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Abstract

On a manifold X with boundary and bounded geometry we consider a strongly elliptic
second order operator A together with a degenerate boundary operator 7' of the form
T = @oyo + ¢1y1. Here yp and y; denote the evaluation of a function and its exterior
normal derivative, respectively, at the boundary. We assume that ¢g, ¢; > 0, and
@0 + @1 > ¢, for some ¢ > 0, where either ¢o, 91 € C°(0X) or o = 1 and ¢ = @>
for some ¢ € C 2+7(9X), T > 0. We also assume that the highest order coefficients
of A belong to C*(X) and the lower order coefficients are in Loo(X). We show that
the L ,(X)-realization of A with respect to the boundary operator T has a bounded
H*°-calculus. We then obtain the unique solvability of the associated boundary value
problem in adapted spaces. As an application, we show the short time existence of
solutions to the porous medium equation.
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1 Introduction

Maximal regularity has become an indispensable tool in the analysis of evolution
equations as it can be used to establish in an uncomplicated way the existence of short
time solutions to a large class of quasilinear parabolic problems. Maximal regularity
in turn is implied by the existence of a bounded H *°-calculus, a concept introduced
by Mclntosh in 1986, [29], of angle < 7 /2. Many elliptic operators are known to
have a bounded H°°-calculus, see e.g. Amann, Hieber, Simonett [5] for the case of
differential operators. Already in 1971 Seeley [37] had shown that differential bound-
ary value problems have bounded imaginary powers, a property which is very close to
that of having a bounded H *°-calculus and can often be shown by the same methods.
Ellipticity, however, is not necessary in this context as shown in [9]; a hypoellipticity
condition in the spirit of Hormander’s conditions (4.2)’ and (4.4)’ in [22] is sufficient.
In the present article, we establish the existence of a bounded H*°-calculus for a
degenerate elliptic boundary value problem. We consider a strongly elliptic operator
A, endowed with a boundary operator that, in general, will not satisfy the Lopatinsky-
Shapiro ellipticity condition. The key point of our analysis then is the construction of a
parameter-dependent parametrix to the resolvent with the help of Boutet de Monvel’s
calculus for boundary value problems [8]. As a consequence of the non-ellipticity,
however, this parametrix will only belong to an extended version of Boutet de Mon-
vel’s calculus that we sketch, below. Still, this will enable us to deduce the necessary
estimates for the existence of the bounded H *°-calculus.

Here are the details. Let X be an n-dimensional manifold with boundary 9X and
bounded geometry. Let A be a strongly elliptic second order partial differential operator
on X which in local coordinates can be written in the form

A= > d"DDi+ Y BrDe+ )., (1.1)

1<k,l<n I<k=n
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Bounded H*-calculus for a degenerate... 1599

where a¥! € C7(X) are real-valued,' the matrix (a¥ (X)) 1<k.1<n 18 positive definite
with a uniform positive lower bound, bE Y e Loo(X ), and Dy = —idy,. If these
conditions are met, we call the operator A sufficiently regular. Furthermore, we say
that A is M -elliptic, if all the norms of the coefficients are bounded by M > 0 and the
positive lower bound of the matrix is given by 1/M. Obviously, this is no restriction
as every operator as above is M -elliptic for some M. The operator A is endowed with
a boundary operator 7' of the form

T = @oyo + ¢1y1. (1.2)

Here y9 denotes the trace operator and y; the exterior normal derivative at 9 X. More-
over, ¢g, 1 € C Ifo (0X) are real-valued functions on the boundary with ¢g, ¢; > 0 and
@0 + @1 > ¢ > 0. We obtain the classical Dirichlet problem for g = 1, ¢1 = 0. The
choice g = 0, ¢; = 1 yields Neumann boundary conditions, and Robin problems
correspond to the case where ¢; is nowhere zero.

For given functions f and ¢ we consider the boundary value problem with spectral
parameter A

(A—Mu= finX, Tu=¢ondX,

in L,(X),1 < p < oo. To this end we introduce the L ,-realization of the above
boundary value problem, i.e. the unbounded operator A7, acting like A on the domain

D(A7) :={ue Lp(X): Au € Ly(X), Tu =0o0ndX}.

This problem has been investigated by many authors, see e.g. Egorov-Kondrat’ev
[16], Kannai [24] or Taira [42,43,45], also for the case where the boundary operator
T involves an additional first order tangential differential operator. This makes the
analysis more subtle and will be treated in a subsequent publication.

We recall the notion of sectoriality:

Definition 1.1 A closed and densely defined operator B : D(B) C E — E, acting in
a Banach space E that is injective with dense range is called sectorial of type v < 7,
if for every @ < 6 < m there exists a constant Cy, such that

o(B) C Tg and [|A(B — 1)l zx) < Cp forall A € C\Zp.

Here 3y = {» € C\{0} : |arg(A)] < 6} U {0} is the sector of angle 6 around the
positive real axis.

It has been shown by Taira that, for a bounded domain X, the L ,-realization A7 is
sectorial of type ¢ for every ¢ > 0, possibly after replacing A by A 4 ¢ for a positive
constant c. In particular, it generates an analytic semigroup. For details see e.g. [43,
Theorem 1.2].

I See also Remark 1.10(b) for the complex case.
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1600 T. Krietenstein, E. Schrohe

1.1 Bounded H* calculus

By H*°(Xy) we denote the space of bounded holomorphic functions in the interior
of the sector Xy and by H°(Xy) the subspace of all functions f such that | f(1)] <
C(|A|€ +|A|~%)~! for suitable C, & > 0. It is well-known that this is a dense subspace
with respect to the topology of uniform convergence on compact sets.

For a sectorial operator B of type w, 8’ € Jw, 0] and f € HX°(Ayp) let

FB == [ foB-n"dre LE).
27 Jon,

The integral exists due to the sectoriality and is independent of the choice of 6 by
Cauchy’s integral theorem. Given f € H®(Xy), we can approximate f by a sequence
(fn) C H°(Xp) and define

f(B)x :=lim f,(B)x for x € D(B) Nrange(B).
It can be shown that D(B) Nrange(B) is dense in E and that the above equation defines
a closable operator. The closure is again denoted by f(B).

Definition 1.2 We say that a sectorial operator B of type w admits a bounded H*®
calculus of angle w, if for any @ < 6 < 7 there exists a constant Cy > 0, such that

If Bl = Collflloos  f € H*(Zo). (1.3)

According to the principle of uniform boundedness it is sufficient to verify estimate
(1.3)forall f € HX(Xp).

1.2 Main results

Theorem 1.3 Let (X, g) be a manifold with boundary and bounded geometry. Let T
be as in (1.2) and At be the realization given above of an M-elliptic sufficiently
regular second order differential operator. Then, for every 0 < ¥ < m a constant
v ="v(M, |t|y, ¥) > 0exists such that At +v allows an H* (3y)-calculus in L ,(X).
Moreover, a constant C = C(M, |t|4, ?) > 0 exists such that for all f € H*(Zy)
the following estimate holds:

I FCADIB®L,x) = Cll flloo-
Here |t|, stands for suitable seminorms of ¢y and ¢, respectively, in C;°(0X).
Theorem 1.3 extends to the case of non-smooth boundary operators. In order to keep

the technical difficulties at a reasonable level, we shall then assume that ¢9 = 1 and
@1 is the square of a C>**-function ¢ with 7 > 0:

T =y + ¢y (1.4)
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Bounded H*-calculus for a degenerate... 1601

for some ¢ € C>*7, ¢ > 0. Supposing that ¢y = 1 is not an essential restriction. The
assumption that ¢ is the square of a C>?-function is; it is motivated by the fact that
the pseudodifferential techniques require the C>*7 regularity of the square root of ¢1,
which differs from the regularity of ¢ near the zero set. Here is the precise statement.

Theorem 1.4 Let (X, g) and A be as in Theorem 1.3 and T as in (1.4). For every
0 <V <mwethen findv = v(M, |t]y,9) > 0and C = C(M, |t|«, ¥) > 0 such
that At + v allows an H* (3y)-calculus in L ,(X) and

IFADIBwL,x) = Clfllocs  f € H(Zp).

As a corollary, we obtain unique solvability for the full boundary value problem.
For this we need some notation. As before, (X, g) is a manifold with boundary and
bounded geometry, | < p < oo.

We denote by B;(BX) = BIS,QP(BX) the L ,-Besov space of order s € R on X

as defined in [17]. According to [17, Theorem 4.10], B;,_l/p(aX), 1 < p < oo,
s > 1/p, coincides with the space of all restrictions to d X of functions in H;(X ).
The theorem, below, can be shown by modifying the proof of [17, Theorem 4.10] in
the spirit of the proof of [47, Theorem 2.9.2].

Theorem 1.5 Lets > 141/ p. Then, givenvo € By "/’ (0X) andv, € By '~/ (X)
there exists u € HIS, (X) such that you = vo and y u = vy.

Definition 1.6 For s € R and the boundary condition 7 in (1.2) or s > —7 and T in
(1.4), we define
s—1-1 -1 —1-1
By 7 P (0X) = (v =govo +grv1 | vo € By P(@X),v1 € By TP (0X)).

Clearly, this is a Banach space with the topology of the non-direct sum.

Proposition 1.7 For s > 1+ 1/p the mapping T : H,(X) — B;lefl/p(aX) is
surjective.

In fact, given v = @pvo + ¢1v1 in B 1 ”P(aX) Theorem 1.5 implies that we find
ug and u in H (X) such that youg = vo, yiug = 0, you1 = 0 and y u; = vy. Then
up+upisa prelmage of v under T'.

Theorem 1.8 For every 0 < ¥ < m the operator
L,(X
Ao »(X)
T tHy(X) — 1 1€B 1.5)
B, P (3X)
is a topological isomorphism for A € Ty, |A| sufficiently large.

This is immediate from Theorem 1.3 and the surjectivity of T: Given f € L,(X)
and v € B1 1/‘D(BX), we first fix wqg € HI%(X) with Twog = v. By Theorem 1.3, the
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1602 T. Krietenstein, E. Schrohe

problem (A — M)w = f — (A — A)wg, Tu = 0 has a unique solution w € HI%(X).
Then u = w + wy is the (unique) solution to (A — M)u = f, Tu = v. Hence (1.5) is
a bijection. As it is continuous, it is a topological isomorphism in view of the closed
graph theorem.

Finally, we apply our results to the porous medium equation with boundary condi-
tion T and strictly positive initial value. Details can be found in Sect. 6. We obtain:

Theorem1.9 Let 1 < p,q < oo, n/p+2/g <1, m > 0, vy € HI%(X) with

v >c >0, and ¢ e C(Jy; B;le/f’(aX)) with ¢(0) = Tvo. Here Jo = [0, to] with
to > 0. Then the porous medium equation

vV— A" =0
Tv=¢ (1.6)

V=0 = vo

has a unique short time solution of maximal regularity, i.e. there exists an interval
J = [0, t*] with t* > 0 and a unique solution

veLy(J: Hy(X) NW,(J: Lp(X))

of the porous medium Eq. (1.6).

Remark 1.10 (a) If the boundary 9X is the disjoint union of two open subsets Yy
and Y7 and their common boundary X, which additionally is a smooth embedded
submanifold of 0 X, and we choose ¢y and ¢ to be the characteristic functions of Y
and Y;, we obtain the Zaremba problem, where Dirichlet conditions are imposed on
Yoy and Neumann conditions on Yj.

In this sense, the Zaremba problem might be considered a limit case of the degen-
erate problem studied here. However, the two problems are rather different in spirit.
As our arguments show, the problem here can still be treated by methods from the
theory of boundary value problems via Boutet de Monvel’s calculus. The Zaremba
problem in contrast is basically an edge-degenerate problem, as explained by Seeley
in [38]. The role of the edge is played by the interface X, and additional conditions
have to be imposed there. A corresponding singular pseudodifferential calculus has
been developed by Dines, Harutyunyan and Schulze, see [14].

(b) For convenience we have assumed that the coefficients of A are real. In fact, the
results also hold in the parameter-elliptic complex-valued case with the corre-
sponding change of the sector.

