30 and  ®(x,,0) < 0. (5.4)

Proof We let T € [4,1), v € (0, }] and g, € (0, 1]. Consider By (x,) C Bg with
o0 < 0,. For convenience in notation we omit the reference to the center x,. Using
the minimality of (Du), with respect to the mapping § > || B, |Du — &|*>dx and
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decomposing the domain of integration into B, and B, \ By,, we obtain

@ (o) S][ |Du8 - (Dus)rg|2dx

4

1 2 )
= _|:f |DM8 - (Dus)rg| dx +/ |DM5 — (Dug)-[g| dx]
8,1 /s, "

=I+1IL
For the first integral we use Lemma 5.4 and obtain

2 28
o 2 vn Q 2
I=1"®(to) <cu [m + - ||f||Ln+a(BR)}9

where ¢ = c(n, p, M, 8). For the second integral we use |Du.| < 1+84+u < c(d)u
and get

4146 2|B,\ B
m< 20t +|‘;) |' e\ Brol _ 5y 1201 = o) < e(n, 8) 1201 = 1),
o

so that

2 28
2 vn Q
Q) =cu [—+(1—f)+

2
(1 —T)2 ||f||Lll+a(BR)]a

v

for a constant ¢ = c(n, p, M, §). Now, we first choose 7 € [%, 1) in dependence on
n, p, M, 5 and 0 insuchaway thatc(1—1) < %0. Subsequently, we choose v € (0, %]
in dependence on n, p, M, 6 and 0 such that

() )
v < min , .
3¢ 4(1 4+ 6)

Finally, we choose o, € (0, 1] such that

2 v92
o = .
36(1 + ”f”Ln-HT(BR))

In this way we obtain (5.4),.
To prove (5.4)1, we first observe that the measure theoretic assumption (3.7) implies

|Epl > (1 = v)|Bl.
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Hence, due to the definition of the set E 5 , we obtain

/|Du8|dx2/ |Dug|dx2(1+5+(1—v)u)|E;|
B E

v
4 4

> (1 =v)(1+8+ 1 —v)u)|Byl

On the other hand, due to (5.4);, we have

‘][ |Dug| dx — [(Due)o| 5][ |Due — (Due)oldx < /@ (0) < Vo i,
B, B

4

so that
|(Due)y| = (1= v)(1 48+ (1 —v)u) —Vopu.

Due to the choice of v and the fact that n > 2 we have v < (%9)% < %9 < % 6 and

v < Together with the assumptions § < @ and 6 < 6—14 we obtain

B
4(1+5)

—v(1+8)+ A=) —vVou—Ltp>-1s+ (1 20 - Vo)u
> [ -2VoJu=o0.

Inserting this above yields the claim (5.4); and finishes the proof of the lemma. O

5.4 Proof of Proposition 3.4

Our aim in this subsection is to prove Proposition 3.4. We start with an excess-decay
estimate for the excess ® (x,, 0) of Du,.

Lemma 5.6 Assume that the general hypotheses of Sect. 5 are in force. Let T € (0, %]
and v =9, p, M, d) € (0, %] be the exponent from Lemma 5.2. If

n+2
((Dute)syol = 148+t and  ®(xp,0) <t 42, (5.5)
hold true, then we have the quantitative excess decay estimate
(g, 70) < 0| O (50, 0) + T "0

with a constant ¢, = cx(n, N, p, || fl Lr+o gy, M, 8).

Proof Throughout the proof we omit the reference to the center x,, and write B, instead
of By(x,). By v € ug + W(}’Z(BQ, RY) we denote the unique weak solution of the
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linear elliptic system (5.2). For t € (0, %], we have

d(10) < ][ |Dits — (D)oo dx
B

e

< 2][ |Du, — Dv|*>dx + 2][ |Dv — (Dv),|* dx.
B B

0 70

In view of Lemma 5.3 we deduce
][ |Dv — (Dv),|* dx
Bz
2 . 2
<crtT ][ |[Dv — (Dv)y/2|” dx
Bo/a
2 2
<ctT ][ [Dv — (Dug)g/2|” dx
Bo/2
2 2 2 2
<crtT |Du, — Dv|“dx +ct |[Dug — (Dug)o2|” dx
By/2 By)2

< ctz][ |Du, — Dv|2dx +cr2<I>(Q),
By

where ¢ = c¢(n, N, p, 8). Inserting this above and applying Lemma 5.2 and assumption
(5.5)2, we end up with

c
P(t0) < 7][ |Due — Dv|* dx + ¢ T2 ®(0)
T JBop

)
§c|: : [%f)} +tz:|<1>(g)+cr_”gzﬂ

-
< C*[TZCD(Q) + r‘"Qzﬂuz].

