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Abstract

Let H* = {hy, ha, ...} be an ordered set of integers. We give sufficient conditions for
the existence of increasing sequences of natural numbers a; and ny such that ny + ha_ ;
is a sum of two squares for every k > 1 and 1 < j < k. Our method uses a novel
modification of the Maynard—Tao sieve together with a second moment estimate. As
a special case of our result, we deduce a conjecture due to D. Jakobson which has
several implications for quantum limits on flat tori.

1 Introduction

Wesaythataset’H = {hy, ..., hi}of distinctintegers is admissible if #{H (mod p)} <
p for every prime p. An outstanding problem in analytic number theory is the prime
k-tuples conjecture, which asserts the following.

Conjecture 1.1 Let H = {hy, ..., hi} be admissible. Then there exists infinitely many
integers n such that the translates n + hy, ..., n + hy are prime.

A proof of this conjecture is far out of reach of current techniques. However, we
have been successful in establishing various weak versions of this result using sieve
methods. For example, the Maynard-Tao sieve can be used to show that > log k of
the translates are simultaneously prime infinitely often, when & is sufficiently large
(cf. [9,11]).

We extend the definition of admissibility to infinite ordered sets and say H* =
{h1, hy, ...} is admissible if the finite truncation {Ay, ..., hx} € H* is admissible
for every k > 1. In this paper we are interested in the following variation of this
conjecture, for numbers representable as a sum of two squares.
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Conjecture 1.2 Let H* = {hy, ha, ...} be admissible. Then there exists an increasing
sequence of integers ny such that, for every k > 1, the translates ny +hy, ..., ng + hg
are sums of two squares.

We remark that if we replaced “sums of two squares” with “prime” here, then this
would simply be a reformulation of Conjecture 1.1. (It is easy to show that any finite
admissible set can be extended to an infinite admissible set.)

Our interest in this version of the conjecture stems from a problem which appears
towards the end of D. Jakobson’s “Quantum limits on flat tori” paper [8]. In this
paper Jakobson is concerned with characterising the possible quantum limits that can
arise on the standard flat d-dimensional torus T¢ = R?/Z?. A complete classification
of such objects is established in two dimensions, with possible behaviours in higher
dimensions described unconditionally for d > 4, and conditionally ford = 3 on a
weak version of Conjecture 1.2 (cf. [8, Conjecture 8.2]).

In this paper we establish Jakobson’s conjecture.

Theorem 1.3 There exists increasing sequences of natural numbers a; and My such
that My — ajz. is a sum of two squares for 1 < j < k. Moreover, the sequence a; is
such that:

(1) ra(aj) < raajqr) forall j > 1.
(2) The even parts are uniformly bounded; that is to say, if we write a; = 2bim j
where (mj,2) =1, then b; = O(1) uniformly for j > 1.

Here, r,(n) denotes the number of representations of n as a sum of two squares. We
deduce Theorem 1.3 from the following general result.

Theorem 1.4 Let H* = {hy, hy, ...} be admissible such that each h; is divisible by
4. Then there exists increasing sequences of natural numbers a; and ny such that
ni + ha; is a sum of two squares for everyk = land 1 < j < k.

For example, Theorem 1.4 applied to the admissible set H* = {hy, hy, ...} with
elements h; = —(2 - 5%)2, yields a solution to Theorem 1.3.

As mentioned above, Theorem 1.3 allows us conclude results about quantum limits
on flat tori. Let (A ;) j>1 be a sequence of eigenvalues of the Laplace operator V on T
such that A; — 00, and let ¢; be corresponding eigenfunctions with Hcp i ||2 =1.1If
the sequence of probability measures diu; = |@; |>dx has a weak-x limit dv, then we
call dv a quantum limit. (Here dx is the normalised Riemannian volume.)

It can be shown that all limits of such sequences du; are absolutely continuous
with respect to the Lebesgue measure on T (cf. [8, Theorem 1.3]), and so one can
consider the Fourier expansion

dv = Z cr 2T qx (1.1)

reZd

Among other things, Jakobson shows that in two dimensions all quantum limits are
necessarily trigonometric polynomials (cf. [8, Theorem 1.2]). The same result isn’t
true for d > 4, and conjecturally not true for d = 3 either (cf. [8, Conjecture 8.2] and

@ Springer



A variation of the prime k-tuples conjecture... 1345

the following discussion). With Theorem 1.3, we can now complete this aspect of the
classification of quantum limits on flat tori.

Theorem 1.5 There exists quantum limits on T> that are not trigonometric polynomi-
als.

As further consequences to Theorem 1.3 we are able to show the following results
for quantum limits whose Fourier expansions are described as in (1.1).
Theorem 1.6 Let € > 0. We have the following.

(i) Ford > 4 there exists quantum limits dv on T¢ with densities that are not in [>~€
(i.e. for which )" _ |c; |2=€ diverges).
(ii) Ford = 5 there exists quantum limits dv on T¢ for which

. X(p)
lim su = +00,
p_)oop pd—4—
where X(p) is defined as
L) =) lerl. (1.2)
rezd
Itl<p

The results contained in Theorem 1.6 improve upon various results found in [8].
Part (i) was previously shown for d > 5, and has now been extended to the case d = 4
where it is now optimal (cf. [8, Theorem 1.4]). Part (ii) improves on the weaker lower
bound

i 2(p)
imsup g5

p—>o0 P

:+OO

which was shown for d > 6. The lower bound we prove is believed to be optimal for
all d > 5 (cf. [8, Proposition 1.2] and comments shortly after).

Remark 1.7 Tt is well-known that the eigenvalues of V on T¢ are the numbers 47 2k for
non-negative integers k, and they occur with multiplicity r; (k) (the number of repre-
sentations of k as the sum of d squares). This means various constructions associated
to quantum limits on flat tori can be translated to problems in number theory involving
sums of squares.

Remark 1.8 Jakobson shows how Theorem 1.3 follows from weak form of the prime
k-tuples conjecture, essentially by using the fact primes p = 1 (mod 4) are the sum
of two squares (cf. discussion at the end of [8, Section 8]). We note that the weak form
of the conjecture Jakobson uses is still far out of reach of current methods.

2 Outline of new sieve ideas

In this section, let A € N denote a set of arithmetic interest, which for our purposes is
the set of numbers representable as a sum of two squares (but the following discussion
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1346 0. McGrath

holds more generally). We will denote random variables by boldfaced letters, for
example X. We will let P(-) denote a probability measure and by [E[-] the expectation
operator.

2.1 A model problem

Our aim is to prove Theorem 1.4. By a pigeonhole argument (see Proposition 5.1), it
suffices to consider the following model problem.

Model Problem. Fix an admissible set H* = {hy, h3, ...} of integers and a partition
‘H* = B1 U By U.... where each bin B; is a fixed, finite size k;. Is it the case that for
every M > 1 there exists elements A, ..., hy,, and infinitely many integers n such
thathaj € B; andn—i—ha/. e Aforl <j < M?

We realise the above set-up as the output of a sieving process. For notational pur-
poses we order B; = {Ngyt...qk;_;+1; - -+ Nig+-4k } for i > 1, with the convention
that kg = 0. Let k = ko + - - - + kyy for some large M. Given n € [N, 2N) for some
large N, let X; denote the random variable that counts the number of # € B; such that
n+heAandlet X =X; +--- Xy.

The current method we use to detect primes in k-tuples is the GPY method. For
general sets .4, the aim is to show the first moment inequality

k
Sa= Y, (ZnA(n+h,-)—m)w(n)>o Q2.1

N<n<2N “i=lI

holds for some integer m > 1, where 1 4 denotes the indicator function of the set
A and w(n) are non-negative weights (cf. [4,9,11]). If we normalise the weights to
sum to 1, then this is saying “if we choose n randomly from the interval [N, 2N)
with probability w(n), then E[X] > m.” From this we can deduce the existence of an
n € [N, 2N) for which m + 1 of the translates n + h; € A. We say such a translate
has been “accepted.” Exactly which translates are accepted is unknown. This is a
limitation of the first moment method.

It is clear that for our model problem, we require more information about which
translates n + h appear. Namely, we need to be obtaining an accepted translate from
each of the M bins By, ..., By (recall k = ko + - - - 4+ kpr). This presents two obvious
difficulties.

(1) For any 1 < i < k the probability of the event n + h; € A depends on k, and
tends to 0 as k — oo. This would mean any bin of fixed size expects to get fewer
and fewer elements as k gets large. In particular, we cannot hope the hypotheses
hold for every M > 1.

(2) Even in the situation where E[X;] > 1 holds for each 1 < i < M, we cannot
conclude anything about P((X; > 0) N --- N (X > 0)) unless we input some
information about the joint distribution of the bins.

We are able to overcome these issues by modifying the sieve weights and using a
second moment estimate.
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2.2 Choice of sieve weights

We solve the first problem by modifying the sieve weights to put more emphasis on
the earlier bins. This way, we can guarantee that P(n + h € A|h € B;) = ¢; where
the constant ¢; depends solely on the bin. This also means that we can guarantee
E[X;] is large for each i (provided k; is large enough in terms of ¢;). We will consider
Maynard-Tao sieve weights with a fixed factorisation

M 2
— @)
w(n)—( > HMW.%1+1,...,dko+m+k,-> : 2.2)
dy

..... dyi=1
di|n+h;

where

kot
@) ~ 1_[ . .
Mg st 41ty ( M(d/)>ﬁ(dko+~--+k,-1+1, oo dkgtti)
Jj=ko+--+ki_1+1

(2.3)
and f; is a suitable smooth function supported on the simplex
kot +hi
Rp, g = kgt 415 Xhgpoth) €10, 10520 < Y xj < By
J=ko+--+ki—1+1
2.4)

Here (Bi)i>1 is a sequence of real numbers such that Zf’il ,(_3,- < 1 (cf. the sieve
weights defined in [9, Proposition 4.1]). We will take 8; = 27", and in this instance
one might say “we have allocated 50% of the sieve power to By.”

2.3 Concentration of measure

We can deal with the second problem by showing the random variables X; exhibit

“enough” independence. This is precisely what concentration of measure arguments

are used for. For example, an application of the union bound and Chebychev’s inequal-
ity tells us that

M L 112

P(X; — E[X;]| < #; foralli) > 1 — Z w

L

i=1 i

2.5)

where #; > 1 are concentration parameters. Thus, if we can show the variances E[X; —
E[X;]]? are small, then we should be able to show each random variable concentrates
in a (small) interval about its mean with high probability. In particular, we should
be able to show that we get (at least) one accepted translate coming from each bin
after the sieving process. We implement this analytically by using a second moment
estimate (see Proposition 5.2).
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1348 0. McGrath

Remark 2.1 A similar second moment estimate was considered by Banks, Freiberg
and Maynard in their paper [1]. They showed a partition result (for primes), where
the bins are allowed to grow with k. A key aspect of our work is that the bin sizes are
fixed. Moreover they only needed upper bounds of the correct order of magnitude for
the sieve sums, whereas we require precise asymptotics.

2.4 Hooley’s p function

In practice, utilising a second moment estimate requires an understanding of the two-
point correlations

> pa+hpatn+h) (2.6)
N<n<2N

where p 4 is a non-negative function supported on .A. This means our methods are
limited to cases in which estimates of the above type are known. In particular we
cannot deal with the case of primes, as evaluating the above sum asymptotically with
1p or the von Mangoldt function A (say) is equivalent to the twin prime conjecture. !

One can do much better when working with sums of two squares. We cannot
evaluate (2.6) asymptotically using the indicator function, but we can if we work
with the representation function r; () instead. Unfortunately r, (n) is too large for our
purposes, and it proves necessary to consider a weighted version instead. In Hooley’s
work [7] on the distribution of numbers representable as the sum of two squares, he
considers a weighted representation function p(n) = t(n)ra(n) where

1
t(n) =ty g, (n) = > %(1 - %), w=N" @7

aln, a<v
pla=p=1 (mod 4)

and 0 is a suitably small, fixed constant (for example Hooley takes 6; = 1/20). Here
g2(p) is the multiplicative function defined on primes by

if p=1 (mod 4),

1
— P
82p) = {% if p=3 (mod 4). (2.8)

The t(n) factor acts to dampen down the oscillations due to r2(n). Thus p(n) acts
a proxy for the indicator function 1,,_g. g and moreover asymptotics for (2.6) are
available for p(n). This is the function we will be working with.

2.5 Outline of the paper

In Sect. 3 we deduce the results about quantum limits contained in Theorem’s 1.5
and 1.6 from Theorem 1.3. In Sect. 5 we state a few preliminary lemmas that will be
needed in the sieve calculations. We defer the proofs of these results to the Appendix.

! Thisis precisely why the authors were limited to using upper bounds and not asymptotics in [ 1] (cf. Remark
2.1).
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In Sect. 6 we state our main sieve results, and from them we deduce Theorem 1.4. We
isolate a key lemma (see Lemma 6.6) from which all of our sieve estimates follow.
Sections 7 and 8 are dedicated to proving this lemma.

3 Proofs of quantum limit results

In this section we deduce the results of Theorem 1.5 and Theorem 1.6 from Theo-
rem 1.3. Following [8], we note that ¢ is an eigenfunction of the Laplacian on T¢
with eigenvalue A; = 472n; for some n; € N if and only if its Fourier expansion is
of the form
o) = ) age?mEN, 3.1
A
&7 =n

for az € C. Moreover ||gill, = 1 if and only if ZS |ag |2 = 1. It follows that

e ()P =Y e (ke ),
rezd

Z agd,. (3.2)

E—n=t
&12=In[?=ny

b (k)

Let dv be a quantum limit on T¢ with Fourier expansion as in (1.1). By |¢|*dx — dv
weak-* as k — oo we mean that for every 7 € 74 we have cr = limg_s o b7 (k).