1.3 Relation to previous work

In [1], Abels developed a (different) variant of Boutet de Monvel’s calculus with non-
smooth symbols in order to construct parametrices to elliptic operators with Holder

@ Springer



Bounded H*-calculus for a degenerate... 1603

regularity. Also, Krainer [25] constructed a calculus with symbols of type p, § taking
values in operator ideals in Hilbert spaces.

Theorem 1.3 and 1.4 extend [43, Theorem 1.2] in that (i) one can now treat manifolds
of bounded geometry instead of bounded domains, (ii) the differentiability assumptions
on the coefficients of A are reduced from C*° to C*, t > 0, for the top order terms and
L forthe lower order terms, while T can also be of the form (1.4), and (iii) one obtains
the existence of a bounded H°°-calculus rather than the existence of a holomorphic
semigroup. Theorem 1.8 extends [43, Theorem 1.1] to the case of manifolds with
boundary and bounded geometry and operators with non-smooth coefficients, with
the restriction that A € Xy has to be large and we work on H[% (X) as a consequence
of the non-smoothness of the coefficients.

In [44] and [41] Taira treats more general Waldenfels integro-differential operators
to which the present methods should also be applicable.

While there is a wealth of literature on the porous medium equation, it seems to
be new to study it on manifolds of bounded geometry and with degenerate boundary
condition.

1.4 Outline of the paper

We first focus on the boundary operator 7 in (1.2); the non-smooth case in (1.4) will
be treated in Sect. 5.
In order to establish (1.3) for A7 4 ¢ we have to show that for every fixed0 < 6 <

It is clear that a good understanding of (A7 4+ ¢ — A)~! on the rays arg A = 46,
0 < 0 < m is essential for this task.

The main tool we use in this paper is Boutet de Monvel’s calculus for boundary
value problems [8]. Details can be found e.g. in the monographs by Rempel and
Schulze [32] and Grubb [19] or in the short introduction [35]. We will also need a
slight generalization for which details will be given below. Recall that an operator of
order m € R and class (or type) d € Ny in Boutet de Monvel’s calculus on R” is a
matrix of operators

FONAr +c—n)"tda
Ay

= Collflloos f€HZWNg). (1.7
L(Ly(X))

: @ — ®

SR F) SR F)

Pi+GK
T S

) S(Rn ’ EO) S(Rn ) El)

Here E( and E,| are vector bundles over R”, and Fy, F| are vector bundles over
oRY = R~ Moreover, P is a pseudodifferential operator on R” satisfying the
transmission condition, and Py denotes its truncation to R’i: Py = rtPet, where et
denotes extension by zero from S(R” , Ey) to, say, L»(R", Ep), and rt denotes the
restriction of distributions on R" to those on R’} . The operators G and T are singular
Green and trace operators of order m and class d, respectively; K is a potential operator
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1604 T. Krietenstein, E. Schrohe

of order m. Finally S is a pseudodifferential operator on the boundary R"~! of order
m.

Boutet de Monvel’s calculus is closed under compositions provided the vector
bundles fit together. Via coordinate maps the calculus can be transferred to smooth
manifolds with boundary.

Boutet de Monvel’s calculus has a symbolic structure with a notion of ellipticity,
and there exist parametrices to elliptic elements in the calculus. Moreover, the calculus
contains its inverses whenever these exist. An operator of order m and class d as above
extends to a bounded map

H™ (X, Eo) @ By™ 79X, Fo) — H)(X, En) & B}, /P (0X. Fy),

provided s > d —1+1/p, where H,, denotes the usual Sobolev space and B), = B), ,
the Besov space of order s, see Grubb [18].
It is well-known that the operator

Ly(X)
) : Hl%(X) - @

((A — N+
By P (ax)

Yo

is invertible for . € Agp, 6 > 0, |A| sufficiently large, whenever X is a compact
manifold with boundary or R’}r. In particular, it is invertible for all A € Ag, if we
replace A by A + ¢ for ¢ > O sufficiently large. In order to keep the notation simple,
we will assume from now on that A has been replaced by A + c¢ for such ¢ and write
A instead of A + c.

Apart from the fact that yy is formally not of the right order (which is of no impor-
tance here and can be easily arranged), the problem fits into Boutet de Monvel’s
calculus and one obtains the inverse in the form

<(A — M+

-1
) =(((A=N"NHy+GY KP).
Yo

Here (A — 1)~! is the resolvent on a closed manifold with boundary into which X
embeds (in case X is compact) or on R" (if X = R’}), see [19].
We will denote the corresponding truncation by Oy 4:

O+ =((A—21"Ny.

As a consequence,

(A—=M)+ D gDy_ ! ;
( . )(QA,++GA K/\)_(T(Q,\,++Gf) TK,{D)'
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Assuming that S :=TK /\D is invertible with inverse S, 1, we find that

(A—n4\"
()

= (04 +GY — KPS ' T(Qs +GD) KPS, (1.8)
For the realization (A — 1)y we obtain:

(A—-n7'
= Q0+ +GP — KPS 'T(Qs 1 +GP)
=0+ + Gf + G;{

with
Gl = —KPS;'T(Qs 4 + GP). (1.9)

Lemma 1.11 For every choice of 6 € 10, x|, there exists a constant Cy > 0 such that

Lemma 1.11 is well-known, the proof relies on the fact that the operators Q, and
G f are parameter-dependent operators of order —2 in Boutet de Monvel’s calculus,
if one writes —A = u2e'’ and considers Q; and Gf as functions of u, see e.g.
Grubb [19]. For the more general situation of a manifold with boundary and conic
singularities, see [11].

It remains to study the term G;. It will turn out that 7K f is a hypoelliptic pseu-
dodifferential operator of order 1 on the boundary. As we will see, it has a parametrix
with local symbols in the Hormander class S?’l P which then agrees with S, ! up to a

FONQ5+ +GP)an
Ay

< Coll flloc forall f € HZ*(Ap).

L(Lp(X))

regularizing operator. In order to treat the composition of S, ! with the operators K f
and O ++G f , we will need an extension of the classical Boutet de Monvel calculus.

2 An extended Boutet de Monvel type calculus

We recall the algebra H of functions on R: It is the direct sum
H=H"'®H ,&H,
where

H' = {Fetw) :u e SRy}, H;:={Fle u):uecSR)}
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1606 T. Krietenstein, E. Schrohe

and H' is the space of all polynomials on R. The sum is direct, since the functions in
H* and H_, decay to first order.

It will be helpful to use also weighted Sobolev spaces on R Fors = (s1, 52) € R?
we let H IS) (R.) denote the space of all u € D’'(R.) such that (x)*2u belongs to the
ordinary Sobolev space H;,l (R4). We then have

S(R4) = proj-lim H,(R4) and 2.1
S'(Ry) = ind-lim(H3(R4)) = ind-lim H}_,,,(R.), 2.2)

where the limits are taken over s € R? and H; (R4) denotes all distributions u in
HZ (R) for which suppu C Ry.

2.1 Operator-valued symbols

Let E, F be Banach spaces with strongly continuous group actions /cf , /cf ,A>0,as
introduced by Schulze in [36]. Giveng € N,m € R,0 < § < 1, we call afunctiona =
a(y,n) € C*°(R?xRY, L(E, F)) an operator-valued symbol in S{'fs(R‘/ xRY?; E, F)
if, for all multi-indices o, B, there exist constants C,, g such that

lic -1 Dy DEa(y micfyll e, py < Ca,p(m)" 1AL

In the sequel, we will mostly have the case where and E and F are either C or
(weighted) Sobolev spaces over R or R;.. On C we will use the trivial group action;
on the Sobolev spaces we will use the action given by «;u(f) = ~/A f (At). Note that
this group action is unitary on L?(R) and L(R,.). Using the representations (2.1) and
(2.2), the above definition extends to the case, where E = S(R.), E = S'(R,) or
F = S(Ry), see [35] for details.

2.2 The transmission condition

Definition 2.1 A symbol p € S{'fs (R™ x R™) satisfies the transmission condition at
x, = 0 provided that, for all k € Ny

P’ & &) = (0F p)(x', 0,8, ()E) € ST R x RTTHEH

We write p € ’Pffa(R"_l x Ry,

Remark 2.2 Py := |J,, Py"s is closed under the usual symbol operations, i.e. addi-
tion, pointwise multiplication and inversion, differentiation, Leibniz product and
asymptotic summation. We also have ™ = (1), P}’s.

Theorem 2.3 Let p € PJ's(R" x R"). Then

op,(P)+ € SR x R S(Ry), S(RY)).
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Bounded H*-calculus for a degenerate... 1607

Proof This follows from the fact that k-1 0p,(p)kgy = 0p,(qr.¢), where
Gy &' (Xn, &) = p(x', x,/(€'), &, (§')&,) and the corresponding proof for Hérmander
type (1, 0); this is Theorem 2.12 in [35]. The arguments carry over to general (1, §).

O

2.3 Potential, trace and singular Green symbols

Definition 2.4 Letm € R, d € Ny. All functions, below, may be matrix valued.

e A function k € C®(R"~! x R"~! x R) belongs to the space IC’l'fa(R”_l x Rn—1)
of potential symbols of order m and Hormander type (1, §), if

kioj(x', &' &) = k(x', €5 (&)&,) € STy TR x RTHOHS

e A functiont € C®(R"™! x R"~! x R) belongs to the space T{."(S’d(R”_l x R
of trace symbols of order m, class d and Hérmander type (1, 8), if

o), & &) == 1, & (818 € ST x RHEH, .

e A function g € C®(R"™! x R"~! x R x R) belongs to the space g;’féd(IR{"_l X
R*~1) of singular Green symbols of order m, class d and Hormander type (1, §),
if

g[O](-x/s élv Env nn) = g(x/’ 5/9 (";:/>‘§n» (‘i:/)nn)
e SPTTR X RTHHE M,

The spaces K7y, 7{"; and G", are denoted by Grubb in [19] as Sf"’O_ R x
R HE), SP R xR H ) and ST R < R HE®H, ). Rem-
pel and Schulze denote them in [32] by &7~ L(R*~! x R"), T"4(R"~! x R") and
Bm—Ld(R—1 x R"*1), They are Fréchet spaces with the topologies induced by the

scaled functions. For fixed (x’, &’) the symbols above define Wiener-Hopf operators.
Hence we obtain an action in the normal direction:

[op, K1, &) : =rF 7L k(¥ &6, : C— SRy,
[op, 11(x, €") 1 = It (x', &' &) Fy, g, : SRy) — C and
[op, g1 &) i =rTF L Iho(x € &ns ) Fy,nue™ : SRy) — SRY),

En—>xn

where I is the plus-integral, see [ 19, p.166]. We can interpret op,, k, op,, f and op,, g as
operator-valued symbols. Depending on the class there are several extensions possible.

Theorem 2.5 (Description by operator-valued symbols). Lets € R withs; > d—1/2.
The following maps are bounded and linear.
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1608 T. Krietenstein, E. Schrohe

(1) op, : Gy (R x R*™1) — PR x R*1 8/ (Ry), S(Ry))
(2) op, : Gy (RM=! x RA1) — S (R R HS(Ry), S(RY))
(3) op, : s x R — 7' 2@ xR CL SR))
(4) op, : TSP @™ x R — §7 PR x R S'(R4), ©)
(5) op, : TS R x RN — ST @R < R HS(R4). ©)

We omit the proof, which is straightforward. We also need the description via symbol-
kernels. To this end we define

m . r—1 m ~mo._ 7l m,0 sm ._ 1—1 =1 m,0
1,6 *— Fén%xn 1,6° 7],8 . ffn‘)yn/]-],(s and QLS T fén"xnfnn*)y"glsa ’

Theorem 2.6 (Description by symbol-kernels). The following assertions hold:

(i) For every?pergtor-valued symbolk € S;’fs R xR""1; C, S(R.)) there exists
a unique k € IC’I'fS(R”” x R"™ 1Y), such that

[k(x', £)ecl(xn) = k(x', &5 xp)c, ¢ € C.

(ii) For every operator-valued symbol t € Si’fs(]R”_1 x R S'(R,), C) there
exists a unique t € ’]NET"S’O(R”_I x R"™ 1Y), such that

t1(x', & =/R 1 & yu(yn) dyn, u € S(Ry).
+

(iii) Forevery operator-vzluedsymbolg S R IxR* S (Ry), S(Ry)) there
exists a unique g € Gi's R x R"™1Y, such that

L', ] () = / G0 €5 2y Gn) dyns 1 € S(RL).

