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Abstract

We show the existence of additive kinematic formulas for general flag area measures,
which generalizes a recent result by Wannerer. Building on previous work by the
second named author, we introduce an algebraic framework to compute these formulas
explicitly. This is carried out in detail in the case of the incomplete flag manifold
consisting of all (p + 1)-planes containing a unit vector.
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1 Introduction
1.1 Global and local kinematic formulas

Let V be a Euclidean vector space of dimension n and unit sphere S"~!. Let (V)
denote the space of compact convex subsets in V. A valuation is a finitely additive
map on [C(V), that is, amap pu : K(V) — A, where A is any abelian semigroup, and
such that

(K UL)+pn(KNL)=p(K)+ pn(L),

whenever K, L, K UL € (V). If A is a topological semigroup, then continuity of
w is understood with respect to the Hausdorff topology on (V).

The intrinsic volumes g, . . ., |1, are examples of real valued valuations. They are
continuous, translation invariant, and invariant under rotations. Hadwiger has shown
that the space ValSO®) of continuous, translation and rotation invariant valuations is
spanned by the intrinsic volumes. If G is a subgroup of SO(n), then Val (the space
of continuous, translation invariant and G-invariant valuations) is finite-dimensional
if and only if G acts transitively on the unit sphere.

The classification of connected compact Lie groups G acting transitively on some
sphere is a topological problem which was solved by Montgomery-Samelson [33] and
Borel [17]. There are six infinite lists

SO(n), U(n/2), SU(n/2), Sp(n/4), Sp(n/4) - U(1), Sp(n/4) - Sp(1),
and three exceptional groups
Go, Spin(7), Spin(9).

For the sake of brevity, we will call a group from this list a transitive group. The
computation of the dimension as well as an explicit geometric description of a basis
of Val® in each of these cases is a challenging problem and many results have been
obtained recently by various authors [2,5-7,10,14—16].

Many important constructions in convex geometry can be interpreted as valuations
taking values in some abelian semigroup A other than R. Besides curvature and area
measures (see below), we mention two other cases. If A = (K(V), +), where + stands
for the Minkowski sum, then A-valued valuations are called Minkowski valuations
[23,32,38,39]. If A = Sym™V, then A-valued valuations are called tensor valuations
[13,18,25-27,29,31].

Federer’s curvature measures Co, . . . , Cp, are valuations with values in the space of
signed measures on V. We refer to Schneider [36] for a classification result of these
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Additive kinematic formulas. . . 1617

curvature measures. Fu [21] and Bernig-Fu-Solanes [11] studied smooth curvature
measures in a broader context. For a transitive group G, there are local kinematic
formulas for translation and G-invariant smooth curvature measures. The case G =
SO(n) was considered by Federer, whereas the hermitian case G = U(n/2) was
described completely in [10-12].

The classical surface area measures S, ..., S,_1 are valuations with values in the
space of signed measures on the unit sphere. Additive kinematic formulas for surface
area measures have been shown in [35]. Smooth area measures which are equivariant
with respect to a transitive group G were introduced by Wannerer [41,42], who proved
the existence of local additive kinematic formulas and established such formulas in
the hermitian case. Since these results are very influential for the present work, let us
state them explicitly.

Theorem 1.1 Let G be a transitive group. Then the space Area® of smooth, G-
invariant area measures is finite-dimensional. If ®1, ..., Oy is a basis of Area,
then there are local additive kinematic formulas

[ @ik gLk ngnds = Yl @K 0L,
G
k,l

where K, L € K(V) and where k and ) are Borel subsets of sn—1,

The linear map
A : Area® — Area® ®AreaG, D; Zc};yld)k ®Q O;

is a cocommutative, coassociative coproduct. The transposed map A* : Area®*
® Area®* — Area®* thus provides Area® * with the structure of a commutative
associative algebra.

In the case G = SO(n), this algebra is isomorphic to R[#]/(¢"). The case G =
U(n/2) is more involved. Using results from hermitian integral geometry [10] and
from the theory of tensor valuations [13], Wannerer could write down this algebra in
an explicit way.

Theorem 1.2 The algebra AreaV"/?)-*

is isomorphic to
R[Sa ta U]/Iny
where I, is the ideal generated by

T2, 1), fupa2(s, 1), puja(s, 1) — qujo—1(s, v, v*

with

o
log(1 4+ tx + sz) = Z fi (s, t)xk
k=0
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1618 J. Abardia-Evéquoz, A. Bernig

14 tx + sx2 +tx + sx2 Z Pils, t)Xk

m ZCIk(S k.

Although it is possible to write down the local additive kinematic formulas for
G = U(n/2) using this theorem, the result is not as explicit as one would like. In [8],
the second named author has shown that the algebra structure on Area® * is induced
from the algebra structure of a larger (infinite-dimensional) space Area™*" of smooth
dual area measures and that the product in this algebra can be computed in some easy,
algorithmic way. This has led to very explicit local additive kinematic formulas.

1.2 Results of the present paper

Let V be an oriented n-dimensional Euclidean vector space with unit sphere S"~ 1.
We denote by voly the volume form. Let G be a subgroup of O(n) acting transitively
on the sphere S" ! andlet G := G x V.

Let H be a closed subgroup of G N O(n — 1), where O(n — 1) C O(n) is the
stabilizer of the first basis vector. Then M := G /H is a G-homogeneous manifold.

A smooth flag area measure is a translation invariant valuation with values in the
space of signed measures on M = G/ H which is given by a certain smooth differential
form on V x M. We denote by Areac, g the space of smooth flag area measures and
by Areag /H the subspace of smooth flag area measures which are equivariant with
respect to the action, i.e.,

D(gK,gk)=D(K,x),K e K(V),k e B(M), g €G.

We refer to Sect. 2 for the complete definition.
Our first two main theorems generalize [41, Corollary 3.1] and [8, Theorem 2],
where the special case M = §"~! was considered.

Theorem 1 (Existence of local additive kinematic formulas) The space Areag /H is
finite-dimensional if and only if G acts transitively on the unit sphere. In this case, if
{Dy, ..., Dy}isabasis ofAreag I then there exist local additive kinematic formulas

N

/ ®;(K +gL.k Nghdg =Y cf Pr(K.K)Di(L, 1),
k,l=1

where K, A are Borel subsets of M.

Examples:

(i) Let G be a subgroup of O(n) which acts transitively on Sl Let H =Gn
O(n — 1) be the stabilizer of the action. Then M = S"~! and the flag area
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Additive kinematic formulas. . . 1619

measures in this case are called area measures. The kinematic formulas in the
case G = O(n) are classical [35]. For more general G, Wannerer has shown
the existence of kinematic formulas [41, Theorem 2.1] and our proof follows his
arguments. Explicit formulas in the hermitian case G = U(n) are contained in
[8,40,41].

(ii) Let G = SO(n), H = S(O(p) x O(q)), p+q =n — 1. Then M = Flag; ,_,
is the incomplete flag manifold consisting of pairs (v, E) withv € §"~! E €
Grp41(V). Some elements in the space FlagArea(P)-S0 . — Areag s were
constructed using a Steiner type formula in [28], see also [24]. A complete
description of this space was given in [1].

@iii) If G € SO(n) and H = {1}, we also call the elements in Areag o rotation
measures. They will be studied in Sect. 4.

The local additive kinematic formulas can be encoded by the map

A Areag/H — Areag/H ®Areag/H, D; i~ Zc,‘;’lcbk ® Dy,
k.l

which is a cocommutative, coassociative coproduct. Alternatively, the dual space
(Areag’/*H, A™) is a commutative, associative algebra.

We give an explicit construction and classification of rotation measures. Consider
a smooth compact convex body and x € dK. Let v(x) be the outer normal vector at x.
Given g € SO(n) with ge; = v(x), the vectors gey, ..., ge, span Tyd K. The shape
operator is the self-adjoint linear map Sy := dvy : T,0K — T,0K.

Theorem 2 The space of rotation measures of degree k is of dimension

l(n n
. SO(n),
dim Areay 501 = n (k) (k + 1>.

Foreach0 < k < n—1andforeachk-tuples I, J of distinct numbers from {2, ..., n}
with |I| = |J| = k there exists a unique rotation measure Sy j € Areagggg/{l} & Such
that for every compact convex body with smooth boundary

S1L(K, )= / /geso(n) (@) det(ry o Silyy Vi — Vg dH"™ ().(1)

ger=v(x)

Here Vi = span{ge;,i € I}, V; := span{ge;, j € J} are oriented k-dimensional
subspaces of T,0K, w1 : T,0K — V]J‘ is the orthogonal projection, and dH" ™" is
the (n — 1)-dimensional Hausdorff measure.