Fixa; <ay < --- and M; < M < --- as in the statement of Theorem 1.3, and
let b ¢ € Z be such

M =al+ () + ()2 a=j<h. (33)

Let0) <€ <2andlet F = F. : N — N be a rapidly increasing function whose rate
of growth will be specified later. As we are assuming both a; — oo and r(a;) — oo,
by passing to a subsequence if necessary (and relabelling the indices of the sequence
My), we may suppose a;, r(a;) > F(i).

We will require information about the number of integer points on the surface of
the d-dimensional sphere. For this we recall the following results: writing n = 2fm
and lettingo (n) = > din d denote the sum-of-divisors function, we have the identities

i?) =6 [] @M - (=D'T a(p* ).
pillm
r4(n2) = 24o(m2),

ra(n®) = Cqn®n?=? for d >>5.
Here Cy(n?) is a singular series which satisfies Cy n?) =4 1.
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1350 0. McGrath

We prove each statement similarly - in each case we consider a suitable sequence
of L2-normalised eigenfunctions with eigenvalues Ay = 472 M, and show that the
limit has the desired property.

(Proof of (Theorem 1.3 = Theorem 1.5)) Consider the sequence of L2-normalised
eigenfunctions on T3 that arise by choosing coefficients

2k 1 ee k) (k) :
a;:{'/ﬁ'w—”/z 1fE_(ia1,bj . Cj ) for some j,

0 otherwise.

Fix i > 1. With this choice, for any & > i we obtain

_ 2k 1
b24;,0,0) (k) = Z ey = 51 " Sit1
£—n=(24;.0.,0)
&2 =[n>=M

because the a; are distinct and so the only contribution to the sum comes from § =
(a;, bfk), cl.(k)) and n = (—a;, bl.(k), cl{k)). Hence

€a;.00) = 1M ba;0,0)(k) = 77 >0,

which proves the theorem. O
(Proof of (Theorem 1.3 = Theorem 1.6)) It suffices to prove part (i) for d = 4, by
identifying the eigenfunctions on T¢ with the eigenfunctions on T¢* all of whose
non-zero frequencies lie in the subspace {(x1, ..., Xg41) : X441 = -+ = xg+1 = 0} C
74+

Consider the sequence of L2-normalised eigenvectors on T* that arise by choosing

[ 2k 1 e k) (k) : 2 2_ 2
ae — S (2f'r(a12.))1/2 1f$_(X,Y,bj . ¢ ) for some j and X“ + Y =aj,

0 otherwise.

Fix i and suppose k > i. Given two non-zero coefficients ag, ag/, corresponding to
vectors of the form § = (X, Y, bfk), cl.(k)) and &' = (X', Y/, bfk), cl.(k)), we see the
difference vector is

g_é/ = (X_X/5Y_Y/’O7O)a

and the norm of this vector is < 2q; by the triangle inequality. From (3.2), it follows
that if we sum b, (k) over all |[t| < 2a; then we pick up all such differences. There are
2)2 of them, leading to

r(a;
Y lbeoe >< g )2_6._(2i’(“i2 )

2k — 1 4
ezl

IT1=2a;
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Taking the limit as k — oo we conclude that

i 2\\€ i € i L€
> e = e ri‘f" )L @2 Ff’)) > & Zf')) .

ez
I7|=2a;

Now we can choose F = F¢ so that the expression on the right hand side is unbounded
asi — oo. It follows that ) |c; |>~€ doesn’t converge, proving part (i).

For part (ii), fix d > 5. We proceed as in part (i), except this time because d > 5
we have the lower bound ry_» (aiz) >a ald—4. ‘We remark that to obtain this bound for
d € {5, 6} we are using property (2) given by Theorem 1.3. For d > 7 the bound holds
without this extra assumption on our sequence.

Now consider the sequence of eigenvectors on T¢ with densities

2k 1 e k) (k) . 2 2 _ 2
/ﬂ.m 1f§_(X1,..A,Xd,2,bj V¢ ) for some j andX1+...Xd72_aj,

0 otherwise.

ag =

Fix i and suppose k > i. As above we can conclude

2k rg—2(a?)
> b= ()

rezd
IT1=2a;

Taking the limit as k — oo we conclude that

ra—a(@?) _ a®t
> el = = >
d
\frlei%ai
It follows that
Dpri<aq; lorl  Qa)¢  QF ()"
(2ai)d_4_é d 2i >>d 2i .

Choosing F = F, appropriately and letting i — oo, we see that for this choice of
quantum limit we have

by
lim sup # = +o00,
p—o0 P €
where X (p) is defined as in (1.2). This proves part (ii). m]

4 Notation
We will use both Landau and Vinogradov asymptotic notation throughout the paper. N
will denote a large integer, and all asymptotic notation is to be understood as referring

tothelimitas N — oo. Any dependencies of the implied constants on other parameters
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1352 0. McGrath

A will be denoted by a subscript, for example X <4 Y or X = O4(Y), unless stated
otherwise. We let € denote a small positive constant, and we adopt the convention it
is allowed to change at each occurrence, and even within a line.

We will denote the non-trivial Dirichlet character (mod 4) by x4, and we may omit
the subscript and simply write x. As usual, we let ¢ (n) denote the Euler-Totient func-
tion, 7, (n) denote the number of ways of writing n as the product of  natural numbers,
u(n) denote the Mobius function, and r;(n) denote the number of representations of
n as the sum of d squares. For the rest of the paper we will write r(n) when d = 2.
For integers a, b we let (a, b) denote their highest common factor, and [a, b] denote
their lowest common multiple.

We define the Ramanujan—Landau constant

1 1 _%
A= — — 4.1
5 Al < 2) @D

p=3 (mod 4)

which will appear in many of our results.

5 Preliminaries

In this section, we formalise some of the notions discussed in Sect. 2, and state a few
key estimates that will be required later in the sieve calculations.

5.1 A pigeonhole argument

The following proposition allows us to go from the set-up in Theorem 1.4 to the model
problem discussed in Sect. 2.

Proposition 5.1 (Pigeonhole argument for infinite bin set-up). Fix A C N and a set
H* = {h1, ha, ...} ofintegers. Suppose that there exists a partition H* = Bi{UByU. ..
where each bin B; is a fixed, finite size, such that for every M > 1, there exists infinitely
many n and M translates n + h; y € Awith hj p € Bj for | <i < M. Then there
exists increasing sequences aj and ni such that for every k > 1 we have ni +hq; € A
for1 < j <k and moreover hy; € Bj forall j.

Proof With the above set-up, obtain translates n + h; y € A with h; s € B; for
1 <i < M for each M > 1. Record this process in the following infinite table:
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B By B3 By By4+1
hy1

hi2 ha

h13 ha3 h33

hi,m ha.m h3 m hym

hi M+1 ha M+1 h3 M+1 hm, M+ hyr1,M+1

Look at the first column. By the pigeonhole principle, since B is finite, there must
exist an element h,, € B; which appears infinitely many times. Choose the smallest
such h,,, and choose any n; € N for which n| + h,, € A. Now erase all the rows
that do not start with %, and look at the remaining (infinite) table. Again, since B> is
finite, some element 1,, € B> must occur infinitely many times in the second column.
Choose the smallest such /,, and choose any ny > ny such that ny + h,, € A (which
we can do because there are infinitely many such 7). By construction this ny will be
such that ny + h,, € A. Now erase all rows that don’t start with A, , h,,, and repeat
this process for B3, and so on. We will end up with increasing sequences a; and 7y
which by construction satisfy the required conditions. O

5.2 A second moment estimate

As discussed in Sect. 2, our work will require input about the joint distribution of the
bins, which we will achieve via concentration of measure arguments. The following
second moment estimate will suffice for our purposes.

Proposition 5.2 (Second moment estimate). Fix A C Nand H = {hy, ..., hi} a set
of integers. Suppose we have a partition H = By U ... U By. Let ui, t; > 1 be real
numbers for 1 < i < M. Let p 4 be a non-negative function supported on A and w(n)
be non-negative weights for each integer n. If

2 M 2
Wi pAn+h) — w;
E [ min —21 — E (ZheB’ PA l) :|lU(n) > 0, (5.1)
j=lL..M t5 4 li
N<n<2N J i=1

then there exists an n € [N,2N) and elements hy; € B; such that n + h,, € A for
1<i<M.

Proof By positivity we deduce the existence of an n € [N, 2N) such that
2

. M
min —-.
=l M1

% (Zheg,. pan+h) — )2 )
i=1 fi

Ifn+h ¢ Aforall h € B;, then by assumption on the support of p 4 the left hand
side of the above expression is > u? / tiz, a contradiction. O
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1354 0. McGrath

Thus, if the second moment estimate (5.1) holds for all M > 1 and sufficiently large
N, then we are in a situation where the hypotheses of Proposition 5.1 are satisfied.

5.3 Estimates in arithmetic progressions

We require an understanding of how p(n) and p(n)p(n + h) behaves in arithmetic
progressions for our sieve calculations. Essentially this reduces down to understanding
the corresponding sums for (n) and r(n)r(n + h), where the estimates we need are
known with power-saving error terms. This means that the error terms in the sieve
calculations can be bounded trivially (cf. with the case of primes [4,9], where we have
to use equi-distribution results such as the Bombieri-Vinogradov theorem to bound
the error terms that arise).

We have the following lemmas. We note that the functions gi, ..., g7 defined in
this section will be used frequently throughout the rest of the paper.

Lemma 5.3 Suppose (a, q) = (d, q) = 1 where d, q are square-free and odd, of size
& NOO  Then we have

Z rn) = 81(q)g2(d)

N+ R{(N;d, q),
2qd 7N + Ry ( q)

n<N
n=a (mod q)
n=1 (mod 4)
d|n

where g is defined as in (2.8), g1 is the multiplicative function defined on primes by
g1(p) =1—x(p)/p. and

Ri(N;d, q) <e ((qd)? + N¥)d? N
Lemma 5.4 Suppose that (a,q) = (a + h,q) = (d1.q) = (d2,q) = (d1,d>) = 1

and 4|h, where dy, dy, q are square-free and odd, of size < NV . Moreover suppose
h > 0 is fixed such that p|h = p|2q. Then we have

2
I'd,,d,
S iy = ST 2D 2y g Ny, ),
n<N q
n=a (mod q)
n=1 (mod 4)
di|n
dy|n+h
where
2(d1)g2(dr) w(r)(dy, r)(da, 1) x[(d}, P)x[(d3, )]
Py q) = 2222 3 . 27
192 = g
and

11
Ry(N:dy.dy. q) <e qidydyN3Te +d2dZ N&te,
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Lemma5.5 Let (a,q) = (d,q) = 1 where d, q are square-free and odd, of size
& N9 Then we have

d
> = %(ngJrAz +2) gs(p) —2Zg6(p)>zv

n<N rlg pld
3
+ Oc(gN7Te),

where

L'(1, x4) 2;“’(2) 4

Ay=2y —1+2 - i
v L. xa) ¢ '3

log 2.

Here g3, g4 are the multiplicative functions defined on primes by

p=1> . _ 4p23p+l o
g3(p) = { PP+D ’.fp =1 (mod 4), eu(p) = PED lfp =1 (mod 4),
gi(p) ifp=3 (mod 4), 82(p) if p=3 (mod 4),

and gs5(p), 86(p) are defined by

% ifp=1 (mod 4),
gs5(p) = log p if p=23 (mod 4),

p?-1

(p=D2@ptDlogp o,
2e(p) = | vy S P =1 (mod4),
log p if p=23 (mod 4).

We will prove each of these results in Appendix A. Lemma 5.3 follows from two
known results. Lemma 5.4 follows by adapting the method used by Plaksin in [10],
where a similar sum is considered. Finally Lemma 5.5 can be shown using standard
Perron’s formula arguments, together with a fourth moment estimate for Dirichlet
L-functions.

When finding the corresponding estimates for p(n) the following sums naturally
appear (for the definitions of W, W1 and Dy see (6.1) below the fold):
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pua) v
Xy w = E log —, (5.2)
a a
a<v
(@.W)=1

pla=p=1 (mod 4)

n(a)uw(b) v v
Ynw = ————~log —log -, (5.3)
a;v gr(@gib)y “a b
(a,W)=(b,W)=1
(a,b)=1
pla,b=p=1 (mod 4)
) n(a)u(b)ga(la, b)) v v
Inw = log — log -, (5.4)
N 2 w@gn®la. bl ta b

a,b<v
(a,W)=(b,W)=1
pla,b=p=1 (mod 4)

7@ M(G)M(b)g4([a,b])1 v e
N, W aév g2(a)ga(b)la, b] og ogbpl[%:b]gﬁ(p) (5.5)

(a,W)=(b,W)=1
pla,b=p=1 (mod 4)

Here g7 is the multiplicative function defined on primes by g7(p) = p + 1. The
following lemma evaluates the auxiliary sums above.

Lemma 5.6 (Auxiliary estimates for p(n)). We have

8Alog? v
rgi(Wy)’
v (1 +o(1)) 64A2 log v
NW = o(1)) —5——=.
' w2g1(W))?
3 1
1) 32A 10g2 v
z =10+o()) 55—,
N.W 72g1(W)3
3
16A%log2 v
) g
Z =—1+o(1))————=.
N.W 72g1(Wy)3

Xyw={I+o0(1))

where A is defined as in (4.1). In each case one may take the o(1) term to be O (Do_l).

We remark that the estimate for Xy | appears in Hooley’s work (after correcting
a misprint—cf. [7, Lemma 5] and note his slightly different definition of A). We
prove Lemma 5.6 in Appendix B. Each sum can be evaluated by the Selberg—Delange
method.