Ry
Proof See Theorems 3.7 and 3.9 in [35]. O

Corollary 2.7 The maps (1), (3), and (4) in Theorem 2.5 are bijections. The maps (2)
and (5) are bijections onto their image, which is the set of all operators of the form

d—1
op, 80 + ZOPn kj)/;rv 8o € g;rféo(Rn_l x R"), k€ KY's? R < R"™1Y resp.
j=0
d—1 )
op o+ Y sy to € TR xR, 55 € SR x R,
j=0

Proof We get from symbols to operator-valued symbols, to symbol-kernels, and back
to symbols by Theorem 2.5, Theorem 2.6 and the Fourier transform. For non-zero
class we use the fact I 7€/ FeT¢p = (—i)/ yj.*qb. ]
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Bounded H*-calculus for a degenerate... 1609

2.4 Boundary symbols and operators

We next define the space of boundary symbols of order m, class d and Hormander
type (1, 8) by

md m
BM = ( s TG0 ’Cm>
Tla S1's

It is clear from Theorems 2.5 and 2.3 that the action of b € BM'{' 5‘1 in the normal

direction defines a matrix of operator-valued symbols

. (op,(p)+ +op,(g) op, (k)
op, (b) .—< . . )

We write B := oplop,, b] for the associated operator. We denote the components of B
associated with p, g, k,t and s by P4, G, K, T, and S, respectively. It is well-known
that these operators form an algebra for Hormander type (1, 0). The proof given in

[35] extends to the case (1, §) with obvious modifications.

Theorem 2.8 (Composition). Composition yields a bilinear and continuous map
BMI s BMd — BAEm maxdd gy by s b,

where # is the Leibniz product of operator-valued symbols, given by the property that
op(op, b) op(op,, b') = op(op,, b#b’). Moreover

b = PP _ POP() + bo op b() mod BMerm —(1-8),max(m+d’, d)

Here the subscript O denotes the restriction to x, = 0 and o, denotes the point-wise
composition, [19, Theorem 2.6.1].

The well-known mapping properties of Boutet de Monvel operators extend to oper-

ators of Hormander type (1, §). We refer to [ 18] for the proof of the following statement
(in the case § = 0).

Theorem 2.9 Let b € BMl 3 4 and s > d + 1/p — 1. Then

B =op(op, b) : HS(R") @ By, /" ®"™") — Hy ™ ®RY) @ By, "~ P (R
is bounded. The map b — B is continuous.

Remark 2.10 The above calculus and the continuity properties naturally extend to the
case of operators acting on vector bundles over compact manifolds with boundary.
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1610 T. Krietenstein, E. Schrohe

3 The resolvent

For the proof of Theorem 1.3, a suitable description of the resolvent (A7 — 1)~ ! is
mandatory. We explain the key idea of how this description is derived in the simple
example, where A = —A, T = yp, and v = 1. Here, the benefit is that we can point
out the main ideas. Moreover, the majority of abstract arguments can be replaced by
explicit computations.

Inthe article [2], Shmuel Agmon proved a priori estimates for solutions of the following
boundary value problem with spectral parameter:

@3.1)

(I-=A—-Myu =f on R}
You =¢ on R" !~

Writing A = uzeie, we observe that, given a solution u of (3.1), the function & :=
u ® e, with e, (z) = e'"** solves the elliptic boundary problem

(3.2)

(1—A+eT+ODp2y i = f on R
Yol $ on R™.

with f = f® e, and d=9® ey For (3.2), a priori estimates are well-known, but for
our purpose, they are not sufficient. However, the basic idea can be extended to provide
arelation between the inverses of (3.2) and (3.1). The following three operators are of
interest:

Qp = rTFI((E)2 4+ T T Fet,
Ko :=rtF e & .O0um g ang
Gy := —KopyoQp.

Here, ikg(£', ) is the root of the polynomial &, — ag(&,¢) = (€)% + /T2,
with positive imaginary part. Furthermore, F and F’, respectively, denote the Fourier
transform with respect to all variables and the tangential variables, respectively. The
identities Ag Qg = 1, Ag Ky =0, YoKp = 1, and y9(Qp + Gy) = 0 can be verified in
a quick calculation. Therefore:

Ag,+ - _
( Yo ) = (Qo.+ + Gy Ky). (3.3)

The operators belong to Boutet de Monvel’s calculus. We denote the symbols by lower
case letters. The solution operators to Problem (3.2) and (3.1) are related. In order to
reveal this relation, we need the following result.

Lemma3.1 Let p € SU's(R" x R"™ E, F). Then p, = ple=y € SP's(R" x
R"; E, F) and the associated operators are related as follows:

Pu®e,) = (P,u)®e,. 34
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Bounded H*-calculus for a degenerate... 1611

Proof For fixed u, p, is a symbol in view of the estimate:

c(§) = (6, u) = C(§), with C = C(n).

The following formal computation can be justified using oscillatory integrals.

(P el n) = [ per e P ~ ) dede
= / e p(x, &, W[ Ful(§)ds
= [(Puu) ® e, ](x, 2).
The above computation holds for each point, thus Eq. (3.4) holds. O

Now, we verify that the function u := (Qg,,,+ + Go,u) f + Ky, ;¢ solves Problem
(3.1) for given f and ¢:

[(A—=M)iul® ey = A0,+[M ® eu] = A9,+[((Q9,M,+ + G@,u)f + K@,u¢) ® eu]

= A6(Qot + Go)(f @ ep) + AsKo(@ ® )] E) f®@ep.

[voul ® e = 10(Qp + Go)(f ® e,) + Ko(@ @ ep)] 2 ¢ @ ey

Therefore, the inverse of the parameter-dependent problem can be constructed for the
inverse of the associated extended problem. For A = p2¢'?:

((A — M)

-1
) = Qo+ G K.

What we are especially interested in is the left entry on the right hand side. Here, we
observe:

(Qo,pu+ + Go ) Lp(RY) CD(Ay) :={u e Ly(RY): Ayu € L,(RY), you = 0}.
Therefore, we obtain an explicit formula for the resolvent:
(Ayy — V= Q6.4+ + Go,u, ontheray A = TR

The example encourages us to initially solve the extended problem:

In general, no explicit formulas for the inverse of the above problem exist. We will
therefore replace the inverse by a parametrix and analyze the resulting error term.
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1612 T. Krietenstein, E. Schrohe

According to Eq. (3.4), the restriction ¢ = u in Lemma 3.1 commutes with com-
position. Therefore, for an elliptic symbol p with parametrix p~* and remainder r we
obtain:

—#
PuP, " =14 R,
To estimate the error term, we need to analyze the dependence on the parameters 6,
and thus on A of the operators above. The dependence on 8 for 0 < ¢ < |0| < 7w is

not essential. In fact, we obtain uniform estimates on operator norms that only depend
on ¢. However, the dependence on u is essential and will be discussed next.

3.1 The dependence on the spectral parameter u
We consider general Boutet de Monvel symbols which have a covariable ¢ with no
space dependence, i.e. they are constant with respect to the variable z. By restriction

¢ = u, we obtain again Boutet de Monvel symbols. The norms of the associated
operators depend on the parameter (.

Theorem3.2 Let0 <65 < 1.
(a) Let p € Sy 5" (R" x R™ 1Y and m > 0. Then

I Puller,®ny < Clplsalw)™. (3.5)
(b) Let g € g[g”’O(R"—l x R™) and m > 0. Then
IGullcw, @y < Clgl{uw)™. (3.6)

(c) Letk € Ki';(R"‘l x R") and m > 0. Then

”KM”L‘,(B;I/I;(R"_l);LP(Ri)) S C|k|*<ﬂ>_m (37)
(d) Lett € T, 7" (R"~" x R") andm > 1. Then
Tl 2 r e ysm )7 o1y = Clels )™ (3.8)

Here, C denotes a suitable constant and |ply, 18|« k|« |t|« suitable seminorms for
D, & k and t, respectively.

Before we turn our attention to the proof, let us draw a conclusion from the above

theorem which demonstrates its value.

Corollary3.3 Letrm > m’ > 0. Let b € B/\/l'ln’sd(R" X R”+1) have a parametrix
_ / . . . —

b e BM]?’O(R” x R*1). Then B, is invertible for large u, and ”Bul —

—# —N
Bl o, o untyy < Clobetu) ™ for all N € No.
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Bounded H*-calculus for a degenerate... 1613

Proof By assumption b#b™* = 1 — r with r € BM[ (R x R"t1). As B, B * =
1 — Ry, Theorem 3.2 implies that || R, || < C(u)~N forall N e Ny. For large 1, the
inverse of 1 — R, is given by a Neumann series. Therefore, B, has a right inverse for
large p:

—1 _ p-# —# i
B,'=B"+ B> RI.
jeN

Clearly the second summand is rapidly decreasing in w. Similarly we obtain a left
inverse. O

For the proof of Theorem 3.2 we need the following observation. Since there is no
dependence on the space variable z we can interpret a pseudodifferential operator
P with symbol in S?’ SR x R"*+1) as a pseudodifferential operator on the cylinder
R" x Sz, where Sy, is the circle with radius L /2. Then we obtain:

Lemma34 Ifp € S?’é(R” x R* 1) then for all L > 0 we have

P:=op(p) € LILp(R" xS1)) and ||Pllw,®rxs,) = CIpls.

Here C is a constant independent of L.

Proof We first note that P preserves L-periodicity:
[Pul(x, 2+ kL) : = / BRI b (g Eyu(y, w) dydudsdg
_ fgi(x—y)s+i<z—<w—kL>>;p(x, £ Ou(y, w) dydudde

- / FOVEHCIE b e Oy, ) dydadEdt
= [Pul(x,z), ue€ CPR" xSL).

We identify u € L, (R" x S;) with an L-periodic function by letting

u= Zuj with u;(x,z) == ulgnx[—L/2,0/21(X, 2 — Lj).
JEL

Note that for every j € Z we have u; € L,(R" x R) and |lu;|L,r:xr) =
lullz »(R7xSL)- The integral kernel k = k(x, z, y, w) of the pseudodifferential operator
P is given by

K(x, 2, v, w) = f f OB (e o) ey

Since p is of order zero, we obtain the estimate

lk(x, z, y, w)| < Clpls(lx — y|* + |z —w|>)™'/?
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1614 T. Krietenstein, E. Schrohe

for all even [ € N with [ > n with a suitable seminorm |p|, for p. For |j| > 2,
z€[~L/2,L/2)and w € suppu; we have |z — w| > (j — 1)L, hence

k(x,z, y, w)| < Clple(lx — yI* + (|j| — D?*LH = +2/2
< Clple((Ijl = DL (|x — y|/(|j| = L)~ "+,

We write y ; for the indicator function of [-L/2+j L, L/2+ j L]. A quick computation
shows that

/XO(Z)VC(X»Z, Y, w)|xj(w) dwdy < Clpl.L™"(|jl| —1)"* and
/XO(Z)Ik(x,Z, y. w)lxjw)dzdx < Clpl.L™"(|jl — D™

Hence we get L ,-estimates by Schur’s test, for Schur’s test we refer to [39, Theorem
0.3.1]. More explicitly:

IPujlle,® xsy) = lxoP xjujllL,m <®)
< ClpleL ™" 11 = D72l gy = CIPELT A= D7l s,

In particular the right hand side is summable, and for L > 1 we obtain

I PullL,®rxs,)
= Z 1Pujllz,® xs,) + Z IPujllz,® xs.)

J€{—=1,0.1} [j1=2
< C(3|p|*||u||Lp<Rnst) +2 Zj—2|p|*||u||L,,<Rnst))
jeN

< ClplsllullL,®xs.)

