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Abstract

Let R(C) be the function field of a smooth, irreducible projective curve over R. Let X
be a smooth, projective, geometrically irreducible variety equipped with a dominant
morphism f onto a smooth projective rational variety with a smooth generic fibre over
R(C). Assume that the cohomological obstruction introduced by Colliot-Thélene is
the only one to the local-global principle for rational points for the smooth fibres of f
over R(C)-valued points. Then we show that the same holds for X, too, by adopting
the fibration method similarly to Harpaz—Wittenberg.

Mathematics Subject Classification 14G05 - 14P05

1 Introduction

Let C be a smooth, geometrically irreducible projective curve over R. Let R(C) denote
the function field of C, and for every x € C(R) let R(C), be the completion of R(C)
with respect to the valuation furnished by x. Now let V be a class of geometrically
irreducible projective varieties over R(C). We say that V satisfies the local-global
principle for rational points if for every X in ) the following holds:

[] X®C).) # @ implies that X(R(C)) # 0.
xeC(R)

There are classes of varieties when this local-global principle holds:

Communicated by Wei Zhang.

B Ambrus Pal
a.pal@imperial.ac.uk

Endre Szabd
szabo.endre @renyi.mta.hu

1 Department of Mathematics, Imperial College, 180 Queen’s Gate, London SW7 2AZ, UK
Alfréd Rényi Institute of Mathematics, Reéltanoda u. 13-15, Budapest 1053, Hungary

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-020-02053-x&domain=pdf

994 A.Pal, E. Szabo

Theorem 1.1 (Witt) The local-global principle for rational points holds for smooth
quadric hypersurfaces of dimension at least one over R(C).

Proof See [15,16]. O
There is an even more general result due to Scheiderer:

Theorem 1.2 (Scheiderer) The local-global principle for rational points holds for
smooth compactifications of homogeneous spaces over connected linear groups over

R(C).
Proof See [14]. O

However similarly to varieties over number fields, there are some reasonably simple
counter-examples to this local-global principle. The following counterexample is due
to Racinet: let C = ]P’ﬁ{ and let U be the affine surface over R(C) = R(¢) given by the
following equation:

a4+ =P+t +ce—1)

in the variables a, b and c, and let X be a smooth projective model of U. Then
X(R(X),) is non-empty for every x € C(R), but X(R(C)) is empty. The failure
of the local-global principle for this X was explained using a simple obstruction, anal-
ogous to the Brauer—Manin obstruction in the number field case, by Colliot-Thélene
in [3] around 20years ago, using unramified cohomology groups. He constructed a
subset

CcT

[] x®©o]| < J] Xx®©)w

xeC(R) xeC(R)

which contains X (R(C)). We will review this construction in the next section. Later
Ducros has found a simple topological obstruction equivalent to this obstruction which
we will describe next. By resolution of singularities there is an integral, smooth,
projective variety X equipped with a projective dominant morphism p : X — C over
R whose generic fibre is X — Spec(R(C)). Then we have:

Theorem 1.3 (Ducros) Let X be as above and assume that [ |, cc® X (R(C)y) is non-
empty. Then ( erC(R) X(R(C)x))CT is non-empty if and only if there is a continuous
semi-algebraic section of p on C(R) whose image lies in the smooth locus of p.
Proof This is Théoreme4.3 of [7] on page 86. O

Let again V be a class of geometrically irreducible projective varieties over R(C).
We say that for V the CT obstruction is the only one to the local-global principle for
rational points if for every X in V the following holds:

CcT

[] x®©) # ¢ implies that X (R(C)) % #.
xeC(R)
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Ducros produced a class of geometrically rational smooth projective surfaces over
the rational function field R(z) for which the local-global principle might fail, in fact
Racinet’s example belongs to this class, but the CT obstruction is the only one to the
local-global principle for rational points:

Theorem 1.4 (Ducros) The CT obstruction is the only one to the local-global principle
for rational points for smooth projective varieties over R(C) which are fibrations in
Brauer—Severi varieties over IP’]{Q(C).

Proof The special case of conic fibrations is proved in [7]. The general case is proved
in [8]. O

The main result of this article, Theorem 5.3, implies the following generalisation
of the theorem above:

Theorem 1.5 Let f : X — Y be a dominant morphism between smooth, proper,
geometrically irreducible varieties over R(C) with a geometrically irreducible and
smooth generic fibre, and assume that Y is rational. If the CT obstruction is the only
one to the local-global principle for rational points for the smooth fibres of f over all
but finitely many R(C)-valued points, then the same holds for X, too.

Clearly Theorem 1.4 is a consequence of this result by Theorem 1.1. The result
also implies that the CT obstruction is the only one to the local-global principle for
rational points for X when the generic fibre of f is the smooth compactification of a
homogeneous space by a connected linear algebraic group by Theorem 1.2. We will
actually prove a stronger claim incorporating weak approximation (see Theorem 5.3).

Remark 1.6 The reader might wonder why we only consider real points in the formu-
lation of the local-global principle. Note that our main interest is the case of rationally
connected varieties (see Conjecture 2.6 below), when by the Graber—Harris—Starr the-
orem (see [10]) we have a rational point over the completion of R(X) with respect to
every complex point of C. So we do not get additional restrictions by considering all
closed points of C. However this is not true in general, genus one curves give easy
counterexamples.

Remark 1.7 1t is natural to ask if this result can be applied inductively. The way we
formulate our main result does not lend itself naturally to iteration, since having a
rational point does not guarantee X is rational itself. However see [1], which became
available after our preprint appeared, where a similar idea is pursued.

Contents 1.8 In the next section we will recall the notion of unramified cohomology
and the definition of Colliot-Thélene’s obstruction, then we will show a useful lemma
on the birational invariance of this obstruction. Then we review the work of Ducros on
the topological reinterpretation of the cohomological obstruction in the third section. In
the fourth section we prove a refined version of the Stone—Weierstrass approximation
theorem, which also incorporates interpolation. In the fifth section we formulate a
stronger form of our main result, Theorem 5.3, and reduce the general case to fibrations
over the projective line. We use arguments inspired by the work of Harpaz—Wittenberg
in [11] to prove Theorem 5.3 in the sixth section, using the approximation theorem
from the fourth section as a crucial ingredient.
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2 The local-global principle and Colliot-Théléne’s obstruction

Definition 2.1 Let X be a smooth, irreducible projective variety defined over a field
F.Let F(X) and X(d) denote the function field of X and the set of points of X of
codimension d, respectively. Forevery x € X (1) let Ox . and F'(x) denote the discrete
valuation ring in F (X) corresponding to x and the residue field of Oy y, respectively.
Assume that char(F') # 2. For the sake of simplicity let Z/2 denote the group of order
two. We will also denote by the same symbol the constant étale sheaf of order 2 over
any scheme. The unramified cohomology group H,’;r(F (X)/F,Z/2) of X over F is
by definition (see section 1.1 of [5] on page 6):

. . Drex(1)0x
H,ér(F(X)/F, 7]2) = Ker(Hét(F(X), 7]2)

Drexy Hy  (F().Z/2))
where

3+ HY(F(X), Z/2) — HL'(F(x),Z/2)
is the residue map associated to the discrete valuation ring Oy .

Next we need some basic facts about the Galois cohomology of function fields of
real algebraic curves, and some form of a residue theorem for them.

Definition 2.2 Let C be a smooth, geometrically irreducible projective curve over R.
Let R(C) denote the function field of C, as above, and for every x € C(R) let R(C),
be the completion of R(C) with respect to the valuation furnished by x. Then we have
a residue map
3y : HL(R(O)y, Z/2) — H. (R, Z/2)
as the residue field R(x) of R(C), is R. Note that as a graded algebra:
HZ (R, 7Z/2) = 7/2[t],

where  is the generator of the group Hélt (R, Z/2) of order two. In particular we have a
canonical isomorphism Hg (R, Z/2) = Z/2. So the residue map is a homomorphism:

3y : HL(R(C)x, Z/2) — Z/2.
By slight abuse of notation let d, denote also the composition of the pull-back
H (R(C), Z/2) — Hy (R(C)x, Z/2)

and this residue map.

The residue theorem, also called the reciprocity law, is the following
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The fibration method over real function fields 997

Propo;ition 23 Let V C C(R) be a connected component, let i be at least 2, and let
h e Hét(R(C), Z]2). Then

Z 3 (h) = 0.0

xeV

Remark 2.4 1Tt is easy to see that all but finitely many terms of the sum above are zero,
so the left hand side is well-defined. For a proof of this fact, and the proposition, see
for example Proposition 3.7 of [3] on pages 157-158.

