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Abstract

In this paper, we deal with perturbations of two general functional equations in several
variables. Namely, we prove the generalized, in the spirit of Bourgin, Ulam stability of
these equations in Banach spaces. In order to do this, we use the fixed point method.
Moreover, as corollaries from our main results, we get several outcomes on approxi-
mate solutions of a few important classic equations. They include, among others, the
functional equations which characterize multi-additive and multi-quadratic mappings.
In consequence, the perturbation of homomorphisms of Banach spaces and quadratic
mappings is also treated.

Mathematics Subject Classification 39B72 - 39B82 - 41A65 - 47H10 - 47TH14

1 Background and motivation

The question about an error one commits replacing an object possessing some prop-
erties by an object fulfilling them only approximately is natural and interesting not
only in mathematics but also in many other scientific and applied investigations. One
of the effective approaches to deal with this question is using the notion of the Ulam
type stability.
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922 K. Cieplinski

Let us recall that, say, an equation is called Ulam stable in a class of functions
provided each function from this class fulfilling our equation "approximately" is "near"
to its actual solution.

The problem of the stability of homomorphisms of metric groups or, in other words,
of the Cauchy functional equation

Ja+y) =)+ ey

was posed by S.M. Ulam in 1940. A year later, D.H. Hyers in [36] gave its solution in
the case of Banach spaces (the method he used is nowadays known as the direct/Hyers
method; other approaches to proving the Ulam stability include, among others, the
methods: of invariant means (see [56]), based on sandwich theorems (see [48]), using
the concepts of shadowing (see [57]) and Banach limit (see [5])). In subsequent years,
the result of Hyers was extended in the following way.

Theorem 1 Let E| and E; be normed spaces, E» be complete, ¢ > 0 and p # 1. If
f : Ey = E satisfies

If x4+ = f@) = fDI < e(IxlP +1yI7),  x,y€Er,

then there exists a unique additive mapping a : E1 — E» such that

x € Eq.

1) — ato)] < “C”’“”p

_2p71|’

Theorem 1 is composed of the classical outcomes obtained by T. Aoki in [3] and
Th.M. Rassias in [53] (for 0 < p < 1),Z. Gajdain [30] (for p > 1) and Th.M. Rassias
in [54] (for p < 0). Let us yet recall (see [30]) that for p = 1 an analogous result is
not valid, and that a further generalization of Hyers’” outcome was suggested by D.G.
Bourgin in [9].

More classical results on the stability of functional equations can be found for
example in survey papers [10,11,17] and books [12,39].

Let us also mention here about a very important and interesting example of such
problems which is a question concerning the stability of isometries. It was studied for
instance in [15,25,27,31,32,37,44,47,49,58] (see also [46] for more information and
references on this topic).

In recent years, the Ulam stability of various objects (for example functional equa-
tions and inequalities, differential, difference and integral equations, flows, groups,
random dynamics, vector measures, and C*-algebras) has been studied by many
researchers (for more information on this notion as well as its applications we refer
the reader to papers [4,7,8,10,13,14,22,23,26,28,29,33,34,40,42,45,46] and books
[12,39]).

In this paper, we prove the generalized, in the spirit of Bourgin, Ulam stability of
two general functional equations in several variables in Banach spaces. To do this, we
use a variant of the fixed point method (see [52]), namely we apply a fixed point result
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of J.B. Diaz and B. Margolis from [24] (more information about the interplay between
the fixed point theory and the Ulam stability one can find in survey papers [11,17]).
We also get, as corollaries from our main results, several outcomes on the stability
of a few important and studied for years equations.
Throughout the paper N stands for the set of all positive integers and we put Ny :=
N U {0}. Moreover, we assume that n € N, X is a linear space over the field IF, and Y
is a linear space over the field K.

2 Perturbations of the first equation
2.1 Introduction
Let ay1,ai2,...,a,1, apn € F and A,‘l,_,_,,‘

scalars.
In this section, we deal with the following functional equation

e K for iy, ...,ip € {1,2} be given

n

flanxn +anxiz, ..., Au1Xel + An2Xn2)
2
=D i inett.2) Airnin [ X1y oo X))

Let us mention that every n-linear mapping is a solution of equation (2) (see [19]).
The particular cases of (2) include:
— the functional equation

FO+x0, .00, X001 +X02) = Z F iy ooy Xniy)s 3)

it,..in€{1,2}

which (see [16]) characterizes multi-additive mappings, introduced by S. Mazur and
W. Orlicz (see for example [43], where one can also find their application to the
representation of polynomial mappings). The stability of equation (3) was studied for
example in [6,16].

