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Abstract

We define the extra-nice dimensions and prove that the subset of locally stable 1-
parameter families in C*°(N x [0, 1], P) is dense if and only if the pair of dimensions
(dim N, dim P) is in the extra-nice dimensions. This result is parallel to Mather’s
characterization of the nice dimensions as the pairs (n, p) for which stable maps are
dense. The extra-nice dimensions are characterized by the property that discriminants
of stable germs in one dimension higher have .<7,-codimension 1 hyperplane sections.
They are also related to the simplicity of .<%-codimension 2 germs. We give a sufficient
condition for any .%%-codimension 2 germ to be simple and give an example of a corank
2 codimension 2 germ in the nice dimensions which is not simple. Then we establish
the boundary of the extra-nice dimensions. Finally we answer a question posed by
Wall about the codimension of non-simple maps.
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1 Introduction

Around the middle of last century Whitney formulated the concept of stability of
smooth maps and characterized stable singularities in dimensions (n, p) with p > 2n,
(n,2n—1), (2, 2) showing that in these cases stable maps are dense in the space of C*°
maps. He then conjectured that this holds in any pair (r, p). Thom showed that this is
not the case (see [35]) by giving an example in (9, 9) of a singularity which appears
generically in a 1-parameter family of maps. This singularity has .o7,-codimension 1
and is not simple. A germ is simple if there are only a finite number of orbits nearby,
therefore, in the pair of dimensions (9, 9) not all maps can be approximated by stable
maps and so the stable maps are not dense. He then conjectured that topologically
stable maps are always dense and this was proved by Mather [20].

In his well known series of papers about stability of C° maps Mather showed that
the set of stable maps f : N" — P? is dense in C;‘;(N, P) (proper C*° maps) with
the Whitney strong topology if and only if the pair of dimensions (n, p) is in the nice
dimensions [18], which he determined completely in [19]. Mather gave a stratification
of the set J¥(n, p) of k-jets of smooth maps by .# -orbits and characterized stability
in terms of transversality of the jet extension of the map to this stratification. More
precisely, he defined the nice dimensions as the pairs (n, p) such that there exists
a Zariski closed .7 -invariant set IT(n, p) in J*(n, p), for sufficiently high k, of
codimension bigger than n such that its complement in J¥ (n, p) is the union of finitely
many ¢ -orbits.

When the pair (n, p) isin the nice dimensions and the source manifold N is compact,
an important problem in the applications of singularity theory to differential topology
is the characterization of the simplest existing paths between two stable maps, also
known as pseudo-isotopies. A 1-parameter family F : N x [0, 1] — P connecting
two non-equivalent stable maps always intersects the set of non stable maps for a
finite number of values of the parameter, the bifurcation points. The classification of
singularities of bifurcation points in generic families of maps is a fundamental step in
results on elimination of singularities, which is still an active field of research [1,15],
and on various results about the topology of the space of smooth maps such as work
by Cerf [3] or Igusa [14] or even Vassiliev’s theory of topological invariants [36].

We say thata family F' : N x [0, 1] — P isalocally stable family if F; : N — P'is
a stable map for all # € [0, 1] except possibly for a finite number of values {t1, ..., f;}
and the non-stable singularities of F;; are a finite number of points x; € N, and the
map (F,t) : N x [0, 1] — P x [0, 1] is a locally .A,-versal unfolding of F;, for all
non-stable points x ;. This definition implies that the non-stable singularities of £, are
A-finitely determined and their .4,.-codimension is equal to 1.

In this paper we obtain a parallel result to Mather’s characterization of the nice
dimensions. First we define the extra-nice dimensions as the pairs (n, p) where there
exists a smallest Zariski closed <7 -invariant set A (n, p) in J kn, p), for sufficiently
high k, of codimension greater than n 4+ 1 whose complement is a finite number of
o/ -orbits. Then we prove that the subset of stable 1-parameter families in C*°(N x
[0, 1], P) is dense if and only if the pair (n, p) is in the extra-nice dimensions.

In the nice dimensions all the .27, -codimension 1 singularities are simple (see Propo-
sition 3.5). Goryunov [9], Cooper et al. [4] and Houston [12] studied the classification
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of germs and multigerms of .%-codimension 1, corank 1. A recent work by Oset
Sinha et al. [27] defined operations that allow the classification of .o7,-codimension
2 multigerms in the nice dimensions and a natural question arises: are all of these
simple? In Sect.3 we prove that all corank 1 .o7,-codimension 2 monogerms in (n, p)
are simple when (n+ 1, p+ 1) is in the nice dimensions. We give a sufficient condition
for any .<7,-codimension 2 germ to be simple. This condition is related to stable germs
in one dimension higher having .7,-codimension 1 hyperplane sections. We also give
an example of a corank 2 codimension 2 germ in the nice dimensions which is not
simple.

In Sect.4 we define the extra-nice dimensions, we relate them to the simplicity of
a,-codimension 2 germs and we characterize them by stable germs in one dimen-
sion higher having .o7,-codimension 1 hyperplane sections (the sufficient condition in
Sect. 3). In Sect. 5 we determine the boundary of the extra-nice dimensions completely.
Figure 1 shows this boundary and compares it to the boundary of the nice dimensions.
In Sect. 6 we characterize the extra-nice dimensions by the density of locally stable
1-parameter families.

Section 2 establishes the necessary notation and basic results. Finally, in Sect. 7, we
answer a question posed by Wall about the codimension of non-simple maps. We define
further refinements of the nice dimensions and give an example in the equidimensional
case of a stratification in terms of increasing codimension of the subset of non-simple
maps.

2 Notation

We consider map-germs f : (K", S) — (K?”,0), where K = Ror K = C, and
S C K" a finite subset. For simplicity, we will say that f is smooth if it is smooth
(i.e. C*) when K = R or holomorphic when K = C. We denote by O,, = Ok~ s and
O, = Okp o the rings of smooth function germs in the source and target respectively,
by .4, and ./, the maximal ideals of O, and O, respectively and by 6, = Og» s
and 0, = Okpr o the corresponding modules of vector field germs. The module of
vector fields along f will be denoted by 6(f). Associated with 6(f) we have two
morphisms tf : 6, — 6(f), given by tf(x) = df o x, and wf : 6, — 6(f),
given by wf(n) = no f.Let f*: O, — O, be the induced map of f given by
composition with f on the right. Let ¥ = «7,, <7, %,, . The ¥-tangent space and
the ¥-codimension of f are defined respectively as

Tdof =1f6n) +wf(O)p), Fe-cod(f) = dimg T9§>f
Tl [ =tf (Mpbp) +wf(Mpb)y), o/-cod(f) = dimg %’
* e
THef = 1f On) + [*Mp0(f), He-cod(f) = dimg TJéf’
M0
TH f = 1f (M) + [*Mp0(f),  H -cod(f) = dimx 7(;)'
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1246 R. Oset Sinha et al.

It follows from Mather’s infinitesimal stability criterion [16] that a germ is stable if
and only if its .o%-codimension is 0. The .2/-codimension and the . -codimension
correspond to the codimension of the .o7-orbit and J# -orbit in the jet space, respec-
tively. We refer to Wall’s survey paper [37] and Nufio-Ballesteros and Mond book [23]
for general background on the theory of singularities of mappings.

There are some relations between the different codimensions. One between the
&7 -codimension and the .27, -codimension due to Wilson [39] (a proof can be found in
[30D):

Ap-cod(f) = Z-cod(f) +r(p —n) — p,
if f has finite .o7,-codimension and is not stable, where » = |S| is the number of
branches. And another one between the .# -codimension and the J#,-codimension,
which can be found in [37]:
He-cod(f) = H -cod(f) +r(p —n).

We say that f : (K", 0) — (K7, 0) has corank r if df (0) has rank minn, p — r.

We say that f has finite singularity type or it is % -finite if JZ.-cod(f) < oo.
Another remarkable result of Mather is that f has finite singularity type if and only
if it admits an s-parameter stable unfolding (see [37]). We recall that an s-parameter
unfolding of f is another map-germ

F: (K" x K, S x {0) > (K x K*,0)

of the form F'(x, A) = (fa(x), A) and such that fy = f.

Along the paper, we use the notation of small letters x1, ..., x,, A1, ..., A, for the
coordinates in K" x K" and capital letters X1, ..., X, Ay, ..., A, for the coordinates
in K? x K".

A multigerm f = {f1,..., fr} : K", S) - KP,0) with S = {x1,...,x}
is simple if there exists a finite number of .<7-classes such that for every unfolding
F:(K"x K S x {0}) > (KP x K* 0) with F(x,A) = (fi(x),2) and fy = f
there exists a sufficiently small neighbourhood U of § x {0} such that for every
01,2, ..., (yr,A) € U where F(y;,A) = ... = F(yr, A) the multigerm f :
K", Ay1, ..., ¥y} — (KP, f5.(y;)) lies in one of those finite classes.

Definition 2.1 Let f : (K", §) — (K7, 0) be a smooth map-germ. A vector field germ
n € 0, is called liftable over f, if there exists & € 6, such thatdf o& =no f (ie.,
tf(&) = wf(n)). The set of vector field germs liftable over f is denoted by Lift( f)
and is an O -submodule of 6,,.

When K = C and f has finite singularity type, we always have the inclusion
Lift(f) < Derlog(A(f)), where A(f) is the discriminant of f (i.e., the image of non
submersive points of f) and Derlog(A(f)) is the submodule of 6, of vector fields
which are tangent to A( f). Moreover, we have the equality Lift( f) = Derlog(A(f))
when either f is stable,n < porn > p > 2 (see [5,23]).
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Definition 2.2 Let & : (K", §) — (K”, 0) be a map-germ with a 1-parameter stable
unfolding H (x, 1) = (hy(x), ). Let g : (K9, 0) — (K, 0) be a function-germ. Then,
the augmentation of h by H and g is the map Ay ¢(h) given by (x, z) = (hg(5)(x), 2).
Any map «/-equivalent to an augmentation is called an augmentation too. A map
which is not an augmentation is called primitive.