6 The sieve set-up

We now state our sieve results and use them to deduce Theorem 1.4. For the rest of the
paper k is fixed, H = {hy, ..., hi} is a fixed admissible set such that 4|h; for each i,
and N is sufficiently large in terms of any fixed quantity. We allow any of the constants
hidden in the Landau notation to depend on k, without explicitly specifying so.
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We will employ a 4W-trick in our sieve calculations. Let

w= J] »r (6.1)

2<p=Dy

where Dy = (loglog N)3, so that W < (log N)z(k’glogN)2 & N€ for any fixed
€ > 0 by the prime number theorem. It will prove useful to define

wi= J] ». W= ][] »r (6.2)
p=Do p=Do
p=1 (mod 4) p=3 (mod 4)

so that W = W Wj3.

By admissibility of H there exists a fixed residue class vg (mod W) such that
(vo+hj, W) =1foreachi.Fix | <m,l <k withm # [. We consider four types of
sums:

2
Si= ) (dzd M. .. d) (6.3)

N<n<2N 1yeensdi
n=vg (mod W) d;|n+h; Vi
n=1 (mod 4)

2
= Y p(n+hm)< Y a. dk), (6.4)

N<n<2N dy,....dg
n=vg (mod W) diln+h; Vi
n=1 (mod 4)

2
sy = ) p(n+hm)p<n+hz)< Y e dk), (6.5)

N<n<2N di k
n=vy (mod W) di|n+h; Vi
n=1 (mod 4)

2
=Y pz(n+hm)< ) Adl,...,dk)- (6.6)

N<n<2N di,..., dy
n=vg (mod W) di|n+h; Vi
n=1 (mod 4)

Because £ is fixed, we may assume that Dy is sufficiently large so that

plhi —hj = p2W. 6.7)

Remark 6.1 For the second moment estimate, it proves important to control the residue
classes of the translates n + & (mod 4), hence the condition n = 1 (mod 4) in our
sieve sums and also the assumption 4|/ for our admissible set. This is because of the
inherent bias numbers representable as a sum of two squares have modulo 4.
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Our first Proposition evaluates these sums for general half-dimensional Maynard—
Tao sieve weights. Fix 0 < 01 < 1/18 in the definition of p(n) (see (2.7)). We also
define the normalisation constant

_ A ¢(W)(ogR)? _ 24 ¢(W3)(logR)?
F(1/2VIT, ) W 7 W;

(6.8)

Proposition 6.2 (Half-dimensional Maynard-Tao sieve estimates). Let R = N%/2 for
some small fixed positive constant 0 such that 0 < 01 + 0, < 1/18. Let Aq,,... a4, be
defined in terms of a fixed smooth function F by

k 2
1 Ti lo lo
..... (l—[u(d,)d,> > M(lk—l’—l i) F(1 g;,..., : grR">,
Flyeen Tk Hi:] (ﬂ(ri) 0og 0og
d;|riVi
(ri, W)=1Vi
plri=p=3 (mod 4)Vi

whenever ]_[f:1 di < R is squarefree, (]_[f-;l di, W) = 1 and p| ]_[le d = p
3 (mod 4), and let Ly, .. dk = 0 otherwise. Moreover let F be supported on Ry =
{(x1,...,xx) €10, 17 : Zl 1 Xi < 1}. Then we have

BN
S1=(1+ 0(1))WLk(F)a

/log R pk
4 longN

SI = (14 0(1)) L (F),
aW
logR) k

simh = (1 + (1)> ‘°‘°’“W Licm. (F).

logR log N k

2./ + BN
1 1

S(m) 1+ o0(1)) ogv " logv

Lk;m(F)

provided Li(F), Ly, (F) and L. ;(F) are non-zero, where

1 1 2k dx;
Li(Fy=|[ ... F(xi,..., —
k(F) /0 /(; I (x1 Xk)} W

1 Ir rl dx,, 1° k dx;
LkAm(F)zf f /F(xl,...,xk) ’"} [1—=
' 0 o LJo VEm ] ST X

enir= [ [T [ P Sz ]
m = Xlyoons X)) —— | —
! 0 o LJo 0 ! Y o X
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From this, one can deduce the corresponding results for the modification of the
Maynard-Tao sieve described in Sect. 2.

Proposition 6.3 (Modified Maynard—Tao sieve estimates). Suppose in addition to the
hypotheses of Proposition 6.2 we have a partition H = {hy, ..., h} = BjU...UBy
into bins B; of fixed and finite size k;. Write B; = {hyyt.. +k;_1+1s - - - » Pkgt...+k; } With
the convention that ko = 0. Suppose further we have a corresponding factorisation

Fr,ooooxn) = [ FiGrorothioi b1 - Xho otk
i=1
where each F; is smooth and supported on the simplex
ko+...+ki
R = {( yel[o,17% .0 < < B}
B;.Bi Xko+...4ki_1+1s « « s Xkg+...4k; s U= Xj = Piys-

Jj=ko+..+ki—1+1

Here (,3,)°°1 is a sequence of real numbers such that Z i—1 Bi < 1.Thenforhy, h; €
B; we have

BN (2
S = +o(1>)W(1"[L|B,.<F)),
4 logRBk
S = (1 4+ o(1)) 18 (HL|B(F)) 1351 (F)

L J|(F)

|B;1;m,1 (Fj)

L F; ,
(H 1 )) Lip;|(Fj)

log R /log N l)BkN M
\/1 1 Lig; i
S = (1+ o(1) 5 (HL|B,-(F1'))|—

i=1

) d‘;i’,f)
S =1 +o(l) ——

Proof The hypotheses imply F = ]_[lAi 1 Fi is also smooth and supported on Ry,

and hence the results of Proposition 6.2 apply. It suffices to to show the functionals

factorise in the forms stated. Because our set-up ensures that supp(F) = supp(F1) x
- X supp(Fys) one can easily check that if 4,,, h; € B; then

M
Li(F) = [ | Ly (Fi),

L 13;1:m ()
bentn = (T80 522052
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- LB jm,i1(F})
i=1

Lig; (Fy)
O
With the following lemma we will be in a position to prove Theorem 1.4.
Lemma 6.4 (Evaluation of sieve functionals). Let F (11, ..., ;) = ]_[f: 1 8(kt;) where
o) — {ﬁ ift < 8B,
0, otherwise.

Then for any m, [ we have

Lk;m(F) n? \/?
LiF)  w+2 V&

Lk:m,l(F) 772 : ﬂ
L(F) <n+2> Tk

Proof The definition implies F is supported on the cube [0, %]k C Ry p. In this case
the functionals factorise completely and the lemma follows from the fact

B

f 13 dr w42 B
o i+ 4 VK
/f @& = [B
o Vid+i) 2 Vi
O
Remark 6.5 We have restricted the support of our functions to the cube [0, %]k -

Ry g so that the integrals can be evaluated exactly. This essentially means we are
using weights of similar strength to the original GPY weights (cf. [4]). For the half-
dimensional case one can show that for large k these weights are essentially optimal.
(In particular, following a similar optimisation process as in [9, Section 7] one arrives
at the same results as above.)

We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4 Let’H = {hy, h», ...} be a fixed admissible set. Fix real numbers
01, 62 subject to 0 < 01 4+ 0, < 1/18 and define the constant

V2T +2) 146
327 /6,0,

A= A01,02) =
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With notation as above, consider a partitiqn H =By UByU...where k; > 2A3 and
for i > 2 we choose B; such that k; > 27¢. By Proposition 5.2 we will be done if we
can show, for every M > 1, the inequality

2 M 2 2
K Y hen, P(n+h) — i
S [, F o (F S i) =9
N<n<2N J i=1 N
n=vy (mod W) di|n+h; Vi
n=1 (mod 4)

for all sufficiently large N and some choice of real numbers w;, ;i > 1.

Choose weights Ag,..4 as in Proposition 6.2, and let F(xq,...,xx) =
M .
Hi:l F; (Xkg+..+ki 141> - - - » Xko+..+k;) Where each F; is supported on Rp, »-i.
ko+...+k; .
Let Fi(Xkgt. k1415 - - s Xkor k) = H] hottki +18(kixj) where for j €

{bri_1, ..., b} we define

1 . —i
— ifx; <27
glxj) = | 42 I =
0, otherwise

Expanding out (6.9), we have the evaluate the expression

M
. 1 (h.h') h (h) 2
('_ImnM t2> Z—2|: Z S3 +ZS4 —2u; 252 + u; S
=11 h,h/GB,' heB; heB;
hsh'

(where by abuse of notation we have written Séh) for Sg) where h = h; say). A
convenient choice of w;, A; is

1 1
. — ki 7 . — ki §
Mmi =c 5 , Li=c¢ E )

160,726, [ n?
T4+2)

where

c=c(th,0) = -

Evaluating these sums using Proposition 6.3 and Lemma 6.4 we see that this is asymp-
totically

1

wao)(6) 206 0]

i=

@ Springer



1362 0. McGrath

Hence (6.9) will be satisfied for all sufficiently large N provided
T )
o \ki 2/ .
But now our choice of bins ensures that
M oaine Mo k3
sY(5) =ary=a<(3)-

and so (6.10) is satisfied for all M > 1. O

Sl

It remains to prove Proposition 6.2. Each sum can be treated similarly. The following
lemma handles all of them at once. First, given a function F satisfying the hypotheses
of Proposition 6.2, we define

k
aF
Fiax = sup (lF(ll,u-,lk)l—i-E |a_(t17-~-,fk)|>~ (6.11)
[0, 1% o ot

(t1,.... k) €
The lemma can now be stated as follows.

Lemma 6.6 (General sieve lemma). Let J C {1, ..., k} (possibly empty) and p1, p> €
P U {1} be fixed. Write I = {1,...,k}\J. Define the sieve sum Sj p p»m =
SJ.p1.p2m, f.g bY

SIopr.prm = > My...odiher.e | | £UdiveiD) [ ] g(1dj. e5D),

dy,..., dy iel jeJ
[ P €k
W.ldy,e1l.....dk.ex] coprime
pildm.p2lem

with weights Aq, ... q, defined as in Proposition 6.2. If J = () we define f(p) = 1/p
(and there is no dependence on g in the sum). Otherwise, [ and g are non-zero
multiplicative functions defined on primes by

1 1 1 1
fp)=—+ 0(—2>, §(p)=—+ 0(—3>,
p p p p

and moreover we assume that f (p) # 1/p. Wewrite Sy for Sy 1,1,m. Suppose rq, .4,
satisfy the same hypotheses as in Proposition 6.2. Then for |J| € {0, 1, 2} we have the
following:

(1) Ifm € J then
F2, B l(loglog R)?

(p1p2/(p1, p2))?

Sfypl,szm <
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(i) Ifm ¢ J then
F2, .B*Vl(loglog R)?

St p1.pam K
P p1p2/(p1s p2)

(iii) We have
Sy = (14+o(1)BVIL,(F),

where the integral operators are defined by Proposition 6.2 above, and we write
Ly (F) as shorthand for Ly jey (F).

We now show how this implies Proposition 6.2.
Proof of (Lemma 6.6 = Proposition 6.2) We consider each sum in turn. First we note
that using the definition of A4, 4, , the exact same calculation as in [9, p. 394] gives

3 ROLAD

k
<& Fnax(log R)2,
@ u)

dk| < Fmax

.....

u<R
plu=p=3 (mod 4)

and so we have a trivial bound?

2 2
Y Dardien... ek|<<( sup [ha, ., m)( > rk(d))

dy...dy di....dy J<R
ElLseaCh pld=p=3 (mod 4)
& F2 R*(log B <. F2, Not€, 6.12)

As mentioned in Sect. 4, because we can obtain power-saving in the error terms for
the formulae stated there, this trivial bound will suffice for our purposes.

(i) Rewrite S; in the form

S| = Z Ady,...dihen,....e Z L.

dy,....dy N<n<2N
€l,...,ek n=vg (mod W)
n=1 (mod 4)
nz—h,- (mod [d,-,e,-])

We may assume W, [d1, e1], ..., [dk, ex] are pairwise coprime, as otherwise the
inner sum is empty. In this case, by the Chinese Remainder Theorem, these congru-
ences are equivalent to a single congruence (mod g) where g = 4W ]—[f=l d;, e;].
The inner sum evaluates to

N + 0().
q

2 By Rankin’s trick we have

% (d
> 7 (d) <R > xd) & R(log R)F/2.
d
d<R d<R
pld=p=3 (mod 4) pld=p=3 (mod 4)
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The error term contributes O, (F2, N%7€) which is negligible. The main term is

max

er.....e

This is of the form S; where |J| = 0. Evaluating it according to Lemma 6.6 we
obtain

k
S = +o<1))%L,£°)(F>.

(ii) Rewrite S, ™) in the form

s = 37 hdydiherer > o+ hpy).
dy,....dx N<n<2N
€]y, n=vp (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi

By definition of p(n + h,,) this is equal to

1 pl@ v
log v Z )“d] ,,,,, dk)"el,...,ek Z (a) 10g Z Z r(n + hm)
gV a<v 82 N<n<2N
e1,..nCk pla=p=1 (mod 4) n=vy (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi
n=—h,, (mod a)

From considering the support of A4, ... 4, We see that for non-zero contribution we
may assume W, [dy, e1], ..., [dk, ex] and a are pairwise coprime. In this case the
inner sum can be evaluated according to Lemma 5.3, taking g = W ]_[#m [d;, eil]

and d = aldy,, en]. As g € WR? < N”t€ and d « vR? < N9102 we see
that the inner sum evaluates to

g1(q)g2(d)

AN + O (N33Ot
2qd

Bounding the sum over a trivially by vlogv and using (6.12), we see the error
term contributes O, (N 3+3@1+02+€) which is negligible. We obtain a main term

Xn,wg1(W)x N 1(d;, ;] 1
’2 Z My,...diher ... e | | LA 2°
Wlogv d [d;, el [dnh em]
1,..., k i#m

.....
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(iii)

where we have defined

pla) v
XN,W = Z IOg —
a=v a a

(a,W)=1

pla=p=1 (mod 4)

as in (5.2). The sieve sum above is of the form S; with |J| = 1. We can evaluate
this by Lemma 6.6 to obtain

Xy, wg1(W)m BFFIN
SI = (14 0(1)) W oz LY (F).

