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Abstract
We show that the tropicalization of an irreducible d-dimensional variety over a field
of characteristic 0 is (d − �)-connected through codimension one, where � is the
dimension of the lineality space of the tropicalization. From this we obtain a higher
connectivity result for skeleta of rational polytopes. We also prove a tropical analogue
of the Bertini Theorem: the intersection of the tropicalization of an irreducible variety
with a generic hyperplane is again the tropicalization of an irreducible variety.

Mathematics Subject Classification 14T05

1 Introduction

The tropicalization of a d-dimensional irreducible subvariety of the algebraic torus
(K ∗)n , where K is a field, is the support of a pure, d-dimensional polyhedral complex
in R

n . Being pure means that all inclusion-maximal faces have the same dimension.
The facets and ridges of a pure, d-dimensional polyhedral complex are the faces of
dimensions d and d−1 respectively. A fundamental result in tropical geometry is that
the tropicalization of an irreducible variety is connected through codimension one:
given any two facets there is a path between them that goes through facets and ridges
only [6,7], [15, Theorem 3.5.1].

In this paper we show the stronger result that the tropicalization of an irreducible
variety remains connected through codimension one even afterwe remove some closed
facets. A pure polyhedral complex is k-connected through codimension one if remov-
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ing any k − 1 closed facets leaves it connected through codimension one. In other
words, the facet-ridge incidence hypergraph, whose vertices are facets of the polyhe-
dral complex and whose hyperedges are the ridges, remains connected after any k − 1
vertices and their incident hyperedges are removed. A hypergraph is connected if there
is a path from any vertex to any other vertex where each step connects two vertices in
the same hyperedge.

Theorem 1 Let K be a field of characteristic 0 that is either algebraically closed, com-
plete, or real closed with convex valuation ring. Let X be a d-dimensional irreducible
subvariety of (K ∗)n. Let � be a pure d-dimensional rational polyhedral complex
with support |�| = trop(X). Write � for the dimension of the lineality space of �.
Then � is (d − �)-connected through codimension one. In other words, its facet-ridge
hypergraph is (d − �)-connected.

The hypotheses on the field, except for the characteristic assumption, come from
the case d = 1, which is [7, Theorem 1]. The characteristic assumption comes from the
toric Bertini theorem. The lineality space depends on the choice of polyhedral complex
structure � on the tropical variety, as does the facet-ridge hypergraph. However the
result holds for any choice of polyhedral structure, whether or not the lineality space
is the largest possible one; see Example 4.

This result is sharp. In a d-dimensional polyhedral fan with �-dimensional lineality
space, a simplicial facet has d − � ridges as its boundary, so we can remove d − �

neighboring facets to isolate the simplicial facet.
Theorem 1 can be considered a generalization of Balinski’s Theorem, which says

that the edge graph of a d-dimensional polytope is d-connected [4]. Any complete
fan is the tropicalization of the algebraic torus (K ∗)n , which is irreducible. If � is the
(complete) normal fan of a full dimensional polytope P in R

d , then, since Theorem 1
holds for any such fan �, it can be translated as: removing d − 1 vertices and their
incident edges from the edge graph of the polytope P does not disconnect this graph.
This is precisely Balinski’s Theorem.

A new polyhedral consequence of Theorem 1 is the following necessary condition
for a k-dimensional rational fan in R

n to be the k-skeleton of the normal fan of a
polytope.

Corollary 2 The k-dimensional skeleton of the normal fan of a rational full-
dimensional polytope is k-connected through codimension one.

Proof The k-skeleton of the normal fan of a rational full-dimensional polytope P ⊂
R
n is the tropicalization of an irreducible variety, as it is the tropicalization of any

sufficiently general complete intersection of n−k polynomials with Newton polytope
P [15, Corollary 4.6.11], [23]. ��

When the incidence hypergraph is replaced by the graph in which each hyperedge is
replaced by the clique joining the vertices of the hyperedge, even higher connectivity
holds [3,20]. However, as noted above, the hypergraph version of the statement cannot
be strengthened.

The connectedness result also gives a new obstruction for the realizability of a
polyhedral complex as the tropicalization of an irreducible variety, as we will now
demonstrate with a simple example.
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Higher connectivity of tropicalizations 777

Fig. 1 The two-dimensional tropical variety from Example 3 depicted here is not 2-connected since remov-
ing any facet containing e1 disconnects it. So it is not the tropicalization of an irreducible variety

Example 3 Consider the two-dimensional fan in R
5 that is the union of two standard

tropical planes living in span{e1, e2, e3} and span{e1, e4, e5} respectively, meeting
along the ray spanned by e1, where e1, . . . , e5 is the standard basis forR5. See Figure 1.
Each node in the figure represents a ray and each edge represents a two-dimensional
cone of the fan. The ray spanned by e1 is the only intersection of these two tropical
planes. Removing a closed maximal cone containing e1 disconnects the fan, so the fan
is not 2-connected. It is therefore not the tropicalization of an irreducible variety over
characteristic 0.

The connectivity depends on the choice of polyhedral structure, and in particular
on the choice of lineality space.

