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Abstract

We investigate the norm of a degree 2 Siegel modular form of asymptotically large
weight whose argument is restricted to the 3-dimensional subspace of its imaginary
part. On average over Saito—Kurokawa lifts an asymptotic formula is established that
is consistent with the mass equidistribution conjecture on the Siegel upper half space
as well as the Lindelof hypothesis for the corresponding Koecher—Maalf} series. The
ingredients include a new relative trace formula for pairs of Heegner periods.

Mathematics Subject Classification Primary 11F37 - 11F46 - 11F67 - 11F72

1 Introduction
1.1 Restriction norm of eigenfunctions

The question, ‘to what extent can the mass of a Laplace eigenfunction ¢ on a Rieman-
nian manifold X localize?’, is a classical problem in analysis and is often quantified
by upper (or lower) bounds for L”-bounds for the restriction of ¢ to suitable subman-
ifolds Y € X. The prototypical example is the case where X is a surface and Y is a
curve, often a geodesic; see e.g. [13,15,18,30,62,67,68] and references therein.

If X is the quotient of a symmetric space by an arithmetic lattice (often called an
arithmetic manifold), an additional layer of number theoretic structure enters. Not only
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can this be used to obtain stronger bounds [61], but sometimes the period integrals can
be expressed in terms of special values of L-functions. A typical such case is the L>-
restriction of a Maaf} form for the group SL,,41(Z) to its upper left n-by-n block, which
can be expressed as an average of central values of GL(n) x GL(n+ 1) Rankin—Selberg
L-functions [56,57]. Other potential cases arise from the Gross-Prasad conjecture [38],
see [69] for an illuminating discussion. Often in this context, optimal restriction norm
bounds are equivalent to the Lindel6f conjecture on average over the spectral family
of L-functions in question.

In this paper we consider a new and somewhat different instance of the interplay
between mass equidistribution and L-functions in the context of certain Siegel mod-
ular forms F for the symplectic group Sp,(Z): we investigate the L>-restriction of
a Saito—Kurokawa lift F(Z) on the 6-dimensional Siegel upper half space H® to
the 3-dimensional subspace where the argument Z = X +iY € H® is restricted to
its imaginary part. This is geometrically a very natural set-up, it is a direct higher-
dimensional analogue of the classical problem of bounding a cusp form f for SL,(Z)
on the vertical geodesic, mentioned at the beginning; cf. [11, Sect. 7]. While the latter
leads, via Hecke’s integral representation, directly to the corresponding L-function
L(f,s), things become much more involved for Siegel modular forms.

We start by stating the corresponding period formula. For an even positive integer k
let S 22) denote the space of Siegel modular forms of degree 2 of weight k for the group
Sp4(Z), equipped with the standard Petersson inner product; see Sect. 2. We think of
k as tending to infinity and are interested in asymptotic results with respect to k. We
restrict the argument of a cusp form F € S lgz) to its imaginary part /Y with ¥ € P(R)
where P (R), equipped with the measure dY /(det Y)>/2, is the set of positive definite
symmetric 2-by-2 matrices. Consider the restriction norm

72 1
90 || FII3
SL2(Z)\P(R)

N(F) = |FGY)|*(det Y)* (1.1

d
(det¥)3/2’

where SL>(Z) acts on P(R) by y +— y " Yy. Letting H denote the usual upper half
plane, we observe that SL,(Z)\P(R) = SL,(Z)\H x R.( has infinite measure; see
(6.1) below. The factor

3 vol(Spy(Z)\H™?)

3

7T 270 vol(SLy (Z)\H)
accounts for the fact that, in accordance with the literature, we choose the standard
measures on Sp, (Z)\H® and SL;(Z)\H which are not probability measures.

Let A denote a set of spectral components of L?(SL(Z)\H) consisting of the
constant function /3/m, an orthonormal basis of Hecke—Maal} cusp forms and the
Eisenstein series E(., 1/2 4 it) for t € R. The set A is equipped with the counting
measure on its discrete part and with the measure df/4m on its continuous part. We
denote by ||  the corresponding combined sum/integral. For F € S,iz) andu € A
let L(F x u,s) denote the Koecher—Maal} series defined in (6.3). This series has a
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functional equation featuring the gamma factors G(F X u, s) as defined in (6.4), but
has no Euler product. The following proposition is proved in Sect. 6.

Proposition1 For F € S,Ez) with even k we have

o]

/ f |G(F x T, 1/2+it)L(F x T, 1/2 4 it)[*dudt,

|
N(F)="— —-
(F) 90 32 |F|3

ev
where A o, denotes the set of all even u. € A.

An arithmetically interesting subfamily of Siegel modular forms are the Saito—
Kurokawa lifts Fj, (sometimes called the Maaf3 Spezialschar) of half-integral weight
modular forms & € S,j'_l P (4) in Kohnen’s plus-space or equivalently their Shimura
lifts fr € Sak—2 (see Sect. 2 for details). In this case, the Koecher—-Maal} series
L(Fy x u,s) roughly becomes a Rankin—Selberg L-function of two half-integral
weight cusp forms, namely of / and the weight 1/2 automorphic form whose Shimura
lift equals u; see Proposition 16 below and cf. [24]. Of course, this series also has no
Euler product. The convexity bound for L-functions along with trivial bounds implies

N(Fp) < k¥,
whilst the statement
N(Fp) < k* (1.2)

would follow from the Lindelof hypothesis for these L-functions. It should be noted,
however, that in absence of an Euler product it is not expected that these L-functions
satisfy the Riemann hypothesis, but one may still hope that the Lindelof hypothesis is
true; see [49] for some support of this conjecture. However, even if it is, then proving
(1.2) appears to be far out of reach by current technology—it corresponds to an average
of size k3/% of a family of L-functions of conductor k®. (This is analogous to the genus
1 situation in which the L?-restriction norm of a holomorphic cusp form of weight
k leads to an average of size k'/2 of a family of L-functions of conductor k*; see
[11, (1.12)].) These problems belong to the hard cases where sharp bounds for the
L’-restriction norm imply very strong subconvexity bounds.

1.2 The main result and mass equidistribution in higher rank

Fix a smooth, non-negative test function W with non-empty support in [1, 2]. Let
W = flz W (x)x dx and consider

1 12 k
Na(K) = =5 S W (E) S N (13)

ke2N heB{ | ,(4)
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for a large parameter K and a Hecke eigenbasis B,j_l /2 4) of S,j'_l P (4). Note that

dim S ,:[1 2 (4) ~ k/6. The first main result of this paper is the following asymptotic
formula.

Theorem 2 We have N ;,(K) = 4log K + O(1) as K — oo.

This may be interpreted as an asymptotic average version of the Lindelof hypothesis
for twisted Koecher—-Maal} series. This restriction problem, however, is structurally
quite different from all previously considered restriction problems with connections
to L-functions: (a) the period formula features L-functions that are not in the Selberg
class and (b) Theorem 2 reveals that the restriction norm does generally not remain
bounded.

There is a strong connection between Theorem 2 and the mass equidistribution
conjecture that we now explain. Let g be a test function on Sp4(Z)\H(2). Then the
(arithmetic) mass equidistribution conjecture for the Siegel upper half space states
that

1
I FI?

/ (2)|F(Z)]*(det V)X axdv / (Dﬂ
§ (det Y)? 840 et vy

Sp4(Z)\H® Sp4(Z)\H®

as F traverses a sequence of Hecke—Siegel cusp forms of growing weight. While the
corresponding statement for classical cusp forms of degree 1 was proved by Holowin-
sky and Soundararajan [36], no such statement has been obtained for Siegel modular
forms of higher degree (but see [70] for certain cases of the quantum unique ergodicity
conjecture in higher rank and [19] for an averaged version). Nevertheless, one may
even go one step further and conjecture that the above limit holds when one restricts
the full space Spy(Z)\H® to a lower-dimensional submanifold. In particular, one
might conjecture that

vol(Sp,(Z)\H®)

|FI2 gMIFY)P(det V)"

SL2(Z)\P(R)
dy
(det Y)3/2

d
(det Y)3/2

—> / g(Y)
SLo(Z)\P(R)

holds. As the right hand side has infinite measure, we cannot simply replace g with the
constant function. This is precisely the reason why Ny (K) is unbounded as K — oo.
However, since F is a cusp form, the L?%-normalized and Sp4(Z)-invariant function
|F(iY)|*(det Y)* /|| F||> decays exponentially quickly if Y is (in a precise sense) very
large or very small. So effectively g may be restricted to the characteristic function
of a compact set depending on k. We quantify this in Appendix C and show that, for
such g, the right hand side equals

vol(SLy(Z)\H) - 4logk + O(1).
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A symplectic restriction problem 1327

In this case the previous asymptotic reads
N(F) ~ 4logk (1.4

as k — oo. The asymptotic (1.4) is, of course, highly conjectural, and as mentioned
above even the ordinary higher rank mass equidistribution conjecture (without restrict-
ing to a thin subset) is currently out of reach. As an aside we remark that one has to
be careful with such conjectures. For instance, the L?%-norm restriction of even MaalB3
forms for SLy(Z) to the vertical geodesic is twice as big as one might think [74].

Theorem 2 provides an unconditional proof of (1.4) on average over Saito—
Kurokawa lifts in agreement with the mass equidistribution conjecture for the rank
two Siegel upper half space.

In particular, the constant 4 in Theorem 2 is very relevant, and this constant has a
story of its own. It is the outcome of several archimedean integrals, numerical values
in period formulae and a gigantic Euler product whose special value can be expressed
in terms of zeta values (cf. (12.8)). In deducing its value we have corrected several
numerical constants in the literature. We shall come back to this point in due course;
see for instance the remark after Lemma 8. The authors would like to thank Gergely
Harcos for useful and clarifying discussions in this respect.

Theorem 2 opens the door for several other related problems. The reader may
wonder as to how the norms of the other Siegel cusp forms behave; that is, those forms
which are not obtain via global parabolic induction (non-CAP), unlike the Saito—
Kurukawa lifts. Any reasonable spectral average would include at least the space of
Siegel modular forms S,Ez) of weight k which is of dimension ~ ck? for some constant
¢ (infactc = 1/8640). This leads to a bigger average than the one presently considered
over about k? Saito—Kurokawa lifts. The starting point for the L>-restriction norm of
all Siegel modular forms is again the period formula in Proposition 1. Coupled with an
approximate functional equation (as in Lemma 17), this is amenable to the Kitaoka—
Petersson formula [50] and an analysis along the lines of [9]. We hope to return to this
interesting problem soon.

A different symplectic restriction problem was treated in [59] and [11], where the
argument Z € H® of Saito—Kurokawa lifts was restricted to the diagonal, a four-
dimensional subspace of H®. The corresponding analogue of Proposition 1, due to
Ichino [37], leads to an average of size k of Langlands L-functions of conductor k*.

Whilst the proof of Theorem 2 rests on many ingredients which we address in detail
in the coming sections, we would like to highlight a few results which may be of stand
alone interest. We describe these in the remainder of the introduction.

1.3 Arelative trace formula for pairs of Heegner periods

Here we focus on a novel trace formula of independent interest beyond its application
in proving Theorem 2.

Let D be a discriminant, i.e. a non-square integer = 0, 1 (mod 4). For a discriminant
D < Olet Hp C SL,(Z)\H denote the set of all Heegner points; that is, the set of all
z = (J/ID]i — B)/(2A) where AX?>+BXY +CY?is al'-equivalence class of integral
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1328 V. Blomer, A. Corbett

quadratic forms of discriminant D = B?> —4AC. For a function f : SLy(Z)\H — C
define the period (“trace”)

pwify= Y 1Y (1.5)

zeHp (Z)

where €(z) € {1, 2, 3} is the order of the stabilizer of z in PSL;(Z). Its counterparts for
positive discriminants D are periods over geodesic cycles. These periods are classical
objects with myriad interwoven connections to half-integral weight modular forms,
base change L-functions, quadratic fields and quadratic forms. The key point is that the
corresponding generating series has (metaplectic) modular properties. An interesting
special case is the constant function f = 1 in which case P(D; 1) = H(D) is, by
definition, the Hurwitz class number.

With applications to the above mentioned symplectic restriction problem in mind,
we are interested in pairs of Heegner periods in the spectral average

/ P(Dy;u) P(D2; u)h(ty)du
ACV

for a suitable test function /, two discriminants D1, Dy < 0and Ay as in Proposition 1.
While pairs of geodesics have been studied in a few situations [63—65] (but only for
compact Riemann surfaces and not from an arithmetic point of view), to the best of
our knowledge nothing seems to be known about spectral averages of pairs of Heegner
periods. Opening the sums in the definition of P(Dj; u) and P(D;y; u), this can be
expressed as a double sum of an automorphic kernel

> Zk(m, Y22)

€ €
AT (Zl) (z2) 7

in the usual notation which resembles the set-up of a relative trace formula. However,
the standard methods in this situation (e.g. [32]) do not easily apply here as the stabi-
lizers of z1 and z; are essentially trivial. We thus take a different approach to establish
the following relative trace formula for which we need some notation. For n > 0 and
t € Rlet

Wi (n) ::L/F( 3G+ s+ 20T (55 +S—21t)) 2 o ds

2mi P(;+inNT (3 —inms s

(2)
Fort e R, x > 0and k € R let
F(x,t, k) = Jir(x)cos(mk /2 — mit/2) — J_j;(x) cos(mk /2 + mwit/2) (1.6)
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A symplectic restriction problem 1329

where Jj;(x) is the Bessel function. Finally, fork € Z + 1/2,n,m € Z and c € N
define the modified Kloosterman sums

- 0, 41ec,
d +nd
Kfmno= Y eﬁK(g)e<%>~ 2, 4lc, 8te, (17
d (mod c) 1, 8]|c,

(d,c)=1 ’

where

o [1, d = 1(mod4), 08

i, d=3(mod4).

Note that K (n, m, ¢) is symmetric in m and n and 2-periodic in «. They satisfy the
Weil-type bound

K&m,n, ) < e m,n, )2, (1.9)

see e.g. [73, Lemma 4] in the case n = m, the general case being analogous. In order
to simplify the notation we assume that D, D, are fundamental discriminants. In
Section 7 we state the general version for arbitrary negative discriminants.

Theorem 3 Let Ay, Ay be negative fundamental discriminants and let h be an even
function, holomorphic in |3t| < 2/3 with h(t) < (1 + |t|)~'0. Then

1 NP 3 H(ANDH(A2) |, .
Araa / (A wPA2iwh(tdu = =75y h(i/2)

ev

N 70 ‘A1Az it2T(—% + %)e(l/z,mz L(xa,. 1/2+it)L(xa,, 1/2 + ”)h(z)ﬁ
Joa VBal(; + %) ¢(1+2ir) 4m
o0
5 X [y hen) -2
+ AI:AZZT +(m)h(t)t tan (7'[1)4]T—2
m —00
K3 (A1, Al xa,m) [ FldnnyTAT Al e 1, 1)2 di
+e(3/8) Z 3/2 - ! / (drn|A1Az]/c, t, /)h(z)W,(nm)z—.
= n2cm cosh(rt) T
[ —00

The experienced reader will spot the strategy of the proof from the shape of the for-
mula: A Katok-Sarnak-type formula translates P(A; u) into a product of a first and
a A-th half-integral weight Fourier coefficient. In this way, a pair of two Heegner
periods becomes a product of four half-integral weight Fourier coefficients. A quadri-
linear form of half-integral weight Fourier coefficients is not directly amenable to
any known spectral summation formula, so this looks like a dead end, but we can use
a Waldspurger-type formula a second time, now in the other direction, to translate
the two first coefficients into a central L-value. This L-value can be written explic-
itly as a sum of Hecke eigenvalues by an approximate functional equation. We can
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1330 V. Blomer, A. Corbett

now use the correspondence between half-integral and integral weight forms a third
time, namely by combining the Hecke eigenvalues into the half-integral weight coef-
ficients by means of metaplectic Hecke relations. Finally, the Kuznetsov formula for
the Kohnen plus space provides the desired geometric evaluation of the relative trace.
This particular version of the Kuznetsov formula is also new and will be stated and
proved in Sect. 5. The same strategy works also with minor modifications for pairs of
(traces of) geodesic cycle integrals.

1.4 Mean values of L-functions

We highlight another ingredient of independent interest, a special case of which (Corol-
lary 5) is a hybrid Lindel6f-on-average bound for central values of twisted L-functions.
Its proof is deferred to Sect. 8.

Proposition4 Let D, T > 1 and ¢ > 0. For a fundamental discriminant A let yp =
(é) be the Jacobi—Kronecker symbol.

(a) We have
2\!/? 1+¢
Yaw Y Laxxa /< (Y lewP) @D
tw<T |A|<DA fund. discr. tw<T

where the sum is over an orthonormal basis of Hecke—Maaf3 cusp forms u with spectral
parameter t,, and a(u) is any sequence of complex numbers, indexed by Maaf; forms.
(b) We have

T T

1/2

/a(t) > IL(xa. 1/2+it)|*dt <<<f |a<t>|2dr> (T'?D)'+
A|I<D

-7 Aﬁ‘mtli._discn -7

for an arbitrary function o : [-7T,7T] — C.

The proof uses, among other things, the spectral large sieve of Deshouillers-Iwaniec
[21] and Heath-Brown’s large sieve for quadratic characters [34]. Note that L(u x
XA, 1/2) > 0 is non-negative [47, Corollary 1]. The key point here is that there is
complete uniformity in 7 and D.

We give an immediate application. Let us choose (1) = L(u, 1/2) and note that

L(u,1/2)L(u x xa,1/2) = L(BCk (u), 1/2)

where the right hand side is the base change L-functionto K = (@(\/Z). We can now
use a standard mean value bound for L(u, 1/2), e.g. [41, Theorem 3], to conclude

Corollary5 For 7,D > 1 and ¢ > 0 we have

Y. Y. LBCkw),1/2) < (T°D)'**

1, <7 deg K/Q=2
| disc(K)|<D
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A symplectic restriction problem 1331

where the first sum runs over a basis of Hecke—Maaf} cusp forms u with spectral
parametert, < T.

Again this bound is completely uniform and best-possible in the D and 7 aspect.
We give another interpretation of Proposition 4(a). For odd u, the root number of
L(u x xa,s)is —1 (see [10, Lemma 2.1]), so the central value vanishes. For even u
the central L-values L(u x xa, 1/2), as in (4.9) below, are proportional to squares
of Fourier coefficients b,(A) of weight 1/2 Maall forms v in Kohnen’s subspace
for I'g(4), normalized as in (3.7). We refer to Sect. 3 for the relevant definitions.
In particular, for the usual choice of the Whittaker function the normalized Fourier
coefficient by (A) = e TI0l/2|z,|5en(B)/4| A |12, (A) is of size one on average. In
this way we conclude bounds for linear forms in half-integral weight Rankin—Selberg
coefficients:

1/2
Yo e Y |5v<A)|2<<(Z|a(v>|2) (TD)'**,  (1.10)

1/4<t,<T |AI<D ty<T
A fund. discr.

where the v-sum runs over an L?-normalized Hecke eigenbasis of non-exceptional
weight 1/2 Maal} forms in Kohnen’s subspace for I'g(4) with spectral parameter t,.
We refer to the remark after the proof of Lemma 8 for more details.

1.5 Organization of the paper

Sections 2-5 prepare the stage and compile all necessary automorphic information.
New results include versions of the half-integral Kuznetsov formula and a Voronoi
formula for Hurwitz class numbers in Sect. 5.

Proposition 1, Theorem 3, and Proposition 4 are proved in Sects. 6—8 respectively.
This is followed by an interlude on the analysis of special functions and oscillatory
integrals in Sect. 9.

In the remainder we complete the proof of Theorem 2. In Sect 10 we first prove
an upper bound Ny (K) < K¢ by a preliminary argument. This will be useful and
necessary to control certain auxiliary variables and error terms later. The full asymp-
totic formula is derived in Sects. 11-14. Due to several applications of certain spectral
summation formulae, we have various diagonal and off-diagonal terms. Section 12
treats the total diagonal term that extracts the leading term 4log K in Theorem 2.
Sections 13 and 14 deal with the diagonal off-diagonal and the off-off-diagonal term.

1.6 Common notation

For ¢ # 0 we extend the Jacobi-Symbol x.(d) = (3) for positive odd integers d to all
integers d # 0 as the completely multiplicative function defined by x.(—1) = sign(c)
and x.(2) = lifc =1 (mod 8), x.(2) = —1if ¢ = 5 (mod 8), x.(2) = 0if ciseven.
The value of x.(2) remains undefined only if ¢ = 3 (mod 4).
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1332 V. Blomer, A. Corbett

We call an integer D € Z \ {0} a discriminant if D = 0 or 1 (mod 4). Every
discriminant D can uniquely be written as D = A f2 for some f € N and some
fundamental discriminant A (possibly A = 1). For each discriminant D, the map xp is
aquadratic character of modulus | D| that is induced by the character x5 corresponding
to the field Q(+/A). (If A = 1, then xa is the trivial character.) Throughout, the
letters D and A are always reserved for discriminants resp. fundamental discriminants,
usually negative.

The letter I is used for the gamma function and also for the group I' = SL,(Z);
confusion will not arise. We write T’ = PSL, (Z).

For a, b € N we write a | b* to mean that all prime divisors of a divide b. We
also write (a, b*°) = a/a; where a is the largest divisor of a that is coprime to b. We
use the usual exponential notation e(z) := ¢2™% for z € C. The letter & denotes an
arbitrarily small positive constant, not necessarily the same at every occurrence. The
Kronecker symbol §g takes the value 1 if the statement S is true and 0 otherwise. The
notation f ©) denotes a complex contour integral over the vertical line with real part
o. We use the usual Vinogradov symbols <« and 3>, and we use < to mean both <
and >>. We always assume that the number K in Theorem 2 is sufficiently large.

2 Holomorphic forms of degree one and two

For a positive integer k let S,j'_l »(4) denote Kohnen’s plus [51] space of holomorphic
cusp forms of weight k — 1/2 and level 4. These have a Fourier expansion of the form

h(z) = > ch(n)e(nz) @.1)

(—1)kn=0,3 (mod 4)
and form a finite-dimensional Hilbert space with the inner product

- dxd
k= [ @RGP

Fo(4H\H

(2.2)

This space is isomorphic (as a module of the Hecke algebra) to the space S>r_» of
holomorphic cusp forms of weight 2k — 2 and level 1 [51, Theorem 1]. We denote by
fn € Sak—2 the (unique up to scaling) image of a newform & € Slj—l s (4). The Hecke

algebra on S,j_ 12 is generated by the operators T'(p?), p prime, and for p = 2 we
follow Kohnen’s definition [51, p. 250] of 7' (4) that allows a uniform treatment of all
primes including p = 2. If A(p) are the Hecke eigenvalues of f;, (normalized so that
the Deligne’s bound reads |A(p)| < 2), then

3/2—k 1/

“xrea(Pen(n) + p T enn/ p?)
2.3)

Ap)en(n) = p*> ey (p*n) + p~
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A symplectic restriction problem 1333

for all primes p with the convention c;(x) = 0 forx ¢ {n € N | (=Dkn =
0, 3 (mod 4)}. Iterating this formula gives

4 12 mz m 3/2—k
A(m)cp(n) = Z <$> X(—l)k+ln(d1d2)ch ((d1d2)2n> <d1d2>

dy|dy|m
(d1dp)?|m’n

(2.4)

for squarefree m € N.