Recalling the definition of B in (6.8), evaluating X y w according to Lemma 5.6,
and using the fact

g1(W3)p(Ws) 1 1
o _]_[<1 2) TR ) h,

pIWs p
we obtain
log R pk
I
Sy = (1 +o(1) ~—————L{!) (F).
Rewrite Sém’l) in the form
N
S = N ddydiherey > p(n+ hp)p(n + hy).
dy,....dy N<n<2N
€l ,eeesCk n=vg (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi

Expanding out the definition of p this is

1 wu(a)p(b) v.oov
— di,odi e ..., —————log — log —
log? v dlzdk P bz p@gb) “a b

elrel pla,b=>p=1 (mod 4)
Z r(n+ hy)rn+ hy).
N<n<2N
n=vg (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi
n=—h,, (mod a)
n=—h; (mod b)

Similarly to the above, for non-zero contribution we may restrict to the case
W, d1,e1l, ..., [dx,ek], a, b are pairwise coprime (note that the last two con-
gruences are solvable if and only if (a, b)|h; — h,,, and in the case (a,2W) =
(b,2W) = 1 this is true if and only if (a, b) = 1). We evaluate the inner sum
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according to Lemma 5.4, taking ¢ = W]_[i;ém’,[d,-, e], di = aldy, e;,] and
dy = bldj, e;]. We note that ¢ <, N*€ and dy,d, <« N%*+%2_ Using the fact
01 + 6, < 1/18, we see the second error term in the definition of R>(N; dy, da, q)
dominates, and so the inner sum evaluates to

T (dy, da, :
gl(q) (ql 2 q)7T2N+ OE(N%+91+92+€).

Bounding the rest of the sum trivially, we obtain a total error of size
O (N 3+301+202+€) which, again, is negligible in the range 6; + 6, < 1/18. We
obtain a main term

g1 (W2’ N p@u®) v w
oy 2 nen® a9
W log? v abmy g(@)ga(b) ~a
pla,b=p=1 (mod 4)
1([d;, ei])?
3 My i herer | | %r<[dm,e,,11a, (d.eilo, W ] ldi. ei).
dy,....dy i#m,l i»¢i i#m,l
e],....e

W, [d, ,el]’:“.[lz'll(.ek] coprime

For arbitrary (square-free) moduli di, d; and ¢, we can write ['(d, d2, g) as a
product over primes (cf. the definition of I'(d;, d», ¢) given in Lemma 5.4 and
note that we are summing a multiplicative function). By considering the Euler-
product and the various support restrictions on the variables d;, ¢;, a, b, one can
write I'([dy,, em]a, [d;, e]1b, W Hi;&m,l[div ¢;]) in the form

I (1 _ i>_1g2(a)g2(b) 0 Ld ei] |
p*)  gi@gib) ;  gi1(ld:. eile(ldi, ei]) Pty [d;.e;1o(d;. e;])

PR2W #m,l

leaving us with a main term

-1
I <1_L> g1 (W)*Yy wr’N
2 Wlog? v

g1(ld;, ei]) 1
Z Ad],...,dk)‘-m .
g iml o(ld;, ei]) =i [dj, ejle(d;, e;])
e

Here we have defined

b
Ynw= Z —/L(G)M(b) loggl %
Pyt g1(a)g1(b) " a
(a,W)=(b,W)=1
(a,b)=1

pla,b=p=1 (mod 4)
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(iv)

as in (5.3). The main term is of the form Sy for |J| = 2. By Lemma 6.6 it can be
evaluated as

l Ynwgi(W)*n2 B 2N
SUm = (14 o(1)) Wiogh L3 [(F),

where we have written

1\ »
]_[ (1—?> =1+ 0(Dyh.

pR2W

Evaluating Yn w as in Lemma 5.6, this simplifies to

logR) k

¢ =1+ (1))L

o LE) (F).

Rewrite S, ") in the form

Z )\dl ..... dk)\el,...,ek Z ,02(n + hy).

dy,..., dy N<n<2N
el,..., ex n=vg (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi

Expanding out the definition of p2(n) we see this is equal to

n(a)u(b) v.oov 2
A el e ——log — log — hm).
2 Mdiheteis 2 gy 98 g 08 2 et

a,b<v N<n<2N
el ..... ek n=vgy (mod W)
n=1 (mod 4)
n=—h; (mod [d;,e;]) Vi
n=—h,, (mod [a,b])

log v,

Again, we may restrict to the case W, [d, e1], ..., [dk, ex], [a, D] are pairwise
coprime. In this case the inner sum can be evaluated according to Lemma 5.5,
taking ¢ = W [[;_4,[di, el and d = [a, bl[d, e,n]. We note that g < NOrte
andd < N 291+92, and so the inner sum becomes

83(6])84(61)(

3400+
v logN+Az+2ng(p)—22g6<p))1v+05(1v4 2t

rlq rld
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Bounding the rest of the sum trivially, we see the error term contributes
Oc(N 1+2(91+‘92)+6) which is small. For the main term, let

log — log —,
= e@n®la bl a
20, = Y H@u®)asa. bl

e a,b<v g2(a)g2(b)la, b]

Zf\},)w _ Z p@)uw(b)gs(la,b) v v

v v
log — log —
og —log Z 86(p)

plla.b]

be as in (5.4) and (5.5). We can express Sim) = A1 + Ay + A3 + Agq where

)
gsW)Zy
Ay = —(logN +Ar + 2Zg5(p))T
Wlog? v
1404
263(W)ZYyyy N

— (p.i)
Ay= —————— Wiog v Z > es(pT?h,

i#m Do<p<v

p=3 (mod 4)
1)
263(W)ZY 'y N
My=——p— ) (T,
og v Dy<p=<v
p=3 (mod 4)
2
283(W)ZJy,
A4 = —T
Wlog?v
and
gi(ldi, eil) 1
T= Ady,....dg ey, .., ,
dlzdk 1 kvel,....ex [l;,[l [di,eil  [dm. em]Z
el ek
W.,ld1,e1],...,ldk ek ] coprime
/ g1(ld;, ei]) 1
TP — Mdy.... e '
dzd k7vels.... €k 1_[ [d“ ez [dm, em]z
e] e;lz
ﬂl[d Jeil

W,ld1.e1],....[dk,ex] coprime

T is of the form Sy for |J| = 1, and so by Lemma 6.6 it can be evaluated as
= (1 +o()B'LL) (F).

To evaluate 77-)) | note by inclusion-exclusion we can write it as

I 1 ! ([dia l]) 1
(d]Z: + Z — Z ))\-dh...,dk)"é‘l ..... ek 1_[ gl[di’eie] (dn, em]2
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/
where Z denotes the condition W, [dy, e1], ..., [dk, ex] are pairwise coprime.

Thus we seeitisofthe form Sy 1, +S8y,1,p,i =Sy, p,p,i for|J| = 1.By Lemma 6.6
we conclude

) Fr%ﬂakaJrl(lOglog R) if i # m

TP < 2 pkrth 2’

Frax B [Elzoglog R) . ifi=m

Now we note that

gs(p) logp  log Do
< < .
2. oK) i<

Do<p=<v p>Dy
p=3 (mod 4)
6(p) lo log Dy
Yo ey 2P 220
p? p? Do
Do<p=<v p>Dy
p=3 (mod 4)

and so, with our choice Dy = (loglog N )3, the contributions from A, and A3 are
negligible. Because

> es(p) < Z 2EP < tog Dy,

pIw p<Do

we see that the only contribution to the main term comes from the A term corre-
sponding to log N, and A4, leaving us with

k+1
(m) g3s(W)B N[ M @ } 0
s 1+ o) 20 log N =222, LY (F).
= (o) s g O (F)

Evaluating these according to Lemma 5.6, and using the fact

LD (p%) = XD Loy = 2+ o,

3 2 T 16A2
g1 (W) p<Ds P 8A 16A
p=1 (mod 4)
we obtain
llogR (logN + 1)BkN
log log
s = +0(1)) s ﬂ;} L) (F).
This finishes the proof of Proposition 6.2. O

Thus it remains to establish Lemma 6.6. First we require a few technical sieve
lemmas. We list these in the following section.
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7 Technical sieve sums lemmas

In the various sieve calculations that appear in the proof of Lemma 6.6, we will
frequently encounter sums of the form

> W fm),
n<X
pln=p=3 (mod 4)

where f is a multiplicative function satisfying f(p) = O(1/p). We can evaluate
sums of this type with the following lemmas.

Lemma 7.1 (Technical sieve sumlemma). Let A1, Ay, L > 0. Lety be amultiplicative
function satisfying the sieve axioms

_r®

0 fl—Al,
p
and
1 1
p 2 w
W=p=z

forany 2 < w < z. Let g be the totally multiplicative function defined on primes by

g(p) = ng/p()p). Finally, let G : [0, 1] — R be a piecewise differentiable function,

and let G pax = sup;¢fo.1)(1G ()| + |G’ (1)]). Then

T
Zu2<d)g(d)G(1°gd) 12D 7 G0 2 4 04, pa(cy LGanllog ) ).

o logz) ~ TR b TR
where 1
y(p))1 ( 1)2
= 1 - 2= 1—=) .
K U( P p

Here, the implied constant in the Landau notation is independent of G and L.
Proof This is [5, Lemma 4] with slight changes to notation. O

To use this lemma in practice, we need to be able to evaluate the singular series c,,
which appears. In the next lemma we do this for a function y (p) which covers the
cases of interest to us.

Lemma 7.2 (Evaluation of singular series). Let

L+0(/p) ifptW.p=3 (mod 4),

v(p) = 0 otherwise,
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With the notation of Lemma 7.1, we have

A (W) 4,
=y (0w

where A is the Ramanujan—Landau constant defined in (4.1).

Proof Let y(p) = 1+ a(p) where a(p) = O(1/p). Define the auxiliary function

5(p) = 1 if p =3 (mod 4),
pr= 0 otherwise.

One can easily show ¢ = A/+/L(1). The result follows because

¢y = cs 1_[ (1_l> l—[ <1_a(p)>—1'

-1
pIw P ptw p
p=3 (mod 4) p=3 (mod 4)
The latter product is 1 + O(Dal) by our assumption a(p) = O(1/p). O

The next lemma collects both of these results together. First we recall the definition
of the normalising constant from (6.8):

_ 24¢(W3)(log R)?
B 7 W3 '

B

(7.1)

Lemma 7.3 (Evaluation of sieve sums). Let f be a multiplicative function such that

1 1
f) =+ 0<—2>.
p p

Then for any piece-wise smooth function G we have

logd 1 dx G B

Y @@ 2E) =B G =+ o T2,

log x 0 Jx Dg

d=R
(d,W)=1

pld=p=3 (mod 4)

Proof Let f(p) = 1/p + g(p) where g(p) = O(1/p?), and consider the function y
defined on primes by

y(p) = = oriapegy HptW.p=3 (mod4),
0, otherwise.
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With this choice of y (p) we have

v(p)
—— = f(p).
p—v)
Note that
lo lo lo
Y reE. v i ¥ )
w=p=z p W=p=Z W=p=Z p
p=3 (mod 4) p=3 (mod 4)
ptw ptWw
lo lo
- ¥ ﬂ+0( 3 ﬂ)JrO(l)
W< p=z w=<p=z p
p=3 (mod 4) p=3 (mod 4)

14114

1 Z
—log — + O(log Dg) + O(1).
2 w

Therefore we can apply Lemma 7.1 with y(p), taking L < 1 + log Dp and A a
suitable constant. We obtain

1

logd c,(logR)2 (! dx

> /ﬁ(d)f(d)G(lg )= y o8 /Gm—

oo 0ogx ra/2 Jo Jx
d,W)=1

pld=p=3 (mod 4)

10 (Gmaxcy(l + ll()g Dy) >
(log R)>

We can evaluate ¢, by Lemma 7.2 to find

A oWy
JL() W3
When we substitute this back into our expression we see the error incurred here

contributes O(Gmax B/ Do) and dominates. The result follows as I'(1/2)s/L(1) =
/2. O

Cy =

(1+0(Dy")

We highlight the following two results, the first of which follows immediately from
Lemma 7.3, and the second of which is trivial.

(1) For multiplicative functions f satisfying f(p) = 1/p + O(1/p*) we have the
upper bound
Y.  H@f@)<B. (7.2)

d<R
(d,W)=1
pld=p=3 (mod 4)
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(2) For multiplicative functions g satisfying g(p) = O(1/p*) we have the upper
bound

Y g < 1. (7.3)

d<R
d,W)=1
pld=p=3 (mod 4)

These sums will appear frequently in our calculations, and we will use these bounds
without comment in the arguments which follow.

8 Establishing Lemma 6.6

Our attention now turns to establishing Lemma 6.6. We follow the combinatorial
arguments used by Maynard—the steps which follow mirror those found in [9].

8.1 Change of variables

Our first step to evaluating the sums appearing in Lemma 6.6 is to make a change of
variables. We do so in the following proposition.

Proposition 8.1 (Diagonalising the sieve sum). With notation as in Lemma 6.6, denote
by f*, g* the convolutions

Define the diagonalising vectors y( P m) yr(lj”f::;f’f’g) by

o = (]_[M(r,)f (r,)(l"[u(r,)g*(rj)) Z hay o || £@) T 8.

iel jed 7od,..., iel jelJ
r, |d; Vl
pldm
(J,p,m) (. p, m) ~(J,p,m) (, p m)
Let Ypmax =Sup,, [y ) | and Ymax sup(:l,.l.).,rk [y, |. (Note that
s D)=

these coincide if p = 1.) Then we have

J, J,
Z (}’ul o m))(yt(ll,pz, m))
[T

Sy = + E
sP1,P2,m
ULtk ier J* (Mz)]_[jng (uj)
(um,p1p2)=1
uj=1Vvjel
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If m € J then the (error) term E satisfies

~(J,p1,m)\ ~(J, pz ) (J pl,m> W, pz n)
E < B|1||:()’max )m ) ) (Ym . )
Do (PIPZ/(PI P2))
J.p1, ~(J, J, J,
+ (yr(naxpl m))( r(naxp2 m)) r(naxpl m))(yr(naxpz m)):|
Pl Pz

If m ¢ J then E satisfies a similar estimate, namely that which is obtained upon
replacing all occurrences ofpi2 with p; in the above expression, fori € {1, 2}. More-
over, in both of these cases, we adopt the convention that if p; = 1 then any term in
our expression for E involving p; in the denominator may be omitted.