Note that the constant c, depends onn, N, p, || f || pr+o (Bg), M and 8. O

Proof of Proposition 3.4 By © = 9 (n, p, o, M, §) € (0, min{%, 29— 1}] we denote
the constant from Lemma 5.2 and by cx = c«(n, N, p, | f | pr+o (Bg), M, 8) the one

from Lemma 5.6. For 8 = n_‘(_g € (0, 1) we define t € (0, %] by

1 1
T = min {%, 2 B, (IOC*)_Z(I—;‘H }

For the particular choice 6 = T we let 0o = Qo(n, p, o, || fllpnto gy, M, 8) €
(0, 1] be the radius from Lemma 5.5. Finally, we define

A . _ L ]+M
© ‘= min iQOa (2¢y) P77 P }»
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so that ¢ depends on n, N, p, o, | fllLr+o (Bgy> M, &. In the following we consider a
ball By,(x,) C By, with o0 < 0. As before, we omit the reference to the center x, and

write B, instead of B, (x,). Byv =v(n, p, M,5,0 = 2r ) € (0, 4] we denote the
constant from Lernma 5.5 and assume that (3.7) is satisfied for this particular choice of
v. Note that by our choice of T the parameter v dependsonn, N, p, o, || f || Ln+o (), M

and §. From Lemma 5.5 applied with 6 =t 5 we infer that
1 w2
|(Du)Q| >1+86+53n and P(o) <7t 7 u. (5.6)
By induction we shall prove that for any i € N we have
o (r'g) < v'F o2 (i

and

i—1

!(Du)w!>1+a+[1——22 f] (ID);

For i = 1 we can apply Lemma 5.6, since (5.6) ensures that the assumptions of the
lemma are satisfied. Then, (I); follows from Lemma 5.6, (5.6), and our choices of ©
and 9, since

(o) = e[ P2B(0) + 7 "0 1? |
<1t 2’3‘D(Q)+ — o
ffﬂtz,zﬁ[%+L}Mz

n+2+ +28

For the proof of (II); we use (5.6)2 and rn%2 < "2 to obtain

|(Du)eo — (Du), | s][ |Du — (Du),|*dx < T7"®(0) < "7 " < 2,
Bro

so that
}(Du)rg - (Du)g| STH = %M
Together with (5.6); this implies (II);.
Now, we consideri > 1 and prove (I); and (II); assuming that (I); — and (II); _ hold.

From (I);—1 and (I[); 1 we observe that the assumptions of Lemma 5.6 as formulated
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in (5.5) are satisfied on Byi-1,. Therefore, applying the lemma with 7'~ instead of
0, recalling the choices of 7 and ¢ and joining the result with (I);_; yields

@(TiQ) E C*I:T2®(Ti_lg) _|_ t_n(Ti_IQ)ZﬁMZ:I

P C. P
=o' o+ o

~2
R U i
- A==y
T v
+2 ;
< T"Trzﬂzuz_

. nt2 .
This proves (I);. Moreover, from (I);_; and 7 v < "2 we obtain

|(Du) i (D”)ri‘19|2 E][ | Du — (D”)rf—1g|2dx <t "o o)
Tig

< T'%Z—nrzﬁ(i—l),uz < 2B 2 MZ,

so that
[(Du) iy — (Du)gio,| < PO Ve < g27 00y

by our choice of 7. Together with (II);_1, this proves (II);.

We now come to the proof of (3.8) and (3.9). For i € N we obtain from the
minimizing property of the mean value, Lemma 2.3, (I);, (5.6) and our choice of t
that

Pys(ti0) :=]i |Gas (Du) — (gzs(D”))figlzdx

tlo

5][ | |Gas (Du) — Gas (D)) | dx

tlo

<9d(rlp) < 91##’9’#2 < 222 (5.7)

This allows us to compute

|(@23(DW) 1, = (G2s(Dw) 1, | = ][ G25 (D) = (Gas (D)) | dx
tig
< T—n\yza(ri—lg) < 2261 2.
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Given j < k, we use the preceding inequality to conclude that

|(Gas(Dw) 5, = (G2s(Dw) | = Z |(G2s (D)) i,y — (Gos (D)) i
i=j+1
i e . Y
< 5+l Z U= < g5+ — i
i=j+1
<2ty (5.8)

This shows that ((G2s(Du)),i Q) 2 | is a Cauchy sequence and therefore the limit
[y, = llirgo (Gas (DM))II-Q
exists. Passing to the limit k — oo in (5.8) yields
|(Gas(Dw)).;, — T, | <2027 7P . forany j e N,

Joining this with (5.7), we find

2

Tdx < 2Was(ti0) + 2|(Gas(Dw)) ;, — T,

ﬁ |g2§(DM) - qu ij

rjg
< 107n+2'[2ﬂj[1,2.

