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Abstract

This paper establishes extension results for harmonic functions which vanish on a
conical surface. These are based on a detailed analysis of expansions for the Green
function of an infinite cone.

Mathematics Subject Classification 31B05

1 Introduction

The Schwarz reflection principle gives a simple formula for extending a harmonic
function / on a domain @ C R¥ through a relatively open subset E of 3w on which &
vanishes, provided E lies in a hyperplane. A corresponding reflection formula holds
when E lies in a sphere. When N > 3 and N is odd, Ebenfelt and Khavinson [6]
(cf. Chapter 12 of [16]) have shown that a point to point reflection law can only hold
when the containing real analytic surface is either a hyperplane or a sphere. Thus more
sophisticated methods are needed for extending a harmonic function which vanishes
on any other type of set E.

This is the background to the following problem, which was posed by Dima Khavin-
son at various international conferences: if / is harmonic on an infinite cylinder and
vanishes on the boundary, does it extend harmonically to all of RY? Of course,
in the planar case, where & is harmonic on an infinite strip, the answer is read-
ily seen to be positive by repeated application of the Schwarz reflection principle.
In higher dimensions the problem was eventually also shown to have an affirma-
tive answer [7] by analysis of the Green function of the cylinder. Subsequently, the
authors investigated extension properties of harmonic functions on an annular cylinder
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(x' e RVN-1:4 < Hx’ H < b} x R that vanish on either one or both of the cylindri-
cal boundary components (see [8,10,11]). The domain reflection results that emerged
were noteworthy, given that reflection formulae for the harmonic functions themselves
fail to exist. This raises the following general question.

Problem 1 For a domain @ in RY and a subset E of dw identify a larger domain
wp such that each harmonic function on @ which vanishes continuously on E has a
harmonic extension to wg.

Naturally we should assume that E is contained in a real-analytic surface, but the
question is interesting even in the particular case where E is contained in the zero set of
a polynomial. The cylindrical case corresponds to the polynomial (x’, xy) +— H x' H g
1. The next most natural case to consider is a cone. The analogue of Khavinson’s
question above would then be: if 4 is harmonic on an infinite cone and vanishes on
the boundary, does / extend harmonically to all of RV, except for the negative axis of
the cone? Again, in the planar case, such extension follows by repeated application of
the Schwarz reflection principle.

A typical point of RN (N > 3) will be denoted by x = (x’, xy), where x’ € RV~!
and xy € R, and we will write 6, = cos_l(xN/ [lx|l) when x # 0. Let 0 < 6, < 7.
We will show that harmonic functions / on the infinite cone

Q= Q@6 = {x € RM\{0} : 6, < 6y}
that vanish on 02 have an extension to the set
Q) = {x e RMN\{0} : 6, < 7} = RM\ ({0} x (=00, 0]).

In fact, it is unnecessary to require that 4 vanishes at 0.

Theorem 1 Let 0 < 0, < m. If h is a harmonic function on 2(6,) that continuously
vanishes on 92 (0,)\{0}, then h has a harmonic extension to 2 ().

The proof of Theorem 1 is technically more challenging than the corresponding
result for the cylinder. However, it also yields tools applicable to reflection results for
functions that are harmonic on a domain of the form

Q6. 0) = {x € RN\{0} : 6y < 0, < 6}

and vanish on 9€2(6,). Strikingly, a dichotomy emerges between the cases where
0, <m/2and O, > /2, as we will now see.

Theorem2 Let 0 < 6y < 0, < 7 /2. If h is a harmonic function on the domain
Q (6o, 64) that continuously vanishes on 92 (0,)\{0}, then h has a harmonic extension
to the domain {x € RV\{0} : 0y < 0, < 20, — 6p).

Theorem 3 Let 0 < 6y < 0, < m, where 6, > 1 /2. If h is a harmonic function on the
domain Q2 (0o, 0x) that continuously vanishes on 9S2(0,)\{0}, then h has a harmonic
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Harmonic extension through conical surfaces 1595

extension to the domain
N 9x 90 9* 2
xeR \{0}:00<0xandtan?tan7< tan? .

The conditions arising in Theorems 2 and 3, and their sharpness, will be discussed
in Sect. 2. Theorems 1-3 answer particular cases of Questions 4 and 5 in [9]. Theorem
3 also has the following immediate corollary.

Corollary 4 Let 7/2 < 0, < m, and suppose that h is a harmonic function on the
domain Q2(0, 6,) that continuously vanishes on d2(04)\{0}. Then h has a harmonic
extension to the domain (RN “h\{o’ }) x R.

We now have a reasonably complete set of harmonic extension results for conical
surfaces to complement those known for cylinders. Our hope is that these will suggest
further steps towards addressing the broader question in Problem 1.

The extension of harmonic functions through conical surfaces is obviously related
to extension properties of the Green function for a cone, and harmonic functions on
conical domains are naturally related to Legendre functions. The plan of the paper is
thus as follows. In Sect. 3 we assemble and develop some relevant material concerning
Legendre functions. This is subsequently used, in conjunction with contour integration,
to establish an expansion of the fundamental function that is adapted to the geometry
of cones, and then two different expansions for the Green function of the cone 2 (6,).
The first of these latter expansions is used to establish the second and also has later
application. The second yields extension properties of the Green function that are used
in proving Theorem 1. Theorems 2 and 3 rely on both Theorem 1 and further extension
properties of the Green function. These latter properties are established using bounds
for ratios of conical functions that may be of independent interest.

2 Sharpness of results

The domain of extension in Theorem 2 is formed by angular reflection. This is natural,
since in the planar analogue of the result the function 4 is harmonic in an angle and
would extend to an angle of twice the aperture by Schwarz reflection. The sharpness
of this result in higher dimensions is demonstrated by the following example.

Example1 Let N = 4and 0 < 6y < 6, < m, where 20, — 6y < 7, and define the
planar angle

w@) ={(s,1) € R>:s>0and? > (s, t)|lcosB} (0 <6 <m).
Further, let u be the Green potential in w (6,) of a dense sum of point masses on the half

line dw (6p) N w (04), and extend u to w (20, — 6p) by the Schwarz reflection principle.
The function

x', x4) —~ Hx’ ”_1 u(”x’ , X4)
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1596 S.J. Gardiner, H. Render

is, by computation of the Laplacian, harmonic on 2 (26, — 6y)\€2(6p), and it vanishes
on 92 (0,)\{0}. It cannot be extended as a harmonic function because it is unbounded
near every point of 92 (6p) U 0220, — 6p).

Surprisingly, however, when 6, > /2 and 26, — 6y < 7 the above example no
longer gives a sharp bound for how far /2 can be extended. To compare the domains
of extension in Theorems 2 and 3 we note that, if 0 < 6y < 0, < 6, < 7, where
0y > m/2, then

1)+ X nT — tan — tan — < an —
2 2 2 ’

2
Oy 6o Oy
tan;tani < tan? = Oy + 0, < 26, (1)

where the latter inequality follows from the observation that

O Ox
tan(6,/2) tan(6o/2) = exp (/ csch do — / csco d9>
tan(0x/2) tan(6s/2) 0. o

6. 6.
* * tan(6y/2
> exp / CSCGd@—/ cscH do :M,
26, —6, fo tan (0, — 6y /2)

(By csc we mean 1/ sin.)
The sharpness of Theorem 3 is shown by the next example.