Proof Recall the definition of Sy p,, »,.m given in Lemma 6.6:

Ss.prpam = > Mroodiher, e | | £ Ui ei) [] £(0dj. e/)).
dy,....dy iel jeJ
el,...,ek
W, ldy,e],..., [dk ey ] coprime
pildm, p2lem
(8.1)
We can write this in the form
S(di) f(ei) g(dj)glej)
S1.pr.pam = Z Ady,...di et ....ex l_[ l_[ ;
dy,..., dy, iel f((dl»ez)) g((d],e]))
..... e
W.ldi, 81],..1-,[dk,];k] coprime
Pildm. p2lem
(8.2)

using multiplicativity of the functions f and g, together with the fact [d;, ¢;] is square-
free for each i. We remark that because f, g are non-zero, the functions 1/ f, 1/g are
well-defined. We note the convolution identities

L w0 e
ey ~ 2 I dy T o £

u;ld;,e; ujldj.ej

for f* and g*. Substituting these into (8.2) and swapping the order of summation, we
obtain

I

,u

Hfmﬂ(ﬂfwﬂ

iel jeJ

dy,...,dg iel jeJ

e
W,ld1.e1]....,[dk,ex] coprime
u,-ld,-,e,- Viel
ujldj,ej VjeJ
Pildm.p2lem
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From the support of the A4, 4, We see the only restriction coming from the pair-
wise coprimality of W, [dy, e1], ..., [dk, ex] is from the possibility (d;, e;) # 1 for
i # j. We can take care of this constraint by Mdbius inversion: multiplying by
Zsl-,,-\dl-,ej w(si ;) forall i # j, we obtain

> (Hf*(m))(]_[g(u,)) 3 ( I1 ,L(si,j)>

Ul Nje] jel §1,2,--08k—1k  1<i,j<k
i#]
> dydiken e | [ S fe) [ gW@pgtep. (8.3)
dy,....dg iel jeJ
el Ck
ujldi,e; Yiel

ujldj,ej VjE]
sijldi,ej Yi#j
Pildm, p2lem

We may restrict to the case where s; ; is coprime to s; 4, sp,j and u;, u j, fora # j and

b # i, because the vectors Ay, ... 4, are supported on square-free integers d = ]_[f-‘=1 d;.

.....

/
Denote the sum over s; ; with these conditions by Z . Define the diagonalising
vectors

s = (Tweor m)(l_[u(mg*(w)) 2 i [ 1@ [Te

iel jed T di,..., k iel jeJ

(8.4)
From the support of A4,,... 4, We see that y,l Jopm ’rk is also supported on 71, .. ., ry with
r = ]—[f=1 r; square-free, (r, W) = 1 and p|r = p = 3 (mod 4). We claim this
change of variables is invertible. Indeed, from the definition (8.4), for dy, . .., dy with
]_[ff:1 d; square-free, we have

(J.p.m)
yrl ..... Tk _
Zrk Hie[ f*@ri) l_[jej g (rj) - Z Hﬂ(r’) Z Xey.....ex Hf(ez) 1_[ glej)

..... Flseeoshk =1 seees@ iel jE./
di|ri Vi di|ri Vi r;|ei Vt

|
M
<
f
L‘
>
—
=
D
—
2
\N
ilng
e
E
5

..... iel JjeJ Tl Tk j=1
r,\e, Vi
dilri Vi
= Lpldydyoa | | 10 S i) [ (@)@, (8.5)
iel jeJ
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With this transformation our sum (8.3) becomes

> (H [ (i ))(Hg*(up)

Uit N el jel

/ . ulai)u(bi) )( wlaj)(b;) > (J,p1,m) _(J,p2,m)
M,Z,SkL,{<1ﬂ§k““”)><nf “(an) £+ (br) gg*(a,-)g*(b,) Yt Yot

i#]j

where we have defined ai = ui [1;.si,; and l?j =uj [lizj Si,j- B.ecause of our
constraints on the s; ; variables, we can use multiplicativity to write this as

w2 (u;) u%wv
(M5 (55

ULl

/ w(si ;) )( w(si,j) )
2 <1_[ f*Gsij)? [1 8*(si,j)?

S1,28k—1k 1, j€l i,jeJ
i#] i#]
(s j)r(s; i) 7. 7.
( [1 w550 va il v e (8.6)
S*(si j)f (Sj i)g*(si j)g (S/ i) T

iel,jeJ

We now wish to reduce to the case when (a,,, p1) = (by, p2) = 1. Indeed, we will
show the contribution from the alternative cases is negligible. Of course, depending
on whether of not p; = 1 and/or pp = 1, some (or all) of the analysis which follows
is not necessary, and this accounts for the convention we assert in the statement of the
proposition. First let us note the estimate

L e o) |
Fo T —tao(w) r o) @D
p P o1-lyo (?) p P
and similarly
L _ 1, 0<i> (8.8)
g (p)  p? ) '

Now, there are three cases to consider.
(1) Suppose that pila,, and pa|by,. This occurs if and only if py|u, or pils,, ; for

some j # m, and pa|u,, or pa|s; » for some i # m. Suppose, for example, that
p1lum and palu,,. Moreover let us assume that m € J. Then one can bound the
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contribution as follows:

2 1l

w (u)

< (yr;’.;x”*"’))(y,&lﬁx”z””b( > ; )
W

(u,W)=1
plu=p=3 (mod 4)

2a)\ " 12 (1)
z ) (x @)
g*(u)

*
u<R U <R g (um)
(u,W)=1 (U, W)=1
plu=p=3 (mod 4) PL.p2lum

plum=>p=3 (mod 4)

,bLZ(S) >|I|2—|1|< M2(S) )|J|2—|J|< /LZ(S) )21|J|
) <§f*(s)2 ;g*(s)z ;f*(S)g*(S)

J.p1, J.p2,
el "™y (yr?> ™) B |

(p1p2/(p1, P2))?

It is easy to see that this bound also holds in any of the other possible cases in
which pila,, and p2|b,, and m € J. If instead m ¢ J, then again it is easy to see
the contribution is

J,p1, J,p2,
yiiad ") ™) B

p1p2/(p1, p2)

in all possible cases.
(2) Suppose that pila, and py t by, If m € J, then similarly to the above, one can
bound the contribution by

(J,p1.m)\ ~(J,p2.m)\ p|I|
B
< (Ymax ) (Ymax ) '

Pt
If m ¢ J then likewise one obtains a contribution

J.p1, ~(J,p2,
. ™) (Gaal> ™) B

P1

(3) Finally, the case pj f an, and p2|b,, proceeds as above, interchanging the roles of
p1 and p;.
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Thus, we may now suppose that (a,,, p1) = (b, p2) = 1. From the support of the

yf,ljp fa':> we see there is no contribution from (s; j, W) # 1 and so either s; ; = 1 or

si,j > Dg. The contribution from s; ; > Do with i, j € I is

20\ 20\ Y
< Gl ™™ g™ mh( 2 l;*izi) ( 2 g*é:ﬁ)
u<R

(ul,"v%)R:l (u,W)=1
plu=>p=3 (mod 4) plu=>p=3 (mod 4)
X( 3 Mz(si,j)>(z uz(s)>1211(2 u%s))’”"(z w2 (s) )2‘”‘"
oo, e\ e S g )? & g

~(J, J B
Gl ") Gl ") B!
Dy ’

This contribution will be negligible. The cases i, j € Jandi € I,j € J can be
treated the same way. This leaves us with a main term

Z ()’u ,,,,,
Ulyenny Uk Hzel f (ul)l_[jejg (ul)

(um,p1p2)=1

To finish, we claim the contribution from u; > 1 is small whenever j € J. Indeed
if u; > 1 then it must be divisible by a prime p > Dg (with p = 3 (mod 4)). So
suppose |J| > landlet j € J.If u; > 1 we get a contribution

2 1] 2 [J]-1 200 .
& GUprmy U pam) ( n (”)> ( H (”)> ( H (”-’))
6 )(y ) ER F(u) Z g () X[,: ZR g*(uj)
u= p>Dy uj<
(u,W)=1 p=3 (mod 4)  plu;

< (ymjaxpl m))()(‘l P2, m))B\I\ Z 1 (Z /’vz(uj))

oo g (P \ 4 87 )
p=3 (mod 4)

~(J ~(J,p2,
G Gl ™) B
Dy ’

which is small. Putting all of these facts together establishes Proposition 8.1. O

,p, )

8.2 Transformation fory,. " and proof of Lemma 6.6 parts (i) and (ii)

Define

= ([leoo) T 5
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and let ymax = Sup,, .y el By the inversion formula (8.5), our definition of

,,,,,

Ady,....d, in Proposition 6.2 is equivalent to taking
_F log ry log i 8.9)
yrl ..... Tk — IOgR’.”’IOgR . .

We now wish to relate the more complicated diagonalisation vectors y( " ) to these

simpler vectors. We first deal with the case when J = #J, which is stralghtforward By
inspecting the proof of Proposition 6.2, it is clear that we only need to understand this
case when f(p) = 1/p.

Lemma 8.2 (Relatlng y( e ) to Yri..... When J = ). Suppose y( P m) #0,J =
Wandm € {1,..., k}. Moreover suppose f(p) = 1/p for all prlmes p. Then the
following hold.

(1) If p1|rm then

(2) If p1{ rm then

(J,p1,m) _ Vrl o D1 s sk
w(pe(p1)

Proof If f(p) = 1/pthen f*(p) = p — 1 = ¢(p). Hence we are assuming

k
7.p. Ady,....d
o = <l_[u(ri)<p(ri)) P
i=1 dy,....dy [Tiz1 di

ri |a’1 Vi
pldﬂ‘l

The result then follows by comparing with the definition of y,, ., given above. O

Thus, proceeding, we may suppose that |J| > 1. We may further suppose that
f(p) # 1/p as this case is of no interest to us (again, this is clear by inspecting the
proof of Proposition 6.2). The following proposition gives the result in full.

Proposition 8.3 (Relating v\ """ t0 y,,. .., when |J| > 1). Suppose y\’

0,|J| > 1and f(p) #1/p. Then thefollowzng hold:

,,,,,
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() Ifm € J and (ri, p) = 1 we have

(.pr.m) _ BPDP18(P1) ( H rjg(rj)g*(rj))
Ttk @(p1) e 87D

g**(el) g** (e/ )
Z y(31 >>>>> ple)/n*""ek< 1_[ . /m
J

w(ej) wley)

rile; YiZ£Em Jj#Em
ei=r; Viel

1

YmaxB'''loglog R

1 of et ogos )
0P

@) Ifm ¢ J and (ry,, p) = 1 we have

oprmy _ 1pD)p1f(p1) < 1—[ rjg(rj)g*(rj))
Flyeens Tk ok
¢(p1) jes 870D

g (e;) y BljlloglogR
Z Yeq,..., P1epy e €k< S )7 +0 max .

e; D
Lyl jeJ (P( ]) 0P1
r,-\e,- Vi;ém
e;=r; Yiel\{m}
e =rm

(iii) If p1lrm we have

.pi m) Fjg(rj)g*(rj))
Yry,.. (1_[ g**(i’j)

jeJ

g (e)) Ymax B loglog R
> (T o5

€1,..sCk jel w(e])
r,-\ei Vi
ei=r; Yiel

Here f** and g** are defined by the convolutions
[=wf*l, g% =wgxl,
where ( is the identity function, ((p) = p.