By construction, any augmentation has a 1-parameter stable unfolding given by
(x,z,u) = (hg(x)4+u(x), 2) which is o7 -equivalent to H x Idgq. In Theorem 4.4 in
[11] it is proved that

Ho-c0d(AH 4(h)) = He-cod(h)T(g) ey

where 7 is the Tjurina number of the function g. Equality is reached if g is quasi-
homogeneous or H is a substantial unfolding (see [11]). In this paper we will
only use augmentations where g is quasi-homogeneous and so .2%-cod(Ay 4(h)) =
Ap-cod(h)T(g). In particular, if of,-cod(h) = 1 and it is augmented by a Morse
function, then «7,-cod(A g ¢(h)) = 1.

Following Mather [17] if f : (K",0) — (K7, 0) has finite singularity type then
there is a stable germ F : (K"**,0) — (KP*¥,0) and a germ of an immersion
i: (K" 0)— (KP*, 0),iMF,suchthat f is the pull-back of F by i in the diagram:

&+, 0) — (KPH,0)

I 4
K", 0) —— (KP.0)

Any germ f is a pull-back of a stable s-parameter unfolding F by the natural
inclusion i. Damon ([5], for K = C) and Houston ([11], for K = R) proved that
p-cod(f) = Ha(F),e-cod(i), where

6(i)

I -cod(i) = di N, ) = di .
A(F),e-cod(i) imy AF),e() mg 11(6,) +i* Lift(F)

Furthermore, if L : (KP™5,0) — (K*,0) is such that L o i = 0, then
e-cod(f) =a(r) He-cod(L), where

(L)
EYLGR(F) + L* #4,6(L)

A(F)He-cod(L) = dimg Na(r)-#e(L) = dim

When s = 1 we say that L defines the hyperplane section f of F'. Besides, to obtain
a hyperplane section of .<7,-codimension 1 it is sufficient to consider the 1-jet of L
(see for example [24]). Also notice that if F is minimal, A(r)-#;-cod(L) = 1 if and
only if .#,160(L) C tL(Lift(F)) + L*.#:6(L).

@ Springer



1248 R. Oset Sinha et al.

3 On simplicity of codimension 2 germs in the nice dimensions

The following definition is crucial throughout the paper.
Definition 3.1 A germ f has the <7-orbit open in the J -orbit f To/ f =T ¥ f.

The o7 -orbit is open in the .# -orbit if and only if .«7-cod( f) = # -cod(f). By the
formulas relating the ¢-codimension to the ¢,-codimension in the previous section,
this is equivalent to @%-cod(f) = J#-cod(f) — p. In other words, a non stable
germ has the .o7-orbit open in the # -orbit if and only if the minimal number of
parameters needed to obtain a stable unfolding is equal to the number of parameters of
an «/,-miniversal unfolding (i.e. there is no stable unfolding before the .<7,-miniversal
unfolding). Also, if f is stable, the </ -orbit is open in the % -orbit.

Some characterisations and results regarding the openness of an .o7-orbit in the
 -orbit can be found in [33,34]. In particular, we will use Theorem 5.7 in [34]. We
add a sketch of the proof for the sake of completeness.

Theorem 3.2 [34] Let f : (K", 0) — (K7, 0) be a smooth germ.

(1) If K = C, then there is at most one open <f -orbit in the ¢ -orbit of f.
(ii) If K = R, then there are at most a finite number of open < -orbits in the £ -orbit

of f.

In case there exist open o -orbits in the & -orbit, the complement of the open <f -orbits
has codimension greater than the codimension of the J¢ -orbit.

Proof (Sketch) Suppose % -cod(f) = r. For s big enough, let V* denote the union of
all <7 -orbits of codimension greater than or equal to 7 in J¥(n, p). Denote by U® the
subset of V¥ of all «7-orbits of codimension r. V¥ is an algebraic variety and U* is a
Zariski open subset. Denote by 2% ( f) the closure of the JZ -orbit of f in J*(n, p).
Then VS N JS(f) = 25(f) is an algebraic variety and U’ N 25 (f) is a Zariski
open subset. Therefore, the complement of U* N .#"5(f) is an algebraic set and, given
USNZ3(f) # 0, this complement is a proper algebraic subvariety of J£ (f).

If f is holomorphic, 22 (f) is connected (because .%#* is connected). Since the
complement of any proper complex analytic subvariety is open and connected, it fol-
lows that U N2 (f) is connected. Any .o -orbit in this set is open and its complement
is a union of open sets, thus, it is closed too. Therefore, there is a unique open .7 -orbit.

In the real case, since the set U* N JZ(f) is semialgebraic, if it is nonempty, it
has at most a finite number of connected components and so a finite number of open
&7 -orbits. O

Example 3.3 The germ (x> + yx, y) has .¢7,-codimension 3 but admits a 2-parameter
stable unfolding, so its .27 -orbit is not open in the . -orbit. However, (x> +yx+x7, y)
have .«7,-codimension 2 and their .<7-orbit is open in the J# -orbit (see [29]). In the
complex case these two germs are <7 -equivalent, and so there is a unique open .7 -orbit,
but in the real case, there are two open .o7-orbits in the J# -orbit.

In Sect. 3.10 we will see an example of a . -orbit which does not admit an open
o -orbit.
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The germs of .o7,-codimension 1 and corank 1 in the nice dimensions are well
known and are hyperplane linear sections of stable germs. We review them here for
the sake of completeness. The case of hyperplane sections of stable corank 2 germs
in (n, n 4 1) has been studied in [8].

Proposition 3.4 Ler F : (K", 0) — (KP*1, 0) be a stable corank 1 germ, (n, p)
nice dimensions. Then there exists f : (K", 0) — (K?, 0) obtained by a hyperplane
section of F such that /,-cod(f) = 1.

Proof Suppose first that F is minimal.

1. Casen > p.Letgp : (K", 0) — (K, 0) be asimple function singularity of type Ay,
Dy, E¢, E7or Egandletg; =1, ¢2, ..., ¢, be ahomogeneous basis for 2}'{) where
@, is the unique highest weight term. Following Mather’s method of constructing
stable germs in [17], the map germs G : (K" x K*~1,0) - (K x K#~!,0) given

by

"
G(x,up,...,uy) = (go(x) + Zuitpi, Uz, ..., Uy)
i=2

are stable minimal corank 1 germs. Moreover, in the nice dimensions, any stable
minimal corank 1 germ is @7-equivalent to Ay for 1 <k <6, Dy fork =4,5,6
or E¢ (see page 236 in [23]). The section u,, = 0 defines an .7, -codimension 1
section, it is the case ¢ = 0 in Theorem 1.4 in [22] (see also [9]).

2. Case n < p. By [17], any stable minimal corank 1 germ is .</-equivalent to
G:(K"xK,0) — (K x K, 0) given by

Gty oo U1, V1, ooy V— 1, WL, W2, -« e s Wi, Yy A)

I+1
= <u1?"'1u1—1?v11"'7vl—17w113wlz!""wrlﬁy+

-1 -1
+ Y wy YT iy
i=1 i=1
l

I
-+, Z wiy', ..., Z wriyl»)\> ,
i=1

i=1

where r = p —n — 1 and [ is such that / 4 1 is the multiplicity of the germ and
n =1(r +2)— 1. Inparticular, when p+1 =n+2,thenr =0andson+1 =2/
is even, which means that there is no stable minimal germ G : (K" x K, 0) —
(K? x K, 0) when n 4 1 is odd (this is also pointed out in [4]). The section A = 0
defines an «,-codimension 1 section, see Theorem 3.1 in [12]. This proof also
holds outside the nice dimensions.

Now let F be o/-equivalent to G. Then there exist germs of diffeomorphisms ¢ :
K" x K,0) — (K" x K,0) and ¥ : (K? x K,0) — (K” x K, 0) such that

@ Springer



1250 R. Oset Sinha et al.

Yo F = Go¢. By Lemma 6.1 in [26] dy (Lift(F)) = ¢*(Lift(G)). Suppose L
defines a hyperplane section of G of .o7,-codimension 1. We have

t(L oY) (Lift(F)) + (L o y)0(L o ¥) = tL(Y™ (Lift(G))) + (L o ¥)0(L 0 )
=Y (tLLift(G)) + (L)O(L)) = Y™ (M p110(L)) = Mp116(L oY)

by linearity of L. Therefore Loy defines a hyperplane section of F of .<7,-codimension
1.

If F is not minimal, then F is «7-equivalent to Idgr x F' where F’ : (K"~",0) —>
(KP=7,0) is minimal. So there exists an .o7-codimension 1 hyperplane section
£ (K1 0) — (KPP 0) of F/. If we augment f’ by the function
G(X1, .y Xpg]) = x% + -+ xr2+1 we obtain a germ f : (K",0) — (K7, 0)
of «f,-codimension 1. O

From the normal forms showed above all corank 1 .o7,-codimension 1 germs in the
nice dimensions are simple. We give here a proof of this fact for any corank.

Proposition 3.5 If a pair (n, p) is in the nice dimensions then all <f,-codimension 1
germs in that pair are simple.

Proof Let f : (K", 0) — (K7, 0) be an .2%,-codimension 1 germ.

Recall from [4,11] that f is either primitive or a quadratic augmentation, that is,
an augmentation of a primitive .o7,-codimension 1 germ 4 : (K", 0) — (KP~1,0)
by a Morse function g.

For germs of .o7,-codimension 1, the .27 -orbit is open in its % -orbit if and only if
the germ is primitive (see [13] or [34]). In fact, if f is primitive then, by Theorem
4.6 in [11], its miniversal unfolding F is minimal. In general, the minimal number
of parameters in order to have a stable unfolding, i.e. Z,-cod(f) — p, is less than or
equal to .@,-cod(f), so H#,-cod(f) — p < 1. Since the 1-parameter unfolding F is
minimal, JZ;-cod(f) — p # 0,50 Z,-cod(f) — p = 1 = oF,-cod(f), or, equivalently,
JH-cod(f) = o/-cod(f), i.e. the o7-orbit of f is open in the . -orbit of f.