Example2 Let N =3 and 0 < 6y < 6, < 7, let y = (sin6p, 0, cos 6p) and wy =
(sin6, 0, cos ), and let S denote the unit sphere in R3. The Green function Gy, for
the Laplace-Beltrami operator on S N €2 (6,) satisfies

|tan®(6,/2) — tan(6/2) tan(6y/2)|
[tan(0/2) — tan(0p/2)| tan(6/2)

Go, (wg, y) = log

(See, for example, formula (13) in [12].) Hence the function defined by h(x) =
Gy, (x/ |lx|l, ¥), which satisfies the hypotheses of Theorem 3, has a singularity at
we if tan(6/2) tan(Fp/2) = (tan(6s/2))>.

Let T denote the stereographic projection that maps a typical point x of S\{(0, —1)}
to the point where the line through (0’, —1) and x meets the plane R? x {1}. Then
any point of S N 92 () is mapped by T to a point of the form (y’, 1), where ||y’“ =
2tan(6/2). Hence, in Theorem 3, the intersection of the enlarged domain with S is
mapped by T to an annulus, of which the outer boundary circle is the image of the
inner boundary circle under inversion in 7' (S N 92 (6,)).
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Harmonic extension through conical surfaces 1597

3 Preparatory material

The ultraspherical (or Gegenbauer) polynomials C ,Sk) ,where A > Oandn =0,1, 2, ...,
are defined by the equation

(=2t +E)*=) " CcP0E" (Ee(=1,1),1€[-1,1]) )

n=0

(see (4.7.23) in Szego [21], where the notation P,SA) is used instead). They satisfy the
differential equation

(1— tz)f”(t) — A+ Dtf' @) +nm+20)f@) =0 3)
and clearly
CH (=) = (=D"CP 1) )

(see (4.7.4) and (4.7.5) in [21]). We will also need the fact that
+21—1
P w| =P = (” ., ) (=<1 5)

(see Lemma 6(i) of [7]).

The Legendre (or Ferrers) functions of the first and second kinds, P} and QY
respectively, are defined on the interval (—1, 1) by equations (14.3.1) and (14.3.2) of
[19]. (That source uses Roman type, P and Qf, to distinguish functions defined on
(—1, 1) from functions on (1, 00).) They satisfy the equation

2

(=2 () =2t £ (1) + <v(v +1) - m) =0 (=1<t<1) (6

(see (14.2.2) in [19]). We collect below some properties of these functions.

Lemma5 (i) The ultraspherical polynomials are connected to the Legendre func-
tions by the formula

N-2 N3 o N—1
27 (NI + N—2) 3n
: )(t)= ,(HZ ) P2, @ (t|<l,n=0,1,...).
4 2

c!
A1—22) T T(N-2T(n+1) "

(i) Ifu € Rand p € Z, then Pu_fp(t) = (—1)”Pl:fp(—t).
(i) If u € R, then

_ 42 dPV _ —u _ —K
(11—t )—dt @) =@+ DrP ") —(u+v+ DP 5@).
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1598 S.J. Gardiner, H. Render

v) If =1 <t < 1, then

) m Qu u ) Fv—u+1)
)<Pv H——@® -0y (t) (t)) Torit D’ @)
_ .2 - i M N pTH i —K ) 2
(I—1t )(Pu (t)dth (=) =P, " ( t)d () T+t DMGi—v)’

®)

(v) [Mehler—Dirichlet formula] If u > 0,0 < 6 < w and v € C, then

6
Py M (cos ) = V2 i / cos ((\H—l) t) (cost—cos@)“_%dt.
VA (sinO)RT (1 + %) Jo 2
©)

In particular, P__‘fL_l =pr "

(vi) Ifu = 0and0 < 0 < 7, then the function v — P, " (cos 0) has infinitely many
zeros, all of which are real and simple. The positive zeros form an increasing
sequence (vy,) which satisfies v, > p + m — 1. All the remaining zeros are of
the form {—v — 1 : v is a positive zero}.

(vii) Ifv € C, then

in@ 1% [Tmv|0
| P (cos0)| < 232/ | — ¢ (0 <0< 5) ,
1+cosf ) I'(u+ 1) 2

1— cos@)ma"{“‘;} eltmvlo (n
I(w+3)

sin 6

P (cos0)| < 23 /7
a( )

(viii) Ifv>u >0and —1 <t < 1, then

{p*“(r>}2+ {ZQ“(r)}2 - 4 r(=4H)re-ptn
v x - - (1 _t2)max{pc,%}

(ix) Ifv=u>0and —1 <t < 1, then

- outl Fw—p+DI (S +1)
- ﬁ(l _ tz)max{u+l,u/2+5/4} T(w+pu+ 1)l (v—,lZH—l)

d P
dt (1 —%)m/?

x) If -1 <t <landp >0, then

2
1 —HK
20(v 4+ 1)[ T {PU_“(r)}2dr = ((1 —tz)dl;”l )
t
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Harmonic extension through conical surfaces 1599

+{P70)) {V(V+1)(1—l2)—u2}. (10)

Proof (i)—(v). See (14.3.21), (14.9.10), (14.10.4), (14.2.4), (14.2.3) and (14.12.1) of
[19].

(vi) It is shown in [17] (cf. Section 238 of [14]) that the function v — P, *(cos )
has infinitely many zeros, all of which are real. The argument in [18] shows that these
zeros are simple and v,, > pu + m — 1. (These results are given for the case where
u > 0, but the arguments extend easily to cover also the case where . = 0.) The final
assertion of (vi) is a consequence of (v), since P__‘fL_l = P, * and it follows from (9)
that P, " % 0 when —1 < v < 0.

(vii) To see that this follows from (v) we note that
ei(u—&—%)t + e—i(u+%>t

< e|1mv|t’

[eos ((v+2)1)] = 3

(cost—cos@)“_% <1 - cos@)“_% (0§t<9, w> %)

and

0 0 n—=
t+0 60—t
/ (cost — cos 9)”_% dt = / (2 sin _’2_ sin ) dt
0 0

D=

2

2”_% O /0 —¢ “_%
= 1 / <—) dt
(min{sin(6/2), sinf})2~* Jo T

20+ 3 3K 1
<= (0=u<5),
(sin@)2 M 2

since sin ¢ > 2¢ /7 on (0, 7 /2), and sin is concave and satisfies sin(¢/2) > (sin¢)/2
on (0, 7). If0 < 6 < 7/2, the desired estimate now follows on noting that 1 —cos 6 =
(sin2 9) /(1 4+cosO) .If 7/2 < 6 < 7, we instead note that min{sin(6/2), sin6} >
(sin@)//2.

(viii) When o > % this follows on combining equations (5) and (19) in Durand [4],
and when 0 < u < % we instead use (5) and (23) there.

(ix) This follows on combining the first two lines of (29) with (5) in [4].

(x) This is equivalent to formula (5.3) in [15]. We recall the short proof here for
completeness. Let F(r) denote the right hand side of (10). Then, by (6),

dpy* darpt dp,"*
F'(t) =21 —t)—2— 11 —¢2 LA Pt
() =2( ) 7 {( ) o 7

dp,*
dt
= 20+ Dt {P7F0)).

+2P; () {v(v + D1 -1 — ,ﬁ} — 20w+ e {P )}

We see from (iii) and (vii) that F(t) — 0 as ¢t — 1—, so the result follows. m]
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1600 S.J. Gardiner, H. Render

If ',y € RV=1, then we define ¢,/ v € [0, 7] by the equation

(' )

COS Py yy = ————
el 11

whenever the denominator is non-zero. We also recall that cos6, = xu/ ||x||. The

following result shows how some of the above functions relate to harmonicity.

