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Abstract

We show local well-posedness for a Mullins-Sekerka system with ninety degree angle
boundary contact. We will describe the motion of the moving interface by a height
function over a fixed reference surface. Using the theory of maximal regularity together
with a linearization of the equations and a localization argument we will prove well-
posedness of the full nonlinear problem via the contraction mapping principle. Here
one difficulty lies in choosing the right space for the Neumann trace of the height
function and showing maximal L , — L -regularity for the linear problem. In the second
part we show that solutions starting close to certain equilibria exist globally in time,
are stable, and converge to an equilibrium solution at an exponential rate.

1 Introduction

In this article we study the Mullins-Sekerka problem inside a bounded, smooth domain
Q C R*, n = 2, 3, where the interface separating the two materials meets the boundary
of 2 at a constant ninety degree angle. This leads to a free boundary problem involving
a contact angle problem as well.

We assume that the domain € can be decomposed as Q = Q7 (t)Uf‘(t)OQ_(t),
where lo“(t) denotes the interior of I'(¢), an (n — 1)-dimensional submanifold with
boundary. We interpret I'(r) to be the interface separating the two phases, Q% (7),
which will be assumed to be connected. The boundary of I'(¢) will be denoted by
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dI'(t). Furthermore we assume I'(¢) to be orientable, the unit normal vector field on
I'(t) pointing from 7 (7) to 7 (¢) will be denoted by np ).
The precise model we study reads as

Vray = —[nre - Vi, onI'(1), (1.1a)

ulr@) = Hre, onT'(1), (1.1b)

Ap =0, in Q\I'(1), (1.1¢c)

nye - Vulge =0, on 9%2, (1.1d)
roce, (1.1e)

AT (1) C 9, (1.1f)
Z((t),02) = m/2, on dI'(1), (1.1g)

subject to the initial condition
[[;=o = To. (1.1h)

Here Vr(, denotes the normal velocity and Hr(; the mean curvature of the free
interface I"(¢), which is given by the sum of the principal curvatures. Note that for our
choice of orientation the curvature of I'(¢) is negative if Q7 (¢) is convex. By [-] we
denote the jump of a quantity across I'(¢) in direction of nr (), that is,

[f1(x) == lim [f(x+enrp) — f(x —enrp)], x € T@).

li
e—>0+

Equation (1.1g) prescribes the angle at which the interface I'(¢) has contact with the
fixed boundary 92, which will be a constant ninety degree angle during the evolution.
We can alternatively write (1.1g) as the condition that the normals are perpendicular
on the boundary of the interface,

nrq) -hee =0, ondl'(?). (1.2)

For the physical origin of the Mullins-Sekerka problem we refer to [12,18]. For a
discussion of the Mullins-Sekerka problem in the context of gradient flows we refer
to [16,17,28]. Existence of classical solutions locally in time was shown in [9] for
two-dimensional domains and in [14] for general dimensions. Stability of spheres
and exponential convergence to some sphere was shown in [8] for two-dimensional
domains and in [15]. Existence of weak solutions globally in time was shown in [33]. In
Alikakos et al. [3] consider the case of ninety degree contact in two space dimensions
in the case where the initial interface is assumed to be smooth and close to a part of
a circle. They discuss the qualitative behaviour for large times and sufficiently small
droplets. They obtain stability and instability results in dependence of the curvature
of the boundary. Their arguments rely on an harmonic extension of the curvature and
finding explicit formulas in complex variables.
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Well-posedness and qualitative behaviour of the Mullins-Sekerka... 365

Let us first state some simple properties of this evolution. Note that we obtain the
compatibility condition

Z/(To, 3Q) = /2 on aTy.

Furthermore, the volume of each of the two phases is conserved,
d
E'Q =0, teR;. (1.3)

Here, Q% (r) denote the two different phases separated by the sharp interface, Q =
QT (@) UTI'() U Q™ (¢). Then (1.3) stems from

d _ _
— Q7] =/ VepdH' ™ = —/ [nre) - Vu]dH"™
dt ING) NG

= / Apdx = 0.
Qt(n)

However, the energy given by the surface area of the free interface I'(¢) satisfies
d IT(@)| <0, teR
dt - *

Indeed, an integration by parts readily gives

d _ _
Elr(l)l = —/ Hr) Vr@ydH"™! =/ wlrolnre - Vu]dH"™!
() @)

= _/ |Vul?dx < 0.
Q

In this article we are concerned with existence of strong solutions of the Mullins-
Sekerka problem (1.1) locally in time and stability of certain equilibria. In comparison
to [3] we do not restrict ourselves to a two-dimensional situation and sufficiently small
droplets. To this end we will later pick some reference surface ¥ inside the domain
2, also intersecting the boundary with a constant ninety degree angle, and write the
moving interface as a graph over X by a height function /4, depending on x € ¥
and time ¢ > 0. Pulling back the equations to the time-independent domain Q\X
we reduce the problem to a nonlinear evolution equation for /. The corresponding
linearization for the spatial differential operator for / then turns out to be a nonlocal
pseudo-differential operator of order three, cf. [15]. We also refer to the introduction
of Escher and Simonett [15] for further properties of the Mullins-Sekerka problem.