— the linear functional equation

flaixy +axxz) = Ay f(x1) + Az f(x2), “

whose special cases are, among others, the classical Cauchy and Jensen functional
equations (a lot of information about them as well as their applications can be found
in [41,43]), i.e. equation (1) and the equation

f(x+y)=f(x)+f(y)’ 5)

2 2

which is closely connected with the notion of a convex function. A lot of classical
results on the Ulam type stability of equations (1) and (5) can be found in book [39],
while some very recent stability outcomes on equation (4) were published for instance
in [1,2,51].

For more examples of special cases of equation (2) we refer the reader to [18,19,39].
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924 K. Cieplinski

Let us yet put

A= Z Aiyiys Gi=aj1+ap, iefl,... n}

and assume that A # 0.

2.2 Main result

In this section, the perturbations/approximate solutions/generalized Ulam stability of
functional equation (2) is considered.

To do this, let us recall that a pair (G, d) is said to be a generalized metric space
provided G is a nonempty setand d : G x G — [0, oo] is a function satisfying the
standard metric axioms.

The following result from [24] plays a crucial role in the proof of the main results
of this paper.

Proposition 2 Assume that (G, d) is a complete generalized metric space and T :
G — G is a strictly contractive operator with the Lipschitz constant L < 1. If there
are ng € Ny and x € G such that d(T"F'x, T™x) < oo, then:

(i) the sequence (T x) jeN is convergent, and its limit x* is a fixed point of the
operator T;

(ii) x* is the unique fixed point of T in the set

G ={yeG:d(T"x,y) < oo};
(iii) if y € G*, then

d(y,x*) <

d(Ty,y).
74Ty
The main result of this section is the following.

Theorem 3 Assume that Y is a Banach space and ¢ : X*" — [0, 00) is a mapping
such that

' 1 . ‘ . ,

lim ——g(ajxi1, a{x12, ..., anxa1, ayx.) =0,

j—oo |A}J
2
(X110, X125 -+, Xnl, Xp2) € X" (6)
and
e(aix11, a1X11, - . ., AnXnl, GnXn1) < |AIL@(X11, X11, ..., Xn1, Xn1),

X110, ..., Xp1) € X" @)
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foran L € (0, 1). If f : X" — Y is a function satisfying

Hf(anxn + a12x12, - . ., Ap1Xn1 + Ap2Xn2)
— Z Ai i S Gy ooy Xniy) ’ (8)
[1yeees inef{l,2}
< @(x11, X12, -y Xpl, Xn2)
for (x11, X12, ..., Xnl, Xn2) € X2 then there exists a unique solution F : X" — Y
of equation (2) for which
lIf( ) — F( ) = 1 ( )
X1y oo Xp) — F(x, .., x0)|| £ ————0 (X1, X1, - .., Xy X)),
1 n 1 n |A|(1 — L)fﬂ 1, X1 ns Xn
(x1,...,x,) € X" 9)
The mapping F is given by
J J
aixy,...,apx
FGots o) i Tim LX) X (10)
j—00 AJ

Proof Let us consider a complete generalized metric space (G, d), where

g .= yX"
and
d(g,h) :=inf{C € [0,00] : |lg(x1, ..., Xpn) —h(x1, ..., xn)]l
< Co(X1, X1y vy Xn, Xn), (X1,...,x5) € X"}, g, heq.
Put also

1
Tg(xr....ox) i= 2g(@xi, ... anx), g €G, (x1.....x) € X",

We show that T : G — G is a strictly contractive operator with the Lipschitz constant
L.Todothis,fixg,h € G, (x1,...,x,) € X"and Cg ;, € [0, oo] withd(g, h) < Cq p.
Then

lg(xt, . v xn) —h(xt, ..., xp) || < Conp(x1, X1, -+, Xny Xn), (1D
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926 K. Cieplinski

which together with (7) gives

ITg(xt, ..oy xn) = Thxt, ..., x0)l

1

= mllg(mxl, cosapXy) — h(arxy, ..., apxy) ||
1

< ng,hgo(mx],alxu e ey Xy, AnXp)