Proposition 6 Let w € C, y/ € RVN"I\{0'} and k € N U {0}. Then the function

N 3
h(x) = (sinfy) 2~ v k(cos@ )Ck< )(cosqﬁx/’y/) (N > 4),

llxll ™=~

AN eWIOgIIXH =N
l
2

ew loglixll

h(x) = P kl(COSQX)cos(k(/)x v) (N=3)

Bk
is harmonic on Q2 (1) when suitably interpreted on the positive x y-axis.

Proof We will give the details when N > 4 and leave the adjustments required when
N = 3 to the reader. Let r = ||x||, 0 = 6 and ¢ = ¢,/ ,». Then

Ah_82h+N—18h+1 A 22 Y,
a2 roar 2\ (sin6)?/)

where

_ 1 o N2 D 1 N3 0
= Gino)N 2 96 {(Sme) ae}’ = G 56 {( ne) ¢}

Since

82h+N—18h | , (N=2)\°
—_— —_——— e — w- — —_— s
ar? r or r2 2

it is enough to show that

Ao 2 N—2>2 f(cosH) ( )
<Al+(sin9)2+w ( 2 ){(smg)z (cos @)

3-N

where f(t) = P 2, (1)

[N

Now

N-3
N— 2 ( 2 )
% {SinN‘3¢d< = )(cos¢>>)} = SinN_lfﬁ%(Cos@
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Harmonic extension through conical surfaces 1601

()

—(N —=2) sinV 3 ¢ cos¢dc o (cos @),

so (3) yields
(") (")
A | C (cos@) | = —k(k+ N —3)C;, (cos ¢).
Thus it remains to check that

k(k+N —3)\ f(cos6) N —2\? f(cose)
(-t (52 )
sin” 6 (sinf) =~ 2 (sin @) e

Next,

yN- 2 d f(cos@) :3—

(sinf
do (sin )"

(sin B) = cos f(cosh) — (sin ) = f(cos@)

Thus

(sing) 2" i (sing)V 24 (COSQ)
do (sin 0) e

= f(cosh) {3 — <T_3> cot 9} + {sin® 6 f"(cos 6) — 2 cos 6 f'(cos )}

— fleost) | (V=2 2+N_3 2 L SO v —3)
= J(cos < 2 ) 2 YTy sin2 6 -

by (6), and (11) follows.
The above calculation is not valid when 6, = 0, or when ¢,/ v € {0, 7}. In the

()
2

latter case we can use the continuity of C;, to see that the set

(x € (RN—l\{O}) X R: ¢y, =0orm)

is a removable singularity for the harmonic function %, by Corollary 5.2.3 of [1]. A
similar argument, combined with Lemma 5(vii), shows that the positive xy-axis is
also removable for /. O

Corollary7 Let v > 0, y € RN"1\{0} and k € N U {0}. Then any function of the

form

A||x||”+B||x||2 N - T
. P 7y (cose)ck( )<cos¢xl,y/> (N =4,
sin 2
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1602 S.J. Gardiner, H. Render

x> (ALY + Bl PrEcos b costkry) (N =3),
where A, B € R, is harmonic on Q2(;) when suitably interpreted on the positive
XN -axis.
Proof We put w = + (v + #) in the proposition and use the fact that P, " =
A 1» by Lemma 5(v). O
Corollary 8 Let A, c € R, y € RN\{0} and k € N U {0}. Then the function

cos(klog ||x||+c) 3N _k
H

é+lk(ose)ck( ) cosdey) (2 4,

[lx]] N (sin 6y) 7
al

= cos(Alog IIxII+c)P,{( '

—5+iA

; (cos 0y) cos(kpy ) (N = 3)
llx1Z

is harmonic on Q2 () when suitably interpreted on the positive x y-axis.

Proof We put w = i) in the proposition, take real and imaginary parts of &, and
expand cos(A log || x|| + ¢) using the addition formula. O
Functions of the form P:f Ly, are known as conical (or Mehler) functions. We

record below some of their further properties for future reference.

Lemma9 (i) P_f‘ . >0and P_“ L= P_fL on(—1,1).
5+ +z)» 7—iA
(i) If w > O, then the function 0 +— P f‘ ( cos0)/P H (cos 0) is decreasing
2 2

on (0, m).
(@iii) If u > 0, then the function 6 +— P “ (cos 0) is increasing on (0, ).

Proof (i) This is clear from the Mehler-Dirichlet formula (9).
(i) Since I'(Z) = T'(2), it follows from (8) that the function 7 > P ” ( 1)/

P—l+ix(t) is increasing on (—1, 1).

(iii) By definition,

1 1—1\*? 1—t
P =————(+—) 2F(v+lL—vildu—o7]),
v rad+mw \1+4+1¢ 2

SO

P (cost) 1 1 —cos®\*/2 - 1+_A L - 1 —cosé
COS = b y - — 5 s .
—14in 'ad+p) \1+cosé 2\ Ty T ’ 2

Since the coefficients in the expansion

E +ik|2s 1L +in )2 +inf

1 1
Fil=-4+ir, =i 1+u;s) =1+
2 1(2 2 * ) A+m1 T A+ 2+mw2!
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Harmonic extension through conical surfaces 1603

are all positive, we now see that the function 6 > Pffar
-2
two positive increasing functions on (0, ). O

ik(cos 0) is the product of

In the next three sections we will adapt an argument outlined on pp.69—72 of Dougall
[3] for R3 to establish expansions of the Green function for €2 (6,) in all dimensions.

4 An expansion of the fundamental function

If x, y € RV, then we define y,. y € [0, ] by the equation

(x,y)
Il Iyl

Cos Yy y =

whenever the denominator is non-zero. Since (x, y) = (x/, y > + xyyn and ||x’ || =
|lx || sin By, it follows that

COS Yx,y = COS 0y cOS Oy + sin Oy Sin O COS Py .
It will be convenient to define
R4 =T+ p+ DI (w—v)PH(—1). (12)

We recall from p. 1938 of [5] (cf. equation (80) in [13]) an addition formula for
P Y, namely

Py " (cos x,y) 2T (1) P(k+v+pu+ DLk +p—v)
- = — - Z (k+ )
(sin yy )M (sin @y sin Oy )1 = rv+upu+HI'(p—v)

x PR (cos 0,) Py K (cos 0,) (= DFC (cos gr ) (13)

when 0, +60, < . (Therestrictionin [5] that¢,’ ,» < 7 may be removed by dominated

convergence, in the light of (5) and the asymptotic behaviour of P, " for large y, as
described in (14.15.1) of [19].) Since

COSY—x,y = —COSVyx,y, SINY_yy =S8Ny y,

and analogous formulae hold for 6_, and ¢_,+ ,/, we can replace x by —x in (13), and
use (4) and (12) to obtain

o0
> (ki) Ry*F (cos 6,) P (cos 0,)C (cos gy, y)
k=0

R (cosyry) 2T (W)
(sin yy,y)* " (sin by sin Oy)H

(14)
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1604 S.J. Gardiner, H. Render

when 0_, + 6, < m,thatis, when 6, < 6, . When p = 0 the appropriate analogue of
(13) may be found by combining equations (14.18.1) and (14.9.3) of [19]. This leads
to the formula

RY(cos Yay) = Z/Rv_k(cos 0,) P *(cos 0y) cos (kg y) , (15)
k=0
where
D g =g(0) +2{g(1) + g(2) +---}.
k=0

Equations (14) and (15) are valid when yy y, 6y, 6, € (0, 7) and 6, < 6,.
Let
N-3
27T (%)
=—=2 (N >=3),
W=TFN—y NV

and suppose that ||y|| < ||x|| and O < ¥y, < 7. Then (2) and parts (i), (ii) of Lemma
5 show that