Example 4 Let X be the subvariety of (K ∗)3 defined by x1 + x2 + 1 = 0. The trop-
icalization trop(X) is the support of the two-dimensional fan with lineality space
span(e3), and three cones generated by e1, e2, and −e1 − e2 in addition to the lin-
eality space. With that choice of polyhedral complex, the facet-ridge hypergraph has
three vertices and one hyperedge containing all vertices, which is connected but not
2-connected. An alternate polyhedral structure is given by subdividing each cone
using the hyperplane x3 = 0, to obtain a fan with trivial lineality space and six max-
imal cones: pos(e1, e3), pos(e1,−e3), pos(e2, e3), pos(e2,−e3), pos(−e1 − e2, e3),
and pos(−e1 − e2,−e3). The facet-ridge hypergraph now has six vertices, two hyper-
edges with three vertices each, and three hyperedges with two vertices each. This is
2-connected.

The fact that tropicalizations of irreducible varieties are connected through codi-
mension one plays a crucial role in algorithms to compute tropical varieties, as
implemented in [12], following algorithms originally outlined in [6]. It would be inter-
esting to exploit this higher connectivity algorithmically. As the space of phylogenetic
trees can be realized as the tropicalization of an irreducible variety (the complement
of the type-A hyperplane arrangement) [2], it would be interesting to explore this con-
nection. It would also be interesting to understand the extent to which d-connectivity
is a combinatorial notion. In that direction, in Proposition 14 we show that the fine
fan structure on the Bergman fan of a matroid of rank d + 1 is d-connected. Such
Bergman fans play the role of building blocks for abstract tropical varieties.

The proof of Theorem1 involves aspects of both algebraic and polyhedral geometry.
In Sect. 2 we prove the following tropical version of Bertini’s Theorem.

123



778 D. Maclagan, J. Yu

Theorem 5 (Tropical Bertini Theorem). Let X ⊆ (K ∗)n be an irreducible d-
dimensional variety, with d ≥ 2, over an algebraically closed valued field K of
characteristic 0 with Q contained in the value group. The space of rational affine
hyperplanes in R

n can be identified with P
n
Q
. The set of hyperplanes H for which the

intersection trop(X)∩ H is the tropicalization of an irreducible variety is dense in the
Euclidean topology on P

n
Q
.

This gives an affirmative answer to Question 9 of [7] in characteristic zero, which
asks, for an irreducible variety X , whether there always exists an affine hyperplane
whose intersection with trop(X) is proper and connected through codimension one.

In Sect. 3 we prove the connectivity theorem using the tropical Bertini theorem and
induction on dimension. Proposition 14 on Bergman fans is proved in Sect. 4, and we
state some open problems in Sect. 5.

After this paper was posted on the ArXiv, [11] gave a purely combinatorial proof
of Corollary 2, removing the rationality assumption, and [10] removed the character-
istic p assumption from the tropical Bertini theorem, and thus, by Remark 11, from
Theorem 1.

2 Proof of the tropical Bertini theorem

Let K be a (possibly trivially) valued field. The tropicalization of a variety X ⊂ (K ∗)n
is the set trop(X) = val(X(L)) ⊆ R

n , where L is any nontrivially valued algebraically
closed field extension of K , and the closure is taken in the Euclidean topology. For
example, the tropicalization of a subtorus of (K ∗)n is a usual linear subspace of R

n

defined over Q. Taking field extensions does not change the tropicalization.
The Tropical Bertini Theorem (Theorem 5) says that most intersections of the

tropicalization of an irreducible variety and a hyperplane are again the tropicalization
of an irreducible variety.

Example 6 Let X = V
(
x1 − x22 x

2
3

) ⊆ (K ∗)3. The intersection of X with the subtorus

defined by xa11 x2a22 x2a33 = 1 is not irreducible for any tuple of integers (a1, a2, a3) /∈
Z(1,−1,−1), so it is not the case that the intersection of X with a “generic” subtorus
is irreducible. However the tropicalization of the statement is true.

Remark 7 If a polyhedral complex is the tropicalization of an irreducible variety, then
so is its image under any invertible linear transformation over Q. To see this, first note
that for any nonzero rational number r , the scaling r ·trop(X) is achieved by scaling the
valuation of the coefficient field. This means that we may scale the image to assume
that the linear transformation is given by an integer matrix. Changing basis over Z for
the source or target corresponds to an automorphism of the respective torus, so we
only need to consider diagonal linear transformations. Finally, note that if X ⊂ (K ∗)n
is irreducible, so is its image under the map (x1, . . . , xn) 
→ (xc11 , xc22 , . . . , xcnn ) for
any integers c1, . . . , cn .

The key idea for the proof of Theorem 5 is the following subtorus analogue of
Bertini’s Theorem due to [9,24]. We also make crucial use of some modifications due
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Higher connectivity of tropicalizations 779

to [1]. Following [1] we will say that a map π : X → (K ∗)d satisfies the property PB
(pullback) if the pullbackλ∗X := X×(K ∗)d (K ∗)d of X alongπ andλ is irreducible for
every isogeny λ of (K ∗)d . An isogeny of (K ∗)d is a surjective group homomorphism
with finite kernel, so can be represented by a d × d rank d matrix with integer entries.