In the following, we will be interested in height functions # with regularity

he Wy (0.7: Wy ) N L, 0,75 Wy (),
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where p and ¢ are different in general. We will choose ¢ < 2 and p finite but large,
to ensure that the real interpolation space

1-1 4-1 4—1/g-3
Xy o= (W @ W) =)

continuously embeds into C%(X), cf. e.g. Sections 3.3.1 and 3.3.6in [35] . By an ansatz
where p = ¢ < 2, this is not achievable. We need however the restriction ¢ < 2 to
avoid additional compatibility conditions for the elliptic problem, cf. also Sect. 4.2.
This however requires an L, — L, maximal regularity result of the underlying linear
problem, which we will also show in this article.

Outline of this paper In Sect. 2 we will briefly introduce function spaces and
techniques we work with and give references for further discussion. In Sect. 3 we
rewrite the free boundary problem of the moving interface as a nonlinear problem for
the height function parametrizing the interface. Section 4 is devoted to the analysis of
the underlying linear problem, where an extensive analysis is made on the half-space
model problems. This is needed since these model problems at the contact line are
not well-understood until now. The main result of this section is L,—L, maximal
regularity for the linear problem. Section 5 contains that the full nonlinear problem is
well-posed and Sect. 6 is concerned with the stability properties of solutions starting
close to certain equilibria. These results are part of the second author’s PhD thesis
[32].

2 Preliminaries and function spaces

In this section we give a very brief introduction to the function spaces we use and
techniques we employ in this article. For a more detailed approach we refer the reader
to the books of Triebel [35] and Priiss and Simonett [30].

2.1 Bessel-potential, Besov and Triebel-Lizorkin spaces

As usual, we will denote the classical L ,-Sobolev spaces on R" by W}j (R™), where
k is a natural number and 1 < p < oco. The Bessel-potential spaces will be denoted
by Hj,(R") for s € R and the Sobolev-Slobodeckij spaces by W, (R"). We will also
denote the usual Besov spaces by B;r (R™), where s € R, 1 < p,r < oo. Lastly, as
usual the Triebel-Lizorkin spaces are denoted by F, (R").

These function spaces on a domain 2 C R” are defined in a usual way by restric-
tion. The Banach space-valued versions of these spaces are denoted by L, (£2; X),
W’;(Q; X), H;(Q; X), WIS,(Q; X), B;r(Q; X), F;,(Q; X), respectively. For precise
definitions we refer to [27].

For results on embeddings, traces, interpolation and extension operators we refer
to [1,30,34,35].

The following lemma is very well known and can easily be shown by using para-
product estimates, see [7].
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Well-posedness and qualitative behaviour of the Mullins-Sekerka... 367

Lemma 2.1 Foranys > 0,1 < p1,r < 0o,

lvwlpy @ S [vlBy @) [WLe@®) + VL@ Wy @) 2.1)
forall v, w € B;]r(R") N Lo (R™). In particular, the space B;l,(R") N Loo(R™) is
an algebra.

Proof See Corollary 2.86 in [7]. O

2.2 R-boundedness, R-sectoriality and H*°-calculus

We first define the notion of sectorial operators as in Definition 3.1.1 in [30].

Definition 2.2 Let X be a complex Banach space and A be a closed linear operator
on X. Then A is said to be sectorial, if both domain and range of A are dense in
X, the resolvent set of A contains (—o00, 0), and there is some C > 0 such that
lt(t + A) ") < Cforallt > 0.

The concept of R-bounded families of operators is next. We refer to Definition
4.1.11in [30].

Definition 2.3 Let X and Y be Banach spaces and 7 € L(X, Y). We say that T is
‘R-bounded, if there is some C > 0 and p € [1, 00), such that for each N € N, (T :
j=1,...,N} S T,{x;:j=1,...,N} € X and for all independent, symmetric,
+1-valued random variables &; on a probability space (2, A, 1) the inequality

N N
ZSjTij <C Zijj 2.2)
j=1

LP(2:;Y) j=l LP(2:X)

is valid. The smallest C > 0 such that (2.2) holds is called R-bound of 7 and denote
it by R(7).

We can now define R-sectoriality of an operator as is done in Definition 4.4.1 in
[30].

Definition 2.4 Let X be a Banach space and A a sectorial operator on X. It is then said
to be R-sectorial, if R4(0) := R{t(t + Al > 0} is finite. We can then define
the R-angle of A by means of (,01{«e = inf{f# € (0,7) : Ra(wr — 0) < oo}. Here,
RaA0) :=R{A(L+ A)~": argh| <6}

We now define the important class of operators which admit a bounded H*°-calculus
as in Definition 3.3.12 in [30]. For the well known Dunford functional calculus and
an extension of which we refer to Sections 3.1.4 and 3.3.2in [30]. Let 0 < ¢ < 7 and
Yy, :={z € C: |argz| < ¢} be the open sector with opening angle ¢. Let H (%)
be the set of all holomorphic functions f : X, — C and H*(X) the subset of all
bounded functions of H(X,). The norm in H*°(%,) is given by

| flues,) = sup {If(2)]:z € By}
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Furthermore let

Ho(Zy) = | ) Hup(Zy),
o,f<0

where Hy,5(Zy) == {f € H(Zy) : | f1} 5 < oo}, and | 1] 5 = sup{|z* f(2)] : |z| <
1 +sup{lz P f()] 2 |zl = 1.