There are linear relations among these rotation measures: Sy j is antisymmetric

in I and antisymmetric in J. Moreover, given I' = (i}, ....i;_) C{2,...,n},J =
(s s Jygr) € A2, ..., n} we have

k+1

Z( 1) S{l SLYSETY /1 RO/ TON /AT /AR PR /ARy =0. @)
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1620 J. Abardia-Evéquoz, A. Bernig

The space Areagg% Sk of rotation measures is isomorphic to the quotient of the

vector space spanned by the Sy j by the relations (2).

The next theorem describes algebraically the kinematic formulas for Areag /H for
any closed subgroup H C SO(n — 1).
Let us write S; ; = S{,} (jy in the case k = 1. Then (2) translates to S; ; = §; ;.

+
Hence the element —* i belongs to Areagggzgz 1

Recall that the volume of the special orthogonal group is given by

n—1 n(n+1)

2
vol(SO(n)) = —————.
H?:l I (%)
Theorem 3 The map x; j — — vol(SO(n)) - d ’; Ll induces a graded algebra mor-

phism

RIX1/1 = Areagg(n) .

where X := (x; j)2<i, j<n and where I C R[X] is the ideal generated by
Xi jXkg + Xi kXj1+Xi1Xj ks Xij—Xji.
If H C SO(n — 1) is a closed subgroup, then

Areagon 'y = (RIX1/DM,

with respect to the action h*X = h' Xh.

In the important case of the incomplete flag manifold consisting of pairs (v, E)
withdim E = p 4+ 1, v € E, we write down the algebra structure more explicitly.

Proposition1.3 Let p+g =n—1,G =SOn), H = S(O(p) xO(q)), M = G/H =
Flag, ,.1. If p # % then there is a graded isomorphism

FlagAreaP)-SOM* = R[x, y]/(xPT!, yaT1),

where degx = degy = 1. If p = q = “5=, then there is a graded isomorphism

1
FlagArea([’),SO(Vl),* = R[xs ) u]/ <x[7+l’ yp+17 ux,uy, M2 - (_l)ppz—z’—p xpyp> )

_ n—1
where degu = 5.

A basis of the space FlagArea”)-SO) consists of flag area measures Sy (p).d , where

ST) -

0<k<n-—1,0<i < my (together with an additional flag area measure
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Additive kinematic formulas. . . 1621

p=q= %), see [1]. The algebra structure given in the previous corollary translates
into explicit kinematic formulas for these flag area measures.
Let w,, denote the volume of the (n — 1)-dimensional unit sphere and let

n—1\"" my -1 |k — q| + myg -1
nkopd =g i i i)

asin [1]. For given p, g, k, we write my := min{p, q, k,n —k — 1}, m}c := min{p, k}
and define

my—i ’
i o am Cnk,p.i m, —t
Cf’zc = (_1)b+c+m1+mkﬁ n,k,p,i 2 : (_1)t< k. )
7 Cn.ip.bCn.k—i i
n.j.p.bCnk=j.p.c t=m),—my

min{m j,t—m;, j+el

> <m/.b_ s) (m;{_j i,+s>'

s:max{m/j—b,t—mk,j} J

() Qe

We do not know whether this expression can be simplified any further.

Theorem 4 (Local additive kinematic formulas for flag area measures) Let0 < p, k <
n—1and 0 <i < myg. Then,

() If (k. p) # (n — 1, 52) | (%52, 251), then
mj mg—;j

ICEORES 3) 3 eI LTS

" j=0b=0 ¢=0

(i) If (k, p) = (n — 1, "51), then

L —rm n—1 n-l) .
fo,fff <S,g f e ) Z 3 c:;’b‘f)sj< ™) ®Sk<_j. )<

j=0b,c=0
(DT (n+1) . (%) ()
n—I n—1

2" w, ’T

+

(iii) If (k, p) = (“51, %51), then

n—1 n—1 n—1 n—1 n—1
Afo,,(fl)(s_f>>= (SS_?>®S§2)’O+S§2)’O®§S_12 >)
v 2 Wy 2 2

>
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1622 J. Abardia-Evéquoz, A. Bernig

2 Existence of kinematic formulas for smooth flag area measures

In this section we will introduce smooth area measures. Our definition will be justified
by the existence of kinematic formulas for smooth area measures that will be shown
in this section.

2.1 Fiber integration

We first collect some definitions and results from the theory of fiber bundles that will
be used in the following.

Definition 2.1 Let (E, m, B, F) be a fiber bundle, with B and E oriented manifolds
and F compact with dim F = r. The fiber integration or push-forward of a form
n € QI (E) is the form 7,y € Q4(B) such that

fw/\mn:/n*w/\n,
B E

for every differential form w € Q*(B) with compact support.

We then have the projection formula
T (Trw A D) = o A Ten. 3)

We note that for the above definition of fiber integration, we follow the sign con-
vention in [3], as in [1,41]. For another sign convention see, e.g., [4].

Lemma 2.2 [41, Equation (7)] Let (E, m, B, F) be a fiber bundle, with B orientable
and E oriented with the local product orientation. If N C B is a compact and oriented
submanifold with dim N = n and 7~ (N) C E has the local product orientation,
then, for every w € Q"Y' (E) with fiber-compact support,

/n*(u:/ o,
N 7= 1(N)

Lemma 2.3 [20,4.3.2,4.3.8] Let f : M — N be a smooth and surjective map with
M, N compact and oriented smooth manifolds with dim M = m and dim N = n.
Then f~'(y) is an orientable smooth submanifold for almost every y € N. Let the
orientation of M be given by a smooth m-vector field &, and let the orientation of N
be given by the smooth form dy € Q" (N). If the orientation of f~'(y) is given by the
smooth (m — n)-vector field E_ f*dy and if i denotes the measure given by [[Y]]Ldy,

then
fgo(y) (/ w) du(y) =/ Fondy) no,
N Ly M

for every continuous function ¢ : N — R and every w € Q""" (M).
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Additive kinematic formulas. . . 1623

Lemma2.4 [21] Let (E, 7w, M, F)and (E', ', M', F) be oriented fiber bundles with
the same fiber F. Assume that f : E' — E is a bundle map covering a smooth map
f : M' — M and that there exists an open cover {U} of M with local trivializations
¢:n Y U) > Ux Fand¢' : ' (f~Y(U)) = f~Y(U) x F compatible with the
orientations of the bundle such that ¢ o f = (f x idr) o ¢/, then

ffome=mnlof .
2.2 Smooth flag area measures
Let us introduce our main object of study. Let ¢ be the first standard vector in R” and
let O(n — 1) be its stabilizer. Let M := G/H be a homogeneous space, where G is
a closed subgroup of O(n) and where H is a closed subgroup of G N O(n — 1). Let
IM:vxM— SV, (x,gH)— (x, ger), which is a fiber bundle. We let r denote the

dimension of the fiberand m :=n —1+r.

Definition 2.5 A translation invariant valuation ® with values in the space of signed
measures on M is called a smooth flag area measure if there is a translation invariant
differential form w € Q™ (V x M) such that for every f € C°°(M) we have

/ FAdOK. ) = f M.(fo).
M nc(K)

where nc(K') denotes the normal cycle of K. The space of smooth flag area measures is
denoted by Areag,y, and Areag JH denotes the subspace of smooth flag area measures
equivariant under the action of G given by (g®)(K, ) = ®(g~ 'K, g* f).

Definition 2.6 Let H] C H, C G be subgroups. Let M:V x G/Hy — V xG/H>
denote the projection map. The globalization map

glob : Areag,y, — Areag,n,

is defined by
/ fdglob®(K, ) =/ " fdo(K.")., feC®(G/H).
G/H; G/H,

Lemma2.7 Ler d € Areag JH be represented by . Then glob D is represented by

[Lo.

Proof LetIT1 : V x G/Hy — SV be the projection map. For f € C*(G/H,) and
K € KC(V), we obtain, by using (3),

@ Springer



1624 J. Abardia-Evéquoz, A. Bernig

/ fdglob&:(K,-):f M fdd (K, -)
G/H; G/H,

=f (I o ), (A" f - &)
nc(K)

=f ML.(f - [1,0).
nc(K)

Hence glob d is represented by the form 1.6. O

The space Q! (V x M)™ of translation invariant forms admits a filtration as follows.
For (x,gH) € V x M,0 < j <1, we define
JJ l
ven =10 € AN T{;’gH)(V x M) :
Vo, ..., vj € Tiegm T ((x, gH)), ¢(v1, ..., vj, =) =0},

F = o € QUV x M) V(x, gH) € V X M., wlgh) € Tyl )

3= P3.

I
Then
QVx M =F" 5 5 o0 =0}
Proposition 2.8 A formt € Q" (V x M) induces the trivial flag area measure if and
only if
Tt € (IT*a, T*da, 3™7).

Proof Inthe special case G = O(n), H = O(p) x O(g), this was shownin [1, Theorem
2.3]. The proof can be easily adapted to the general case. O

2.3 Kinematic formulas

If G is transitive, then the space of smooth flag area measures is a quotient of the
finite-dimensional space Q" (V x M)® and hence finite-dimensional itself. If G is
not transitive, then Val® is not finite-dimensional. Since we have a surjective map
glob : Areag N ValC, dim Areag jg =00 as well in this case.