For the sake of simple notation let Ac denote the direct product [ ], ¢ g) R(C)x. It
is an algebra over R(C). Now let X be a smooth, irreducible projective variety defined
over R(C). Clearly

X(Ao)= [] X®R©).

xeC(R)
Now we are ready to define Colliot-Théleéne’s obstruction.

Definition 2.5 Consider the set
XA T € X(Ae),

whose elements

CcT

[T Mce| ] x®©

xeC(R) xeC(R)

are subject to the following condition:

D (M (h) =0

xeV
for every h € HAMXT2(R(C)(X)/R(C), Z/2) and for every V € C(R) connected
component, where

M : HL (R(C)(X)/R(C), Z/2) — H (R(C)x, Z/2)

is the pull-back with respect to the map M. Note that all but finitely many terms of the
sum above are zero, so the left hand side is well-defined, and the image of X (R(C))
in X (A¢) under the diagonal embedding is in X (Ac)CT by Proposition 2.3 above.
One may justify the usage of the more mysterious group H,ir ROYX)/R(C), Z/2)
instead of Hgt(X , Z,/2) as follows: for proper varieties having a smooth rational point
is a birationally invariant property, so the obstruction should also have birational
invariance. This holds for the former group, but not the latter.
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Now that we made explicit what we mean by the CT obstruction, we can make
the following bold conjecture, which is motivated by theorems of Witt, Scheiderer
and Ducros mentioned in the introduction, and in analogy with Colliot-Thélene’s
celebrated conjecture (see [4]) saying that the Brauer—Manin obstruction is the only
one to the local-global principle for rational points for smooth projective rationally
connected varieties over number fields:

Conjecture 2.6 The CT obstruction is the only one to the local-global principle for
rational points for smooth projective rationally connected varieties over R(C).

All known classes of varieties for which CT obstruction is the only one to the
local-global principle for rational points are rationally connected. Our main result
Theorem 1.5 is a contribution to this conjecture.

We finish this section with a lemma which will be used in the proof of Theorem 5.3.
Let f : X — Y be a morphism between smooth, projective, irreducible varieties over
R(C). The morphism f induces a map X (R(C),) — Y(R(C),) for every x € C(R),
which in turn induces a map X (A¢) — Y (Ac¢), which we will denote also by f by
slight abuse of notation.

Lemma 2.7 Assume that f : X — Y is birational and let M € X (A¢). Then
M e X(Ac)“" ifand only if f(M) € Y (Ac)“T.

Proof Let d be the common dimension of X and Y. By assumption the pull-back
with respect to f induces an isomorphism R(C)(Y) — R(C)(X) and hence an
isomorphism f* : HIT2(R(C)(Y),Z/2) — HIP2(R(C)(X),Z/2). Under this
isomorphism the subgroup H,fﬂ‘z(]R(C )(Y)/R(C), Z/2) maps isomorphically onto
HYF2(R(C)(X)/R(C), Z,/2). Write M as

M= I_I My

xeC(R)

and let h € HEP2(R(C)(Y)/R(C), Z,/2) be arbitrary. Then

MI(f* () = f(Mx)*(h)

for every x € C(R) by naturality, so

> 8 (M (f*(h))) = Oif and only if Y 8, (f (M.)*(h)) =0

xeV xeV

for every connected component V. C C(R). The claim is now clear. O

3 The topological reinterpretation of the obstruction due to Ducros

Notation 3.1 By resolution of singularities there is an integral, smooth, projective
variety X’ equipped with a projective dominant morphism p : X — C over R whose
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The fibration method over real function fields 999

generic fibre is X — Spec(R(C)). As usual we will call X a model of X over C. For
every closed point x of C let Oy be the valuation ring of R(C),, let X denote the
fibre of p over x, let Xy, € X be the smooth locus of p, and let X g, = X5 N Xy
be the smooth locus of X.

Definition 3.2 Equip each connected component of C(R) with an orientation. For
every pair of points x, y € C(R) lying on the same connected component V € C(R)
the interval Jxy[ is the set of points of V which lies to the right of x and lies to the
left of y with respect to the chosen orientation. We also set [xy] to be the union of
Jxy[ and the points x, y. Now let P € Xy 4 (R), Q € &) ¢ (R) and let X)Qy C Xom
denote the open subscheme which is the complement of the union of Xy s, and Xy g,.
We say that a connected component V of X;,y(]R) touches P on the right and Q on
the left if the image of V under p is ]xy[, and both P and Q lie in the closure of V.

Definition 3.3 For every map f : A — B of schemes over R let f(R) : A(R) —
B(R) denote the map induced by f on R-valued points. Let o be a set-theoretical
section of the map p(R) : X(R) — C(R). We say that the map o is weakly continuous
if for every x € C(R) the point o (x) lies in Xy g, (R) and if the following holds: let x
and y be two different R-valued points of C lying in the same connected component
of C(R). Then there is a semialgebraic connected component V' of X;’ y(R) touching
o (x) on the left and o (y) on the right such that for every z €]xy[ the point o (z) lies
inV.

This terminology is justified by the fact that every continuous section C(R) —
Xsm (R) is indeed weakly continuous. The converse is not true, because we have the
following

Proposition 3.4 Let o be a weakly continuous section of p(R). Let ¢’ be another set-
theoretical section of p(R) such that for every x € C(R) the points o (x) and o'(x)
are in the same connected component of Xy s (R). Then o' is also weakly continuous.

Proof This is Proposition 3.3 of [7] on page 82. O

Notation 3.5 By the valuative criterion of properness there is a bijection between the
set of sections of the fibre product X x¢ Spec(O,) — Spec(O,) and the set of
R(C)-valued points of X. Given an

M= ] Mce J] X®©)w)

xeC(R) xeC(R)

let m, be the special fibre of the section Spec(O,) — X x¢ Spec(Oy) associated to
M, for every x € C(R). Since & is regular, the point my lies in Xx g, (R). Whenever
convenient, we will denote the map x + m, on C(R) by o(M).

The topological reformulation of the CT obstruction due to Ducros is the following
Theorem 3.6 (Ducros) The following are equivalent:

(i) we have M € X(Ac)CT,
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(i) the map x — my on C(R) is weakly continuous.
Proof This is Théoreme 3.5 of [7] on page 83. O

Proposition 3.7 Let o be a weakly continuous section of p(R). Then there is a contin-
uous semi-algebraic section o’ of p(R) such that for every x € C(R) the points o (x)
and o' (x) are in the same connected component of Xy s (R).

Remark 3.8 Note that Theorem 1.3 is an immediate corollary of this proposition.

Proof of Proposition 3.7 This is essentially Proposition 4.1 of [7] on page 85, but there
itis stated in a weaker form. However the proof actually shows the stronger form above.
We will give an even stronger version incorporating interpolation, see Proposition 3.19
below, using essentially the same methods. O

Definition 3.9 Let B be a smooth variety over R. For every closed point x of B let
Z(x) C Op be the corresponding ideal sheaf. For every effective zero cycle § =
> nyx on B the zero-dimensional closed subscheme of B defined by S is the zero
scheme of the ideal sheaf Zg = [[Z(x)"* C Op. By slight abuse of notation we
will let the symbol § denote this closed subscheme, too. When B is a curve this
construction furnishes a bijective correspondence between the set of zero-dimensional
closed subschemes of B whose closed points are all real and the set of effective zero
cycles on B which are supported on B(R). In this case we will identify these two sets
in all that follow.

Definition 3.10 Let f : A — B be a map of smooth varieties over R. An interpolation
condition (for the map f)is a section ¢ : § — A xp § (of the base change of f),
defined over R, where S is a zero-dimensional closed subscheme of B defined by an
effective zero cycle supported on B(R). We say that ¢ is of order < k, where k is a
positive integer, if the coefficient of every point in the effective zero cycle defining S
is at most k 4+ 1. We say that an interpolation condition 5 : S > A xp S subsumes
the interpolation condition ¢ : S — A xp S if S is a closed subscheme of S and the
pull-back of 5 with respect to the closed immersion § < Sis ¢. We say that a set-
theoretical section o of the map f(R) : A(R) — B(R) and an interpolation condition
¢ : S — A xpS are weakly compatible with each other if for every x € S(R) we have
o(x) = ¢(x). We say that a section 0 : B — A of f and an interpolation condition
¢ : S — A xp S are compatible with each other if the composition of the closed
immersion S < B and o is ¢.