Theorem 8 (Toric Bertini Theorem. Fuchs, Mantova, Zannier, Theorem 1.5 of [9]).
Let X be an irreducible quasiprojective variety of dimension d over an algebraically
closed field of characteristic zero, and let π : X → (K ∗)d be a dominant map that is
finite onto its image, satisfying property PB. Then there is a finite union E of proper
subtori of (K ∗)d such that, for every subtorus T ⊂ (K ∗)d not contained in E and
every point p ∈ (K ∗)d , the preimage π−1(p · T ) is an irreducible subvariety of X.

Wealsomake use of the following lemma,which is a special case of [18, Proposition
4].

Lemma 9 Let X be a d-dimensional subvariety of (K ∗)n, and let π : (K ∗)n → (K ∗)d
be a morphism. If the linear map trop(π) : R

n → R
d is injective on every maximal

face of trop(X), then the restriction π |X : X → (K ∗)d is a finite morphism.

Proof of Lemma 9 The tropicalization trop(X)triv of X with respect to the trivial val-
uation is the recession fan of trop(X), so the hypothesis that trop(π) is injective on
every maximal face of trop(X) implies that the same is true for trop(X)triv. When K
is given the trivial valuation, the “tilted group ring” R[M]0 of [17, §2.4] is just the
Laurent polynomial ring K [M], so for v = 0, the scheme T ′

φ(v) of [18, Proposition

4] is (K ∗)d . The preimage of 0 ∈ R
d under the map trop(X)triv → R

d is just 0, so
the scheme X0 of [18] is just X . Proposition 4 of [18] then states that the morphism
X0 → (K ∗)d is finite, which proves the lemma. ��
Proof of Theorem 5 Fix a rational polyhedral complex� with support trop(X). Choose
a linear map P : R

n → R
d , given by a d × n integer matrix, that is injective on

every maximal face of trop(X). The kernel of such a map is an (n − d)-dimensional
subspace of Q

n , and the set of such subspaces is dense in the analytic topology on
the Grassmannian Gr(n − d, n). We will show that there is a dense open set in the
space of rational affine hyperplanes H in R

d for which P−1(H) ∩ trop(X) is the
tropicalization of an irreducible variety. The set of H = P−1(H) for all such P is
dense in P

n
Q
, proving the Theorem.

Let π : (K ∗)n → (K ∗)d be the morphism of tori corresponding to P . By Remark 7
we can change coordinates to assume that the linear map P : R

n → R
d is the

coordinate projection onto thefirstd coordinates. Thusπ is also a coordinate projection
from (K ∗)n onto the first d coordinates. By Lemma 9 the morphism π |X is finite.

In order to apply Theorem 8, we would like π |X to have property PB. If π |X does
not have property PB, then there is an isogeny μ : (K ∗)d → (K ∗)d such that μ∗X is

not irreducible. Let I ⊆ K
[
x±1
1 , . . . , x±1

n

]
be the ideal of X , and let μ be given by

μ∗ : K
[
z±1
1 , . . . , z±1

d

]
→ K

[
z±1
1 , . . . , z±1

d

]
with μ∗(zi ) = zαi .
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780 D. Maclagan, J. Yu

Since π is assumed to be the projection onto the first d coordinates, the coordinate
ring of the pullback μ∗X is

K
[
x±1
1 , . . . , x±1

n , z±1
1 , . . . , z±1

d

]
/(I + 〈xi − zαi : 1 ≤ i ≤ d〉).

This is isomorphic to

K
[
x±1
d+1, . . . , x

±1
n , z±1

1 , . . . , z±1
d

]
/J

where J is obtained from I by substituting zαi for xi for i = 1, . . . , d. Write

ρ : (K ∗)n → (K ∗)d for the map corresponding to the inclusion K
[
z±1
1 , . . . , z±1

d

]
→

K
[
x±1
d+1, . . . , x

±1
n , z±1

1 , . . . , z±1
d

]
.

Write Z for the reduced structure on μ∗X , which is described by the radical of the
ideal J . We have the following diagram:

Z ⊆ (K ∗)d × (K ∗)n−d

ρ

μ∗X ⊆ (K ∗)d × (K ∗)n−d
μ′=(μ,idn−d )

X ⊆ (K ∗)n

π

(K ∗)d
μ

(K ∗)d

.

(1)

The components of Z have dimension at least dim(X), by the Principal Ideal The-
orem (see for example [8, Theorem 10.2]). Since the pullback μ′ : μ∗X → X of the
finite morphism μ is finite, this morphism is also proper, so the image of every irre-
ducible component is closed. As X is irreducible, there must thus be a component Y
that maps surjectively to X .

The group ker(μ) acts on Z via (t, x) 
→ (ζ · t, x) for ζ ∈ ker(μ). This group
acts transitively on the fibers of μ, so the orbit of Y is all of Z . We also have that Y
is not fixed by this action, as otherwise it would be the reduced structure on the only
irreducible component of μ∗X , contradicting the assumption that μ∗X is reducible.
This means that the map μ′|Y has degree less than deg(μ).