S ch,h(p(xlv -xlv cec xns xn),

and consequently d(Tg, Th) < LC, . Therefored(Tg, Th) < Ld(g, h), as claimed.
Let us next observe that from (8) it follows that

1
||Tf(x1,...,xn)—f(xl,...,xn)Il = Hzf(alxls'-wanxn)_f(xh"'sxn)

E _(p(x]axly . wxn,xn)a
|A]

and thus |
d(Tf,f)§m<oo. (12)

We can now apply Proposition 2 for the space (G, d), the operator T', ng = 0 and
x = f to deduce that the sequence (T f) jen is convergent in (G, d) and its limit F
is a fixed point of 7.

Thus '
F(xi,...,xy) = Im T/ f(x1,...,xp) (13)
j—o0
and |
XF(alxl,...,anxn)=F(x1,...,xn). (14)

Since, by induction, we also have

i 1 i j .
Tf(xl,...,xn)zEf(alxl,...,a,,x,,>, jeN,

(10) follows.
Next, note that obviously f € G*, and therefore Proposition 2(iii) and (12) imply

1

d(f.F) = =

d(Tf’f)§|A|(1——L)’

which proves (9).
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Let us now observe that from (8) we get

H flal(anxii + anxia), . .., an(@ni X1 + an2xn2))
Al

J J
A f(alx]ip”-,anxni,,)
- 2 ST in A/

J j j j
_ p(ajx11, ajx12, ..., Gy Xn1, AnXp2)

- |Al
for (x11,X12, ..., X1, Xn2) € X*" and j € Ny. Letting j — oo, and applying (6) and
(10) we deduce hence that

HF(anxll +apxiz, ..., Gy Xnl + Ap2Xn2)

=2 iinet12) A i F Oty s Xni, )| <0

for (X11, X12, - - -, Xn1, Xn2) € X", and thus we see that the mapping F : X" — Y is
a solution of functional equation (2).

Let us finally suppose that F' : X" — Y is a solution of equation (2) fulfilling
inequality (9). Then F’ satisfies (14), and therefore it is a fixed point of the operator
T . Furthermore, by (9), we obtain

d(f’F)§|A|(1——L)<OO’

and consequently F’ € G*. Proposition 2(ii) now shows that F’ = F. a

2.3 Corollaries

Now, we present some consequences of Theorem 3.

First, consider the case aj1 = aj2 = ... = ay1 = app = land A; ; =1
for iy, ...,i, € {1,2}. Then from Theorem 3 we get the following outcome on the
generalized Ulam stability of functional equation (3).

Corollary 4 Assume that Y is a Banach space and ¢ : X** — [0, 00) is a mapping
such that

lim — (2-’x1],2-’x12,...,2-’xn1,21xn2> =0,

j—o0 2J1

2
(X110, X125+« Xn1, Xp2) € X7

@ Springer



928 K. Cieplinski

and

© (2x11, 2115 -+, 2x01, 2x01) < 2"Lp (X115 X115+ -+ Xnl, Xn1)
(x11, ..., xp1) € X"

foran L € (0, 1). If f : X" — Y is a function satisfying

Hf(xn +x12, X Xn2) = X ey £ iy s Xni,)
< @(x11, X125 -0\ Xnl, Xn2)
for (x11, X12, ..., Xnl, Xn2) € X2 then there exists a unique solution F : X" — Y

of equation (3) for which

Nf(x1, ..o, x0) — F(xq,..

(X1,...,x,) € X"

1
-’xn)” E m(/)(X1’x]’ ""xnvxl‘l)v

The mapping F is given by

2ixy,...,20x
F(xy,...,x,) = lim f( ! n)

j—o00 Zj"

s (e, x) € X (15)

Theorem 3 (for L := ﬁ) and Corollary 4 (for L := %) with ¢ ;== ¢ forane > 0
immediately give the following two results on the classical Ulam stability of equations
(2) and (3).