The space S,j'_l ,(4) can be characterized as an eigenspace of a certain operator
acting on the space Si_1,2(4) of all holomorphic cusp forms of weight kK — 1/2 and
level 4 [51, Proposition 2]. It possesses Poincaré series Pn+ € S,:r_l P (4) satisfying the
usual relation! [52, (4)]

Tk —3/2)

(4)—](3/2% (n)

(h, PN) =
for all (—1)*n = 0,3 (mod 4) and all h € S,j_l /2(4) with Fourier expansion (2.1).
These Poincaré series are the orthogonal projections of the Poincaré series P, €
Sk—1/2(4) onto S,:r_l P (4) and their Fourier coefficients are computed explicitly in
[52, Proposition 4]. This gives us the following Petersson formula for Kohnen’s plus
space.

Lemma6 Let k > 3 be an integer, k = k — 1/2. Let {h;} be an orthogonal basis of
S,j'(4) with Fourier coefficients ¢;(n) as in (2.1). Let n, m be positive integers with
(—=Dkn, (=D m = 0, 3 (mod 4). Then

Fk—-1) Z cj(n)c;j(m)

(4rr)r! 17112 (/rm)<—!
2 K; 4
=3 ( e+ 2 e(— K/4)ZMJK_1< ”‘C/ﬁ»

For a positive integer kK we denote by S 152) the space of Siegel cusp forms of degree
2 of weight k for the symplectic group Sp,(Z) with Fourier expansion

F(Z) = Z a(T)e(t (T Z)) (2.5)

TeP(Z)

for Z = X +iY € H® on the Siegel upper half plane, where P(Z) is the set of
symmetric, positive definite 2-by-2 matrices with integral diagonal elements and half-
integral off-diagonal elements. This is a finite-dimensional Hilbert space with respect

I Note that Kohnen normalizes the inner product (2.2) differently.
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1334 V. Blomer, A. Corbett

to the inner product

dy
(detY)3

(F,G) = / F(Z)G(Z)(detY)k

Spy(Z)\H®

Remark: Inthe generic case, the above norm may be used to determine the associated
adjoint L-function at s = 1 by a recent work of Chen and Ichino [17]. However Siegel
cusp forms are not globally generic, albeit that they are equivalent to a generic form
everywhere but the archimedean place. Nevertheless, their Petersson norm may be
expressed in terms of its adjoint L-function via Bocherer’s conjecture (now a theorem
due to the breakthrough result of Furusawa and Morimoto [29] alongside the explicit
formulation in [23]).

There is a special family of Siegel cusp forms that are derived from elliptic cusp
forms (Saito—Kurokawa lifts or Maal} Spezialschar). Let k be an even positive integer.
Leth € S,:r_l /2(4) be a Hecke eigenform of weight k — 1/2 with Fourier expansion
as in (2.1), and let f, € Syk—2 denote the corresponding Shimura lift. The Saito—
Kurokawa lift associates to & (or fp) a Siegel cusp form Fj, of weight k for Sp,(Z)
with Fourier expansion (2.5), where

amy = Y d e (4detT), T:(r;’zrn/f)ep(Z), 2.6)

d|(n,r,m)

see e.g. [27, §6]. If L(fp, s) is the standard L-function of f;, (normalized so that the
functional equation sends s to 1 — s), then the norms of Fj, and & are related by ( [53,
p- 5511, [14, Lemma 4.2 & 5.2 with M = 1])

2 D(K)L(fh,3/2)

Fy|? = |k
I Frll” = Il T2

2.7)

Remarks: (1) This inner product relation was generalized to Ikeda lifts in [48]. Their
case n = 2 is consistent with (2.7) taking into account the different normalization of
the inner product (2.2) with an additional factor 1/6 imported from [54].

(2) Note that the formula three lines after (4) in [53] is off by a factor of 2 (and also
based on a different inner product). The proof of [14, Lemma 5.2] contains a number
of typos (the powers of & in (10) and the preceding display seem to be incorrect as
well as the normalizing factor after (10)), but the final result for M = 1 is independent
of this and consistent with (2.7).

(3) For future reference we note that for %ts > 1 we have

Mp) 1 A(n) n(n)u? (m)
_ — e 7 2.8
L(fhv S) l_[ ( P + pZS) (H%:ZI nsm2x ( )

if A(n) denotes the n-th Hecke eigenvalue of fj.
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3 Non-holomorphic automorphic forms

We recall the spectral decomposition of L>(I'\H) with I' = SL,(Z), consisting of
the constant function ug = «/3/7, a countable orthonormal basis {u pi=12..}
of Hecke—Maal3 cusp forms and Eisenstein series E(., 1/2 + it), t € R. As in the
introduction we call the collection of these functions A and the subset of even members
Ay, and we write |’ A Tesp. / Ay for the corresponding spectral averages. We also

introduce the notation | Xev du for a spectral average without the residual spectrum
which in this case consists only of the constant function. We use the general notational
convention that an element in A or Ay is denoted by u while a cusp form is usually
denoted by u.

For t € R let U denote the space of even weight zero Maaf3 cusp forms for I’
with Laplacian eigenvalue 1/4 + 2. It is equipped with the inner product

—dxdy
(ur,uz) = f ui(2)uz(z) R (3.1

I\H

We write the Fourier expansion as

u(z) =Y a(n)Wo i (4x|n|y)e(nx)
n#0

with a(—n) = a(n), where Wy ;;(4my) = 2y'/?K;, (27 y) is the Whittaker function.
The Hecke operators T (n), normalized as in [47, (1.1)], act on Uf" as a commutative
family of normal operators. We call t = t,, the spectral parameter of u. The Eisenstein
series

S

E(Z, S) = Z (;NV]/Z)S = Z |C‘Zj}-—d|2€

yeTa\T (c,d)eZ? {£1)
ged(c,d)=1

for T = PSL,(Z) are eigenfunctions of all 7'(n) with eigenvalue

ps(n) =Y (a/by ' =001 o), o) =) d',  (32)

ab=n d|n

and an eigenfunction of the Laplacian with eigenvalue s(1 — s). We call (s — 1/2)/i
the spectral parameter of E(., s). If u is an Eisenstein series or a Hecke-Maal} cusp
form with Hecke eigenvalues A, (n) we define the corresponding L-function L(u, s) =
>, Au(n)n™*. In particular

LE(,1/2+it),5) = ¢(s +it)¢(s — it). (3.3)

If u € Uf is a cuspidal Hecke eigenform with eigenvalues A (n), then |n]| 124(n) =

a(1)X(|n|), and by Rankin-Selberg theory (and [33, 6.576.4] with a = b = 4,
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V= =it)
2 2
lull? = Sres(lul®, £ 5) = Sres 3 '“ﬁ’f)'l /WOzr(47T}’)2 2y
T >0
_ 2mlaP |x<n>|2n‘/zr(s/2>r<s/2—n)r<s/2+zr> (3.4)
B L Qr) T (1 +5)/2)

_ 2la())*L(sym*u, 1)
N cosh(rt) '

We recall the Kuznetsov formula [55] and combine directly the “same sign” and the
“opposite sign” formula to obtain a version for the even part of the spectrum. The
conversion between Hecke eigenvalues and Fourier coefficients in the cuspidal case
follows from (3.4).

Lemma?7 Let n,m € N. Let h be an even holomorphic function in |3t| < 2/3 with
h(t) < (14 |t))73. For non-constant u € A let L(u) = L( sym*u, 1) if u is cuspidal
and® L(u) = |¢(1+2it)|? ifu = E(., 1/2 + it) is Eisenstein.> Then

o0

P ha () (m) ) B
/Wh(tu)du =8n—m / h(t)t tanh rr) L —
Ay e
S(m,n,c) ,//nm 3.5)
+¥ ¢ h< c )

+Z S(m,;n,c)h**(M)

c

where

R (x) = 2i / Mk(r)ttanh(m)—
sinh(7rt)
4 T . dt
¥ (x) = — / Ko (4mrx) sinh(zwt)h()t—. 3.6)
T 4

—0o0

We turn to half-integral weight forms. Let Vﬁ (4) denote the (“Kohnen”) space of
weight 1/2 MaaB cusp forms for ['o(4) with eigenvalue 1/4 4 ¢ with respect to the

2 Note that the measure du is dt /4 in the Eisenstein case which explains the factor 1/2 in the definition
of L(E(., 1/2+i1)).
3 with the obvious interpretation in (3.5) forr = 0
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weight 1/2 Laplacian and Fourier expansion

v(z) = Z b(n)Wlsgn(n)J.t(4JT|n|y)e(nx). 3.7

7
n7#0
n=0,1 (mod 4)

The congruence condition on the indices can be encoded in an eigenvalue equation:
the functions v € Vt+ (4) are invariant under the operator L defined in [47, (0.7), (0.8)],
cf. also [5, (A.1)]. The space V,+ (4) is a finite-dimensional Hilbert space with respect
to the inner product

—dxd
(v, 12) = / v (2)v2(2) );2y. (3.8)

Fo(4\H

The Hecke operators T (p?), p prime, act on V,"(4) as a commutative family of
normal operators that commute with the weight 1/2 Laplacian (again we use Kohnen’s
modification for 7' (4) in order to treat all primes uniformly). Explicitly, if 7'( pHv =
A(p)v, then (see [47, (1.3)]) the Fourier coefficients of v satisfy

Mp)b(n) = pb(p?) + p~' 2 xu(p)b(m) + p~'b(n/ p*) (3.9)
for all primes p and all n € Z \ {0} with n = 0,1 (mod 4) with the convention
b(x) =0forx ¢ Z.Ifv € V,Jr (4) is an eigenfunction of all Hecke operators T ( %)

with eigenvalues A(p), the relation (3.9) can be captured in the identity

—s—1/2

o b(Af?) 1— xa(p)p
=b(A
; g )1:[ L= App~ +p>

for a fundamental discriminant A. Extending A(p) to all n by the usual Hecke relations,
we see that the denominator is just Y A(p")p~"*, so that

FOAFD) =b(A) Y () xa(d)r(f/d)d ™" (3.10)
dlf

for a fundamental discriminant A and f € N.

4 Period formulae

Letv € V,+ (4). Katok and Sarnak proved in [47, Proposition 4.1] that there is a linear
map (a theta lift) .# sending v to a non-zero element in U5 if b(1) # 0 and to 0
otherwise. A calculation [47, pp. 221-223] shows that if v is an eigenform of 7'(p?),
then .#v is an eigenform of 7'(p) with the same eigenvalue, and this computation
works verbatim for p = 2, too. Conversely, given an eigenform u € Uft" with Hecke
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eigenvalues A(p), by [4, Theorem 1.2]* there is a unique (up to scaling) v € VtJr 4)
having eigenvalues A(p) for T'(p?), p > 2, (and then automatically also for T (4),
since T (4) commutes with the other operators) which may or may not satisfy b(1) # 0.
In particular, for a given eigenform u € Us) there is at most one eigenform v € /A
(up to scaling) with v = u € Uy} If it exists, we normalize it to be L*-normalized
and denote its Fourier coefficients b(n) as in’ (3.7). If no such v exists, we define b(n)
to be 0.

If u is a Hecke—-Maal} cusp form or an Eisenstein series, the absolute square of the
periods P(D; u) can be expressed in terms of central L-functions. We introduce the
relevant notation. For a discriminant D = A f2 with a fundamental discriminant A

let

o0

LD, ) = L(xa, ) Y sld)xa ot as(ffbd ™ = Y2 L2y
dlf n=1
With p; as in (3.2) we can re-write this as
L(D,s) = L(xa, ) f'?7° Y n@xa@ps(f/d)d ">, 4.2)

d|f

Since p; = p1—s, We see that L(D, s) satisfies the same type of functional equation
as L(A, s) namely

A(D, ) := L(D, s)|D|S/2F<S+Ta)n'_S/2 — A(D, 1 —5) (4.3)

witha = 1if D < Oand a = 0 if D > 0. For a Hecke—Maal3 cusp form or an
Eisenstein series u define

o]

LwD,s)=Y 50("’1%(") (4.4)
n=1

The key point is that
2
L AF21/2) = L, A1/ ( Y @ xa @ F/dd ™) 45)
d|f

as one can check by a formal computation with Euler products using the Hecke relation
for the eigenvalues A, (which are identical for Maal} forms and Eisenstein series), see

4 Hecke operators and inner products are normalized differently in [4], but this plays no role in the present
discussion.

5 This determines b(n) only up to a constant of absolute value 1, but we will only encounter products of
the type b(n1)b(ny), so that this constant is irrelevant.
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[54, p. 188-189]. For later purposes we record the simple bound

2
(X n@xa@ra(f/aa?) < 17 (46)
dif

uniformly in A and u, which follows from the Kim-Sarnak bound with2-7/64 < 1/3.
From (4.2), the fact that |L(xa, 1/2+it)|> = L(E(., 1/24it), A, 1/2) and (4.5)
we have

IL(AF2, 172+ i)

2
= 1L(tas 12+ 0P| 3 @ xa@iecapsin(Fldd™ 2" (43,
dlf
=L(E(,1/24i1), Af%, 1/2).

The next key lemma expresses the periods P (D; u) defined in (1.5) for cusp forms
u as half-integral weight Fourier coefficients, and then their squares as L-functions.
The first formula (4.8) is essentially a formula of Katok-Sarnak [47, (0.16) & (0.19)],
the passage from squares of metaplectic Fourier coefficients to L-functions in (4.9)
is a Kohnen-Zagier type formula of Baruch-Mao [4, Theorem 1.4]. The combination
(4.10) of these two is a special case of a formula of Zhang [76, Theorem 1.3.2] or [77,
Theorem 7.1], derived independently by a different method.

Lemma8 Ifu € U,Y is an even Hecke-Maaf} cusp form and D1, Dy < 0 are two
discriminants, then

P(Dy; u)P(Dy; w)|lul~2
|Dy Dy |14

= %L(u, 1/2)T(1/4 +it)[(1/4 — it)|D1 D2|'*b(D1)b(Dy).  (4.8)

For a discriminant D of either sign we have

b(D)|?
1 L(u,D,1/2) coshQm0)['(5 — gsgn(D) +inT (5 — gsgn(D) — if)
2471 L(sym2u, 1) |D| ’
4.9
For D < 0 we have
P(D;w)||lull”> L(u,1/2)L(u, D, 1/2
|P(D;w)|“llul ==  L(u,1/2)L(u, D, 1/2) 4.10)

|D|1/2 o 4L (sym2u, 1)

Remark: The exact shape of these formulas is an unexpectedly subtle matter, and
the attentive reader might well be confused by the various and slightly contradictory
versions in the literature. There are at least four sources of possible conflict:
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the Whittaker functions can be normalized in different ways;

the inner products can be normalized in different ways;

the translation from adelic language to classical can cause problems;

there can be ambiguities related to the groups GL(2) vs. SL(2) vs. PSL(2).

The Katok-Sarnak formula exists in the literature with proofs given in at least in three
different versions: [47, (0.16)], [6, Theorem A1] and [25, Theorem 4]. The original
version of Katok-Sarnak was carefully revised by Bir6, but the latter seems to be still
off by a factor 2 compared to the version in Duke-Imamoglu-Toth, which was checked
numerically.

The Baruch-Mao formula [4, Theorem 1.4] is quoted in [25, (5.17)] with an addi-
tional factor 2. Zhang’s result [77, Theorem 7.1] (and also the remark after [76,
Theorem 1.3.2], the theorem itself being correct) is missing the stabilizer €(z) in the
period P(D; u). This formula is slightly incorrectly reproduced in [58] and several
follow-up papers, based on a different normalization of the Whittaker function. Finally,
neither combination of one of the three Katok-Sarnak formulae with the Baruch-Mao
formula in [4, Theorem 1.4] coincides with Zhang’s formula.

We therefore feel that these beautiful and important results should be stated with
correct constants and normalizations. For the proof of Theorem 2 and its connection
to the mass equidistribution conjecture this is absolutely crucial. As [25, Theorem 4]
was checked numerically by the authors, we follow their version of the Katok-Sarnak
formula. This gives (4.8). We verified and confirmed the constant in Zhang’s formula
independently by proving an averaged version in Appendix A. This gives (4.10). By
backwards engineering, we established the numerical constant in the Baruch-Mao
formula, which gives (4.9) and coincides with [25, (5.17)].

Note that (4.10) is essentially universal: the right hand side of (4.10) is independent
of any normalization, the left hand side depends only on the normalization of the inner
product (3.1) which is standard.

Proof We start with the formula [47, (0.16)] for a general discriminant D < 0, but
use the numerical constants as in [25, Theorem 4] (proved only for fundamental
discriminants there). This formula expresses P(D; u) for an arbitrary discriminant
D < 0 as a sum over Fourier coefficients of all v with .”v = u. By the above
remarks, there is at most one such v. If there is none, then both sides of (4.8) and
(4.10) vanish by [47, (0.16), (0.19)] and our convention that b(n) = 0 in this case,
and there is nothing to prove. Also note that the left hand side of (4.8) and both sides
of (4.10) are independent of the normalization of u, so without loss of generality we
may assume that u is Hecke-normalized as in [47]. We obtain

P(Dy; u)P(Dy; u)||ul =2

D, D1/ = 6/D1 D2 *b(D1)b(D) b1 |ul>.

Next we insert [47, (0.19)] (again keeping in mind the different normalization of
(3.8) and observing that this is coincides with the numerically checked version of [25,
Theorem 4]) getting (4.8).

If D is a fundamental discriminant, then (4.9) follows from [25, (5.17)] together
with (3.4) with a(1) = 1 and 2¢ in place of z. By (3.10) and (4.5) this remains true
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for arbitrary discriminants. The formula (4.10) is a direct consequence of (4.8), (4.9)
and well-known properties of the gamma function, and was proved independently by
Zhang [76, Theorem 1.3.2]. O

Remark: The argument at the beginning of this proof shows that the u-sum in
Proposition 4(a), up to terms of size 0, can be replaced with the v-sum in (1.10), using
(4.9). This completes the proof of (1.10).

A similar result holds for Eisenstein series. If aX? 4+ bXY + cY? is an integral
quadratic form of discriminant D = b — 4ac < 0 with Heegner point z = (v/[D]i —
b)/(2a), then

E(z,5) =

1 Z W/1Dl/2)?
2(2s) (au® — buv + cv?)s’

(., v)€(Z\(0,0))/{£1}

Hence

P(D; E(.,5)) = L

(\/IDI
(2s)

Y

where ¢(D, s) is defined® in [75, (6)]. By [75, Proposition 3 iii] (or [25, Theorem 3])
we obtain the following lemma in analogy to Lemma 8.

Lemma9 If D < 0 is a discriminant, then

- @<—V|2|>S{(S)L(D, 5, @.11)

P(D; E(.,s))
and hence

|P(D; E(.,1/2+in)[*  L(E(,1/2+i1),1/2)L(E(.,1/2+i1), D, 1/2)
|D|1/2 a 21¢(1 4 2it)|? ‘

(4.12)

Remarks: (1) The second formula follows from the first by (3.3) and (4.7).

(2) Here the verification of the numerical constants is much easier than in the
cuspidal case. Taking residues at s = 1 in (4.11) for a fundamental discriminant
A < 0 returns the class number formula for Q(\/Z), which confirms the numerical
constants.

(3) For future reference we recall the standard bounds

(L 4it) > 1175, |t > Lisym?u, 1) > [1,| ¢ (4.13)

6 Note that Zagier defines I' = PSL, (Z), so his definition of equivalence coincides with ours. The quotient
by {£1} in the u, v-sum is not spelled out explicitly in [75, (6)], but implicitly used in the proof of [75,
Proposition 3] on p. 131.
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for ¢ > 0. This is in particular relevant to obtain upper bounds in (4.12) and (4.10).

We close this section by stating a standard approximate functional equation [44,
Theorem 5.3] for the L-functions occurring in the previous period formulae. For
u € U and a fundamental discriminant A (possibly A = 1) we have

L, A, 1/2) = L(u % xa, 1/2) = 22%%(%) (4.14)

where

W,(n):%/.r( (2+a+s+lt))F( (2+a+s—zt)) _yds 4.15)

F( (2 +a+lt))r( (2 +a—it))ms

witha =1if A < 0and a = 0if A > 0. Note that W; depends on A only in terms
of its sign. If we want to emphasize this we write W,© and W,;” with + = sgn(A).

A similar expression holds for E(., 1/2 + it) in place of u except that in the case
A = 1wehave L(E(.,1/2+1it),1,s) = ¢(s+it)¢(s —it) and there is an additional
polar term’. We have

LE(,1/2+i1), A, 1/2) =2 WW’(%>

5 Z (1 £2i00 (5 + i) Fit g(1/2£i1)?
- A:1 . ;7 )
GEiTG+HrG-59

+

(4.16)

with p1/24; as in (3.2).

5 Half-integral weight summation formulae

In this section we compile the Voronoi summation and the Kuznetsov formula for
half-integral weight forms in the plus space.

5.1 Voronoi summation

As before let

v(@) = Y bWy g i 4T In]y)e(nx) (5.1)
n#0

7 Note that there is a sign error in [44, Theorem 5.3]: the residue R should be subtracted.
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be a Maal} form in the plus space of weightk € {1/2, 3/2} and spectral parameter ¢ for
"o (4) with respect to the usual theta multiplier. We start with the Voronoi summation
formula [16, Theorem 3].

Lemma10 Letc € N, 4 | ¢, (a,c) = 1. Let ¢ be a smooth function with compact
support in (—oo, 0) U (0, 0o) and for y > 0 define

(k) = f TEF () + TE () (—yd, 5.2)
0
where
TEEy = STRRFID ;o) - STREEID 0 )
sin(2mir) sin(2wir)
B FQ./x,2r, Fk)
sin(2mir)
j:t,$(x) — 2K2ir(2ﬁ)

T(1/2+k/2+irT(1/2£k/2 —ir)

with F as in (1.6). Then

> bInle( o = (=5)etke(5) 2o b ini e - )q)((znz)z)

n#0 n#0 ¢

with €, as in (1.8).

The proof of the Voronoi formula (Lemma 10) follows from a certain vector-valued
functional equation satisfied by the L-functions with coefficients b(+n)e(*an/c). The
same functional equation holds if v is not cuspidal (this is clear from general principles
and worked out explicitly in [22] along the same lines), but in this case the L-functions
are not entire; they have various poles. We use this observation for two non-cuspidal
modular forms. The first is a half-integral weight Eisenstein series

E( 1+”) QM (1/2 4 2i0¢ (1 4+ 4it) 0y
2 C(3/4 +it)[(1/4 +it)
212N (1/2 = 2i)¢ (1 = 4it) g,
F(3/4+inT(1/4+ir)
L(D,1/2 +2it)|D|'" Wugn(D) (47 |Dly)
2 |D|1/2 I+ Lsgn(D) +ir)

+

(5.3)

e(Dx)

D

which transforms under I'g(4) as a weight 1/2 automorphic form with theta multiplier;
see [25, p. 964]. As usual, D runs over all discriminants. The other is Zagier’s weight
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3/2 Eisenstein series®

dor )34
1@ =3 2D (D1 Wsga 1 s Dly) — S

D<0 D/ 12
( L (5.4)
Z R W—z/4 1/4(4mny) + ——— Y
4f N

which transforms under ' (4) as a weight 3 /2 automorphic form with theta multiplier.
As before H (D) is the Hurwitz class number. For € € {1}, (a,c) = 1,4 | c, the
Dirichlet series

3 L(D, 1/2 + 2it)e(aD/c)| D|!!

|D|1/2+w
eD>0

has possible poles at w = 1/2 % it with certain residues R.(+£?, a/c), say (cf. [7,
Lemma 2] in the case ¢ = 1, the general case being analogous). Consequently we
obtain the following analogue of Lemma 10.