Suppose f is nonsimple, then there mustbe a modal stratum ¥ with cod i, ) (Y) =<
a/-cod(f) — 1 = ,-cod(f) +n — 1 = n. So we cannot find a subset of J*(n, p)
with codimension greater than n whose complement is a finite union of . -orbits and
this contradicts the fact that we are in the nice dimensions.

When f is an augmentation then f is &7-equivalentto Ay _¢(;)(h) where H(x, 1) =
(h,.(x), A) is the versal unfolding of the primitive germ 4 and g is a Morse function.
Therefore (x, z,u) + (hg(;)+u(x),z,u) is a versal unfolding of f and f can be
deformed only in a finite number of 7-classes. O

Proposition 3.6 Let F : (K" x K, 0) — (K? x K, 0) be a stable minimal germ, the
following are equivalent:
(1) There exists f : (K", 0) —> (K?, 0) such that F is a versal unfolding of f and
its of -orbit is open in its & -orbit.
(ii) There exists f (unfolded by F) which is a primitive <,-codimension 1 germ.
(iii) There exists an immersion i : (KP,0) — (K? x K, 0) such that i*(F) is an
p-codimension 1 germ.
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The extra-nice dimensions 1251

(iv) There exists a linear map L : KP x K — K such that # 1 is contained in
L(Lift(F)) 4+ (L).

Proof (i) if and only if (ii) can be found in [34] or [13]. Notice that since F is minimal,
the Z"-codimension of F (and of f) must be n + 1. If the .o/-orbit of f is open in
its J# -orbit, then f has 7-codimension n + 1 and thus «,-codimension 1. (ii) if
and only if (iii) is trivial by Damon’s Theorem on transverse fibre squares and the
fact that F is minimal. (iii) if and only if (iv) follows directly from Damon’s result
Ay-cod(f) =a(F) He-cod(L) and the fact that i (KP) = L~1(0). o

Theorem 3.7 Let (n + 1, p + 1) be nice dimensions. All corank 1 <,-codimension 2
germs in (n, p) are simple.

Proof We will prove first by contradiction that corank 1 .27 -codimension 2 primitive
germs are simple. Suppose we have a primitive corank 1 germ f : (K", 0) — (K7, 0)
with .o7,-codimension 2 which is not simple. Let X denote the .<7-orbit of f. Then
cod yk . (X)) = 7-cod(f) = n + 2 and the codimension of the modal stratum Y is
cod sy, ) (Y) < o-cod(f)—1=n+1.

Suppose f does not admit a 1-parameter stable unfolding. As in the proof of 3.5, we
have that 1 # #,-cod(f)— p < @,-cod(f) = 2. This implies that JZ,-cod(f) — p =
2 = f,-cod(f) and so the .&7-orbit is open in the % -orbit. Therefore the codimension
of the J# -orbit is equal to n+2. Since the codimension of the modal stratum is n+ 1 we
have a 1-parameter family of # -orbits of codimension n +2. Soin (n+ 1, p + 1) we
have modality of Z -orbits of codimension n + 2, which contradicts that (n+1, p+1)
are nice dimensions.

Now suppose f admits a 1-parameter stable unfolding F : (K" x K, 0) — (K? x
K, 0). By Proposition 3.4, there exists f’ in the same . -orbit such that .o7,-cod( f') =
1. So COdJk(n’p)(X/) = n + 1, where X’ denotes the .<7-orbit of f’. By Theorem 4.6
in [11] 7 is primitive too, so, by Proposition 3.6, X’ is open in the . -orbit. Then, by
Theorem 3.2, the complement of X’ (or the complement of the union of open .7 -orbits
in the real case) in the /C-orbit is a Zariski closed subset of codimension greater than
or equal to n + 2 which contains the modal stratum Y, and this is a contradiction by
the codimension of Y.

Now we will prove that corank 1 .27, -codimension 2 augmentations are simple. Sup-
pose f is a corank 1 .o7-codimension 2 augmentation. Then it admits a 1-parameter
stable unfolding F : (K" x K, 0) — (K? x K, 0). Since F has corank 1, by Propo-
sition 3.4, there exists f’ in the same # -orbit such that .<7,-cod( /") = 1. By Theorem
4.6in[11] f’is an augmentation too, therefore itis an augmentation of a primitive germ
B (KT, 0) — (KPP, 0) with «Z,-cod(h’) = 1. By Proposition 3.5 4’ is simple.
Now, since <7,-cod(f) = 2, by Equation (1) itis either an augmentation of /’ by a sim-
ple function g; : K" — Kof type A; or it is an augmentation of an .«7,-codimension
2 primitive germ 4 : (K"~",0) — (K?~", 0) by a simple function g : K" — K
of type A1. Since h is primitive, by the first part of the proof it is also simple. In the
first case, the versal unfolding of f is given by (h(/g1(z)+u121+u2 (X), 21y eees Zpy UL, UD)
where u corresponds to the parameter which versally unfolds g; and u; corresponds
to the parameter which versally unfolds 7’ (see [4]), and so f can be deformed only
in a finite number of o7 -classes. In the second case, the versal unfolding of f is given
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by (hey(z)4u,n(X), 21, ..., 22, u, A) where u and A correspond to the two parameters
which versally unfold & (see [4]). Again f can be deformed only in a finite number
of o/ -classes and is therefore simple. O

Notice that in the above proof the hypothesis of corank 1 is only used to ensure
the existence of .o7,-codimension 1 hyperplane sections so the above result can be
rephrased as

Proposition3.8 Let (n + 1, p + 1) be nice dimensions. If all stable germs F :
(K”“ ,0) — (]KP+1 , 0) admit a codimension 1 hyperplane section, then all codi-
mension 2 germs f : (K", 0) — (K7, 0) are simple.

We believe that the results in this section hold also for multigerms, but in this paper
we are concerned only with monogerms.

3.1 An example of a corank 2 codimension 2 germ which is not simple

From Theorem 3.7 in order to find <7,-codimension 2 non simple germs we have two
possibilities, either it has corank greater than 1, or it is has corank 1 and is just below
the boundary of the nice dimensions. In the latter case it must come from a section
of an .o7,-codimension 1 non simple germ in the boundary of the nice dimensions and
must have .7 -orbits open in the J# -orbits.

From Proposition 3.6 it follows that a stable germ F : (K"t §) — (KP*1,0)
admits an .«7,-codimension 1 hyperplane section if and only if there exists a linear map
L such that .Z, 1 C L(Lift(F)) + (L).

Consider the stable germ F3 3 : (K°, 0) — (K°, 0) given by

F33(x, y,ur, uz, uz, ug) = (> 4+ 33 +urx +uoy + usx® + uay®, xy, u,
uz, u3, us) = (X, Y, Uy, ..., Us).

Lemma 3.9 Lift(F33) is generated by

3X 2U Uy + 6Y2 + 4U3ULY FU2Y
2 X —§UsY
|20 —3U,U3 — 5UsY X + §U\U3
n23= oy, | 30Uy =50y |0 —Sugy
Us —4U; —%Ul + %U32
Uy —4U, -2Y
tuy 2U4Y? + Lua sy
31 3 2 92 2
—§U4Y (=5U1 + 5=U3)Y
_ —3UsY 3y + 3UF - U U2
04,56 = 3 , 3 9~ 7 i
> X+ §UrU4 —2Y2 — ZUsUsY
-2y X+30,Us — U3
_2 2(72 1
2U, + 23U} —iusy
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2UsY? + SUULY
2 2 172
—2Y? — 3UsUsY
—tuyy + iU - EUU,

Proof Fs 3 is a free divisor so Lift(F3 3) is generated by 6 vector fields. The Euler
vector field is clearly liftable and the other five are all linearly independent and liftable
by the following lowerable vector fields:

uz + y2 + uqy
up + x2 + uzx
—3usuz — Suaxy
—3u1u4 — 5u3xy
—4uy
—4u;

1,2 1
3X gU3x

1
34y
x4+ y3 tuix +uay +usx? + usy? + %ulus
5
—ZU4xy
S+ 2
—2xy

& =

Xy
2 _

(OSTI=

1 1
—3)7 — g4y
39,79
é _ _§u3-x.y
4= 3 3 2 2,1
X747 Furx +uzy + uzx” +uayT + guols
2—2xy2
2
—3u2+ Guy
1.3 1, .2 2 2 2
—3x7 — 51143)26 + (l_gul + 57u3)x
—3uoxy + §uj — 3
—2x%y? — %u3u4xy
3.3 5 4
X +y -|-141x+142y-|-u31)€2+M4y2 + guiuz — ﬁug
—3zU3Xy

& =

%)cy2 + lu4)cy

1.3 2 2.2
=3y — GU2Y — qU4ay” + F7uUyy
—2x%y? — %u3u4xy
4 2.2 2 .2
TIMXY Uy T g7l
—§u4xy
3.3 2 2.5 _ 4.3
X7y Fuix+upy+uzx-+ugy” + gU2U4 — 55Uy

& =

]
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Therefore, there does not exist L such that .#s C L(Lift(F33)) + (L) and so F3 3
does not admit a codimension 1 hyperplane section.

Theorem 3.10 The corank 2 germ f : (R>,0) — (R>, 0) given by

fOo,y,ur, uz,us) =
(X3 + y3 +uix +uzy + (—Aug — ui)xz + M4y2, Xy, uy, uz, us),

with . # 0, —1, has <,-codimension 2 and is not simple.