We still need to prove that the bound also holds for L < 1. Choose N € N so large
that NL > 1, and consider an L-periodic function as an N L-periodic function. We
have [lullL,®xsy.) = Nl/p”u”L,,(RnXSL) and hence, by the above argument,

-1
IPullL, @ xs,) = N"YPIPullL,@ xsy.)
—1
< Clpl«N~ P lull L, @ xsyr) = ClplellullL, @ xs,)
for a constant C independent of N L. O

Proof of Theorem 3.2 Let us first assume that p € S? SR x R™*1). We write e, for

the 277/ u-periodic function [x + e/**]. Foru € L »(R") we take the L ,-norm of
both sides of Eq. (3.4):

1P (u® e)llL,® xS,
= [I[Puul ® eullL,® xSy = 1 PuttllL,@mllepllL, S
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Since P is of order zero, Lemma 3.4 yields

I PuullL, @ lleullL, S0
< Clpl«llu @ epllL,® xS0 = Clplellulle, @ llellL, Somm)

and part (a) follows for m = 0. For m < 0 we can use what we did so far to reduce to
the case p(x, &, u) = (&, u)~". But for this symbol the statement is a consequence
of the L ,-mapping property of pseudodifferential operators and the following simple
estimates.

IDE (&, ) ™" < Calf, ) ™" 1 < Cofp) ™" (8) 141,
Now for part (b). We recall that g € éff;go(w—l x R™) satisfies the estimates

1D i DYy D DL g1 & xn, YLy < Clglafg!, )OI

"

ILDL b DL 3 D DY g1 &y L@y < Clglalg, ) ORI =1

So Schur’s test implies that ||D§, op, 8u e,y = Clgl+(&’, u)™"1* We are inter-
ested in the integral kernel

K&y, pw = fe"("/_y/)gl op, &, (x', € dt’

_ / N (ei(x’—y’)é?' _ 1) op,, &u(x, £ dE'

with N e Nand L := } |, ‘i :y e E’ We take N = n — 1 and use the fact that

leit — 1| < 2|¢]? for 0 < 6 < min(1, |m|), to get
IKG Y e, @) < Clgllx’ —y' [0

/ &4, )~ HdE < Clglalx’ — /T ()T

Choosing N = n we obtain ||K (x", Y, Wlcw, @y < Clgldx" — ™" (uy=m=1.
The first estimate for (u)|x” — y’| < 1 and the second for (u)|x" — y’| > 1 imply

IK (- )l @t o, @) < Clgle(n)™ and
IK Gy il @ricw, @y < Clgllw)™
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1616 T. Krietenstein, E. Schrohe

In fact, this follows from the the identities

/ = ) ) !
(x'=y'|<1

= / ()" =y DTyt dx = / lw| " dw < 0o
() x'=y'1=1

lw|=<1

and
/ |x’—y’|7”(u)7ldx/=/ lw|™ dw < oo.
()lx'=y'|=1 [w|>1

Hence the assertion follows with Schur’s test.
For part (c): We recall the well-known fact that every potential operator K can be
written as r*P)?ék, where P is a pseudodifferential operator of order —m — 1 whose

symbol-kernel is given by p = Ek; E is Seeley’s extension operator applied to x,,
and y;;" is the adjoint to the evaluation 7 : H;,(]R") — B;fl/p RN, s > 1/p'. 1t
is clear that K, = r* P, 7. The map

STOR" x R™1) 5 (£,0)7 > (£, 1) € ST AR x R

is uniformly bounded with respect to . In view of the continuity of y; from
B,/ ®"") to H; " (R") we have

—1\~5*
Hop(&. 1) )70l /e o1y, 1, ey = €
Define ¢ = p#(¢, ) € S7§'(R" x R"*!). By part (a)

1Qullzw,®n) < Clglfu)™™ < Clkls(un)™™.

The estimate for K, follows.

For part (d) we use a similar approach. We write T = yo Pe™, where P is a pseudod-
ifferential operator of order m with symbol-kernel p = Ei. Clearly T7), = yoPye™.
By the same argument as in part (c) we have

—1
||VO Op((s’ /’L) )”L‘,(Lp(Rn);B})*I/P(Rn—I)) S C
Define g = (£, ¢)'#p € S5 (R" x R"*1). By part (a)

1Qull e, @y < Claled) ™+ < Clklufp) ™+,

The estimate for 7}, follows. O
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3.2 The principal symbol of the degenerate singular Green operator

We will now apply Agmon’s trick to our problem. We introduce the operator Ag :=
A + ¢ D? acting on R, x R. The symbol of Ag is ap(x, £, ¢) = a(x, &) +¢¥¢? €
St o(R" x R"H), where a(x, £) is the symbol of A. Assuming that a is homogeneous
of degree 2, there exists a constant ¢ = c¢(M, ) such that forall0 < ¢ < |f| <&
the estimate |ag (x, &, ¢)| > c|€, ¢|? holds. In particular, Ay is elliptic. After possibly
replacing A by A + ¢ for some positive constant ¢ we may and will assume that the
Dirichlet problem for Ag is invertible. In the introduction we already pointed out that
the solution operator to the Dirichlet problem is an operator in the Boutet de Monvel
calculus, i.e.

_1
((Aﬁo“) — (0o +GP KP). (3.9)

We will need the principal symbols of the operators G é) and K eD and collect the results
to fix some notation.

Remark 3.5 (a) For fixed (x', §’), the restriction to the boundary of the principal sym-
bol of Ag is a polynomial of degree two in &,. It therefore has two roots, say
+iKi (x', &, ¢), with Rex; > 0.

(b) We have K(jt € S}_O(R”’l x R™). Both are strongly elliptic, i.e. Re /c9jE > w|&, |
for suitable @ > 0.

(c) The principal symbol of K € IC?VO(IR{"—I x R is (k) + i)~

(d) The principal symbol of Gg) € QES’O(R"’I x R™) is
) (g +1eg) 7 e + 1867 ey —ima) ™

For details see [21, Section 2].

For large — = ¢'? u” define
Gl = —KP(TKkP)FT((A; )+ + GD). (3.10)

The operator G| defined in (1.9) coincides with G| ., mod O(A)"Nyforall N € N,

as operators in L, (R} ). Moreover, let GQT "* be any operator with the same principal
symbol as Gg . Then according to Theorem 3.2 and the lemma below, G = G; :
mod o((x)~1), as operators on L,@R%).

Lemma 3.6 The operator GGT is a singular Green operator with symbol geT €

Ql_’ %/% (R*~! x R") and principal symbol

8oy E L L En ) =s) (& & O (6 EL D) + i) g (8 ) —ing) !
for suitable seT € Sf{ P (R"*l X R”). The corresponding symbol-kernel is
—kg (' E ) =y (. Oy

gg(_2)(-x/s 5/7 {7 -xl’H )’n) = SQT(X/, 5/7 g)e
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1618 T. Krietenstein, E. Schrohe

Proof Modulo smoothing operators GQT is the composition of the potential operator

K 9D , aparametrix S, # to the pseudodifferential operator Sp := T K, QD on the boundary,
multiplication by the function ¢; introduced in (1.2) and the trace operator ¥ (Qg, + +
Gé) ). Note that Qg + + GQD maps into the kernel of yy so that there is no contribution

from ¢gyp. Hence the principal symbol of G g is given by multiplication of the principal
symbols of these operators. For the proof of the lemma it is therefore sufficient to
combine the following three statements.

@) KGD = opky with kg € IC(I)’O(]R"_l x R™) and principal symbol
ko) (', ' 8,8 = (o (& O +ig) T,
which is Remark 3.5(c).
(i1) The symbol s;##q)l of S(;#(pl is an element of SI%/Z(R”*1 x R™). This is the

content of Lemma 3.8, below.
(iii) ¥1(Qo.+ + GP) = opty with to € 7, *" and principal symbol

to—1y(x', &', ¢, &) = —an (X)) (y (2, & 0) —ig) T

which follows from Remark 3.5 and the composition rules.

3.3 The parametrix on the boundary

We recall a sufficient condition for the existence of a parametrix.

Theorem 3.7 (Parametrix). Letm > 0 and p € S{'((R" x R"). Suppose there exists
a0 < § < 1, such that for sufficiently large |&| we have the estimates

[p(x, &) = c and (3.11)
1080g p(x. £)p(x. &)~ = C(&) TV forall o, p € Nj. (3.12)

Then there exists a parametrix p—* € S?’ sRTx R, de.,
gy —# _
p "#p=14+riand p#tp™™ =1+,
withri,rp € STC(R" x R").

Proof See [28, Chapter 2, Theorem 5.4]. |

Lemma 3.8 The operator Sp := TKQD has a parametrix with symbol Se_# in
S?,]/z (Rn_l X Rn). Moreover SG_##(pl c Sl_,%/Z (Rn—l « R").

Before going into the proof let us point out that the difference between the Robin
and the degenerate boundary value problem is the order of the operator Sy which here
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is zero due to the zeros of ¢ and the resulting loss of ellipticity. The key observation
is that we gain back the loss in order by composing with the multiplication operator

@1

Proof We want to show that the symbol of Sp = T K, QD satisfies inequalities (3.11) and
(3.12). Write

TKY = oin K + 0onokP = ¢111g + g0,

where Iy := y KQD is the Dirichlet-to-Neumann operator. It is well-known and a
consequence of Remark 3.5(c) that its symbol 7y is an element of Sll’o(}R”_1 x R™);

its principal symbol is K(;r . By Remark 3.5(b) we have Re 7y > 1 for sufficiently large
|&, ¢|. Hence, the symbol sy of Sy satisfies:

lso| = |Re(p1me + @o)| = @1 Remg +@o = o1 + 9o = c > 0. (3.13)

The constant ¢ exists by assumption. We have to verify the estimates
85,08 0505y | < (€. &)1 TP for allr, p € Ny ™' 1 € No.

The estimate is trivial for |8| > 2, as sy € S%’O(R”’l x R™) and |s(;1| < ¢ by
Eq. (3.13). Equation (3.13) also shows that (¢;79)/2s, ! is bounded for k = 1, 2.
The ellipticity of g implies that |mg|~%/2 < (€', ¢)7%/2. We obtain the remaining
estimates:

—la|—1

|0 0psosy ' | = lg1 08 9L masy || = 1080wy ! llg1ma (1m0 + 90) ™' S (8)
and with the help of the inequality [0,;¢1 (x)|* < [l l|oolg1 (x)]:

_ — 1/2 — _
|02, 02 9L 5055 ' | = 10,0108 9L 7055 | < @ ot pra) 25 1t =2 (08, 0} g

< (E1>1/2—|a|—l.
Here = means equality modulo terms that satisfy the estimate. According to Theo-
rem 3.7, there exists a parametrix to Sy with symbol s, e S? | /Z(R”’l x R™). We

still need to show that multiplication by ¢ reduces the order. As 7y is elliptic, there
exists a parametrix i, # such that 7y Ty 1= ry is regularizing, and we find that

Q1 = SQ#JT;# — (pl#r(; — ¢0#ﬂ;#.

Composition with ¢ or ¢y from the left is just pointwise multiplication. Hence we
obtain the improved order of s, ##¢, from the identities

se_##gol = se_##[m#nQ_# — <,007T9_#] mod S™®(R""! x R") and

= n;# - sg##won(;# mod S”®@®R"! x R").
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As <P07T9_#, 719_# € Sl_(l) and Se_# € S?,1/2’ this completes the proof. O

4 Bounded H®°-calculus

In this section we will prove Theorem 1.3.

4.1 The half space and constant coefficients

First, we consider the case where the underlying manifold is the euclidean half-space,
the coefficients of the differential operator are constant and only the top order terms
are non-zero. In symbols, X = R, a¥(x) = a"/ € R, b/(x) = 0 and (x) = 0.
According to the last section, the resolvent of A7 + v has the following structure:

(Ar+v—=2""= 0}, . + Gy, + RO,

where R(A) € L(L,(R’})) and [R(V)| = O(r)~17#) for some & > 0. For the proof
of Theorem 1.3 it is sufficient to provide Estimate (1.3). According to the equation
above, we may estimate the three terms on the right hand side separately. The estimate
for the first term is well-known, in fact it is the same as in the non-degenerate case.
Any operator whose normin £(L ,(R"})) is O((x)~17%), for some ¢ > 0, is integrable
along the boundary of ¥y and therefore the estimate holds. To provide the estimate
for the singular Green part we need the following.

Lemma4.1 Leto € Sllyo(R"_1 x R"Y and Reo (x', &', ¢) > c|&', ¢|. Then the map
Ry s>t exp(—o(x',&,0)) € S?VO(R”_1 x R™)

is uniformly bounded. In fact, we have a bound C = C(|o |4, ¢) on the seminorms.