Lemma 1l Letc e N, 4 | ¢, (a,c) = 1,1t € R\ {0}. Let ¢ be a smooth function with
compact support in (—oo, 0) U (0, 0o) and for y > 0 define ® as in (5.2). Then

3 L(D, 1/2+2it)|D|” (aD>¢( )

D20 1"(2 +it+ g sgn(D))

_[—c Re(£t,a/c) / +it g
_<d) <>[ Z ZF(2+zt+ 10 plenxdy

ee{£l} +

1/2+42 it 7 27)2
+Z L(D,1/ + in|D|" 2x <_Q)q><( 71)2 D)]

D#OF(Z +it+ g sgn(D)) c c c

For ¢t = 0 one combines the +-terms and takes the limitas¢# — 0. In our application,
the values R (¢, a/c) are irrelevant (as long as they are polynomial in ¢ and ¢) since
we apply the formula with a function ¢ that oscillates much more strongly that x*/
so that the integral is negligible.

We obtain a similar summation formula for Hurwitz class numbers. Although we
do not need it for the present result, we compute in Appendix B the residues explicitly
and get the following handsome formula.

8 This corresponds to (4 y)3/ 4.7 (z) in [35, Theorem 2, p. 91]. We have multiplied Zagier’s definition by
a factor (4]‘(y)3 /% in order to make our |H(z)| invariant under I'o(4).
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Lemma12 Letc € N, 4 | ¢, (a,c) = 1. Let ¢ be a smooth function with compact
support in (0, 00). Then

H(D) (a|D|
> We< )¢>(|D|)
D<0

(). (3 H(D) 27 alD| r N (2n)2|D|
= (5)el) a7 [ (o

s 1/4271 an / ( )
+7 ﬁ,; ( ) T~ b (1)dt
o0 1 B \/_7.[
+/¢(x)(mx V- 332" 1/4>dx]
0
where
in(2 22V
TT(x) = % J (x) = exlﬁ (5.5)

Remark: Observing that for negative D = 0, 1 (mod 4) we have
e(|D|/4) +e(3|D|/4) = 26p=0(mod4), —e(|D|/4) + e(|D|/4) = 2idp=1 (mod 4),

it is a straightforward exercise to conclude

1
Z H(D) = 6x3/2 8X+O(X3/4)

—X<D<0
D=6 (mod 4)

for § = 0, 1. Further congruence conditions on D can be imposed, and the error term
can be improved by a more careful treatment of the dual term in the Voronoi formula.
See [72] for the corresponding result for the ordinary class number /1 (d). The following
table provides some numerical results (here we combined the cases § = 0 and § = 1).

X 1000 2000 4000 6000 8000 10,000
> H(D) 5280.5 15,1313 43,189.5  79,685.7 122,967 172,106
D<X

1
%XW - 3X 5269.22 15,110.7 43,153.7 79,615.6 122,885.6 172,032.9
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5.2 The Kuznetsov formula

The Kuznetsov formula was generalized by Proskurin [66] to arbitrary weights and
by Andersen—Duke [2] to Kohnen’s subspace. Interestingly, only the direction from
Kloosterman sums to spectral sums appears to be in the literature, but no complete
version in the other direction. Bird [5, p. 151] has a version only valid for test functions
on the spectral side whose spectral mean value is 0, Ahlgren—Andersen [1, Sect. 3]
use an approximate version.

We take this opportunity to state and prove the relevant Kuznetsov formula both
for the full space of half-integral weight forms and for Kohnen’s subspace. Starting
with the former, for k € {1/2, 3/2} the relevant Kloosterman sums are

K.(n,m,c) = Z 6§K (2) e <nd+mc7) (5.6)

d (mod ¢)
d,c)=1

for 4 | c¢. The Eisenstein series belong to the two essential cusps a = oo, 0. We
normalize and denote their Fourier coefficients by ¢q,, (1/2 +it) = ¢£5,2 (1/24it) as
in [66, (12)—(14)]. We denote by Y *) 3 sum over an orthonormal basis of the space
of cusp forms of weight « and label the members by v;, j = 1,2, ... with Fourier
coefficients b (n) as in (5.1) and spectral parameters by ¢;. We recall the definition of

F from (1.6).

Proposition 13 Letx € {1/2,3/2}, m,n > 0. Let h be an even function, holomorphic
in |3t < 2/3 with h(t) < (1 + |t])~*. Then

Z(K) mnbj(m)bj(n)

cosh(mt;)

h(lj)
J

[\ o2 +ingl) /2 +in
» — h(t)d
" " _/ (m) 4cosh(mt)I (L= +in) (< —in) (ndr

oo

. 1—x 11—« .\ dt
= 8y / h(t) smh(m)r(T + zt)F(T _ lz)m
—0o0
1 Ke(m,n,¢) [ F(dmy/am/c,2t, —)
—K «m,n,c w/nm/c,2t, —k
—|—e< 4 )ZC: c / cosh(mrt)
0

11—k 1—x dt
F(T + ”)F(T - n)h(r)r —
if in addition h(+£i/4) = 0. Moreover, regardless of the value of h(%i /4) we have

Z(K) /mnbj(—m)b;(—n)

cosh(rt;)

h(tj)
J

@ Springer



A symplectic restriction problem 1347

® () () .
nNit ¢g L, (1/2+it)p, —_,(1/2 +it)
+Xa:/ <H—1> — h(t)dt

4cosh(m)I (155 +inD (55 —ir)

1 1 dt
=8n:m/h(t)tsinh(m)r‘(%—f—it)r‘( te )4—3
T
—00
1 K o ) [ F(dnJam /e, 21, k)
+ Kk —(m,n,c T/ nm/c,2t, K
—|—e< 4 ); c / cosh(rmrt)
0

F(l ;K +it>1"(# —it)h(t)t%.

Remark: Note that the space of weight 1/2 Maal} forms v with spectral parameter
i /4 are in the kernel of the Maa lowering operator. Hence y~!/4v is holomorphic,
so that v has no non-vanishing negative Fourier coefficients. This is consistent with
the fact that the Eisenstein contribution vanishes in this case because of the gamma
factors in the denominator.

Proof By [66, Lemma 3] witho = 1,¢ = 27 € R and the first formula in [66, Lemma
6] we have the “pre-Kuznetsov” formula

X
Ki(m,n,c) _, T / 1 Sp=me((1 +x)/4)
N Fy. 2.1 — k)y<~d
; 2 smh@nn ) ORIy
0

B mle((14x)/4) ( 3 bj(m)b,(n)
Tar( — 5+io)l( -5 —it) 7 cosh(m (t; — 1)) cosh(m (t; + 1))

1 [ my—it Pan (124D pan(1/2+i)
- dt ).
+4«/nm Xa: _/ <n) F(IT+’(+it)F(lT+"—it) cosh(w(t—1)) cosh(mw (t+71)) t)
where

x =4m/mnjc.

Note that taking o = 1 is admissible in the present situation because we have the same
Weil-type bounds for the Kloosterman sums K, (n, m, c¢) as for K ,:r (n,m,c)in (1.9).
Also note that there is a typo in [66, Lemma 6] in the upper limit of the integral.

For & as in the lemma and ¢ € R we have the following inversion formula

cosh(r7) _ 2h(»)
cosh(mr(t — 1)) cosh(m(t + 1)) = cosh(rrt)’

/ (h(x+i/2)+h(x —i/2))
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This is the lemma on p. 327 of [55]° which is readily proved by residue calculus. We
now integrate the pre-Kuznetsov formula against

(h(r +i/2) + h(t — i/2)) cosh(zt)I'(1 —«/2+it)'(1 —k/2 —iT).

Our assumptions on % ensure absolute convergence and the possibility to shift the
contour up and down to It = =£1/2 without crossing poles. In this way the §-term
becomes

(1 +1)/4) [

m=n h(t)I'(1/2 —«x/2+it)['(1/2 —k/2 —it)27 sinh(rwT)dT.
4w (m + n)

—00

For the Kloosterman term we insert the definition in (1.6) getting

K.(m,n,c) mi Tor raa—-«)/24+in)r(1 —«)/2 —it)
-3 f/h(r)

c? 2xk cosh(z 1)
—00 0

S e ()08 (e/2 + i) (1 — K)/2 + ereait)y~dy dr.
€1,6e0e{x1}

We note that

(k = 1) 2 (y)

1= d (i (V)Y
" () =0
Dir1 (VT + (1 —«)/2) + Joir—1 (M1 — k) /2 —iT)

—2it

where the last equality follows from the recurrence relations [33, 8.471.1&2]. Sub-
stituting this, we can evaluate the y-integral by the fundamental theorem of calculus,
arriving at

F(x,2t, —k)dt

cosh(mr)

Kemon,o)m [ T'((1=«)/2+it) (1 —Kk)/2 —iT)

—00

after some elementary manipulations. We multiply the resulting expression by /mn
to obtain the first formula. Note that the c-sum is absolutely convergent by the power
series expansion of the Bessel function contained in F(x, 2¢, —«) and the fact that
h(xi/4) = 0, as we can shift the #-contour up and down to [J¢| = 1/2 — ¢.

There are two ways to derive the second formula from the first. We can either
observe that in Proskurin’s notation we can compute (U,(., s1), U, (., 52)) instead

9 We have corrected a sign error. This sign error is cancelled by another sign error in [55, (6.6)]. The
inversion formula was re-produced in [44, Lemma 16.4] with the same sign error. There the sign error is
cancelled by sign errors in the first and fifth display on p. 410.
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of (U (., s1),Uy(.,52)). This changes the signs of the coefficients in the spectral
expansion and has the effect of changing « into —«. Note that in this case we do not
need the extra condition h(%i/4) = 0 to shift contours. Alternatively, we use the
following fact (cf. [26, (4.17),(4.18),(4.27),(4.28),(4.64), p. 507, p. 509]): the map

2
7= ((552) +2) XA

with X : f(z) = f(=2z) and A, = «/2 + y(idx — 9y) the weight lowering operator
is a bijective isometry between weight x and weight 2 — k that exchanges positive and
negative Fourier coefficients:

T ( Z b(")e(nx)wsgn(n)%,it (4 |n|y)>
n7#0

K — 1\2 —lsgn(n)
= Z b(—l’l)SgH(fl)((T) + tz) ’ e(nx)ngn(n)Z%K,it(A"n |’l|y)
n#0

This yields again the second formula from the first. O

In order to get a corresponding formula for the Kohnen space, we apply the L
operator

1 1+wl/4
2(1 +i%) wZ ( 4w 1 )

mod 4

to the formula. As in the case of the Petersson formula (Lemma 6), this has the effect
that

e the cuspidal term is restricted to forms in the Kohnen space;

e the 5-term is multiplied by 2/3; the reason for the number 2/3 is that the dimension
of the Kohnen space is 1/3 of the full space, but only half of the coefficients appear;

o the Kloosterman sums (5.6) are replaced with the Kloosterman sums (1.7) and the
Kloosterman term is also multiplied by 2/3.

The hardest part is to compute the Eisenstein coefficients. All of this has been worked
outindetailin [2, Sect. 5]. The corresponding formula [2, Theorem 5.3] can be inverted
in the same way. In the following lemma let Z+ denote a sum over an orthonormal
basis of weight 1/2 Maal3 cusp forms in Kohnen’s space. We recall the definition (4.1)
and (4.2) of L(D, s) for a discriminant D.
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1350 V. Blomer, A. Corbett

Lemma 14 Let k = 1/2 and let n,m € Z that are congruent 0 or 1 modulo 4. Let h
be an even function, holomorphic in |3t| < 2/3 with h(t) < (1 + |t|)~*. Then

Z cosh(mt;) hitj)
L]o L(m,1/2 —2it)L(n, 1/2 + ir) s
12 1£(1 4 4it)|2 cosh(x )T (€ +inT (K< —ir)
: i -« . l—x .\ dt
= gsn:m / h(t)ts1nh(nt)F(T+lt)r( 5 _lt)m

% (1—/( K (m n, c)/F(47n/nm/c, 2t, —k)
+3 4 ) cosh(rt)

F(l_ i )F(I%K—it)h(t)t%

forn, m > 0ifinaddition h(£i /4) = 0. Moreover, regardless of the value of h(+£i /4)
we have

Z ) Imn|bj(m)b;(n) ht))

I cosh(rt;) J
1 (ﬂ)it Lo 12 =20l /2400 0
127 |m| |§(1+4zt)|2cosh(rrt)F(12" +zt)F(lT“ — i)

o0

- —5 = / h(t)t th(ﬂ t)I ( K l )] (_K + l[)_
= S 3
3 n=m 2 2 471
—00

2 /14« K(Iml nl,c) [ F(4n/|nm|/c,?2t, k)
+§e< 4 )XC: / cosh(rmrt)

1+« . 1+« . dt
F( ) +lt>F<T - lt)h(t)tﬁ

ifn,m < 0.

6 Harmonic analysis on positive definite matrices

Here we prove Proposition 1. We identify the Hilbert spaces

(H, y2dx dy) x (R=q, r"'dr) = (P(R), (det Y)~3/?dY) (6.1)
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via
N
t:(x+iy,r)— /r 1 .
( y.r) (_xy Ly 1(x2+y2)>
Note that for Y = «(x + iy, r) with r = det Y we have

dy Jr
d(r,x,y) y

so that the measures coincide. The group T’ = PSL,(Z) acts faithfully on P(R) and
P(Z) (as defined after (2.5)) by T + U ' TU for U € T. This is compatible with the
action of T on H by Mdbius transforms. Every smooth function f € L*(I"\H) has a
spectral decomposition

f(Z)=Z(f uiui(z)+ f(f E(C,1/24it))E(z 1/2—|-it)ﬁ
= PR . B ’ 47
= /(f,u)u(z)du.
A

We recall the notion of the spectral parameter #, for u € A; the constant function has
spectral parameter i /2. Combining the spectral decomposition on I'\H with Mellin
inversion, we conclude that, for a smooth function ® € LZ(F\P(R)), the spectral
decomposition

DY) =P((x+ iy, r)) = /f<6(s)’ ujulx + iy)du r—sﬂ

2mi
) A

holds provided & is sufficiently rapidly decaying as r — 0 and » — oo. Here,

o]

~ . ) dr
D(s)(x +iy) = / D(u(x + iy, r))VST
0

is the Mellin transform with respect to the r-variable. This gives the Parseval formula
d i d
Y ~ t
dY)|* = ®Y2—=//¢‘t, 2du—. (6.2
lemiP= [ 1o TEaEe (@, wldu s (62)
M\P(R) “ A

For an automorphic form u € A and a Siegel cusp form F € S,Ez) with Fourier
expansion (2.5) we define the twisted Koecher—Maalf series by

T
L(Fxus)= Y 6(T)((1(;’(T)z+(k_l)/2u((detT)*l/zT) (6.3)
TeP(Z)/T
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where €(T) = {U € T | U'TU = T} is the stabilizer and s is (initially) suffi-
ciently large. This series is often defined in terms of GL;(Z)-equivalence instead of
T-equivalence, but for us the present version is more convenient. This function has no
Euler product, but it does have a functional equation. Let

k—1 1 t
G(F x u,s) := 4(27) kt1-2 ]_[ r (— 45— -+ l—“) (6.4)
R 2 47 2

Let us assume that k is even. Then for all even u (including Eisenstein series and the
constant function), the function L(F x u, s) has an analytic continuation to C that is
bounded in vertical strips and satisfies the functional equation [39, Theorem 3.5]

L(F xu,s)G(F xu,s)=L(F xu,l—s)G(F xu,1—s).

The functional equation is a consequence of the following period formula. For Ns
sufficiently large we have (cf. [39, pp. 927-928])

/ FQ(.,r)),ar 5 Lysdr / /F(L(Z r))r e “—u(z)dXdy
0 T\H y

_ Y a(M)e D (dety)'T Hou ((det Y)’I/ZY)
TeP(Z)

dy
(et Y)3/2
NP®)

Now splitting the 7-sum into equivalence classes modulo I" and unfolding the integral,
this equals

dy
(det Y)3/2°

Z (ZE;) / e—Zntr(YT) (det Y)k%]-i-xﬁ ((det Y)—l/2 Y)
__€
TeP(Z)/T P(R)

Note that it is important that the action of T is faithful. The last integral over P(RR)
was evaluated by MaaB [60, p. 85 and p. 94]:

dy
—u(YT) s —12
f p (det Y)'G ((det Y) Y) T
P®)
_ " ﬁ((detT)_l/zT) l_[F(s Ly @)
T (detT)* 472

+

for any u € A. Thus we obtain

f FQ(.,r),ur z’“i—r = gL(F x U, $)G(F x U, s),
0
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initially for 9is sufficiently large, but then by analytic continuation for all s € C. For
odd u, the left hand side vanishes, since (F (¢(., 7)), u) = 0 for every r. The Parseval
formula (6.2) now implies Proposition 1 in the introduction.

In the special case where F is a Saito—Kurokawa lift, the Koecher—Maal} series
simplifies.

Lemma15 If k is even and F = F), € S,Ez) is a Saito—Kurokawa lift with Fourier
expansion as in (2.5) and (2.6) and u € A, then

Z cn([D)P(D; )

L(Fy x u,s) =477 ¢(2s) =
|D|S+T

D<0
D=0,1(mod 4)
for Ns sufficiently large and P(D; u) as in (1.5).

Remark: One would expect that ¢;, (| D|) is roughly of size | D| 51 and that P(D; u)

is roughly of size |D| (for non-constant u) so that typically ¢, (| D|) P(D; u)| D
is roughly of constant size (with respect to D). Using trivial bounds for P (D; u) and

cx (| D)), the quantity ¢, (| D) P(D; w)|D|~"7" is certainly < | D|>/4+¢.

Proof We copy the argument from [12, p. 22]. Let A be a negative fundamental
discriminant, D = A f? a negative discriminant and T € P(Z)/T. For such T =

2 mz) we write e(T) = (n,r, m) for the greatest common divisor of n, m, r. It
follows from (2.6) that

L(Fp xu,s) = gs+5 Z Z Z ET; -127)

a2 07 DI =
e(T)= t

—atE Y de lch(|D|/d2 3 u((et 7))

DA f2dli f DT det(T)=—D /4 e(T)
o(T)=t

Writing ¢ = t'd with ¢’ | f/d, we can evaluate the '-sum getting

k—1
L(Fy xus) =47 3 Zd Ch(|D|/d ) p(D/d?, )

D=Af2d|f |D|S+
(|D|)P(D u)
_4Y+ §(2 ) Ch
2

as desired. |

We combine Proposition 1 and Lemma 15 with (2.7) and use the notation of these
formulas to derive the following basic spectral formula for the restricted norm A/ (F,)

of a Saito-Kurokawa lift Fj, € S @
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Proposition 16 Let k be even and let F = Fj, € S(z) be a Saito—Kurokawa lift with

Fourier expansion as in (2.5) and (2.6). Let f, € Sy—2» denote the corresponding
Shimura lift of h. Then

2
N(Fp) = 79To L(fh 3/2) / f|g(k to, 1/2+it)L(h, T, 1/2 4 i1)|*dudt,
where
Gkt =2 2TCTHI G BT =52 %) (g
e (C(RT (k —3/2))172
and L(h, u, s) is the analytic continuation of
Tk —3/2)\"? ch(ID))P(D; u)
L(h,u,s) = (—_> ¢(2s) — (6.6
(4 )k=3/2 Dz<o Ih|2 - | DI+ T

D=0,1(mod 4)
for Ns sufficiently large.

The renormalized functions still satisfy the functional equation
Lh,a,5)G(k, ty,s) = L(h, T, 1 =95)G(k, 1y, 1 — ).

The inclusion of the gamma factor in (6.6) is motivated by the formula in Lemma 6.
From the Dirichlet series expansion and the functional equation we obtain an
approximate functional equation, cf. [44, Theorem 5.3].

Lemma17 Let F = F), € S,iz) be a Saito—Kurokawa lift and v. € A with spectral
parameter ty. Fort,x € R let

1 dv
Vilx; k, ty) == oy / e”zg(k, to, v+ 1/2+i)G(k, ty, v+ 1/2 — it)x_”T.

©)
(6.7)

Then

Gk, 1o, 1/2 +it)L(h,u, 1/2 +i1)|?
_ F(k—3/2)z Z cp(ID1)ep(1D2]) P(Dy; u) P(D2; 1)

(47T)k 3/2 ” “2 1+21tf1 2”|D1|k/2+it|D2|k/2_il

f1,/2D1,D2<0
Vi(ID1 D2|(f1 )% &, tw).
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Combining Proposition 16, Lemma 17 and (2.8) we obtain the following basic for-
mula:

A(n)p(n)pu? (m) [k —3/2)
R S / / @n R IhR

(n,m)=1

Z c(ID1))e(|D2]) P(Dy; w) P(Da; 1) <|D2|f22)it (6.8)
i f2.D1.Ds fif2| D1 Do/ |D1l f}

V,(ID1Da|(f1 f2)*; k, t)dudr.

7 A relative trace formula

In this section we prove a slightly more general formula than that stated in Theorem 3.
Let D| = Ay flz, Dy = Ay f22 < 0 be two arbitrary negative discriminants and % as
specified in Theorem 3. Combining (4.8) (with #/2 in place of ¢) and (4.11) we have

3 H(D1)H(Dy)

1 -
————— [ P(D1;w)P(Dy; wh(ty)du = —————-—h(i/2
|D1D2|1/4/ ( 1 U.) ( 2 u) (u) u T |D1D2|1/4 (l/)

ev

+ > %L(u, 1/2)T (1/4+i1,/2)T (1/4=i1,,/2)| Dy D2| /> b(DD)b(D2)h (1)

u cuspidal, even

T 1Dy \"? s L(D1,1/2+it)L(Da, 1/2 —it)  _dt
+ [ (1pa) e siop St B 2

—00

By the argument of the proof of Lemma 8 we can re-write the sum over even cusp
forms u as a sum over weight 1/2 cusp forms v in Kohnen’s space. Thus the last two
terms of the preceding display become

o 3L(u,, 1/2)D(1/4 + it;)T'(1/4 — it;)| Dy Da| b (D1)b; (D2)h(21))
j

D1\ 5 L(D1,1/2 +2it)L(Dy, 1/2 — 2it) dt
+/(@) et/z 20l 20001+ 4in)]? "0 0

—00

Here, as in Lemma 14, Z('H indicates a sum over an orthonormal basis of weight 1/2
cusp forms v; in Kohnen’s space with spectral parameter ¢; and Fourier coefficients
bj(D), and u; is the corresponding Shimura lift with spectral parameter 2¢; = t,. If
A j(n) are the Hecke eigenvalues of u ;, then by the approximate functional equations
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(4.14) and (4.16) with A = 1 we can write
Ai(n)
L(uj,1/2) =23 =5 Wayy (n)
n

and

lc(1/2+2in)
(1 £ 4inT (L % 2in)n Tt e(1/2%2i0°

p1/2+2:z(n)
=2 Wi (n) —
Z L2 2 () Xi: (3 £2i00(; +inl(§ —it)

with W; as in (4.15) with a = 0. Note that W5, (x) is even and holomorphic in |J7| <
2/3, satisfying the uniform bound Wy, (x) < (1 + 11%)/x? in this region (by trivial
bounds). Moreover Wy, (x) vanishes at t = +i/4. We first deal with residue term in
the formula for |£(1/2 4+ 2i1)|? and substitute this back into the Eisenstein term. This

gives
[ee) . 1 . .2
/ <|D1|>lt F(§ :tzit)n¥21te(l/2:|:21t)
Xi:oo |D2l) (3 £2i)0(§ +inD(5 —it)
L(D1,1/2 4 2it)L(Dy, 1/2 — 2it)
2¢(1 F4ir)

h(2t) di
21

We can slightly simplify this by applying in the plus-term the functional equation for
L(Dy, 1/2+2it) and changing ¢ to —¢, and in the minus-term the functional equation
(4.3) for L(D3, 1/2 — 2it). In this way we see that the two terms are equal and after
some simplification we obtain

? -3 2ir L -y, (1/2-2i1)? . .
2/ |D1D2|n2 27HIP(—1 +it)e L(Dy, 1/242it)L(D>, l/2+2zt)h(2t)£
VAT +it) 20(1 + 4ir) 27

Our next goal is to use the half-integral weight Hecke relations to combine
Aj(n)b;(D1). For notational simplicity let us define b;(D1) = +/|D1|b;(D1). From
(3.10) we obtain

Mb; (D) = B (Dy) = bap 3 MA@, (T,
dlfi
(@)
_b(A)dl;f1 il A(T)
rin
oy A @) g sy
B e Dy b))

rin
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In the last step we used (3.10) again together with Mobius inversion. This yields
(n)
Z ’1 73 War (b (D1)

_ Z M(Ch))lc/Az] (dy) Z sz(rn) Z XA.(m)~ ( (%)2>

dirs=f1 m|sn
_ M(dl)XAl(dl) Woi(rnm/(m, s)) XAl(m)~_ sno\2
_de-::f. 4, Z ram[(m.s)  m bj(Al((m,s)) )
M(dl)XAl (dy) Wos(rnm) xa, (m7) ~
= > —ar 22 Y b))
dyrs=fi / tu=s n muy=1 V'
M(dl)XAl(dl) Wos(rnvm) xa, (vmt) ~
= Z 12 ZZZ @) from fomT bj(A1m)?)
dirs=fi 1/ Tu=sn,m yly rnvm

_ Z Zu(dl)u(v)XA.(dlvmr)

Jdirnzom Way (rnvm)b j (A1 (vwn)?).

dirtvw= f n,m

Comparing (3.10) and (4.2), we see that the same Hecke relations hold for Eisenstein
series, and we therefore have

. |
> "‘/j—i’;()wz,(n)wn”um, 1/2 4 2ir)

— Z ZM(dI)M(U)XAI(dlvmr)
dirtvw=f] n,m Jdirntvm

L(A1(vwn)?, 1/2 + 2it).