Definition 3.11 As usual, we say that a function f : M — N between two smooth
manifolds is a C¥-map if it is k-times continuously differentiable. For every M, N as
above and for every point p of M let C;‘) (M, N) denote the set of C-maps f : U — N
where U is some open neighbourhood of p in M. For every p € R and for every
fe Cf, (R, R) the k-jet of f at the point xq is defined to be the polynomial

(k)
SH(p) Zk.

(J;f)(z)zf(p)+f/(p)z++ 4
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The fibration method over real function fields 1001

We say that two maps f, g € Cf,(M, N) are k-equivalent at p if f(p) = g(p) and
for every pair of maps y € Cé‘ (R, M) and ¢ € Cﬁ(p)(M, R) such that y(0) = p, we
have Jf(¢po foy) =J @ogoy).

Definition 3.12 Now let f : A — B be as in Definition 3.10. Then f(R) : A(R) —
B(R) is a morphism of Nash manifolds. Now let S = ) n,x be an effective zero
cycle on B supported on B(R), andlet ¢ : S — A x p S be an interpolation condition
of order < k. Let U C B be an open, affine subvariety such that there is a section
q) U — A xp U compatible with ¢. We say that a Ck section o : B(R) — A(R)
of f(R) and ¢ are compatible with each other if o and ¢ are (n, — 1)-equivalent at x
forevery x € B(R) in the support of S. Since the notion introduced in Definition 3.11
is indeed an equivalence relation, this notion of compatibility is independent of the
choice of 5, and so it is well-defined.

Remarks 3.13 A section o : B — A and an interpolation condition ¢ : § — A xp S
are compatible in the sense of Definition 3.10 if and only if the underlying Nash section
o(R) : B(R) = A(R) and ¢ are compatible in the sense of Definition 3.12. Therefore
the latter is a generalisation of the former. If a section o : B — A and an interpolation
condition ¢ : § — A xp S are compatible then ¢ (R) : B(R) — A(R) and ¢ are
weakly compatible. In particular this terminology is justified. Finally note that when
A = B x D for some smooth variety D over R and f : A — B is the projection onto
the first factor, sections of f are in a natural bijection correspondence with morphisms
A — D of schemes over R. Similarly an interpolation condition ¢ : § — A xp S'is
the same data as a morphism S — D of schemes over R, while C¥-sections of f(RR)
can be identified with C*-maps A(R) — D(R). Therefore we will freely apply the
concepts of Definitions 3.10 and 3.12 to such functions in all that follows.

Proposition 3.14 Let o be a weakly continuous section of p(R) and let ¢ : § —
X x ¢ S be an interpolation condition of order < k weakly compatible with o. Then
there is a C*-section o' of p(R) such that for every x € C(R) the points o (x) and
o’ (x) are in the same connected component of Xx s (R) and o’ is compatible with ¢.

Proof Note that the fibre of p(R) over x is a Nash manifold for all but finitely many
x € C(R). So by the Nash version of the stratification theorem (see Theorem A of
[6] on page 349) there is a finite subset P of C(R), and for every semi-algebraic
connected component U of C(R) — P a Nash manifold F; such that p(R)~!1(U) is
Nash-isomorphic to Fiy x U and the restriction of p(R) onto p(R)~1(U) is, modulo
the given isomorphism, is the projection onto the second coordinate. By the nature of
our construction for every point P in C(R) — P the fibre Xp is smooth. By adding
finitely many points to the set P, if it is necessary, we may assume that P has at least
two points in each semi-algebraic connected component of C(R). Similarly we may
assume that PP contains every closed point of S without loss of generality.

Set § = (k+ 1Y pep P and let the same symbol denote the unique closed
subscheme defined by this zero cycle. Since there is an interpolation condition ¢ :
S — X x¢ § which subsumes ¢, we may assume without loss of generality that the
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zero cycle defined by S is indeed (k 4+ 1) Y pp P. Write S as a coproduct:

S = ]_[Sp,

PeP

where Sp is a closed subscheme of S supported on P for each P € P (possibly
empty). For every such P let ¢pp : Sp — X Xxc Sp be the interpolation condition
which is the pull-back of ¢ with respect to the closed imbedding Sp < S. Let P, QO
be a pair of consecutive points of P. Since o (P) and o (Q) lie in the smooth locus of
p, by the implicit function theorem there are two points P’, Q' in the open interval
1P Q[ such that P’ lies before Q’, and p(RR) has a C*°-section op (resp. o) defined
over some open neighbourhood of [P P’] (resp. of [Q' Q]) such that op(P) = o (P)
(resp. o9 (Q) = 0(Q)), and op is compatible with ¢p (resp. o is compatible with
¢0). Since o is weakly continuous, there is a semi-algebraic connected component
Vp,o of p(R)’l(]PQ[) which touches P on the right and Q on the left. Clearly
op(P)and op(Q") liein Vp g.

On the other hand, because of the way the set P was constructed, the restriction of
p(R) onto p(R)~! (1P Q) is a projection, up to a Nash isomorphism. Therefore there
is a C*-section op ¢ of p(R) defined over some open neighbourhood of [P’ Q'] such
that op o and op are k-equivalent at P’, and similarly op ¢ and o are k-equivalent
at Q. Therefore the concatenation of op, op g and o¢ (restricted to [P P’'], [P’ Q']
and [Q' Q], respectively) is a Ck-section ?;p,Q of p(R) defined over [P Q] such that
p.0(P) = 0(P) andGp o(Q) = 0 (Q).

Now let P, Q, R be three consecutive points of P (where P = R is allowed). Since
both Gp,p and Gp r have extensions to an open neighbourhood of their definitions
which are compatible with ¢, we get that their concatenation is C* at Q. We get that
the concatenation of the different sections op, o for all couples P, Q of consecutive
points of P is a Ck-section & of p(R) defined over all of C(R) such that for each point
x € C(R) the point & (x) lies in the same connected component of Xy g, (R) as o (x),
and ¢ is compatible with ¢. ]

We will need a variant of the claim above with Nash sections, since for technical
reasons it will be more convenient to work with the latter in the next section. In order
to do so we will show two interpolation lemmas first.

Lemma3.15 LetV C Ay be anon-singular closed affine subvariety such that V (R) is
compact. Let ¢ : Y — Ay be an interpolation condition for some subscheme Y C V.
Then every C*°-function g : V(R) — R™ compatible with ¢ can be approximated in
the C*°-topology by regular functions V. — A compatible with ¢.

Proof Let r; : Ay — Aﬁ% be the projection onto the j-th coordinate, where j =
1,2, ..., m. It will be sufficient to show the claim for¢; = wjo¢ and g; = 7 o g for
each j. In other words we may assume that m = 1 without loss of generality. Since V
is affine there is a regular map ¥ : V — A]ﬁ compatible with ¢. By replacing g with
g — ¥ we may assume without loss of generality that ¢ is the zero map. In this form
the claim is a mild variant of Lemma 12.5.5 of [2] on page 321. We include the proof
for the reader’s convenience. Let i1, h», ..., h, be the generators of the defining ideal
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The fibration method over real function fields 1003

of Y. Since V is non-singular, we can represent the germ of g at a point x € V in the
form gy = A1xh1 + -+ Ay xhn, Where the X; . are the germs of C°°-functions at x.
Using a partition of unity and the compactness of V (R), this allows us to represent g
globally as g = A1hy + - - - + Aphy, where A; € C*°(V (R)). Then it suffices to apply
Nachbin’s version of the Stone—Weierstrass theorem to the functions X; (see [13]). O

Definition 3.16 Let V be a nonsingular variety over R, and let W Cc A™(R) = R™
be a Nash manifold. An interpolation condition ¢ : S — W for some subscheme
S C V of the type considered above is an interpolation condition ¢ : § — A™ which
is compatible with some smooth function U — W, where U is a neighborhood of the
support of S in V(R).

Lemma3.17 Let V C Ay be a non-singular closed affine subvariety such that V (R)
is compact, and let W C R™ be a compact Nash submanifold. Let ¢ : Y — W be
an interpolation condition of order < k for some subscheme Y C V. Then every C*°-
function g : V(R) — W compatible with ¢ can be approximated in the C*°-topology
by Nash functions V(R) — W compatible with ¢.