2-N
2N N oy (I
Ix — yI>N = |Ix| -2 (o
x| x|
Iyl LE2))
= lIxI*~ NZ(” ” Gy 7 (cosyay)

aNM (“yll) MP o
Ginyey) T S\l T@+1) 2o (008 iy

2=N nt 452 —
=ayn MZ( D" (Hy”> 2 MP N3( COS Y. y)-

(sinyy y) 2 [lx]] F'n+1) n+=52
Hence
_ el iyl =" & n
e = yIP7N = ay 2 S ), (16)
(sin yy, y) I
where

(22 ) og(BH T+ N —2)

@ = CESRE

N 3( COSJ/xy)

For any k € N let ¢(k) denote the contour around the boundary of the rectangle

2—N 1
{ze(C: <Rez</c+§and |Imz|</<}, (17)
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Harmonic extension through conical surfaces 1605

3-N
oriented anticlockwise. The function z +— PZJFZNT,3 (— cos yx,y) is entire (see (14.3.1)

and §15.2(ii) of [19]). Thus the residue theorem yields

1 f@

— —~dz= ii(—l)"f(n) (13)
2 Jow cos(x e+ )T T & |

since the singularities of the integrand in Z N [% 0) are removable. By Lemma
5(vii) the above integrand is bounded in modulus by

C(N, yy V=3 rny

on the top and bottom sides of the contour, and by

C(N, Vx, V)KN 3 Klogﬁ

on the right hand side. Since we can parametrize the reverse path —c(k) on the left
hand side of the rectangle as (2 — N)/2 + il (—x < A < k), we can let k — 00 in
(18) to see that

| oo exp(lklogi) r( N-2) Y
/ P

z (= cosyxy)dh = Z( D" f(n).
4— N y
2 Joo cos (m (i + 3 ))F( +T) =0
(The convergence of this integral will become clear below.) Since
g
Fl-2T@)=—— (z¢Z)and I'Q) =T(2), (19)
sin(r z)

we see that

T (ir+ 252) 1r< ,X+N—2)F<,A+N—z)

= — —1 —_— 1 —_—
cos (w (ir+ M) T (ir+45%) 7 2 2

1 . N=-2\/
= r 1A+T (20)
Hence
. o Iyl N -2\ ¢
Z( D" f(n) = /0 klogﬂ r M+T 7§+M( oS yx,y)dh,
n=0

@ Springer



1606 S.J. Gardiner, H. Render

3-N

because P 12 ( COS ¥y,y) is real and symmetric in A, by Lemma 9(i). Combining

this with (16), we see that

2—N

e = DD ™ g B, 222

0 (sin yyx,y) =2 o [l |l 2

3—N

><P£2 (— 08 Yy, y)dA. (21)
Noting that

N —=2\|?

‘F(i/\+T> =272V BT 1+ o(1) (A = o), (22)

by (5.11.9) in [19], we see from Lemma 5(vii) that the integral in (21) converges abso-
lutely even when ||y|| = ||x||. It follows from dominated convergence and symmetry
that (21) is valid for any non-zero choices of |yl and ||x||, provided yx y € (0, 7).
Since

2 3—-N

_§+ N lT—Q—iA(_ cos 6y), (23)

‘N N -2
(cos@)—‘ <ik+T>

by (12) and (20), we see from (21) that

3—N
R 2 (cosyyy)
v awn 2N [ e\ —4+in Y
||x—y||”=;<||xn||y||)z/ cos(xlogn — 55— dn
0 Y (Sin yy,y) 2
(24)

We now make the additional assumption that 0 < 6y < 6, < 7, and deal first with
the case where N > 4. We can combine (24) with (14) to see that

N-3

e =yl = 2 22 (%) /micos(uogH)

T N 3
(sin Oy sin6y) "2 ([lxl vl = k=0

N3\ BN (")
x (k + T) (0059 )P i (0059 )Cy (cos ¢ y) di.

2
77

(25)

0

3N _
In view of the positivity of P erMk (see Lemma 9(i)) and (5) the summand in (25) is
-2

bounded in absolute value by
N —3 3 3 3 N 3
<k+ T) (cos@ )P = (cos@ )Ck( )(1)
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Harmonic extension through conical surfaces 1607

In addition,

ay 2NTF(%) (k+N_—3>
T (sinf, sin6y) T (x| yl) T 2

’;,

3N (N 3)
(C089 )P 12 (coséy)C (D

2—N
||y|| V20X, (nxn)”
y XN ) — | 7 y
|x|| B4l Iyl

0. —0 2—N
. X
:{2 el T sin 2 y} - . 26)

Thus the integral in (25) still converges when we replace the summand by its abso-
lute value. In particular, we can thus allow y, , to range over (0, 7], by dominated
convergence.

When N = 3 we instead combine (15) with (24) to see that

Iyl
e — )" f ’ cos </\ log 21
7/ lel [yl ZO flx]]
—k —k
X R_%M(cos ex)P_%m(cos 6y) cos (k. y) d. 27)

The analogue of (26) again holds, so the expansion in (27) has the same absolute
convergence property.

We have established (25) and (27) for any x, y € RV \{0} satisfying 0 < 0y <
0y < m. The integrals and summations are interchangeable, by Fubini’s theorem.

5 An expansion for the Green function

We assume in this section that X,y € RN\{O} and 0, 0y € (0, 7).
When N > 4,y € Q and x € Q we define

M (a3 o0
hy(x) = an 2 F( 2 ) / ZCOS ()»1%5%)
k=0

T (sin6y sin6y) T (x| Iyl T

3—N

N _3 x B 1 (cos 0s)

x <k+ —) 1 (cose P 12 (cose )L
2 —k

(cos 0.)

(=)
xC, (cos py y) d. (28)
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1608 S.J. Gardiner, H. Render

=N _
Since the functionf — P 12 (cos ) is positive and increasing on (0, ), by Lemma

9, we see that

FTN_k
3N R 7 M(cosé*) Y
2 2 2 2 2 -
P 1 (cos@x)P £+l (cosey)T < P—%+z (cos@v)R 14 (COSQ*)

2
P—%+M (cos6y)

when 6, < 0. It now follows from (26), with 6, = 6,, and (5), that the right hand
side of (28) is absolutely convergent, and from dominated convergence that &, is
continuous on €, when suitably interpreted at points where 6, = 0. Further, by
Fubini’s theorem and Corollary 8, the function £, satisfies the volume mean value
property in €2, and so is harmonic there. It tends to O at infinity, by (26) again with
0y = 6. Since hy(x) = ||x — y||2_N on 9€2, by (25), it follows from the minimum
principle that &, is the greatest harmonic minorant of ||- — y 12~ on Q. Hence, when
0 < 6y < 6y < 0Oy, it follows from (25) and (28) that the Green function of Q2 is given
by

Ga(x,y) = llx — yI>™N — hy(x)

N3 N— 3 00
ay 2> F( /OOZ ( ||y||)
= Cco )\.l
0 || I

T (sin 6, sin ) =R (||x|| Iyl ™= =0
N —3 N3

X (k + 2 )gk()"r Gx, Gy)ck( ’ ) (COS d)x/ay/) d)\" (29)
where

3N _p 3-N

R 3 (cosby) R 21 (cose*) N N

—3 ik -2t =k -
8k (A, Ox,0y) = T = P_i+, (cosby)P i (cosey)

P 2 “(cosBy) P f (cose*) 2 :

—§+l)u 2

The integration and summation can be interchanged in (29), by the absolute conver-
gence of the expansions in (25) and (28). If 6, < 6y, then we replace gi (A, 0y, 6y) by
gk(A, 0y, 6y) in (29), by the symmetry of the Green function.