By using the definition of smooth flag area measures, we can restate the remaining
part of Theorem 1 as follows.

Theorem 2.9 Let G be transitive. Let o € QMV x M)E and let {wy, ..., wn} be a
basis of Q™"(V x M YG. Then there exist constants Ck,1 such that

[ ey ode=Yau [ Moo [ e,
G Jnc(K+gL) k.l nc(K) nc(L)
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Additive kinematic formulas. . . 1625

where ¢, € C*(M).

Proof (Proof of Theorem 2.9) We follow the ideas of Fu [21] and Wannerer [41].
We first assume that the convex bodies K and L have smooth boundaries and strictly
positive Gauss curvature.

We define

E = {(g, (xi, p)i=123) € G x (V. x M) : x1 + gx2 = x3, p1 = gp2 = p3},
and the maps

p:E—- (VxM)x((VxM)

(g, x1, p1, x2, p2, x3, p3) = ((x1, p1), (x2, p2)),
q - E—>GxVxM

(8, x1, p1, X2, p2, X3, p3) > (&, X3, p3).
We define E’ together with maps p’ : E' — SV x SV,q’ : E' — G x SV inan
analogous way, using S~ ! instead of M. We then have a map
In:E— E/,
(8, (xi, pi)) = (8, T(xi, pi)).
Letg; : E — G,q| : E' — G be the projections on the first factors. Let ITy, IT> :
(V. x M) x (V x M) — M be the projection maps onto the M-factors. Let /; :

G xV x M — M be defined by [1(g, x, p) := p,l(g,x,p) := g 'p. Then,
IT; o p =1 0oq,i = 1,2 and we have the diagram

M
P q

(VxM)yx(VxMy<—E—GxVxM

J/l'[xl'[ J/]‘[’ Jidxl’[
! !

SV x SV E—1 sGxsv

qil

G

__ Given h € G, we let h be the part in G, that is, h(x) = h(x) — h(0). The group
GxGactsonVxMxVxM,E,and G x V x M as follows:

(h, k) - (g, x1, p1, X2, P2, X3, p3) := (hgk™ ", hxy, hpy, kxo, kpa, hxs, hps),
(fl9 ];) ) ()Cl, Pi1, X2, P2) = (Bxla hpls ];-XZV kpZ)v
(h. k) - (g.x3, p3) == (hgk™", hx3, hps).
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1626 J. Abardia-Evéquoz, A. Bernig

The actions on SV x SV, E’, and G x SV are defined analogously. Then the maps in
the above diagram are G x G-equivariant.

Using Lemma 2.4 we obtain that p.q*(dg A w) is a G x G-invariant form, i.e., an
element of Q*(V x M) x Q*(V x M)Y. The component of bidegree (m, m) can be
written as Zk,l CkIWk A W]

The normal cycle K + gL is given by

ne(K + L) = gL (4D~ (&) N (P (ne(K) x ne(L))].
Applying the pull-back IT*, Lemma 2.4 yields

M ne(K +gL) = 11°(¢) [ @)™ (&) N () (ne(K) x ne(L))
= ¢.()* [(@D) ™! () N (p) (ne(K) x ne(L))]
= ¢. |a7" (@) N (Y () (ne(K) x ne(L))
= g. [a(®) N p* (" ne(K) x M ne(L))]

We set F := p~'(IT" ' nc(K) x T~ ' nc(L)) C E.

Using the previous computation and Lemmas 2.2 and 2.3 (applied to (¢1)|r : F —
G) we deduce that

// n*(gowg*‘)*wf)dg:f/ ¢ (&)Y - dg
G Jnc(K+gL) G JI-!nc(K+gL)

=// 0" (¢ - (g7 Y)rdg
G Jq; (9NF
=/Fq*(<p-(g_l)*1/fAf)Adg

2/ Ps [q*(so (gHy 1) /\dg]
M- (ne(K)) x T~ (ne(L))

= / pi @™ lfo - " 5y - g*t A dg]
M~ (nc(K))x I~ (nc(L))

= / p« [P @ - p* T3y - ¢*T A dg]
M~ (nc(K))x I~ (nc(L))

= / 19 - T3y - pu(g*t A dg)
M—!(nc(K))x I~ (nc(L))

:/ Twnzw ch,lfk/\fl
M~ (nc(K)) x T~ (nc(L)) k.l

= Ck,l / Pk / (]
il - (nc(K)) - (nc(L))
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Additive kinematic formulas. . . 1627

e / Mgw) [ M)
k.l n

c(K) nc(L)

The general case of not necessarily smooth convex bodies follows by approximation
as in [41]. O

3 Dual flag area measures

In this section we introduce the notion of smooth dual flag area measure, which
generalizes the notion of smooth dual area measure from [8]. Similarly to the case of
dual area measures, we define a convolution product on the space of smooth dual area
measures.

The space Q" (V x M)Y of translation invariant forms is endowed with the usual
Fréchet topology of uniform convergence on compact subsets of all partial derivatives
and there is a surjection Q" (V x M)¥ — Areag /H- We endow the latter space with
the quotient topology and denote by Areag; JH the dual space to Areag, g .

Analogously to the case of area measures, we define a convolution product on a
subspace of Q*(V x M)Y.

First, we introduce an operator on the space of differential forms on V x M which
will play the analogous role, and is defined analogously, to *; from [9] and [8]. We
denote this operator again by .

Definition 3.1 The linear operator
¥ QF(V x M) — QF(V x M)"
is given by
x (7T ATST) = (—1)(n5k)nf‘(*r1) ATy T,
where 71 € /\k V,1p € QM) and % : /\k V — /\”71‘ V denotes the Hodge

star operator (normalized in the usual way such that T A %t = ||z||> voly). Here
mp:VXxM— Vandm : V x M — M denote the natural projections.

Lemma 3.2 The space

jn,tr — Jn,lr(v X M)
={reQVxM":teF ! Manrt=0MTda At =0}

is closed under the operation

Tx7 = *fl(*er*lr’). 4)
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Proof Since *; does not affect the fiber of I, we have T € §*/ if and only if ;7 €
F*J. Moreover, if p; € §*%i,i = 1,2, then p; A pp € F*/1172~1 Hence, if 7,7’ €
5! wehave t x v/ € FL.

The other two conditions can be proved as for the case of dual area measures (see

(8D. o

Definition 3.3 Let T € Q¥4 (V x M)™. Then (r1)+7 € Q*(V)" is a multiple of
the Lebesgue measure. We denote this multiple by [ 7.

Lemma3.4 Let K C Q"7 (V x M) be the kernel from Prop. 2.8. The pairing
THT x QU x YT K - R, (1, [0]) — /z Aw 5)

is well-defined and non-degenerate.

Proof We start with a simple fact from linear algebra. Let A, B be finite-dimensional
vector spaces and @ : A x B — R anon-degenerate pairing. Let K C B be a subspace
and set

Ag :={aeA: P, k)=0 VkeK}.
Then the induced pairing
Ax X B/K - R, (a,b+ K) +— ®(a, b)

is well-defined and non-generate. Indeed, let L :={b € B : ®(a,b) =0 Va € Ag}.
Obviously K C L. Since @ is non-degenerate, we have dim L = dim B —dim Ax =
dimA — (dim A — dim K) = dim K, hence K = L.

Let A be the vector bundle over M whose fiber over a point gH is given by
Agn = @ N TiyM ® A"¥V* The smooth sections of A are the translation
invariant n-forms on V x M. Let 3 be the vector bundle over M whose fiber over a
point g H is given by B,y := P, /\IT;HM ® A" =ly* The smooth sections of
BB are the translation invariant (n — 1 + r)-forms on V x M.

The natural pairing Agy X Benw — /\”_IHT*HM ® A"V* = R between these
spaces is obviously non-degenerate. Let Koy C B,m be the subspace generated by

M*e, M*do and Sﬁ;};r’r and Ag o C Agp the annihilator of Kgp .

Varying g H, we obtain a finite rank vector bundle Ax: — M whose smooth sections
can be identified with J™!". From the linear algebra fact above it follows that the
pairing (5) is non-degenerate in the fiber over each gH € M, which implies that it is
non-degenerate.

]

Definition 3.5 A dual flag area measure L € Area(; s 1s called smooth if there exists
T € J™! such that

(L,d>)=/r/\a), (6)
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whenever w € Q"7 (V x M)" represents ® € Areag /H - The space of smooth dual

*,5m
flag area measures is denoted by Area JH-

Lemma 3.6 Let Hy C Hy C G be subgroups and M:V x G/H, — V x G/H; the
projection map. Let L € AreaG/H be represented by the formt € J""(V x G/ Hp).

Then glob* L € AreaG/H is represented by T1*t € J™"" (V x G/H)). In particular,
glob* is injective.