Definition 2.5 Let X be a Banach space and A a sectorial operator on X. Then A
admits a bounded H*°-calculus, if there are ¢ > ¢4 and a constant K, < oo, such
that

lf(Alex) = Kol fla=(s,) 2.3)

for all f € Hy(X,). The class of operators admitting a bounded H*-calculus on
X will be denoted by H>(X). The H>-angle of A is defined by the infimum of all
¢ > @a, such that (2.3) is valid, ¢3° :=inf{p > @4 : (2.3) holds}.

2.3 Maximal regularity

Let us recall the property of an operator having maximal L ,-regularity as is done in
Definition 3.5.1 in [30].

Definition 2.6 Let X be a Banach space, J = (0,7),0 < T <oocorJ =R, and A
a closed, densely defined operator on X with domain D(A) € X. Then the operator
A is said to have maximal L ,-regularity on J, if and only if for every f € L,(J; X)
there is a unique u € WI],(J; X)NLy(J; D(A)) solving

%u(t) + Au(t) = f(@), tel, ul;=0 =0,

in an almost-everywhere sense in L ,(J; X).

There is a wide class of results on operators having maximal regularity, we refer to
Section 3.5 and Chapter 4 in [30] for further discussion. For results on R-boundedness
and interpolation we refer to [22].

3 Reduction to a fixed reference surface

In this section we transform the problem (1.1a)—(1.1h) to a fixed reference configura-
tion. To this end we construct a suitable Hanzawa transform, taking into account the
possibly curved boundary of 9€2, by locally introducing curvilinear coordinates. We
discuss the case n = 3 in detail, in the case where n = 2 one has to replace the normal
to 0¥ with the conormal to %, since d ¥ consists of two isolated points only.

Let ¥ C 2 be a smooth reference surface and <2 be smooth at least in a neigh-
bourhood of dX. Furthermore, let Z(X, 02) = /2 on dX. From Proposition 3.1
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Well-posedness and qualitative behaviour of the Mullins-Sekerka... 369

in [36] we get the existence of so called curvilinear coordinates at least in a small
neighbourhood of X, that is, there is some possibly small a > 0 depending on the
curvature of X and 0€2, such that

X:EX(—G,G)—)Rn, (pvw)'_)X(pﬂw)v

is a smooth diffeomorphism onto its image and X (., .) is a curvilinear coordinate
system. This means in particular that points on the boundary d€2 only get transported
along the boundary, X (p, w) € Q2 forall p € 0¥, w € (—a, a). We need to make
use of these coordinates since the boundary 92 may be curved. Therefore a transport
only in normal direction of ny, is not sufficient here.

More precisely, the curvilinear coordinates X are of form

X=X(@s,r)=s+rnx(s)+ (s, r)T(s), s € X, re€(—a,a), 3.1

where the tangential correction T is as in [36]. Hereby ny denotes the unit normal
vector field of ¥ with fixed orientation, 7" is a smooth vector field defined on the closure
of ¥ with the following properties: it is tangent to %, normal to 3%, of unit length
on 0% and vanishing outside a neighbourhood of dX. In particular, 7 is bounded.
Furthermore, T = 7(s, r) is a smooth scalar function such that X (s, r) lies on 02
whenever s € dX. It satisfies (s, 0) = 0 for all s € X. Moreover, since ¥ and 92
have a ninety degree contact angle, we have that

0,7(s,0) =0, se€odX. 3.2)
Hence we may choose 7 in [36] to satisfy (3.2) forall s € X.
With the help of these coordinates we may parametrize the free interface as follows.

We assume that at time ¢ > 0, the free interface is given as a graph over the reference
surface X, that is, there is some & : ¥ x [0, T] — (—a, a), such that

L@) =Tuw@) :={X(p,h(p,1)): pe X}, t€[0,T],
for small T > 0, at least. With the help of this coordinate system we may construct a
Hanzawa-type transform as follows.
Let x € CSO(R) be a fixed function satisfying x (s) = 1 for |s| < 1/3, x(s) =0

for |s| > 2/3 and |x'(s)] <4 foralls € Rand X, := X(Z x (—a, a)). Then for a
given height function i : ¥ — (—a, a) describing an interface I'j, we define

L .x, X ¢ 2&3
On(x) = {(X o Fpo X Hx), xe X,

where
Fp(p,w) :=(p,w— x(w—h(p))/a)h(p)), pe X, we(—a,a).
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370 H. Abels et al.

Recall that by properties of the curvilinear coordinate system, we have ¥ = {x € R" :
x=X(p,0), p e X} Let

U= {h € Xy : |h|Loo(2) < a} .

Then we have the following result.

Theorem 3.1 For fixed h € U, the transformation ©, : Q@ — Q is a C'-
diffeomorphism satisfying ®,(I'y) = X.

Proof The proof is straightforward. It is easy to check that for x € I'j, we have that
®n(x) = X(p, 0), where p € X is determined by the identity x = X (p, h(p)). Hence
®,(I'y) = X. Furthermore it is easy to see that D Fj, and hence D®, is invertible in
every point. This concludes the proof since X, <> Cc2(D). O

The following lemma gives a decomposition of the transformed curvature operator
K (h) :== Hr, o ©, for h € U. The result and proof are an adpation of the work in
Lemma 2.1 in [2] and Lemma 3.1 in [15].