For r € (0, o] there exists j € Ny such that ‘L’j+1Q <r < th. Then, we obtain from
the last inequality

][ |Gas(Du) — Ty, P dx < f"][ |Gos(Du) — Ty, | dx
B, B j,

, 2
10727287 % < (i) ﬁ,uz.
0

IA

This implies

2B
Gos (D ][ Gos (D) — T, [P < (£) 72,
|(Gas(Du)), |Gas(Du) — Ty, | dx <Q> Iz

so that also

e, = lim (625 (Dw),.

Finally, due to assumption (3.4) we have |(Gas(Du)),| < u forany 0 < r < g, which
implies |I"y, | < w. This finishes the proof of Proposition 3.4. O
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6 The degenerate regime

Our aim in this section is to prove Proposition 3.5, which treats the degenerate regime.
The proof relies on a De Giorgi type reduction argument reducing the supremum of
Us = (|Dug| — 1 — 8)3_ under the measure theoretic assumption (3.10). The starting
point is the energy estimate for U, from Lemma 4.3.

As in Section 5, we first formulate the general assumptions. For ¢ € (0, 1] we
denote by u, € WP (Bg, RY) the unique weak solution to the Dirichlet problem
(3.1) associated to the regularized system. We assume that (3.4) is in force for some
w, 8 > 0 onsome ball By, (x,) C By € Bg.Let Ug := (|Dug| —1— ‘S)i denote the
function defined in (4.2). Note that (3.4) implies

sup U, < ,uz.
BZ,Q (x0)
Moreover, we set B 1= nig € (0, 1).
We start by a De Giorgi type lemma for U,, which can for instance be deduced as
in [19, Chap. 10, Proposition 4.1] by the use of the energy estimate from Lemma 4.3.
For the readers convenience we provide the proof in the appendix Sect. 7.

Lemma 6.1 (Reducing the supremum) Assume that the general assumptions of Sect. 6
are in force and let 6 € (0, 1). Then, there exists vV = v(n, p, | f ln+0, M, 8) € (0, 1)
such that the measure theoretic assumption

[{x € Bo(xo) : Us(x) > (1 = O)u?}| < 7 |By(x,)],

implies that either

or
Ue < (1= 10)u?  in Bypa(xo)

hold true. O

The proof of the next Lemma can be deduced as in [19, Chap. 10, Proposition 5.1]
utilizing the energy estimate from Lemma 4.3; see also Sect.7.

Lemma 6.2 Assume that the general assumptions of Sect. 6 are in force and assume
that (3.10) is satisfied for some v € (0, 1). Then, for any i, € N we either have

u* <24 v

or

{x € Bo(xo) : Us(x) > (1 — 27 v)2}| < C*i |By(x,)|

/i

for a constant c, = c(n, p, || fllnt+o, M, ).
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Now, we have all the prerequisites at hand to provide the

Proof of Proposition 3.5 Let v € (0, 1) and ¢, be the constants from Lemmas 6.1
and 6.2. Note that both depend on n, p, || f|ln+o, M and §. Choose i, € N such that

c 2
i > (—) .
vy

Then iy depends n, p, || flln+s, M, S and v. Lemma 6.2 implies that either ,u2 <
20P v, or

[{x € Bo(xo) : Ue(x) > (1 =275 w)p?}| < UC—J‘Z |Bo(x0)| < 7| By (x0)]-

In the first case the proposition is proved with ¢, = 2% /v, while in the second case
we may apply Lemma 6.1 with @ = 2. Therefore either > < 20” /v or

Ue < (1 =275 D0y in By (x,).