Proof We prove (i), with the rest proved in exactly the same way. Directly from the
definition (8.4) we have

(J,p1,m)

ST A d; d;). (8.10
[ier i) i) [ ey mrj)g*(rj) d1; - dkgf( )gg( G
rild; Vl
plldm
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From the inversion formula (8.5) and the definition of y,,
hand side of (8.10) equals

r» We see that the right

,,,,,

Yer,...,
3 <]_[/L(di)dif(di)><]_[M(dj)djg(dj)> > Tt
dy,...dy i€l jel i e [Licr 9(e)
rild; Vi dile; Vi

pildm

Swapping sums we obtain

P = (Hu(d,-)d,-ﬂdi))(Hu(dndjg(dj)) (8.11)

k
e1,....,ex l_[i:l @(ei) dy,..., dy “iel JjeJ
rilej Vi rildi Vi
pilem dile; Vi
pildm

We can evaluate the inner sums using the convolution identities

o) =) pdydfd), g*mn) =y uddg(d).

dln d\n
We note that
1
PP =1=pf(p) =0 (5) 8.12)
and similarly
1
gH(p)=1-pg(p)=1+ 0(;). (8.13)

With our assumption f(p) # 1/p, we may suppose both of these functions are non-
zero. Now, recall that we are assuming m € J. Using these identities transforms (8.11)
into

w(p)pi1g(p1) ( M(Vi)h‘f(h’))( M(Vj)’"jg(’"j)>
g**(p1) H S ]E g (rj)

iel
f*(ei) g (ej)
> s ([T (TTEE2).
el,....ek ier L€ jeJ pLej
rile; Vi
pllem
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Here we are using the fact y,,, . ., is supported on square-free integers e = ]_[f=1 e.
Hence, from (8.10), it follows that

yrm w(p1)pi1g(p1) (l—[ rif(ri)f*(ri)> ( 1—[ V,/g(r,/)g*(r,/)>
jeJ

o(p1) A O] ¢ (r))
[ (ei) )( g**(ej)>g**(e,’n)
kay <H p(ei) ,11 oe)) ) ol
rilej Yi#£m Jj#m
rmlep,

Here we have substituted e,, = pje,, and used the fact (r,,, p) = 1. Now, since

* 1 1 1
PRI p) P (l—f(p))=L[1——+0<—z)]=1+0(_2>’
o(p) p—1 p—1L p p P

it follows that .
rjf(ry) f*(rj)

< 1. 8.14
@(rj) @14

Flyeosk
1 kies

Similarly, since

rg(p)g*(p) P P [ ( 1 )}
= 1— =—|1+0(—=]|,
() P (I —-g(p) P + -

we have the bound

sup Hr]g(r])g (]) & sup
oy @(rj) Tk e @(rj)

< loglog R. (8.15)

,,,,,

Here we have used the fact r = ]_[f‘= 1 7i < R and the standard estimate

—<<10 logn.
o) glog

Now, if i # m then either ¢; = r; or ¢; > Dor;. Suppose e;, > Dor;, for some
ip € I. By first using multiplicativity of the sum over the e; variables, and then using

@ Springer



A variation of the prime k-tuples conjecture... 1383

estimates (8.14) and (8.15), we see that that this gives a contribution

< Ymax lOglOgR( Z 1% (elo)f (310)>

P eiy>Do (elo)
(eiO»W):l
2 o [1]—1 2 ok [J]
( ) w-(u) f (u)> < ) 1 (u)g (u))
u=<R @ (u) =R o(u)
(u,W)=1 u,W)=1
plu=p=3 (mod 4) plu=p=3 (mod 4)
ymax B! loglog R

< 3

Do p;

where we have used the fact f**(p)/¢(p) = O(1/p*) and g**(p)/e(p) = 1/p +
o(l/ p2), which follows from (8.12) and (8.13) respectively. This is small. Thus

ypm w(p)p1g(pr) <l—[ rif(ri)f*(ri)> ( 1—[ rjg(rj)g*(rj)>

Ttk o(p1) i et i &)
)3 <l—[ g (e; )(g**(e,’n)> N O(ymaxB"'loglogR)
..... / 2 .
e wlej) w(ey,) Do py
rile; Vi#m z#m
Timley,
ej=r; Viel

o1 e necessarily have (rj, W) = 1. From

From the support restrictions on yy, '
the above, we see the first product may be replaced by 1 + O (D, 1. This incurs an

acceptable error

J
< Ymax loglog R < Z Mz(u)g**(u)>| ! < ymaxBlj| loglog R
Dopt iR pu) Dop} ’
(., W)=1

plu=p=3 (mod 4)

which gives the result stated. O
We record the following useful corollary.

Corollary 8.4 With notation as in the statement of Proposition 8.1, the following esti-
mates hold.

(1) If m € J then

ymaxBljl 10g 10g R

ri

~(J,p1,
( XPI m) <

y ma.

(2) If m ¢ J then

Ymax B! loglog R
p1 '

Tl <
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(3) We have

VP & Yyax B! N og log R.

Proof This follows easily from Lemma 8.2 and Proposition 8.1. (We note that in the
special case J = ¢, in items (2) and (3) we could drop the extra loglog R factor if
required.) O

We are now in a position to prove the first two parts of Lemma 6.6.

Proof of Lemma 6.6 parts (i) and (ii) We prove part (i), in the case m € J. The rest of
the argument proceeds along the same lines. From Proposition 8.3 we have

1.p1, I.p2.
5, _ ¥ Gl L) Gyl P O(yiaxB“"(loglogR)Z)
sP1,p2.,m —

e o Tier £ @ Tljey ) (P1p2/(p1. P2))?
(nz, ):1

PR

Here we have used Corollary 8.4 to control the various error terms in the statement of
the proposition. We have also used the fact |7| 4+ |J| = k. It follows that

~(J WNo=(J ) Mz(u) l
SJ,pl»Pz,m < (yma,xpl,m )(yma;(pz’m )( Z f*(bt))
u<R

(u,W)=1
plu=p=3 (mod 4)

y2 .. B¥ I (loglog R)?
(P1p2/(p1, p2))?
y2 . B (loglog R)?
(p1p2/(p1, p2))?

again using Corollary 8.4. This gives the result, as required. O

From now on we are only interested in the sums S; = Sy 1,1,,, and in particular

the cases |J| € {0, 1, 2}. For ease of notation we let yr(ljy)m,,k = yr(lj’f.’,':f() and yl%)x =

SUPy, .y |Yr(1j,),,,,rk |. For future reference we note the bound

VI < ymax B oglog R, (8.16)

proved above.

8.3 Relating vectors to functionals and proof of Lemma 6.6 part (iii)

We first prove the following corollary that follows from Proposition 8.3.
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Corollary 8.5 (Relating y r, to integral operators). Let y,, .., be defined in terms
of a fixed, smooth function F, supported on R;, = {x € [0, 1]]‘ Z i—1Xi <1}, by

_F log ry log i
yrl ..... Tk — IOgR"”’IOgR .

,,,,,

Let

Fuax= sup  |F(n,... zk>|+Z|—(n,...,tk>|.
15y 1) €l0,11%

Define the integral operators

1 log ry logri\ dx,
I (Y= | F e X e —,
Flyeens rk,m( ) /(; (10gR m 10gR> /_xm

1 1
logry logri \ dxp, \ dx;
1 . F) = F U PP S —_—
rh-..,rk‘m,l( ) /0 (/0 (logR I m logR m «/)Tl

Then

(1) if J = {m} we have

J
W,

i FmaxB
- B<]_[ w(r"’ )>Ir|,...,rk;m(F) n O(To)'

“lriztvjes el

@1i) if J = {m, 1} we have

J
o

g 2
@(ri) F. B
:B2<]_[ L ) Irl,,,,,rk;m,l(F)—}-O(% _

ri=1Vjel iel !

Proof First suppose J = {m}. From Proposition 8.3 we have

y ‘ Zg (em) logr logey, mlogrk 4o Fiax B
T Tkdr=1vjel T L <p(em) logR’ """ logR’ " logR Dy

(8.17)

Consider the function

I+ Pw(p)' if pf W];c;riand p =3 (mod 4),

v1(p) =
otherwise.

With this choice of y;(p) we have

Y1(p) g (p)

p—n o
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and one can easily check y1(p) = 1+ O(1/p). By an argument identical to the proof
of Lemma 7.3, we can evaluate the sum in (8.17) as

1
) . _pg @(ri) / F logr p log ri \ dim
Ve o ri=1Vjel (1_[ r: ) logR,..., My - log R _m

which proves (i). If J = {m, [} then, again using Proposition 8.3, we find

| _ Z l—[ g (ej) logry loge, log e log ri
Syt vies = =\ AL o) logR™ " logR™" logR """ log R

FmaxB
+0< " ) (8.18)

Take the sum over ¢; first. Consider the function

1++”) if pt W [1;c; riem and p =3 (mod 4),

»2(p) = £
0 otherwise.

Reasoning as above, the sum on the right hand side of (8.18) becomes

l—[(p(r, Zg**(em)/ log ry log e, . log ry ﬂ
logR’ """ logR’ "’ b logR ) /i

iel em
Lo (Fmasz).
Dy

We can evaluate this sum in much the same way, this time using the function

1+— if pt W[;c;ri and p =3 (mod 4),
& (p)

y3(p) = .
otherwise,

to get the stated result. O

If we define the (identity) operator

log ry log ry
]r],...,rk(F)zF P EEERE) )
log R log R

then the results of Corollary 8.5 can be concisely written as

I/
B|J|<1—[ @(ri) ) I ...,rk;J(F)+0<Fm2;B )
0

r_,-:l VjEJ iel

J
D
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for |J| € {0, 1, 2}. Here we have used I, . ;s (F) to denote Iy, . . j:jes (F). We
are now in a position to prove the remaining part of Lemma 6.6.

Proof of Lemma 6.6 part (iii) We can write the operators in the statement of Lemma 6.6
as follows:

1 Lr 2k dxi
L(F):/ / I(F):| —,
0 o L E«/XT
1 Ir 2k dxi
L (F):/ / I (F)i| —_
" 0 o L iV
i#m
1 1r 2k
dx,-
L ,z(F)=/ / I, ,1(F)} —
" 0 o L" E T
i#m,l
where we have defined
I(F) = F(x1, ..., Xk),
! dx;,
I, (F)=/ F(xy, ..., xk) ,
" 0 Xm

Ly (F) fl(le( )dx’”)d’”
m = Xlyooeh X)) —F/— | ——.
! o W ! Y fim ) Al

From Proposition 8.1 we see that

() 2 () \2 pll|
(yu] uk) <(ymax) B )
S, = L) Lo | 510
ulguk I—[iEI f*(ul) D()
uj=1vjel

From Corollary 8.5, for |J]| € {0, 1, 2}, we have

2

o Tt

i)\
) 2 _ p2lJ| i
(yr1 ..... rk) =B <l_[ T) [Irl,...,rk;J(F):| DO

rj:1 VjEJ iel
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Substituting this into (8.19), and using (8.16), yields

21J] 2
_ p2lJ] n (u Yo (u;)
SJ =B Z 1_[ f*(u )uzlj‘ Iul ,,,,, uk;J(F)
uJ—’IHV‘]G iel
(ujuj)=1Vi#j
(U W)=1 Vi

plui=p=3 (mod 4)

o (FnszZJ 3 Hlﬂ(ui)) N O(F%axB"“'(loglogR)Z)
Dy W A CT)) Dy
uj=1Vje
(Ui, W)=1 Vi
plui=p=3 (mod 4)

The first error contributes

I
< FéaXBle( Z Mz(ui)) \<< F2 Bkl
Dy = J*(ui) Dy
(u,W)=1

plu=p=3 (mod 4)

For the main term, if (u;, u ;) # 1 then they must be divisible by a prime ¢ > Dg with
g = 3 (mod 4). In this case we get a contribution

1 i) (ui)*!
< Faa BT Y Z [~ " £ PR
q>Dp Ul iel f (Lt)
g=3 (mod 4) u,=1 erl
(ui ,W)=1Vi
plui=p=3 (mod 4)
qluiuj
1
<« P2 Bu( 3 M(u)go(u)z”')" p@M! B
max ~ FEu)ul] o F*(q)2q* Dy
(u, W)=1

plu=p=3 (mod 4)

Thus this constraint can be removed at the cost of a negligible error and we are left
with

24 Vo ()2 2
Sy = le]l Z H%[LA[ ..... quJ(F)j|
u; u’-

3
UL,...,Uk el J
J

(ui , W)=1Vi
plui=p=3 (mod 4)

+ o Frax BV loglog R)?
Dy '
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Now, since

21 1 1
f(Lﬂll =—+0 <_2>7
f*(»p p p
we can evaluate this multidimensional sum by applying Lemma 7.3 |I| = k — |J|
times. We obtain

2 pk+lJ] 2
Sj = Bk-HJ‘Lj(F)—i— 0<FmaxB L)(loglogR) )
0

This completes the proof of Lemma 6.6. O
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Appendix A: Estimates for r(n) and r(n)r(n + h)

We sketch proofs for Lemmas 5.3, 5.4 and 5.5. The first follows immediately from
the following two results, due to Tolev [13, Theorem] and Plaksin (cf. discussion just
before [10, Lemma 4]) respectively.

LemmaA.1 We have

A
> = %nNJrO((Q% +NH(A, QI THQ) logh N), (AL

n<N
n=A (mod Q)
where n(Q. &) =#{l <a. p<Q:a’+ = A (mod Q).
LemmaA.2 We have
N ,
Yoo o= g N+ OP(N: Q. A)). (A2)

nEAn(énNod 0)

where
4A x(r)
A(Q, D) = [1 + 0y x(z—kﬂ YA, (A3)

k rlQ
4121(0.44)
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and P(N; Q, A) satisfies

N
/ P2(y; 0, A)dy < (QN)(N2 + ON).
1

2miaA .
Here ¢, (A) = Z(a n=1€ o denotes the Ramanujan sum.

Proof of Lemma 5.3 Equating (A.1) and (A.2), dividing through by 7w N, and letting
N — oo we see that
(@, 4) A, A
> 0
holds for any fixed Q, A. Thus we may write

Yo rm= % +0((Q + N (A, 07t (Q)log* N).  (A4)
n<N

n=A (mod Q)

Let O = 49d and A (mod Q) be the solution to the congruence system A =
a (mod g), A = 1 (mod 4), and A = 0 (mod d), where (a,q) = (d,q) = 1
and ¢, d are square-free and odd. Then by multiplicativity of the Ramanujan sum and
our assumptions about A, g and d from (A.3) we obtain

X p(r) o x (o)
AQ.A)=2)" > = 2¢1(q)82(d), (A5)
r
rlg rld
and so we obtain the result of Lemma 5.3 on dividing through by O = 4¢d. O

For Lemma 5.4 we have the following result.

Lemma A.3 Supposethat (a, q) = (a+h,q) = (d1,q) = (d2,q) = (d1,d2) = 1,4]h

where di, d», q are square-free and odd, of size < N . Then for 0 < h < N1 we
have

2
> r(n)r<n+h):g1(qq) [(h.dy.ds. @)n*N + Ro(N. d1. da. q). (A5)

n<N
n=a (mod q)
n=1 (mod 4)
di|n,dy|n+h

where
L §+e % % §+6
Ry(N,dy,dr, q) <c q2d1day N4 +d1 d2N6 ,

where

[(h,di, dr, q) = x[(d}, Nxld;, nl

82(d1)g2(d2) Z cr(h) (di,r)(dy, 1)

did r2 W(dy,r)V(da,r)
(r,2q)=1
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and g1 is the multiplicative function defined on primes by g1(p) = 1 — and

V(di,r) = g2((di,r/(r,d1))).