When N = 3 analogous reasoning shows that

Gal(x, (A log M) gk (X, 0y, 0y) cos (k(ﬁx/,y/) di

l o0
y)_wnxnuyn/o - I

(30)
when 0, < 0. This was asserted long ago in p.71(1) of [3], though full details of the
proof were not provided. (That paper used P!’ to denote what today is called P, ", as

can seen from the definition on p.48.)
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Harmonic extension through conical surfaces 1609

6 A second expansion for the Green function

3—-N
—k
We denote by ny , the mth positive zero of the entire function v — P 2 N3 (cos 6y)

2
and note from Lemma 5(vi) that

Ngm >k+m—1. (31)

Suppose that || y|| < [|x|| and 6, 6, € (0, ), and let

3-N

)P ZNZ (cosBy)

Iyl

f@) = e(zJr 7 >log(7‘

3— N

—k
PZ ZL_3 (cos 6)

{ —-N 3-N 3N 3-N

R 2,\,73 (cos By )P 2N 5 (0056*) +N 5 (COSG*)P oz 73 (cos By )}

We recall that I'(z) is holomorphic except for simple poles at the nonpositive integers,
and that
(=D?

Res(I', —p) = — (p=0,1,2,...).
p!

Hence, by (12), the singularities of the function

3N _

zr—)R 2N 3k(cos€) 'z+ N — 2+k)l"(k—z)P Zy_; (—cos@) (Rez >2—N)

2

lie at the integers j satisfying j > k, and the residue at j is then

(=1J=*

GoprU kN =) _27[ (— cos ).

The singularities of f at such points are thus removable, in view of Lemma 5(ii).
The remaining singularities of f in {Rez > 2 — N} are simple poles at the points
(nk,m)mzl-

We will apply the residue theorem to the contour integral of f around the boundary
d(r) of the rectangle

eC: 2N Rere T+ M2 08 D L jimey
N < ez < — K _— — — — an m <K¢,
‘ 2 S 4 2] 2 .

oriented anticlockwise, where k € N. We recall from p.291 of [22] that, for fixed
uw=>0andy,§ € (0,m),

Py (cos y) =

V2L +1) {(1 +0 (1)
JvrsinyT'(v+u+ 1) i

>
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1610 S.J. Gardiner, H. Render

as |v| — oo in the set {|Arg(v)| < & — §}, whence

R#(cos0y) Py *(cosBy) — R #(cos 0,) P H (cos Oy)

-t (o) (o))

as |[v| = oointheset {|Arg(v)| < w — 8, dist(v — u, N) > ¢} forany ¢ > 0, by (12),
(19) and Stirling’s formula. It follows that, for large «,

()] < C (b, ey’ 0s) K(Gy HX)Jr(ReerN 2)log(il)
K

on the top and bottom sides of d(k), and that

If(2)] < m w7t tog( 3 )+6,—60)limz|

on the right hand side of d(«). If we temporarily assume that #, < 6,, then we can
apply the residue theorem and let k — oo to see that

[ Iyl
_ )"log_ gk()"ﬂg)h Oy)d)"
0

T [lxl

iyl 3-N

00 —
= Ze<”k,m+¥)log(m) Pn?+N s(cosfy) P ?N+N 3 (cosby)

m=1
Nk
nk, N (cosby) )

3=N_
2 Pv 2N N (cos@ )

V=Nk m

Forany u > 0,v > 0 and 79 € (—1, 1) satisfying P, *(19) = 0, we know from
§11(I) of [2] (cf. §7 of [17]; the result is stated for the case where u > 0, but remains
valid also when p = 0) that

1
—t ()12 (1-%) 3 Pt 0
/m (P dr = =50 ) 5 ),

and from (8) that

2
Fpw+v+DI(w—v)

d
—(1 = ) Py M (—10) — P, *(10) =
7o

Hence, by (12),

! P, " (t0)
1 — 70
_ 2 2 gyt
/ (P ar = = .
70 R, (TO)

@ Springer



Harmonic extension through conical surfaces 1611

When N > 4 we then see from (29), an interchange of summation and integration,
and (32), that

N-3
an2 7 T N— 3 N3
Galx,y) = - ( Z (k + —) Ck< ’ ) (cospy )
(sin 6, sin6y) &R (lx 1l IIyII)
J N _j
i(nyn i P +~ i (cosy) P, 2,+N 1 (c0s )
_ |-x||) N_2 1 3-N_p 2 ’
B (nk:m—i_T)/;ose {Pnkn1+N 3(7)}
(33)
and when N = 3 we use (30) in place of (29) to see that
o
Galx,y) = /cos k¢ / ,,
IIxII Iyl kX: N
o0 o+ 4
lyl\™m"2 nk (COS@ )Pnk (cos 0y)
<2 ( =l 1 (34)
m=1

e L ol

We temporarily assumed above that 6, < 6. If 6, < 6, then we define

* = (lIxll/llylDy and y* = (l[yll/ llx[)x. We then observe that Gqo(x*, y*) =

Ga(y,x) = Gal(x,y), by (29) (or (30)) and the symmetry of the Green function,

to arrive at (33) (or (34)) again. Our earlier assumption that 6, 6, are non-zero can

be dropped provided the formulae are suitably interpreted. Thus these formulae hold

when 0, # 6, and ||y|| < |[x]|. The corresponding formulae when |lx|| < [yl are
obtained by interchanging x and y in (33) and (34).

7 Extending the Green function of the cone
In preparation for the main result of this section we note the following lemma.

Lemma10 Ifv>pu >0, —1 <ty < 1 and P, " (1) = 0, then

2

1 _ 2 max{u, 1} (=2 +1
/ {P, “(t)} (2 ; ) 22 (5 )
0 T 22-lpu p<v+++1)

Proof It follows from parts (x), (iv) and then (viii) of Lemma 5 that
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1612 S.J. Gardiner, H. Render

2 1 1
2<v+%> f {Pmr)}zdrzzv(vm/ TP () dr
to fo

2
= ((1 to) (to))

z{ 1 r(v—u+1>}2
Q;M(to) rv+pup+1)

2
(=it [T (5" + 1)
- 4u—=lg r (v+;2L+l>
O
Theorem 11 Let y € Q and a > 1, and define
o) = {x € Q) : ||lx|| sin6y > alyl }
v (min{sin(6,/2), sin 6,})°

@ _ . . allx|| }
wy) =3x e Q@) : sin 6, > .
na { (@) ¢ Iyl sin (min{sin(6s/2), sin 6,})°

Then the formulae in (33) and (34) converge absolutely and uniformly to a harmonic

function on wfvlz, and when x and y are interchanged they converge absolutely and

uniformly to a harmonic function on a)§2, In particular, G (-, y) has a harmonic

extension GQ( , y) to the set (Q\{y}) U a)§131 U a)yz Further,
C(N,a, 9*) (6 — 60y)
(el Iyl " (sin 6)N=3

|Galx, y)| < (x € o) Uo®). (35)

Proof Suppose first that N > 4 and ||x|| > a ||y||. We assume, without loss of gener-
ality, that I < a < 2, and define

aj=1+£(a—1) (j=1,2,3).

By (31) we see that
N-3 N-3

>
2 2
which will allow us to apply Lemma 10 and some results from Lemma 5.