If μ is chosen so that ρ|Y has minimal degree, then ρ|Y must have property PB.
Otherwise we can repeat the above argument with Y and ρ in the place of X and π to
further reduce the degree since

deg(ρ|Y ) = deg(ρ|Y ) deg(μ)/ deg(μ) = deg(π |X ) deg(μ′|Y )/ deg(μ) < deg(π |X ).

The isogeny μ : (K ∗)d → (K ∗)d has a natural tropicalization trop(μ) : R
d → R

d

such that trop ◦μ = trop(μ) ◦ trop as maps from (K ∗)d to R
d . Then Diagram (1)
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Higher connectivity of tropicalizations 781

tropicalizes as

trop(Y ) ⊆ R
n trop(μ′)

trop(ρ)

trop(X) ⊆ R
n

trop(π)=P

R
d trop(μ)

R
d

(2)

where trop(μ′) maps trop(Y ) to trop(X).
Since trop(μ) and trop(μ′) are invertible linear maps, the assumption that P is

injective on every maximal face of trop(X) implies that trop(ρ) is also injective on
every maximal face of trop(Y ). Therefore ρ|Y is a finite morphism by Lemma 9. We
can now apply Theorem 8 to ρ|Y : Y → (K ∗)d . Let E be the exceptional set in the
theorem, which is a union of finitely many proper subtori. Then trop(E) is the union of
finitely many proper linear subspaces of R

d . The affine rational hyperplanes that are
not parallel to any subspace in trop(E) form a dense open subset of P

d
Q
. Let H be one

such generic hyperplane. Let T ⊆ (K ∗)d be the torus such that trop(T ) is a hyperplane
parallel to H . For any s ∈ (K ∗)d with val(s) ∈ H , we have trop(s · T ) = H . By
Theorem 8, ρ|−1

Y (s · T ) ⊂ Y is irreducible.
Let H be the hyperplane in R

n defined by H := (trop ρ)−1(H). Since ρ is a
monomialmap from (K ∗)n → (K ∗)d , we have H = trop(ρ−1(s·T )). The intersection
H∩trop(Y ) is transverse because trop(ρ) is injective on everymaximal face of trop(Y ).
Thus the Transverse Intersection Lemma [16, Theorem 1.1], [6, Lemma 15], [15,
Theorem 3.4.12] implies that

H ∩ trop(Y ) = trop(ρ−1(s · T ) ∩ Y ) = trop(ρ|−1
Y (s · T )).

Thus H ∩ trop(Y ) is the tropicalization of the irreducible variety ρ|−1
Y (s ·T ). It follows

from Remark 7 that the same is true for trop(μ′)(H) ∩ � = trop(π)−1(trop(μ)(H)).
As the set of trop(μ)(H) where H is not parallel to any subspace in trop(E) is dense
and open in P

d
Q
, the result follows. ��

Example 10 We illustrate the key constructions of the proof on the variety from Exam-
ple 6: X = V

(
x1 − x22 x

2
3

) ⊆ (K ∗)3. The tropicalization is trop(X) = {w ∈ R
3 :

w1 = 2w2+2w3}. The projection of trop(X) to the first two coordinates is a bijection,
so the tropicalization of the projection π : (K ∗)3 → (K ∗)2, (x1, x2, x3) 
→ (x1, x2)
satisfies the condition of the first paragraph of the proof.

Consider the isogeny μ : (K ∗)2 → (K ∗)2 given by μ(z1, z2) = (
z41, z2

)
. The

coordinate ring of the pullback μ∗X is

K
[
x±1
1 , x±1

2 , x±1
3 , z±1

1 , z±2
2

]
/〈x1 − x22 x

2
3 , x1 − z41, x2 − z2〉

∼= K
[
x±1
3 , z±1

1 , z±1
2

]
/〈z41 − z22x

2
3 〉,
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782 D. Maclagan, J. Yu

so the ideal J of the proof is 〈z41 − z22x
2
3 〉 ⊆ K

[
z±1
1 , z±1

2 , x±1
3

]
. Note that V (J ) is

not irreducible, so π does not have property PB. It is, however, radical, so defines
the subscheme Z . The map μ′ : Z → X given by μ′ : (z1, z2, x3) 
→ (

z41, z2, x3
)
has

degree 4.
One component of Z is given by Y = V

(
z21 − z2x3

)
. This maps surjectively to X

via the map μ′, and μ′|Y has degree 2. The kernel of μ is the multiplicative abelian
group {(1, 1), (−1, 1), (i, 1), (−i, 1)}.

We now check that the projection of Y onto the first two coordinates has property

PB. For every isogeny λ on (K ∗)2, given by λ(t1, t2) =
(
ta11 ta22 , tb11 tb22

)
, the coordinate

ring of the pullback λ∗Y is

K
[
z±1
1 , z±1

2 , x±1
3 , t±1

1 , t±1
2

]
/〈z21 − z2x3, z1 − ta11 ta22 , z2 − tb11 tb22 〉

∼= K
[
x±1
3 , t±1

1 , t±1
2

]
/〈t2a11 t2a22 − tb11 tb22 x3〉

The binomial t2a11 t2a22 − tb11 tb22 x3 is irreducible in the Laurent polynomial ring, so the
pullback is irreducible.