Proof Induction over ||+ |8] +1 = N shows that D‘g,Df,Dé exp(—o (x', &, 0)t) is

a linear combination over all k < N, a1+ ---+ax = o, B1 + -+ Bx = B, and
l1 + - -+ [y = l. The terms in the linear combination have the following structure:

I ¢ !
(Dg DY Do 8,0 DI DI Do 8, 0) (=0 exp(~ (', &, ).
Furthermore, the assumption o € SII’O(R”_l x R™) implies:
‘DalDﬂ‘Dlla(x/ £ ¢)... D DDl (x £ g)(

g x I's ) B & X' ¢ . ’
k

< [Tlohle’, ittt = jof e, g =,
i=1
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Bounded H*-calculus for a degenerate... 1621

Moreover, we use the fact that s¥ exp(—s) is bounded on the positive real axis in order
to obtain:

(—0Fexp(—o (¥, &', O)1)
— *exp(—Reo (x', €', O)1) < tFexp(—c|€’, ¢|t) < c X/, ¢|7*C.

According to the last two estimates, all terms in the linear combination can be estimated
by Clg’, ¢|7lI=. O

Lemma 4.2 A constant C = C(|t]«, M, ¥) exists such that

FOOG, dx
X9

< CllifllLoo(zg) forall f e H®(Zy).
B(L,(R}))

Proof The boundary of ¥ consists of the two rays e™“R, which can be treated

separately and analogously. Thus, providing the estimate for the following operator is
sufficient:

o0
It = 2—1e—’9f . f(A)GQdA:f wfu*eGy , du.
A:e’guz 0

For the estimate, we use the explicit description of the symbol-kernel of Gy in
Lemma 3.6. Since 5! € S;}/Q(R"—l x R"), ¢sh(x/ €, ¢) € S?,I/Z(R”‘l x R™).
According to Remark 3.5, the Kg: are strongly elliptic and a constant ¢ = ¢(M, %) > 0
exists such that:

Rew; (x', &, ¢) = 2¢l&, ¢|.

Thus, ogi x',&,0) = Kei(x’, &', ¢) — c¢ satisfies the assumption of Lemma 4.1 and
the map, below, is uniformly bounded:

R%, 3 (s ) B> ho (X', €', 85 Xy )
= geCC(Xn+yn)§é(x/’ élv §7 Xn, y}’l) € S?71/2(Rn_1 X IRn)

Now, we analyze the action of G/e, M in the direction normal to the boundary. To this
end, we define a family of operators that act on & (R"—1y:

(G (ns yu)V](x) = /e”‘/gléé,u(x@ £ Xn, yn)D(ENE .
Correspondingly, we define Hy , (x,, y,) from hy. Please note that:

eI Gl (. Yn) = Ho,p(Xn. )
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1622 T. Krietenstein, E. Schrohe

Since the seminorms of hg are uniformly bounded with respect to (x,, y,) € Ri e
Theorem 3.2 shows that:

114Gl G YVl ety < € HEI | Hy ol oot

< E_Cﬂ(xn—'_yn)c||U||LP(RV!*1)‘

Furthermore, if u = v @ w € S(R"~!) ® S(R,) is a simple tensor, then:
00 oo )
Il ) = / / FU2ENUGl oy (on )] o) dynd .
o Jo

In order to provide the estimate for I, it is sufficient to consider simple tensors
because they span a dense subset of L, (R’} ). Therefore:

oo oo
17 *ull, @y < 11 flloo H / / 114Go, oo, YVl -ty lw )| dynd e
0 0 Lp(RJr)

' /0 /O exp(—ci (e + )| w ()| dyadpe

'/OO wOwl
Yn
0 Xn+Wn Ly(Ry)

< Clifllolvliz,@-nllwliz,®y = CllfloollullL, @)

= CliflloollvllL, @n-1y
Lp(]R+)

= Clifllsollvliz, @n-1)

where we used L ,-boundedness of the Hilbert transform for the latter inequality.
The estimate implies that /™ € B(L,(R",)) and |[IT| < C| fllL.(x,). Here, C =
C(M, |t]4, ¥) is the constant in the estimate above. O

We now have proven Theorem 1.3 for diffperential operator with constant coefficients.

Remark 4.3 The above arguments also provide the result for the case of smooth coef-
ficients. However, in this case the constants also depend on the symbol seminorms of
the differential operator.

4.2 The Euclidean half space

Now, we treat the situation where X = ]R’i, but the coefficients of the differential
operator may not be constant. We assume that "/ € C*(R"}) for some 7 > 0 and
b, e L (R’ ). We use the classical approach of freezing coefficients. We only
freeze the coefficients of the differential operator, not those of the boundary operator.
We use a localization scheme similar to that used by Kunstmann and Weis in [27].
This provides a family of operators that are small perturbations of an operator with
frozen coefficients. We will prove that they allow a bounded H °°-calculus in a uniform
manner. By patching together these operators, we can conclude that At itself allows
a bounded H®°-calculus. We choose a small » > 0, how small we have to chose r

@ Springer



Bounded H*-calculus for a degenerate... 1623

will become clear later on. We define the cubes Q = (—r,r)" and Q; := Q + 1,
with [ € T' := r(Z x Np). Observe that R", C U;cr Q;. We fix a positive function
Y € C°(Q) such that y1yy = 0 and

Zwl(x) =1 forall x e R}, where ¥;(x) =y (x —1). “4.1)
lell

Moreover, we choose a cut-oft function x € C2°(Q) such that x = 1 on supp ¥
and define x;(x) := x (x — ). We define A; as the L ,-realization with respect to the
boundary operator T of the following differential operator.

A=A+ 4 = Y auOD* + ) xi(0)lae(x) — ag()1D

lo|=2 la]=2

Observe that A;y; = A/Twl, where A’T denotes the L ,-realization of the principal
part of A. The major technical difficulty is to show that each operator in the family
(Ap)er allows a bounded H *°-calculus, with uniform estimates. More precisely, for
suitably chosen r > 0:

Lemma 4.4 The operator A; belongs to H>®(Xy) for all & > 0 and |l € T'. Moreover
there exists a C .= C(M, 0, ||ag||c7, |t|+) > O such that

I (ADIBwL, @) < Clflloo forall f e H*(Zg) and I €T.

We can choose r > 0 such that Aj is a small perturbation of Aj + v, in the sense of
the following result. Recall that the shift v was introduced to ensure the existence of
a unique solution to the boundary problem.

Theorem 4.5 Let E be a Banach space with the UM D property, let A € S(E) have
a bounded H®® (Zy)-calculus, and 0 € p(A). Suppose that B is a linear operator in
E such that D(A) C D(B) and

|Bullg < ellAullg forall u € D(A),
for some ¢ > 0. Suppose further that y € (0, 1) and a constant C > 0 exist such that
B(D(A'7)) c D(AY) and ||AY Bx||g < C||A"x||g for x € D(A'TY).

Then A + B has a bounded H®®(Xy)-calculus in E, provided ¢ is sufficiently small.
Moreover, a constant Cayp = Ca4+p(Ca, €, C) exists such that

I f(A+B)BE) < Catsll flloo-

For the proof we refer to [12]. To verify the assumptions of the theorem above, we
observe:
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Lemma 4.6 A constant C > 0 exists such that for als’a = xi(ag — ag(l)):

4] g lloo = Cllagllcrryr® and llaj 4 licowr) < Cllaallce@ryr™™°,
giventhat) < o <.

Proof We recall that r is proportional to the diameter of the cube Q. Thus,

a7 4 lloc < sup

lag (x) — aq(D)|
lx — 1|7
< Cllagllcr@nyr®.

x=1":x € SUPP(XI)}

By a similar argument, we obtain the second estimate. O

Next, we verify that the lemma above implies the following estimate:
||A[u||Lp(]R y < Crt ||(Ac + v)u||L)(Rn) forall u € H2(R )YNkerT. “4.2)

It is well-known that C ’(]R ) — B(H (R )) as a multiplication operator for 0 <
s < 1. Therefore, with s = 0 we obtain:

IAjulle, @ < D laflcepllull e < Crlullu -

I<i,j=<n

Furthermore, on Hz(R ) Nker T, the norm [[(A] +v) - |1 »(RL) and the H2(R )
norm are equlvalent because (Af + v) is invertible. Hence, Eq (4 2) holds. Now we
compute the domain of (Af + v)? for 2y < min{1/p, t}. According to Theorem [47,
Theorem 1.15.2], the domain is:

D((A] +1)7) = (L,(RY), HF(R,) Nker T),,.

We write H 2 (R%) for the closure of CZ°(R'} ) in H, 2 (R%). By interpolation, the embed-
ding H2(R ) — HZ(R YNker T — H2(R ) 1mphes

HyY (RL) < (Lp(RY), HX(RY) Nker T), < HY (RY).

As HZV(R ) = sz(R ) for 2y < 1/p, we conclude that D((AS + v)Y) =

2y (R".). Furthermore, the operator (A7 +v)” is invertible. Thus, || (A7 +v)” -| . H(RY)

and Il - || 2y ®") are equivalent norms on D((AC + v)?). We make use of Lemma 4 6

and the embeddlng C°(RY) — B (H s (R’))) to obtain the following estimate:

—2
ICAS + )7 AJull, @y < CllAJul < Cr™ 7 ull ooy

20 o .
HyY (RY) ‘)
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We can further estimate the right hand side with [26, p. 70]:
il 22 o < CHO + ADN 2 o < 1O+ AN ul o).
In sum, the following estimate holds for all u € D((v + Af)”?’):

I+ ADY Afull, @y < Cri2 |+ AN ull, @) (4.3)

The constants in Eqgs. (4.2) and (4.3) are independent of / and r. Therefore, we can
choose r such that Theorem 4.5 applies to v + A} + Aj and thus Lemma 4.4 holds.
Now we describe the localization scheme. We deﬁne IH[v (R ) = 1,(T, H (R )) and
we write L ,(R") if s = 0. We introduce the locahzatlon operator L and the patching
operator P with the help of a partition of unity (4.1):

L:LyRY) — LyRY), ur> (Yru)er.
P:L,RY) — L,RY), (u)er me;

lel

We also define the operator T : Hz(R ) = (T B1 1/’U(R ), Wp)ier —
(Tuyp)ier. We collect some properties of these operators, Wthh follow directly form
the definitions:

Lemma4.7 Let L, P and T be as above. Then

(1) L € B(H,[RY); H),(RY))

(2) P eB(HS R%); HS(R )

(3) PL=1

(4) L:HyRY) Nker T — Hj, Nker T
(5) P: H2 NkerT — H2(R )ﬂkerT

We write Aj; := &3 A, with domain D(Aj) = H[%(R’i) N ker T. We define

A DA):=H5RY) Nker T € Ly(RY) — L,y(RY), (i)ker — (ZAlkuk> .
kel’ lel’
(4.4)

Similar we define B and DD for the following families of operators.

Bk = Sic Atow + [¥1, AlY and Dy = 81k Ajow + VilAk + Atow, Ykl
Here Ajo, denotes the L ,-realisation with respect to the boundary operator 7° of
A — A’. All sums in (4.4) are finite. In fact, we have a symmetric relation [ b« k : <>

supp ¥y N supp ¥ # @ on I'. The definition of y; implies that for fixed [ € T the

@ Springer



1626 T. Krietenstein, E. Schrohe

set Iy :== {k € T : k o< [} is finite. Obviously Bjx = 0 and Dy, = 0 if k # I';. The
operators above are defined such that they satisfy the following relations.

LA=(A+B)L on D(A) and 4.5)
AP = P(A+D) on D(A). (4.6)

For suitably chosen r > 0 we obtain:

Lemma 4.8 The operator A belongs to H*>(Xg) for each 6 > 0.

Proof We fix 6 > 0 and choose r > 0 such that Lemma 4.4 applies. In particular,
Y9 C p(Ay) for all [ € T" with uniform bounds on the inverse. Therefore, the inverse

of A — A exists and is given by (A — A upier = (W= A)Yup)jer. Foreachl € T
we have a bounded operator

[:L,(RY) — L,(RY), (up)ker — ui.