Lemma3.2 Letn =2,3,q € (3/2,2),p > 3/(2—3/q) andU C X, be as before.
Then there are functions

pec'w Bw, @), w1y, oectu w,i(x)y),
such that
K(h) = P(Wh+ Q(h), forallh cUNW, ().
Moreover,
P(0) = —Ax,

where Ay denotes the Laplace-Beltrami operator with respect to the surface .

Remark 3.3 Note that the orthogonality relations (3.2) in [15] do not hold if we take
X to be curvilinear coordinates, since in X we not only have a variation in normal but
also in tangential direction. Therefore we have to modify the proofs in [2,15].

Proof We will derive a formula for the transformed mean curvature K (4) in local
coordinates. We follow the arguments of [15].
The surface I'j,(¢) is the zero level set of the function

enr.0)i= (X7 @ —n((X7") (1), xeTareRy,
whence we define
(s, r) = pp(X(s,r),t) =r —h(s,t), seX,re(—a,a).
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Well-posedness and qualitative behaviour of the Mullins-Sekerka... 371

Since X : ¥ x (—a, a) — R is a smooth diffeomorphism onto its image it induces a
Riemannian metric gy on X X (—a, a). We denote the induced differential operators
Gradient, Laplace-Beltrami, and Hessian with respectto (X x (—a, a), gx) by Vx, Ax
and hessy. As in equation (3.1) in [15] we find that

K(h)ls =

[hessy ®p](Vx Py, Vx Pp)
Ax®h — 2 |(s h(s))’
Vx®nllx IVx®nllx
for all s € %, where |[Vx®yllx = (gx(Vx®p, Vx®p,))'/2. Note at this point that
since X induces also a variation in tangential direction, the orthogonality relations
(3.2) in [15] do not hold in general. However, we get in local coordinates that

(0;X10,X) = (0 X|ng) + 9,70, X|T), je(l,....n—1},

and (0,X(0,X) = 1+ (8,1)2(f|f). In particular we see that on the surface ¥ the
relations (3.2) in [15] still hold, but not away from X in general. By using well-known
representation formulas for Vy, Ay, and hessy in local coordinates, one finds that

n—1 n—1
KWl = | > apmdjoh+Y_ ajn)dih+ath) | lsne),
Jk=1 j=1
where
aji(h) = —— ( — Cx (W) wlk 4 winwkr — Zwﬂwknalh
Cx(h) —
n—1
S wirattan s 3 wimaans, h)
=1 I,m=1
as well as
—1 n
2 ki 1j
aj(h) = (h)3 (Zx(h) Z rjw* - 3" 42 Tl w'dw' o hd,h
lk=1 qk—lzl—l
+ Z Z F"w’qwlfa h +Z Z Fllw "l o h — Z Fllw wh
qg=1i,l=1 k=11i,l=1 i,l=1
n—1 n n
3 o — 3 T’ — 3 Tt )
k=1i,l=1 i,l=1 i,l=1
and

1 n n

. 1 L
ath) = ——— E M w/* + E - ww’/",
tx(h) 4= tx(h)? g

@ Springer



372 H. Abels et al.

where w;; == (8; X13; X), (w") = (w;;)~!, Lx(h) := ||Vx Py x, and rffj denote the
Christoffel symbols with respect to (w;;). Let

n—1 n—1

Py = [ Y ajpd;o+ Y ajm)d; | ls.nesn»

k=1 =1
OM)s = a(h)(s,ns))> (3.3)

in local coordinates. Mimicking the proof of Lemma 2.1 in [2], K (h) = P(h)h+ Q(h)
is the desired decompostion of K, since X, — C?%(X). The fact that P(0) = —Ax,
follows from (3.3) and the formulas for aj; and a;. O

We are now able to transform the problem (1.1a)—(1.1h) to a fixed reference domain
Q\X by means of the Hanzawa transform. This however yields a highly nonlinear
problem for the height function. The transformed differential operators are given by

Vi = (DO, divyu = Tr(Vyu), Ay = divy Vj,

and the transformed normal by n’, :=n 3o 0 ©! . This leads to the equivalent system
Y 0 h q Y

dh = =[nr,@ - Van] + (BWInr,¢) —nx),  on X, (3.42)

nls = K(h), on %, (3.4b)

Apn =0, inQ\Z,  (34c)

nliq - Vimlag =0, on 982, (3.4d)
o - nr,@ =0, ond%,  (34e)
hli=0 = ho, on X, (3.4f)

where 5 is a suitable descrjption of the initial configuration such that I'|;—p = 'y
and B(h) := 0;hny + 0,tT, cf. (3.1). Note that by the initial condition (1.1h) we
have that ”g(s)z -nr,, =0, which is a necessary compatibility condition for the system
(3.4a)—(3.41).

The following lemma states important differentiability properties of the transformed
differential operators.

Lemma3.4 Letn = 2,3, q € (3/2,2), p > 3/(3—4/q) and U C X, as before.
Then
[h i~ Apl € C'U; BIW,(Q\X); Ly (Q))),
[ Vil € CHU: BOWy(\D): Wy (@\D). k=12,
[h > n], [h> il e C'U; CH(D)).