Remark 11 The results in the paper [9] are stated over C. The proofs there rely on
resolution of singularities and on some facts from Galois theory that are simpler in
characteristic zero, but all go through in the case that the field is algebraically closed
of characteristic zero. The Tropical Bertini Theorem (Theorem 5) is the only place
where the characteristic zero assumption is used in the proof of the higher connectivity
result in Theorem 1.

3 Proof of the connectivity theorem

We now prove the main result of this paper: Theorem 1.
Let X be a d-dimensional irreducible subvariety of (K ∗)n , where K is a field of

characteristic zero that is either algebraically closed, complete, or real closed with
convex valuation ring. Fix a polyhedral complex � with support |�| equal to trop(X),
such that the normal fan of every facet of � is a rational polyhedral fan.

Suppose � has an �-dimensional lineality space V . The rationality assumption
implies that V is a rational subspace ofR

n , so it determines an �-dimensional subtorus
T ′ of (K ∗)n , with trop(T ′) = V . We claim that T ′ acts on X . If T ′ did not act
on X , then the orbit of X under T ′ would have dimension greater than d, and its
tropicalization would also have dimension greater than d. On the other hand, the
tropicalization of this orbit is � +V = �, which has dimension d. Therefore T ′ must
act on X . Since the action of T ′ on (K ∗)n is free, the restriction to X is also free.
Let X̃ = X/T ′ ⊆ (K ∗)n/T ′ ∼= (K ∗)n−� be the quotient. Then X̃ is irreducible of
dimension d −�, trop(X̃) = �/V is the quotient of trop(X) by its lineality space, and
� and �/V have the same connectivity. Therefore we may reduce to the case when
the lineality space is trivial and � = 0. Since trop(X) is connected, the triviality of the
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Higher connectivity of tropicalizations 783

lineality space implies that every face of trop(X) is pointed, meaning that it does not
contain an affine line.

By [7, Proposition 4] we may replace the field K by its algebraic closure, and X
by any irreducible component of the extension XK without changing the tropicaliza-
tion. We henceforth assume that K is algebraically closed, and X is geometrically
irreducible. We may thus pass to a further field extension if necessary to assume that
the valuation on K is nontrivial, and Q is contained in the value group.

We may also assume that trop(X) does not live in any proper subspace in R
n .

Otherwise X lives in a translate of a subtorus of (K ∗)n by [13, Corollary 14], and the
result for the translate of X in the subtorus implies the result for X .

We will first prove the result when the tropical variety is all of R
d , with an arbitrary

polyhedral complex structure but trivial lineality space. It suffices to show that for any
d ≥ 1 removing d − 1 closed pointed convex sets C1, . . . ,Cd−1 from R

d does not
disconnect R

d . Indeed, in our context this would imply that there was a path between
any two points in the interior of facets. If this path passed through a codimension
two cell, none of the neighborhood of this cell would have been removed, so we can
deform the path to only pass through facets and codimension-one cells.

To show connectedness, identifyR
d with the hyperplane defined by x1 = 1 inR

d+1.
Let Sd be a sphere around the origin in R

d+1. Let C̃i be the closure of cone({1} ×
Ci ) ∩ Sd , and let H = {x ∈ Sd | x1 ≤ 0} be the lower hemisphere. Then Sd\(H ∪
C̃1 ∪ · · · ∪ C̃d−1) is homeomorphic to R

d\(C1 ∪ · · · ∪ Cd−1).
By Alexander duality, Sd\(H ∪ C̃1 ∪ · · · ∪ C̃d−1) is connected if and only if

H ∪ C̃1 ∪ · · · ∪ C̃d−1 does not have homology in dimension d − 1. Since the Ci s
are pointed and convex, the intersection of any collection of C̃i s is contractible. The
intersection of any of themwith the lower hemisphere is also contractible. By theNerve
Theorem for regular cell complexes [5, Theorem 10.6] the union H ∪ C̃1 ∪· · ·∪ C̃d−1
has the same homology as its nerve complex. But the nerve complex is a simplicial
complex on d vertices, so it cannot have homology in dimension d−1. This completes
the proof when the tropical variety is all of R

n .
We assume from now on that |�| �= R

n . We proceed by induction on the dimension
d of �. The base case d = 1 is the statement that the tropicalization of an irreducible
curve is connected (see [7] or [15, Proposition 6.6.22]); this result does not depend on
the choice of polyhedral complex structure on trop(X). The hypothesis on the field K
is used here.

Now let d ≥ 2 and assume that the assertion in the theorem is true for smaller
dimensions. Let G be any collection of d − 1 facets of �. For any two facets P, Q of
�\G we need to show that after removing the closed facets in G, there is still a path
from P and Q through ridges and facets only.

Let F be any facet in G. We define an equivalence relation∼F on the facets of�\F
as the transitive closure of the following relation: P ∼F Q if there exists a hyperplane
H with H ∩ F = ∅, which meets both P and Q in their relative interior.

The theorem then follows from the following two claims.