Proof of Lemma 5.4 Under the additional assumption that p|h = p|2q, then we see
for r considered in the sum ¢, (h) = @ (r). But now restricting to square-free r, since
dy, do are square-free W(dy, r) = W(da, r) = 1. Thus in this case

x(p)
P

(d1)g2(d2) u()(dy, r)(da, 1)
C(h.dy, dy,q) = 28220 5~ TR TR T @ mxl(d3. ).
dids r
(r.2q)=1
(A7)
This is the form stated in Lemma 5.4. O

Now we briefly outline the proof of Lemma A.3. In [10, Lemma 4] a similar sum
to (A.6) is considered, this time under the hypotheses p|d;,d» = p = 3 (mod 4),
g = 1 and the congruence n = 1 (mod 4) is omitted. The proof of Lemma A.3 is
similar to the proof found there, with few minor changes. The key point is to note that,
using the convolution identity r = 4(x * 1) and complete multiplicativity of y, for
n =1 (mod 4) we can write

%=Zx(m)= Dooxm+ D xmy= Y xm+ Y x(

mln mln mln mln ln
m=<+~N m>~N m<+N l<\/LN
=2 ) xmy— Y.  x(m). (A.8)
mln mln
m=+/N Jr=m=VN

Using this we may expand out r(n) in the sum (A.6). We obtain (after swapping the
order of summation)

> r(n)r(n+h)=4zx(m)[2 PERCES Y r(n+h):|.

n<N m<v/N n<N n<m~/N
n=a (mod q) - n=a (mod q) n=a (mod q)
n=1 (mod 4) n=1 (mod 4) n=1 (mod 4)
dy|n,dr|n+h diln,dyIn+h dy|n,da|n+h
mln mn

These congruences have a solution if and only if (m, q) = 1 and (m, dy)|h. In this
case we can use the Chinese Remainder Theorem and write

oo orm= > r(n)}

n<N n<m~v/N

Z r(myrin+h) =4 x (m) |:2
n=N m=<y/N

n=a (mod q) mg)=1 n=A (mod 0) N=A (mod ©)
n=1 (mod 4) (m,dy)|h
dy|n,dy|n+h

+ O.((N> 4+ h)N), (A.9)

where Q = 4q[m,d;,d>] and A (mod Q) satisfies the congruence system A
a+ h (modg),A = 1 (mod4),A = h (mod m), A = h (mod d;) and A
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0 (mod d>). The error term arises by estimating the intervals of length & left over:
taking absolute values, using the divisor bound r(n) < n€, and noting that in this
regime 1 < N3/4, we have to estimate sums of type

v YOY ot
X<n<X+h
mfﬁnszn(mod m)

Applying the standard estimate #/m 4 O (1) to the inner sum and then carrying out
the summation over m yields the desired estimate (after redefining our choice of ¢).

Now the inner sums in (A.9) consist of estimating r () in arithmetic progressions.
It proves convenient to proceed using formula (A.4). We obtain

2N — 1
4 Y x(m)[NTM]A(Q, A)+ Ro(N: dy da, ) + Oc((NY + )N,

m§\/ﬁ

(m,q)=1
(m,dp)|h

(A.10)
where R, is an error term. Using the fact (A, Q) < dijdy(m, h) and Q <K mgqdid;
one can show R; contributes

L1
Ry(N: dy, ds, q) < q2dida N3+ +d12d22N%+€,

and so this error term dominates. Now one can estimate the main term in (A.10) using
the same techniques found in [10, Lemma 4].
For Lemma 5.5 we have the following result.

LemmaA.4 Let (a,q) = (d,q) = 1 where d, q are square-free and odd, of size
& N9 Then we have

16H(1,d,4q)[ H'(1,d,4q) 3

2 te
re(n) = ———=|logx+2y =14+ ————|x+O0c(gx*7"°),
> o(4q) H(1,d, 4q) ‘

(A.11)

L2(s, x4)G(s,4q)A(s, d)

H(S, d,4q) = ;(zs) s
—1 2
Gs.4q) = [ | (1 - i) (1 + i) (1 = X“(f)) ,
pldq p p p
4p* —3p° +1
asd= [l — [l —m
od P ol p=(pf+1)

p=3 (mod 4) p=1 (mod 4)
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Proof of Lemma 5.5 One obtains the main term as stated in Lemma 5.5 by taking the
logarithmic derivative of H (s, d, 4q) (taking an appropriate branch-cut) and evaluating
ats = 1. O

We now outline the proof of Lemma A.4. The proof uses a standard application of
Perron’s formula. The following lemma, which combines [12, Theorem II1.8.20] and
[12, Theorem I1.8.22], will prove necessary.

LemmaA.5 Let £L =log (|t| 4+ Q + 1) and let xo (mod Q) be a Dirichlet character.
For o > 1 we have the following

@) If)(é is complex then L(s, )(é)_1 < L.

2) If xé is real, non-trivial, then there exists an absolute constant co > 0 such that

LYLA+1/1t]) iflt] > coQ 2 (log20)~2,

L i 25—1
¢ x0) <<{Q5 if1t] < 002 (log20)~2.

Write QO = 4q and let A (mod Q) be the unique solution to the congruences
A =a (mod g) and A = 1 (mod 4). Since (A, Q) = 1 by character orthogonality
we can write

> r2(n)=@ Yo X)) rrmxem).

n<x mod n=x
n=A (mod Q) xg (mod Q) din
d|n

We study these sums by considering their generating series

> r2d d
Fa(s, x0) ZZ%

n=1

Write F(s, xg) = Fi(s, xo). Then
— 2 2 2\—1
F(s, x@) = 16L°(s, x0)L™(s, xax@)L(2s, xp) ™ -

Here x4 denotes the unique non-trivial character (mod 4), and L(s, xp) denotes the
L series corresponding to the Dirichlet character xp (mod D). It follows that

Fa(s. xo) _ (P2 0P\ [ = r (P20 (P!
F(Sa)(Q) _H<Z ks )(Z ks )

pld k=1 p = p
4P2X 3pS
2 — oo t1
— XQ(p) XQ(P)2 XQ(P) B
= l_[ p2s 1_[ P2 ( r D = A(s,d, Q)
pld rld  SoE e®
p=3 (mod 4) p=1 (mod 4) xo(?* xo(p)
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say, using the fact d is square-free and (d, Q) = 1. We note the divisor bound
logn

|r2(n)xq (n)| < 2(n) < eCToeloen for some explicit C > 0. We can apply an effec-
tive form of Perron’s formula (for example [12, Corollary I1.2.4]), averaging over the
height T, to obtain

2 x(log x)? 2Clogx xlogT
. P =IT0 A d) + O —— el (14— ).

n<x

n=A (mod Q)
d|n
where
I-—5 m[l /” (L f‘*”’“ 16L2(s, x0) LG5, X4 xQ)AGs. d, Q)X“dg>dm}
9@, o T Jr \27i Jeoiny L(2s, xp)s

Here c = 141/ log x. We move the contour to the region defined by [c —ify, c +itg],
[1/2+ity, c+itol, [1/2 —ity, 1/24itp] and [1/2 —ity, c +itp]. The integrand has a
pole of order 2 at s = 1, coming from the trivial character xo (mod Q). The residue
of this pole is
H'(1,d, Q)
H(,d, Q)(logx +2y — 1+ —)x,

H(l,d, Q)

where

H(s,d, Q) = 16L2(s, x4)G (s, Q)As, d)’

¢(2s)
—1 2
ouo-1(-3)(0+2) (-2
plQ p P P
1 4p> —3p* +1
AGs, d) = - ap” =341
- D g p¥ l:! pE(P +1)

p=3 (mod 4) p=1 (mod 4)

We need bounds for the integrand in the region o > 1/2 and |¢| < 2T'. One can easily
check the trivial bound |A(s, d, Q)| < 1 (uniformly in d and ¢). We require a lower
bound for |L(2s, ngg)| in this region. If x ¢ is real then Xé is the trivial character, and

so we have
1
L@2s. xp) =¢@) [ ] (1 - F)'
plO

In the region o > % we can bound the product from below by ¢(Q)/Q. Standard

bounds for ¢ (s) on the 1-line (see for example [12, Theorem I1.3.9]) then tell us that

L2s. xp) ' < log (|| +2) < (QT) .

0
»(Q)
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If xp is complex then we have to be more careful. We use Lemma A.5, and see
there is a minor technical complication where we must bound the contribution from
s = 1/2 + it with |t| < 2c¢p (say) separately (with this choice of cut-off we can use
the bound L(2s, Xé) <& (QT)€ uniformly in x ¢ for all the other contours). One can

. . . 1 C
easily show the contribution from these values of s is < Q2, which is small.

To bound the contribution from the other integrals, we can use the fourth-moment
estimate for Dirichlet L-functions on the critical line in the form

1 /Q.T 4
E |L(1/2 +it, x)|"dr < (DT)S,
o(D)T  mod )T

(cf. [2, Theorem 1]) together with the Cauchy-Schwarz inequality. One can show that,
with the choice 7 = x%, the contours contribute <<, Qx%'“.

Appendix B: Auxiliary estimates for p(n)

To evaluate the sums appearing in Lemma 5.6 we use the Selberg—Delange method.

Lemma B.1 (Selberg—Delange method). Let F (s) = Z;’li 1| ann”* be a Dirichlet series
such that the function G(s;z) = F(s)¢(s)™% can be analytically continued to the
region

co

- (B.1)
1+ log (2 + |t])

o>1

for some positive co > 0 and z € C with |z| < A, and moreover satisfies the
bounds |G(s;z)| <« M(1 + |t|)1_5 for some & > 0 in this region. Let Z1(s;7) =
[2(s)(s — DI?, Za(s; z) = @ (both holomorphic in the disc |s — 1| < 1) and let

G(s;DZi(s32) = Y (s — D,

k=0

G(s;2)Za(s; ) = ) me()(s — D

k=0
be the Taylor series in this region. Then for any N > 0 and |z| < A we have
N

a_n f o 741 mi(2)
Z - log o= (log x) [](X:(:) Tz 12— k) (logx)F + O(MRN(X))} (B.2)

n<x
and moreover if a, > 0 then we also have
N

_ 7—1 Nk (2)
;an = x(logx) [; TG = k) (ogx)t + O(MRN(X))}, (B.3)
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where

N +1 )\
Ry(x) = Ry(xici,c) = e Vioer 4 o 22T (B.4)
log(x + 1)
for some suitable constants c1,cy; > 0. These positive constants, and the implicit
constants in the Landau symbol, depend at most on cg, § and A.

The second statement is exactly [12, Theorem I1.5.2]. The first statement follows by
the same proof with a few minor changes.

Lemma 5.6 follows from suitable applications of Lemma B.1. We sketch the details
in each case.

Proofof Lemma 5.6 (i) For Xy w recall from (5.2) the definition

u@ v
X = log —. .
NW > 4 g (B.5)
a<v
(a,W)=1

pla=p=1 (mod 4)
Consider the generating series, for o > 1

e¢]

hi(W,s) = > mn) _ I (1_i) _ Ki©)G1(W,s)

p n it CE) LG, xa)?

(n,W)=1 =
pln=p=1 (mod 4) p=l1 (mod 4)

! 1!
fer=(i-z) T (-5)

where

p=3 (mod 4)

1 -1

Gw,s)= ] (1——S>
W p

pr
p=1 (mod 4)

(taking the positive determination of the square-root in the first instance). Both of
these functions are analytic for ¢ > 3/4 (say). K1(s) is bounded in this region,
and G (W, s) satisfies

—1
1 1
IG1(W,5)| < 1_[ (1——3> =exp[— E log (I_Wﬂ
pIW p? p=Dy P
p=1 (mod 4) p=1 (mod 4)

1/4

1 1 D}
= exp E [W + O(W)] <K exp E T

p=Dy p=Dy
p=1 (mod 4) p=1 (mod 4)

< exp(Dy *loglog Dy).
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(i)

We remark that with the choice Dy = (loglog N)3, we certainly have the bound
1/4 €
exp(D,’ "loglog Do) K¢ (log N)

for any fixed € > 0, and using this estimate, it is a simple task to verify that all
the error terms which follow are indeed controlled. (Recall v = N for some
fixed & > 0.)

From the classical zero-free region for Dirichlet L-functions, L(s)~! can be
analytically continued to a region of the form (B.1) for some ¢y and moreover
satisfies abound L(s) ™! « log (2 + |¢]) in this region (cf. [3, Chapter 14]). Thus
we can apply Lemma B.1 with M = exp(D(l)/4 loglog Dy), z = —%, N =0and
some suitable choices of ¢, §, to obtain

Xy w = Ki(HGi(W)
’ I'(3/2)v/L(1, x4)

1
exp(Dy; loglog Do) >

(log v)% + 0 ( -
(logv)?

Here we have written G (W) = G1(W, 1) (and this convention will be continued
below the fold). This simplifies to the stated result. Note that

~1
Gwy =[] <1—1) = (log Dp)?
<Dy P

p=I1 (mod 4)

by Mertens’ theorem.

For Yy recall from (5.3) the definition
b
=Y O 0 o (B.6)
a,b<v g7(a)g1(b) a b

(@, W)=(b,W)=1
(a,b)=1
pla,b=p=1 (mod 4)

Take the sum over b on the inside. We can evaluate

Z wu(b) log v

b=y g1tb) " b
(b.aW)=1

plb=p=1 (mod 4)

using the generating function, for o > 1

oo
.= 3 LU W 9K G, ),
ot nsg(n)
(n,aW)=1
pln=p=1 (mod 4)
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where

1
o= 1] (1 T 1))’

p=1 (mod 4)

—1
1
GaaW.5)= [] <1+m>.

plaw
p=1 (mod 4)

Arguing as above, Lemma B.1 yields
Ynw=T1+T+ O(T3),

this time taking M = exp(Dé/4 loglog Dy),z = —1/2 and N = 1. Here

M 2(a)t(a v M 2
’1‘3:73 E M10g7<< : 1_[ (1_{_7)
(10g V)2 a<v g7(a) a (10g V)2 p=<v P+ 1
(a,W)=1 p=1 (mod 4)

pla=p=1 (mod 4)

M

1\’ 1 1/4 1
< l_[ 1+ ; <K M(logv)2 = exp(D,’ " loglog Do) (logv)2.
p=v

p=I (mod 4)

(logv)?