Proof By Lemma 2.7 and Definition 2.1, we have
(glob* L, ®) = (L, glob d) = / TATLG = / Tt A G.

O

The group G acts on Area’(‘;’% in the natural way. The subspace of G-invariant
elements is denoted by AreaG TH- The notation is justified by the following proposition.

Proposition 3.7 Letr G be transitive. Then

k
AreaG/H = (AreaG/H) ,

in particular dim AreaG TH is finite-dimensional.

Proof By Lemma 3.4, the pairing
(o, 0): Areagj'}_} x Areag/y — R @)

is non-degenerate. By averaging with respect to the Haar measure on G, we obtain
that the restriction

(o, @) : Areang X Areag/H — R
is non-degenerate. Since the second factor is finite-dimensional, the statement follows.
O

Definition3.8 Let L1, L, € Areaz’;'}_} be represented by forms 71, 7o € J™". Then

we define L1 ¥ Ly € Arean"I} as the smooth dual area measure represented by

T % Tp =% Lty A xiTo) € 0.

Theorem 3.9 Let G C O(n) be a closed subgroup acting transitively on the unit sphere
and H C GNO(n — 1) be a closed subgroup. Then the following diagram commutes

*k,Sm k,Sm *,5m
AreaG/H ® AreaG/H SN AreaG/H

J/LIG ®qG J/CIG

AreaG/H ® AreaG/H *> AreaG/H
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Here q¢ is the map transposed to the inclusion Areag o Areag,q.
We need some preparation before proving the theorem.

Proposition 3.10 Let G be as in the theorem and let (I', p) be a finite-dimensional
G-module. The group G acts on Val @I by (gu)(K) = p(g)i(g~'K). Then the
space (Val @)Y is finite-dimensional and contained in (Val*™ ®T')°.

Proof Let . € (Val®TI')C. By Alesker’s irreducibility theorem [2] we may approx-
imate ¢ by a sequence u; € Val* ®I'. Averaging with respect to Haar measure on
G we find an approximating sequence fi; € (Val*” ®)C. But the latter space is
finite-dimensional, since it is a quotient of the space of translation- and G-invariant,
I' valued smooth differential forms, which is obviously finite-dimensional. It follows
that 1 belongs to (Val*”" @IM)C. O

Proposition 3.11 (Kinematic formulas for tensor valuations) Let (I';, p;) be finite-
dimensional G-modules. If |11, ..., ik is a basis of (Val QIS and b1,...,Q1isa
basis of (Val ®T02)C, then foreveryt € (Val®TI'1 ® '2)C there are constants cifj such
that

/G(id ® p2(g”NT(K +gLydg =) cf ;ui(K) ® ¢;(L).
iJ

We thus obtain a cocommutative coassociative coproduct
a2 (val@lr @ )% — (Val®M)¢ @ (Val @TM)C.

Proof This follows from the usual Hadwiger argument, compare [13, Sect. 3.2] for a
similar situation. O

Definition 3.12 Let (I'y, p1), (I'2, p2) be finite-dimensional G-modules. We define
the convolution ¢ : (Val®T'1)¢ ® (Val ®12)¢ — (Val®I'; ® I';)¢ componentwise,
Le, (1 ® f1) * (M2 @ f2) i= (1 * 12) ® f1 ® fa.

Proposition 3.13 Let (I, p) be a finite-dimensional G-module. The bilinear map
¢ (Valy ®T)° ® (Val,_ @) — (Valp @ @ I')¢ = Val§ = R

gives rise to an isomorphism &1 : (Val, @IMNH° — (Val:ik ®D)C, which is called
Poincaré duality.

Proof The proof is a straightforward generalization of [41, Lemma 4.5]. O

We remark that there is another version of Poincaré duality which uses the Alesker
product instead of the convolution. Following [41] we put a hat to distinguish between
the two dualities.
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Proposition 3.14 Let (I'1, p1), (I'2, p2) be finite-dimensional G-modules. Then the
following diagram commutes

ry.r
(Val ®T; @ )¢ 124 (Val @')C @ (Val ®T'2)C

lpAd l&l@ﬁd

* G C*G * G * G
(Val* @'y @ T9)¢ — % (Val* ®')¢ @ (Val* @T»)

Proof The proof is analogous to [41, Theorem 4.6]. O

Definition 3.15 Let I' C C*°(G) be a finite-dimensional G-submodule. The map
M. Areag/{]} — (Val ®*)€ such that

(M"®(K), f) = D(K, f), ®eAreagd,,, feT,

is called moment map.

In the particular case I' = Sym’ V, the moment map was already used in [41] and
[8].
Lemma3.16 (i)

[ker M" = {0},
r

where the intersection is over all finite-dimensional subrepresentations of C*°(G).
(ii) The linear span of the images of (M")* : (Val* )¢ — Areagj‘{l}, where T’

ranges over all finite-dimensional subrepresentations of C*° (G), equals Areag}< 1y

Proof (i) Suppose that MU ® = 0 for all . This means that ®(K, f) = 0 for all
f €T andallT. Since @ I' is a dense subspace of C>°(G) by the theorem of
Peter-Weyl [19], this implies that ®(K, f) = O for every f € C°°(G), hence
o =0.

(i) Let H C Areagj{l} be the linear span of the images of (M1)*. If H # Areagj{l},
then we find some 0 # & € Areag/{l} with (L, ®) = 0 for all L € H. But this
implies that (i, MU ®) = 0 for all & € (Val* ®")¢. By Poincaré duality, this
means that M" ® = 0 forall ', hence ® = 0 by (i). This is a contradiction. Hence
H= Areag}“{l}. O

Let D : Q"~1(SV) — Q"(SV) denote the Rumin operator [34].

Lemma3.17 Let T C C°°(G) be a finite-dimensional G-submodule. If © €
(Val, Q)Y is represented by n = Yini ® fi,ni € QI(SV)E, f; € T, then
(pdo MTy*p € Areagj{ ) is represented by

(=D Dy = (=D Y fill* Dy € Q(M).
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Proof Let ® € Areag/{l} be given by a form w € Q" (V x M) of bidegree (k, m —k).
Using [41, Proposition 4.2] we find

((pd o M) 1, @) = (pd o M @, )
= 0F Y [ Do AT (o)

— (—1)kuﬁH*Dm Aw.

O

Lemma 3.18 The additive kinematic formulas are compatible in the following sense.
Let 'y, Ty C C*°(G) be finite-dimensional submodules and let Ty - T'y be the (finite-
dimensional) module generated by all f1 - fr, fi € 1, fp €a. Letq :T1 @', —
'y - Ty, f1 ® fo = f1- fa2 be the natural projection, Then the following diagram
commutes

Areag/{l} % Areag/{l} ® Areag/{l}
erl'Fz
(Val ®(T'y - T2)*)¢ MM @M

Jid@q*
¥ 1%

(Val @} @ TH Y 425 (Val @T%)C ® (Val @)
Proof Let f; € I';,i = 1,2. We compute
< [ari‘vr%‘ o (id®g*) o M”cmp] (K, L), 1 ® f2>
= /G (d® 3™ (¢"MT @K +5L)) ., f1 ® f2)dg
= [Tk L. i 67 s

:fccp(mgL, fi- (@Y fdg

= A(®)(K, L, fi, f»)
= (M"' @ M"™) 0 A(D)(K, L), fi ® f2).

Proof of Theorem 3.9 We look first at rotation measures.
Let ',y € C°°(G) be two finite-dimensional G-submodules. Dualizing the
above diagram yields the commutative diagram
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Areagj{l} — A Areag’/‘{l} ® Areagj{l}

(ﬁ?io(id@q*)oMrl'rZ)*T T(&ioMﬁ )*®(pdoMT2)*

(Val @I} ® T2)C «—— (Val ®T')C @ (Val ®T)C

Let p, € (Val,—, ®T,)%, a = 1, 2 be represented by n¢ = > i 0 ® ff of bidegree
(n — ky, ks — 1). Then pq * py is represented by some 1 € Q" lSVye @,
such that Dy = Zi’j *1_1 (%1 D’?il Ak Dn?) ® fi1 ® f?, which has bidegree (n — k; —
ko, ki + ko — 1). It follows that

(—=DMFRI* (D) = #7 Gri (=DM TT* D' A s (=D TT* D).
This means thatif L| € Areagj{l} is in the image of (ﬁao M"1)* and L; is in the image
of (&1 o M"2)*, then the formula to compute L1 * L is correct. Thus, by Lemma 3.16

the formula holds for all L{, L, € Areag}‘{l}.
In the general case, we have a commutative diagram

G A G G
AreaG/{l} — AreaG/{l} ®AreaG/{1}

globl lglob ® glob

A
Areag/H —_— Areag/H ® Areag/H
which gives us, by dualizing, a commutative diagram

G * G G
Arean{l} — AreaGT{l} ® AreaG}‘m

glob*T Tglob* ® glob™*

AreaG/H — AreaG/H ® AreaG/H

Since glob* is injective, the statement follows from Lemma 3.6 and the fact that *
commutes with *j. O

4 Rotation measures

In this section we consider rotation measures, i.e., the case G := SO(n), H := {1}
and prove Theorems 2 and 3 .