Proof The idea is to use Damon’s Theorem relating .<7,-codimension and y.7,-
codimension where V is the discriminant of F3 3. By integrating the linear parts of
the vector fields in Lift(F3 3) we obtain the linear parts of diffeomorphisms in y %,
which are:

m o= (%X, e*Y, XUy, €Uy, e*Us, *Uy),
m=X,Y+aX,U;, Uy, U3 —4alU,, Uy — 4aU)),
n=X,Y, U +aX, Uy, Us, Uy —2aY),
na=X,Y,U; Uy +aX,Us —2aY,Us — 2/3aU>),
ns = (X, Y, U1, Uz, Us + aX, Us),

ne = (X, Y, Uy, Uy, Uz, Us + aX).

LetL : (IR{6, 0) — Rand supposele(X, Y,Ui,Up, U3, Uy) = aX+bY+cU+
dUy + eUs + fUs. If f #0,byusing 2, ..., ngwecanfixa =b=c=d =0,
and by using 1, we get j'L = Uz + AU where A is a modulus. A complete 2-
transversal is given by Uf when A # —1 since ///62 c Ty L + sp{Uf} + ///63
where Ty 21 L = tL(Lift|(F3,3)) + L*.#\ 0s and Lift| (F3 3) is the space of vector
fields in Lift(F3 3) with zero 1-jet (see [2]). Rescaling we set L = Uz + AUs + Uf. If
A # 0, this germ has y .#;-codimension 2 and is not simple, so the .«7,-codimension
of f is 2 and it is not simple. O

By Proposition 3.6, this is an example of a .# -orbit which does not admit an open
& -orbit.

4 The extra-nice dimensions

Mather gave a stratification of the set J(n, p) of k-jets of smooth mappings by
¥ -orbits and a bad set. This induces a partition of J¥(N, P) by .# -orbit bundles.
Mather characterized stability in terms of transversality of the k-jet extension j¥ f :
N — JK (N, P) to this stratification. He showed that there exists a smallest Zariski
closed # *-invariant set IT¥(n, p) in J*(n, p) such that its complement in J K, p)
is the union of finitely many .#*-orbits. The codimension of IT¥(n, p) decreases
as k increases. Moreover, there exists a big enough k for which the codimension of
[T (n, p) attains its minimum. For this k the codimension of the bad set I1(n, p) is
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denoted by o (n, p.) When o (n, p) > n, then the k-jet of a generic map does not meet
the set I1(n, p) and therefore it is transversal to Mather’s stratification in J k(N, P)
and hence it is stable. He defined the nice dimensions as the pairs (n, p) such that
o(n, p) > n. See [6] for the notion of semi-nice dimensions, where 2-modality of
J -orbits appears.

As a consequence of Proposition 3.5, the fact that Mather’s bad set has codimension
greater than n means that one can detect lack of simplicity at the .27 -codimension 1
level. Take also into account that # -orbits of codimension less than or equal to n have
stable representatives of .7 -codimension less than or equal to n (i.e. there is an open
o7 -orbit in the . -orbit). If we want to refine this definition to detect lack of simplicity
in the .<7,-codimension 2 level we must consider bad sets of codimension greater than
n + 1. Furthermore, since .o/ -orbits of non stable germs may or may not be open in
their . -orbit, we must consider stratification by .7 -orbits instead of % -orbits. This
leads to the following

Definition 4.1 The pair (n, p) is said to be in the extra-nice dimensions if, for large
enough [, there is a Zariski closed <7 -invariant subset A of J ! (n, p), of codimension
greater than n + 1, whose complement is a finite union of .<7-orbits.

It follows from the definition that

Proposition 4.2 If (n, p) is in the extra-nice dimensions then all <7,-codimension 2
germs are simple.

Proof Suppose we have an .o7-codimension 2 non simple germ. Then there is a 1-
parameter family of .7 -orbits of codimension n+2, so we cannot find and .o -invariant
subset A of J! (n, p), of codimension greater than n 4 1, whose complement is a finite
union of 7 -orbits. O

The converse of Proposition 4.2 is not true as we shall see in a further example
(Proposition 5.8).

The subset A in the definition can be constructed containing all non-simple .o7-
orbits and all 7 -orbits of codimension greater than or equal to n 4 2. In order to be in
the extra-nice dimensions, the codimension of this set must be greater than or equal to
n+2 (see Sect. 6, Proposition 6.2). It is not contained and it does not contain Mather’s
bad set, because in a . -orbit of codimension less than or equal to n there can be
an infinite number of simple .7-orbits (for example, augmentations), and in order to
have finite .<7-orbits in the complement of our bad set A we must include in A some
of these <7 -orbits (i.e. we include the ones of codimension greater than or equal to
n + 2). In Remark 5.3 we compare Mather’s bad set and ours for some examples.

The previous definition is well defined because there is an estimate (depending on
n and p) for the degree of determinacy of .o7,-codimension 1 germs. Namely, results
by Mather and Gaffney which can be found in [23,37] state that if .«/'-cod(f) = d then

///,frp+d)29(f) C T« f, where r is the number of branches, and if ///,f“@(f) -
T < f then fis (2k 4 1)-.f-determined. Combining this we have that f is 2((rp +
d)? — 1) + 1)-o7-determined. So for monogerms we obtain that if .«7,-cod(f) = i,
then f is (2(p +n+1i)*> — 1)-o7-determined, in particular any .27, -codimension 1 (and
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therefore .7 -codimension n 4 1) germ f : (R",0) — (R?,0)is 2(p +n+1)> —1)-
o/ -determined.

Proposition 4.3 If the pair (n, p) is in the extra-nice dimensions, then (n + 1, p + 1)
is in the nice dimensions (in particular, (n, p) is nice dimensions too).

Proof By definition there exists an .«7-invariant subset A of J ! (n, p), of codimension
greater than n + 1, whose complement is a finite union of .o7-orbits. For each one of
those <7 -orbits, consider the # -orbit which contains it. We therefore have a finite
number of J# -orbits of codimension less than or equal to n 4+ 1 which may include
some .o7-orbits which were originally in A. The complement of this finite number
of J -orbits is included in A, and therefore the codimension of this complement is
greater than n + 1. This complement contains all the J# -orbits of codimension greater
than or equal to n 4 2 and is Zariski closed. In conclusion, there exists a . -invariant
subset A’ of codimension greater than n + 1 such that its complement is a finite number
of # -orbits. The codimensions of these strata are the same in (n + 1, p + 1) and so
(n+1, p+ 1) is in the nice dimensions. O

This means that if (n + 1, p 4 1) is not in the nice dimensions, then (n, p) is not
in the extra-nice dimensions.

It is obvious from the definition of nice dimensions that if a pair (n + 1, p + 1) is
in the nice dimensions, then (7, p) is in the nice dimensions, since the codimension
of JZ -orbits is invariant under unfoldings. However, this is not so obvious for the
extra-nice dimensions:

Proposition 4.4 [f the pair (n 4+ 1, p + 1) is in the extra-nice dimensions, then (n, p)
is in the extra-nice dimensions.

Proof Suppose that (n, p) is not in the extra-nice dimensions. Then, for any Zariski
closed .« -invariant subset I" of J/ (n, p) of codimension greater than n + 1, its com-
plement is an infinite number of .o/ -orbits.

Let I" be the union of all the .o -orbits of codimension greater than or equal to n + 2.
If the codimension of T is greater than or equal to n 4 2, since it is an .2/ -invariant set,
its complement is an infinite number of .27 -orbits. On the other hand, the complement
of I' is the union of all .&7-orbits of codimension less than or equal to n + 1. In the nice
dimensions there are a finite number of stable and .<7,-codimension 1 orbits (see [4]),
therefore we have a contradiction. Hence, the codimension of I" must be less than or
equal to n 4 1. This means that there is a Zariski open set in I foliated by an infinite
number of .7 -orbits of the same codimension (greater than n 4+ 1, i.e. 7,-codimension
greater than 1).

If these infinite o7 -orbits are contained in a single . -orbit X then cod jk(, ,) X <
COdjk(n’p) I' < n + 1. Therefore the J# -orbit has a stable germ F : (K”+1, 0) —
(KP*+1,0) which is a 1-parameter stable unfolding of the germs of the .o -orbits. By
augmenting these germs by F' and a Morse function we obtain a stratum of codimension
equal to the codimension of I" (less than or equal to n 4 1) of germs of .27, -codimension
equal to the 7,-codimension of the germs before augmenting (greater than 1) in
(n+1,p+1),andso (n + 1, p + 1) is not in the extra-nice dimensions.
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If no single . -orbit contains the infinite .<7 -orbits, there is a stratum of codimension
equal to the codimension of I' with modality of J# -orbits. This implies that (n+1, p+
1) cannot be nice dimensions. Therefore, by Proposition 4.3, (n + 1, p 4+ 1) is not in
the extra-nice dimensions. O

Remark 4.5 The above proof implies that if a pair (n, p) is in the nice dimensions
but not in the extra-nice dimensions, then there exists a % -orbit which contains a
stratum of codimension less than or equal to n + 1 of non-simple germs. In fact, the
codimension is equal to n 4 1 (see Sect. 7).

Theorem 4.6 The pair (n, p) is in the extra-nice dimensions ifand only if (n+1, p+1)
is in the nice dimensions and every stable germ F : (K**1 0) — (KPHL, 0) admits a
hyperplane <f,-codimension 1 section f : (K", 0) — (K7, 0).

Proof 1.By Proposition4.3if (n, p) isinthe extra-nice dimensions then (n+1, p+1)is
in the nice dimensions. We start by proving thatif (n, p) is in the extra-nice dimensions
then every stable germ F : (K"t 0) — (KP*!,0) of .# -codimension n + 1 admits
a hyperplane section of .«7,-codimension 1.

Suppose that there exists a stable germ F : (K"t!, 0) — (KP*! 0) of .7-
codimension n 4+ 1 which does not admit an .«7,-codimension 1 hyperplane section.
Then there exists a k > 1 and a section [’ : (K", 0) — (K”, 0) of .«%,-codimension
k such that all sections of F' have 7-codimension greater than or equal to k (i.e.
o7 -codimension greater than or equal to n + k). Therefore there is no .<7-orbit open in
the # -orbit. This means that the . -orbit is a codimension n + 1 subset of J'(n, p)
which is a union of infinite .7 -orbits, none of which has codimension n+1. Any subset
of codimension greater than n + 1 will contain in its complement infinite .7 -orbits of
the JZ -orbit, which contradicts the fact that (n, p) is in the extra-nice dimensions.