Proof The proof follows the lines of Section 4 in [2], since X, — C 2(X) by the
choice of p and ¢. O
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4 Maximal L,—Lg4 regularity for linearized problem
4.1 Reflection operators

We denote the upper half space of R” by R} = {x € R" : x, > 0}. We
will denote by R the even reflection of a function defined on R’ across the
boundary BR’}r in x, direction, that is, we define R as an extension operator via
Ru(t,x1,...,x,) :=u(t,xy,..., —x,) forall x, < 0. Note that R admits a bounded
extension R : L,(R%) — L, (R"). The following theorems state that even more is
true.

Theorem 4.1 Let 1 < g < 00. The even reflection in x,, direction R induces a bounded
linear operator from WH“ (R%) to W1+"‘ (R™), whenever 0 < o < 1/q.

Proof It is straightforward to verify that for a given u € WH"" (R%),
0jRu(xy,...,xy) = 0ju(xy,...,—x,), j=1,...,n—1, x, <0,

and 0, Ru(xy, ..., x,) = —0d,u(xy,..., —x,). Hence also R : W (RY) — W (R™)
is a bounded operator. To show the claim for the fractional order space of order 1 +a,
it remains to show that the odd reflection of Vu € W"‘ (R )", that is, say T Vu, is
again in W (R")" and that the corresponding bounds hold true.

We ﬁrst note that TVu(xy, ..., x;) = eoVu(xy, ..., x,) —eoVu(xy, ..., —x,),
where e denotes the extension by zero to the lower half plane. Note that by the real
interpolation method,

Wi R = (L@, Wjo®D) . Wi R = (Ly®"), Wy ®R")

since 0 < o < 1/q, ct. Equation (12) in Section 2.5.7 as well as Sections 3.3.6 and
3.4.2 in [35]. Hereby W1 o(R) denotes the closure of C§°(R'}) in qu (R%). Now,
both zero extension operators

e : Lg(RY) — Ly(R"), e : W, o(R}) — W, (R"),

are bounded and linear. From Theorem 1.1.6 in [25] we obtain that ¢ is therefore also
a bounded and linear operator between the corresponding interpolation spaces. Hence
the theorem is proven. O

Note that the above proof makes essential use of the fact that the derivative of u €
W”“ (R) has no trace on 0"} since & < 1/q. If one has a trace it needs to be zero
to reﬂect appropriately, which is the statement of the next theorem. The proof follows
similar lines, we omit it here.

Theorem 4.2 Let g and R be as above. Then R induces a bounded linear operator
W PR O {u: 0, uly,—0 = 0} —> W, TP(R")
forall B € (1/q,1).
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374 H. Abels et al.

We also need a reflection argument for the initial data in X,. The result reads as
follows.

Theorem 4.3 The even reflection R induces a bounded linear operator

W (RY) 0 {u 2 0y, ulg,—0 = 0} > W T*(R")

foralla € (0,1/q), g € (3/2,2). In particular, R also induces a bounded linear
operator

4— -3 4—1/q-3
By, TP R O {u s 0 uli,—0 = 0} — By, /TP (RY)

forallqg € (3/2,2)and p > 3/(2—3/q).

Proof The second statement follows from the first one fora =1 —1/g —3/p < 1/q
since ¢ < 2. The first claim is shown as in the proof of Theorem 4.1, using additionally
that 0y, dx, Ru = R0y, 0y, u. O

4.2 The shifted model problem on the half space

Let n = 2, 3. In this section we will be concerned with the linearized problem on the
whole upper half space 2 =R’ with a flat interface ¥ := {x € R’ : x; = 0}. Let
Qf = R% N {x : x; = 0} and let the normal ny point from Q" to Q7. We will
consider

81h+a)3h+[[n>;~Vu]]:g1, on X, (4.1a)

Uy + Avh = g, on %, (4.1b)

o’ — Ap = g3, on R\ X, (4.1¢)

en - VILlgrr = g4, on oR’} , (4.1d)

e, - Vhlys = gs, onox, (4.1e)

hli=o0 = ho, on . (4.1f)

Here, x’ = (x2, ..., x,) and > 0 is a fixed shift parameter we need to introduce to

get maximal regularity results on the unbounded time-space domain R x R’} .
Let us discuss the optimal regularity classes for the data. We seek a solution 4 of
this evolution equation in the space

1-1 4—1
WIR: Wy () N LR W, (D)),

where p and ¢ are specified below. In particular, u € L, (R4 ; qu (RI\Z)). Let
1-1 4—1
Xo:=W, (@), X1 =w(®),

@ Springer



Well-posedness and qualitative behaviour of the Mullins-Sekerka... 375

and the real interpolation space
4—1/q-3
Xy = (Xo, X0)i-1/p.p = By 77 (2).
By simple trace theory, we may deduce the necessary conditions

2_
g1 eL,(R; Xo), g€L,®Ry; W, 9z, 4.2)