4.1 Classification of rotation measures

Proof of Theorem 2 1In the first part of the proof, we follow [1, Sect. 3].
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The Lie algebras of G, G will be denoted by g, g. The dimension of the fiber of
M:V xG - SVisgivenby r := ("'). As above we set m := n — 1 +r. By

definition, a smooth flag area measure ® € Areaggglrg 1 of degree k is represented by

a translation invariant differential form n € Q" ~%(V x G). Since ® is G-invariant,
we may assume by averaging over G that 1 is G-invariant, i.e., n € Q" (G)%.
Leto;,i = 1,...,n,w;;,1 < i,j < n denote the components of the Maurer-
Cartan form of G. Then 0;,1 < i < n,w;j,1 < i < j < n span g*. We let
Xi,1<i<n,X;,1=<i< j<ndenote the dual basis of g. We let V, be the span
of X1; Vs the span of X;,2 <i < n; V, be the span of the X1;,2 < j < n;and U
the span of the X;;,2 <i < j < n. Schematically, the Lie algebra looks as follows:

(=]}
Il
S o

0
o Vo U

<

Since [T*«a = o7, the quotient of the space of G-invariant forms of bidegree (k, m —
k) by multiplies of IT*« is the space

ARk g vie Ut = Afvi e AMTR(VE @ UY)
m—k

=AVie@ A" ViR AU
i=0

If 1 belongs to the sum of terms with i < dim U* = r, then n € " and hence
induces the trivial flag area measure. We thus obtain that

Qk,ﬂl*k(é)é/(n*a’ gm,r> g AkVU* ® Aﬂ*l*kv(:.

Next, by Proposition 2.8, we have to factor out multiples of IT*d«. By [30, Propo-
sition 1.2.30], the multiplication map by d« induces an injection

k—1 —2—k k 1k
ATVIQATTRVE > ATVIQ AT TRV
is injective. Hence

Areagggz;/{l}’k >~ Qk,ﬂ”l*k(é)é/(n*a, H*d(x, %m,r)

E (Ak V: ® An—l—k V;;)/(Ak_l V(;-k ® An—Z—k V;;)
In particular,

2
. SO(n) _ n—1 n—1 n—1 _] n n
dlmAreaSO(”)/“”‘_< k ) _<k—1><k+1 o\ \k+1)

‘We now construct the rotation measures Sy, ;. Uniqueness follows from the fact that
smooth convex bodies are dense in the space of all compact convex bodies. Let us prove
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existence. Let I = (i1, ...,ix), J = (j1,..., jr) and set I¢ = {2, ..., n}\I, ordered
in such a way that sgn(2, ..., n) = sgn(iy, ..., i, i{,...,i;_,_,) and similar for J¢.
Define Sy, ; by the differential form

@11 =03 A Ao Awje i A Awje A p € QYTHV x SO(n)),

where p is the volume form of the fiber of the map SO(n) — sl g > gey.

Let K be a smooth compact convex body with outer unit normal v : 9K — S"~1.
Fix x € 0K and g € SO(n) with ge; = v(x). Then ges, ..., ge, form a positive
orthonormal basis of 7,0 K. The vectors w; := (ge;, Sx(ge;)) € T, 0K x Ty0K,l =
2,...,nspan Ty y(x)) nc(K). Let Wy € Ty g)(V x SO(n)) be any lift of w;, where g
is in the fibre over v(x).

We have for2 <i,j <n

o (W) =8i1, wj1 () = (gej, S(gep)).

With ¥, denoting the permutation group of k elements, we thus have

wr,g (W2, ..., Wy =) = @,y @iy, oo Wi, Wig, oo, Wie =)
= > sen(m)(gej. S(geig)) - (geje | S(gerg ) -p
TET) k-1

= det(m,1 OlevlL : VIJ- — VJJ')./L

from which (1) follows.

By the definition of rotation measures (see Definition 3.5) and by Proposition 2.8,
every rotation measure is a linear combination of the S;_;. The relations (2) and the last
part of the statement are an immediate consequence of Proposition 2.8, since multiples
of IM*da induce the trivial rotation measure. O O

4.2 Dual rotation measures

Letus now study more carefully the space of dual rotation measures. By Definition 3.5,

an element of Areagggzgjm’ ¢ 1s represented by a form t € Q" %K(G)Y such that

red ! Mant=0T"da At =0.
As above, we have

Q" RKG)YG = ARV e Vi@ Ve UY)

k
=P AViea Tt viePaivie AU
e=0,1 i=0

The condition IT*a A T = 0 is satisfied for the part with € = 1 in this sum, and the
condition T € F™! is equivalent to i = 0. We are thus left with the space

—k—1 k
ARvE @ ARV
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Multiplication by the symplectic form da gives a surjection
. An—k—1 k —k k+1
L: A" lvre Afv: o ARy @ AFTTVE

and Areaggggj{l}’ « 1s isomorphic to the kernel of this map.

Let us rewrite this in more invariant terms. Let V. := V, ® C stand for the
complexification. The group SL(n — 1, C) acts on the set of bases of Véc, VCS)C from the
right in the natural way. If Y = (Y, ..., Y}) is a basis of V;C and g € SL(n — 1, C),
then (Yg); := Z?:z Y;gi. The corresponding right operation on VO’I"C, Vj’c is given
by

n
gt = Z(g_l)ijajv (®)
=2
n
grwy = Zwljaji~ 9
j=2

As SL(n — 1, C)-representations, we have V;C = (VC(UC)*. The symplectic form is
the canonic element of A2(Vf @® (Vf)*). The above map L can then be rewritten as
an SL(n — 1, C)-equivariant surjection

. —k—1y,C kyC —ky,C k+1,y,C
L:A"*ve@ AN (V) — ATV @ AT (V)R
We may SL(n — 1, C)-equivariantly identify
ATFIYVE @ AR (VD = ARV @ AR (VD)
AnkaLE)C ® Ak+1(Vf)* o~ Ak*l(vf)* ® Ak+1(vcj():)*’

and with this identification, the map L : AK(VO)* @ AK(VE)* — AFT(VE* ®
AR (VY is given by

TN ATEQPL A+ A Pk

k
HZ(—I)%/\ AT A A ;
LA ATAATGRPIA AP AT,

i=1

where 1;, p; € (Vf)*.

Let Ly be the kernel of this map. It is well-known that £y is an irreducible repre-
sentation of SL(n — 1, C) [22, Exercise 15.30].

Let SL(n — 1,C) act on X = (xjj)2<i,j<n (from the right) by (g, X) g'Xg.
Consider the algebra morphism defined by

n—1
1
v ClX] — @Ak(Vf)* ® Ak(Vf)*,xij > E(U)li Qwij+ w1 Qwi;).
k=0
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The product on the right hand side is given by the wedge products of the two factors.
This is a commutative product that will be denoted by -. We clearly have Li-L; C Liyy.

W is equivariant by (9), and W (x;;) € L. Hence, ¥ (C[X]x) C Lx, where C[X ]
is the part of degree k. Since Ly is irreducible and the image is not trivial (consider
W (x23...x2k2k+1) if k < n/2 and \Il(x§3 ...) otherwise), we get a surjective map
VU :CX]k — Ly = Areaggzgﬁl} &~ Using Definition 3.8 we get a surjective algebra

morphism ¥ : C[X] — Areaggﬁﬁi*{l} ®C.

It is easy to check that / C ker W, hence we have a surjective map (denoted by the
same letter)

. SO(n)*
v C[X]/I — Areasom)/m ®C.
To finish the proof, we will compare the dimensions of both sides. We first need
some relations in C[X]/1.

Lemma 4.1 Modulo I, we have the following equations.

(1) A monomial vanishes if some index is repeated three times, i.e., XqqXqap = 0,
Xaby Xaby Xaby = Ofor alla,b,by,by, b3 € {2,...,n}.
(ii) det(xl])2<l j<n = 2n 1x22 * Xn,n-
(iii) The elementary symmetric polynomials E; satisfy

i+j
Ei(x22, . s Xnu)Ej(x2,2, -+ Xpn) = ( ; )Ei+j(x2,2, ce Xpn)-

Proof (i) Easy exercise.
(i) We prove this by induction over n, the case n = 2 being trivial.
Suppose that n > 2 and develop the determinant with respect to the last column:

n—1
4
det(-xl/)2<l j<n = Z( D +nxl n det(xtj)2<l<n i#l + Xnn det(xt/)2<z j<n-—1-
1=2 2<j<n—1

Now develop the determinant in the first summand with respect to the last row. We
obtain some sum of terms containing the factor x; ,x,;, which equals —%xn nXlj.