Let C be as in Lemma 4.4 and f € H°(Xp). Then

p
LF Y @oker 1 gy =2 1| FOIOA+ A wrer di
P\ E)) n
lel’ 0 Lp(RY)
P

=y / FOG =AY~ uy dr

ter /9% Ly(RY)
p 14 _ P 14 14

< 2 CPU N Solutlle, ey = CPN UML)

lel’
This estimate is sufficient to see that A € H(Xy). O

Next, we observe that both B and D are lower order perturbations of A in the sense
of the following well-known perturbation theorem going back to Amann. For a proof
we refer to [27, Proposition 13.1].

Theorem4.9 Let A € S(E) have a bounded H* (Xg)-calculus in E and assume
0 € p(A). Let y € (0, 1) and suppose that B is a linear operator in E satisfying
D(B) D D(A), and

1Bulle < CIA'"Vullg forall u € D(A),

where C > 0. Then v + A + B has a bounded H* (Xg)-calculus in E for v > 0
sufficiently large.

In particular, for suitably chosen » > 0 we obtain:
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Lemma 4.10 For each 6 > 0 a constant v > 0 exists such that both v + A + B and
v+ A + D belong to H®(Zy).

Proof We can assume that 0 € p(A), otherwise we consider v + A. Thus, AU~7) is
invertible and || - | p(a1-) is equivalent to A=Y I, (r7)- According to Lemma 4.8,
the operator A belongs to H*(Xy) and therefore has bounded imaginary powers.
According to [47, Theorem 1.15.2], the domain of A~ is given by complex interpo-
lation.

DAT) = Ly (RL), D(A))1—y = (Lp(RL), HA R 1, = Hj 7 (RL))

We can focus on B, because the arguments for D are the same. A closer look on the
definition of By reveals that it is a first order differential operator. In particular, for
each y < 1/2 we have the standard estimate:

| Bueullz, @) < Cllull gy < Cllull -2 . @.7)

Note that the constant C > 0 only depends on the Lo,-norm of the coefficients and
thus can be chosen independent of k and /. We write N := sup;cp #{k € I' : k > [}.
Then by estimate (4.7)

p
Z Biuy

IB@okerllf iy =D

<> (Z C Nl 227 )p

lel k<l Lp(RY) lel’ \kv<l
p P
<ZC'DNPSHP||Mk|| 22y(Rn _CPNPZZ” kll 22y(R,,
ler kpa 1€l koal
p P+l — P NPl
< CPNPHS || rr gy = CONT I @nrer -2 e
lel

< CPNPHATY @iier ] -

In the fourth inequality we used the symmetry of the relation < to change the order
of summation. We finish the proof by the application of Theorem4.9tov+ A + B. O

Now, we can prove Theorem 1.3 for the case X = ]R’}r.

Proof For given 6 > 0 we choose v, r > 0 such that Lemma 4.10 applies. For each
A € Xy the operator A — (v+ A7) is invertible with left inverse P(A—(v+A + B))~ 'L
and right inverse P(A — (v + A +D))~!L. For all f € H>®(Zg) we have

Ifw+ADI<IPIIfO+A+B)IILI < Cllflloo-
Therefore, v + A7 allows a bounded H°(Xg)-calculus. O
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4.3 Manifolds

Now, let (X, g) be a manifold with boundary and bounded geometry as in [17] see
also [34]. We choose an atlas of Fermi coordinates k; : Uy C X — V; C R with
index set I such that sup;cp {k € T : Uy N U; # @}| =1 N < oo. We also choose
a subordinate partition of unity (y;);er such that d,y; = O for all [ € I'. Here, v
denotes an outward unit normal vector field on d X. For each ¥, we choose positive
functions y;, x; € CZ°(U)) such that x; = 1 on supp y; and x; = 1 on supp x;. We
denote x; .« = k1« x1 € C°(V)) C CF (Ri). Similarly, we define Xl,,*' Moreover, we
write K7 (x") := «;(x’, 0) for the induced chart on the boundary. Let A be a sufficiently
regular M-elliptic second order differential operator on X as in (1.1) and 7" be a
boundary operator as in (1.2). For each / € T", we define the following operators:

A= —=A0 = x/ ) + kA x, and  Tpi=yo(l = x; ) + K Trf X 4

Then A; is an M-elliptic second order differential operator on euclidean space with
sufficiently regular coefficients. Moreover, the norms of the coefficients of the local
representations of A are bounded by M. Therefore, the norms of the coefficients of
A; are uniformly bounded with respect to [ € I' and so are the seminorms |#;|,. We
define:

A D(A) == {u € H}RY) : Tiu =0} > L,(RY), ur>rT Aetu.

Each operator A; satisfies the assumptions in the last subsection. Therefore, we can
apply Theorem 1.3 to A;, which implies that Lemma 4.4 continues to hold. We define
the localization operator and the patching operator by:

L:L,(X)— L,RY), ur> (kjsPu)ien.

P:L,(RY) = Ly(X), ()ien — Y ki xistr.
leZ

By definition, u belongs to H;(X) if and only if Lu belongs to H), (R, ). Moreover,
the norms of u and Lu coincide. Therefore:

o L € B(H}(X): H (RL)),
e Pc B(Hé (R); HS(X)) and
o PL=1.

Remark 4.11 Spaces on manifolds with boundary and bounded geometry:

(a) It is natural to define H IS, (X)asrtH ; ()2 ). Here r is the restriction in the sense
of distributions, H;, ()A() =(- Ag)_‘v/sz ()A() and X is a manifold with bounded
geometry which contains X. For the existence of X we refer to [6]. The operator
(I — Ag)™*/% is well defined for all s € R, due to the result of Strichartz in [40].

Since the restriction can be treated analogously to the euclidean or compact case,
we may only consider H(X). Let L be defined as above with respect to an atlas
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of normal coordinates. Then || L - ||H;’ @®my and [[(1 — Ag)* - || L, (k) are equivalent
norms; this result is due to H. Triebel, see [48, Theorem 7.4.5]. In [17], it was
observed that an atlas of Fermi coordinates also gives rise to an equivalent norm.

(b) The interpolation results for H ; (R™) extendto H ; (X). This follows from two facts.
First H Isj ()A( ) is a retract of Hj, (R™). Second Hj, (R") is the space of p-summable
sequences with values in H ; (R™).

(c) We may define Besov-spaces via real interpolation or via the localization operator
L. According to part (b) both definitions coincide. The trace theorem holds on
manifolds with boundary and bounded geometry, see [17] for the details.

Furthermore, we define T : Hf, RY) — IB%},_l/p(R”’l), (upier = (Tiup)er.
Using the fact 9,y = 0 for all / € I" we obtain: The localization operator maps the
kernel of T to the kernel of T and the patching operator maps the kernel of T into the
kernel of T. We define D(A) := ]HI?, (R%) Nker T. Note that (u;);er € D(A) implies
that u; € D(A;) for all ] € T". Therefore, the following definition is reasonable:

A:D@A) = H%(Ri) NkerT C L,(R}) — L,(RY), (up)ier = (Ajup)ier.

Lemma 4.8 continues to hold as it only relies on Lemma 4.4. We define B, D :
Hf, (RY) Cc L, (R} ) — L,(RY) as infinite matrices with entries:

B := k1, [V, Al ki resp. Dk = k1« Yikg [Ak, Xk«

Again, the definition is motivated by the Relations (4.5) and (4.6). The operators
A, B, D, L and P have the same properties as those on the euclidean space. Therefore,
the proof of Theorem 1.3 carries over.

5 Non-smooth boundary operators

In order to treat the case of non-smooth boundary operators, we may assume that
X =R’} and A has constant coefficients. The same perturbation arguments as before
will then give the result for the general case. For the sake of simplicity we will moreover
suppose thatpg = 1,and ¢ = @2, withg € C**Tandt > 0.The operator Sy = TKQD
then is a pseudodifferential operator on the boundary with symbol:

s0(x,§,0) = 9> ()€, ) + 1 € CHHTS| (R x RY), (5.1)

As in the smooth case, we associate an operator Sy, to Sp by restricting the additional
covariable to , where A = e*? 2. The following result is essential.

Proposition 5.1 For sufficiently large |A| and s < t — 1, the operator S), is invertible
as an unbounded operator in B‘;J (R"=YY with its maximal domain. Moreover,

Sle? By — B R s bounded, (5.2)
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and there exists an SOT € Sl_)l, (R x R™) and an & > 0, such that for ST = op(sgu)
we have

si'e? =T | < cp) 12, 53
|57 = 81| L oy, = € (5.3)

The constant C = C(M, ||¢|| c2+) and the symbol seminorms of sQT only depend on
M and ||@|| c2+-.

Using the above result, the proof of Theorem 1.4 is analogous to that of Theorem 1.3,
from Lemma 3.6 onwards.

Proof of Theorem 1.4 Recall that (A + GP, K, Dy is the inverse to the Dirichlet
problem and GI = —KPs;! T(A + GP), see (1.9). In view of Eq. (5.2) and
Theorem 3.2, the operator A} |, + GD + G maps L,(R") into H 2(]R ). Note that

Ar+(ALL +GP+GI) =1 and
TA; L +GP+GD) =0

Therefore, A; ", L +GP+GT maps L ,(R™) into the domain D(A7) and is the resolvent.
According to Eq (5. 3) and Theorem 3.2,

[&P = ST+ 6D, gy, S CRITOT.
P

Thus, up to an error which is integrable with respect to A, GAT coincides with
G, * = —KPSI A +GP).

This operator has a symbol-kernel as in Lemma 3.6. The only difference is that now
8 = y instead of § = 1/2, which does not affect the arguments given in Sect. 4. O

The rest of this section is dedicated to the proof of Proposition 5.1. Guided by the
smooth case, we define a pseudodifferential operator on the boundary with symbol:

—H, 1 ) o 1
S (x',E,0) = —SQ()C/, 70 5.4

First we have to check that the function above is indeed a symbol. To this end we need
the following estimates.
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Lemma5.2 Let sy be as in (5.1). Then for all «, B € N" with |8| < 2 a constant
C = C(M, ||@llc2+c) exists such that

1

—| =c, — < C{E, o), (5.5
56 |l 0o 5o || o2+t
0¥, 0%,
£V <ol gy, £V <o el (56
R o o Cc2+t
B B
Geso) Ci', )P ana O se < C(E, o)t (5.7)
56 56 |l cate-ip
00 C

Proof We first consider the Estimates (5.5). The function

1 1
S9 :—:2—
\Y’) Q- + 1

is bounded as Re 7y (&, ¢) > cl&, ¢| = 0 with a constant ¢ = ¢(M). To estimate the
Holder norm we write

1

syt = fng/z(@, with fa(s) := (as)?>+1°

By elementary calculus, we obtain

fi(s) = —2a(as) f2(s),
£ (s) = 2a*(3(as)® — 1) f3(s) and
fl(s) = —24a>((as)® — (as)) f(s5)

Note that, under the assumption that a € Ay for some 0 < 8 < /2, a constant
C = C(0) exists such that | f;(s)| < C and |asf,(s)| < C. Therefore, || fz(s)|lci <
Clal' for i € {0,1,2,3}. By interpolation, we obtain I fa(S)lca+e < Cla|*** for
0 < t < 1. According to [23, Theorem A.§], the composition of CZt7 functions is
again a C>*7 function, and

241
| £ @] ., = CUfrlc ol + e lclele +1fzl)
< Cllmol" 2 + Imp)' 2 + 1) < CL&', )2,

Here, the constant C = C(M, 0, |l¢||c2+:) also depends on [|¢||~2+:. Next, we con-
sider the Estimates (5.6). For o # 0

3“7‘[9
%50 =070 = P~ —. (5:8)
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Asmg € S },O(R"’l x R™) is an elliptic symbol, the following estimates hold
8? o ag g

< C(&)7* and < CE) (5.9)

oo

o o

CT
We recall the well-known estimate for the Holder norm of a product:
lghlice < liglicollhlloo + lIgllocllBlico- (5.10)

In view of Egs. (5.8), (5.9) and (5.10), for the proof of (5.6) it is sufficient to prove:

2 2
7T 7T
o = wme [T L e
S0 00 N C2+t
Using the fact that
’ng _ ¢Pmg 11
5o @?mp + 1 @?>mp + 1 s’

these estimates follow from Estimates (5.5). Finally we consider Estimates (5.7). In
case |B| = 2, they follow from (5.5) and the fact that sy € C**7 S| ((R"~! x R"). If
|B] = 1, we use the fact that (as) f,(s) is bounded. O

With these estimates at hand we can prove the following result.