Lets consider now F : (K"*! 0) — (KP*!, 0) a stable germ of .# -codimension
n—r,r > 0. Then F is a trivial unfolding of a minimal stable germ F: (K*",0) —
(KP=7.0). As (n, p) isin the extra-nice dimensions hence, by Proposition 4.4, (n —r —
1, p —r — 1) also is and we can apply the above argument to find an .e7,-codimension
1 hyperplane section f of F. Then the augmentation of f is an .«7,-codimension 1
hyperplane section of F (see [4]).

2. Suppose that (n + 1, p + 1) is in the nice dimensions. Then there exists a % -
invariant Zariski closed bad set I  J* (n+1, p+1) of codimension greater thann+1,
such that its complement is a finite union of % -orbits, K1, ..., K, of codimension
less than or equal to n + 1. Denote by IT and K1, ..., K, the corresponding sets in
J k(n, p), which have the same codimension since the . -codimension is invariant
under unfoldings. Since the J# -orbits K1, . . ., K, have codimension less than or equal
to n + 1, for each orbit there is a stable germ F; : (K"t 0) — (KP*!,0) whichis a
1-parameter stable unfolding of all the augmentations in the corresponding % -orbit.
By hypothesis, all these stable germs admit a hyperplane section f; of .<7,-codimension
1. By Theorem 4.6 in [11] f; is primitive if F; is minimal and it is an augmentation
otherwise.

We want to construct an .« -invariant Zariski closed subset of J¥ (n, p) of codimen-
sion greater than n + 1 such that its complement is a finite union of .o/ -orbits. We will
do this by extracting “bad sets" from each . -orbit and considering their union with
I1.
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Suppose first the codimension of K; is exactly n + 1, i.e. the # -codimension of F;
isn + 1 and so it is minimal. Since f; is primitive, the <7 -orbit A; of f; is open in its
J -orbit K;. By Theorem 3.2, the complement of the (finite union of open) .7 -orbit(s)
in the . -orbit, which we denote by A?, has codimension greater than n + 1.

Suppose the codimension of K ; is less than n + 1. Now f; is an augmentation (and
all the other non stable finitely determined germs with 1-parameter stable unfolding
in K too). In K ; there are 7 -orbits of stable germs, so the .7 -orbit of f; is not open
in K ;. Denote by B;’ the complement in K; of the union of the .7 -orbits of stable
germs and of germs of .7 -codimension 1. If » = n + 1 — JZ"-cod(F), then f; is an
augmentation of an .«7,-codimension 1 primitive germ #; : (K"=",0) — (K77, 0)
by a 1-parameter stable minimal unfolding of it, denoted by H;, and a Morse function
in r variables. All the finitely determined augmentations in the .«/-orbits of K; are
also augmentations of primitive germs in (n — r, p — r) by H; and a function in r
variables. Repeating the above argument, the «7-orbit of /; is open in its 2 -orbit.
By Theorem 3.2, the complement of the (finite union of open) .&7-orbit(s) in the
J -orbit of h;, which we denote by M]”., has codimension greater than n — r + 1.
Consider the germs in B]C. which are augmentations of the germs in M¢. The .o7,-
codimension of these augmentations is greater than or equal to the .«%-codimension
of the germs in MJC. (see Equation (1)), so the .«7-codimension of the augmentations is
greater than or equal to r plus the .«7-codimension of the germs in Mj. In conclusion,
cod jk(, py Bj = cod sk, py M§+r > n—r+1+r =n+1.Notice that for primitive
germs in B]C. we apply Proposition 3.8.

Finally, A = TTU (|J AY) U (U BJC.) is an .o7-invariant subset of J¥(n, p) which
is a finite union of sets of codimension greater than n + 1, and so its codimension is
greater than n + 1. Considering the closure of A it can be seen that it is Zariski closed.
Moreover, the complement of A in J k (n, p) is a finite union of .o7-orbits (the ones in
the A;’s and the ones in the B;’s). Therefore, (n, p) is in the extra-nice dimensions. O

In order to determine when a pair (n, p) is in the extra-nice dimensions, by Theorem
4.6, we need to know the stable germs (K"*!,0) — (KP*! 0), so we describe
Mather’s procedure to obtain the normal forms for all stable germs. Start with a germ
fo : (K*,0) — (K, 0) of rank 0 and find a basis {¢1, ..., ¢4} of ‘//["9—(]%). Then,

T X fo
F: (Kt 0) — (K'*9, 0) given by

d
Fr,un, .. ug) = (o) + ) widhi (), ur, ..., uq)

i=1

is stable. Furthermore, any stable germ can be obtained by this procedure.

By Proposition 3.4, all stable corank 1 germs admit an .27, -codimension 1 hyper-
plane section, so we need to study simple germs fo of corank at least 2. The rank
0 germs fj have been classified by several authors such as Mather, Arnol’d, Giusti,
Wirthmiiller, Damon, du Plessis, Wall and Gibson. A good account can be found in
the book by du Plessis and Wall [7].
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In the following discussion of simple algebras of corank greater than 1, there are
two of corank 2 which play a special role:

Bpq =GP +y? xy), B, ="y, xy).

Notice that B;,’ ¢ 1s obtained from B, , by adding its jacobian.

4.1 Algebras

We describe the algebras by the number of variables and generators. We only list the
least degenerate ones (which will be enough for our purpose as we will see in the next
section).

Casen > p:

1. With 1 generator and any number of variables: Ay, Dy, E¢, E7 and Eg, which are
of corank 1.

2. With 2 generators and 2 variables: B), ;. The stable germs in these algebras are in
(p+aq,p+q).

3. With 2 generators and 3 variables: P, , = B, 4 + (z%,0). The stable germs in
these algebras arein (p +qg +2,p+q + 1).

4. With 2 generators and more than 3 variables there are no simple algebras. For
example, the simplest algebra of corank 2 with 4 variables is (x* 4+ y? + z2, y? +
22 4+ Aw?) (non-simple because there are 4 quadratics), whose stable germ is in
(9, 7) and (8, 6) is the boundary of the nice dimensions.

5. With more than 2 generators: there are no simple algebras.

Casen < p:

1. With 2 variables: (B;,,q, 0, ...,0) whose stable germs arein 2p +2g —2+k(p+
q—2),2p+29g—1+k(p+qg—1))and (Bp,4,0,...,0) whose stable germs
arein (p+qg+k(p+qg—1), p+q+k(p+q)), where k is the number of zeros.

2. With 3 variables.

(a) With 4 generators: f(x,y,z) = ()c2 — y2, y2 + 72, xz, yz). The stable germ
isin (12, 13). If we add k zeros the stable germ is in (12 + 9%, 13 + 10k).

(b) With 5 generators: f(x,y,z) = ()c2 — y2, y2 + zz,xy,xz, yz) which is
obtained from P, by adding its jacobian. The stable germ is in (15, 17).
If we add & zeros the stable germ is in (15 4+ 12k, 17 4 13k).

(c) With 6 generators: f(x, y,z) = (x%, y2, z%, xy, xz, yz). The stable germ is in
(18, 21).If we add k zeros the stable germ is in (18 + 15k, 21 + 16k).

(d) With more than 6 generators they are obtained from the above ones by adding
Zeros.

3. With 4 variables the stable germs are in the boundary of the nice dimensions.
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5 The boundary of the extra-nice dimensions

Many of the calculations which did not make it to the final version of this article
were either done or double-checked using an algorithm implemented in the computer
package Singular developed by Hernandes et al. [10]. The calculations which appear
in this section have been done by hand unless otherwise stated.

5.1 Thecasen =p

In Theorem 3.10 we obtain a non-simple .<7,-codimension 2 germs in (5, 5) of type
B3 3. By Proposition 3.8 this means that there exists a stable germ in (6, 6) which
does not admit a hyperplane section of .o%-codimension 1. Therefore, by Theorem
4.6, (5, 5) is not in the extra-nice dimensions. Since (5, 5) is in the nice dimensions
we have the converse of Theorem 4.6, so to establish the boundary of the extra-nice
dimensions we must verify if all stable germs in (5, 5) admit hyperplane sections of
a,-codimension 1. Taking into account the adjacencies of discrete algebra types we
only have to investigate the stable germ in B3 3:

F3a(x, y,ut, uz,u3) = (° 4+ y? + uyx + uay + uzx?, xy, uy, ua, u3)
=(X,Y, Uy, Uy, U3).

Lemma 5.1 Lift(F3,2) is generated by

6X 4U3Y +2U,Us 21075%
5Y b'¢ —sUsY
m=|4U|. m=| -5Y=30Us |, m=| X+4UUs
3U, —3U, —%Y
203 —4U, —2U, + 3U3
3uy Y2+ U UsY
—1UnY (—5U1 + 5 UDY
me=| —20sY |, ns=| —302Y +3U7 — ZUIU3
X+303 —2UsY
-3y X+30,Us — U3

Proof Fs, is a free divisor so Lift(F37) is generated by 5 vector fields. The Euler
vector field is clearly liftable and the other 4 are all linearly independent and liftable
by the following lowerable vector fields:

1.2 1

y + uy —§X 9M3X
x2 4+ Uy +uszx %xy
& =| —5xy —3uu3z |, &= x3~|—y2—|—u1x—|—u2y~|—u3x2+%u1ug
—3uy —%xy
o SRS
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4 = —2u3xy ;
3 2 2,12
X7+ Yy H+urx +uxy + uzx +4u2
5
—3xy
1.3 1 2 2 2.2
—gx — 5111315 + (1—514] + ﬁu3)x
3X°Y 4+ qguzxy
4 2.2 2 2
& 32Xy + Guy — a7u1U3
—Guzxy
3,2 2,5 _ 4.3
X" +y tuix+ury—+usx +9u1u3 57 U3

Proposition 5.2 When n = p, (5, 5) is the boundary of the extra-nice dimensions.