Proof (Compare with Corollary 8.9.7 of [2] on page 200.) By the Nash version of the
tubular neighbourhood theorem (see Corollary 8.9.5 of [2] on page 199) there is an
open semi-algebraic neighbourhood U of W in R” and a Nash retraction p : U — W.
Since for C*°-functions i : V(R) — R the condition of having image in U is open
for the C'-topology, by Lemma 3.15 above any given function g : V(R) — W
compatible with ¢ can be approximated in the C*°-topology by a sequence g, of Nash
functions V(R) — U compatible with ¢ o ¢, where « : W — U is the inclusion map.
The compositions p o g, are Nash functions V(R) — W compatible with ¢. Since
W is compact, each derivative of p is bounded in some fixed e-neighbourhood of W,
and hence sequence p o g, approximates g in the C*°-topology. O

Remark 3.18 Note that for every pair of conjugate point P, P € C(C) — C(R) the
complement C' = C — P — P is an affine curve, and C'(R) = C(R), so this set
is compact. Therefore we may apply Lemmas 3.15 and 3.17 to C’. In particular the
conclusion of Lemma 3.17 holds for C, too.

Proposition 3.19 Let o be a weakly continuous section of p(R) and let ¢ : S —
X x ¢ S be an interpolation condition weakly compatible with o. Then there is a Nash
section o’ of p(R) such that for every x € C(R) the points o (x) and o' (x) are in the
same connected component of Xy sm(R) and o' is compatible with ¢.

Proof We may assume that ¢ is an interpolation condition of order < k, where k
is a positive integer. By Lemma 3.14 there is a C-section & of p(R) such that for
every x € C(R) the points o (x) and & (x) are in the same connected component of
Xy sm(R) and & is compatible with ¢. By the usual approximation theorems in theory
of smooth manifolds the section & can be arbitrarily well approximated by C*-maps
s : C(R) = Xy (R) which are compatible with ¢.

Note that if such an s is sufficiently close to & in the C'-topology then p(R) o s is
a diffeomorphism and its inverse is very close to the identity map of C(R). Therefore
so(p(R)o $)~is aC®-section of p(R) which can be arbitrarily close to 5. Also note
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that (p(R) o s)~ 1, if it exists, is Nash if s is. For any smooth section ¢’ : C(R) —
X, (R) sufficiently close to & in the CO-topology and for every x € C(R) the points
6 (x) and o’(x) are in the same connected component of Xy s, (R), and hence the
same holds for o (x) and o’/ (x). The claim now follows at once from Lemma 3.17, as
we explained in Remark 3.18. O

We finish this section with a convenient condition for weak continuity.

Definition 3.20 We say that a set-theoretical section o of the map p(R) is mildly
continuous at x € C(R) if o (x) lies in Xy 5, (R) and the intersection of the closure of
the image of o with X, (R) lies in the connected component of X s, (R) containing
o (x). Note that o is mildly continuous at x € C(R) if it is continuous there, since
in the latter case the image of o is closed, and its intersection with X, (R) is o (x).
Therefore the terminology is justified.

Proposition 3.21 Let o be a semi-algebraic section of p(R) which is mildly continuous
at every x € C(R). Then o is weakly continuous.

Proof Let x and y be two arbitrary different R-valued points of C lying in the same
connected component of C (R). We will need the following O

Lemma 3.22 Let V be a semi-algebraic connected component of X;’ y(R) and let V be

its closure in X (R). Then the intersection V N Xy sm (R) (respectively vn Xy sm(R))
is the union of connected components of Xy su(R) (respectively of Xy sm (R)).

Proof We may assume without loss of generality that V lies in p(R)_1 (Ixy[); other-
wise we only need to reverse the roles of x and y. It is also enough to prove the claim
for the fibre above x; the proof for the fibre above y is similar. Since V is closed,
the intersection V N Xy sm(R) is closed in X g, (R). Therefore it will be enough to
show that it is also open in Xy s, (R). Let n be the relative dimension of X over C and
letz e VN Xy sm(R) be arbitrary. By the implicit function theorem there is a small
connected open neighbourhood I C C(R) of x, a connected open set O C R”", an
open neighbourhood U C X, (R) of z, and a diffeomorphism ¢ : I x O — U such
that the composition p(R) o ¢ is the projection / x O — I onto the first factor.

Let J C I be the set of points in / lying to the right of x. By shrinking 7, if it is
necessary, we may assume that J = IN]xy[. By assumption

PIx0)NV=¢UxO)NpR ' IxyDNV=¢Ix0)NV=UNV

is non-empty. Since both J and O are connected, the product J x O is also connected,
and hence ¢ (J x O) is connected, too. Moreover ¢(J x O) lies in p(R)~'(Ixy[),
so the connected component V must contain it. Therefore V contains the closure of
¢ (J x O), which contains ¢ ({x} x O). The latter is an open neighbourhood of z in

X sm(R). o
Since o is semi-algebraic, it is continuous at all but finitely many points of C(R).
Therefore there is a finite sequence of points z1, z2, ..., 2, € [xy] such that o is

continuous at every z €]xy[ not on this list. We may even assume thatz; = x,z, =y,
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and z; lies to the left of z; for every pair of indices i < j.Foreveryi =1,2,...,n
let E; denote the connected component of A7; s, (R) containing o (z;) and for every
i=1,2,...,n—1let J; denote the closure of the image of ]z;z;+1[ with respect to
o.

Since the restriction of o onto ]z;z;+[ is continuous for every index i < n, the
image of ]z;z;4+1[ with respect to o is connected, and hence its closure J; is connected,
too. Since J; is also compact, its image under p(R) is the closure [z;z;+1] of 1zizi4+1[.
Therefore J; N X, (R) is non-empty. By our assumptions the latter intersection lies in
E;, hence J; N E; is non-empty, too. A similar argument shows that J; N E;1 is also
non-empty. Therefore the set

n—1 n—1
L=p®) ' (xyD N (U uy E,~>

i=1 i=2

is connected. Let V' be the unique semi-algebraic connected component of X;’ y(R)
containing L and let V be its closure in X (R). Since

VNE; 2NLNE; #90,

by Lemma 3.22 the intersection V N Xy sm(R) contains E;,, and hence o (x). We may
argue similarly to deduce that VNX y,sm (R) contains o (y). In other words V touches
o (x) on the right and o (y) on the left. Since x and y are arbitrary, we get that o is
weakly continuous. O

4 The Stone-Weierstrass approximation theorem with interpolation

Definition 4.1 Let 7 : C x P'(R) = C(R) x P!(R) — C(R) denote the projection
onto the first factor. Let R € C(R) x P!(R) be a semi-algebraic subset. We say that R
is admissible if it is the union of an open semi-algebraic set and finitely many points.
The kissing points of an admissible semi-algebraic set R as above are all points of R
which are not in the interior of R. We say that R does not have topological obstruction
if there is a Nash section s : C(R) — C x P!(R) whose image lies in R.

The key result we need is an analogue of Conjecture9.1 in [11] which we will
formulate next. It is essentially a refined version of the classical the Stone—Weierstrass
approximation theorem with interpolation conditions.

Theorem 4.2 Let R € C(R) x P (R) be an admissible semi-algebraic subset, and for
some closed subscheme S C Clet¢ : S — (P'xC) xS = P! xS beaninterpolation
condition such that there is a Nash section s : C(R) — C x PY(R) compatible with
¢ and whose image lies in R. Then there is a regular section f : C — C x IP’IIR of the
first projection compatible with ¢ such that f(C(R)) lies in R.

Inparticular we getthatif R € C(R) x P! (R) is an admissible semi-al gebraic subset
which does not have topological obstruction then there is a morphism f : C — }P’]}Q
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of schemes over R such that f(C(R)) lies in R. We are going to prove the theorem
above via a sequence of lemmas.

Lemma 4.3 For some closed subscheme Z C C leth : Z — ]P’&Q be an interpolation
condition. Then there is a morphism f : C — IP’]{Q of schemes over R such that f is
compatible with h and f has no poles on C(R) outside of Z.