By Lemma 5(viii),

nk,m + +k’

- Q83 r (%) T (nm —k + 1)
; 2 +L—3(COS Gx) < ) it V=3 e —k
k43 JE(sin0)f T T (kT T 1) T(gm +k+ N —2)

(36)
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Harmonic extension through conical surfaces 1613

and, by Lemma 10,

- \2k+N-3 r (M + 1) ?
2o (sin O, )2 +N = 2 a7
fom = 22k+N—4T[ (nk,m + NT*Q)Z r (—nk’m+kZ+N72> 7
where
L V)
Iim = P L ()¢ drt .
fom /cosﬂ* { nk*"’+¥( )}
Using the Legendre duplication formula,
1
r'@r (z + 5) =21"%/nT(22), (38)
we see that
[ (MmN =2 2
( 2 ) _ C(N)2_2k F'ngm+k+N—=2)
F(W.‘. 1) - C(gm —k+1)
Thus, by (36) and (37),
=
"/~'=m+¥(cos ) < C(N) (nk,m + N772) (39)
liem B (sin By sin@QlﬁLNTf3 .

When 6,/2 < 0, < 0, we combine Lemma 5(ix) with the mean value theorem and
use the concavity of sin 8 on (0, i) to see that

3-N_p
2
Rt M52 (cos fy) (cos By — cos ) 2¢
= | = CN) ain(sin @, /2), sin 6, ) N1
(sin gy) 2 * s *

Pt =k + DI (21

X .
P +k+ N = 2T (a5t

Using (38) again we see that

r (”k,n1+];+N—1) F(nk,m —k + 1) r (nk,m+];+N—2)

P (225 Donn +k+ N =2) T (257 4 1)

_ p3N-2%
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1614 S.J. Gardiner, H. Render

SO

(N 3) Ny
(cos ¢y y’)P et 253 3 (cos By)

(sin6y) "= I

(6 = 6) (e + 252 €L )
(min{sin(6,/2), sin 9*})2k

<C(N,¥6,) (04/2 < 6y < 0y), (40)

in view of (37) and (5).
We next consider the case where 0 < 6, < 6, /2. Let

()
()

If & is a harmonic function on €2, then 42 is subharmonic there, and so we can use the
volume mean value inequality to see that

By, = {w eRY ¢ lw -yl < Iyl &

whence

a
By.cCQn {u) eRY - [wll — Iyl < Iyl

C(N) 2
)P < —— f thw)Pd
M=l sin@e/2@ — i o, 0T
- —C(N’“j’ve*) th(w)2 dw.
Iyl Qn{llwl—lylli<lyl sin(@:/2)(a—1)/4}

By Corollary 7 we can apply this inequality to the harmonic function given by

e sn_ (*5)
h(w) = ank +N 3 (cos 0y)Cy (coS P/ wr)
sinfy) 2 m

(interpreted, as usual, in the limiting sense on {0}V ~! x (0, 00)) to see that

Iy | (45) P
W (cos ¢y yr) ,+N 3(cosBy)| < C(N,a,8) (a1 lyID™
sin 6, b
()
xCy, (D I,
whence

(N 3) 2N —k
‘ (cos ¢y y/)P on +N 3 (cosBy)

N3
<C(N,a,9*)a’11k""C]§ ’ )(1) (0 <6y < 6,/2).
(sin 6y) i Ik,m

(41)
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Harmonic extension through conical surfaces 1615

Since the sets

t k
{t2<a—1> :tzO} and {(a_g) <k+N_4>:keN]
ap as k
are bounded above by a constant C(a, N), we can use (39)—(41), (5) and (31), to see
that

7 % 0P ok
COS
ng N N 3

-2
= T
2 flxll (sinf,) T (nem + 252) 1,{2””

m=1
(N 3)(cosqu )
(") o
C¥. a0 T () (0 ~0)) (nk . ) (m ”y”)nk,m ;
" (sin 6%+ "7 (min{sin(6,/2), sin 6, ) = " flxll

CW.a,00) (62 — ) (k 4) > (02 ||y||)"k~m+N22
B (sin@x)k+ (mm{qm(G*/Z) sin 6, })3k x|l
C(N, a,0,) (6« — 6y) <k+N—4) @ ||y||)k
T (sin 0T (min{sin(6,/2), sin 6, )3 [lx]l
€, a0, ) (6« — 6y) <a3 Hy||>k
T (sin 07 (min{sin(6,/2), sin6, )3 \ Ix]
L CW.a.0.) (6~ 6,) (2)" weafd.
(sin 6y) e a

m=1

It follows that the expression for Gq (x, y) in (33) converges absolutely to a harmonic

(1 ) and satisfies the estimate (35) there.

For the set a)§ Z we interchange x and y in (33) and argue similarly.

Analogous reasoning applies when N = 3. O

function in w)

8 Proof of Theorem 1

We will adapt the approach taken in Theorem 19 of [10]. Theorem 1 follows from the
result below on letting ¢ — oo. We define

A)={xeRY : ¢V < x|l <¢} (c>1).
Theorem 12 Letc > 1 and let h be a harmonic function on the set QN A(c) which con-

tinuously vanishes on 02N A(c). Then h has a harmonic extension to the intersection
of the sets

{x € A(e) : ¢! < ||x| sin 6, (min{sin 6, sin(G*/2)})3}
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1616 S.J. Gardiner, H. Render

and
[x € A(©) : x|l < ¢sin 6, (min{sin 6, sin(Q*/Z)})3} .

Proof Let1 < ¢’ < ¢’ <c.0On QN A(c’) we can write h as the difference, h; — ho,
of two positive harmonic functions that vanish on 922 N A(c’). (Each of these is a
Dirichlet solution with non-negative boundary data.) Next, let h;* (i =1, 2)bedefined
as h; on 2 N A(c”), as 0 on Q2 and also on Q\A(c’), and extended to 2 by solving
the Dirichlet problem in 2 N [A (c’)\A(c”)]. Then hl* is subharmonic on Q\A(c”)
and superharmonic on € N A(c¢’), and continuously vanishes on 92 . By the Riesz
decomposition theorem (Theorem 4.4.1 of [1]) and standard estimates of the Green
function (cf. Theorems 4.2.4 and 4.2.5 of [1]) we can represent h;" as a Green potential
GgqA;, where A; is a signed measure on 2 N [3A(C/) U BA(C”)] satisfying

/(9* —0y) [dAi| (y) < oc.

(More precisely, the Riesz decomposition theorem shows that 27 — Gq A; is harmonic
on 2, and the representation then follows from the fact that 2} and Go A; both vanish
at the boundary.)

Leta > 1. It follows from Theorem 11 that the formula

i = [ Galr, V(AL — AD()
QN[BA()UIA(]
defines a harmonic extension of /4 from 2 N m to the intersection of the sets
{x c Al % < |lx|l sin 6, (min{sin 6, sin(G*/Z)})3} 42)
and

{x e A" |Ix|l < £ sin 0, (min{sin 6., sin(Q*/Z)})3} . (43)
a

Since ¢” may be arbitrarily close to ¢, and a may be arbitrarily close to 1, the result
follows. O

9 Bounds for ratios of conical functions

Several authors have considered bounds on ratios of modified Bessel functions: see,
for example, [20] and the references provided there. In this section we establish cor-
responding bounds on ratios of conical functions in preparation for the proofs of
Theorems 2 and 3. We begin with two elementary lemmas concerning Riccati equa-
tions.