Way (rnvm) (A (vwn)?)'

We are now in a position to apply the second Kohnen-Kuznetsov formula in Lemma 14
with

SF(1/4 4+ i)' (1/4 —it) cosh(mwt) Wy, (rnvm)h(2t)

in place of h(z). This function satisfies the hypotheses of that formula (and decays
rapidly enough in n and m), recall that Wy, (n) vanishes at ¢+ = =4i /4. The diagonal

exists only if A; = A, and vwn = f;. For a function H we introduce the integral
transform
i ) d
F(x,t,1 t
HT(x) = / (x—/)H(t)t— 7.1
cosh(rmrt) T
—0o0

with F asin (1.6).

Theorem 18 Let D) = Alflz, D, = A2f22 be negative discriminants and let h be an
even function, holomorphic in |3t| < 2/3 with h(t) < (1 + |t|)_10. Define W; as in
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4.15), L(D, s) as in (4.1) and K3+/2(a, b,c) asin (1.7). Then

: DP(Dr-11) 3 H(D)H(D
1Dy Dy 1/ f P(Dy;u)P(Dy; u)h(ty)du = ;wh(z’ﬂ)

| Dy Dy |1/
AC’V
(e.¢] . .
. / ‘DlDz 2T (=1 4 )e25I0% [ (D 1/2 4 i) L(Dy, 1/2 + i,
Jor VBT + ) ¢(1+2ir) 4r

o
u(d) () xa, (divmt) dt
+oa=a0 Y. D W - /Wt(rnvm)h(z)ttanh(m)m
dirtvw=f; m —00
vwn=fs
ud)pu()xa, (divmr)
+e(3/8
G/8) Z Z Jdirntvm

dirtvw=fi n,c,m

rnvm

Kip(ailwwn? Dol o), (4nvwn«/—|A1D2|>

C C

where Hy(t) = h(t)W,(b) and H' is given by (7.1).

Remarks:
(1) Specializing f; = f> = 1 we obtain Theorem 3.
(2) Recall again that W;(x) = 0 for t = +i /2, so that contour shifts in the #-integral
ensure that the ¢, n-sum is absolutely convergent.
(3) The first term on the right hand side corresponds to the constant function and is
obviously indispensable. In all practical applications, the ¢-integral in the second term
is of bounded length due to the factor exp((1/2 —ir)?), so that by subconvexity bounds
for L(D, 1/2+it) this term is dominated by the class number term. The last term can
be analyzed in the same way as a typical off-diagonal term in the Kuznetsov formula
except that it contains an extra n-sum of length = |¢| from the approximate functional
equation, cf. (9.17) below. Contrary to its appearance, the diagonal term is symmetric
in f1, f> (as it should be) and can be written as

o0 11 . 1,1 . 2
/ / L(5(5 +s 4200 (5(5 +5 —2i1)) €
8A1:A2

R R _L(XAla S)
“20 () P +inl (g —inm® s

ds dt
2wi 4w

where

—ap(s+1/2) _ ,(Bp—2(s+1/2) _ (p) 2%1/2( —ap(s+1/2) _ 7ﬁp(5+]/2))
P(fl,fz,S)=l_[p £ XIAI_ Z2f+l . .
p

with o), = max(v,(f1), vp(f2)) and B, = min(v,(f1), vp(f2)) for the usual p-adic
valuation v),.
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8 Mean values of L-functions

This section is devoted to the proof of Proposition 4. To begin with, we recall Heath-
Brown’s large sieve in two variations [34, Corollaries 3 & 4110

Lemma 19 (a) Let N, Q > 1, let S(Q) denote the set of real primitive characters of
conductor up to Q and let (ay) be a sequence of complex numbers with |a,| < 1. Then

> ‘ > anx(n)‘2 < N(Q + N)(QN)*

Xx€S(Q) n=N

for every e > Q.
(b) Let D,N > 1, (an), (ba) be two sequences of complex numbers with

laml, 1bal < 1, where by is supported on the set of fundamental discriminants A.
Then

Y D abaxa(n) < (DN)'F(DTV2 4 NI,
|A|I<Dn<N

We start with part (a) of the proposition. As mentioned in the introduction, L(u X
X, 1/2) = 0 if u is odd for root number reasons. For even u we use the approximate
functional equation (4.14) and write

.
Lux xa,1/2) = /Z (nl)/)z(i(n)|A|sG(s,tu)ds 8.1)
3

with

2e°T((1/2 +a+s +it)/DT(1/2 +a+s —ity)/2)
T((1/2+ a+it))/2T((1/2 + a — ity)/2)75s

G(S7 tu) =

where a = 1if A < Oand a = 0 if A > 0. We can treat positive and negative
discriminants separately, so that we may assume that G (s, #,) is independent of A.
Eventually we would like to apply the Cauchy-Schwarz inequality, the spectral large
sieve inequality and Heath-Brown’s large sieve for quadratic characters. The latter
requires that the n-sum is restricted to odd squarefree integers. Therefore we uniquely
factorise n = Z“nln% with n1, ny odd, n squarefree and use the Hecke relations to

10 I the original version of [34, Corollary 4], the n-sum is restricted to odd numbers n, but in the case of
fundamental discriminants A, the symbol (%) is also defined for even 7, and the proof works in the same
way.
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1360 V. Blomer, A. Corbett

write

() xa(n) = 2R xa %)~ w2 () (1) xa(n1)
Z nl/2+s - Z 2a(1/2+s) Z n1/2+s
24n; 1

Au(n3) — (d)xa(d)
Z 1+22s Z d3/2+3s

(n.28)=1 "2 2Ad

We use Mobius inversion to detect the condition (n,, A) = 1 and we observe that the
a-sum depends only on A modulo 8. Therefore

> ke ap

A<D n
u(d)pu(f)xr(d) )
=Y S 2 Pewsn
2df 8€{0.1,4,5)

Z ZM 2(n1) xp (1) (nl)(nld)| AP

1/2
”1/ +s

\N|=D/f 2m
A'=£8§ (mod 8)

where A’ f is restricted to negative fundamental discriminants and

, . (2% (8,2%) = M (fPn3)  pie
P(siud, f)i=) 2a(1/2+s) > FETRRN f
o 24ny 2

uniformly in Rs > ¢ for & = 7/64 by the Kim-Sarnak bound. In the above formula
we define x (8, 2%) := xa(2%) for any A = § (mod 8).

We substitute this back into (8.1). Shifting the contour to the far right, we can
truncate the nj-sum at n; < (DT)HE for |7,| < 7T at the cost of a negligible error.
Having done this, we shift the contour back to fis = ¢, truncate the integral at |Js| <
(DT)#, again with a negligible error, so that

2
u-(d)
> > aL(u x xa,1/2) < (DT sup | Z yEEone
A fund. discr. T Rs=e
2 /
w=(n) xr(my)ry(ny) A
X Z a(u) Z {/2+s : Z (n d)IA’I‘Y.
tu<T N<n|<2N ny |A|1<D/ f 1
2 A'=73 (mod 8)

A priori, the right hand side is restricted to even u, but by positivity we can extend it to
all u. Next we apply the Cauchy-Schwarz inequality. In the second factor we artificially
insert 1/ L(symzu, 1) at the cost of a factor of 7°¢ (by (4.13)) to convert the Hecke
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eigenvalues into Fourier coefficients and apply the spectral large sieve inequality [21,
Theorem 2]. This leaves us with bounding

y 12 *(d)
OO L 1) Y e e
2tdf

ty<T
T24N ) 2 1/2 8.2)
( Ty “(”‘)) Z_(;m) >
N<ni<2N |A"|<D/f
2fn, A'=f8 (mod 8)
for N < (DT)!+e.
For a given odd, squarefree d € N, the n;-sum equals
2

Yy e Y ()

nir2
rirp=d N /ri<n1<2N/r| |A'\<D) f
(n1,2r)=1 A'=f8 (mod 8)

(A r)=1
2 A’ ?
< - Z VAP
=Y Y rwm| Y (S
rirz=d n<2Nrp A<D/ f
2n A'=F8 (mod 8)
(A, r)=1

For odd squarefree n # 1,the map A’ — (AT/) is a primitive quadratic character of con-
ductor n, so that by Heath-Brown’s large sieve for quadratic characters (Lemma 19a)
this expression is bounded by

<L (DT)® (Nd + ?)?

Putting everything together, we complete the proof of Proposition 4(a).

The proof of part (b) is almost identical except that the spectral large sieve is
replaced with the standard bound [44, Theorem 9.1] for Dirichlet polynomials. Here
we use the approximate functional equation

1 ~
Low 12402 = 5 [ (D SR8 apGe.n

@)
el )Z TXS)| s Gigs, —1)ds

1/2 it+s

where |e(7)| = 1 and

2
- S TA/24a+s+it/2)? 1 1 _
G(s,t) = T / — > { 3 l_[ (els - (— +621t)).
(1/2+ U.+ll/2) s (Z +19) €1,e26{%1} 2
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We included the polynomial in order to counteractthe poleats = 1/2—it of L(xa, s+
1/2 4 it)? for A = 1, so that no residual term arises in the approximate functional
equation. The function G has similar analytic properties as G above, and the divisor
function t satisfies the same Hecke relations as A,. The proof is now almost literally
the same, except that the factor (72 4+ N)/N in (8.2) is (7 +N)/N. Thus the proof
of Proposition 4 is concluded.

9 Interlude: special functions and oscillatory integrals

In this rather technical section we compile various sums and integrals over Bessel
functions and other oscillatory integrals that we need as a preparation for the proof
of Theorem 2. To start with, the following lemma is a half-integral weight version of
[42, Lemma 5.8], but with a somewhat different proof.

Lemma20 Letx > 0 A > 0, K > 1. Let w be a smooth function with support in

[1, 2] satisfying w (x) L, j K¢ for j € No. Then there exist smooth functions
wo, W4, w_ such that for every j € Ng we have

wo(x) <a K74,

d’ KZ\-A 1
mwi(x) <A (1 + 7) Il 9.1
and
-k k +ix
Z i (—) Ji—32(x) = Ze w4 (x) + wo(x). 9.2)
K
keven +

The implied constants in (9.1) depend on the B-th Sobolev norm of w for a suitable
B = B(A, j). The functions w+ are explicitly given in (9.3) and (9.5).

Proof We denote the left hand side of (9.2) by W(x). For k € N, by [33, 8.411.13]
we have

1/2 00
o —1)k )
Jk_3/2(x) — / e(ke)e(_:s@/z)eflx Sll’l(21‘[9)de _ ( ) /€7<k73/2)97x sinh Qde
T
—1/2 0

We put

00
k\ 1 .
Wix) =— E ikw (E) ;/e—(k—3/2)9—xslnh0d9,
0
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1/2
Wl x) = eﬂle Z(il) w ( ) / €(k9)e(—39/2)e_ix sin(zne)de'
keZ )

Applying Poisson summation modulo 4, we have

You(E)ewol ¥y ey (7;)_2 o(Z)ee (2 o

k (mod 4) heZ
x=0,2 (mod 4)

The h = 0 term vanishes (as do all even &), and by partial integration the other terms
are bounded by O, (K |h|™*(K =19 4 9")e=K?) for any n € N, so that

o0

Wi(x) <n K/(K*(lfs)n 1 gMye Kb pmxsinh0 g o g—(=en
0

Again by Poisson summation we have

1/2 o0
+ —ixsin(2w0) X
W/ (x) = / e(—36/2)e Z/€<4 K e(y@)e( hy)dy dé
_1/2 /’lEZ — 00
3/8 T
:#e_ix / e(— 39/2)e’x°°§(2”9)2fw e(y0)e(—hy)dy df.
—1/4 heZ_

Since —1/4 < 6 < 3/4, we see by partial integration in the y-integral that the
contribution of # # 0is 04 (K ~4). Let v be a smooth function with compact support
in [—2, 2], identically equal to 1 on [—1, 1]. Then for 4 = 0 we can smoothly truncate
the O-integral by inserting the function v(9 K°/19), the error being again O (K ~4)
by partial integration. We obtain W1+ x) = W2+ (x) + Wa(x), where Wa(x) <4 K4
and after changing variables

o
3/8) 30N .o
W2+(x) = Me_”‘ / U(@K_l/lo)e< T )elxcos(2719/K)

2
o - 9.3)
f w(y)e(yd)dy do.
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Then for j € Ny we have

d’
7 ®

o0 o0 9.4)
Z@ / w(y) / V(O K V10l @5 (i (cos 20/ K) — 1))/ d6 dy

—00 —0o0

with ¢(0; x,y) = =370/K + 210y + x(cos(2w0/K) — 1) satisfying

4 :x,y) = - Lomy+or s (2 —9) ¢ L p@xy <, j22
: = — 1n n - 5 : .

6?7y K YT sy ) wG g PN S e T =

In the following we frequently use the Taylor expansions sin(r) = t + O(z3) and
cos(t) =1 —12/24+ O(t%).

We first extract smoothly the range 0| < ﬁK 2 /x. Here we observe that the
derivative %d)(@; X, y) cannot be too small (it is important that w is supported on
[1, 2], not on [0, 1]), and we apply [11, Lemma 8.1] with

K2 K\2j T
B—a <K —, Xz(—) , U=min(K'/"",K*/x), R=1, Y=x, Q=K.
X X

In this way we obtain a contribution of
<n (B =) XI(QR/VY)™" + (RU)™"]
1 (K2\I+isp K\ (K?>\-n
~ (2 A A Kfn/10>
<<x./(x) ((ﬁ) +<x> +
to (9.4) for every n > 0. This is easily seen to be
1 K2\ -4
<A —.(1 + —)
xJ X

for every A > 0. For the portion || > K?/x we integrate by parts in the y integral
and apply trivial estimates to obtain a bound

< / (1 +0)4(%) a0

[61>K?/x
which is easily seen to be
_K2N-A1 L, Koy
<amin((5) G gm) <5 (1 50)
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The same analysis works for W," (x) = W, (x) + Wa(x) where

o0
oo e(=3/8) Ly —1/10y,( =30\ —ixcos2r6/K)
Wy (x) = =12 / V6K )e(W)e

2
o - 9.5)
/ w(y)e(y0)dy df.

We put wy = W2i and wg = W1 + W + Wz, and the lemma follows on noting that
FGE 4+ (=D)k) = i* 8. O

Remarks: (1) It is clear from the proof that if w depends on other parameters in a
real- or complex-analytic way with control on derivatives, then wy = Wzi, defined in
(9.3), depends on these parameters in the same way. We will use this observation in
Sects. 10.2 and 14.

(2) The bound (9.1) remains true for A > —1/2. In the case, the claim follows
for x > K? from the asymptotic formula [33, 8.451.1 & 7 & 8]. We state this for
completeness, but we do not need it here.

We need a similar formula for the transforms occurring in (3.6) and (7.1).
Lemma21 Let A, T > 2 and let h be a smooth function with support in [T, 2T

satisfying h'/) (1) « T~/ for j € Ny.
(a) We have

2 2

To\—4 + +
ﬁ(l n 7) Xi:e(ix)HA (@) + K (x)

h*(x) =

where Kf(x) LA (T +x)"4 and xja){ ij(x) <La,j 1. An analogous asymptotic
formula holds for ' (x).
(b) We have

T\—A -
B (x) = T(% n ;) Hp(x) + KA(x)

where IZA (x) <A (T +x)"4 and xja){ Ha(x) <a,; L
Proof (a) For the first part we recall the uniform asymptotic formula [28, 7.13.2(17)].
:ttx:Fta)(x 1)

T () = ) i f @ )+ O (it + 07

cosh(mrt) T

where w(x, t) = |t| - arcsinh(|¢|/x) — /12 + x2 + x and

o 9
x IIIJFB—]fM(x 1) <K jml (9.6)
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for every M > 0. The error term in [28] is O(xM ), but for small x the error term
O(|t|=™) follows from the power series expansion [33, 8.440]. Partial integration in
the formof [11, Lemma8.1]withU = T,Y = Q = T+x, R = arcsinh(T /x) > T /x
shows that
j 2 _
xji eFioen £, l)h(t)l‘i <L AM T2<1 + T—) A
472 X

oax/
R

and the claim follows.

(b) For the proof of the second part we distinguish 3 ranges. For x > 107 the claim
follows easily from the rapid decay of the Bessel K -function and its derivatives. For
x < T /10 we use the uniform asymptotic expansion [28, 7.13.2(19)] (along with the
power series expansion [33, 8.485, 8.445] for very small x)

cosh(r1) Kair(x) = ) e *00 flice, 1) + 0t ™),
+

~ t
o(x, 1) = |t ~arccoshu — V12 —x2
X

where f; Ajf[ satisfies the analogous bounds in (9.6). Again integration by parts ( [11,
Lemma 8.1]withU =Y = Q = T, R = arccosh(T /x) > 1) confirms the claim in
this range. Finally, for x < T we use the integral representation [33, 8.432.4]

o0
cosh(nt)Kz,-f(x)zg / cos(x sinh u)e(tu)du.

—00

This integral is not absolutely convergent, but partial integration shows that the tail is
very small, and we can in fact truncate the integral at |u| < elog T at the cost of an
admissible error O(T~4). Thus we are left with bounding

oo ¢elogT

/ / cos(x sinhwu)e(tu)h(t)t du dt

—00 —¢glog T

d’
dxi

elogT
< / | sinh(ru)|[/ (1 + |u|T) Brdudt < T.

T<|t|<2T —elogT
if B is chosen sufficiently large with respect to j. O

For large arguments, the Bessel function J;,(y) behaves like an exponential. More
precisely, by [33, 8.451.1 & 7 & 8] we have an asymptotic expansion which we will
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need later:

Jir2mx)cos(m/4 £ mir/2)
>

= sin(mwir)
9.7
_Zeu:x)"zl i*EDE T(ir +k+1/2) +0<<|r|2>—n)
4 21 /X = (@Anx)k KIT(ir —k +1/2) x
forr € R, x > 1 and fixed n € N. This is useful as soon as x > r2.
The following lemma is essentially an application of Stirling’s formula.
Lemma22 Letk > 1,s =0 +it € Cwithk+ 0o > 1/2, M € N. Then
Lk +s) : M
—— =kG k,t)+ O k+ |t
NG Mok, 1) + Og m((k + [t))™7)
where
jddl 12\ —M
Yo TG Koo (14 7) 9.8)
fori, j € Ng. Moreover,
C(k+o +it) 12 |7]
Do i) g (- D)0, (L4 5). o9
(k) AT ACR AU k3) ©9)

Proof This is a standard application of Stirling’s formula. First of all, since

F'k+s) o T'lk+o) Tk+o+ir)

(k+0) (1 +o/k)"

I(k) - Tk F'k+o0)
with
v dn it ] J1 it
(10" <oy (14 7) (00" =14 0 (11/k),

(9.10)

it suffices for both statements to treat the two cases s = o € R fixedand s = it € iR.
The first case is very simple, so we display the details for the second case. We have

T(k+it)

it _ . ~ M
i K = e etk 0 +ipdk, t))(GM(k, 1)+ Ou ((k + 1)) ))

where G M satisfies

J1+j2 ah d” o 3 - -1
(k)R Gl ) Kuajip 1, Gk, ) = 14 0(Ge+1t) ™
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©.11)

and

(k,t) = tarctant—i—k_l/zlo <1+t2>
o= k > BV Te)

Bk, t) = t(log 14 /i—z — 1) + (k - %) arctan %

It is not hard to see that

a(k, 1) < —cmin (g |r|)

for some absolute constant ¢ (in fact, c = (w — log4)/4 = 0.438... is the optimal
constant). In particular, I'(k + i)/ I" (k) is exponentially decreasing as soon as || >
k'/2. Moreover, by a Taylor argument we have

. 12 o 2 . I

alk,t) = =2+ (k2+k3), k1) < =+ 5

This proves (9.9). To prove (9.8), we need to bound the derivatives of « and § which
is most quickly done by using Cauchy’s integral formula. Note that both & and 8 have
a branch cut at the two rays ¢ /k € [i, ico). We assume that k is sufficiently large
(otherwise there is noting to prove) and we choose a circle C about k of radius k/100
and a circle C» about 7 of radius ~/k/10. Then w/z is away from the branch cuts for
z € C1, w € Cy, and we have

ateom) < "« TR gy 0 el e L
| 2 koo ol P Tk R TR

for z € C1, w € C,. From Cauchy’s integral formula we conclude

di d] t2 i
_ .. _ —5—J
i a2 D < (1 + k)k =

d dl 2N2 i
Bl n) <oy (147 ) k8 9.12)

for i, j € Ng. Combining (9.10), (9.11), (9.12) completes the proof of (9.8). O
We apply this to the function G (k, t,, s) defined in (6.5).

Corollary23 Let A > 0,0 > —1/4andlett € R, t, € RU[—i/2,i/2], k € 2N.
Then

2 2\ —4
t t
Gk, tu, 0 + 1/2+it) Kpo k~1/4H20 (1 + %) . 9.13)
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Moreover, for v € C we have
Gk, tu, v+ 1/24i)G(k, ty, v + 1/2 — it) = Gy (k, ty, 1, V) + Ogy gtw,m (kM)
with

kler%Jr%3

din di2 4s
k7T dii o ek T 1 v w) 9.14)

— N ~ i
Kot gw, kT HFTEEIRW ()t

forj e Ng. Finally, fort, t < k*/3 we have
Gk, t,1/24+it)G(k,t,1/2 —it)

16 20t +1/2)> +2(t — t/2)?
:—nkl/z exp(— k

)(1 + O(k—1/3)). (9.15)

Recalling the definition (6.7) of V;(x; k, t,) we conclude from (9.13) and appro-
priate contour shifts the uniform bounds

2B div dr dik di
WX T di o a1 kD)

_ —A |t12 4 |7]>\ A
() ()
<<A,J +k4 + X

(9.16)

forA>0,je Ng.
In a similar, but simpler fashion we also apply this to the weight function W; defined
in (4.15) and state the bound

v gn

B2 £
S L T Y

—A
Wi (X) <aji i (1 + ) 9.17)

1+ [t

for A >0, ji1, j» € Np.