Proof First assume that & is actually a map h : Z — A]{Q{. By our usual abuse of
notation let Z also denote the effective divisor defining this closed subscheme and let
d denote its degree. Choose an effective real divisor D on C which is supported outside
of C(R) and whose degree is bigger than 2g + d where g is the genus of C. Then
by the Riemann—Roch theorem we have dim H'(C, O¢ (D)) = 0, so the pull-back
induces a surjection:

HY(C,Oc(D + 7)) — HZ,0c(D + 2)|).

Therefore there is a real rational function f on C compatible with & whose polar
divisor is a sub-divisor of D.

Now consider the general case. We may assume without loss of generality that Z
is non-empty. Since Z is a finite scheme over R there is an interpolation condition
h:Z— Aﬂz{ — {0} such that the composition of } and the projection AHZ{ — {0} —» IP’I]R
given by the rule (a, b) — (a : b) is h. Let Zl 1 Z — AER and Ez 1 Z - Aﬁ% denote
the first, respectively the second, coordinate of n. By the above there is a rational
function f> on C compatible with /5. Let O be the zero divisor of f,. We can write
itas O = 01 + Oz + O3, where O is supported on the support of Z, the divisor
0> is supported on the complement of the support of Z in C(R), and O3 is supported
outside of C(RR). Now let

h:Z] 20, — Ay

be the unique map such that /1|7 is 711, and h1|20, is f2]20,. By the above there is a
rational function f; on C compatible with 41 whose polar divisor is supported outside
of C(R). Since Z is non-empty, the functions fi, f> are not both identically zero,
and hence there is a non-empty Zariski-open U C C such that the rule z — (f1, f2)
furnishes a map f U — AHZR — {0}. The composition of f and the projection
A%R — {0} — Pﬁ extends uniquely to a morphism f : C — ]P’IlR by the valuative
criterion of properness. By our choice of f and f> itis clear that f is compatible with
h. It is also clear that on C(R) — Z the rational function f can only have poles on the
support of O,. However the zero divisors of f] and f> are equal on the support of Oy,
in fact it is O in both cases, so f does not have a pole on the support of O either. O

Lemma4.4 Let A and B be smooth irreducible algebraic varieties over R, and let
f i A(R) = B(R) be a Nash map, and let Z C B be a closed subscheme of positive
codimension. Then the intersection of f ~1(Z)(R) with each connected component
of A(R) is either a semi-algebraic subset of positive codimension, or the connected
component itself.
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Proof Let D C A(R) be a semi-algebraic connected component, and let D; C D be
the collection of all points x € D such that x has a semi-algebraic open neighbourhood
U C D such that the semi-algebraic set U N £~ (Z) has dimension strictly less than
D. Clearly D is open (in the usual semi-algebraic topology). Set D> = f~!'(Z)— Dy;
since f -1 (Z2) is closed, the set D is closed, too. It will be sufficient to show that D,
is also open. Clearly we only need to verify the latter Zariski-locally, that is, we may
assume without loss of generality that A is affine.

Now let x € D; be arbitrary; then there are a Zariski-open affine neighbourhood
V C B of f(x) and a finite set of regular maps g1, g2, ..., g, from V to Aﬁ% such
that Z NV is the common zero locus of g1, g2, ..., &s. Let U C f~1(V(R)) be a
connected semi-algebraic open neighbourhood of x in D. Then gi(R)o f : U — R
is a Nash function for each index i, so by Proposition 8.1.10 of [2] on page 166 its
zero set Z; C U has either dimension strictly less than U, or this set Z; is equal to U.
Since Z; contains f~1(Z)(R) N U the former is not possible, so Z; = U for every
index i. This implies that f~'(Z)(R) N U also equal to U. O

Lemma 4.5 In the proof of Theorem 4.2 we may assume that R € C(R) x A'(R)
without loss of generality.

Proof By Lemma 4.4 for every connected component D C C (R) either s is constant
on D, or s takes every value only finitely many times on D. Therefore for all but
finitely many x € P'(R) the function s takes x only finitely many times on C(R),
and hence after applying an automorphism of P! over R, if this is necessary, we may
assume that the set T of points ¢t € C(R) where s() = oo is finite without loss
of generality. We may even assume that ¢ does not take oo as a value. Since Nash
maps are analytic, there are an effective zero divisor Z with support on C(R) and an
interpolation condition 4 : Z — ]P’]}Q compatible with s such that for every Nash map
r: C(R) —» PY(R) compatible with % the limit

lim (s (x) — 7 (x)) 4.5.1)

exists and finite for every r € 7. We may even assume that s subsumes ¢ without loss
of generality by choosing a Z such that Z — S is effective. By Lemma 4.3 there is a
morphismr : C — IF’]{% of schemes over R such that » is compatible with & and r has
no poles on C(R) outside of Z.

By our assumptions both s and r take values in R on C(R) — T, so their difference
§ = s — r is a Nash function C(R) — T — R. Since the limit (4.5.1) exists and finite
for every t € T, this map 5 extends uniquely to a continuous map C(R) — R which
we will also denote by 5 by slight abuse of notation. The latter is also Nash and it is
compatible with aunique interpolation condition 5 1 Z — Aﬁ- LetR c C(R)xA'(R)
be the union of the image of s and the set

{(x,y) € C(R) x A'(R) | x ¢ T and (x, y 4+ r(x)) € R}.

The set R is admissible, and it contains the image of s. So if we assume that the
claim of the theorem holds for R then there is a map f C — ]P> of schemes over R
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compatible with $ such that f (C(R)) liesin R. The rational function f—i—r C -—» }P’ﬂ{
extendstoamap f : C — ]P’IIR which is compatible with ¢ and f(C(R)) liesin R. O

Proposition 4.6 Let R C C x AL(R) be an admissible semi-algebraic subset, and let
s : CR) — C x A'(R) be a Nash section whose image lies in R. Then there are
an open neighbourhood U of s in the C*°-topology, a finite subscheme Y C C and
an interpolation condition ¥ : Y — C X Aﬁg compatible with s with the following
property: for every C®-section r : C(R) — C x A'(R) which lies in U and is
compatible with , the image of r lies in R.

Proof Let sy, 1, : C(R) — R denote the second coordinate functions of s and . The
set of kissing pointsis Z = R\ R°. Let T = n(Z) C C(R), and let V C C(R)
be an open neighborhood of 7" which is the union of disjoint open intervals. We fix
a real analytic imbedding V — (0, 1) C R, this induces a real analytic imbedding
of G = V x A'(R) into the Euclidean plane. In particular, U and G inherit the
Euclidean metric. Let A = G \ R°, itis a closed semi-algebraic setin G. Let K C V
be a compact neighborhood of T in V, and let S denote the maximum of |r2(t)| for
t € K.Let E C A denote the compact subset E = (K x [-S — 1, S + 1]) \ R°.
Consider the real analytic function

f:G=VxA'®R >R, f(t,a)=la—s0)

The zero set of f is s(V), hence the zero set of the restriction f|4 is just Z. By the
Lojasiewicz inequality (in the form of Corollaire to Théoréme 1 of section 18 in [12])
applied to our f, G, A, E, and Z, there are d, N > 0 such that

|f(x)| = d - dist(x, z)N forallx € E. 4.2)
Choose an integer M > N /2, and set d = min (\/Z , 1). Then
la —so(t)] = d - dist(r, T)¥ whenevert € K, (t,a) € A. 4.3)

Indeed, the projection 7 is a contraction, and dist(z, 7) < 1 since U was imbedded
into (0, 1). So (4.2) implies (4.3) for (¢, a) € E. On the other hand if (¢, a) ¢ E then
la] > S + 1, hence |a — sz(t)| > 1, and (4.3) follows again.