Claim 12 For facets P, Q of � which are not in G, if P ∼F Q, then there is a facet-
ridge path between P and Q that avoids G.
Claim 13 The equivalence relation ∼F has only one equivalence class. ��
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784 D. Maclagan, J. Yu

Proof of Claim 12 Suppose that P ∼F Q. We first observe that there is a rational
hyperplane H such that

(a) H does not meet F but meets the relative interiors of both P and Q,
(b) H does not contain any vertex of �, and
(c) H ∩ � is the tropicalization of an irreducible variety.

The assumption that P ∼F Q implies the existence of some hyperplane H not
intersecting F but meeting the relative interiors of P and Q. Since dim(�) ≥ 2,
H can be perturbed to be rational, and satisfy (a) and (b). Moreover further small
perturbation will preserve (a) and (b). By Theorem 5 the hyperplanes satisfying (c)
are dense in P

n
Q
. Thus there exists a rational hyperplane H satisfying (a),(b), and (c).

Let Z be an irreducible variety such that trop(Z) = H ∩ �. By induction on
dimension, trop(Z) is (d − 1)-connected through codimension one. The condition (b)
above implies that every facet of trop(Z) is the intersection of a facet of� with H , and
every ridge of trop(Z) is the intersection of a ridge of � with H . This gives a natural
inclusion of the facet-ridge hypergraph of trop(Z) into the facet-ridge hypergraph
G of �. By construction the resulting sub-hypergraph G ′ of G contains the vertices
corresponding to P and Q, but not the vertex corresponding to F or any of its incident
hyperedges.WhileG ′ may contain some of the vertices corresponding to G\{F}, since
G ′ is (d−1)-connected, G ′ with G\{F} and their incident hyperedges removed is still
connected, so there is a path between the vertices corresponding to P and Q. There is
thus a path between P and Q in G not passing through the vertices corresponding to
any element of G. ��
Proof of Claim 13 Let P◦ denote the relative interior of P . For any two facets P, Q
of �\G, we claim that if there is a line L which intersects P◦ and Q◦ but does not
intersect F , then P ∼F Q. To see this, take a linear projection onto R

n−1 such that
the image of the line L is a point L and the image of F is a convex polyhedron F .
Since L does not meet F , we have L /∈ F . Let V be a hyperplane through L which
does not meet F . The preimage of V in R

n is the desired hyperplane through P◦ and
Q◦ which does not meet F . Thus P ∼F Q.

Recall that we are assuming that � is not full dimensional. Fix F ∈ G. Let H
be an affine hyperplane containing F . Let P, Q be two facets of �\G. If there are
points p ∈ P◦\H and q ∈ Q◦ ∩ H , then the line through p and q meets H only at
q, so it does not intersect F , so P ∼F Q as shown above. In fact, we can weaken the
condition: if p ∈ P\H and q ∈ (Q ∩ H)\G, then we perturb the line through p and
q to get a line through P◦ and Q◦ which does not intersect F , because F is closed, so
we still have P ∼F Q.

If there are facets P, Q in � such that (P\H) \ G �= ∅ and (Q ∩ H)\G �= ∅, then
every facet of �\G not contained in H is equivalent to Q under ∼F : every facet of
�\G contained in H is equivalent to P under ∼F , and P ∼F Q, so Claim 13 follows
by transitive closure. In other words, it suffices to show that there is a hyperplane
H ⊃ F so that (�\H) \ G �= ∅ and (� ∩ H)\G �= ∅.

We are assuming that � is not contained in any affine subspace. Let σ be a facet
of � which is not contained in H for some hyperplane H containing F . Since σ is a
d-dimensional pointed polyhedron, it is incident to at least d distinct ridges τ1, . . . , τd
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of �. By the balancing condition at τi there is at least one other facet σi containing τi .
If τi �⊂ H , then σi �⊂ H . If τi ⊂ H , then we can choose σi to be on the other side of H
from σ by the balancing condition. Thus we have found d distinct facets σ1, . . . , σd ,
none of which is in H , so at least one of these is not in G. Therefore (�\H) \ G �= ∅
for any hyperplane H containing F .

If � has codimension greater than one, then take any point x ∈ �\G and let H be
a hyperplane containing x and F . Then x ∈ (� ∩ H)\G �= ∅.

It thus remains to show this in the case that� ⊂ R
n is a balanced pointed polyhedral

complex of dimension d = n − 1. We will show the following by induction on r : if
V is an r -dimensional affine subspace of R

n such that � ∩ V �= ∅, then � ∩ V is not
contained in the union of r − 1 facets of �. The case of r = 1 is trivial. Suppose V
is an affine subspace of dimension r ≥ 2 such that � ∩ V �= ∅. We first claim that
� ∩ V is not contained in a single facet of �. This is immediate if V contains �, as
a pure positive-dimensional balanced polyhedral complex with trivial lineality space
has more than one facet. If� � V , then since�∩V �= ∅, we have that�∩V contains
the stable intersection of � and V by [14, Lemma 2.6]. This stable intersection is a
balanced polyhedral complex of positive dimension by [14, Theorem 2.13], so not
contained in a single pointed facet of �. If � ∩ V is contained in the union of r − 1
facets of �, then we choose one of these facets σ , a point x ∈ � ∩ V \σ , and an affine
subspace V ′ ⊂ V of dimension r − 1 that contains x but does not intersect σ . Then
� ∩ V ′ is contained in the union of r − 2 facets of �, contradicting the induction
hypothesis. Applying this for r = d, we see that for any hyperplane H , � ∩ H is not
contained in the union of the d − 1 facets in G, so (� ∩ H)\G �= ∅. ��

4 Bergman fans

The trivial valuation tropical variety of a linear space that is given as the row span of a
matrix A depends only on the vector matroid on the columns of A. This tropical variety
is called the Bergman fan of the matroid. Bergman fans are defined also for matroids
that are not representable over any field. The Bergman fan of a rank r matroid is an
r -dimensional polyhedral fan whose lineality space contains 1 = (1, 1, . . . , 1). In [2]
Ardila and Klivans gave two fan structures to a Bergman fan: the coarse subdivision is
derived from the matroid polytope, and the fine subdivision is a cone over a geometric
realization of the order complex of its lattice of flats. The rays of the fine subdivision
are the 0/1 indicator vectors of flats of the matroids and the cones correspond to
chains of flats ordered by inclusion. We will now show that the fine subdivision of the
Bergman fan of any matroid M , representable or not, is rk(M) − 1 connected.

Proposition 14 Let M be a matroid of rank d + 1 on the ground set {0, . . . , n}, and
let � be the fine subdivision on the Bergman fan trop(M) in R

n ∼= R
n+1/R1. The

facet-ridge hypergraph of � is d-connected.

Proof The Bergman fan of M with the fine subdivision is a d-dimensional pointed fan
in R

n ∼= R
n+1/R1. The proof is by induction on the rank, d+1, of the matroid. When

d = 1, � is a one-dimensional fan, with all facets (rays) meeting at the origin, so the
fan is connected. We now assume d > 1.
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Fix a collection G of d − 1 facets of �. The facets in G are labeled by maximal
chains of flats in M , so every facet contains exactly one rank-one flat. The rank-one
flat in each chain is a parallel class of elements of M . There are at least d + 1 parallel
classes because M has rank d + 1. Since every rank-one flat is in a facet, there are at
least d + 1 facets, so we can fix two other facets σ1, σ2 /∈ G. Since |G| = d − 1, there
is an element i ∈ {0, . . . , n} which is not in any of the rank-one flats of cones in G.
We write M1 and M2 for the initial matroids corresponding to vectors in the relative
interior of σ1 and σ2 respectively. As these cones are in trop(M), both these matroids
are loop-free, so there are bases B1, B2 containing i in M1, M2 respectively.

An ordering of a basis B = (b1, b2, . . . , bd+1) determines a chain of flats

cl(b1) � cl(b1, b2) � · · · � cl(b1, b2, . . . , bd+1) = {0, 1, . . . , n}

in M , where the closure cl(S) denotes the minimal flat containing S. Therefore for
every basis B of M there are at least d! cones of � with i in their rank-one flat, and
with B as a basis of the corresponding initial matroid.

Choose facets σ ′
1, σ

′
2 of � such that B1 and B2 respectively are bases of the corre-

sponding initial matroid and i is in their rank-one flat. Thus σ ′
1, σ

′
2 are not in G,

By [19, Theorem 2.6] the collection of cones in � for which B is a basis of the
corresponding initial matroid is homeomorphic to R

d , and thus is d-connected. This
means that there is a facet-ridge path between σ1 and σ ′

1, and between σ2 and σ ′
2, after

the closed facets in G are removed.
It remains to show that σ ′

1 and σ ′
2 are connected. By construction σ ′

1 and σ ′
2 have

the same rank-one flat Fi containing i . The flats containing Fi (or i) are in natural
inclusion-preserving bijection with the flats of the contraction M/i . Therefore the star
of � at the ray corresponding to Fi is the Bergman fan of the contraction M/i . Since
M/i has rank d, by induction its Bergman fan with the fine subdivision is (d − 1)-
connected, so the star of Fi in � is (d − 1)-connected.

By assumption, no element of G has rank-one flat Fi , so there are no elements of G
in this star. Thus there is a ridge path in the star of Fi between σ ′

1 and σ ′
2 avoiding G,

which completes the proof. ��

5 Open Problems

Bergman fans and tropical linear spaces: Is any (nonrealizable) Bergman fan r −
� connected through codimension one with the coarse fan structure? Any fan
structure?Here r and �denote the dimension of theBergman fan and the dimension
of the lineality space respectively. Similarly for (nonrealizable) tropical linear
spaces of valuated matroids as defined in [21].

Connectivity, irreducibility, and algebraic matroids: An irreducible variety X
in Kn gives a matroid on ground set {1, 2, . . . , n} where the rank of a subset
S ⊂ {1, 2, . . . , n} is the dimension of the projection of X onto the S-coordinates.
This is called the algebraic matroid of X , and tropicalization preserves algebraic
matroids [22]. In general it is not known which balanced polyhedral complexes
give matroids this way. Does the higher connectivity imply that a balanced poly-
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hedral complex gives an algebraic matroid? If the balanced complex is tropically
irreducible, in the sense that it is not a union of two proper balanced weighted
rational polyhedral complexes, does the complex have a higher connectivity or
give an algebraic matroid?