10 A weak version of Theorem 2

In this section we present a relatively soft argument that provides the upper bound
Nav(K) < K¢. This will useful later in order to estimate certain error terms. By (1.3)
and (6.8) we have

I'(k—3/2) 1
N‘“(K)«*ZW 2 //<4n>k|\hn2 = Fih

hEBk ]/2(4) 00 A ey

3 Ch(|D1|)Ch(|D2|)P(D1;u)P(D2§U)(|D2|f2
| Dy D, [*/2 |Dy] f}

it
) ViDIDaI(f1 )% ke r)dudr.
Di,D<0
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By (9.16) we have 7,1, <« K'/>** (up to a negligible error). We insert a smooth
partition of unity into the #,-integral and attach a factor w(|t,|/Zspec) Where w has
support in [1, 2] unless Zspec = 1, in which case w has support in [0, 2]. Let

F(k—3/2) |tu| 1
N o) = 55 3 () Z / / @ Tp) 2 7k

ke2N B, 2H=00 A fi.fa

e (1D Den(1D2) P(Dy; w P (D2 w) (D2l /3 2,
> TV (|Dl|f12> ViID1Dal(fi )% k. to)dudr.

Di,D<0

forv =0,1,2,... and Tgpec = 2" K K1/2%¢_ This section is then devoted to the
proof of the bound

2
spec

Klfs

Nav (K5 Typee) Ke 1+ (10.1)

for & > 0. The constant function will need special treatment, and to this end we prove
the following simple lemma.

Lemma 24 For x > 1 we have

> H(D) < x%.

D<x

Proof Let h(D) denote the usual class number. Since

H(D) < Y h(D/n®)

n2|D
we have
D
Z H(D)? < Z Z h(—2> ( ) Z Z h(n3D)h(n3 D).
|D|<x 112 (52 n2|| D] <x i 2 | D] < s

1 2m

Since h(An?) = h(A)n ]_[p‘n(l — xa(p)/p) < h(S)nt(n) for a fundamental dis-
criminant A, we get from bounds for moments of the ordinary class number [3] that

Y HMDY < Y > h@)Pminafrr(n)T(n)T(f)?

[D|=x ni,na,m, f|A|<x/(nnamf)?

5 nmna flr(n)Tma)t(f)? 5
<« Z (nnymf)* <X

ny,ng,m, f
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Having this out of the way, we proceed to estimate Nay (K ; Tspec). We first sum over
h using Lemma 6. This yields a diagonal term and an off-diagonal term that we treat
separately in the following two subsections. Throughout, the letter D, with or without
subscripts, shall always denote a negative discriminant unless stated otherwise. The
letter A shall denote an arbitrarily large fixed constant, not necessarily the same on
every occurrence.

10.1 The diagonal term

The contribution to Ny (K ; Tspec) of the diagonal term from Lemma 6 is bounded by

Ilu 1 |P(D:w)|? ,
<k / / sup |V;((ID| fi1f2)"; k, ty)|dudt.
spec f1f2 Z DEC A u

7oerV

This can be bounded without too much effort by Corollary 5 for the cuspidal part,
Proposition 4b) for the Eisenstein part and Lemma 24 for the constant function.

Indeed, for the constant function u = +/3/m we have P(D; /3/m) < H(D).
Recalling (9.16) and Lemma 24, this gives a total contribution of

H(D)? |D| f1f2~10 |t]2\—10
fXJ; f1f2 Z |D|3/2 ( K2 ) (1 + 7) di

< ﬂzfz i fz)*/2

if Tgpec = 1 and otherwise the contribution vanishes.
Similarly, by (4.12), (3.3), (4.7) and (4.13), the Eisenstein spectrum contributes

< e # / cA/2+in* > |L(xa. 1/2+i0)dT.
171 Tspec R=lal=2R

We recall our convention that A denotes a negative fundamental discriminant, D =
A f? an arbitrary negative discriminant (where f here has nothing to do with fi, f>
above). In the above bound we have already executed the sum over f. By Proposi-
tion 4(b) and a standard bound for the fourth moment of the Riemann zeta-function
this is O (K ~1/2te),

By (4.10), (4.5), (4.6) and (4.13), the contribution of the cuspidal spectrum is at
most

< YL@ 1/2) ) Llux xa.1/2) < Tpe K"

e RKT®
1<R<K2te -
- 1y L T spec R=|A|=2R

by Corollary 5. All of these bounds are consistent with (10.1).
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10.2 The off-diagonal term: generalities

We now consider the off-diagonal term in Lemma 6 from the sum over .. Here we
need to bound

S w ( ) // |tu 353 P(D1§u)P(D2;u)(|D2|f22>”
sz 2 S T o TR RIDIDPRE Dyl
K3, (ID1l, D2l ©) 47D\ D3]

Vi(ID1Dal(fif2)* ks 1) D ! : kaz/z(f)

4lc

dudt.

By (9.16) and the rapid decay of the Bessel function near O for large k, up to a
negligible error all sums are effectively bounded by a power of K. We first sum over
k using Lemma 20. Up to a negligible error, we obtain

1T ] P(Dy; wP(Da;w) /|Dal f2\it
F/ f“’(Tm)Z 2 FLAIDIDL A <|D1|f12)

—00 A gy fi,.f2 D1,Ds
K3 ,(ID1, | D2l, ) 2«/|D D3 JID
3/2 ’ ’ 1 2 1
P e+ )7 (101Dl o P2 1 Y
4|c ¢
where

. diy di g s .
N g3 Gati3) 4
yrK? . dyh dii2 dti3 dxia Vi, y.t,7)

- A P HITPN A K2\ A
K1) (0 ) (5
% + e + e + S

(10.2)

forany A > 0,j € N2, cf. (9.16) and the remark after Lemma 20. In order to apply
Voronoi summation, we open the Kloosterman sum and are left with bounding

Z / ( |24 ) Z Z P(Dy;u)P(Dy; )
K2 2~ 4 (mod T DD, |3/4
ol ] T 5 5, ARIDID

2J/ID\Dal\ (|Dild + |Da|d JIDiDs]
e(i c )e( )(|Dl|f],|Dz|f2 t,tu)du‘

C
(10.3)
where
m .
it
V*(x1, %2, ¥, T) = / (x—z) V(xix2, v, 1, T)dr. (10.4)
xi
—00
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Integration by parts shows that

o dh g g g
YKy s R Va3 1)
dy/t dt dxy” dx,

xX1x2\ A 7|2\ -4 K2\~ 12 —A
<A (1 + F> (1 + 7) (1 + 7) (1 + K '/“[logxz/xi |>

(10.5)

forany A > 0, j € Ng. The first and third factor on the right hand side of (10.5)
imply |D1D>| = K4t and ¢, fi, o = K°W up to a negligible error. On the
other hand, the last factor implies D f12 =D f22(l + O0(1/K'/?)), so that in effect
Dy, D, = K2t

In the following we treat the cuspidal part, the Eisenstein part and the constant
function separately. In principle we could treat them on equal footing and we will do
this in Sect. 14, but for now we keep the prerequisites as simple as possible.

10.3 The Eisenstein contribution

We start with the contribution of the Eisenstein spectrum to (10.3). As this is much
smaller in size than the cuspidal spectrum, very simple bounds suffice. By (4.11),
(4.13) and (10.5) we obtain a contribution of

7;60
K¢ o
< > 1c(1/2 +it)|?|L(Dy, 1/2 4 it)L(Dy, 1/2 + it)|dz.

727—;‘pec D1f12:D2f22(1+0(KS_]/2))
|Dy|,|Da|=K2+0M
f1. h<K?®

We use the basic inequality |L(Dy, 1/2 + it)L(D2, 1/2 4+ it)| < %(|L(D1, 1/2 +
it)|? 4+ |L(D3, 1/2 + it)|?). For fixed fi, f>, D there are O(K3/2*¢) values of D,
satisfying the summation condition. Thus we obtain the bound

27—spec

Ké‘
K5/2 Z 1c(1/2 +it)|*|L(D, 1/2 + i1)|?dt.
Topee 1DI=KD

By (4.1) and Proposition 4(b) along with a bound for the fourth moment of the Riemann
zeta function we obtain the desired bound

27—5 ec
K* ! N N ,Tspec
=57 Y 1E(/2+inPIL(A /2 +inPdE < raret

2+4¢
*zﬂpec |A|=K=Fe
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10.4 The cuspidal contribution

Next we consider the cuspidal contribution to (10.3). The key step is an application
of the metaplectic Voronoi formula (Lemma 10). With this in mind, we consider the
following portion

P(Dy; u) Z P(Dy; u) ('Dlld)e(:l: 2m>

| D, |3/ |Dy[3/4 c c

DD
[D; 2|,tu) (10.6)

V*(|D1|f12, D13,

of (10.3), i.e. we freeze c, f1, f> and u for the moment. For notational simplicity we
consider only the plus case, the minus case may be treated similarly. We insert (4.8)
with ¢t = t,,/2 and re-write (10.6) as

;m)re + %)‘ZL(M, 1/2) %:b(Dl)e( ~ D;d)e(z‘ '211)2')

|D1Ds|
V(D1 Dol £ S ).
To the Dj-sum we apply the Voronoi formula (Lemma 10) with weight function

(X)) =@, 1,1, (x5 1, 8, D)
- e (P v

= e
|x|l/2

w2 Dl YR ) o)

forx < Oand ¢ (x) = 0forx > 0. Werecall thatc, f], f» < K¢ are essentially fixed
from the decay conditions of V*, but we need to be uniform in |D,| = K> We
define

C(Ly) = @y, o (Ly: 1, 1y, Do) = /Ji’*(xy)qb(—X)dx

as in (5.2) with r = t,,/2 and obtain that (10.6) is equal to

3 1 it 27 [ —c 1
b0 (5 + )| e 27 (—_d) €-ac (g)
3 2
Y " b(D)/Dle (dTD> ® <(2”c)2 D) ,
D

(10.8)
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where only in the above sum do we allow D to be either positive or negative. If D > 0,
then the integral transform ® ((27)>D/c?) contains a factor

K, (4 /|xDl/c)
T(3/4+it,/2)T(3/4 —it,)2)’

(10.9)

and we recall that |x| = K>T°(D ¢ « K¢ up to a negligible error. Thus the argument
of the Bessel function is > K2~¢, while the index is <« K /2%, By the rapid decay
of the Bessel K -function this contribution is easily seen to be negligible (we use (4.9)
and bound b (D) trivially), and we may restrict from now on to D < 0. In this case

@((271)2 ) /Z cos(n/4j:nitu/2)1‘ (471@)6(2\/@)

sin(rmit,) ity c
|x D3| dx
vi(xf2 Dl 7 PR ) <
c x

Using (9.7), up to a negligible error we can write

o (@D i 2I<J_|Dz id_|D>>
2 |D|1/4 e
0
+ 2{/|Dx] % 2 2 [xDs| dx
PR ) v (e a2 )
with
J o/ +
X @f (x,r) <<j1 (10.10)

for any j € Ny. We substitute this back into (10.8) which equals (10.6). We substitute
this back into (10.3). In this way we see that the cuspidal contribution to (10.3) is at
most

ful ) L
K2 %01/2 M;nw( Tspec z]; fif

(10.11)

|b(D ‘ l iy /4
> B0 (5 + ) 2 120D 10 g, 1D D, 1)
D,D»>
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1376 V. Blomer, A. Corbett

with

[ 2J5(/TDal + V1D 21D
Ve 1,1 (D, Dz,tu)=/e( Vi il | D)fi( x/lc XI,tu)
0

V(e Dal 2. )
oo
2x(4/|D2 + /D)) 2/|Dx2|
=2 f ) ()
0
VI1x*D d
V(a2 mal 2 Py

By (10.5) and (10.10), each integration by parts with respect to x introduces an addi-
tional factor

K2
) (10.12)
x(V/|D2| £ /D)
and we conclude that
4 [ x(J/IDal £ VDD -4
x h -
C fl fZ(D D21tLl) <<A / CK1/2 )
0
2\-A
12 f2|D2|) ( M) (10.13)
(1+K lo i L+
! K2%¢ \-A dx
( +x|D2|1/2) x1/2

for every A > 0. Here only the negative part in the = sign is relevant, since otherwise
the expression is trivially negligible. The limiting factor for the size of the x-integral
is the first factor in the second line of (10.13), so that we obtain

"pc,fl,fz (D Ds, tu)

1/2D 1/4 NN Dy |V2(/TD3] DIy —A
<<Af1/|2 2 (1+|tl) ( LA D2 (VD2 — /I |)>

fiI°K2 K fick1/2
D K2 -A
<1+| z|f2> (1+ f]c>
K? | D] f>

for every A > 0. It is not hard to see that this can be simplified as
“ch,fl,fz(Dv D, tu)

<a (4 fi o (14 ";('2)’ (1+ 2D P2 )
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With this bound we return to (10.11), apply the simple bound |b(D)b(D7)| <
|b(D)|? + |b(D»)|?* together with (4.9), getting an upper bound of the shape

1 1 ™
eran L) X X

u even f1 DD
IDI'* L(u, 1/2)L(u, D2, 1/2)
\Ij N D’ D ,t
f121Da] L(Symzu, 1) | C’fl,/z( Il

plus a similar expression that with L(u, D, 1/2)/|D| in place of L(u, D3, 1/2)/| D3|
which can be treated in the same way. We sum over D, fi, f2, ¢ and end up with (after
changing the value of A)

1 £ |tg|?\—4 [D2|\—AL(u,1/2)L(u, D3, 1/2)
K3 Z w E)(l—FT) Z<1+ K2> L(sym?u, 1) ’

u even D>

We write D> = A f2 with a fundamental discriminant A and use (4.5), (4.6). Summing
over f, we obtain

1 S w It )(1+ |ru|2)fA K* (H@)fu(u, 1/2)Lu, A, 1/2)
3 Tspec K n |A|2/3 K2 L(sym2u, 1) '

u even

We estimate the denominator L (sym?u, 1) by (4.13) and apply Corollary 5 to finally
obtain the upper bound 72..K*~! in agreement with (10.1).

spec
10.5 The constant function

This is very similar to the preceding subsection, so we can be brief. In short, we win
a factor Tgpec < K I+ from the fact that the spectrum is reduced to one element, and
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1378 V. Blomer, A. Corbett

we lose a factor |D|'/? « K¢ since each class number is a factor |D|'/* bigger
than the generic period P (D; u). The key point is that we end up with a pure bound
without a K®-power. This K¢-power is unavoidable when we apply Corollary 5, but
for a sum over class numbers H (D) alone we can apply Lemma 24 below which
avoids a K®-power. The analogue of (10.6) is

3 H(Dy) Z H(Dyp) (|D1|a'>e(i 2v|D1Dzl>V*<
c

2 2 VID1Ds| )
— D ,|D , ———, ).
7T|D2|3/4 |D]|3/4 ¢ | llfl | 2|f ¢ u

We apply the Voronoi formula (Lemma 12) to the Dj-sum as before. Due to the
oscillatory behaviour of ¢ in (10.7) the main terms are easily seen to be negligible,
and as in the previous argument also one of the osciallatory terms is negligible due to
the exponential decay of 7~ in (5.5). The behaviour of 7T similar, but much simpler,
as no asymptotic formula of a Bessel function is necessary. The analogue of (10.11)
then becomes

1 1 H(D>)H(D)|D|'/*
> D,D;

In the same way as above this leads to

A H(D)?
K3Z( K2> o <1 (10.14)

The last step is justified by Lemma 24. The bound (10.14) is in agreement with, and
completes the proof of, (10.1).

We conclude this section with a brief discussion. The bound (10.1) along with
Tpee K< K 1/2+¢ (from the decay of V;) implies immediately the upper bound
Na(K) < K&. The e-power is unavoidable at this point because of the use of Heath-
Brown'’s large sieve in the proof of Proposition 4. Except for the spectral large sieve
implicit in proof of Proposition 4, we have not touched the spectral u-sum, so any fur-
ther improvement must involve a treatment of this sum. This is precisely the purpose of
the relative trace formula for Heegner periods given in Theorem 3 resp. Theorem 18.
The weaker result (10.1) is nevertheless useful: it allows us to discard small eigenval-
uesty K K 1/2=¢ ‘most importantly the constant function, and it allows us to estimate
efficiently some error terms later. The following sections are devoted to the proof of
Theorem 2.
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11 Proof of Theorem 2: the preliminary argument

By (1.3) and (6.8) we have

2

12 k T
N;W(K)ZWZW(E> Z %'9\/;'2

ke2N heB;_1/2(4)

5 At 7’ / Lk —3/2)
n3/2m3 (47T)k_3/2||h||2
—00 A gy

(n,m)=1

3 c(ID1)e(ID2|) P(Dy; u) P(Da; w) <|Dz|f§)~
k/2 2
S1.f2.D1,D SiRIDi D] 1Dl fy

V.(ID1 Da|(f1 2)*; k, t)dudt.

Throughout we agree on the convention that D (with or without indices) denotes a
negative discriminant and A denotes a negative fundamental discriminant. We make
two immediate manipulations. Fix some 0 < < 1/100 such that 10°/5 € 2Z. By
the concluding remark of the preceding section we can insert the function

_ 6
W(ty) = 1 — = t/KZTICN (11.1)

(not to be confused with the constant  in the previous display) into the u-integral,
and we can truncate the n, m-sum at

n,m <& K".

Both transformations induce an admissible error, the former due to that w () — 1 <4
1

K4 for every A > Oand 7, > K2 3. Note that o is even, holomorphic, within
[0, 1] fort, € RU {i/2, —i/2} and satisfies

o(ty) < K7 |y < K272,
i d’ (11.2)
£ ﬁw(tu) <1

u

for j € Ny. In particular, up to a negligible error we may ignore the constant function
u = /3/7 with t, = i/2. As before we denote by [ :ev a spectral sum/integral over
the non-residual spectrum, i.e. everything except the constant function.

Note that A(n) depends on 4, as it is a Hecke eigenvalue of f;. Before we can
sum over & using Lemma 6, we must first combine A(n) with c(]D3]). To this end we
recall (2.4) and recast Ny, (K), up to a small error coming from the truncation of the
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1380 V. Blomer, A. Corbett

n, m-sum and the u-integral, as

12 k 7?2 p(n)p®(m)
WZW(E> 2 5 VT2 ) T

ke2N heB! | ,(4) (n,m)=1

n,m<K"
[ty x5 ()
o) Z 73312 - XD2\ 7~
E (47) (7]l ff DDy didm dy di/ (11.3)

(d\d2)*n* Dy

< n )3/2_k c(|D1|)c(|D2|n2/(d1d2)2)P(D1;u)P(Dz;u)(|D2|f22>”
dids f1 f2|D1 Dy |F/2 |Dy|

V.(ID1 Da|(f1 f2)*; k, t)dudt.

We can now sum over 4 using Lemma 6, and we start with an analysis of the diagonal
term which is given by

” 12 k p(m)p* (m)
Ndiag gy — —7 ZW( ) 9f2 Z e

K
ke2N (n m)=1
n,m<K"
di 1/2
//w(tu) Z Z <£) XD
—00 Aoy J1./2.D  dilda|n
(dyd2)*|n*D
(d_z) P(Dn?/(d1d»)*; w)P(D; ) <d1d2f2)2ifv <(|D|nf1f2)2.
di/  fif2(IDIn/(d1d2))32 nfi g )
k,tu)dudt.

While the upper bound K¢ for the diagonal term is fairly easy to obtain, cf. Sect. 10.1,
the asymptotic analysis of N'%122(K) is extremely involved and occupies this and the
following two sections. We will eventually show that N42¢(K) = 4log K + O(1).
The discussion of the off-diagonal term is postponed to Sect. 14.

We write dy = d18, n = di8v, so that d12 | v2D. Since n is squarefree, this implies
dl2 | D. We write d; = d and Dd? in place of D. With this notation we recast \'44¢ (K )
as
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12 k\ 72 2 w(dsv)p?(m)
_ wl=)=—.9 2. = o e V7
2 Z (K) 920 ﬁ 3 Z (d5v)3/2m3
ke2N (dsv,m)=1
dsv,m<K"

xp(8) P(Dv?;u)P(Dd?; ) fdfs2it
/ / 0w D T DI <E)
—00 A oy f f2
V,((ID|vdf1 f2)%; k, ty)du dt.

From the Katok-Sarnak formula in combination with (3.10) in the cuspidal case and
from (4.11) in combination with (4.2) in the Eisenstein case we conclude!!

P(Af?0) = P(A, Wau(f), au(f) = f7?) @ xadra(f/d)d"?
dlf

for a fundamental discriminant A where o, (f) depends also on A, which we suppress
from the notation. Using this notation along with (4.10) in the cuspidal case and (4.12)
in the Eisenstein case we obtain

» 12 k 2 1
diag(gy = — W — -9 2.=.=
N a)sz% (K) Vv 3 4

3 wdsvyptm) | o)
(dsv)32m3 v

(dsv,m)=1 N
dsv,m<K" ev
Z Z xa@®ay(fv)au(fd) L(u, 1/2)L(u, A, 1/2) <@)2n
172 2,)3/2
fifr D=n 2 812 fi fa(df2v)3/2| Al L(u) VA
6,/H=1

V,((ID|vdf1 f2)% k, ty)du dt

where £(u) = L(sym?u, 1) if u is cuspidal and £(u) = 3|¢(1 +2in)> if u =
E(.,1/2 4 it) is Eisenstein (with the obvious interpretation in the case t = 0). With
later transformations in mind, we also restrict the f-sum to f < K. By trivial
estimates along with Corollary 5 and (9.16), this induces an error of O (K*¢~"). By the
usual Hecke relations we have

au(fv)au(fd)

d d d d
_ f(dv)1/2 Z Z pldi) xa(di)p(da) xa( Z)Au(fzdv/(dldzdg)).

di|fd gy (L4 1y didy
do|fv D

1T This remains true in the excluded case u = const if we define Au = pP1-
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We summarize the previous discussion as

Ndiag(K)
12 k\ 72 2 1 w(dsv)u?(m)
= Wl—]=—.9 By — - -
wK? Z (K) 9 v 3 4 Z (d8v)3/2m3
ke2N (dsv,m)=1
dsv,m<K"

xa(8) dfy\2it
/Z 2 61/2f1fzdf2v|A|(E)

—oo S1./2.A f<K'7
6, =1

2
Z Z ,Uv(dl)XA(dl)M(dZ)XA(dZ)I<A’t’k’ fddU2>dt+ 0K

) didr 1dad3
L
(11.4)
where
; L 1/2)L A,1/2
T(A k1) = f (W VDL A /2, yhio)du
L)
with
h(t) = o)V, ((IAlf2vdfi ) k, T). (11.5)

The expression Z depends also on f2vdfi f>, but we suppress this from the notation.
We insert the approximate functional equations (4.14) and (4.16) getting

/ Z )\,u(n))\u(m)XA(m))"U(r) ( YW (i)—h(tu)du

(At k,r) = (nm)1/2 A/ L)

e¢]

/ Z t(1£2i0)0(L + ir)aFire/ 240
G xiord +ord - o)

IL(xa, 1/2+i0)?
(1 +2ir)|2

()
P1/2+it(r)n(T o

Since the T-integral is rapidly converging, itis easy to see that the polar term contributes
atmost O (K4~ 1) to (11.4), so from now on we focus on the first term of the preceding
display. By the Hecke relations we can recast it as

Ma@r/d)hu @ xam) m
42/2 (dnm) /2 W, dn)w, (IAI)E( Sh(t)du. (11.6)

d|r
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This is now in shape to apply the Kuznetsov formula for the even spectrum, Lemma 7.
We treat the three terms on the right hand side of (3.5) separately and start with the
diagonal term to which the next section is devoted. The two off-diagonal terms are
treated in Sect. 13. (In the simpler analysis of Sect. 10.1 the Kuznetsov formula is
hidden in the spectral large sieve in the proof of Proposition 4. The precise asymptotic
analysis requires us to deal with the two off-diagonal terms in Lemma 7 explicitly.)