Lemma5.3 Lets, " be as in (5.4). Then

spte sy LR x RY) and
sy e CTTS LR X RY).

Proof According to Leibniz’ rule, 8”‘59_ #is a linear combination of terms, indexed by
k < |a| and @1 + - - - + x = «, which have the following structure:

19" s

agkse
s S so

According to Lemma 5.2, the supremum norm of such a term is bounded by
C(¢', ¢)~1%! and the Holder norm is bounded by C (&', ¢)!+7/2~1¢1 Therefore, sg_#
is a symbol of the claimed class. As ¢ only depends on x, aggols; # has a similar

structure as ag Sg * We only have to replace the first factor by

()= (=5
— = Ty =\1——|m, .
So S0 S0

Since g is elliptic of order 1, we have the claimed reduction in the order. O
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In order to verify that s, # is a coarse parametrix to sg, we need some results on the
composition of non-smooth pseudodifferential operators. In essence, we follow the
argumentation in [1]. The key tool to handle the composition of non-smooth symbols
is symbol smoothing:

Theorem 5.4 Let p € ijS{'fs(R"_l x R") and y € (8, 1). Then symbols
pFe St RN xR and p’ e CIS! VTV RIT! x RY),

exist such that p = p* + p°. Moreover,

3% p* e smHlelrn=l 5 R, if o] <o and

3% p* e smHdoty =D Rl Ry if || > 0.

For the proof of the result, we refer to [46, §1 3].
Let p € Cy'S m” (R” '« R" andgq € Cy* g’q (R*=! x R"). For all k < o, we
define the truncated composition:

w(pq) =) — Dgpa“

|0tI<k

b
Moreover, we write #, (p, ¢) = #(p, ¢”) and t,f(p, q) = t(p, q%), where ¢* and ¢°

are as in Theorem 5.4 with y € (§,, 1). Note that t,? is defined for all k¥ € Ny. Clearly
the truncated composition is a symbol, given as a sum over symbols of different order
and regularity. In order to facilitate the analysis, we set 7_(p, g) := 0 and introduce

the difference di(p, q) := t(p, q) — tk—1(p, g¢). Similarly we define dz(p, q) and
d,f (p, q). From the definition we conclude that:

min(o),04—k) mp+mg—(1-384)k

di(p, q) € Cu Stmaxysy | (RTX R, (5.11)
dy(p, q) € CM T gt~ hm IO el ey, (5.12)
di(p.q) e CIs| i YK R R, if k < 0, and (5.13)

di(p,q) € Clr st I0n T IEE RIS RY i k> oy (5.14)

To each symbol defined above we associate a pseudodifferential operator. We denote
the operator by capital letters, e.g. P := p(x, D). To further simplify the notation
we drop the dependence on p and ¢ if these are obvious, e.g. tx = t(p, q) or T =
i(x, D) =1 (p, q)(x, D).
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We now analyze the composition. To this end we fix n, n’ € Ny, such that n’ < n and
n' < o4. Then:

PQ=PQ"+0)=PQ*+PQ" =T} +(PQ* ~T}))+ PO’
=Ty + (T, — Ty) + (Tf = T5) + (PQ* — T}) + PQ".

The first term on the right hand side is the truncated composition and the other terms are
remainder terms, which we now analyze. We define R,/ := Tnﬁ/ —Ty, Ry = Tnti — Tnj,,
R,E =P QtI — T,?, and R’ := P Qb. In view of Eq. (5.12), the term

b
Ry =T, —Ty=-T,

is a pseudodifferential operator with symbol

min(op,04—n") mp+my—(y—84)04 rmn—1 n
Iy € Cy Smax(é,,,y) (R x R™).

We point out that the following term is a pseudodifferential operator with the same
regularity as p.
n
Ryy=(T; T, = > Di.
k=n'+1
To be precise, Egs. (5.13) and (5.14) imply that the symbol belongs to

op M ptmg—(1=384)(n'+1)

e x Smax(Sp,y) if n"+1<o0, and
n'.n —(1=8y)0,—(1—y) (' +1— .
Cosp, T g 1 =

We use the well-known fact that P QF ~ ZkeNo D,g in order to analyze

R:=PQ* T}~ D

k>n

In view of Egs. (5.13) and (5.14), the symbol of the operator above belongs to

op Mp+mg—(1—=38,)(n+1) .
g C*pSm:x(S:V) ’ if n41< Oq and (5.15)
n € 0 ¢ g =100 —(1=p)+1=0¢) . | .
% Smax(8,.y) it n+1>o0y.

The analysis of R" = P Q" relies on the fact that Q" has lower order than Q.
We now apply the results above to the case of interest, which is p = s and
q = s;#. The parameters in this case are m, = 1,my = 0,6, = 0,8, = 1/2 and
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op=04=2+r1,witht >0.Wefixn’=0,n=2andy € (1/2+7)+1/2,1).
We define 2¢ = min((y — 1/2)(2+ ) — 1, 1) > 0. Then Eq. (5.12) implies

d) e CFTRS R X RY), for k € {0,1,2).
In particular, since Ry = Dg we have
Ro: By *(R") — Bj(R") for 0 <s <2+7. (5.16)

We make the following observation. According to Lemma 5.2:

S6

do=—=1,
56
D¢'sp 92 _

d=-3 f—g);—:@ e CHS AR X RY) and

=1

1 Diso (0% 3959 8%'s,

== - ; ( );90 -2 ? x;) € CIST ] @™ x RY).

jal=2.

O<a'<a

Please note that these terms have lower order than the general theory implies. We may
write D} = Dy — D, for k € {1,2}. Then

Di: BYE(R") — BL(R"), if 0<s <1+t and
D;: BS#(R") — By(R"), if 0<s <.

On the other hand, the general theory implies
D5 : BS(R") — B3 (R"), if0<s <2+
By complex interpolation we obtain
D3 : By (R") — By(R"), if 0<s <1+t
In particular, as Rg» = D? + Dg we have
Roo: B;_S(R”) — B;(R") for 0 <s <1+T. (5.17)
According to Eq. (5.15), we have

Ry : B (R") — B(R") for 0<s <2+7. (5.18)
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Theorem 5.4 yields
Q": By ¥R — ByT'®RM) if 0<s <1+1.
Since P : B;H(R") — By (R")if 0 < s <2+ 7, we obtain
R :By*R"Y) — ByR") if 0<s<1+7 (5.19)
We define Rg = S(;Se_# — I, then R(_If = Ro+ Ro2 + Rg + R’. Thus
RF:B*(R") — By(R") if 0<s <1+

We also compute the left remainder. In this case p = s, # and q = sp, thus the
parameters are m, = 0, my = 1,8, =1/2,6, =0and oy = 04 =2+ 7. We fix
n=0,n=1andy = 1/2. Then (y —8,)2+ 1) =1+ 1/2 > 1 + 2¢, with the
same ¢ as above. According to Eq. (5.12),

d]t c Cf—FT—kSl—j;z—k/Z(Rn—l x Rn)

In particular, as Ry = Dg we have
Ro: B;_zg(R”) — B,(R"), for 0<s <2+

As before, we obtain:

do="2 =1 and dj = — > DEso dtso e clHr T2 Ry
= = ans = X .
0 5 1 s s x PL1/2

Thus, if we write D% =D — D? we obtain
D}: By PR") — BS®R"Y), if 0<s <1+
Since §, = 0 in this case, the general theory implies
D} BS(R") — BY(R"), if 0<s<2+T.
Therefore, by complex interpolation with parameter 1 — 2¢ we obtain

D} :BSE(R") — BS(R") if 0<s <2+7—e. (5.20)
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Since Ryg1 = D?, the above result holds for R ;. We want to point out that t — & > 0.
We choose n = 1 in this case, as rjli already has order —1. We therefore have

R : BS*(R") — BS(R") if 0 <5 <2+T. (5.21)
Note that ¢” has order —2¢. Since p has order zero, we obtain
R :By*(R") - By[R") if 0<s <2+
We define R9L = Se_#Se — I, then R = Ry + Rio+ R? + R’. Therefore,
Ry :B*(R") — By(R") if 0<s <2+71 —e.

Now we analyze the parameter dependence of the above operator. To this end we need
to extend Theorem 3.2 to non-smooth symbols.

Theorem 5.5 Let p € C;’SITZS"(Rnfl « R") and m > 0. Then
Py € L(L,(R™™Y; H;(R"_l)) and ||P,| < C|ple(u)™"*,

forO<s <mands < o(l —9).

Proof We fix y € (§,1) such that sy < o(y — §). According to Theorem 5.4
a decomposition p = p° + p® exists, with p? € S[;"(R"_l x R") and p® €

c? Sl_’;’j_a(y_s) (R~ x R"). According to Theorem 3.2,
Ph e L(L,R"™N); HY@®R"™) and [[PL] < Clpla{w)™"".

Note that for any s, s’ < 0 the estimate (&, ,U,)SJ”, < (&)’ (u)s, holds. Therefore, the
map

C:SI—’:?—J(V—S)(Rn—I x Rn) S pr> pu€ C:S[‘;(Rn_l x Rn—l)
is bounded by (1) """, The result follows from the well-known mapping properties
of non-smooth pseudodifferential operators. O

Corollary 5.6 The operators Rf and Rf belong to L(LP(R”’] )) and their norms are
bounded by C(A)~¢/2, with C = C(M, ||¢|| c2++).

Proof Theorem 5.5 directly applies to all symbols of the components of Rg and Ré‘,

except for Rg =P QZ, where we have to use the theorem twice. O

Proposition 5.7 For sufficiently large |A|, 1 — Rf and 1 — R{‘ are invertible in
L(L,(R"™1). Moreover, (1 — RF)™" € L(By(R"™)) for 0 < s < 1 + 1 and
(1-RH™ e LBSR" ) forO0<s <2+7—e
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Proof Let R = R or R = RE. According to Corollary 5.6, the £(L ,(R"~!))-norm
of R is less than 1, if | 1] is large. Therefore, the inverse is given by a Neumann series

1—R)~! =2Rk = Z RF+ RE(1— R

k=0 K—1=k>0

The finite sum belongs to E(Bf, (R*~1Y), since R does. We fix K such that Ke > s.
Since H;,’(R"—l) SN B;(Rn—l) fors’ > s, RK e L(L,(R"™1); B;(R"—l)). in view
of the fact that By (R"™!) < L,(R""") for s > 0, we obtain RX(1 — R)™" €
L(BSR"N). o

Now we can prove Proposition 5.1.

Proof By definition, we have SASA_# =1- R)f and S}L_#S;L =1- Rf. According
to Proposition 5.7, for sufficiently large ||, the left and right inverse to S, exist and
belong to E(B;(R"_l)), if 0 <s < 1 + 1. The inverse is

St=850-RH =1 -RHTs

Now we consider S;1<p2 = (11— Rf)_lS;#gﬂ. In view of Lemma 5.3, (pzS;# maps
B;(R”_l) to B;H(R”_l) for s < 1 + 1. Moreover, (1 — R)If)_1 € L:(B;,(R"‘l))
for s < 2 + t — ¢, according to Proposition 5.7. Thus, it is sufficient to consider
the commutator LS, # ©?]. To this end we apply the results on the composition to
p=s, CZHS?I/2 and g = ¢? € Cz”S0 wefixn’ =0,n=1landy < 1
such that 24+ 1)(y —1/2) > 1. Then

[S;%, 921 = Ry + Ro1 + R} + R®, with :
ro € C2+1'S;)(/2+T)(J/*1/2)(Rn—l x R™),
ro1 € S, (R xR,
rf € S[i(R"‘l x R™),
qb c C2+ISI_’;()/_1/2)(R”71 « Rn)

Thus, [S; ¥, ] belongs to £(B3(R"~1); B”‘(R”*I)) for0 < s < 1+ 7 and Eq.