We may thus replace the factor x; , by — 2x,, n» and the last row of (x;;)2<i<n,il
2<j<n—1
by x;2, ..., xi,n—1, which is just the row which was deleted. Rearranging the rows

(which gives us another sign (— 1)"‘1‘“) we find that

. | )
det(xij)ai,jzn = Y (=D (=) (D" lx p detri)ai, jzn-t
=2

+ X, det(xij)a<i, j<n—1

n
= 5%nn det(x;j)2<i,j<n—1-
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(iii) By definition,

Ei(x2,27 ceey xn,n) = E Xay,ay -+ Xa;,a;»
||=i
where I = (ay, ..., a;) runs over all ordered subsets of size i in {2, ..., n}.

Since x2, = 0 for each a, we find that

Ei(x22,..., X0 n)Ej(x22, ..., Xpn) = Z Xaj,ay -« Xaj,aq;Xby,by * -+ Xbj,b;
[|=i,[J|=j
i+
U Z Xeper *ve Xeiyjuciyg
IK|=i+]j

i+
=( ; )Ei+j(x2,2;~--vxn,n)~

Lemma 4.2 The dimension of the degree k-part of the algebra
Cix1/1

is at most - (7) (c11)-

Proof Let us fix 0 < [ < k and count the number of monomials with 2/ indices
appearing once and (k — /) indices appearing twice.

There are (’,1(:11) possibilities to choose the (k—1) double indices among 1, ..., n—1.
Replacing x;j, x;j, by —%xi iXj, j» Wwe may assume that such a double index i appears
in a factor x;;.

From the remaining (n — k + [ — 1) other indices we choose 2/, which gives us
("71‘2717]) possibilities. These 2/ indices i, ..., io; will be put into pairs so that we
form the product x; j, « * - Xi5 iy -

However, we can use the relations to rule out some combinations. Arrange the 2/
numbers iy, ..., iy in a circle. If a monomial contains a factor x;,;,x;;;, such that
the lines between [i1, i2] and [i3, i4] intersect, we may use the relation and replace
this factor by x;,i,Xi3iy = —Xiji3Xigin — XiyigXinis- NOte that [i1, 73] and [i4, i2] do not
intersect and similarly [i1, i4] and [i2, i3] do not intersect. Continuing this way we may
assume that none of the lines [i1, i2], ..., [i2;—1i2;] do intersect. Basic combinatorics
tells us that the number of such non-intersecting pairings is the Catalan number (lf—?)',l,

Summarizing, we get that the dimension of the degree k-part of the algebra is
bounded from above by

i(n-l)(n—kﬂ—l) Q!
L \k—1 21 T

It remains to see that this equals the expression given in the lemma. This can be
seen by the following combinatorial argument.
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Take a set of n numbered cards with both sides empty. Choose k among these cards
and color the front side green. Independently of that, color the back side of (k + 1)
among the n cards red. The number of different colorings obtained in this way is
() )

Start again with a set of n numbered cards with both sides empty and fix a number
0 <[ < k. Choose one of the cards and declare it to be 1-colored (the color will be
fixed later). Among the remaining (n — 1) cards, choose (k — [) and color the front
side green and the back side red. Among the remaining (n — k + [ — 1) cards, choose
2[ and declare them to be 1-colored. Among the (2/ 4 1) 1-colored cards, we color /
in green and (/ + 1) in red. In this way, we obtain all colorings with precisely (k — [)
two-colored cards, such that k are green and (k + 1) are red. However, each of these
colorings is counted (2/ + 1) times, since any of the (2/ 4+ 1) 1-colored cards can
be chosen as the first card to begin with. The total number of colorings is therefore

k n—1\ m—k+Il—1\ (214+1\ 1
n 3o Go) (% ) ) =
End of the proof of Theorem 3 Since ¥ : C[X]/I — Areagggzgjm ®C is surjective
and the dimension on the left hand side is not larger than the dimension on the right
hand side, the map must be a bijection and the upper bound for the dimension from
Lemma 4.2 is attained. Obviously, the algebra isomorphism W induces an algebra
isomorphism (denoted by the same letter)

. SO(n)*
v RIX]/T — Areaso(n)/{l} .

Let us compute the image of x; ;. Note that x; ; corresponds to the dual rotation
measure given by the form 7 := *fl %(oi Awj1+0j Awi1). We compute

—1 —1 n
* (O‘,‘Aa)j,l)Z* O’iAa)jJ:(—l) O'IAO‘if/\"'/\O-i,‘l'_z/\wj,lv
and hence

1 n
* (0i Nwj 1) Aoy () = (=D"o1 A ¢
AR /\Gi;l'_z Nwj 1 N0 /\a)j;-,l AR /\wj:z.—rl NP

= =01 A AT ADIA AWy 1 AP.
It follows that
(W(xi,i), Si,i) = — vol(SO(n)),
(W(xi ), Sij) = (W(xij), Sji) = —% vol(SO(n)), i # j.

* *

S48,
In both cases, it follows that W (x;;) = — vol(SO(n)) - % O

Remark 4.3 In the following, we will identify an element of R[X]/I with its image

. SO(n)x*
under ¥ in Areaso(n)/{l}.
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Corollary4.4 Let H C SO(n — 1) be a closed subgroup. Then the image of the
transposed globalization map glob* : Areaggggj y = Areagggg’;” = R[X]1/I is the
subalgebra of R[X]/1 consisting of all invariants under H with respect to the right

action h*X = h' Xh.

Proof The statement follows directly by recalling that the inclusion glob* preserves
the algebra structure of both spaces and is H-equivariant. O

Examples We consider the case of area measures, i.e., H = SO(n — 1). By Corol-

lary 4.4, AreaSO"-* .= Areagggi’/*so(nf 1) is the subalgebra of R[X1/1 of all elements

which are invariant under the action h*X = h!Xh, h € SO(n — 1). Since h! = h™!,
these invariants contain the elementary symmetric functions of X. By Lemma 4.1(ii),
they can be written as rescalings of the elementary symmetric functions of the diagonal
elements x;;,2 <i < n.

The linear map & : R[t] — (R[X]/DY,t" > i'E;(x22, ..., Xn.n) induces by
Lemma 4.1 an injective algebra morphism

e3p

CR[11/(t") — (RIX]/DY = AreaSO"*
Since the dimensions on both sides agree, this map is an algebra isomorphism. Hence,
AreaSO™m* = R[r]/(1"),

which is of course well-known.
The additive kinematic formulas are given by

1 i

A(S) = — 1

(Si) = Z'(k)skcasz, (10)
k+Il=i

see [13], or Schneider [37, Theorem 4.4.6]. It follows that

1 (k+1
st57 = (“1 " )sir

n

Clearly ¢ is mapped to some multiple cS}. We will see later that ¢ = w,,. Then t* is
mapped to w,k!S}, as can be shown by induction over k.

5 Algebraic structure of FIagArea(”)’So(")’*

The aim in this section is to prove Proposition 1.3. Recall first that o;, w;; are the
coordinates of the Maurer—Cartan form of SO(n). The volume form of the unit sphere
is w21 A -+ - A w,1. We have the structure equations

n n
do; = —Za),‘j Aaj,da)ij = —Za),‘k N Wk .
j=1 k=1
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Unwinding the definitions in Sect. 4, we have
1
Xij = 5(0i Awji+0j A wil);

in particular x;; = 0; A w;1.

Proof of Proposition 1.3 Recall that Flag, ,,; = SO(n)/H with H = S(O(p) x
0O(g)). By Corollary 4.4, glob* maps FlagArea(”-SO"-* pijectively to the algebra
of H-invariant elements in R[X]//, where the action is given by h*X = h'Xh =
h=1Xh.

Assume first that p # g. We claim that the linear map

E:Rx, y] - R[X]/DY,

which sends xiyj WilEi(x22, ..., Xp+1,p+1)JEj(Xp42, p42, - - -, Xn,n) is an algebra
morphism.

It is clear that the image of each monomial is H-invariant. The compatibility with
the product follows from Lemma 4.1.

Obviously, x? +1 y‘”‘l € ker E, hence there is an induced algebra morphism

Rx, y1/(xPT it — ®IXT/ D (11)

sl

We claim that this map is injective. To do so, introduce a bigrading on (R[X]/1)¥
by declaring that

(1,0) 2<a,b<p+1
(3.3 2<as<p+l,p+2<bs<n
3.5 2<b<p+lp+2<as<n
©O,1) p+2<a,b=<n.

degx,p =

It is easily checked that the ideal 7 is bigraded, so we indeed have a bigrading on the
quotient. The image of x' 'y, 0<i<p0<j< g is of bidegree (i, j). To prove
injectivity of &, it is therefore enough to prove that S(x'y/) £ 0for0 <i < p,0 <
j <gq.But 8(x'y)) corresponds to the form

HEi (02 Awp, .o, 0ppt ANWpi1)JIEj(Opi2 A@pi2, ..., 00 Awy), (12)

which is obviously non zero.