12 The diagonal diagonal term

The diagonal contribution to (11.6) equals
- xar/d) [, r/d
798 (A, 1, k, r)_4;2 T | wanwr (T A )rtanh(nt)h(r)
r n
Opening up the Mellin transform in the definition (4.15), this equals

F(%(%+s1iir)>r<§(g+sziiz)) Y
h Al%2
f/ (T)//n INCICES N NEICESLS) )' |

-0 2 @

2 2
xa(r) €21 dsidsy
L : 1
(xa, I +s1+52) E 1v1 2?2 TS1TS251 50 (27i)2

ryr=r

dt
ttanh(nr)—z.
T

We shift the 51, s>-contours to s = Nsy = —1/4 getting

TYE(A t kr) = TL(XA,I) Z xa(r2) / h(r)rtanh(nr) -
0(/ h(@)lt*de / esz(%#ﬂum,3/4+i$)|)d§>-

(12.1)

We first deal with the error term and substitute it back into (11.4). Roughly speaking
the factor |7|3/* saves a factor K!/8 from the trivial bound, while on average over
A the L-values on the lines 1/2 and 3/4 are still bounded. More precisely, recalling
(9.16) the error term gives a total contribution of at most

[ 5 (IO 1249] | L0, 3/4+i8)]
f§( AP )
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By a standard mean value bound for the A-sum (e.g. [34, Theorem 2]), the previous
display can be bounded by « K ~!/8+¢, We substitute the main term in (12.1) into
(11.4) getting

Ndiag,diag(K) — i Z W E 7{_2 9ﬁ2
" wk? 90

2
ke2N K 3

1
4

(1(d8v)p* (m)
Z (d8v)3/2m3 Z Z L(XA’ D Z Z
(dsv,m)y=1dsv,m<K" fi.f2.A f<K" —00 d]\fddsl(ﬁd»%)
6, /)=l da| fv 174

RN NN NCATENG) [ nore ey
., SRS IAIfv/(Fad) T =
d'ldzdg o

rnn=

where we recall that 4(t) is given by (11.5) and depends in particular on ¢, k and A
(aswell as on f, f1, f2,d, v). A trivial estimate at this point using (9.16) shows

L 1
s 2 w(E) 3 e

ke2N f1.2.A
oo X
/ /L |A|(f1f2)2) (1+|t|2+|r|2)7A|r|drdt (12.2)
kl/2 k4 k
—00 —00
og

< log K,

(by standard mean value results for L(xa, 1)), but eventually we want an asymptotic
formula, not an upper bound.

Our next goal is to show that the ¢-integral forces fiv = fa>d, up to a negligible
error. To make this precise, we first observe that by the same computation as in (12.2)
the portion || < K?/° contributes at most O (K ~1/10+¢) to Ndiag.diag(g) We can
therefore insert a smooth weight function that vanishes on |7| < %K 2/5 and is one on
|f| > K?/°. Integrating by parts sufficiently often using (9.16), we can then restrict to

fiv = frd(1 4+ O(K*72/))

up to a negligible error. It is then easy to see that the terms fid # f>v contribute
O(K*72/5) to Ndiagdiag (k) Having excluded these, we re-insert the portion |f| <
K?/3 to the t-integral, again at the cost of an error O (K¢~!/10)_ Finally we complete
the d, §, v, m, f-sum at the cost of an error O (K¢~7). Since (v, d) = 1, the equation
fid = frvimplies f, = dg, fi = vg for some g € N. Substituting all this, we recast
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Ndiag,diag(K) as

12 kY 72 2 1 w(dsvyu?(m)
— W(—)= -9/m-2-2-- L(xa, 1
oK (K) 0 VT3 2 T@dsv)Pm3 2. Llxab)
ke2N (dév,m)=1 8. f.A
@.5)=1

Z Z Z xa@u(di) xad)pldz) xa(d2)dz xa(r2)
61/2g2dv(df2v)3/2|A|

0o dilfd fd fv 24
dll‘ff‘ &ICG D ryry= fd2;2
o
dt
/h(r)ttanh(nr)—zdt
T
—0o0

up to an error of O(K¥¢~"), where in the definition (11.5) of & we replace f» = dg,
f1 = vg. We substitute this modified version of (11.5) and open the Mellin transform
(6.7), so that the previous display becomes

2
12 k L[ e
LY w(i)V am2to [z
wk? (K) 3 4] e
ke2N

3

00 00 (12.3)
/ /g(k T,v+1/24+it)Gk, t,v+1/2 —it)w(r)T tanh(wt) — dtzd
Tl
where

L= ) D) )

dsv,m)=1 g, f.A dy|fd fd fv
o <§)1dl|fvd'("1’d2)

Z n(dsv)p? (m)u(dl)u(dz)xA(8d1d2r2)d3L( b
(V)20 (§g)2H2v f3+203| AT+ XA, 1).

Recall our general assumption that A runs over negative fundamental discriminants.
The main term will come from the residue at v = 0 and we need to analytically
continue .Z to fv < 0 and compute the residue at v = 0. The critical portion is the
A-sum which we analyze in the following lemma.

Lemma 25 Let o € N and uniquely write ¢ = a%az with ,uz(az) = 1. Then

> xa@ion = S5 (142 =) 1 (1= 5 =55+ o)
p

3 4
_X=A<0 Dl p p p D p
+O(X/ 0 (X)),
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1386 V. Blomer, A. Corbett

In particular, the Dirichlet series

Z xa(@L(xa, 1)

%(v;a) = |A|l+v

A<0

has analytic continuation to v > —5/18 except for a simple pole at v = 0 with
residue

S T10+ 5= 5) T 5+ 4)

pla p p

and is bounded by O, (|v|a'/*1¢) in the region Rv > —5/18 + ¢, |v| > e.

Remark: The computation of the leading constant in Lemma 25 seems to be a new
result even in the case @ = 1 and features an interesting Euler product. See [46] for
similar Euler products for averages at the point 1/2. The case « = 1 can be read off
from [31].

Proof Let w be a fixed smooth function that is equal to 1 on [0, 1] and vanishes on
[2,00). Let Y > 1. We have

S22 (2) = [ Loa 1 +9B6Y o = Lixa 1)+ 00218115
n
" @

where w in the present case denotes the Mellin transform and the left hand side comes
from a contour shift to 9is = —1/2 and the Conrey-Iwaniec [20] subconvexity bound
for real characters. We obtain

— 1 (n 7/6+e v —1/2
Y w@Laa =Y ~w(F) X xalem 40Xy,
—X<A<0 n —X<A<0

(12.4)

We decompose the main term as St + S depending on whether an is a square or
not. We first consider the portion S where n is restricted to n = ayk® with k € N.
This gives

Sm=2#w<a2k) > 1 Z s X 10(5) 1as)

k —X<A<0 —X§A<0
(A, ak)=1 (A, ak)=1

We decompose the main term as S + S oy S5 8 depending on whether A is

odd, exactly divisible by 4 or exactly divisible by 8. We have

Sdd = Z = D W Xom) — x-a(m)

m<X
(m,ak)=1
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where xq is the trivial character modulo 4 and x_4 the non-trivial character modulo
4. For x € {xo0, x—4} we consider the Dirichlet series

1 1 p2m)x(m)  ¢(2) x(p)  x(p)
EZk_Z Z ms = 2000 l_[ (1 + s ps+2>

k (m,ak)=1 pta P
@ x(p)  x(p)\~! x(»?*  x(p)  x(p)?
_Ezl;x[(“_ o ps+2> L(X’S)l:[<1_ P o2 + p2s+2>'

A standard application of Perron’s formula (e.g. [71, Corollary 11.2.4]) shows now
that

)X 1 1.1 o1
S = S [G ;_F) H(l—F—FJrF)
pla pf2
2
12
+0(X—(a2X)€). (12.6)
(6%

We have S7™" * £ 0 and S5 8 £ 0 only if « is odd, which we assume from now
on. Then

1 1
even, 4 __ 2
Sg = P Z a2 Z = (m)

(k,2)=1 m<X/4
(m,ak)=1
m=1(mod 4)
1 1
" 2w Z K2 Z 12 (m) (xo(m) + x—a(m))
2 =1 " m=x/4
(m,ak)=1

and by the same computation we obtain

SO 2 IO e )

e pop) pr pPop
172
+O<—(oc2X)€).
a
Finally,

Feg T g T wm=g Y g T wmm
O _C(2 k2 n _az k2 1% X0
(k,2)=1 m<X/8 (k,2)=1 m<X/$

(m,ak)=1 (m,ak)=1

m=1(mod 2)
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1388 V. Blomer, A. Corbett

where now o is the unique character modulo 2, and we get the same main term for
S5 8. Putting everything together, we obtain for a» odd that

= A T e ) B 39

pla b P
X X1/2
+ 0(— + _(azx)s)
Y o
2)X I 1y~ 1
S 105 =5) T35+ 55)
20 0N P > p ot

and for a; even that

_t@x R Ul el 1
P e E(”;—;) U<1_?‘F+?)'H‘z(”z‘g)
X x'2 .
+ 0<? + a—z(OlQX) )
_;(2)X ( l_i)*] ( _i__ i
20(21]’;[1 p P l;[l P> p3+p4)
1/2

Note how beautifully the constants fit together.

We return to (12.4) and study Sy where the n-sum is restricted to an # [
The function D +— xp(an) = (D/an) is a 4n-periodic, non-trivial, completely
multiplicative function, defined on non-zero integers D = 0, 1 (mod 4). If n is odd,
this function is naturally defined on all D and in fact n-periodic. If n is even, it can be
extended (using the supplementary laws of quadratic reciprocity) to a not necessarily
primitive, but non-trivial Dirichlet character modulo 4n. Thus it suffices to bound

> uEemyym)

m<X’

for a character ¢ of conductor < «Y and X’ < X. Writing u?(m) = Zd2|m u(d)
and using the P6lya-Vinogradov inequality, we bound the previous display by

X
<Y min <ﬁ’ (aY)1/2+8) & (X2 (ay)Hy+e. (12.7)
d<X
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Collecting error terms in (12.4), (12.5), (12.6), (12.7), the total error becomes

X7/6 X X1/2
+ 2 e X P ) (e

<(ym ¥

We choose Y = X3%a~1/3 + 1 to recover a total error of (X 13/18¢1/6 1 x1/9¢1/3
X1/201/%)(Xa)' 4. This completes the proof of the asymptotic formula. The claim
on the Dirichlet series .2 (v; «) follows by partial summation. O

With the notation of the previous lemma we can write

L= 3 22 2 X

@svomy=1 g.f di|fd v
o1 iy DI &) =L

3
1(ddv) i (m) p(dy) p(dr)d3
(dv)4+2” (5g)2+2” f3+4u

5 A (v, 8d1dara),

and we conclude that . has analytic continuation to v > —13/18 except for a
simple pole at v = 0 and polynomial (in fact linear) bounds on vertical lines. If rad(n)
denotes the squarefree kernel of n, then

2

)P NDIED DY

£(2)? 1 1 1
ry? @ =5 T =5t 9)

dsv,m)=1 (f,8)=1dy|fd 4, fd Iv 240 (12.8)
=L d;‘lj}vd3|(ﬂ'@)”r2:d{dzdd§
A8 (m) () i (da)ds L )—1
482 £33 3
(dv)*6? fimPrad(ddidary) o0 p P

where we have implicitly computed the g-sum in the definition of £ (v) as ¢ (2). Now
a massive computation with Euler products, best performed with a computer algebra
system, shows gigantic cancellation, and we obtain the beautiful formula

2
res.Z(v) = 10 .
v=0 2¢(4)

With this we return to (12.3) and shift the v-contour to v = —1/10. By (9.13) and
trivial bounds the remaining integral expression is bounded by

oo X
2 2
t
3 K—%—%/ / U +|" )|r|drdt <« K410,
—00 —0Q0

K<k<2K
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It remains to deal with the double pole at v = 0 whose residue is given by

12 k\ 7?2
— — ) . ..
R 3 W(K) %0 9/7
ke2N

f / r_0<—.§f(2v)g(k v 1/24in)

—00 —0O0

1
4

SR )

Gk, T, v+ 1/2 — it))w(r)t tanh(nr)gdt.

We can remove the factor w(7) tanh(rr7) at the cost of an error O (K ~"/2), cf. the
definition (11.1). Using the definition (6.5), at v = 0 we have the following Taylor
expansion

Gk, t,v+1/24+i)Gk,t,v+ 1/2 —ir)
— Gk, 7,12+ inG K, ,1/2 — it)

I (k—1/2 j
{1+U<ZF< 2/ :I:it:l:%)—4logn>+0(v2)}.

+,+

We have F?/(z) =logz + 0(|z|’1) (for Rz > 1, say) and so

I k—1/2 ;
ZF( 2/ —iti%)—4logn=4logk+0(1)

for 1, 7 <« k*/3, say (the ¢ and T integrals are negligible outside this region). In this
range we can insert (9.15) to conclude that

oo o0

c(2)? 16 _ 2
4logk/ mﬂkl/ze (4’4t /K| ¢ | dt+0(1)

—00 —00

We evaluate the two integrals, sum over k (by Poisson, for instance) and recall the
definition of w just before (1.3) getting

12 k\ 72 2 1 1 (2?16 k1
R=—" Wl—=)—= -9m-2-2.-—.-. 4logk k- o
a)KZZ (K) %0 f og — + 0

1/2
5 3 4 2 20(4) 7k 2
12 x2 11 @216 Jw 1
_779«/ 2.2 o2 4log K - — . X 1 01)=4logK + O(1).
2 342 ek S w 2 g2 T O =dlogk+ oM
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We have now detected the main term and we conclude this section by stating that

Ndiag,diag(K) =R+ 0(1) =4logK + O(1).

13 The diagonal off-diagonal term
13.1 Preparing the stage

We return to (11.6) and consider the off-diagonal terms on the right hand side of (3.5).
We treat the first off-diagonal term in detail in the following three subsections. In
Sect. 13.4 we show the minor modifications to treat the second off-diagonal term. The
first off-diagonal term is given by

ToMdiag (A ¢ ko p) = 8 Z Z XA (m) S(m, nr/d, c)

djr n,m (dnm) /2 ¢ ‘
/ Jaie (e /Gwr [d) ) W Wy (2 )ho)r anh(re) S
sinh(r 1) Al o

where i was defined in (11.5) and depends in particular on ¢, k and A. This needs to
be inserted into (11.4) with r = fzdv/(dldzdg) < K*1.1In (11.4) we apply a smooth
partition of unity to the A-sum and consider a typical portion

A o
TVK. ko)=Y w(%)r“—dlag’lm, tk,r)
A

for a smooth function w with compact support in [1, 2]. Our aim in this section is to
prove the bound

TDX 1k, r) < XKF0 (13.1)
uniformly ink =< K, < K1/2%¢,
X <K***, r<k® (13.2)

and f, f1, f2,d, v € N which are implicit in the definition (11.5). Taking (13.1) for
granted, we estimate (11.4) trivially to obtain a contribution of O(K®~7), which is
admissible. So it remains to show (13.1), and to this end we start with some initial
discussion.

The c-sum in Z°"4&1 (A ¢, k, r) is absolutely convergent, as can be seen by using
the Weil bound for the Kloosterman sum and shifting the ¢#-contour to Rit = 1/3,

say, without crossing any poles. By the power series expansion for the Bessel function
[33, 8.440] we have

Joir(¥) Lz x 2T (141772 x <1
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1392 V. Blomer, A. Corbett

and we can therefore truncate the c-sum at ¢ < K 106, say, at the cost of a very small
error. Having done this, we can sacrifice holomorphicity of the integrand in the t-
integral, and we insert a smooth partition of unity into the r-integral restricting to
T =< T, say, with

K1/2—2)] S T S K1/2+£, (133)

otherwise i (7) is negligible by (11.5), (9.16) and (11.2). We insert smooth partitions
of unity into the n, m, c-sums and thereby restrict ton < N, m < M, ¢ < C, say,
where

N < T1+€,M < XTlJrs (13.4)

by (9.17) and initially C < K 10° Next we want to evaluate asymptotically the 7-
integral. To this end we use Lemma 21 with the weight function h = hp , A given
by

Wi (dmy Wy <|A|)h(r) (|T|)

=W dn)W, ( )w(f)Vt((|A|f fif2dv)*; k, T)w<|T|>

|Al

where w is the weight function occurring in the smooth partition of unity of the t-
integral. By (9.17), (11.2) and (9.16), the function h is “flat” in all variables, i.e.

dh dr din o4l
dnit dm2 dAJ dti

hyma(t) < K~ V2p=iN—ipg=i2x—J3

fork < K, Al x X,n=<x N,mx< Mandj € N4, uniformly in all other variables.
Lemma 21a implies that we can restrict, up to a negligible error, to

NM
C< T”Kg, (13.5)

where rp = r/d, and up to a negligible error we are left with bounding
8T2
(NM)SHK )17 Z_ (rr) 174

3 satosn (2w (22 5 )

IIX,N,M,C,T) =
(13.6)
A,n,m,c
for a smooth function W with compact support in [1, 2]* and bounded Sobolev norms
with variables X, N, M, C, T satisfying (13.2), (13.4), (13.5), (13.3), respectively.

The basic strategy is now to apply Poisson summation first in the n-sum and then
in the m-sum in Sect. 13.2. This shortens the variables in generic ranges, so that a
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trivial bound turns out to be of size X K'!/2t27+¢_ This is very close to our target
(13.1). In Sect. 13.3 we will extract a character sum from this expression where the
Pélya-Vinogradov inequality produces the final saving, at least in generic ranges of
the variables. In order to also treat non-generic ranges where some of the variables
are relatively short (and hence Poisson summation is less effective), at each step
we also apply trivial bounds along with Heath-Brown’s large sieve. In particular, by
Lemma 19b) we can bound (13.6) by

K°T? 1 1
D(X,N,M,C,T XNMCW( )
/r ( s 4T > )<< (NM)3/4(KC)1/2 X1/2+M1/ (137)
KeT? | X .
_ /4 1/4+1/2
= i CN (M X +—M1/4).

13.2 Poisson summation

Now we open the Kloosterman sum in (13.6) and apply Poisson summation in n in
residue classes modulo c. In this way we re-write /r(l)(X ,N,M,C,T)as

eT2 yvry
(NM)3/4(KC)1/2 Z (rr )1/4 Z Xa(m) Z ( ) Z e( c )

y (mod ¢) v (mod ¢)
00 (13.8)
nv / Xy [A] x m ¢ xn
L) [ 5 (-
X N M C c
nez 0
We consider the character sum

1 * /My yvr ny * my
e 2 () X ()T = X () @
y (mod ¢) v (mod ¢) y (mod ¢)

yro=—n (mod ¢)

This is non-zero only if (n, c) = (12, ¢). We write (r2,¢) = 8, = Sré, c = 8¢,
n = én’ with (n'r), ¢’) = 1 and recast (13.9) as

* my
> ()
y (mod c) ¢
y=—rhn’ (mod ¢)

We decompose § = 818, with §; maximal so that (85, ¢’) = 1. Note that rén_/ is
coprime to ¢/, so the condition (c, y) = 1 is equivalent to (8, y) = 1. We factor
¢ = c'81 - 8 with (¢’81, 82) = 1 and apply the Chinese Remainder Theorem to see
that the previous display vanishes unless 81 | m, say m = §;m’, in which case it equals

m r2n/82>
/

51Rs, (m/)e<
C
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where R denotes the Ramanujan sum.

Next we consider the x-integral in (13.8). The phase has a unique stationary point
atx = rym/n? if sgn(n) = = and no stationary point if sgn(n) = F.If N < rpm/n? <
2N and sgn(n) = &+, we can apply the stationary phase lemma [11, Proposition 8.2]
withX =1,V=V,=0=N,Y =/NMr/C > T*K~* > K'/?7¢ to see that
the integral is given by

cromy 1/2 rym |[A] rpm m ¢
(o) (=)W (5w )
In|3 cln| X 'n?N' M’ C

for a smooth function W with compact supportin [1, 2]* and bounded Sobolev norms,
up to a negligible error from truncating the series in [11, (8.9)]. Otherwise we apply
integration by parts in the form of [11, Lemma 8.1] with X = 1, U = Q = N,
Y = R = /NMry/C to conclude that the integral is negligible.

Noting that with our previous notation

d/ /
() ()
cln| c'n’éy

for sgn(n) = =+, we can now apply the additive reciprocity formula e(1/ab) =
e(a/bye(b/a) for (a,b) = 1 to conclude that 7" (X, N, M, C, T) equals, up to
a negligible error term,

K°T? 1 , , m’réc7
(NM)3A(KC)1/2 Z )1/ Z Z xa(@'81)81 Rs, (m )e( s )
r18182dy=r A, ¢’ £n'eN

(c n'r)=1 (13.10)
81>

(c’dém’)l/2 (|A| dym’ '8y 0’8182>
Sn'3 X 8w)2N' M € /)

Here we recall the notation conventions from Sect. 1.5 regarding expressions § | ¢*
etc. For easier readability we remove all the dashes at the variables, and we define

Wa(x, y,z, w) = w2y 322wy (x, 2/y?, 2, w).

We also open the Ramanujan sum Rs, (m) = 283“52’@ 831 (82/63), write 82 = 8304
and replace m with md3. Finally we drop the £-sign in the summation condition on n
(both cases are identical). With this notation we can re-write (13.10) as

12 o
MK r1818aaramr (rrirads)
mrpc Al nd3+/N818s m8183 818384\ (13.11)
2 xamansne(pr )W mitdy chidsie)
A,m,c,n ndy X s o -
(c,nr28384)=1
81 [c>
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Before we continue to transform this expression, we estimate trivially with the large
sieve (Lemma 19b)

IYX, N, M, C,T)

KeT? 5,483 VM, M C /8N\12 |
R o /2
STl > X (( ) +X

1/4
181 earer (rriréq) 834/ N 8184 6183 816384 \\ M (13.12)
« KTC x4 ')
(KN)1/2 '

Our next goal is to apply Poisson summation in m restricted to residue classes d4n|A|.
For m € Z, this leads to the character sum

2 XA(M)6<IZ’:3246)6<54ZTA|)= 2 XA(W(%M)'

w (mod 84n]Al) w (mod 84n]Al)

We decompose both n and §4 according to their common divisor with A. We write
n = niny and 84 = §58¢ where n18s | A%, (n286, A) = 1. We obtain by the Chinese
Remainder Theorem that the above character sum equals

Z e(u35n1|A|(r25|A|+m)) Z xMM@(WSé_nZ(rzaNer)).

n-sd Ssnq|A
1t (mod 8g12) 296 u (mod 8511 | Al) smilAl

The first sum vanishes unless n,8¢ | r2| A|+mc in which case it equals n286. Since A is
anegative fundamental discriminant, the second sum vanishes unless n18s | r2| A|+mc
in which case it equals

. mc|Al+m
lv|A|n155XA(n256—n 5 )
185

Having this evaluation available, the Poisson summation formula transforms (13.11)
into

3/4
KeT? 5 57/*831(8586)

MK r181838586r2=r (rriradse) !/t
rclAl +m
XA (”286—8>
Z Z xa(8183) |A|1/nzl 2
A,c,n1,ny mez (1313)

(c,n1n2r2338586)=1
811c®,n185| A%, (n286,A)=1
niny8s586|r2| Al+me

)
[A| nin2d3/N381858¢ x8183 81838586 mx
WZ(_’ ) ) >e< - )d-xv
X Mry M C ninydsde| Al
0
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up to a factor i. The above integral is just the Fourier transform of W, with respect to
the third variable which we write as

M <|A| nin83+/N61858¢ mM C5153855(,>
5185 S\Ux Mr, nimadsdelAlsissT € )

Defining Wa(x, y, z, w) = W3(x, y, z/(xy), w) we recast the previous display as

M W (|A| n1n283+/N81858¢ m~/NM 6‘81335556)
5163 X’ Mry ’ (l’2315536)1/2X7 C '

The function Wy is compactly supported in the first, second and fourth variable and
rapidly decaying in the third. We first estimate the m = 0 contribution to be

KeT? 84 M c
(rriradsde)V/* /X 8,85 81838586

1/2
MK r1818385861r2=r
X'2cT? L(XNM)'/?
<K — i <K' —

by (13.5), (13.4), (13.2), (13.3) and a divisor estimate for n1n;. This is clearly admis-
sible for (13.1), so from now on we assume m # (. By the same argument, we obtain
for the m # 0 contribution the bound

KeT? 3 57/%83 M C  (2818580)'°X
1/2 /4 /x V4
MK r181838586r2=r (rrir2d586) X8183 91838586 NM (13.14)
. X3/2CT2
Kt ——.
< (MNK)1/2

By (13.5) and (13.2), this is only a factor K37+¢ away from our target (13.1), so a
very small additional saving suffices to win. For easier readability we consider only
the case m > 0, the other case being entirely analogous.