To evaluate 7>, we need a handle on the second Taylor series coefficient. With
notation as in the statement of Lemma B.1, this is labelled wi(—1/2) and is
precisely equal to

G(HZi(1; =1/2) + G'(NZ1(1; =1/2),

where

Ki(s)G1(aW,s)Kr(s)Gr(aW,s)
L(s, xa)'/?

G(s) =

(taking an appropriate branch-cut). Here all derivatives are taken with respect
to s. By a series expansion, one can directly show that Z;(1; —1/2) = 1 and
Z\(1; —=1/2) = —y/2, where y is the Euler-Mascheroni constant. We now note
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the following:

)
Gi(p)Ga(p) = 812
lo
=G Y =L
p—1
pld
p=1 (mod 4)
log p
G, (d) = G2(d) =
: 2 p(p—1)
pld
p=1 (mod 4)

Here we have defined G/ ((d) = d6; d(sd 25) — for i € {1,2}. These results are
valid for primes p = 1 (mod 4), and for any square-free d. Thus one can write

T» as a finite linear combination

1

T = chal(Wl)Rla

(logv) :

where ¢; € R are bounded,

g7(Wy) g7(W1)ZIOgP g7(W1)Z log p }

a; (W) E{ , ;
Wi Wi p—1 W = pp-1D

1204

and R; is one of

1
> M iog” « (og o) dog '
a<v

(a,W)=1
pla=p=1 (mod 4)

or
1
Z qul Z pa )log < exP(Do/ loglog Do)(log v)'/?,
Do<g<v N a=zv
g=1 (mod 4) (@ W)=1
qla
pla=p=1 (mod 4)
or finally
lo a v log Dg)3/2(log v)!/2
D R L L
Do<g<v Q(q_ ) as<v a “ DO
g=1 (mod 4) (=1
qla

pla=p=1 (mod 4)
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Here g denotes a prime variable (a convention that will also be used below the
fold). The first estimate follows directly from our expression for Xy w found
above. For the last two estimates, we note that the inner sum appearing in both
is precisely Xy, w — Xy 4w, and from our work above it follows that

Xyw—Xygw = K1)
’ T TG/ VI xe)
1
exp(D? loglog D,
+0( p(Dg glg 0))
(logv)2
1 1
log Dg)2 (logv)2
<<( g o)q( g V)

(log v)2(G1(W) — G1(gW))

1
N exp(Dy; loglog Do)

(log v)?

Now, standard estimates for sums over primes such as

k]

Z log g log Dy

—1 D
0=Do q(g—1) 0

g=1 (mod 4)

yields the results stated.
Now, using the fact

lo
> 18 i,
rPIWI

and

g7(Wy) _ H (1 + %) < (log Do)%,

Wi p=Dy
p=1 (mod 4)

it follows that the total contribution from 75 is
T, < (log Do)>/? exp(Dé/4 loglog Dy)(log v)!/?

which is negligible.
Finally, we can write

s _ KiK()G1 (W) Ga(Wh) (g v)? T @
1= T (3/2)VL, x2) o 2 ¢
(a,W)=1

pla=p=1 (mod 4)
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This last sum is exactly X w. Using our bound from part (i), and also the fact

KOGy =[] <1+
pr>Do
p=I1 (mod 4)

1 —1
p2_1)=1+0(D0 ),

we arrive at a final estimate of

Ki(DG1(W) T o
I'(3/2)v/L(1, x4)
+ O ((log D0)3/2 exp(D(l)/4 loglog Dy)(log v)l/z).

Yvw =+ O(DO“))[

(iii) For Z /(\})W recall from (5.4) the definition

a)u(b a,b v v
7 Z n(a)u(b)ga(la, b]) log L log 2. B.7)
’ Pyl g2(a)ga(b)la, b] a “b
(a,W)=(b,W)=1
pla,b=p=1 (mod 4)

We write this as

Z wu(a)ga(a) log v Z d Z u(b)ga(d) log v
=g g2(a)a a 4 84(d) ey 82(b)b b
a, W)= b,W)=1
pla=p=1 (mod 4) ((b,a))=d

plb=p=1 (mod 4)

Now substitute b = md. The inner sums can be rewritten as

) n(d) ) pmga(m) | v
7a 82(d) ga(m)m md

(m,aW)=1
plm=p=1 (mod 4)

where we have used the fact a is square-free. To handle the inner sum we consider
the generating series

h3@W,s) = i n(m)ga(n)  K3(s)Ka(s)G3(aW,s)Ga(aW,s)
3 o n=1 niga(n) C(s)L(s, x4) ’
(n,aW)=1

pln=p=1 (mod 4)
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where
1\ 1\"! 1
Km:(l_?) [T (“ﬁ) [1 (1_(p5—1>2>’
p=3 (mod 4) p=1 (mod 4)
5p—3
Ki) =[] (1+ )
=1 (mod 4) (p+DCp—DH(p*-2)
2 —1
Gsaw.s)= [] (1—5),
plaw
p=1 (mod 4)
-1
5p—3
Gsaw.s)= [] <1+ ' )
plaW (p+DH2p—=D(p*=2)
p=1 (mod 4)

These four functions are analytic in the region o > 3/4 (say), where they all
satisfy the bound O(1) except for G3. Since (a, W) = 1, by multiplicativ-
ity we can write G3(aW,s) = G3(a,s)G3(W,s). As above, we can bound
|G3(W,s5)| K exp(Dé/4 loglog D) in this region. On the other hand, note that

1<<1 2 )1 <2

whenever p > 7. Since we are assuming a is square-free, it follows that we can
bound |G3(a, s)| K t(a).

By similar arguments to part (i) we can apply Lemma B.1 taking z = —1, M =
T(a) exp(D(l)/ 4 loglog Dg) and suitable §, cg. Note that for N > 1 the terms
/Lk(z)(logx)”l_k/ I'(z+2—k)are O for 1 <k < N. Hence we can choose
N = |(logx)/ecy] (for some suitable c; > 0) to balance the error terms, yielding
a stronger error term of the form O (M e—c1v/logx ). Using this choice of N we
obtain

e, _K3(1)K4(1)G3(aW)G4(aW)+0(Me—c|W)

og — =
S, salmm Tmd L(1, xa)
(m,aW)=1

plm=p=1 (mod 4)

This error term contributes

2 2 d
< e)(p(D(l)/4 loglog Do) E M log v § H G )e—ch/log v/d.
a<v §2(a)a a dla g2(d)
pla=p=1 (mod 4)

Swapping sums yields
3 W e @) .\ oz ) pAmgamzim) v
= g2(d)*d e ld ga(m)m md
pld=p=1 (mod 4) (m,d)=1
plm=p=1 (mod 4)
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The inner sum can be bounded by

v 24p* =3p+1) v
log — 1 log —
<logg 1] ( P rner—n) €%

n(+)

p=v/d p=v/d
p=1 (mod 4) p=1 (mod 4)
v 1 4 v 3
<log— I (1+=) < (log=) «e2vievd
d P d
p=v/d
p=1 (mod 4)

for some suitably small ¢; > 0. Note this final bound is valid for all d < v.
Using the fact g4(d)/ gz(d)2 < 1, we see the total error is

2
d)t(d
< exp(D(])/4 log log Dy) Z %eﬂ? Vioguv/d (B.8)

d<v
pld=p=1 (mod 4)

for some 0 < ¢3 < cy. For this sum, we use the generating series, foro > 1

i pAmTm) _ I (1+3> _ L)L, x4)K ()

s K ’
= ltmany L P £(25)L(2s, x4)
pln=p=I1 (mo

where

1\ 1\ 1
ko=(trg) T (vm) T (4 500)

p=3 (mod 4) p=1 (mod 4)

By the second part of Lemma B.1, taking z = 1 and N = |[(logx)/ecs] for
some suitable c4 > 0 we get

2 _L(, x4)K(1) —caJTogv
Z uw(dr(d) = —{(2)L(2, ” v+ O(ve™ ™ ).

d<v
pld= p=1 (mod 4)

Now by splitting the sum at v! ~¢ and using partial summation one can show that

2
Z M (d;'[(d) e—e3Viogv/d g 4 (e + e—c3«/@) logw.

d<v
pld= p=1 (mod 4)
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(log log v)?

logv
O(exp(Dé/4 loglog Dg)(loglogv)3), which is small. Let y;(a) =
Zd|a u(d)/g2(d). We obtain a main term

Hence, taking € = we see the error (B.8) is

K3(1)K4(1)G3(W)G4(W) Z u(a)ga(a)yi(a)Gs(a)Gala) log v
L(1, x4) ~ g2(a)a a’
(a,W)=1

pla=p=1 (mod 4)

For this sum we consider the generating series, for o > 1

w.o= Y MOSEAWGWON gy kw6508 9.
vt n*g(n)
(n,W)=1
pln=p=1 (mod 4)
where

- (p—1)*
ks =[] <1_(ps—1)(2p—1)(2p2—p+1))’

p=I1 (mod 4)

Gs(W,s) = 1 (p—1? B
o= ] <_(pf—1)(2p—1><2p2—p+1>) '

PIw
p=1 (mod 4)

Applying Lemma B.1 with N = 0 gives
1 = Cw(logv)? Vogl loglog v)°
Zyw = Cw(logv)2 + O(exp(D, " loglog Do) (loglogv)~),

where
_ Ki(DK3(1)Ks(D)K5(1)G1(W)G3(W)G4(W)Gs5(W)

Cw 3
['(3/2)L(1, xa)2

(B.9)

which reduces to the stated result (note that

2

s Tl (1 - — ) -2+ omphy
qi(wy? Lo (r=12)  si(wp)? 0
p=1 (mod 4)

K3(1)G3(W) =

to get the form stated). We note for future reference that |Cwy| < (log Dy)3/2.
(iv) For Zz(\?,)w recall from (5.5) the definition

) u(@pb)ga(la,bl) . v v
4 = E log — log — (p).
Y ab=v o@an®la.b]  Ca b p[%:m g6tp
(a,W)=(b,W)=1 ’

pla,b=p=1 (mod 4)
(B.10)
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We can write

@ u@yp(b)ga(la,bl) . v
zZ = g6(q) log — log —
o D0<Zq<v a;v g2(a)g2(b)la, b] &4 %%
g=1 (mod 4) (a,W)=(b,W)=1
qlla,b]

pla,b=p=1 (mod 4)

= ) 86(q)[T1 + T — T3].

Dy<g=<v
g=1 (mod 4)

where ¢ is prime, and

b b
hi= > i )i“([a b]) 1og310gg,
a‘bsv gZ(a)gZ( )[a3 ] a
(a,W)=(b,W)=1
qla

pla,b=p=1 (mod 4)

b b
T = 3 p(a)n(b)g4(la, b]) log Y log .
ol g2(a)ga(b)la, b] a b
(@, W)=(b,W)=1
qlb
pla,b=p=1 (mod 4)
b b
Ty = 3 p(a)n(b)ga(la, b)) log Y log ¥
et g2(a)g2(b)la, b] b
(@, W)=, W)=1
qla.b

pla,b=p=1 (mod 4)

T1 can be evaluated similarly to part (iii) to give

1/4 3
D, "loglog Dg)(logl
I = Cwhi(q) (log v/q)% N 0<exp( o log Oi o) (loglog v) )
where
Bi(q) = w984 @r1(@)G1(@)G3(9)Ga(@)Gs(q) _ q(4g*> =3¢+ 1)
! () 2¢ - D22 —2g + 1)’

T, can be evaluated similarly. For 73, write a = a’q,b = b'q then [a, b] =
lqa’, qb'] = gla’, b'] so that

_ 1 (@gag) Z p(a)bga(la’, b')

T v 1 v
3= — 108 =
22(9)?q

og .
g2(a")g2(b"[a’, b'] a v

a,\b'<v/q
(@ ,qW)=b",qW)=1
pla’,b'’=p=1 (mod 4)
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This is the same form as Zz(\})w- By the same considerations as above we obtain

1/4 s
7y = YP2D 00 )4 + o(e"P(Do log log Do) (log log v) )
1 q
where
(o) = L @8@C @G @Cae)Gsta) ___g*(a> =39+ 1)
22(q)? 2 - D22q2 —2q + 1)

Thus we obtain

2B1(q) — B2(q) 1
29y =cw Y TR () og (v/g))?
Dy<g=<v q
g=1 (mod 4)
+ 0 ( exp(D(l)/4 loglog Do) (log log v)3 Z 86() >,
Do<g=<v q
g=1 (mod 4)

where Cy is defined as in (B.9). Recalling the definition of gg(g), we see the
error term contributes

< exp(D(l)/4 loglog Dg)(loglog v)? log v.
Now note that

219) ~pole) o Gg -2 +Dlogg __3logq+0(logq)
O T g+ DRer —2q+ 1) | 2 7

This error contributes

lo 1 1
<Cw ). gzq (logv)? < Cw(logv)2

Dy<g=v
g=1 (mod 4)

which is small. We are left with a main term
3C I 2
o) v
_=W Z £4 log—| .
2 q q
Do<g=<v
g=1 (mod 4)

By partial summation one can show

1

log g v2 1 3 1
> log—) = 3(logv)? + O((logv)? log Dy),
Dy<g=v q q

g=1 (mod 4)
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so that

Cw 3 4
Zz(\?,)w = —T(log v)2 + O(exp(Dé/ loglog Do) (loglog v)? logv).

This simplifies to the stated result.
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