The first alternative coincides with the first alternative above, while the second
one implies the sup-bound for Gs(Du,) for any x > /1 —2=U+Dy gince U, =
|Gs(Du,)|%. Therefore we my choose k € [27P/2 1) as required. O
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by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

7 Appendix

Here, we provide the proofs of Lemmas 6.1 and 6.2. We first state a well known
iteration lemma which can be found for instance in [19, Chap. 9.15.1, Lemma 15.1].

Lemma 7.1 Let (Y;);cn, be a sequence of non-negative numbers satisfying
ivity .
Yir1 Sk b'Y; foralli € Ny
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with some positive constants k,y and b > 1. If

11
Yo<«k b 7,

thenY; — 0asi — oo.

The next lemma can be seen as a discrete version of the isoperimetric inequality,
cf. [19, Chap. 10.5.1, inequality (5.4)].

Lemma7.2 Letv € W]’I(BQ(xO)) and k, ¢ € R with k < (. Then, there exists a
constant ¢ depending on n such that

n+1
(£ — k)| By(x,) N (v < k)| < ce

|Dv|dx.
|Bg(xo) N{v > £} By (xo)N{k<v<t}

Proof of Lemma 6.1 Fori € N we let
B; := By, (x,), where g; := %Q(l + 2_i),
and consider for the levels
ki = (1— 30 —27@+Dg),?
the normalized measure of the associated super-level sets

_ 14l

= Bi| where A; := {x € B; : Ug(x) > k;}.
i

i
In view of Holder’s, Sobolev’s inequality and Lemma 4.3 we now estimate'

n—2
2 2n_ n
/ (Us — k)% dx < |Ai|n[/ (U — k) dx}
Biy Bit1
2
Us - ki)+] dx

2 2 (
<clA| |DU: — k)4 |+ ——
Bit1 Q41
c4 2 2 2 1+2
< Ml | U: k)% dxtellf o lAil
c4io?ut 2 2
< Twn +elaltr,

where ¢ = c(n, p, || flln+o, M, §). On the other hand, by the definition of k; we have

4i+2
Aii] < W/B (U, — k). dx.
i+1

Uifn =2 we may choose any exponent > 2 instead of nZTnZ
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Here we used that Uy — k; > k;+1 —k; on A;1 . Joining the preceding two inequalities
and recalling the definition of Y; shows

e
<c42f|Ai|l+?[|Ai|“5z”|Bi|3’3 |Bi|2f}
Bl 0’ o2ut
§c42"Y;+2"ﬂ[1+ ;Z;].

If 1% < 0P /0, the lemma is proved. Otherwise, the term in brackets on the right-hand
side is bounded by 2, so that

. 2

Yip) < C421Y,~1+”,
where ¢ = c¢(n, p, || flln+o, M, §). Therefore, Lemma 7.1 ensures that ¥; — 0 in the
limit i — oo, provided that Yo < 2_"2C_% =: ¥ and hence U, < (1 — %9),uz on
Bya(xo). O

Proof of Lemma 6.2 For convenience in notation we omit the reference to the center
Xxo.Fori € {0, ..., i,} we consider the super-level sets

Aji={x€By:Us(x) > ki},  wherek; := (1 =27 v)p?.
Then, due to assumption (3.10) we have |B, \ A;| > v|B,| forany i € {0, ..., 1}

Applying Lemma 7.2 to U, on B, withk = k; and £ = k; 1, we obtain with a constant
¢ = c(n) that

2 n+1
v co
Al £ |DU,|dx
21 1Bo\ Ail Japa,
1
co 2 1
< T[/ |D(Ue —ki)+|2dx] (1Al = [Ait1])2.
BQ

In view of the energy estimate from Lemma 4.3 and the definition of k; we have

C _
/ DU, — ki) 4| dx < 2 ), I —k)+Pdx + el flI2, 0" 2P
BQ

Bag

2,4 i B2
cVvp 2'0
< — 1+( >]|B|
221Q2|: w2 4

with a constant ¢ = ¢(n, p, || fllnto, M, 8). If u> < 210P /v, the lemma is proved.
Otherwise, the term in brackets on the right-hand side is bounded by 2. Inserting this
above yields
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C
|Ais1]* < ) (1Ail = 1Ai411)|Bgl,

forc = c(n, p, | fln+o, M, §). Now, we add these inequalities fori = 0, 1, ..., i,—1
and obtain

ix—1

. c c c
AL ® < =5 1Bl D (14l = 1Ai41]) < — Aol Bol = — |Bol.
i=0

Therefore, we have

c

/i

|Ai, | = |Bol.

This proves the assertion of the lemma. O
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