@ Springer



Harmonic extension through conical surfaces 1617

Lemma 13 Leth, o B and y be differentiable functions on an interval (a, b) such that

W (0) = a@{h®OF + BOID®) +y (1) (44)
IfB'h>0,a >0,y >0andliminf; ., h'(t) > 0, then k’ > 0 on (a, b).
Proof Let

to = sup{t € (a,b) : i’ > O on (a,t)}.
Then 7y > a, by hypothesis. If 7y < b, then 1’ (1p) = 0 and so

h' (o) = o (t0){h(t0)}* + B (t0)(t0) + ' (1) > 0.
This yields a contradiction, since i’ > h'(tp) on (a, ty). Thus 7y = b as claimed. O
Lemma 14 Suppose that
B (1) = =A@) {h(1) = B@O)} {h(1) + C(0)} (¢ € (a, b)),

where h, A, B and C are all positive.

(i) Ifh’ > 0on (a,b), then0 < h < B.
(i) Ifh’ <0 on (a,b), then0 < B < h.

Proof Since h + C > 0 and A > 0, we see that 4’ and i — B have opposite signs. O

Proposition 15 Let 0 < 01 < 0y < w and ., A € R. Then

P M(cos 0>) 0, 1\2
— L —exp (f ot f+ )»2+([L+—> )h#(G) de), (45)
P,LHX(COS 01) 0, 2

= |¥-w
+

where
P (cos0)
—5+iA
hu@)=—2" (0<6<n).
P (cosf)
—5+iA
Proof We note from (14.10.2) in [19] that
VI=12P/ 74t — v+ p+ DP (O + (0 — n+ DPH(1) =0,

and combine this with Lemma 5(iii) to see that

-
(1— t2)dz—”t = —V1=22P)7H (1) + ut P (0). (46)
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1618 S.J. Gardiner, H. Render

We also know from (14.10.1) in [19] that

Pl — 2 PTHO + w4 pu+ D —wP " la)=0, @7)

t
V1 —1¢2

and combine this with (46) to see that

dp, "

S = PO+ 0+ DO = VT 2PN @)

(1—1%)

Hence

" —u—1
1 dP—7+zx . mt A2+ (n+ 3)? P %+ix(t)
Py (1) dt 1—¢? Vi—=Z2 P10

—§+l)» —§+l)»

and so
- ll« 1
P—l+ix(t2) & ut 1 P 1y A(t) dt
log _i— =— + (24 (4= .
P () f 1—12 2 _l+m(t) 1—12
2 2

Equation (45) follows on substituting t = cos 6. O

Theorem 16 IfA € R and 1 > —%, then
f10) < h(0) < 00) (0<0 <m),

where h,, is as in Proposition 15,

1
f10) =

\/Az csc@} +(M+%)cot0
and

1

f20) = .
\/Az csc@} +(M+%)cot9

Proof Let F, (0) = P_fLJrM(cos 6). We note from (46) and (48) that
-2

F/1(0) = Fu(0) — (+ 1) (cot0) Fy41(0)

and
1\2
F,;(e) = {)LZ + (M + E) } Fut1(60) 4 o (cotB) F ().
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Since h, = Fj,+1/F, we now see that

1 2
R, (0) =1—Q2u+1)(cotd) hy, () — {Az + (u + 5) } {hu(e)}z. (49)
Further,

2 /2

by (14.8.1) of [19], so it follows from (49) that

: : Fu100)
lim # (@) =1—Qu+1) lim —* 77
o, 1, (0) Cu+D lim (sin 0) F, ()

2u+1 . 1 —cos6 1
=1- lim —— = > 0. (50)
w+1 6-0+V 2sin?6 2(u+1)

The derivative of the function 6 — —(2u + 1) cot 6 is positive, because © > —%.

?(i)nce) also h;, > 0, we can apply Lemma 13 to Eq. (49) to conclude that h;L > 0 on
, 7).

It follows from Lemma 14 that /(@) is bounded above by the positive root of the
equation

1 2
1—(2u+1)(cot9)t—{A2+(M+§> }t2:0,

namely,

\/AZ +{(n+3) csc@}2 —(u+ %) coto

, (51
R+ (u+ 1)
which equals f>(@). Further, from (47),
Fu 1(0) 2 ( 1>2 Fut1(0)
L = 2ucot@+ A+ (4= i
F,.(0) ! 2 F.(0)
1\2
<2ucoth + {)»2 + (,u + 5) ] f2(0)
= A2+ +1 csch 2+ ! cotd
whence h,(0) > f1(0). O
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1620 S.J. Gardiner, H. Render

10 Proofs of Theorems 2 and 3

Propositi0217 Lety € Qand$ > 0. If 0, < m/2, then Gq(-,y) has a harmonic
extension Gq(y, -) to the set

{x e RM\(0, ) : 6, <29*—9y},

and G-, ) is bounded on the set
o1 = {06, y) Xl > 8, Iyl > 8, 8 <0y <6, 04 < 6, <20, — 0, — 5).

Proof We will give the argument when N > 4. Only slight adjustments are required
when N = 3. It is enough, by Corollary 8, to show that the expansion (29) (or,
indeed, the expansion (28)) converges absolutely and uniformly when x, y € wys.
Letp = (N —3)/2+kand A =22+ (u+ 1)°.

By Lemma 9(ii),

|2k, 6x, 6,)] < PY L (cos0)PTL L (costy)

R —— 1, .
B (cosBy) 2 7+

2
=Ry (cosO) P (cos(y +bx — 0,))Q (52)
2 2
when (x, y) € w1 5, where
—H —H
B P_%HA(COS 0x) P L (cosBy)
Q== n

P_;H,A(cos 65) P1'  (cos(By + Ox — 6y))

3+iA

By Theorem 16 and the formula (51) for f>(0),

1 1
hu©) = f20) = — {H(9) - (,u + 5) cot@} , (53)

where

2
H(O)z\/)@—l—{(u—i—%)csce} , (54)

o)
1
weotd + Ah,(0) < H(O) — zcote.
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Harmonic extension through conical surfaces 1621

Hence, by Proposition 15,

P:fﬂ_)\(cos 0y) 0,

_i— = exp (/ {MCOt@-I—AhM(@)}dQ)

P_%m(cos 6,) Ox

Oy 1
< exp (/ {H(G)—Ecote}cm). (55)
Ox
We claim that
6

. Oy +6x 0,
H(0)do < / H(0)d6.
0. 0y

If 6, < m/2, this is clear from the monotonicity of H on (0, /2] and the fact that
0y < 0. 1If 0y > 7/2, we use the symmetry of H about /2 as well as the above
monotonicity to see that

Ox /2 /2
H(0)do =/ H(e)de+/ H(0)do
Oy Oy T —0
/2 Oy +6x —0x
5/ H(0)do sf H(©0)do,
T /2—(6x —04) Oy

because 0y + 0, — 0y < 0, < 7/2.
Since also 6 < 26, — 60, < 7 — 6y, and so |cot| < cot &y on (6, H), we now see

from (55) that

P L5, (€08 6r) 0,40, 6, 1

— <exp / {H(@)—i—zcoto}dH
0y

Oy+0,—0,
fexp(/ {Mcot9+Af2(9)+cot9y}d9>,
6

'y

by the equality in (53). Proposition 15 and Theorem 16 also show that

-
P_%Hk(cos 0y) ) (

P (cos(Oy + Or — 6))

0y+6, 0.
—/ {1ecotd + Ay, (0)} do
—LFin 0

0y+0, 0,
< exp (—/ {/LCOt9+Af1(9)}d9> .
Oy
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1622 S.J. Gardiner, H. Render

Hence
Oy+0x 0,
0 <exp ( /9 {A (£0) = f1(6) + cotd, } de) : (56)

Now

O = (1) 2 3 S I {( 1) }2
710 20 \/A —i—{(u—i—z)csc@} \/k + M+2 csch
2(,u+1)cs020

\/Az {(n+3)csco) —i-\/)»z /L—i—%)csce}2
< csch, (57)

and
f1(0) < f(0) < A7V2 (0 <6 < 7/2),
SO

A{f2(0) — f1(O)} = A (csch) f1(0) f2(0) < cscb (0 <O < 7/2).