Acknowledgements This project was revived when the authors were visiting the Mittag Leffler Institute
during the program on Tropical geometry, Amoebas and Polytopes in Spring 2018 and the Institute for
Computational and Experimental Research in Mathematics during the program on Nonlinear Algebra
in Fall 2018, supported by the National Science Foundation under Grant No. DMS-1439786. They are
grateful to the program organizers, and to the institutes, for the excellent working conditions. They also
thank Daniel Hathcock, Anders Jensen, Megan Owens, and Raman Sanyal for discussions, and Martin
Sombra and Vincenzo Mantova for answering questions about the toric Bertini theorems. JY was partially
supported by US National Science Foundation DMS grants #1600569 and #1855726. DM was partially
supported by EPSRC grant EP/R02300X/1, and also, while at theMathematical Sciences Research Institute
in Berkeley, California, during April 2019, by NSF Grant #1440140.

Declarations

Conflict of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest. The manuscript has no associated data.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Amoroso, F., Martín, S.: Factorization of bivariate sparse polynomials. Acta Arith. 191(4), 361–381
(2019)

2. Ardila, F., Klivans, C.J.: The Bergman complex of a matroid and phylogenetic trees. J. Combin. Theory
Ser. B 96(1), 38–49 (2006)

3. Athanasiadis, C.A.: On the graph connectivity of skeleta of convex polytopes. Discrete Comput. Geom.
42(2), 155–165 (2009)

4. Balinski, M.L.: On the graph structure of convex polyhedra in n-space. Pac. J. Math. 11(2), 431–434
(1961)

5. Björner, A.: Topological methods. Handb. Combin. 1(2), 1819–1872 (1995)
6. Bogart, T., Jensen, A.N., Speyer, D., Sturmfels, B., Thomas, R.R.: Computing tropical varieties. J.

Symb. Comput. 42(1–2), 54–73 (2007)
7. Cartwright, D., Payne, S.: Connectivity of tropicalizations. Math. Res. Lett. 19(5), 1089–1095 (2012)
8. Eisenbud, D.: Commutative Algebra, Graduate Texts in Mathematics, 150 With a View Toward Alge-

braic Geometry. Springer, New York (1995)
9. Fuchs, C., Mantova, V., Zannier, U.: On fewnomials, integral points, and a toric version of Bertini’s

theorem. J. Am. Math. Soc. 31(1), 107–134 (2018)
10. Gandini, F., Hering, M., Maclagan, D., Mohammadi, F., Rajchgot, J., Wheeler, A. K., Yu, J.: Toric and

tropical bertini theorems in prime characteristic (2021)
11. Hathcock,D.,Yu, J.:On the hypergraph connectivity of skeleta of polytopes. preprint arXiv:2010.05053

(2020)

123

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2010.05053


788 D. Maclagan, J. Yu

12. Jensen, A.N.: Gfan, a software system for Gröbner fans and tropical varieties. http://home.imf.au.dk/
jensen/software/gfan/gfan.html (2020)

13. Jensen, A., Kahle, T., Katthän, L.: Finding binomials in polynomial ideals. Res. Math. Sci. Paper No.
16(10), 2522–0144 (2017)

14. Jensen, A., Yu, J.: Stable intersections of tropical varieties. J. Algebr. Combin. 43(1), 101–128 (2016)
15. Maclagan, D., Sturmfels, B.: Introduction to Tropical Geometry, Graduate Studies in Mathematics,

161, vol. American Mathematical Society, Providence, RI (2015)
16. Osserman, B., Payne, S.: Lifting tropical intersections. Doc. Math. 18(121–175), 1431–0635 (2013)
17. Payne, S.: Fibers of tropicalization. Math. Z. 262(2), 301–311 (2009)
18. Payne, S.: Erratum to: Fibers of tropicalization. Math. Z. 272(3–4), 1403–1406 (2012)
19. Rincón, F.: Local tropical linear spaces. Discrete Comput. Geom. 50(3), 700–713 (2013)
20. Sallee, G.T.: Incidence graphs of convex polytopes. J. Combin. Theory 2, 466–506 (1967)
21. Speyer, D.E.: Tropical linear spaces. SIAM J. Discrete Math. 22(4), 1527–1558 (2008)
22. Yu, J.: Algebraic matroids and set-theoretic realizability of tropical varieties. J. Combin. Theory Ser.

A. 147, 41–45 (2017)
23. Yu, J.: Do most polynomials generate a prime ideal? J. Algebr. 459, 468–474 (2016)
24. Zannier, U.: Hilbert irreducibility above algebraic groups. Duke Math. J. 153(2), 397–425 (2010)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://home.imf.au.dk/jensen/software/gfan/gfan.html
http://home.imf.au.dk/jensen/software/gfan/gfan.html

	Higher connectivity of tropicalizations
	Abstract
	1 Introduction
	2 Proof of the tropical Bertini theorem
	3 Proof of the connectivity theorem
	4 Bergman fans
	5 Open Problems
	Acknowledgements
	References