(5.2) holds. We observe, that rp | = df =d; — d € CHTS 1 172 , since:

DZsp 9«
di =Y Dgstorg? = Y Sl e cltrs PR < RY),
’ So S0
loe|=1 lor=1
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According to Theorem 5.5, the operator [SA_#, 0’ e E(L,,(R"’l)) and ||[SA_#, o3| e
O((x)~1+8)/2) Thus

S'? =S =157 1+ REA = RS e £(L,(R"™")) and
15719 — 6?87l € O™,

We denote by SQT the smooth part of the symbol of gozSg_ # According to Lemma 5.3
and Theorem 5.4, 57 € S7) (R"™! x R") and ¢2s; " — 5] € s VTR~ x R").
In view of Theorem 5.5, we have (pzS;# — S{ € E(L,,(]R”_l)) and ||<p25;# — S{ || €
O((x)~+e)/2y, O

6 The porous medium equation

In this section, we illustrate the applicability of the theory developed so far to nonlinear
parabolic partial differential equations. A prominent example for this type of equations
is the porous medium Eq. (1.6). It arises for instance in the description of the gas flow
through a porous medium. As pointed out, we consider the case where the initial
value vy € HI%(X) satisfies vg > ¢ for some ¢ > 0 and the boundary value ¢
is in C! (Jo; B;)_Tl /p (0X)), Jo = [0, fo] and compatible with the initial value, i.e.,
¢ (0) = Tvp. Under this assumption, Theorem 1.9 provides the short time existence
of a solution. We recall a result on short time existence for quasi-linear evolution
equations.

6.1 Quasi-linear evolution equations

Let 1 < g < oo, Ep be a Banach space, E; < E densely, Jyo = [0, #y] for some
top > 0. We consider the quasi-linear problem

u@) + A, u()u@) = F(t,u@®)), te Jy, u(0)=0. 6.1)
Here E; := (Eo, E1)1-1/4,4- A : Jo X E; — L(E}, Ep) is continuous, and F : Jy X
E, — Ey satisfies assumptions of the Caratheodory type, i.e. F'(-, u) is measurable for
eachu € Ey, F(t,-) is continuous for a.a. t € Jo, and f(-) := F(-,0) € L,(Jo; Ep).

Moreover, we assume the following condition on local Lipschitz continuity of A and
F for some R* > 0:

(A) For each R € (0, R*) there is a constant C = C(R) such that
A, wyv — A, W)vllg, < Cllu —illg, IvliE,, t€Jo, u,u€ B R), veE;.
(F) For each R € (0, R*) there is a function ¥ € L, (Jo) such that

IF(t,u) — F@t, g, < vrOlu—ulg,, aa.telo, u,ucB(O,R).
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Theorem 6.1 Suppose assumptions (A) and (F) are satisfied, and assume that Ay =
A(0, ug) has the property of maximal L,-regularity. Then there is a t* > 0 such
that (6.1) admits a unique solution u on J = [0, t*] in the maximal regularity class
ue qu(J; Eg) N Ly(J; Ey)

The result goes back to [10]. We use the formulation given in [31], except for the fact
that we assume ug = 0 and require Lipschitz continuity of A and F only for some
R* > 0 while in [31, Theorem 3.1] R* = oo is assumed. The latter can be achieved
easily by modifying A and F outside a neighborhood of zero:

Let A satisfy assumption (A). Fix a positive function y € C*°(R), which is 1 on
[0, R*/2] and O on [R*, c0). We define

At u) = x(lull g )AC u) + (1 = x(lull£,) A, 0).
Then A satisfies Assumption (A), with R* = co. Similarly
F(t,u) = x(lulg,)F(t,u) + (1 = x(lullg,) F (2, 0).

satisfies Assumption (F), with R* = oco. By definition A0, up) = A(0, up) and
therefore A (0, ug) has the property of maximal L 4-regularity, if A(0, uo) does. Under
the assumptions of Theorem 6.1, [31, Theorem 3.1] implies that a unique solution
u e Hj(J; Eo) N Ly(J; E1) to

i+ At u) = F(t,u), u(0) = up. (6.2)

exists. It is well-known that the solution belongs to C(J; E;). Thus, for a possibly
shorter J we can assume thatu(z) € B(uo, R*/2)forallt € J.Therefore, At u(t)) =
A(t,u(t)) and F(t,u(t)) = F(t,u(t)) for all t € J. Hence, u solves Eq. (6.1).

6.2 Proof of Theorem 1.9

As afirst step we reduce to the case of homogeneous boundary condition. To this end,
we need the following result.

Lemma6.2 Let ¢ € C'(Jo; B 1 +/7(3X)) and vo € H2(X). Then there exists a
w € C'(Jo; H3(X)), such that Tw = ¢ and w(0) = vo.

Proof By Proposition 1.7, T : Hy(X) — B; 7(9X) is linear, bounded and surjec-
tive. According to a result of Mlchael [30, Corollary, p. 364] every linear bounded
surjective map between two Banach spaces has a continuous rlght inverse. Hence
there exists a continuous lifting of the continuous map ¢ : Jy — B! T —p ,1.e. a map

w e C(Jy; H[%(X)) such that Tw(t) = ¢(t). We define
t

w(t) = / w(s)ds + vo.
0
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Then w € C'(Jo; H3(X)) and

t t
Tw(r) =T/ ﬁ)(s)ds—i-Tvo:/ d@) + ¢ (0) = ¢ ().
0 0

Clearly w(0) = vp. O

We define u := v — w and consider the following parabolic problem:

u(t) — Ag(u(t) +w(r)" = —w(r)
Tu(t) =0 (6.3)
u(0) = 0.
A quick computation shows that v solves (1.6) if and only if u solves (6.3). Therefore,
we focus on Problem (6.3) which we rewrite as a quasi-linear evolution equation.

To this end, we need the following identity which can easily be verified in local
coordinates.

Ag(u+w)™ =m(u + w)m_lAgu
+m(m — 1)+ w)" |V + w); +m(u+w)" " Agw.

The first term on the right hand side is the highest order term. Therefore, we define
At, u(t)) == — m@u(t) + w(®))" ' Ay 7 and

F(t,u(t) :=m(m — D(u(t) + wt)" |V @) + wn)l;
m((u(®) + we))™ " Ag rw(t) — ib(t).

According to the definitions above, Problem (6.3) is the quasi-linear evolution equa-
tion:

W) + At u@®)u(t) = F(t,u(t)), u(0)=0. (6.4)

In the following, we verify that Theorem 6.1 can be applied to (6.4), which proves
Theorem 1.9. We define Eg = L,(X) and E; = H%(X) Nker T. Then

2-2
Eq = (Eo. EV)i-1/g.qg = (Lp(X). HX(X)1-1/0.q = Bpg " (X) = C1(X).

Here, the last embedding holds since 2 —2/g —n/p > 1 > 0 by assumption. Please
note that A(0, u(0)) = mvg’_lA ¢, 7 satisfies the assumptions of Theorem 1.3 as vy
is Holder continuous and strictly positive. Therefore, a suitable shift of A(0O, #(0))
allows a bounded H“°-calculus and thus A(0, #(0)) has maximal L,-regularity. In
order to verify the assumptions (A) and (F) we need the following result, which is
inspired by [33].
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Lemma 6.3 Let w € C(Jp; CT(X)) withRe w(0, -) > ¢ > 0. Let
W:={zeC:|z| <|w(,)|cr +3c/4, Rez > c/4}.

Then an interval J = [0, t*], with t* > 0, a neighborhood V of zero in C*(X), and a
constant C := C(c, |lw(0, -)|cr(x)) exist such that for all f € H*®(W), t € J, and
u,u €V the following estimates hold:

I f(u+w)lcrxy < ClfllLow) and
I fu+w@) — fu+wt)lcrx) < Clf Lol — itllcr x)-

Proof Since w depends continuously on 7, we can chose a t* > 0 such that for all
t € J :=[0,t*] we have |w(t) — w(0)|crx) < c¢/8. We choose V := {u € C :
llullce(x) < c¢/8}. As all functions in V are continuous, we obtain forall # € J:

imV 4+w() Cc W, here imV :=U,cyimu and
W":={zeC:|z| < |wO©)|cr +c/4, Rez > 3c/4)}.

Furthermore, we define

W ={zeC:z] < [lwO)cr +c¢/2, Rez>c/2}.
By definition, some distance between the boundary of W” and the boundary of W’
exists, i.e., d(OW”,0W') > c/4. Therefore, |n — (u(x) + w(t, x))| > c/4 for all

teJ,ueV,nedW and x € X.Itis well-known that such a lower bound implies
that (n — (u(-) + w(z, )))~' € CT(X). Moreover, the following estimate holds:

A

(7 — () 4+ w(t, ) ery < 16/¢*In — @) + w(t, Nllcrex)
16/¢*2Ilw(O) |l crx) +¢) = S.

IA

We can estimate the length of the boundary dW’:
W' <27 (|wO)llcr(x) + ¢/2) =: 27 L.

Forallu € V,t € J, and x € X we obtain the following identity from the Cauchy
integral representation:

1
fu(x) +w(, x) = i /;W/ F O = (x) +w(t, x)) ™ dn.

Thus, we obtain the first estimate || f(u + w(t))|lcr(x) < LS| fllaew). Now, let
u,u € V,t € J,x € X, and use the resolvent identity to obtain:

) +w, x) — fux)+w(, x) = @) —ux))I(, x), here

1
1, %) = 5— /W F@ 0= @) +w(t. )™ (0 = @) +w(t, )~ dn
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We can estimate the C* (X)-norm of I (¢, x) as before. Therefore, we obtain the second
claimed estimate. O

According to Lemma 6.2, w € C L(Jo: H;(X )). Under the assumptions of Theo-

rem 1.9, H[%(X) < CT(X) and therefore w € C(Jp; C*(X)). We chose an interval
J and a neighborhood V according to Lemma 6.3. Therefore, we can choose a neigh-
borhood U of zero in E; such that its image under the embedding belongs to V. We
apply Lemma 6.3 to f(z) := 7"/, with j € {0, 1}. Therefore, a constant exists such
that forallu,u € U andt € J:

I+ w@)" 7 lcrxy < C and (6.5)
I +wE)" ™ = @+ wE)" lerx) < Cllu — i, (6.6)

In view of the embeddings E, < C*(X) and C*(X) — L(Ep), Eq. (6.5) implies
that A(¢, u) satisfies Assumption (A):

1@, wyv — A, vl gy < mll(@+w@)" ™" = @ +w@)" Dl | Ae.rvllE

< Cllu —ullg,lIvlE,-
Now, we consider F (¢, u).

F(t,u) — F(t, i) =m(m — D)) + we)" " |Vu@) + w))?

—m(m — D) +w@)" V@) + w)?

+m ((u(l) Fw®)™' = @) + w(t)m’l) Ag.rw(o).
Since w € C'(J; HI%(X)), the map 7 — [[Agw(z, -)| g, belongs to L, (J). In view of
Eq. (6.6), we obtain

I (@) + wo)"= = @@ +w ")
Agrw®)llEy < Cllu —ullg, 1Agw(t, ) E-

Next, we define /2 (7, u) := (u +w ()" 2|V (u + w(®));

h(t,u) = h(t, i) =+ w))" 2V +w@); — @ +w)" 2V +w)l;

= (W +w®)"2 = @+ we)" ) V@ + )2
+ @+ w®)" 2 (Ve + wo) = VG +wo))
= (W + w )" = @+ we)" ) [V + ()2
G wO)" AV = @), Vi ()

+ (@4 w(e)" AV (i + w(t)), V(u — ir))s.
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For v, v € E; we can estimate the L, inner product of the gradient:
{Vv, VOlllg, = Cliviierx vl = Clvlg, IVl E, -

Therefore, for all u, u € U and t € J the following estimates hold

A

IV(u+w)* <
(V@ —it), V4 w))] < llu—ilg,lu+w®)e, < Clu—ilg,
(V@@ +w(t), Vi — )| < lli +w®) g, lu—illg, <Cllu—ilg,.

lu + w(®lE, <€

In view of Egs. (6.5) and (6.6), these estimates imply that for all u, 4 € U and t € J
the following estimate holds

At u) = h(t, g, < Cllu —illg,-

Thus, F satisfies Assumption (F). We apply Theorem 6.1 to Problem (6.4), which
proves Theorem 1.9.
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