Since 0, + 6 — 0, < /2, we now see from (56) that

Oy 40—,
0 <exp / (csc O + cotBy)dO | < exp (m cscd)
when (x, y) € w; 5. It follows from (52) that
|86 (1. 62, 6)] < CORTY, (cosb) P71, (cos(By +6: —6.)).

Since, by (26),

ay iy /"" 3 < 3)
-3 +—
T (sin6, sin6)) T (||x|| Iy 2

; (25)
xR (cos 6:)P 12 (cos(Qy + 6, — 6:))Cy, (D
2

0, sin(0y + 0, — 65) +o0,\1>7"
=<S”‘*S?"(y.+ ) {2 IR sm(e*— 2y>}

sin 6, sin 0y
= C(N,9),

the proof is complete. O
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Proposition 18 Let 6, > /2, y € Qand 0 < § < min{6y — 6y, 0, — m/2}. Then

Ga(-, y) has a harmonic extension Gg(y, -) to the set

6, 6 6.\>
{XGRN\{O}:Gy < 6, and tan%tan% < <tan—*) }

2

and Gg (v, *) is bounded on the set

P LI OR lxll > &, Nyl >38, 8§ <6y <6 <6y,
tan(6y/2) tan(6y/2) < tanz((e* —38)/2)

Proof We modify the previous proof. Again we will assume, for simplicity, that N > 4.

This time we note that
—p
R—%+n\(cos 04)

|8k (h, 0, 0,)] < —2——— P}
Pi%ﬂ_)h(cos 0y) ~2

IA

3+iA

= R:I%LJFM(COS 0*)P:§+M(cos O — )T,

where

- -
P,%+M(COS 6,) P %+M(COS 0y)

- Py, (080 PTY L (cos (0 - 8)
It follows from our choice of § that
O — 8 >m/2,
and from (1) that
Oy —0x <0, — 6y — 35 when (x,y) € wps.

Also, if 0 < a < b, then

A VA2 b =2t ais decreasing on [0, 00).

Let H(0) be as in (54). Then

Ox 6y —0, 1 2
H(0)d6 = / A2+ {(u + 5) cse(? + 0*)} dv
B 0

P_{:_M (cos OX)P__“ (cos 6y)

(58)

(59)

(60)

(61)

(62)

(63)
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1624 S.J. Gardiner, H. Render

and

0,—8 O—0,—5 1 2
/ H(G)d&:/ Xz—i—{(,u—i——)csc(&k—a—ﬁ)} do
0y 0 2
6y —04 1 2
2/ A2+{<u+§>csc(9*—8—z9)} dv
0

0,—0,—8 1
+/ <u + —) csc(Oy, — 8 — ¥)d0, (64)
0 —6, 2
by (61). Also,
sin(® +6,) <sin(@ —8 — ) (0 < < 6y — 6,), (65)

in view of (60). It follows from (63), (64), (62) and then (65) that

\/Az + {(n+ l) cse( + 9*)}2

0, 0,—8 0,0, 2
/ H(6)d6 — / H(©)do < / dv
* 6\' 0
: — 2 (e + ) ese@, — 5 — 9))?

0~y —8 1
—/ (M + 7> csc(By, — & — V)dv
0, —0, 2

0, —0,
< / (/L + %) {csc(¥ + 05) —csc(B, — 8 — )} do
0

04—y —8 1
—/ (u + 7> csc(Oy — 6 — 0)dD
0y —6, 2

1 0y 0—8
= (/L—I—*) / csch@—/ csch dob
2 0, 0,

Y

. l tan(6y /2) tan(6y /2)
= (“ + 2) log (tan(é*/Z) tan((0, — s)/2)> =0.

Hence, by (55), (53) and the fact that log sin is a primitive for cot,

P L (c0s0) 0, 1
f—fexp(/ {H(Q)——cot@}d@)
Pﬁf‘ M(cos 0.) O 2

3+
. 9 GX
= [ exp< H(G)d@)
sin 6y 6,

sin O 0=
- exp / H(6)do
sin 6, 0,
sin 0, 0: =3 1
= | = exp / AfLr@)+|pn+ < )cotbprdo ).
sin Oy 0y 2

IA
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Since, by Proposition 15 and Theorem 16,

=e
—u
P_%Hk(cos O —9))

P_*gm(cos 6y) 0,5
pl— {weotd + Ah,(0)} do
%

'y

0,—8
< exp (—/ {ucoté’—i-Afl(G)}dG),
0

'y

we now see from (59) that

[sin 6, ( 6:=3 1
T < |——exp / {A(fz(G) = f10)) + —cote}de
sin Oy 0, 2
sin 0, sin(0 — &) O =8
= == 5 Xp / A (f2(0) — f1(6))dO | .
sin 6y sin 6 0,

0 1\? 1
fﬂ@):% \/Azsin29+<u+§) —<u+5)cos0

_ 2csco 22sin20 + n 1\? - 2csco
sin — ,
=7 KT3) 1= /A

so from (57) we have

Now

A (f2(0) = f1(6)) < Alesc6) £1(60) f2(0) < A(esc) {f2(0)) < 4esc™ 6.

sin O, sin(f, — &) 0:—8 3
T< |—————exp|4 csc” 0dO | < C(by, )
sin 0 sin 0 0y

when (x, y) € wa s, since

Hence

. 2
1 _ 1 —cos 0Oy 9_x _ {tan(6,/2)}

. = . = tan <.
sin O, sin Oy 2 tan(6y,/2)

It follows from (58) that
|8k (X, Ox., 6y)| < C(6s, S)R:’fHA(COS 0:)P 1 (cos (6 — 9)).
2

3+iA
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1626 S.J. Gardiner, H. Render

The argument is completed by observing from (26) that

ay 2T (*3%) s N-3

T . N-3 N-2 k+ 2
(sin Oy sin0y) 2 ([lx[[ [ly[D= O 3=

N3

%R eos(0: — 3))ck(T)(1)

3N _p 3-N
(cos 9*)P_12
2

=
— ik +

. . N3 2—-N
=<—S‘“9*Sm(9*_8)) {2 I ||y||sin(§)}

sin 6y sin 0y
S C(Ns 53 9*)1

when (x, y) € w2 5. O

Proofof Theorem2 1et 6y < 6 < 0y < O, and 1 < ¢” < ¢’. As in the proof of
Theorem 12, we can represent 4 in [Q (CHNY (9+)] N A(c”) as the potential G A of
a signed measure A on the union of the sets

1 (A()NIRENQET) N QO and 9 (A N [RENRE]) N Q6.

Then h = h, + hp, where
o (x) = / Galx. y)dA()
QA"

and

hp(x) = / Ga(x, y)dA(y).
A(c")N[I2(O-)Ud2 (04)]

It follows from Theorem 12 that &, has a harmonic extension to the intersection of the
sets (42) and (43), and from Proposition 17 that /;, has a harmonic extension to the set
Q204 — 0:)\2(6+). The result now follows on letting ¢’ — oo and 01 — Gp+. O

Proof of Theorem 3 We follow the above argument except that we use Proposition 18
to see that /1, has a harmonic extension to the set

N O 64 0.\
x eR \{0}.9+<Gxandtan?tan7< tan? .
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