1-1

g3 € Lp(Ryi Lo(RL), ga € Lp(Rys Wy /GRY), ho e Xy (43)
It is now a delicate matter to find the optimal regularity condition for gs, which turns
out to be

gs € Fpy PP R Y L,OX) NL,Ry; Wy /4(0%)), (4.4)

cf. Theorem B.1 in the Appendix. Note that gs has a time trace at t+ = 0, whenever
1 —2/(3Bg) — 1/p > 0. Hence there is a compatibility condition inside the system
whenever this inequality is satisfied, namely

gsli=0 =nyq - Vsholsgx ondX, 4.5)

where Vy denotes the surface gradient on X. Here we consider elements in the tangent
space of X as vectors in R” in the natural way. In the present case nyq - Vyholss =
dnholax. Note that, since ¢ < 2, the trace of a general g4 € L, (Ry; qu_l/q (OR}))
is not defined on R N Y = 9X. Therefore there is no compatibility condition
stemming from (4.1b) and (4.1d) on 9%, whenever ¢ < 2. Moreover, g < 2 will
allow for a reflection argument at dR’} . The following theorem now states that these
conditions are also sufficient. Note that the assumptions in Theorem 4.4 imply that

g <2and1—-2/3gq)—1/p > 0 hold.

Theorem4.4 et 6 < p < 00, g € (3/2,2) N 2p/(p + 1),2p) and » > O.

Then (4.1a)—(4.1f) has maximal L, — L,-regularity on Ry, that is, for every

(g1, 82, 83, 84, 85, ho) satisfying the regularity conditions (4.2)—(4.4) and the com-

patibility condition (4.5), there is a unique solution (h, ) € (W;(R.H Xp) N

Ly(Ry; X1)) x Lp(Ry; WlIZ(R’_L\E)) of the shifted half space problem (4.1a)—(4.1f).
Furthermore,

lw) @y xo)nL,®esx) + 4L, @ w2\ x)
is bounded by

8112, ®eix0) + 1821, g, w21/ () 1831, @iLq )

184l rwi o ameyy F18S1 1200 @ @zpnL, @y oxy TR0,

up to a constant C = C(w) > 0 which may depend on w > 0.
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Remark 4.5 The restriction for p comes from the arguments to make sure that (1.4)
embeds into C2, the ones for g stem from the reflection arguments and Theorem B.1.

Proof We first reduce to a trivial initial value by extending hg to & = {0} x R*~!
using standard extension results, cf. e.g. [35, Section 2.9] , and solving an L, — L,
auxiliary problem on R"~! using results of Section 4 in [31] to find some hg €
YVII, (Ry; Xo)NLy(Ry; Xy) such that hg|,—g = ho, cf. problem (4.9). Then we define
&5 := g5 — Ophslyy. Clearly,

8sli=0 = g5li=0 — dpholsz =0, ondx,

by the compatibility condition (4.5). This allows us to use Theorem B.1 to find some
h e OW},(R+; Xo)NL,[Ry; Xy), where

oW, (Ry; Xo) :={h € W,(Ry; Xo) : hli=o = O},
such that
nhlyz = g5, ond.

By simple trace theory we may find 14 € L, (R4 ; qu (R%\X)) such that 9, 14 aRT =

g4 on IR’ . Let ¥ := RY := {x € R" : x| = 0}. We then solve the elliptic auxiliary
problem

0’ — Al = —R(0® — A)ua, on R\, (4.6a)
fils = —RAvh — RAyhs + Rgy — Ruals, onZ, (4.6b)

by a unique i € L,(Ry; qu(]R”\fJ)), cf. Section 4 in [4]. Note at this point that
we used that due to ¢ < 2 and Theorem 4.1 we have that the data in (4.6b) is in
L,(Ry; qu ~1/a (£)). Note that by construction [ is even in x,, direction since both
the data in (4.6) are.

We have reduced the problem to the case where (g2, g3, g4, &5, ho) = 0, thatis, we
are left to solve

dh+w’h+[ng - Vu] = g1, on %, (4.7a)
wly + Avh =0, on %, (4.7b)

o’ — Ap =0, on R\ X, (4.7¢)

en - Vilgrr =0, on dR" (4.7d)

e, - Vyhlys =0, ondx, (4.7e)

hli—o = 0, onx, (4.7f)

for possibly modified g; not to be relabeled in an L, — L,-setting. We reflect the
problem once more across the boundary dR’} using the even reflection in x,, direction
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R and by doing so we obtain a full space problem with a flat interface and that the
conditions (4.7d) and (4.7¢e) are fulfilled automatically. We obtain the problem

Oh+o’h + [ns - Vu] = Rg1, ony, (4.8a)
Klg + Ayh =0, ony, (4.8b)

o’ — Ap =0, on R"\ X, (4.8¢)

hl—o = 0, on ¥, (4.8d)

where Rgy € L, (Ry; W;fl/ a (f])). Let us denote by S(4) the unique solution of the

elliptic problem (4.8b)—(4.8¢c). Then we can write the system as an abstract evolution
equation as follows. Define Ah(x) := [ny - VS(h)] + w3h and its realization in

qu_l/q(fl) by A: D(A) —> qu_l/q(fl), where the domain of A is given by
D(A) =W, (S,

Then the operator A has the property of maximal L,-regularity on the whole half line
R4, which is e.g. a consequence of [10, Theorem 3.3]. For the convenience of the
reader we give an alternative proof below. Having this at hand we can solve the initial
value problem

d -

Eh(t) + Ah(t) = f(t), teRy, (4.9a)
h(0) = hy, (4.9b)

for any f € Ly(Ry; qufl/q(f))) and hg € B;‘;l/q%/p(f]) by a unique function

he WhRys W, 9(E) N L, R4 W, /(E)). By choosing

f = R[ns - V(i + ua)] — R8;(h + hs) + Rg1, ho =0,

we obtain a unique solution (&, S(h)) of the problem (4.8a)—(4.8d) in the proper
L, — Ly-regularity classes on Ry x R"~!. The estimate easily follows and the proof
is complete.