Proof It remains to prove the existence of a hyperplane section of .o7,-codimension
1 of F35. Let L : K> — K be given by L(X,Y, Uy, Uz, Us) = Us. Then .45 C
L(Lift(F32)) and by Proposition 3.6(iv), F3 > admits a hyperplane section of .27-
codimension 1, so (4, 4) is in the extra-nice dimensions. O

Remark 5.3 The pair (5, 5) is in the nice dimensions but not in the extra-nice dimen-
sions. In J/(5, 5) for a sufficiently high [ Mather’s bad set I1(5, 5) is a codimension
6 7 -invariant set given by I1(5,5) = Ag U B3 3. Its complement is composed by
the 7 -orbits A;, i = 1,...,5, B2 and Bj3 2, all of which have a stable represen-
tative in (5, 5). In the J# -orbit of B33 there is a 1-parameter family of .o7-orbits of
2,-codimension 2 (i.e. .27 -codimension 7) which is dense in the .# -orbit (Theorem
3.10). Therefore we cannot find an .«7-invariant set of codimension greater than or
equal to 7 such that the complement is a finite number of .o7-orbits, and hence (5, 5)
is not in the extra-nice dimensions.

On the other hand, in (4, 4) the set I1(4, 4) is a codimension 5 J# -invariant set in
J'(4,4) given by [1(4, 4) = As U Bj 5. Its complement is composed by the .# -orbits
Aj,i =1,...,4 and By ». Both . -orbits As and B3> have an open .o -orbit. Let
A be the union of the closure of the complement of these open orbits in A5 and B3>
and of all the .7 -orbits of codimension greater than or equal to 6 in all the .# -orbits.
This is a codimension 6 <7 -invariant subset such that the complement of it is a finite
number of .&7-orbits and hence (4, 4) is in the extra-nice dimensions.

5.2 How to go from (n, p) (n < p) to (n, p + 1) by adding a 0 component

Let fy : (K", 0) — (K”,0),n < p,be a % -finitely determined map-germ. Suppose

<f"> = K{oy, ..., 0.}, where op = 1. When n = p we shall consider o, = J(fp).
0

Let f : (K", 0) — (KP*!,0) be given by f = (fo, 0).

Let Fp : (K"™,0) — (KP**,0) be a minimal stable unfolding of f,
Fo(x,up, ... up) = (F(x,u),u).
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Let F : (K"Kt () — (KP+k+r+1 0y be a minimal stable unfolding of f
given by F(x,u, w) = (F(x,u),u, Z(x, w), w) where Z(x, w) = Y ;_; 0;(x)w;.
We denote the coordinates in target by (X, U, Z, W).

‘We have that

oF aF OF AF

e R0
oF aF, dF, OF

o ne ar a0 0
0 0 1 -0 0---0

dF = :

0 0 O 1 0---0
0z 9z

Frr 0 0 o1 -0
0 o 0 - 1 0
0 o 0 - 0 0 1

Proposition 5.4 Let 7ty : (KPTAH7+1 0y — (KP1K, 0) be the natural projection.
Then Lift(Fy) = 71 (Lift(F)| y—w—o).

Proof Itisimmediate that Lift(Fy) D 7y (Lift(F)|z=w=0). Only writed F (§) = noF,
take Z = W = 0 and project £ into the first n 4+ k coordinates and » into the first
p + k coordinates.
Now let & = (§)(x,u),.... & (x,w)) € 6Gppx and no = (n3(X, V),
b (X, U)) € 6,44 such that d Fy (&) = no o Fo.
We have that

dF (£,0,...,0) = (nbo Fo, ..., n0 ™ o Fo, A(x, u, w),0,...,0)

where A(x, u, w) = > 1, é(ég_;cz,'

@)
Since M = K{oy, ..., o}, it follows from the Preparation Theorem that
0, W
there exist functions a; = a; (x, u, w) such that

AMx,u,w) = Zai(Fo, w)o; (x).

i=0
Now let ¢ = (E(}, e, 6’+k, —ai(Fo,w), ..., —a,(Fp,w)) € Oyiiyr and n =
(77(1), LI} 77(1;+k, aO(X’ Uy W)v —daj (Xy U5 W)5 ceey _a}"(X’ Uv W))' Then, dF(é‘) =
no F,thatis, n € Lift(F), and 71 (n|z=w=0) = no- O
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Lemma 5.5 The vectors nzw, = Zajaiz + Zaiwi € Opyhyr+1, J =1,...,1, and
nwiw, = Wioj > + Wiaiwj € Optkirt1, i, j =1,...,r, belong to Lift(F).

Proof Write &7, = Z%w, € Optitr and £y, = w,-aiwj € bpaigrrisj=1,....r.
Then U)F(TYZW,) = tF(ngi) and U)F(TYW,W,) = tF(sw,'w_,')- O

Theorem 5.6 If Fy admits a hyperplane <f,-codimension 1 section then F also does.
The converse is true if the image of the set of linear part of vector fields in Lift(F)
by 1y is a subset of M7 w0 (12), where y : (KPTKH+1 0y — (K'+1,0) is the
projection my (X, U, Z, W) = (Z, W).

Proof Let hg : (KP1*,0) — (K, 0) be a linear function such that 4o = 0 defines the
a,-codimension 1 hyperplane section of the discriminant Vo C (KP**, 0) of Fp, that
is, ho has v, %.-codimension 1. Then tho(Lift(Fy)) + (ho) D M p1k.

Let h : (KPHr+1 0) — (KK, 0) be given by h(X, U, Z, W) = ho(X, U) + W,.
We are going to prove that 4 = 0 defines an .27,-codimension 1 hyperplane section of
the discriminant V  (KP+K+7+1 () of F, that is, & has y.#,-codimension 1.

As Fy and F are both minimal stable unfoldings, all liftable vector fields in both
cases vanish at zero.

Using notation from the previous lemma, it follows that (th(nzw,), th(nw,w,)) 2
(Z,W)0, 414rs1- SO th(LIft(F)) 2 (Z, W)0, 141 -

It remains to prove that X;, U; € th(Lift(F)) + (h),i =1,...,n;j=1,... k.

From hypothesis X;, U; € tho(Lift(Fp)) + (ho). So, there exists n?(X, U) e
Lift(Fp) such that X; = tho(n?) +ahp, i =1,...,n. It follows from Proposition 5.4
that there exists n; € Lift(F), suchthatz(n; (X, U, 0,0)) = n?(X, U). Now, from the
definitions of & and ho, th(n;) +(Z, W)0, .\, = tho(n?) +{(Z, W)0, 14,4 - Then,
X; e th(Lift(F)) + (h),i = 1, ..., n. Similar arguments hold for U;, j =1, ... k.
Therefore h has y . #,-codimension 1.

Conversely, let & : (KPH++1 0) — (K,0) be a linear function such that
h = 0 defines an o7-codimension 1 hyperplane section of the discriminant V C
(KPH&+r+110) of F. Then th(Lift(F)) + (h) D M piitr+1.

Since A is linear we can write h(X, U, Z, W) = ho(X,U) + hi(Z, W). 1t fol-
lows from the derivative of F' above that mo (Lift(F)) N .#x 6 (7w2) = . Therefore
ho # 0 and X;,U; € ho(Lift(F)) + (ho), foralli = 1,...,n, j = 1,...,k.
Now from Proposition 5.4 and as mp (Lift(F)) C .4z w0 (w2), we actually have
X, U; € ho(Lift(Fp)) + (ho), foralli = 1,...,n, j = 1,...,k, that is, ho has
Vo #e-codimension 1. O

5.3 Thecasen=p — 1

First we consider B§73 whose stable germ is F3”3 - (K19 0) > (K1, 0) given by
F353(x, y, ut, u, u3, vi, v2, v3, Wi, w2) = 3 + uix 4+ uay +uzy?, ¥ 4+ vix +
vy + v3x2, xy + wix + way, u, v, w). In her PhD thesis at Warwick University
under the supervision of David Mond, Mirna Gémez-Morales studied the existence
of hyperplane sections of .o7,-codimension 1 for all stable germs in the algebra B;,’ q
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[8]. She showed that the stable germ F3’,2 of type Bgyz has an .o7,-codimension 1
hyperplane section but B§’3 does not, therefore (9, 10) is not in the extra-nice dimen-
sions. Their method is the following. Consider L : (K!',0) — (K, 0) be a linear
polynomial given by L(Xy, ..., X11) = a1 X1 + ... 4+ a;1 X11. Given an immersion
i (K9 0) > (KM, 0),suchthat Loi = 0, by Damon’s Theorem we have that .o, -
cod(i*(Féj)) = Jy,-cod(i) =y JH,-cod(L), where V is the discriminant of F3/73.
Let M Fi, (X1, ..., X11) be the matrix whose entries correspond to the linear parts in
X1, ..., X1 of the generators of tL(Derlog(A(Féj))) + (L)O(L). Then

Mp (X1, ..., X11) = (X1, ..., X)) - Ny (ar, .., a11).

Therefore, sze-cod(i*(Féj)) = 1 if and only if the rank of NF3/ \ is 11. In fact, the

same argument proves that %—cod(i*(Féﬁ)) = k if and only if the rank of N Fl, is
12 — kfork > 1.