To conclude the proof that Z is an algebra isomorphism, it is enough to compare
dimensions. The dimension of the k-homogeneous part of the left hand side is the
number of monomials xiy-/ withi 4+ j =k,0<i < p,0 < j < g, which is easily
computed as min{p, ¢q, k, n—k—1}+1. The k-homogeneous part on the right hand side

(P)-S0(-* '\ hich is isomorphic to (FlagArea(p ) SO(")) by
Proposition 3.7. By [1, Theorem 4] its dimension is min{p, g, k,n — k — 1}.

is isomorphic to FlagArea;,
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Let us now consider the case p = g. The above proof goes through word by word,
except that dim FlagArea(p) SO@) =min{p,q,k,n —k — 1} +2ifk = p = q. We
define

E:Rlx, y,u]l - R[X]/DY,
similarly as above, with

E(u) :=det(x;j)2<i<p+1-
pH+2<j<n

By Lemma 4.1, we have E(xu) = E(yu) = 0. More precisely, each monomial in
the development of the determinant contains each index at least once, while each term
in x (resp. y) contains each index twice.

We next compute Eu?) by using x4 x4j = —%xaaxg j» which is a consequence of
Lemma 4.1.
E@w?) = Z $gn(0)X2,6(p+2) - - - Xp+1,0(n) Z SgN(IT) X2 7 (p+2) - - - Xp+1,7(n)
0EX) TEL),
—1\?
= (7) X272t Xpil, ptl Z sgn(0)sgn(7 )Xo (p+2)m(p+2) - - - Xo (n)m(n)
o0,MEX)
—1\?
= (7) X22 ... xp+1_p+]p! Z sgn(n)xp+2,ﬂ(p+2) <o Xn(n)
TEL)
1 P
= (—5) PEp(x22, ..., Xpt1,pr1) det(x; ;) pra<i,j<n
1\ (p+ D!
= <_§) PE,(X22, ... Xpi1,pt1) o7 Ep(Xp+2.pt25 -+ Xnn)
1
P LD sy

It follows that there is an induced algebra morphism

(p+)

E: Rlx,y, u]/(xp+1, yp+1,xu, yu, uw? — (—1HP-——= yPy — (]R[X]/I)H.

We argue as above to prove that & is injective. However, if p is even there are two
elements whose images under Z are of bidegree (7, 7), namely x % y2 and u. We
show that the images of these elements are linearly independent.

Let {X;}2<i<p+1 be the dual basis to {0} }2<i<p+1 and let {X; 1} p42<i<n be the dual
basis to {w; 1} p+2<i<n. By (12), the form corresponding to é(xgyg) is non-zero but
vanishes evaluated at (X2, ..., Xp41, Xp42,1, .- ., Xu,1). For the associated form to

E(u), we have

1
det (E(Gi Awj1+0j /\wi,l)) 2<izptl (X2, ooy Xpi1s Xpg2,1s -5 Xn1)

p+2=j=n

@ Springer



Additive kinematic formulas. . . 1643

1
=5 Z sgn(mw)oz A Wr(p+2),1 A AOpr1 AWrmy,1 (X2, oo Xpt1, Xpi2,1s - Xa1)
TEL)

_ pp=1 p!
=(-D 2 27750-

Finally, comparing dimensions again, we see that Z is an algebra isomorphism. 0

6 Bases for FlagArea®>5%™ and FlagAreaP)-50")-*
In the following, 0 < p<n—1,qg :=n—p — 1, my :=min{p,q,k,n —k — 1}.

6.1 Bases for FlagArea?>50(™

We first recall the bases of FlagArea(P)’So(") introduced in [1].
For max{0, k — ¢} < a < min{k, p}, ., € Q"1 (V x Flag, ,.) is defined as
the coefficient of «? =4 in the expansion of

p+1 n
fap = \@oi+oi) A [\ (Boj+wj)). (13)
i=2 j=p+2

In the case 2p = 2k = n — 1 we set

flex 1= Opia A Aoy Awpya i A Awgy € 27NV x Flagy , ). (14)

We denote
rai= ——" b aApeQ(V xFlag, )
“ 7 vol(Flag; 1) ¢ Lo+l
max{0, k — ¢} < a < min{k, p}, (15)

and, ifnisoddand 2p =n — 1,

D e— ©n ~ m
Wex = vol(Flagl,pH)nex R (10
Here p denotes the volume form of the fiber of the map I'T : V xFlag, ,, | — V x st
We remark that the factor in the definition of @ , does not appear explicitly in [1],
but implicitly by the fact that the volume form on the fiber should be normalized to
volume 1 (see [1, Corollary 4.6]).

The smooth flag area measure associated to the form @y 4 (resp. @,y) is denoted
by &y, € FlagArea(”)’SO(") (resp. ®,y) and is defined for 0 < p,k < n — 1,
max{0, k — ¢} < a < min{p, k}.

Another basis for FlagArea”-S9(") was given in [1]. This basis contains the ele-
ments S,Ep ) in FlagArea®-S0® previously introduced in [24]. The smooth flag area
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1644 J. Abardia-Evéquoz, A. Bernig

measures of this basis are denoted by S,Ep )i and defined, for 0 < p,k < n —1,
0<i<my,as

min{p,k}—i .
; min{p, k} —
S = cnipi Y. ( nir. ")cbk,a, (17)

l
a=min{p,k}—my

where

n—1\" my -1 lk —q| + my “Tm—1
nkopi =\ i i i)

For the exceptional case 2p = 2k = n — 1, the following notation is used:

I\)‘\

(n—1
503

2

= q)ex-

For the indicated ranges, both sets {S,Ep )’i} and {®y .} constitute a basis of

o _n=l
FlagArea(p)’O(") and the sets {S,E‘U)",Si;z1 )} and {®y,, Pox} a basis of

FlagArea?)-S00 A straightforward computation shows that the inverse relation is
given as follows.

Lemma 6.1

min{p,q,j,n—j—1}

mJj P\ min{p, j} —a)"/
s=min{p, j}—a {P, ]}

Lemma 6.2 Let glob : FlagArea?-590) — AreaSO" be the globalization map. Then

glob S = 5,

glob@k,a=< 1 )(p>sk
k—a)\a

Proof The first equation was shown in [1, Theorem 3]. The second equation can be
deduced from the first one and Lemma 6.1. O

6.2 Bases for FlagArea )50 *
Corollary 6.3 The dual bases are related by
min{k,n—k—1,p,q)} .
min{k, p} —a i
i=0
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min{p,k}

(p)ix _ —1 a+min{p,k}+i i *
S =c . E (—1) ( [OXI
k n,k,p,i : _ k,a
a=min{p,k}—i min{p, k} —a

Let us introduce another basis of FlagArea”)-SO-* For max{0,k — ¢} < a <
min{k, p}, we define % , € J™'" by

- -
Tk,a += *q Eq(x2, ..., xp+1,p+1)Ek—a ('x[?+2,[7+27 s Xnn)- (13)

Let &DZ . be the element in FlagArea®-SO0-* given by T . If (k, p) #
(% ”*1) the elements of {é;a}max{o,k—q}Sasmin{p,k} constitute a basis of

FlagArea([’ )-S0(m).* by [1, Theorem 4].
In the exceptional case 2p = 2k = n — 1, we define

~ . -1 N
Tex = *q det(xij)2§i§p+l e J".
p2<j=n

The smooth dual flag area measure associated to the form 7., will be denoted by

d>* For 2p = 2k = n — 1, the elements of {CI> . 2}0<a<k together with <I> . constitute

a basis of FlagArea(p )-S0-* “This follows again from [1, Theorem 4] and the fact

that Toy A Ty Z 0but T4 g A Tex = 0.
The following lemma expresses the elements of the dual basis of {®y 4} U {Dex}

and { S,Ep )’i} in the algebra given in Proposition 1.3.

Lemma6.4 (i) For0 <k <n — 1 and max{0,k — g} < a < min{p, k}

L(qg \ '\ 1 k
q>* [ I /| —tl'
ka ™ (k—a) (a) a!(k—a)!x y

(i) ForO<k<n—1and0 <i <min{p,q,k,n —k — 1},

R -1 i+min{p,k}
Sl((p),l,* — ( ) .
WnCn k,p,i

min{p,k}

a 1 i q - p ! a_ k—a
Z _i(_l) a!(k—a)!<min{p,k}—a>(k—a) (a) MR

a=min{p,k}

(iii) If2p =2k =n — 1, then

_— (—1)Pu
ex np' *
Proof (i) Let
P
- -1 i
Ta,p i= *| ZO{p "Ei(oy A s .- L Opil AWpi1,1)

i=0
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q
Zﬂq_JEj(G[H_z AN@p42.15 500 N 1)
j=0
p+1 n
=01 A N\@oi+oinn N\ (Boj+)), (19)
i=2 j=p+2

where the second equation follows from [9, Eq. (47)]. Then the coefficient of
aP = ITkrain £, 5 s Ty 4.