With the divisor Y = MT lety : ¥ — C x AfR be the (unique) interpolation
condition (of order M) compatible with s. Suppose now that a section » is compatible
with i, and its CM+1_distance from s is less than, say, 1. If D denotes the maximum
of |S§M+1)(l)| fort € K, then |r2(M+l)(t)| < D+ 1forallt € K. By Taylor’s theorem
(with the Lagrange form of remainder)

D+1
|ra(t) — s2()] < 2(1\/1—3:1 dist(r, )M forallt € K. 4.4)

1Y)

Combining (4.3) and (4.4) we obtain that, after possibly shrinking K, r(t) =
(t,r2(t)) ¢ Afort € K\ T, hence r(K) C R.
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On the other hand Q = s(C R)\ K °) is a compact set in R°. If the CO-distance of
r from s is smaller than dist(Q, A), then r(C(R) \ K) C R as well. o

Proof of Theorem 4.2 By Lemma 4.5 we may assume that R € C(R) x Al(R) without
loss of generality. By Proposition 4.6 there is an open neighbourhood U of s in the
C*°-topology and an interpolation condition ¢ : ¥ — A]ﬁ compatible with s with the
following property: for every C*®-section r : C(R) — C x A!(R) which lies in U
and compatible with i, the image of r lies in R. Let T be a zero-dimensional closed
subscheme of C whose closed points are all real and which contains both S and ¥ as a
closed subscheme. Leth T — Al be the unique interpolation condition compatible
with s. Since s is compatible both w1th ¢ and ¥, the interpolation condition ¢ subsumes
both ¢ and ¥. By Lemma 3.15 there is a regular section r : C — C x A! compatible
with 5 such that r(R) lies in U. Since 5 subsumes ¢, the section r is compatible with
¢. Since 5 subsumes ¥/, the section r is compatible with ¥/, too. Therefore the image
of r(R) lies in R. m]

5 The main theorem and some easy reductions

Definition 5.1 Note that for every x € C(R) the discrete valuation of R(C), induces a
topology on the projective space P (R(C), ), and hence on the R(C) -valued points of
any quasi-projective variety defined over R(C),. Moreover this topology is canonical
in the sense that it does not depend on the choice of the embedding into a projective
space. We will call this the x-adic topology. Now let X be again a smooth, irreducible
projective variety defined over R(C). We will equip the direct product

X(Ao)= [] XR©)y)

xeC(R)
with the direct product of the x-adic topologies.

Remark 5.2 Let X be as above, and let X be a model of X over C. It is possible to
give a simple description of a basis for the topology on X (A¢) defined above in terms
of X as follows. By slight abuse of notation let X' (O,) denote the set of sections
Spec(O;) — X xc¢ Spec(O;) for every x € C(R). As we already noted we have
a bijection X(R(C),) = X (Oy) for every x € C(R) by the valuative criterion of
properness, so we have a bijection

X(A¢) = ]‘[ X(0,), (5.2.1)
xeC(R)

too. For every interpolation condition ¢ : § — X x¢ § let

us,pyc ] x©on

xeC(R)

@ Springer



1010 A. Pal, E. Szabd

be the subset of all those sections whose pull-back under the closed immersion

S— J] Spec(o))
xeC(R)

is ¢. These sets form a basis for the topology of X (A¢) under the map in (5.2.1).

For every morphism f : X — Y of varieties over R(C) and for every ¢ € Y (R(C))
let X, denote the fibre of f above c¢. Our main result Theorem 1.5 follows from the
following

Theorem 5.3 Assume that C (R) is non-empty. Let Y be a smooth, projective, rational
variety over R(C), and let X be a smooth, projective, irreducible variety over R(C)
endowed with a dominant morphism f : X — Y with a geometrically irreducible and
smooth generic fibre. Let

M= ] Mcex@o,
xeC(R)

and let U C X(Ac¢) be an open neighbourhood of M. Then there exist

(1) a point ¢ € Y (R(C)) such that X is smooth, and
(i) an N € Xc(Ac)CT such that N € U.

Remark 5.4 Note that Theorem 1.5 is trivially true when C(R) is empty. Indeed in this
case there is no C T obstruction both for the smooth fibres of f over rational points and
for X itself. By assumption all such fibres will have rational points, so X has rational
points, too.

Proof We start the proof with two easy reduction steps. For the sake of simple notation
set

1 1 1

n-times

Proposition 5.5 We may assume that Y = Y, for some n without loss of generality.

Proof Using resolutions of singularities it follows from the assumption that there is a

diagram
Y
N
Y Y,
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of birational morphisms between smooth projective varieties over R(C) (for some n).
Let X — X Xy Y be a desingularisation of the pull-back X xy Y of X via ¢ which
is isomorphic over the nonsingular part, and let f X — Y be the composition of
this desingularisation and the base change of f with respect to ¢. Let V C Y be
a non-empty Zariski-open subset such that the restrictions of both ¢ and i onto V
are isomorphisms onto their images, and f is smooth over ¢ (V). Then we have a
commutative diagram:

X X
Lf lf
vy oy

such that p maps f L) 1som0rphlcally onto f~ (¢>(V)) In particular p is birational.
Let Z C X be the complement of f~ (¢(V)) and let Z C X be the complement
of f 1(V). Now let M be an element of X (Ac)CT, as in the claim above. We may
assume without loss of generality that its given open neighbourhood U is of the form

1 o

xeC(R)

where Uy is an x-adic open neighbourhood of M, in X (R(C),) for every x € C(R).
Let I € C(R) be the set of those x € C(R) where U, # X(R(C),). The set [ is
finite.

Now let X be a model of X over C and for every x € C(R) let T, € X(R(C)y) be
the x-adic open neighbourhood of M, which under the bijection X (R(C),) = X (Oy)
corresponds to those sections Spec(O,) — & x¢ Spec(O,) whose special fibre is
the same as the special fibre of the section corresponding to M,. Since Z is a proper
Zariski-closed subscheme of X, the set Z(IR(C),) is nowhere dense in X (R(C)y)
with respect to the x-adic topology, so there is a non-empty W, C U, N Ty, open with
respect to the x-adic topology, such that W, and Z(R(C), ) have empty intersection,
for every x € C(R). By the above for every

H M, € 1_[ W,
xeC(R) xeC(R)

we have 0 (M') = o (M) (see Notation 3.5). Pick such an M’. Then by Theorem 3.6
we have M’ € X (A¢)CT. Clearly it will be enough to show the claim for M’ and for
any of its open neighbourhoods contained in

w=[w.x ] X®©w.

xel xeC(R)—1

Therefore we may assume, without loss of generality, that M, ¢ Z(R(C),) for every
x € C(R), the set I is non-empty, and U, N Z(R(C),) = @ for every x € I. Since p
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maps f’l (V) isomorphically onto f:l (¢(V)) we get that there is a ]VIX € )?(R(C)x)
for every x € C(R) such that M, ¢ Z(R(C)y) and p(M,) = M,. By Lemma 2.7 we
know that

Moreover for every x € I there is an x-adic open neighbourhood Ue € X(R(C)y)
of M, such that U, N Z(R(C)yx) = ¥ and U, maps to Uy homeomorphically with
respect to p. Set

U=[]0:x ] X®©)w;

xel xeC(R)—1

it is an open neighbourhood of M Since the map ¢ o f X — Y, satisfies the
conditions of theorem, we get that there is a point ¢ € Y,(R(C)) such that X is
smooth, and an N € X (AC)CT such that N € U Let x be now an element of 7.
Then c lies in the image of Ux with respect to ¥ o f so it must lie in ¥ (V (R(C)y)).
Therefore there is a unique ¢ € V(R(C)) such that ¢ = ¥ (¢). Set ¢ = ¢(c) and
= p(N) Clearly ¢ € ¢(V(R(C))) and hence X is smooth. Moreover p maps X

1somorphlcally onto X, s0 N € X.(Ac)CT. Finally N € U since p maps Uinto U.

O

Lemma 5.6 We may assume that Y = Pﬁ%(C) without loss of generality.

Proof We may immediately reduce the case when Y = Y, to the case when Y = Pﬁg( 0
via an easy induction on 7, so the claim follows from the proposition above. O

6 The fibration method

Let us begin the main part of the proof of Theorem 5.3. By the above we may assume
without loss of generality that ¥ = Pﬁa(cy By resolution of singularities there is an
integral, smooth, projective variety X equipped with a projective dominant morphism
f: ¥ - Cx ]P’]k over R whose generic fibre is f : X — IP’IIR(C). In particular X
is a model of X over C with respect to the composition p of f with the projection
m:C x IP’IIR — C onto the first factor.

Since the generic fibre of f is smooth, the same holds for f, too. Therefore there
is a closed subscheme Z C C x Pﬁk of positive codimension such that fl¢-1,) :
=) — U is smooth, where U = C x IP’]E — Z is the complement of Z. Now let
M be an element of X (AT, and let U C X(Ac) be an open neighbourhood of
M, as in the claim above. We may assume without loss of generality that there is an
interpolation condition ¢ : § — X x¢ S such that the open neighbourhood U given
is of the form U (S, ¢) by Remark 5.2.