Corollary 5 Assume that Y is a Banach space, |A| > 1l ande > 0. If f : X" — Y is
a function satisfying

Hf(auxll +a12X12, ..., Ap1Xn1 + An2Xn2)
- Zil ,,,,, inef{l,2} A i S Ky ey Xni) || S €
for (x11, X125 -, Xn1, Xn2) € X2 then there is a unique solution F : X" — Y of

equation (2) such that

fCer, oo xn) — Fxp, .o, x|l < (xl,...,x,l)eX". (16)

3
Al =1
The mapping F is given by (10).
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Corollary 6 Assume that Y is a Banach space and ¢ > 0. If f : X" — Y is a function
satisfying

If G4 xi2s oo X +x02) = > FGaiga X)) <€
(AT ine{l,2}
for (x11, X125 - -+ Xn1, Xn2) € X2 then there is a unique solution F : X" — Y of

equation (3) such that

IfCers s xn) = Flx, .o x|l < (X1, ..., xn) € X"

e
2n — 1’
The mapping F is given by (15).

Let us next note that Corollary 5 is a generalization of Theorem 2.1 in [18], and
thus a few further known results (see [18] for the details).

Remark 7 Theorem 3 and Corollary 5 with n = 1 give obviously the stability outcomes
on functional equations (1), (4) and (5), including the classical ones from [9,36].

3 Perturbations of the second equation

3.1 Introduction

Now, assume that ay j, . j.,-.-.anj,...j, € F for ji,...,jn € {=1,1} and
A .., € Kforiy, ..., i, € {1,2} are given scalars. Moreover, let
A= > A, #0.
Llseeny ipe{l,2}

a7
= le ,,,,, ine{l,2} Aj i,,f(xli1 s e s Xniy)-
Its special cases are for example:
— the well-known Jordan-von Neumann equation
qx +y) +qx —y) =2q(x) +29(y), (18)

which is useful, among others, in some characterizations of inner product spaces.
Solutions of (18) are called quadratic mappings (for more information about these
mappings, other applications and the Ulam stability of equation (18) we refer the
reader for example to books [39,41]).
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930 K. Cieplinski

— the functional equation

Ditinel=t1y QO+ j1x12, o Xn1 + Jnn2)
(19)
= Zih.--,ine{ll} 2”Q(x1,~1, ey xm‘n),

which (see [38,59], where its Ulam type stability is also investigated) characterizes
the so-called n-quadratic mappings.

3.2 Main result
In this section, we prove the generalized Ulam stability of functional equation (17).

Theorem 8 Assume that Y is a Banach space and ¢ : X** — [0, 00) is a mapping
such that 1 i )
lim;_, W<P((201,1 ..... D xin, Qa0 xz, -

Qan,1,.. ) xn1, Qap1,..1)  x2) =0, (20)

2
(X115 X12, -+« Xp1, Xp2) € X7

and
©Q2ai 1, 1X11,2a1,1,.. 1X115 - -+ 2Gn,1,...1Xn15 20n,1,...,1Xn1)
21
S |A|L¢(x119 xlla IR ] xnlv xnl)» (-xlls L] xnl) e Xn

foran L € (0,1). If f : X"™ — Y is a function such that f(x1, ..., x,) = 0 for any
(X1, ..., xy) € X" with at least one component which is equal to zero and

H Z flar . j,ir + J1x12)s ooy @n i,y jy (it + JuXn2))

Jisesn€{=1,1}
- Z Ajy i (X0 -,xni,l)H
i1,nin€{1,2}
< @(x11, X12, «. .y Xnl, Xn2) (22)
for (x11, X12, -, Xpl, Xn2) € X2" then there exists a unique solution F : X" —

Y of equation (17) such that inequality (9) holds and F (x1, ..., x,) = 0 for any
(x1,...,x,) € X" with at least one component which is equal to zero. The mapping
F is given by

F(Xl,-~-,xn)=1imj—>ooﬁf((201,1 ,,,,, DXt Qan,. ) %),
(23)
(X1,...,xy) € X".
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Proof Let us consider a complete generalized metric space (G, d), where

G={f:X"—>Y:f(x1,...,xy) =0forany (xi,...,x,) € X"

with at least one component which is equal to zero}
and d is as in the proof of Theorem 3. Put also
1
Tg(xi,...,xn) = Zg(2a1,1,.‘.,1x1, cees 2an1,.1X0),
g€q, (x1,...,xy) € X"
We show that T : G — G is a strictly contractive operator with the Lipschitz constant
L.Todothis,fixg,h € G, (x1,...,x,) € X"and Cg , € [0, co] withd (g, h) < Cg .