13.3 The endgame

Up until now we have not touched the long A-sum, which we will now use to obtain
some additional saving. Before we do this, we must exclude the case that C is very
small. To this end we combine (13.14) and (13.12) to obtain

2 x3/2

. T%C
(NK)1/2 min (M1/2 ’

—(NK)I/ZX.

I DX, N, M,C,T) < K* X+ (X)) < K*
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Similarly we can combine (13.14) and (13.7) to obtain

T2C X3/
IO N M, C.T) < K g7 min <W
<K€T2CX< 1 +<ﬁ)1/4)
- KLl/2 (MN)I/S M
T2CX r1/8 r1/4N1/2
K1/2 <C1/4T1/2 + clre2r )

N\ 14
(MN)1/4X1/2+<M) X)

< K*?

using (13.5). Combining the previous two bounds we finally obtain

r’°cx '8

1 1 3
AP . CUATI2 < XKitantecs

JW(X, N, M,C,T) < K*

by (13.3) and (13.2) which meets our target (13.1) unless

which we assume from now on. We recall that ¢ is automatically coprime to
n1nar2838s538¢. For fixed k € N let .7 (k) = {k1x2 : k1 | k,x € N} be the set of
square classes of all divisors of k. From (13.13) we remove all ¢ € .%(2r;8;m). Since
C is large, the O(K?) square classes are only a thin subset of all ¢ and by the same
computation as in (13.14), they contribute no more than

3/21/22
X3¢t

1/2 1/242n+e ~—1/2 1/3+6
INK)E Lr'*XK e < XK 1 (13.15)

<K

to_7"(X, N, M, C, T) which for n < 1/40 is admissible.

With this we return to (13.13) and explain the idea how to obtain additional sav-
ings. Ignoring (for the purpose of these heuristic remarks) the secondary variables
81, 83, 85, 8¢, 2, N1, we have to sum

Y. xalam)

na||Al+me

We |A| 4+ mc = nys for s € N and rewrite the sum to be taken over m, s, ¢, no where
now |A| is determined by the other variables. Assuming also for simplicity that n,, m
are odd, we obtain a sum over

(e _ (o ey oy _ (e o
() ()

where —nas 4 mc is essentially restricted to squarefree numbers. By quadratic reci-
procity, the first two factors are essentially constant. Since ¢ is not a square, the map
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1398 V. Blomer, A. Corbett

ny +— (5>) is a non-trivial character, and since typically the length of n is much
longer than the length of ¢, the ny-sum has some saving from the P6lya-Vinogradov
inequality (here we also need to deal with the squarefree condition). We now make
this precise. For clarity, we repeat (13.13) with the small amendments we have made
so far:

KT 3 14(8586)
(XK)1/2 (rr1712818586) /4

r181638586r2=r

rclAl+m
23 xa(manane==l)
A,ny,ng,mcg S (2r181m) 193 (13.16)
(c,n1n2r2838586)=1
811c%,n185| A%, (n286,A)=1
nin28sde|ra| Al+me

|[A] nin283+/N3618586 m~/NM C31538556>
X’ Mry ’ (7‘2315556)1/2)(’ C

"

where Ws(x, y, z, w) = x V2w, (x, v, z, w). We define s through the equation
ninydsées = ry|A| + mc. (13.17)

Note that, up to a negligible error,

1/2
sz/ 12X

—— L K" —
N M51856603 T2

by (13.5), so that by (13.3) we conclude that mc is substantially smaller than | A|.
In particular, n1n,858¢s < 2 X, so that

X863/ NS
S X — .
' M8s58¢6

me < K° (13.18)

(13.19)

We first argue that we can truncate the nj-sum in (13.13) at n; < K*7. Indeed, since
(n1,¢) = 1, but ny | A®, the squarefree kernel rad(n;) must divide m. Summing
trivially over n1, na, s, ¢, m in (13.13) as in (13.14), the portion n; > Y contributes
at most

“smE Y
(XK)!/2 (rrir2818586)1/4

r18163858¢r2=r

Mr,  X833/Nsira C  X(r28:858¢)"/2
x Z (13.20)
et 337/ N813586n1  /M858¢ 81838586 /N Mrad(ny)
X32CT?
< K*

(MNK)I/ZYI_S
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by applying Rankin’s trick and using that ), rad(n)~ 11~ is absolutely convergent for
o >0.IfY > K* thisis < XK!/>721%¢ by (13.5) and (13.2), hence admissible for
(13.1). Having truncated the n1-sum, we decompose A = A A, into two fundamental
discriminants of suitable signs where (A, 2n16s5) = 1 and A | 81165, in particular
[A1] < 8K®" and (A1, cnade) = 1. With this notation and recalling (13.17) we can
write

rclA|l+m

XA (513371256
l’l185

) = Xa1 (018365) 1, (81838581 12m).

Next we make nym coprime to 2ry Ay by factoring ny = nhn’) and m = m’'m” with
(nym',2r A1) = 1, nim” | 2r2 A1) | (2rpn185) so that the previous display
equals

XA (8183¢8) x A, (81838586 1n5m”) X (n1n85865—me) (ra] Ax ) (M)
—r2|Ay |mc> (VzlAl [n1n28586s )

/

= xa,(8163¢8) X, (51538586711”/2/”1//)( P -
2 (13.21)

= xa,(8183¢8) XA, (81838586n1n5m")
<r2|A1In1H/2’5586s)(—r2|A1Im”>(m')<”/z)( c )
m’ n, nh/\m'/\nb /"

By a computation similar to (13.20), this time using that

D1 (XY

alb™
a<X

for X > 1, b € N (which follows in the same way by Rankin’s trick), we can assume

ny,m" < K*7, the remaining portion to (13.13) being <« X K'/>721¢_ We are left
with short (i.e. < K*") variables

r1, 81,83, 85,86, r2, ni, ny, m", Ay (13.22)
and potentially long variables
Ap,c,ny,m',s
subject to ¢ ¢ . (2r18;m'm”) as well as

(c, ninynrad3dsde) =1, 81 c™, nids | (A1A)™,
(nyn586, A1A2) =1, Ay | 8nids,

(A2,2n185) = 1, (n’zm/, 2}”2A1) = 1, n/z/m” | (2}’2A1)OO,
n1n/2n’2/8586s =rA1Ay + mec.
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1400 V. Blomer, A. Corbett

We can eliminate A, from the last equation, so that a congruence
ninsns8s8es = mc (mod raAy)
remains. Then the conditions (A3, 2n1685) = (n/zn’2’86, Aj) = 1 are re-phrased as
(n1nhns8586s — me, 2ran18snhn’y8e) = ra
which is equivalent to
(n1n4n58s86, me) =ry, (2r2, ninypny8s8es —me) =ry, ryry =ra.
The condition n185 | (A1A2)* reads

A
Nn1nHns085868 — mc
rad(n;8s) | —2-2 .

2

All of these conditions on 7/ can be detected by congruences modulo “short” variables
in (13.22) (and some powers of 2) as well as (n/z, m) = 1. Finally we need to remember
that AjA, is a fundamental discriminant. To this end we split into residue classes
AA;=1,5,8,9, 12, 13 (mod 16) and insert a factor ,uz((nln’Zn/z’8586s —mc)/(ary))
with o € {1, 4}. We use the convolution formula

/N4
o (171515085865 — mC) _
g ( s = > n(y),

P! ”/2"/2/55 Sgs—mc
VIS

and insert all of this back into (13.16). We claim that we can restrict y < K47 for
some constant A. Indeed, summing over all short variables, as well as ¢, m’, we get a
congruence for n/,s modulo y2, so that the portion y > Y contributes at most

1/24+0
kowy o X £2<<M
o XKV UNM y Y

which is acceptable if Y = K A" for A sufficiently large. Note that (13.18) implies that
ninsn’8s586s — mc never vanishes, so there is no “1+” in the congruence count. In
addition, for fixed y we also remove all ¢ € .7 (y?) at the cost of an error X K !/3+00n
as in (13.15).

We are finally ready to return to (13.21) and split the sum over n), into residue classes
modulo v modulo H := 32r181838586r2n1n/2’m”A1y2 = K9 By assumption, c is
not in a square class of any divisor of H. Thus we consider

c n’
X Gv(F)
, ny R
ny=v (mod H)

(ny.m")=1
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forvodd, c « Cand R < /M]NK ?D We can detect the congruence condition by
characters, none of which conspires with n, — (n%) to become the trivial character. By
2

the Pélya-Vinogradov inequality, we can bound the previous display by C!/2K 9™
and by trivial estimates over ¢, m’, s and the present estimate for the sum over n’2 we
obtain the final bound

T2 c X X\/— 1/2 KO(r]) N3/4X3/2
(XK)1/2 /INM M K121 M1/4

« XK3/8+0

KOm

o)
L K7 KL12T1/4

by (13.5), (13.4), (13.2) and (13.3). For sufficiently small 7 this is in agreement with
(13.1) and completes the analysis of the first off-diagonal term in (11.6).

13.4 The second off-diagonal term

The analysis of the second off-diagonal term in (3.5) is structurally very similar
(although the numerology is a little different), so we can be brief. Here we need
to consider

T 16 XA (m) S(m, nr/d, c)
Z-off diag,2 Atk P
( s by ,I") ﬂZXI;(dl’lm)l/z - c

/00 Kir (4m+/ (anr /d)/c) sinh(m )W (dn)W. (

N dn) W IAI)h(r)r—

with £ as in (11.5). This needs to be inserted into (11.4) with r = fzdv/(dldzdg) <
K*". Under the same size restrictions (13.2) as before we want to show that

A
TOX k)= w (' l)I"ffd‘agz(A fkr) < XKV,
A

As before we first use holomorphicity to ensure absolute convergence of the c-sum and
obtain a very coarse truncation. Then we apply smooth partitions of unity restricting
to T < T satisfying (13.3), n < N, m < M satisfying (13.4) and ¢ < C. This time
we use Lemma 21b to conclude that

C<K'———, (13.23)

and by an analogue of (13.6) we need to bound the quantity
S (X, N, M,C,T)

KeT 1 [A|
= (NMK)1/2C Z (rr1)1/4 Z XA (m)S (m, nrg,c)W(

2ﬁ| 5
SE
Al o
SN——"

,n,m,c
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1402 V. Blomer, A. Corbett

where W satisfies the same properties as in (13.6). The trivial bound using the large
sieve (Lemma 19) is now

&

(NMK)'/2C

KE
K1/2(XNC)1/2(X1/2 + M2y,

NMC3/2(L+ ! )

IPX,N,M,C, T) « 1
/2 1/2
X M (13.24)

Next we apply Poisson summation in n in residue classes modulo ¢ which is sim-
pler than before because there is no exponential e(£2,/nmr,/c). This transforms

XN, M, C,T)into

KéT 1
(NMK)'/2C Z W Z xa(mN
rirm=r

* my |A| nN m ¢
> X e )Wl( )
c X C M C
nez y (mod ¢)
rpy=—n (mod c)

for a weight function W that is compactly supported in the first, third and fourth
variable and rapidly decaying in the second. This term contains the same character
sum as in (13.9). By the same manipulation we obtain

K¢TN'/? 8183341 (8
IOX. N, M.C.T) 3 (8183)°"1(84)

= 172 1/4
(MK) Cr1818384r2:r (rrirés)
mr2n82

> 2 XA(I“3153)"’( ) (13.25)
A,m,c neZ
(c,nr8384)=1

81]c>®
W(|A| nd16oN md; c5152)

\x" "¢ "wm ¢ /)

This is arithmetically analogous to (13.11) except that the roles of d,n and c are
reversed in the exponential. This makes good sense since in generic ranges we have
c=x K2, n < Kin (13.11),butc < K, n < KY2in (13.25). The large sieve now
gives the bound

/(2)()( N,M,C,T) € LWXCMc< 1 I )
T (MK)'/2C™ N f M

_ KfTX'*:C

WO ———— 5 (VX +VM). (13.26)
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Next we apply Poisson summation in min residue classes modulo |A|c. In the character
sum

)3 XA(M)6<M(m - rzn_SzlAl)>

clA|
u (mod c|Al)

we decompose ¢ = cjcp where ¢ | A%, (¢2, A) = 1. The character sum vanishes
unless cicy | mnéy — ra|A| in which case it equals

. m — randy|A|
iIBTe1xa (222,

Estimating trivially at this point yields

T(MN)'2C?X*  X32CT
CXK)I2MN ~— (KNM)'/?
&« XK/2H2m+e (13.27)

DX, N, M,C,T) < K*

by (13.23) and (13.2), matching the bound in (13.14). With the roles of ¢ and n
reversed, we now want to make sure that n < C(N818,)! is large enough. By the
trivial bound (13.27) we can assume that n > C(N§;82) ' K~*1. Now combining
(13.27) and (13.24) we obtain

cxH\2r ., xcl/2
K12 n((NM)l/Z’

TXC!/?
< K'— W2l

FOX, N, M, C.T) < K* (NX)V? ¢ (NM)1/2>

Combining (13.27) and (13.26) we obtain

x2 CTX

@ g LA g1
INX, N, M, C,T) < K (MNK)I/zmln(vMX—G—M,X) <K NK)E

Combining the previous two bounds, we obtain

TXCY* STXN3/4(C>3/4 < XK1/4+€(C>3/4

@) g
S XN M CT) <K —m— = K —— (5 N

by (13.4) and (13.3). This is acceptable unless
C/N > K321 and C > K*372

which we assume from now on, so that in particular n > C(N§ 18K~ >
N1/3~101 By the same argument as in the previous subsection we can now extract
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1404 V. Blomer, A. Corbett

certain square classes in the n-sum and then save from the Pélya-Vinogradov inequal-
ity. In effect, we replace the factor C from a trivial bound of the c;-sum by a factor
KO /NJC of the square root of the conductor of ¢, (C"—z). This leads to the final
bound

3/2 3/2
\ X32T/NJC - KO x3/

e 1/6+0(n)
(KNM)1/2 — K1/2¢cl1/2 < XK

IP(X,N,M,C, T) < KO

by (13.2), (13.3) and our assumption C > K2/372"_This is in agreement with (13.1)
and completes the analysis of the the second diagonal off-diagonal term, hence the
analysis of the complete diagonal term.

14 The off-diagonal term
14.1 Initial steps

We return to (11.3) and analyze the off-diagonal term in Lemma 6 applied to the A-
sum. Here we are only interested in upper bounds, so dropping all numerical constants
it suffices to estimate

1 k (1 (n) i (m)
eI v(p) T f/‘”(’“)
ke2N (n,m)=1 “0A e J1,f2.D1,D2
n,m<K"

3 (d_1>‘ xDz(dz)P(Dl’ )P(Dz,u)<|Dz|f2)nlk
dy|dy|n da di f1f2|D1D2|3/4 |D1|f12
(d\d2)*|n* D,

KF (D1, |D2|n?/(d1da)?, ©) 47 \/TD1 D3n
Z Jk—s/z(—>
c cdidy

c

Vi(ID1Da|(f1 f2)*; k, t)dudt,

and our target bound is K~". We recall that V;(x, k, 7) was defined in (6.7) and
besides the decay properties it is important to note that V;(x, k, t) is holomorphic in,
say, |3t| < 1. Since we want to apply the trace formula (Theorem 18) to the spectral
sum later, we must not destroy holomorphicity in the third variable.

Asin Sect. 11 we write d» = d;8,n = d5v. Then d12 | v2D, and d12 | Dy since n is
squarefree. Again we write d; = d and D»d? in place of D, and bound the preceding
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display as
i, I, sl 2w (i) [ o

dsv,m<K"

> XDy (8) P(Dy; w) P(Dad?; u)(IDzl(dfz)z)”kZ 3/2(|D1| |D2 V2, ¢)
fiof2.D1.D2 fi1f2|D1 Dy P/ |Dy| f1 -
Jk_3/2<%—w> V(D1 Dal(dfi f2)% k. t)dudr|.

We sum over k using Lemma 20 and open the Kloosterman sum. As in Sect. 10.2, up
to a negligible error we obtain the upper bound

B D) PR ECLILSSELT
d382 3/2m3cf1f2y(m0dc)

dsv,m<K" 4lc fi,fr (y,0)=1

where 7°f(K) = Igfg (K) is given by

) ,V,m,C,f|,f2,)/
8)P(D1; u)P(D2d?; ) (| D2|(df2)? it
Toff (g / / . XD, (
(K) =— (1) Z iy ( A )
_oerv
e<|D1|V + |Dy|v? P)e(i 2/|D1Ds V)
C C
~ V| D1D3|v
7(ID1Dal@fi )2 S k) dudr:

here V satisfies (10.2) and is holomorphic in |3t,| < 1. The bounds contained in (10.2)
imply in particular ¢, f1, f < K" up to a negligible error. For notation simplicity we
consider only the plus-case, the minus case being entirely similar.

As in Sect. 11 we start with a Voronoi step, but in the present situation (since we
have already excluded the constant function that requires a very careful treatment) we
can afford to lose small powers of K on the way. We introduce the notation

A<XB & AKKB

for some constant ¢, not necessarily the same on every occasion. We always assume
that 7 is sufficiently small.

To begin with, we integrate over ¢t which by the properties of (10.2) induces the
condition | D |f12 — |D2|(df>)* < K'/? up to a negligible error. This now implies
K2 < D1, Dy < K2, up to a negligible error. In V we can separate the variables
D1, D; from t, by Mellin inversion (keeping holomorphicity in t,,). Since V is of size
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1406 V. Blomer, A. Corbett

K ~1/2 and we also get a factor K !/2 from the 7-integration, we are left with bounding

*

D P(D-d2 w)
joff(K):% / Q) Y XD, (8) P(D1; u) P(Dad ’u)V1(|D1|>V2(|D2|>

|D1D2|3/4 K2 K2
A ey Di1.D>
Ds|(df>)? D Dav2y\ 21D\ D
V3(K1/210g| 2|( f22) )e(l 1ly +1Dz|v J/)e< ID) 2|1))du
| D1l f5 ¢ c

where Vi, V5 have support in [K 9@ K 9] with Sobolev norms bounded by < 1,
V3 is rapidly decaying, and €2(7) is holomorphic in [J7| < 1, satisfies the conditions
(11.2) and is non-negligible only in the range K'/? < |7| < K!/2.

14.2 Metaplectic Voronoi summation

We now consider the Di-sum

Z P(Dy;u)P(Dyd?; ) V1<|D1|>

3/4 3
o | D1 Ds| K

(14.1)

|D2|(df2)2>e<|D1|V>e<2«/|DC1—D2V)

V3(K1/2 log
|Dy| £} c

and insert (4.8) with r = #,/2 if u is cuspidal and (4.11) if u = E(., 1/2 + ity) is
Eisenstein. For clarity we recall that

P(Dy;u)P(Dyd? u) d/?

| Dy Dy |3/4 ~|D1]Y2|Dy 34

b(D1)y/[D1A(D2d?, ), u cuspidal,

L(Dy, 1/2 +ity)|D1|"/2A(Dy,0), u = E(., 1/2+ity),
where

3 I ity 1 ity .

L, 1/2)r(4—1 n T)F(Z - T)b(D)\/lDL u cuspidal,
ADW =1 (12 4 it)(1/2 — it L(D. 1/2 — it,)| D7/

212(1 + 2ity)|? . u=E( 1/2+it).

Even though the normalization in the cuspidal and the Eisenstein case is quite different,
the Voronoi formulae in Lemma 10 (with » = #,/2) and 11 (with ¢ = 1,,/2) can deal
in the same fashion with the sums

b(D1)v/|D1] |D1ly
L;O { L(Dy,1/2 +ity)|Dy|"/? } e(T)MD]) (14.2)
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with

900 = i) (e B ()

for x < 0 and ¢(x) = 0 for x > 0. It is easy to see that with this choice of ¢ and
for t « K'/2*¢ the two polar terms in Lemma 11 are negligible, due to the strong
oscillatory behaviour of the exponential e(£2/[xD;[v/c) for K* < x, D, < K?,
¢ < 1. By the same argument as in Sect. 10.4, see in particular (10.9), the terms with
D > 0 on the right hand side of the Voronoi summation formula are negligible. Hence,
up to a negligible error, (14.2) becomes

o0

<—70>eye(1/8)2777 Z {b(Dl)v|D1 } |D1|)/ /V1 le

L(Dy, 1/2 + ity)| Dy |/"/?
D|<

0

Z(:F) cos(w/4 £ mit,/2) Jain (471./ |D1x|)

sin(rwity,) c

VS(Kl/zlog |D2|(df2)2)e<2\/|xTM)%'

x| f2 ¢

Using (9.7) we approximate the Bessel J-function for 1, < K /¢ by an exponential
and replace up to a negligible error the preceding display by

(S)eream ™ S AL, s}
Y ¢ D <0

L(Dy, 1/2 +ity)| Dy | /2

o0
|Dll)7) / cl/? |x]
Ay ()
e( c ; |Dy 174 1\ k2

(ZM’ ) (Kl/zl |D|2)|C(|c;{”2)2) (ZvaiZm) a8

c

with

n—1 .k k /
| EDF Tt +k+1/2)
f x,7) = Z drx)* KTt —k+1/2)

for n sufficiently large, but fixed. In particular f* satisfies (10.10), and we see from
the asymptotic expansion (9.7) that f* is holomorphic in the second variable in, say,
|3t| < 1. For notational simplicity we consider only the leading term k = 0, the lower
order terms being completely analogous (but easier).
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1408 V. Blomer, A. Corbett

We restore the periods P (D; u), so that the leading term of (14.1) has the shape

o]

—c 178 2z P(Di;u)P(Dyd?; ) |D1|V 1 V |x|
2(7)6Ve( /®an D2 374Dy |12 e<_ c 2_ 1
+ D; <0 0

2
12, 1D2l(df2) 2{/1xDalv £2/ID1x]\ dx
V3(K log x| 2 )e( c ) 374

with lower order terms of similar form. Recall that K> < D, < K?. Integrating
by parts, we see as in (10.12)—(10.13) that only the minus-term in the exponential is
relevant (the plus-term is negligible) and the x-integral restricts to /[ D2[v — /[ D1] <
K12, We therefore introduce a new variable € Z by

|Di| = |Da[v? + h

with i < K''/2. Changing variables in the x-integral, we obtain

_ - 2_ P(D-d2 1) 2 _
( C)Eye(l/S)lL/z Z P(—|Dzlv h,u)P(Dyd?; u) (_(|D2|v +h))/)

Y h<K1/2 |D2|'/2(| Do |v? + h)1/2 c
o0

IxDzl df2)*\ (24/xDa(/TD2]v — /(| D2[v2 + h))\ dx
/Vl JVa(K 2 10g S )e )
0 |x |f1 c x3/

where £ is restricted to numbers such that —(|D;|v? + k) is a negative discriminant.
The weight function V3 forces x < 1 and more precisely

x—(df/ ) < K72 (14.3)

By a Taylor expansion we can write

o2/ - JW)) (- fh)F(D )

c

where

zrr\/)_ch2 im/xh?
2|D|v3c 41D |?v3¢

F(D) xh vc(D)

Again we only keep the leading term (the lower order terms being similar, but easier).
We substitute all of this back into IOff(K ) and pull the x-integration outside which is
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subject to (14.3), in particular x < 1. In this way we see that it suffices to bound

77" (K)
* —
1 / P(—|Dav? — h,u) P(Dyd?; u)
= QY D X0:(8)
5/2 172 2 172 > _
K Aey Dy h=<K!/2 | D2|'/2(| D2|v= + h) (14.4)
D hy h
vx(u)e( _hy ﬁ)du
K? c cv

where V,(z) = V2(2) V1(xz), uniformly in
x,v,¢,8,d=<x1, (y,c)=1.