Lemma 5.7 The linear parts of the generators ofLift(Féﬁ) are

m =3X7% +3v5 +2zaz+2U18U +2U23U + Uzl +2Vigy
+2V26V + V3 6\/3 + Wisam dW] + W28W2

m =3X 3V23V3 +3U13W1 +4U28W2

n3 —3Y8 3U13U +4V16W1+3V20W’

ns = 9xa§,1 +3Vig4: +3zan + 201507,

ns _31/3?]1 3252 +V18W2

Ne = 3X 3U23U3 + Z3W2

o= Xdlafz

s = 3Uaq05 05 +9Y3V2 +2V23W1 +3Zawz

no =3Y5 —3Vighs Jrzaf;,1

mo = 3X 335 6 32333 + Ui,

mi = 3Y3V§ + Xawz

9
na = X3W1 ni3 = Yawl M4 =Y 5,

where (X, Y, Z, Uy, Us, Uz, Vi, Vo, V3, Wi, W) are the coordinates of the target.

Proof 7 is the Euler vector field and lowerable vector fields for the remaining ones
are

0 5 0 0 0 0
ity — 4 x2 —3 3 Ay ——
& = Mzax-i-x 2y U28 + M18 + o e

& =3 22 0 3 0 +4 ) +3 0
= — —v— —3u v v —,
3= ya li)y 1a 1a 28w2

] 0 ] )
(— 3x2 —2u1)—+X—+3v1—+32—+2u1—

54= du 303 dw dws
9 a 9 9
=y — 43y —3z- % L
§s = —vig 3V or ous
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‘ d 43X 0 3 0 42 d
= —Xy— —_— — 3UH—— R
6 e s Pous | own
0

=X,

&7 o
d 0 d d
& = (— 3y —2v2)—+3u2—+9Y—+2v2—+3Z—
us dva Jw dun

§o = (— ) + 3Y 9 3 9 +Z 9

= (—v1x —xy)— — —3v— —
? ! 4 vy 131)3 dwy’

d 8 d 0

=—ur— +3X— —3Z— +up—

10 uza + "™ 83+u28w1
0 d 0

= —x%y— 4+3Y— + X—,
S11=—x y8y+ ooy N owy’
§n=X 0 §13 = i S Y !
12 — aw17 13— a 14 — aw

where X = x3 + ujx + uzy + u3y2, Y = y3 + vix + vy + v3x2 and Z = xy +
wix + way. ]

The next result shows a counterexample of the converse of Proposition 4.2.

Proposition 5.8 Any hyperplane section of F3”3 has <f,-codimension greater than 2.

Proof Analyzing the linear parts of Lift(Féﬁ) we can see that the rank of N Fl is 8 so
the best possible hyperplane section has .<7,-codimension 4. ' O

This means that in (9, 10) all .«7,-codimension 2 germs are simple, but (9, 10) is
not in the extra-nice dimensions.

Proposition 5.9 Whenn = p—1, (9, 10) is the boundary of the extra-nice dimensions.

Proof We must analyze corank 2 stable germs in (9, 10). These are given by the algebra
type (B32,0). By Lemma 5.1, F3 > admits an .o7,-codimension 1 hyperplane section,
and by Theorem 5.6 the stable germ for (B3 2, 0) admits a section too. Since (9, 10)
is in the nice dimensions, by the converse of Theorem 4.6, (8, 9) is in the extra-nice
dimensions. m]

5.4 Thecasen<p—1
Up to now we have at the boundary of the extra-nice dimensions (5,5) and (9,10).
These two pairs of dimensions lie in the line of equation 5n — 4p — 5 = 0 in the

(n, p)-plane. In fact, we can generalise this to include the case n < p — 1:

Proposition 5.10 If n < p the boundary of the extra-nice dimensions is given by
Sn—4p—-5=0,p>5.
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Proof Let Fy : (K'9,0) — (K'!, 0) be the minimal stable germ in B§’3 algebra and
F 1 (K044 0) — (K''"+3% 0) be the minimal stable germ in (B 5.0, ...,0) where
k is the number of zeros. Following notation of Sect. 5.2 we have ol =Xx,00 =Y,
03 = x2, o4 = y2 and Z(x,y, wi, wa, w3, w4) = wix + way + w3x2 + w4y2.
Therefore, 0Z/dx = w; + 2w3x and dZ/dy = wy + 2w4y. So one can see that F
satisfies the conditions of Theorem 5.6. As Fy does not admit a hyperplane section of
a/,-codimension 1 then by Theorem 5.6 F does not. If Fy : (K%, 0) — (K, 0) is the
minimal stable germ in B3 3 algebraand F : (K6+5k, 0) > (K6+6k, 0) is the minimal
stable germ in (B33, 0, ..., 0) where k is the number of zeros, then similarly F does
not admit a hyperplane section of .27, -codimension 1 since oy = x, 03 = y, 03 = x2,
o4 = y*.

Let now Fy : (K8 0) — (K% 0) be the minimal stable germ in Béyz algebra
and F : (K83 0) — (K°t# 0) be the minimal stable germ in (B;,,0,...,0)
where k is the number of zeros. We have Z (x, y, wi, wz, w3) = wix + w2y + w3x2.
Therefore, 0Z/0x = wi + 2w3x and dZ/9dy = wy. So one can see that F satisfies
the conditions of Theorem 5.6. As Fy admits a hyperplane section of .7, -codimension
1 then by Theorem 5.6 F does. Similarly if Fy : (K3,0) — (K2, 0) is the minimal
stable germ in Bj; algebra and F : (K>T#,0) — (K>*%, 0) is the minimal stable
germ in (B3 2,0, ...,0) where k is the number of zeros, then similarly F admits a
hyperplane section of .«7,-codimension 1.

Suppose p = n + £. We have:

Algebra k Stable germ Hyperplane section
(B33,0,...,0) k=1t (6+5¢,6460) 5+5¢,54+60)
(B§3,O,..A,O) k=t—1 (6+4¢,6+50) (5+4¢,5+50)
(B32,0,...,0) k=¢ (5+4¢,54+50) (4+4¢,4450)
(Béz,O,...,O) k=t¢-1 (5+3¢,5+40 (443¢,4440)

In conclusion, all the pairs of dimensions of sections of stable germs corresponding
to algebras B, ; or B;,, 4 (or these two with zeros added) with p +¢ < 5 lie in the
extra-nice dimensions. The ones corresponding to B, 4 or B;! ¢ (or these two with
zeros added) with p + ¢ > 6 are not in the extra-nice dimensions.

Therefore (5 + 4¢,5 + 5¢) is in the boundary of the extra-nice dimensions and
belongs to the line 5n — 4p — 5 = 0. The sections of stable germs corresponding to
algebras with 3 or more variables lie to the right of this line and are not in the extra-nice
dimensions. O

5.5 Thecasen=p +1

Consider the simplest corank 2 algebra in this setting and its stable unfolding P :
(K, 0) — (K, 0) given by

Pro(x,y, z,ur, ua, u3) = (X2 +y* + 22 +urx +uay, xy + u3z, uy, uz, u3).
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Lemma 5.11 The generators of Lift(P22) are

2X 6YU, — 20U U3 4YUs + 3U U, U3
2Y —YU, +2U,U3 2XUs 42U}
m=|U|.m= —8Y N3 = —4U,U3
U, 4X + U3 +4U3 —4U, U3
Us —U,Us 2Y
6YU, — 2U U3
—YU, 4 2U,U3
ms = | 4X + U} +4U3 |.
—8Y
—-U1U3
4(X? — 12Y% — 6YU U + U3 (5X + 3U} +3U3))
—8XY — 16YU3; — 9U,U,U3
2XU; +36YU, — 14U,U}
36YU; +2XU, — 14U, U3

—10XUs — 2U3

Proof The discriminant (image of critical points set) V of P is a free divisor so
Derlog(V) is generated by 5 vector fields. In order to obtain them we calculate the
order 5 minors of the differential and eliminate the variables x, y, z from the ideal
generated by 2x2 — 2y2 +urx —upy, uruz +2Uzx —2yz, upuz —2uzy —2xz, X —
x2 + y2 +224ux + uzy), Y — (xy + u3z) (the first three are the minors). Using
the computer package Singular we obtain the defining equation of V. Again using
Singular we can compute with syzygies the generators of Derlog(V'). It can be seen
that all of them are linearly independent and liftable. O

Notice that there are only 4 vector fields with non zero linear parts.
Proposition 5.12 Whenn = p+1, (5, 4) is the boundary of the extra-nice dimensions.

Proof Analyzing the vector fields in Lemma 5.11 and by Proposition 3.6(iv), P2 2 does
not admit a hyperplane section of .o7,-codimension 1, so (5, 4) is not in the extra-nice
dimensions. In fact, it does not admit an .o7,-codimension 2 section either. Since P »
is the simplest corank 2 algebra in (n + 1, n) and (5, 4) is in the nice dimensions, by
the converse of Theorem 4.6, (4, 3) is in the extra-nice dimensions and so (5, 4) is the
boundary of the extra-nice dimensions. O

5.6 Thecasen>p+1

From the discussion of the algebras, we know that there are no rank 0 simple algebras
in this case. Here the boundary of the nice dimensions is given by the non simple
a,-codimension 1 section of the stable unfolding of the simplest rank 0 germ for each
case (n +k,n), k > 2.
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20

I I I 1
5 10 n 15 20

Fig. 1 The border of the nice (dashed line) and extra-nice dimensions

In the case (n + 2, n) this algebra is (x> + y> + z2, y> + Az> 4+ w?), whose stable
unfolding is in (9, 7) and the boundary of the nice dimensions is (8, 6). By Proposition
4.3 (7,5) is not in the extra-nice dimensions. Since there are no stable corank 2 germs
in (7, 5) (or below) the boundary of the extra-nice dimensions is (7, 5).

On the other hand, for (n 4k, n) with k > 2, the boundary of the nice dimensions is
given by the non simple .27,-codimension 1 section of the stable unfolding of x> +y3 +
2+ AXYZ+ 2{‘:1 wl.z, whose stable unfolding is in (10 + &, 8), and so this boundary is
(9+k, 7). By Proposition 4.3 (8 4k, 6) is not in the extra-nice dimensions. Since there
are no stable corank 2 germs in (8 + k, 6) (or below) the boundary of the extra-nice
dimensions is (8 + k, 6). We remark that in (8 + k, 6) there may be a non simple
a,-codimension 2 corank 1 germ obtained as a section (by a codimension 2 plane) of

the stable unfolding of the germ x3 + y3 + 73 + Axyz + Ef‘zlw.z.