Then (11) holds, which together with (21) gives

”Tg('xla ""-xn) - Th(-xlv "~7'x7l)||

1
=m”8(2a1,1 ..... 1X1s e vy 2an0,.0%0) — hQay 1, X1, ..., 2an,1,...,1%)
1
|A]
Echyh(p(xlixlv"wxn’xn)’

IA

ConepQay,.1x1,2a11,..1X1, ..., 20p,1,... 1Xn, 20p.1,....1Xn)

and thus T is strictly contractive with the constant L.
Let us next observe that from (22) and the fact that f(x1,...,x,) = 0 for any
(x1,...,x,) € X" with at least one component which is equal to zero it follows that

”Tf(-xl’ "'7-x71) _f(-xl’ "'7xl’l)”

|

S _(p(x]9~xl7 .. ',xn,xn)’
|A]

1
Zf(2a1,1,...,1X1,.-.,Zan,l ..... 1Xp) — f(x1,..., Xxp)

and thus (12) holds true. From Proposition 2 we see that the sequence (7 f) jeN 18
convergent in (G, d) and its limit F is a fixed point of T'.
Therefore, we get (13) and

1x,,) = F(x1,...,Xn). 24)

,,,,,,,,,,,

Since, by induction, we also have

. 1 4 .
ij(xl,---,xn)sz ((2611,1 ..... Dx1, ., Qap, 1)]Xn), JjeN,
(23) follows.
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932 K. Cieplinski

Let us now observe that inequality (9) can be shown as in the proof of Theorem 3.
Next, from (22) we get

1 ; .
H Z Ef((zal,l ..... Dat i, .+ jixi), ...,

Qan1,..1) anji.....jn Cn1 + jnXn2))

1 . .
— > A F(Qani ) xiys s Qan1) X, )

ils'“!ine{l?z}

1 j j
< W¢((201,1,..‘,1)' x11, Qara,.. 1) x12, ...,

Qan,1,...1)" Xn1, Qan,1,...,1) xn2)

for (x11, x12, ..., Xn1, Xn2) € X2 and j € Ny. Letting j — oo, and applying (20)
and (23) we deduce hence that the mapping F : X" — Y is a solution of functional
equation (17).

Let us finally suppose that F’ : X" — Y is a solution of equation (17) such that
inequality (9) holds and F'(xy, ..., x,) = 0 for any (xi, ..., x;) € X" with at least
one component which is equal to zero. Then F” satisfies (24), and therefore it is a fixed
point of the operator T. As in the proof of Theorem 3 we now conclude that F' = F.

O
3.3 Corollaries
Now, we present some consequences of Theorem 8.
First, consider the case ay j,,...j, = ... = an,ji,...j, = L for ji, ..., j, € {=1,1}
and A;,, ., =2" foriy,...,i, € {1, 2}. Then from Theorem 8 we get the following

outcome on the generalized Ulam stability of functional equation (19).

Corollary 9 Assume that Y is a Banach space and ¢ : X*" — [0, 00) is a mapping
such that

_ X . . . .
lim 00 77 @(2/x11, 27 %12, .., 27001, 2 x02) = 0,
(X115 X12, + -+, Xn1, Xp2) € X"
and
@2x11,2x11, .., 2%n1, 2x01) < 4" Loo(x11, X11, - -, Xnls Xnl)s

(X115 .05 X01) € X"

foran L € (0,1). If f : X* — Y is a function such that f(x1, ..., x,) = 0 for any
(X1, ..., xn) € X" with at least one component which is equal to zero and
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933
H D itinelotay SO+ Jix12, o Xnl F jpXn2)
= it inelt2y 21 Gty '--,xm‘n)‘ < @(X11, X12, ..’y Xnls Xp2)
for (x11, X12, ..., Xnl, Xn2) € X2 then there exists a unique solution F : X" — Y

of equation (19) such that F (x1, ..., x,) = 0 for any (x1,

...y Xp) € X" with at least
one component which is equal to zero and

||f(-x19 ""-xl’l) - F(-xl’ '-'7xﬂ)|| E m@(xlvxlv "'7x)'l5-xn)9
(X1,...,x,) € X".