Proposition 6.1 There isan M' € X(Ac)CT N U such that
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(i) the sectionoc(M') : C(R) — X, (R) is Nash,
(ii) the section o (M) is compatible with ¢,
(iii) the section f(R) o o (M) only intersects Z(R) in finitely many points.

Proof By our assumption U is of the form

U=HUX

xeC(R)

where Uy is an x-adic open neighbourhood of M, in X (R(C),) for every x € C(R).
Let I € C(R) be the set of those x € C(R) where U, # X(R(C),). The set [ is finite.
For every connected component D C C(R) for all but finitely many x € D the inter-
section Z N7~ 1(x) is a zero dimensional scheme, since Z has positive codimension
in C x IP’}&. Since p is generically smooth and has geometrically irreducible fibres,
for all but finitely many x € D the fibre X, is smooth and geometrically irreducible.
Therefore for all D as above we may choose a point x (D) € D which does notliein /,
the intersection Z(R) N7~ (xp)(R) is finite, and Xy (p) is smooth and geometrically
irreducible.

For every D as above let Ep C & (p)(R) denote the connected component con-
taining my(py = o (M) (x(D)) € X (p)(R). We claim that there is an np € Ep such
thatnp ¢ £~1(Z)(R). Assume that this is not the case for some D € 7o(C(R)). Then
the image of Ep under f(R) lies in the finite set Z(R) N 7 (x(D))(R). But Ep is
connected, so is its image under the continuous map f(R), which therefore must be a
point pp € Z(R) N7~ (x(D))(R). Note that Ep is Zariski-dense in Xy (D). Indeed
suppose that this is not the case; as the latter is geometrically irreducible, the Zariski-
closure of Ep has dimension strictly less than the dimension d of X, (p). Therefore
the dimension of the semi-algebraic set Ep is also less than d. But X, (p) is smooth,
so the dimension of Ep is d by the inverse function theorem, which is a contradiction.
We get that Xy (p) lies in f ~!(pp), and hence the fibre of f over any other point in
771 (x(D)) is empty. But this is a contradiction, so our original assumption on the
image of Ep with respect to f(R) is false.

For every D as above choose an Ny (p) € X(R(C)x(p)) such that the special fibre
of the section Spec(Oy(py) — X x¢ Spec(Oy(p)) associated to Ny (p is the point
np € Ep — f~1(2)(R) found above. (This is possible by Hensel’s lemma.) Let
N € X(Ac)CT be the point we get from M by replacing M x(p) With Ny (p) for every
D as above. Clearly N € U, and by Proposition 3.4 we have N € X(Ac)CT. Let
T be the effective zero cycle S + > pe o cwyXp and let ¥ : T — X xc T be
the unique interpolation condition which subsumes ¢ and ¥ (y) is the special fibre of
the section Spec(Oy) — X x¢ Spec(O,) associated to Ny for every y € T. This
interpolation condition v is weakly compatible with o (), so there is a Nash section
p: C(R) » X, (R) compatible with i by Proposition 3.19. Since p(xp) ¢ Z(R)
for every D € mo(C(R)) by construction, by Lemma 4.4 the section p only intersects
Z(R) in finitely many points. Again by Hensel’s lemma there is an M’ € X (A¢)¢T
such that o (M') = p and M|, = N, = M, for every x € I. Clearly M’ € U and by
Theorem 3.6 we have M’ € X (Ac)CT. O
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Replacing M by M’ we may assume without loss of generality that o (M) is Nash,
compatible with ¢, and f(R) o o (M) only intersects Z(R) in finitely many points.
Recall that a Nash map @ : A — B of Nash manifolds over R is Nash trivial if there
is a Nash manifold L and a Nash diffeomorphism » : L x B — A (over R) such that
aob: L x B — B is the projection onto the second coordinate.

Proposition 6.2 There is an admissible semi-algebraic subset R € C(R) x P'(R)
such that

(1) the image I of f(R) o (M) lies in R,
(ii) the set R° lies in U(R),
(iii) there is a Nash retraction p : R° — R° N1,
(iv) for every semi-algebraic connected component O C R the map

fR)lgg)-1(0) R (0) - O

is Nash-trivial.

Proof Sincel{(R) is a Nash manifold over R, there is a finite covering {V;} ;e s of U (R)
by open semi-algebraic subsets which are Nash diffeomorphic to an affine space over
R, necessarily of dimension 2, by Lemma 3.2 of [9] on page 1217. For every j € J
the restriction

FR)lpy-1(v;) - ER) (V) =V

is a proper surjective submersion of Nash manifolds, so it is Nash trivial by Proposition
5.2 of [6] on page 368 and the main theorem of [9] on page 1209. For every j € J
the intersection V; NI is semi-algebraic and open in I, so its image Q; under the
projection 7 (R) is semi-algebraic and open in C(RR). Therefore Q; is the union of
finitely many pairwise disjoint open intervals or circles, i.e. open and connected sets.
By possibly refining the covering {V} jc; we may achieve that we have only intervals,
no circles.

Let B be the union of the end-points of these open intervals for all j € J, where
by end-points we mean accumulation points not in the interval. Since the set of these
intervals is finite, the set B is also finite. The complement of B in C(R) is the union
of finitely many pair-wise disjoint open intervals; let K denote the set of these open
intervals. Since the sets {V;};c; cover all but finitely many points of I, for every
H € K the pre-image 7(R)~"'(H) NI lies in V; for some j € J. For every such
H fix such a V; and let Wy C V; be a semi-algebraic tubular neighbourhood of
RV H)NTin7z®R)“YH)N V. (The latter exists by Corollary 8.9.5 of [2] on
page 199.)

Let R be the union of the {Wg } ycx and L. Since B is finite, the set R is admissible,
and (i) holds for R by construction. Since the elements of K are pair-wise disjoint, the
elements of {Wy } ek are also pair-wise disjoint. Forevery H € K the semi-algebraic
set 7 (R)~! (H) N1 is connected, so the same holds for its tubular nei ghbourhood Wg.
As R° =y cx WH, we get that the sets {Wg} gk are the connected components
of R?. Since Wy C V; for some j, condition (iv) holds. As the sets {V} <y lie in
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U(R), condition (i7) is true. Moreover Wg is a semi-algebraic tubular neighbourhood
of Wy NI = n(R)~'(H) N1, so there is a Nash retraction py : Wy — Wgx N1 for
every H € K. Therefore (iii) holds, too. O

Definition 6.3 For every x € C x P!(R) and every 1-dimensional subspace L of the
tangent space of C x Platx let X, 7.sm C Xy be the largest open sub-scheme such that
for every closed point P of X7 s, the image of the differential of f at P contains L.
Leto : C(R) — X (R) be a Nash section of p(R) and let R, € C(R) x P'(R) be an
admissible semi-algebraic subset which contains the image Im(f(R) o o) of f(R) o 0.
For every point x on Im(f(R) o o) let L(x) denote the tangent line of f(R) o o at x; it
is a 1-dimensional subspace of the tangent space of C x P! at x. A butterfly extension
of o on R is a semi-algebraic section 8 : Ry — X (R) of f(R) such that o restricted
to RY is continuous, the composition g of(R) oo is o, and for every kissing point x of
Ry on Im(f(R) o o) the intersection of the closure of the image of 8 with X, (R) lies
in the connected component of B(x) in X (x) sm (R). (Note that B(x) = o (7w (R)(x)),
so B(x) does lie in X7 () sm (R), since o is a Nash section.)

Proposition 6.4 There is an admissible semi-algebraic subset R, < R containing
Im(f(R) o 0(M)) = I such that there is a butterfly extension s : Ry — X(R) of
o (M).

Proof We will need the following easy semi-algebraic separation lemma. O

Lemma 6.5 Let F and G be two disjoint closed semi-algebraic subsets of X (R). Then
there are two disjoint open semi-algebraic subsets A, B C X (R) such that F C A
and G C B.