1

5.7 Diagram of the boundary

From all the above discussions we can draw the boundary of the extra-nice dimensions
and compare it to the boundary of the nice dimensions. In Fig. 1 the dotted line repre-
sents the boundary of the nice dimensions and the continuous line is the boundary of
the extra-nice dimensions.
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6 Locally stable 1-parameter families are dense in the extra-nice
dimensions

In analogy to Mather’s characterization of the nice dimensions as those where stable
maps are dense, we characterize the extra-nice dimensions as those where stable 1-
parameter families are dense. Let N be a compact manifold.

Definition 6.1 Let F : N x [0, 1] — P be a family of maps. Then F is a locally stable
1-parameter family if F; : N — P isastable map forall¢ € [0, 1] except for possibly
a finite number of values {71, ..., #;} and the non-stable singularities of F;, are a finite
number of points x; € N, such that the map (F,¢) : N x [0,1] — P x [0,1]isa
locally A.-versal unfolding of F;, for all non-stable points x ;.

From this definition it follows that F;, : (N,x;) — (P, F;(x;)) has -
codimension 1. Locally stable 1-parameter families are a type of local pseudo-isotopies
as appear in [3] or [14].

Suppose that (n, p) is in the nice dimensions. We define a stratification of J¥(n, p)
by .«7-orbits and a bad set. Let A(n, p) = {0 € J¥(n, p)/ «/*-codimension of o >
n+2}. A(n, p) is a semi-algebraic set, hence it admits an .o/’ k_invariant stratification.
The set J*(n, p)\A(n, p) has a finite stratification by .<7-orbits of codimension less
than or equal to n 4+ 1 (i.e. orbits of germs of .o7-codimension less than or equal
to 1). Since this stratification is «/-invariant it induces an stratification S(N, P) of
JE(N, P).

Lemma 6.2 Let (n, p) be in the nice dimensions. (n, p) is in the extra-nice dimensions
if and only if the set A(n, p) has codimension bigger than or equal to n + 2.

Proof 1If the codimension of A (n, p) is less than or equal to n + 1, then it is foliated by
infinite .27 -orbits and you cannot find a subset of codimension greater than n + 1 such
that its complement is a finite number of .&7-orbits. The “if" part is trivial by definition
since in the nice dimensions there are a finite number of .o/ -orbits of codimension less
than or equal ton + 1. O

Consider a 1-parameter family F : N x [0, 1] — P and consider the partial jet
extension

JEF N x[0,11 = JKN, P)
given by j{‘F(x, 1) = jFF(x).
Lemma6.3 If F : N x [0, 1] — P isalocally stable I-parameter family then j{‘F is
transverse to the stratification S(N, P). The converse holds if (n, p) is in the extra-nice
dimensions.
Proof First of all, the Versality Theorem 3.3 in [37] (or 4.1.4 in [23]) says that an

unfolding (F, t) of f is locally 7, -versal if and only if T <7, (f) + Sp{%—f} =0(f).
Based on this it can be seen (Theorem 4.1.11 in [23] or Proposition 2.2 in [38] for
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J -equivalence) that (F, 1) is locally «7,-versal if and only if j {‘ F is transversal to the
o/ -orbit of f.

If F is a locally stable 1-parameter family, by definition (F, t) is an .o,-versal
unfolding of F; at the points where it has non stable singularities (and these are
of «7,-codimension 1 only). By the above result this means that j{‘F is transversal
to all «7-orbits of codimension less than or equal to n + 1. Since F does not have
singularities of .7,-codimension greater than 1 for any z, j{‘F is also transversal to
A (N, P). Therefore, j{‘F is transversal to the stratification S(N, P).

Conversely, if (n, p) is in the extra-nice dimensions, A(N, P) has codimension
greater than or equal to n + 2, so transversality to the stratification S(N, P) means
that jlk F is transversal to all o7-orbits of codimension less than or equal to n + 1 and
avoids A(N, P). Therefore, (F, t) unfolds versally all the F;, which have non stable
singularities of .«7,-codimension 1. Since N is compact the points x; where F;, is non
stable are finite, so F' is a locally stable 1-parameter family. O

Theorem 6.4 Let N and P be manifolds of dimension n and p, with (n+1, p+ 1) nice
dimensions. The subset of locally stable 1-parameter families in C*°(N x [0, 1], P)
is dense if and only if (n, p) is in the extra-nice dimensions.

Proof The pair (n, p) is in the extra-nice dimensions if, by definition, there exists a bad
set A(n, p) C J k(n, p) of codimension greater than n + 1 such that its complement
is a finite number of .«7-orbits. This set induces a bad set A(N, P) in J*(N, P) of
codimension greater than n + 1. Thus, for a generic family F € C*°(N x [0, 1], P),
j{‘F (N x[0, I))NA(N, P) = (. By Thom’s transversality theorem, the set of families
F such that j]kF is transversal to any .o7-orbit of codimension less than or equal to
n + 1 is also a residual set. Since there are finite ./ -orbits of codimension less than or
equal to n + 1, the set of families F such that their partial jet extension is transverse
to S(N, P) is a finite intersection of residual sets and so is residual. Equivalently, by
Lemma 6.3, the set of locally stable 1-parameter families in C*°(N x [0, 1], P) is
dense.

Now suppose (n, p) is not in the extra-nice dimensions. Then the codimension of
A(N, P) is less than or equal to n + 1. In Sect. 5, for any (n, p) in the boundary of
the extra-nice dimensions such that (n 4+ 1, p 4+ 1) is nice dimensions, we construct
a stable germ Fin(n+1, p + 1) such that any section of it fp is not simple and
such that F = (F,t) is a 1-parameter stable unfolding of fy. By taking a trivial
unfolding of these stable germs we obtain stable germs with this property in any pair
of dimensions outside the extra-nice dimensions. Considering one of the sections of
these stable germs in (n, p) and its deformation F, F' is clearly not a locally stable
1-parameter family but j{‘F(N x [0,1]) N A(N, P) # ¢ and j{‘F is transversal to
S(N, P). There is a sufficiently small neighbourhood of F in C**(N x [0, 1], P) such
that any G in that neighbourhood satisfies that j{‘G is transversal to S(N, P) and
j{‘G(N x [0, 1D NA(N, P) # #. Therefore, there is an open set of non locally stable
1-parameter families and so the set of locally stable 1-parameter families is not dense.

O

A summary of our main results in Theorems 4.6 and 6.4 we have the following
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Corollary 6.5 Let (n+1, p+1) be in the nice dimensions. The following are equivalent

(1) (n, p) is in the extra-nice dimensions,
(1) codjrg, yAn, p) =n+2,
(iii) the subset of locally stable 1-parameter families in C*°(N x [0, 1], P) is dense,
(iv) every stable germ F : (K"t1,0) — (KP*',0) admits a hyperplane <7,-
codimension 1 section f : (K", 0) — (K7, 0).

7 Codimension of non-simple germs

In this section we answer partially a question posed by Wall to the first author during
his talk at the workshop on “Singularities in Generic Geometry and Applications III"
held in Edinburgh in 2013: what is the codimension of the non-simple germs?

Let NS denote the .o7-invariant subset of J/(n, p) composed of all non .27 -simple
orbits. If (n, p) is in the nice dimensions, by Proposition 3.5, all .«7,-codimension
1 germs are simple, so if a germ is not simple its .@%-codimension is at least 2
(&7 -codimension n + 2). Therefore cod Hop(NS) = n+ 1 Similarly, from the
definition of the extra-nice dimensions, if (n, p) is in the extra nice dimensions,
then codjz(n,p)(NS) > n + 2. In fact, if (n, p) is in the nice dimensions but not
in the extra-nice dimensions, Remark 4.5 shows that codi(, ,(NS) < n + 1, so
codjig, (NS)=n+ 1

This naturally leads to the following definition

Definition 7.1 The pair (n, p) is said to be in the A,,-nice dimensions if, for large
enough k, there is an &7-invariant subset A of J l(n, p), of codimension greater than
n + m, whose complement is a finite union of o7 -orbits.

Aq-nice dimensions are the extra-nice dimensions and Ag-nice dimensions are the
nice dimensions. With this definition, if (n, p) is in the A, -nice dimensions but not
in the Ay, 41-nice dimensions, then cod ji(, ,)(NS) =n+m + 1.

Example 7.2 In the case n = p, the Thom-Levine example in the introduction is an
example in the boundary of the Ag-nice dimensions of an .o%-codimension 1 germ
which is not simple. It has corank 3. Inside the Ag-nice dimensions all .7, -codimension
1 germs are simple.

From Theorem 3.10 we have an example in the boundary of the A-nice dimensions
of an .«7,-codimension 2 germ which is not simple. It has corank 2. Inside the A-nice
dimensions all .<7,-codimension 2 germs are simple.

From [25,33] we know that if n > 3, then a germ f : (K", 0) — (K", 0) with
mo(f) > n+ 3 isnot simple. In fact, in (3, 3) we find the germ (x, y, 0+ yz2 +x2)
which has ¢7,-codimension 3 and is not simple with 1 modal parameter. It has corank
1. From [29,31] we know that all .<7,-codimension 3 germs in (2, 2) are simple. This
means that (3, 3) is the boundary of the Aj-nice dimensions. Inside the A-nice
dimensions all .27,-codimension 3 germs are simple.

Finally, in (2, 2) there is an .o7,-codimension 4 germ which is not simple. It can be
found in [29], (x, xy + y® £ y? +ay?). Since in (1, 1) all germs are simple, this means
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that (2, 2) is the boundary of the Az-nice dimensions. In fact, (2, 2) is the boundary
of the A,,-nice dimensions for m > 3!

So we get a stratification of the n = p dimensions by (9,9) D (5,5) D (3,3) D
2,2).
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