The mapping F is given by

2ixy, ..., 2
FQpooxy) = fim 2 X0 2) e (25)
Jj—00 4n

Theorem 8 (for L := \TH) and Corollary 9 (for L := 4i,,) with ¢ ;== ¢ forane > 0

immediately give the following two results on the classical Ulam stability of equations
(17) and (19).

Corollary 10 Assume that Y is a Banach space, |A| > 1 ande > 0. If f : X" — Y is

a function such that f(x1,...,x,) = 0 for any (x1,

..., Xy) € X" with at least one
component which is equal to zero and

.....

- Zil ,,,,, ine(1,2) Ajyein f Xy - Xniy)

=

for (x11, X12, ..., Xnl, Xn2) € X2 then there exists a unique solution F : X" — Y
of equation (17) such that inequality (16) holds and F(x1,...,x,) = 0 for any

(x1,...,x,) € X" with at least one component which is equal to zero. The mapping
F is given by (23).

Corollary 11 Assume that Y is a Banach space and e > 0. If f : X" — Y is a function
such that f(x1,...,x,) = 0 for any (x1,

.oy Xp) € X" with at least one component
which is equal to zero and

H Zj],,,,‘j"e{fl,l} FOan+ ixiz, oo Xn + JnXn2)

- Zil ..... ine(1,2) 2" f(Xtiys - - Xniy)
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934 K. Cieplinski

for (x11, X12, ..., Xnl, Xn2) € X2 then there exists a unique solution F : X" — Y
of equation (19) such that F (x1, ..., x,) = 0 forany (x1, ..., x,) € X" with at least
one component which is equal to zero and

”f(x]a”'axn)_F(xlv~'~7xn)|| S (x]5'-"xn) exn'

&
4n — 1’
The mapping F is given by (25).

Let us next note that Corollary 10 is a generalization of Theorem 1 in [20], and thus
the main result in [50] too.

Theorem 8 with n = 2, al, = a1, =4ay,—-1,—-1 = a2 —1,—-1 = 1, a1,—1 =
ar1,-1 = ay—1,1 = a2 1,1 = 0, A;;1 = Ajp = 2 and Az = Azp = 0 gives
also the following outcomes on the Ulam stability of functional equation (27) (let us

mention that the stability of this equation was very recently studied in [35]).

Corollary 12 Assume that Y is a Banach space and ¢ : X* — [0, 00) is a mapping
such that

lim; o0 4—1,,~<ﬂ(2jX11, 2/x12,27x21,2/x22) =0, (x11, x12, X21, X22) € X*
and
@(2x11, 2x11, 2x21, 2x21) < 4L@(x11, X11, X21, X21),  (x11, x21) € X?
foran L € (0, 1). If f : X* — Y is a function such that
fG1,0)=0=f0,x), (x1,x)€ X (26)
and

Hf(xll + x12, X21 + x22) + f(x11 — X12, X21 — X22)

=2 f(x11, x21) — 2f(X11,X22)H < @(x11, X12, X21, X22)

for (x11, X12, X21, X22) € X4, then there exists a unique solution F : X2 >y of
equation
S+ xi2, x21 + x22) + f(x11 — x12, X21 — X22)
(27)
=2f(x11, x21) + 2 f (x11, X22)

Sullfiling (26) and

1
| f(x1, x2) — Fxy, x2)|| < mw(xl,xl,xz,xz), (x1,x2) € X%
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The mapping F is given by

F(x1, x2) = limj 0o %f(ijl,ijz), (x1, x0) € X2. (28)
Corollary 13 Assume that Y is a Banach space and e > 0. If f : X*> — Y is a function
such that (26) holds and

Hf(xn + x12, X21 + x22) + f(x11 — X12, X21 — X22)

=2 f(x11, x21) — 2f(X11,X22)H <e¢

for (x11, X12, X21, X22) € X4, then there exists a unique solution F : X2 >y of
equation (27) fullfiling (26) and

If(x1,x2) — Fxi, x) |l < =, (x1,x2) € X2

W] ™

The mapping F is given by (28).
Finally, we have the following.

Remark 14 Corollary 11 with n = 1 gives obviously the stability outcomes on func-
tional equation (18), including the classical ones from [21,55].
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