Proof Since X is projective, by Theorem 3.4.4 of [2] on page 72 there is a continuous
semi-algebraic embedding ¢ : X(R) — R™ for some positive integer m. Because X
is projective, the semi-algebraic set X' (R) is compact, so the same holds for its closed
subsets F and G. Therefore ¢(F) and ((G) are closed in R™, and by elimination of
quantifiers these sets are also semi-algebraic. Then d = dist(F, G) > 0, where dist
stands for the Euclidean distance. The sets

d d
A:{geRm|dist(g,F)<§}, B:{ieRm|dist(£,G)<§}

are open, semi-algebraic, contain F and G, respectively, and A N B = . O

By removing every kissing point of R which does not lie on I we may assume that
every kissing point of R lies on I without loss of generality. Let p : R — R° N1
be a Nash retraction. For every semi-algebraic connected component O C R let
Mo be a compact Nash manifold such that there is a Nash diffeomorphism bo :
Mo x O — f(R)~1(0) such that f(R) o bp : Mp x O — O is the projection onto
the first coordinate. For every such O letap : Mg x O — Mg be the projection
onto the second coordinate, let pp : O — O N1 be the restriction of p onto O, let
ro : O — M denote the composition:

ao oby' oo (M) on(R) o po,
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and let sp : O — f(R)~1(0) be the composition of the map:
O — O x Mg givenby t — (t,rp)

and bg. Let 5° be the coproduct of the maps s¢ for all such O. The map s° is a Nash
section of

f(R) @)1 (ro) : FR) T (R) — R°

which extends o (M) o w(R)|rong. It has a unique extension s : R — X' (R) such that
so f(R)yoo(M)iso(M).

For every point x on I let L(x) denote the tangent line of f(R) oo (M) at x. Note that
for every x € I we have s(x) = o (M) (w(R)(x)), and o (M) is a Nash section, so s(x)
lies in X7 (x) sm (R). Therefore it will be enough to show that there is an admissible
semi-algebraic subset Ry C R containing I such that for every kissing point x of R
on I the intersection of the closure of the image of s with X, (R) lies in the connected
component of 5(x) in X7 (x) sm. Let K denote the set of kissing points of R.

Forevery x onIlet X (y) paq be the complement of X7 (y) sm in Xy. Foreveryx € K
the subscheme X7, (y) paq Of X is Zariski-closed, so the semi-algebraic set X7 (v paq (R)
is closed in X' (R), and does not contain s(x), hence by Lemma 6.5 we may pick two
disjoint open semi-algebraic subsets Ay, By C X (R) such that X7 (y) pea(R) C Ay
and s(x) € By.Now let E be any semi-algebraic connected component of X7 (x) ¢ (R)
which does not contain s (x), and let E denote its closure in X, (R). Since E is closed
in Xp(x),sm(R), and s(x) lies in Xy () sm (R), the set E does not contain s(x), so by
Lemma 6.5 we may pick two disjoint open semi-algebraic subsets Ag, Bg C X'(R)
such that E C Ag and s(x) € Bg.

For every x € K let W, be the intersection of B, and the B for all E as above. The
set of connected components of X7 () sm (R) is finite, therefore the set W, is an open
semi-algebraic neighbourhood of s(x) such the intersection of its closure with & (R)
lies in the connected component of s(x) in X7 (x) sm. Since o (M) is continuous, for
every x as above m(R)(x) has an open connected neighbourhood V, in C(R) such
that o (M) maps V, into W,. We may assume that the sets V, are pair-wise disjoint
by shrinking them, if this is necessary. For every x € K let R, be the intersection of
7(R)~!(V,) with the image of W, Nf(R) ™' (R?) with respect to f. Since R’ C U(R),
the restriction of £ onto W, N f(R)~!(R?) is a Nash submersion, and hence open by
the implicit function theorem. Hence R, is open and semi-algebraic. Since o (M) is a
section, the set R, also contains the image of V, — (R)(x) with respect to f(R)oo (M).

Let T be the interior of the complement of the union of V, for all x € K in C(R).
Then the set

Riy = (n(R)_l(T) n R”) UlJR R

xek

is open, semi-algebraic and contains all but finitely many points of I. Therefore Ry =
R4 UIis an admissible subset of R. For every x € K the intersection of the closure
of the image of s|g, with X, (R) lies in the connected component of s(x) in X7 (x),sm

@ Springer



The fibration method over real function fields 1017

by construction. If x is a kissing point of R4 notin K, thenx € R, so s is continuous
at x, and hence the intersection of the closure of the image of s|g, with & (R) is just
s(x). O

Let X, € X be the smooth locus of f.

Lemma 6.6 Let x be a point in C(R), let y € X5 (R(C)y) be a point, and let U C
X(R(C)y) be an open neighbourhood of y in the x-adic topology. Then there is an
open neighbourhood V of f(y) in the x-adic topology such that for every z € V the
set =1 (2)(R(C)y) NU is non-empty.

Proof By the implicit function theorem there is an open neighbourhood W of f(y) in
the x-adic topology and a sections : W — X, (R(C),) of the x-adic analytic map
Xm(R(C)y) — PYR(C),) induced by f such that s(f(y)) = y. This is continuous
with respect to the x-adic topology. Therefore there is an open neighbourhood V.C W
of f(y) in the x-adic topology such that s(V) C U. For every z € V we have
s(2) € TN @RC)) NU. O

For every x € I let P, denote the formal completion of the Nash section o (M)
around o (M)(x); it is a section Spec(O,) — X x¢ Spec(O,). By slight abuse
of notation let the same symbol P, denote its generic fibre, too. Since o (M) only
intersects Z(R) in finitely many points, we have P, € X, (R(C)y). By property (ii)
of Proposition 6.1 we have P, € U, for every x € I, so by Lemma 6.6 for every
x € [ there is an open neighbourhood V, of f(Py) in the x-adic topology such that
for every z € V, the set f “1@)R(C),) N Uy is non-empty. We may assume that
Ve, = PY(R(C),) whenever U, = X(R(C),). There is an interpolation condition
% : T — P! compatible with f(R) o o (M) such

vl c[vex J] P'®Ow.

xel xeC(R)—1

Now let R+ € R be an admissible semi-algebraic subset containing the image I of
f(R)oo(M) and lets : R+ — X (R) be a butterfly extension of o (M). By removing
every kissing point of Ry which does not lie on I we may even assume that every
kissing point of Ry liesonI. Let« : T — P! be an interpolation condition subsuming
K : T — P!, compatible with f(R) o o (M) such that for every kissing point z of R,
the point 7 (R)(z) has coefficient at least 2 in 7.

By Theorem 4.2 there is a regular map ¢ : C — P! compatible with « such that
the graph I'c of ¢ in C x P!(R) lies in Ry. Let ¢ € P!(R(C)) be the generic point
of ¢. Let X, denote the closed subscheme £~!1(I'.) C X and let 7. : X, — C be the
composition of f and 7. Since all but finitely many points of I'¢ liein RS C U(RR), the
generic fibre X, of &, (with respect to 7z.) is smooth. Let X, 5, C A, be thfi smooth
locus of .. By resolution of singularities there is a sequence of blow-ups r : X, — A,
such that X, is a model of X, over C and contains X, s, as an open sub C-scheme,
i.e. the restriction r|r*1(Xc,sm) a7l (Xe.sm) = Xegm 1s an isomorphism.
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Lemma 6.7 The image of s o ¢(R) lies in X 5n (R) and the composition
socR): C(R) > Xegn(R) C X.(R)

is weakly continuous.

Proof Since restriction of f onto f~! (/) is smooth, and RS lies in U(R), for every
z € T«(R) N RY the point s(z) lies in A, 5, (R). If z € T'¢(R) — RS then z is a kissing
point of Ry lying on I. Therefore the point 7 (R)(z) has coefficient at least 2 in T, so
the tangent lines of ' and I at z are the same; let L denote this tangent line. Note that
the fibre of X, s, above z is X7 ;. Since o (M) is a Nash section, its tangent vector
at s(x) maps non-trivially into L, and we get that s(x) lies in & 4, in this case, t0o.
Also note that the closure of the image of s o ¢(R), considered as a map into X (R),
lies in the pre-image of the closure of the image of s o ¢(IR), considered as a map
into A, (R), with respect to 7 (R). Therefore the second half of the claim follows from
Proposition 3.21. O

Now we can complete the proof of Theorem 5.3. Since c € U(T, k), foreveryx €
the set f “LO(RC))NUy is non-empty, and we may choose N, from this set. Using
Hensel’s lemma for every x € C(R) — I we get that there is an Ny € X (R(C),)
such that the special fibre of the section Spec(O,) — X x¢ Spec(O,) associated
to Ny is the point s o ¢(R)(x). Set N = erC(]R) Ny. Clearly N € U. Moreover

o (N) = s o ¢(R), which is weakly continuous by Lemma 6.7, so N € X(Ac)CT by
Theorem 3.6. O
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