Let us give the details on how we obtain maximal L,-regularity for A on R,. We

take Fourier transform with respect to (x2, ..., x,) € R"~! to obtain a system
o h+ 0h + [017] = f. g eR"L
o’f + 77 — 9j7 =0, (x1,6) e R x R,
#ly=0 + €% =0, £ eRL,
hli=o = 0, £eRL

where 7 = 7 (¢, x1, &), h = ht, &) and f = f(t, &) denote the Fourier transforms
of m, h, and f with respect to the last n — 1 variables (x2, ..., x,) € R"~! We can
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now solve the second order differential equation for 7 and together with boundary
and decay conditions we finally obtain

[9:17] = 21&12Vw? + |£|2h,

whence we obtain a modified version of the evolution equation in [31], namely

@ +oVi+ (262 + ) h = f, 1Ry,
h(t = 0) = 0.

Let now B be the negative Laplacian on Lq(R”’l) with domain qu(R”’l). It is
now well known that By admits an R-bounded H*°-calculus on L, (R"=1) with cor-
responding RH> angle zero, (ngw = 0, cf. the proof of Proposition 8.3.1 in [30].
Let furthermore B, be the operator given by (> — A)!/? on L, (R"~1y with natural
domain W, (R"~1). Then by Example 4.5.16(i) in [30] we know that By is invertible
and admits a bounded H*-calculus on L, (R"~1) and the H>°-angle is zero, cp%‘; =0.
We now apply Corollary 4.5.12(iii) in [30] to get that P := 2B B; is a closed, sec-
torial operator which itself admits a bounded H>-calculus on L, (R"~1y as well and
that the H*°-angle of P is zero. The fact that B; and B, commute stems from the
fact that these are given as Fourier multiplication operators. In particular Ao + P is
invertible and sectorial with spectral angle O for any A9 > 0. Therefore by [30, The-
orem 4.5.4] Ag + P admits a bounded H*-calculus on the real interpolation space
(X, D(A))s5,g = W (R"™") with H>-angle zero.

We now apply a version of the Dore-Venni theorem, cf. [29]. To this end let B be
the operator on L, (R4 ; qu_l/q (R*~1)) defined by B = d/dt + “’73 with domain

D(B) = oW, (Ras W, 1R,

Then B is sectorial and admits a bounded H*-calculus on L,(R; qu (R"—1y)
of angle 7 /2. Furthermore, B : D(B) — L,(Ry; W;(R”*l)) is invertible. Let
as above P be the operator on L,(Ry; qu ~1/a (R"~1)) with domain D(P) =
L,(Ry; Wy~ /4 (R"=1)) given by its symbol 2| [2(? + |£|2) /2 and P’ = P + 41
with D(P’) = D(P). Now, by the Dore-Venni theorem we get that the sum B+ P’ with
domain D(B+ P’) = D(B)N D(P) is closed, sectorial and invertible. In other words,
the evolution equation Bu+P'u = f posesses forevery f € L,(Ry; qu ~/4 (R"1y)
a unique solution # € D(B) N D(P), hence the proof of maximal regularity is com-
plete. O

Dependence of the maximal regularity constant on the shift parameter Note that
at this point it is a priori not clear how the maximal regularity constant depends on the
shift parameter w > 0. However, we will need a good understanding of this dependence
later on when we want to solve the bent halfspace problems.
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We will now introduce suitable w-dependent norms in both data and solution space
and show that the maximal regularity constant is then independent of w.

To this end we will proceed with a scaling argument. Fix w > 0 and let (&, u)
be the solution on R of the w-shifted half space problem (4.1a)—(4.1f). Define new
functions

h(x,1) = o’h(x/w,t]o), px, 1) :=px/w t/o’), xeRiteR;.

It is then easy to check that (h, it) solves

qh+h+[ns - VA] = &, on Y,
fils + Avh = g, on 3,
m—Ap = gs, on RU\X,
en - Vitlgry = 84, on dR",
en - Vuhlys = gs, ondx,
hli=o = ho, on X,

where

gGix. ) =0 g1 (x/o, t/0), §(x,1) =g (x/o, t]w),
g 1) =0 g0 /o, /o), gax. 1) =0 gl /o, o),
35(x, 1) := wgs(x/w, 1]&), ho(x) = w’ho(x/w), x € Ry, 1€ Ry,

Since the operator on the left hand side is independent of w, we get by the previous
theorem that there is some constant M > 0 independent of w, such that

|h|W11,(1R+;X0)ﬂLp(R+;X1) + |11|LP(R+;W,12(R1\>:)) (4.10)
is bounded by
M(|g1 |Lp(R+;X()) + |§2|LP(R+;W;_1/(](E)) + |g3|LP(R+;Lq(Ri))
+ |g4|L,,<R+;W,,H/"(aR1)) + |g5|F;;Z/G‘”(R+;Lq(az))mL,,(R+;wj*z/‘f(az)) + lholx,)-