A trivial bound using Cauchy-Schwarz and Proposition 4 gives Ifff(K ) < 1,asin
Section 10. In order to make progress and get additional savings, we must now treat
the u-integral non-trivially. This is where the trace formula has its appearance.

14.3 Application of the trace formula

We now apply Theorem 18 to the spectral expression

. o
/ Qu )P(—|D2|V2 — h,w)P(D2d?; u)
Y Do VA( Dy v + )1/
/ QG )P(—IDzlvz — h,w)P(D2d?; v) 3 H(D2d*)H(—|Dsv* — h)
= u— —
Do VA( Dy v + )1/ 7 |Da|VA(IDy v + h)1/4

Q(i/2).

Ay

We discuss the four terms on the right hand side of the trace formula.

(1) The class number term gets immediately cancelled.

(2) The t-integral in the polar term is rapidly decaying and by a Burgess-type
subconvexity bound L(D, 1/2 +it) < [ D10+ (|1 + 210, say, its contribution to
(14.4) is at most'2

: ! —1/4
K>3/2 Z D, |1/16 3 776
Dy<K2 h<K1/2 | D] (|D2|v= + h)

(3) For the diagonal term we observe that ), m~! f QYW (rnvm)t|dt X K
uniformly in 7, r, v by (9.17). If the fundamental discriminants underlying D>d? and
—|D1|v? — h coincide, we have at most < K /4 choices for 4 (in most cases much

12 Of course, instead of subconvexity, we could also used mean value bounds on average over D; to get
an even stronger saving.
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1410 V. Blomer, A. Corbett

fewer), so the diagonal term contributes at most

I KA

KS/ZK |D2|1/2 <
Dr<K?

—\{

to (14.4).
(4) It remains to deal with the fourth term, and to this end we write Dy = A f>
with a fundamental discriminant A,. Then the Kloosterman term can be bounded by

1 (8) | D2

off, off o XDy

va (K)_K5/2 Z ‘ Z | D> |1/4(|Da|v2 + h)1/4 Vx( K2 )
h<K2 Dy=A, f}

hy
> Y e(-)
dirtvw=fp n,c,m
1(d) () xa, (dyvmr) K (182l (wwn)?, | D2|v? + b, ¢)

Jdirntvm c

) \/—2 1
y / F(47rvwn |A2|(|D2|V +h)/C t Uz)Q(r)W,(rnvm)td—t .
cosh(mt) 4

(Here we exchanged the roles of Dy and D, in Theorem 18.) The general strategy
is now as follows: We evaluate the ¢-integral by Lemma 21. The application of the
trace formula was a gambit in the sense that the trivial bound is now only < K1/2.
It is not immediately clear how to make further progress. By using suitable Taylor
expansions we observe the lucky coincidence that we obtain rational phases in the
exponentials. We are then ready to apply Poisson summation in the long Aj-sum
which will eventually give enough savings. We now make these ideas precise.

We recall that €2 satisfies the conditions stated in (11.2) and is negligible for || >
K/7+¢ The n, m-sum is absolutely convergent by (9.17), and we can truncate it at
rnvm < K'/? at the cost of a negligible error. We split the 7, m-sum into dyadic
ranges N <n <2N, M <m < 2M where

NM < (rv)~'Kk1/2. (14.5)

By the remark after Theorem 18 and the properties of €2, the integrand of the 7-integral
is holomorphic in, say, |3t| < 2/3, so by contour shifts, Weil’s bound (1.9) and the
power series expansion of the Bessel J-function we see that the c-sum is absolutely
convergent and can be truncated at ¢ < K 106, say, at the cost of a negligible error.
Having truncated the c-sum in this very coarse way, we can sacrifice holomorphicity
and include a smooth partition of unity into the ¢-integral, where a typical portion is
weighted by w(|¢t]|/T) with a smooth compactly function w localizing |¢t| < T with
K'2721 « T « K'/2*¢_ We apply Lemma 21a) to evaluate asymptotically the -
integral which in particular restricts the size of c. Splitting also the c-sum into dyadic
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ranges ¢ < C, we can assume, up to a negligible error,

VIA (D2 v +h) KN
L wwnv|Mo|(DovE+h)

A T? S dirt’

(14.6)

Having recorded these conditions, we can write the 7-integral (as usual, up to a negli-
gible error) as

Z T2c1/2 (i 2vwny/|Asr|(| D2V + h))
e
— Vvwn| Ay |VA(IDa|v2 + h)l/A c

Hi(van\/ [A2|(|D2|V2 + h))

c

for a flat function H, i.e. x/ ;Tjoi(x) <« 1for j € Np. Substituting back, it remains
to bound

XD, (8) D2\ xa,(d1vmT)
E E V.
[(3/2 Z Z‘Z D, |1/2 2 172 X( 2)

h<KI2dir v n=N e<C A | D2 /=(1D2]v= + h) K nvm

Kj/z(lAzI(vwn)z,lDzlv +ho o 2vwny|Af(Dav? + ) (14.7)
7 ( . )
H:t(szn |A2I(|D2|V2+h))‘.
C

where for given r, v, dy, t the parameters N, M, C are subject to (14.5) and (14.6)
and Dy = A (dyrtvw)?. Estimating trivially at this point using the Weil bound (1.9),
we obtain the bound

< ——K'"?c < Kk'?. (14.8)

We see that applying the trace formula was a gambit in the sense that the trivial bound
is now roughly a factor K '/? off our target. On the other hand, all automorphic infor-
mation is now gone, and we may hope to get enough saving from the long character
sums. In particular, we can assume that C > K=" for some sufficiently large con-
stant a, otherwise the trivial bound (14.8) suffices. For such C, we can use a Taylor
expansion

g<:|: 20wn/|Aa|(|Da|v2 +h)> _ e(:l: 2vwn|Axdirtvwy " vwnh )@(Az)
B c dirtvwvce
with
BA) — 1 < < k72

|D2|
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1412 V. Blomer, A. Corbett

in the current range of variables. The error term contributes < K ~! to (14.7). Similarly,
we also have

H*Quwn\/|Ay|(|D2|v2 4+ h)/c)  HE(uwn|As|dirTvwy/c) N 0( h )
|D2|V/2(| D2 |v? 4 h)1/2 B |Dalv | Dy |?

and again the error term contributes < K 1o (14.7). Defining Vx () = v, (2),
we are left with bounding

K7/2 Z Z Z Z ‘ Z Vx(|A2|(d1rrvw)2) XA, (8divmT)

1/2
nvmec
h=<K1/2 (dirtvw,8)=1 n<xN c<xC A

m=M

2(vw)*n| Az |d
K55 Balwwn)?, | Al romwn)? + . ege( £ 20DV
c

Hi(2(vw)2n|CA2|d1r‘cv>)'

Note the very fortunate fact that the algebraic phase e(&2vwn+/|Az|(| D2 |v% + h)/c)
in (14.7) has become a rational phase. As usual, the A,-sum runs over negative funda-
mental discriminants, and we split the sum into residue classes Ar = 1, 5, 8,9, 12, 13
(mod 16) and insert a factor u?(As /o) with o € {1, 4} to detect squarefreeness. For
notational simplicity let us treat the case of odd A, the case of even A being similar.
Using the well-known convolution formula for 2, this leaves us with bounding

D D DD DD D) D

h=<K1/2 (dirtvw,8)=1 (d2,8djvmt)=1 n<N c¢=<C

m=M
B 2
‘AZZ‘”(A”VX(lAz'(dzz?zmw) )((Sdlszmr> (14.9)

K3 (182l (davwn)?, | As(dadirtvwy)? + i, €)

e( N 2(vw)2nd22|A2|d1rrv)Hi<2(vwd2)2n|A2|d1rrv)‘.

c c

for a character ¥ modulo 4. Recall that the Kloosterman sum is nonzero only if 4 | c.
Estimating trivially at this point (using (1.9)), we can assume that

drydirtvw < C/K < K'/?

by (14.6) and (14.5), the remaining portion being O (K ~") if the K © factor in the
previous < sign is sufficiently large. We now open the Kloosterman sum and apply
Poisson summation in Aj in residue classes modulo ¢ddjvmt. If D denotes the dual
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variable, this yields the character sum

) 1/f(Az)( A2 )e(iz(vw)zndzzmﬂdlrrv)

ddyvmt c
A (mod cddjvmt)

» (c) <|A2|(d2vwn)2y + (|A2|(dadyrrvwy)? + h))?) A,D
Z el = e e( )

Y
Y (od ) y c cédyvmt

(r.0)=1

(14.10)

We write ¢ = cjcy where (¢, 26divmt) = 1 and ¢5 | (28divmt)®°. Then both sums
split off a sum modulo ¢ given by

3 e(i2(vw)2nd22|A2|d1rrv52)

C1
Ap (mod cy)

3 1) . ((IAzl(dszn)Zy + (1A2](dadi rrvwv)® + h);?)éz) e(AZDW>

C1 C1 C1

y (mod c)
(y,c1)=1

cf. [40, Lemma 2] for the treatment of the theta-multiplier. Summing over A, bounds
this double sum modulo ¢ by

< ci#ly € (Z/c1Z)* | (davwn)*y + (dadirTvwv)?y
+ 2(vw)*nd3drtv + Dédjvmt = 0)

e c}+£(c1, (dovwn, dadyrTowv)?).

We estimate the remaining part of the character sum (14.10) trivially by C%(Sd] vmT.

By the properties of the (essentially non-oscillating) weight functions V, and H*, the
dual variable D can be truncated at

cddivmt
D < NG i
K2/(dyd rtow)?

and so the Aj-sum in (14.9) can be bounded by

K2/(drd 2
(% + 1)c1+8(c1, (dyvwn, dodyrrvwv)2)crddyvme
cddyvmt
K2 &
- (m + c1+88d1vmt) (c, (dyw)>(n. rv)2(28d1vm7:)°°)

using the notation explained in Sect. 1.5. The first term in the first parenthesis accounts
for the zero frequency in the Poisson summation formula. We substitute this back into
(14.9) getting the (generous) upper bound
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1414 V. Blomer, A. Corbett

1 (c, Qdrdirtvwnm)®®)
S Z Z Z onmel/2

drydirrvw<K1/2 n<xN ¢=<C
m=M

( K2t

s 1+£d )
(adirtow)? 1€ AvmT

(14.11)

Here we dropped the variable 6 < 1. The rest is book-keeping. By Rankin’s trick we
have

D x¥) LYy 1«KC )y (%)8 < C(Cx)*

c=<C d«C d|x>®
d|x>®

for every ¢ > 0 and x € N. Using (14.6) and (14.5), the bound (14.11) becomes

1 C1/2 K2

—_— ( S+ CMdlvt)
K ddirrom K12 v (drdirtow)

1 (KN)/2 K? KNMv

s K3 Z (dlrﬂf)l/zv<(dzdlr1'vw)2 + r )
drdirrvw<K1/2

_ 1 Z K3/4 ( K? +K3/2><K_1/4
o K3 (dir2vo) 12 \v(dpdirrow)?  r2v /O ’

drdirrvw<K1/2

This is the desired power saving and completes the proof of Theorem 2.
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Appendix A: A period formula on average

In order to verify the constant 1/4 in the period formula (4.10), we take a large
parameter 7', a very small ¢ > 0 and consider the two averages

L(u,1/2)L ,1/2
Ay =y B /L()syffz; o 2yt
and
Ay (T) = Z M hn(tu)

for a (fixed) negative fundamental discriminant A with class number 1 (for simplicity)
and

i =3 (- () - (7))

The computation is relatively standard, so we can be brief. Using the same approximate
functional equation as in (4.14) we have

Au Ay _
L, 1/2)=2)" nl(/l;) W), L x xa.1/2) =2ZWW (%)

for even u with W; as in (4.15). For odd u, each summand in A;(T) vanishes. This
gives

A(n)Ay
AN(T) —42 XA(’") Z L(S(’;r)nz ) )Wy () (1),

To make this spectrally complete, we artificially add the corresponding Eisenstein
contribution

42 XA(’IZ) ,Oit(”)/)—it(m)

+ dr
| eaaine W mWw: <|A|)h”(”

nm

Using (4.16), this can be written in terms of moments of the Riemann zeta function and
Dirichlet L-functions. By standard mean value bounds the contribution is o(T'+#)
(recall that A is fixed). We apply the Kuznetsov formula for the even spectrum given
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1416 V. Blomer, A. Corbett

in Lemma 7. In this way we get a main term

4ZXA(n) / AOY (n)hm(t)rtanh(m)—

/ i (”//1_[ T(1/2 +s1 £ity) T(3/2 + 52 £ity)
e T(1/2 £ it,)m5s) TB/2 £ ity)mss,
2 Q)

dsid dt
IAI2L(xa, 1+ 51 +s2)e2 5T L2 e 2=
2mi)? w2

We shift the 51, s»-contour to real part —1/4, obtaining

L(xa, 1) / hT,g(r)ttanh(m)% + O(T7/4+%) (A1)

—00

with main term >> T2~¢. It remains to deal with the off-diagonal terms in (3.5) and we
briefly sketch why both of them are negligible. By (9.17) we can restrictn, m < T'*¢
at the cost of a negligible error. The first off-diagonal term contributes a term of the
shape

ZXA(W!)ZS(” m, c) / Joir 47‘[—V>W+(H)W (m)hTs(tu) ﬁ

By Lemma 21, the t-integral is negligible unless ¢ < /nmT ~>*¢ which does not
happen for n,m <« T'*¢. The second off-diagonal term contributes a term of the
shape

Z XA(m) Z S(n m, c) / Koir 4n—V)V,(n)Wt(m)th(tu) sinh(w 1)z dr.

Again by Lemma 21, up to a small error the ¢-integral is negligible unless ¢ <
/nmT 7% in which case it is essentially non-oscillating in 7, m, so we can restrict
ton,m = Tt ¢ « T Poisson summation in the m-variable now shows that the
entire expression is negligible, since xa is a non-trivial character.

We continue with the analysis of A>(7'). Since we assume class number 1, we have

1
A = s > luGa)Phr e (t)
A u

where z is the unique Heegner point (modulo I') and ep € {1, 2, 3} is half the number
of roots of unity in Q(+/A). We artificially add the constant function and the Eisenstein
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series at a cost of O(T) and apply the pre-trace formula for the entire spectrum—for
odd u we have u(za) = 0 automatically. This gives

Ay (T) = J_ 5 Zk(ym,mw o(T)
where
1 o0
k(z, w) = y / F(1/2+4it,1/2 —it, 1, —v)ht ¢ (¢t) tanh (1)t dt,
T
—00
2
v=uv(z,w) = M
43zJ3w

The stabilizer of za contributes

o0

\/_1% 41 /th(t)tanh(nt)tdt (A2)

It is easy to see that u(yz,z) < § implies ||y| K +/§ + 1, cf. e.g. [45, (A.7) with
n = 1]. From [43, (1.64)] we see that k(z, w) is negligible as soon as u > T2,
so that the contribution of all matrices not in the stabilizer is negligible. Combining
(A.1), (A.2) and the class number formula in the case 7o = 1, we obtain

1
Ax(T) ~ ZAl(T), T — o0

in accordance with (4.10).

Appendix B: A Dirichlet series with Hurwitz class numbers
The aim of this section is an analysis of the L-function

Z H(D)e(a|D|/c)

Ly(s,a/c) = | D[/

D<0

for 4 | ¢, (a,c) = 1. As before, H(D) denotes the Hurwitz class number, and the
series converges absolutely in fis > 5/4. The results may be known to specialists, but
do not seem to be in the literature and may be of independent interest. We recall the
notation (1.8).

Lemma26 Letc > 0, 4 | ¢, (a,c) = 1. The Dirichlet series Ly (s, a/c) has mero-
morphic continuation to all C. It has two simple poles at s = 5/4, s = 3/4 (and no
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1418 V. Blomer, A. Corbett

other poles) with residues
V2r [(—c)\ _
b0l = =3 (5 e,

1 —C\ _
si%s/4L+(S, Cl/C) = m (7) Ea€(3/8).

Proof We recall the definition of H(z) in (5.4) and compute

oo

I(s,a/c) := f (H(a/c+iy)—(c1y3/“+c2y”“))y5‘l/2d7y (B.1)
0

with ¢; = —(4m)3/4/12, ¢ = 1/(+/87/*) in two ways. Let

e(—anz/c)

| &
L_(s,a/c)= 4ﬁ21 n2s—1/2
n=

This L-function is obviously holomorphic in is > 3/4.Ithas asimple pole ats = 3/4
with residue

1 1 an’®
Sk = g 1)
—L(l—l-')" (i)L (B.2)
A4 T 1€-a —a) 2y/c’ '
and it has a functional equation
1-2s [ — 'a/4—
L_(s,a/c) = (%) <_—Z> e_ae(l/S)FEs/_—l/i;L_(l — s, —ajc). (B.3)

This follows from the corresponding properties of Hurwitz zeta function and standard
computations with Gauf3 sums (or the transformation behaviour of one-dimensional
theta series). In particular we obtain the analytic continuation of L_(s, a/c) to all of
C with only a simple pole at s = 3/4. Moreover, L_(s,a/c) = 0fors = 1/4 —n,
n=12,3...

Returning to (B.1), we have

I(s,a/c) = Ly(s,a/c)G3/a(s) + L—(s,a/c)G-3/4(s) (B.4)

where
r d
— y
Ge(s) = / We,1/a(4my)y* 1/27
0
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~*/2x3/4 we can explicitly compute

Since W3/4,1/4(x) = e
Gia(s) = 2TV 4Am) 2750 (s + 1/4). (B.5)
For the analysis of G 3,4, we combine [33, 7.621.3,9.131.1, 9.111] to obtain

_ T(s — 1/4T(s + 1/4)
G_3/a(s) = (4m) /2 =2 r(é+5j4) I b5+ 1745 — 1745 +5/4: 1/2)

1
= @m)'? 7T (s = 1/4) / B = 172) 4,
0

In particular, by repeated partial integration in the ¢-integral we see that G _3/4(s) is
meromorphic with simple poles at most at s = (2n + 1)/4, for integers n < 0. From
[33,9.121.24] we get

G_34(3/4) =2(v2 — ) '/4, (B.6)

On the other hand, we may complete the pair (a, ¢) to a matrix (ﬁs) e I'n(4).
Then
dz — b —c\ _ —cz+a \
no=n( ) (3)=(25)
—cz4a a | —cz+ al

a . d i —c\ _
H (Z i zy) —H <—; 4 %> (7> Z.e(3/8).

Splitting the integral in (B.1) into fol/ “and |, 10/3, and applying the functional equation
in the former, we obtain

in particular

I(s,a/c)
r d d
_ —C\ _ . _
=l (—) 6ae(3/8)/<H <——+ly> —(61y3/4+czy1/4))y s+i22Y
a c y
1/c
creSTUA et/
s+ 14 s—1/4 (B.7)

s—5/4 L5 =34

1-2s [ =€\ = ac ¢
e (a)6a8(3/8)<s—5/4+s—3/4>

y

o0

d
+ f (H(a/c +iy)— (1t + Czy1/4))ys_l/2_y.
1/c
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This establishes the analytic continuation of Z (s, a/c) to all of C except for poles at
s =5/4,3/4,1/4, —1/4. From the preceding analysis we conclude the meromorphic
continuation of L™ (s, a/c) as a function of finite order with possible poles at most
at 5/4,3/4,1/4. Since L_(s, a/c)G 3/4(s) is holomorphic at s = 5/4, we obtain
the formula for the residue at s = 5/4 from (B.4), (B.5) and (B.7). Using in addition
(B.2), (B.6), we obtain

. ]
SL%§4L+(s,a/c) \/_ 7 (( )eae(3/8)\/_ 7a

(V2 - DV 7(1 i), (i))

which confirms the residue formula at s = 3/4, since € (=) = (—i)(=")é&,. Simi-
larly, using also (B.3) and the simple formula F(1/2,0,3/2; 1/2) = 1, we get

—BrAL_(1/4, a/c))
o 1/4( >1/2

L (s, =
sfis/z; +(s,a/c)

1
27T3/4( \/_711/4
1

_2n3/4( f 1/4

( )e_ae(1/8>f7<1+z>ed( )7)

with d = —a (mod c¢), which vanishes. O

Remark: One can show that away from the two poles, the function L"f(s, aj/c)
satisfies the growth condition LT (s, a/c) gy ((1 + |s])c)max(0,5/4=s, 1=23s)+e

Appendix C: A volume computation

In this appendix we justify (1.4) for a Saito—Kurokawa lift F € § ,Ez) associated with
a Hecke eigenform f € S>;_». Following [8, Sect. 2], we write its Fourier expansion
atZ =1iY as

FiY)= Y a(T)(det27)3 e 2,
TeP(Z)

normalized such that «(T)?> = L(f X x—det2r, 1/2) if —det2T is a fundamental
discriminant. In this case, | F|| = 27) %I (k)k~1/4+to() by [8, (2.8)]. We conclude
that

(dety)k/zF(iY)—kl/mra(l) 3 a(T)  (4n)f(det TY)3e 27D

3/4
1F 2 e det(2T) (k)
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The function

(471)k (det X)k/Ze—ZntrX
(k)

X —

is invariant under conjugation, and for a diagonal matrix X = diag(xy, x) it is negli-
gible unless x1, xo = k/4m + O(ﬁlog k), cf. [8, Sect. 4]. For large k, we conclude
that F(Y) is negligible unless there exists 7 € P(Z) such that the two eigenval-
ues of TY are k/4mw + O (~vk logk). In particular, the essential support of F can be
restricted to matrices ¥ whose maximal eigenvalue Anqx(Y) satisfies Apax (Y) < k.
Since |F| is invariant under Y Y~1, its minimal eigenvalue Apin(Y) must satisfy
Amin(Y) > 1/k. The implied constants will not be relevant. As in (6.1), we write

1

—1 —
—X

with x + iy € I'\H. Let Y be the set of such matrices ¥ with 1/k < Apin(Y) <
Amax (Y) < k. Without loss of generality we may assume that ¥ is Minkowski-reduced,
equivalently x + iy is in the standard fundamental domain |x| < 1/2, X2+ y2 > 1.
The two eigenvalues of Y are given by

[1+x2+y2iJ(1+x)2+2(x2— Dy + y*
.

= JryE 1+ 0(1/y%).
2y

Thus we have

/2

1 00
drdydx k dydx
= / / uf -] e rom) T

12 T2

Y(r,x,ney
= vol(SLo(Z)\H) - 4logk + O(1),

as desired.
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