Let k, a be fixed. We first compute (éz »» Pk.a) for fixed indices /, b by using the
expansions in (13) and (19). For «, 8, @, 5 € R, one can easily check that

tap AT p=@+DPB+P" P o1 Aoa A Ao A@2I A A w1

Since ¢ 4 A 71,5 is the coefficient of a“ﬂk_“&p_bﬁ’i_l_l_p+b in this expression,
we find that 74 s AT1p = 0if b #a orl # k. Inthe case b = a and | = k, we
have, by Definition 3.5,

(®F . @ )—L[i A
kar Pha) = Vol (Flag, 1) ka N Thka NP
W p\(n—p—1
= i Eae. Ao Aoy A Ao A A
Vol(FlangH)(a)( k—a )/“71 On N @21 Wyl AP
p\(n—p—1
= . .
"\a k—a
Hence,
1 q -1 p -1 -
k.a wn (k _ Cl) (Cl k.a (20)
4 a k—a
The statement now follows from the fact that (IJIt .= % _(I{—a)! , which is a conse-

quence of Lemma 4.1(iii).
(i1) This follows from Corollary 6.3 and (i).
(iii) We first show that
(=D -,

*
q)ex - cI)ex7

wp p!

which follows from

(@, Do) = ——m /
exr X vol(Flag; )

Wy

Tex NOpg2 N A0y AWpy2 1 A=+ AWy

P _
= Wg)(—l)(z)p!/*l l(o'p+2/\.../\o'n ANy i A AWpyi )
1,p+1

NOpg2 N ANOp ANWp42 1 N ANwp 1 AP
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wp
=—p!/o‘l/\---/\O'p_H/\(1)2,1/\---/\a)p+1’1
vol(Flag; 1)
ANOpt2 Ao AOp AWpgd 1 A=+ AWy 1 AP
Wy
vol(Flagl 1)

= (—=1D?plw,.

(=D?fp /alA---Aansz,l/\-~-/\wn,1Ap

The proof is finished by noting that ®* =
O

The globalization map glob : FlagArea”-S0 s AreaSO®™ induces an alge-
bra morphism glob* : Area®°(* — FlagArea-S9(":* In terms of the algebraic

descriptions itis givenas ¢ + x+y. This follows from Lemma 3.6 since ¢ is mapped to

E1(x22, ..., Xun) = E1(x22, ..., Xp41,p+1) FE1(Xp12, pt2, - - -, Xpp). By Lemma 6.4
and (17) we thus have

(t, S1) = (1, glob S%) = (glob* (1), S"%)

0 1
=(x+y, Sfp) > <wn(17<1>11+61¢ 0)s —(d>1o+<l>1 1)>—wn,

which implies that = w, ST. Hence the constant ¢ from the end of Sect. 4 equals w,,.

7 Explicit additive kinematic formulas

The aim in this section is to obtain explicit additive kinematic formulas for
FlagArea?-590) We denote by

AlG,p+l : FlagArea'”¢ — FlagArea'”C ® FlagArea'P-¢

the additive kinematic operator for flag area measures in FlagArea?-C with G either
O(n) or SO(n).

Theorem 7.1 (i) For0 <k <n—1and max{0, k—q} < a < min{p, k}, the additive
kinematic formulas for O(n) are given by

min{a, j}

0 k,
lgll(cbka) Z Z jz ]b®®k j.a=b;
™ =0 b=max({0, j —k+a}

ha _ q -1 p -1 q—k+j+a—-b\(p—a+b
b \j—-b b j—b b '
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(ii) The additive kinematic formulas for SO(n) are given as follows. If (k, p) # (n —
1, %=1y, then
b 2 ’

SO O
1 p(—?—)l (q)k a) = 1(;_);_1 ((Dk,a)-

Ifk =2p =n—1, then

=DP(p+1

SO(n) O(’l)
((Dn 1, n— 1) = (q)n—l,%) + 22pw

1 p+1 1 p+1 Doy ® Dy,

n

and

450 1
1 [,(_7_)1 (Qex) = w ( ex ® CI>0,0 + q>0,0 ® q)ex) .
n

Proof (i) Using the algebraic structure of FlagArea”:9)* and Theorem 3.9 we

compute the coefficient C];:Z,l,c of ®j;, @ P in A?(;’J)rl(cbk,a) as

k. A0
Cj,Z,l,c < 1 ;;1+1(q>k a), CDJ p @ Of C)

(¢}
<q)k,as A[ (;_);_T((Djb ® q);k,c)>
= <q)k,a7 q>]’b : q)l’L')'

We have

o ot — (4 NOWEANRE
Jb Tle w2 \j—b b l—c¢ ¢

. : 1 xbyjfbxcylfc
bI(j — Bl — o)!

B wi<1 Eb)_1<5>_1<l Ec>_l(lc7)_l
S [y (RPN [ AN Lo

It follows that clj‘.’,zﬁ 1.c equals zero unless k = j + 1/ and a = b + ¢ and the result
follows.

Let us double check the constants in this formula. Clearly the additive kine-
matic formulas commute with the globalization map glob : FlagArea?)-0 _
Area®™ By Lemma 6.2, glob ® glob applied to the right hand side gives

1 k minfa, j}
— Z Z cﬁ:z glob ®; » ® glob P_j 4—p
@n j=0 b=max{0, j—k+a}
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k min{a, j}

1 O [ VO] PR [ Y

iy w0,
Jj.b _ J s _ J

Jj=0b=max{0, j —k+a} J b b k J athb a b

1 k minia, j} q—k+j+a—-b\(p—a+b q
=X i—b b k—j—a+b b 5i ® S
"j()b max{0, j —k+a} J j—a

1 » k min{a, j} a\ 'k —a
— S Si.
i (09 V9 Doup S 3 (R EER S

Jj=0b=
)

max{0, j—k+a}
1
wp \k

k
Z <k.>5j ® Sk—j-
=0 ™
The globalization of the left hand side in the kinematic formulais (.7 )(?) A(Sp).
which equals the globalization of the right hand side by (10).

(i1) For the proof of additive kinematic formulas for SO(n), we first observe that the
above argument remains the same unless we are in the exceptional case 2p = k =
n—1.In this case, it remains to compute the coefficient (A ?C;(i)l (@, = ), &5, ®
@, ). For that, we compute

P

q
q
- a

_ =D p+D o,
T w22rpl?

_(=DP(p+ l)q)*
o 22Pw, n—1,251

from which the result follows.
Finally, the additive kinematic formula for ®,, has to be a linear combination of
Do @ Pi 0, Pro ® Dy and the formula follows directly.

O

Corollary7.2 Let 0 < p < n — k — 1 and consider the flag area measures S,Ep)
introduced in [24). Then,

k
AS00) ((p) 1 K\ ) o o(p
1p+1(S )—m <J->Sj ®Sk—j'
_ /Z_O

Proof This follows from the case @ = 0 in Theorem 7.1, since

-1
Wp— i Wy —
S;EP) _ ®n pSIEp),mm{k,p} _ Yn-p (‘1) Do
wy w, \k

by [1, Theorem 3] and by (17). O
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O(n)
1,p+1°

LoD (p),0 SO(m)
2p = n — 1, by definition Sé = &,, and dDH_I’% = Sn_ , hence A} _p1 can
O(n)
1,p+1
By proceeding as in Theorem 7.1, we have that the coefficient of ; (P & S

O(n)
1 ,p+1

Proof of Theorem 4 By the previous results, it suffices to compute A Indeed, for

be directly deduced from A and Theorem 7.1.

(S,Ep) ) is given by
(p)i o(p)bx  o(p)c,*
<Sk ’ Sj N Sl >.

Let

mg
S]EP)J’*: Z Kk,i,axaykia

a=mj—i
with Ky ; , the constant given in Lemma 6.4(ii) and let
a . k—a __ ¢ *
X0y = Kk,a(bk’a

with K, k.« the constant obtained from Lemma 6.4(1).
Using the defined constants and (17), we have

m
(p)ii o(p),b, (p).c, (p).i >
(Skp l, Sjp . Slp ¢ *> = Skp la Z Z Kj,b,sKl,c,rKj+1,s+r(bj+l’r+s

A
s=m’; br=m;—c

mkl

’
—t -
Z Z Z Cnk,p,i < ki )Kj,b,sKl,c,rKj-‘rl,s+r(q>k,t, q)j'_;_[’r_;_s)-

t= m —my s= m —br= m1—c

Hence, the coefficient of §ip-b ® Sl(p)’c in O(n) 1 (S (p)’i) is zero unless k = j +1/ and
t = s + r and the result follows by substltutmg the constants and taking into account
the possible range for ¢, s and r. O
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