Clearly, the w-dependence is now hidden in the norms, whenceforth a careful calcu-
lation entails

o VURI L, @y Lamy + 0T VVRIL,® ) + 08V RIL, @)
+ wl_l/q|v3h|LP(R+;Lq(E)) + [0:hlxolL,®y) + |[V3h]X0|L,,(R+)

+ w2|M|LP(R+;Lq(M\E)) +olVilL,®y;L,®\x) + |V2M|LP(R+;L,I(R1\E))
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< M<wl_1/q|gl|Lp(R+:Lq(2)) 181 Txo 2, + 0" gl @10z
+ o' VNV e, @, + V&1L, @) + 18311, @ L, @\5)
+ o' T galr, @, ory) +I8aly-va g Ly @)
+ 0 M gs|L, @, Ly0m) + 07 Vs, @, L, 00)

FIIV8slyz-2iaz) Ly + [gS]F;;%(M;Lq(a):)) i K(w)“m'XV)’

forsome K (w) > 0stemming from interpolating the estimates for X and X, the value
of which does not matter. The calculations involving the Triebel-Lizorkin seminorm
of g5 stem from the characterization via differences, see Proposition 2.3 in [26].

We now define norms as follows. Let

hlErw = o YhlL,@, Lam) + 0 VIVhIL,®, L) + @ VPRIL,®, L 2)
+ 0" MUV L@, ) + B L@y + TV RIX L, @)

IlE2.0 = w2|M|LP(R+:Lq(Ri\E)) +olVily,®,L,®\x) + |V2M|LP(R+;L[,(R”+\):))7

Ig11F 10 =0 g1, @, ) + 118110, ®,)-

182120 =0 gL, @0y + 0 VL, @ L, x) + 1[VE21X0 L, @)

1831F 3.0 = 183lL,®y;L,®1\%)):

|galF a0 =" "l @, L, om0 + 841y 1-v/a o 1L, )

Ig51F.5.0 = gl @,.L,0m) + 0 Vsl ®,.L,05)

T IIVeslyz2ra o)L, @ + [gSJF,l;%<R+;Lq(az))’

and |ho|F 6,0 *= K (@)lholx, . This way we obtain that || 1,6 + | 14| E,2,0 1s bounded
by

M(g1lF 1,0 + 182lF2,0 +1831F 3,0 + 184l F.4.0 + 1851F 50 + 1h0lF6,0), (4.11)

where we point out that M > 0 is independent of @ > 0. Note that this estimate also
holds true on bounded intervals J = (0, T) C R, as can be seen as follows. First
again reduce to trivial initial data as in the proof of Theorem 4.4. Then one can simply
extend the data (g1, g2, g3, g4) to the half line R by zero. Regarding g5 we note that
after the reduction procedure, gs|;—=0 = 0, whence we may use Section 3.4.3 in [35]
and Corollary 5.12 in [21] to extend g5 to a function on the half line R.. Then on J
the same estimate holds true if we replace M by 2M.
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4.3 Bent half space problems

In this section we consider the shifted model problem (4.1) on a bent half space RY, :=
(x € R" : x, > p(x1,...,x,-1)}, where y : R""! — R is a sufficiently smooth
function with sufficiently small C! (R"~!)-norm. Since also the reference surface may
be curved, we consider a slightly bentinterface Xg := {x € ]RT} x1 = B2, ..., x0)}
Again, 8 : R"~! — Ris suitably smooth and the C' (R”~!)-norm is sufficiently small.
The bent half space problem reads as

dh+w’h + [nx, - Vil = g1, on Xg, (4.12a)
nlzy + Aszh = g, on I, (4.12b)

o’ — A = g3, on R?\ %, (4.12¢)

ny - VM|8R¢ = g4, on EﬂRﬁ, (4.12d)

ny - Vzﬁh|3zﬁ = g5, on dXg, (4.12e)

hli—o = 0, on g, (4.12f)

where n, denotes the normal at 8R’;, and Vy and Ay are the surface gradient and
Laplace-Beltrami operator on X, respectively. Here we have chosen kg = 0 for sim-
plicity since this case will be sufficient for the following. The smallness assumption on
|Blct + |y |1 implies that the bent domain and interface are only a small perturbation
of the half space and the flat interface. We will now solve this problem on the bent
half space by transforming it back to the regular half space.

Lemma4.6 Letk € Nand B,y € CK(R*™"). Then there is some F € CK(R"; R"),
such that F : R* — R" is a C*-diffeomorphism and such that additionally, F |R; :

R’; — Rl isa C*-diffeomorphism as well. Furthermore, F maps g to the flat
interface R N {x; = 0}. We also have that |I — DF|cigny S |Blciti@n—1y +
[y lci+1 -1y foralll =0, ..., k—1.

Proof To economize notation, let n = 3. We first transform in x3-direction via ®; :
R3 — R, x > (x1, x2, x3 — ¥ (x1, x2)). Itis then easy to see that the surface ®1(Xp)
is given by the set

®1(Zp) = {(B(x2.x3), x2,x3 — ¥ (B(x2,x3), x2)) 1 x2 € R}NR..
Note that this is equivalent to
1(Zp) = { (B2, x2). Hlxz,12)) ¢ (r2.x3) € R N,
where
H:R* > R?, (x,x3) = (x2,x3 — ¥(B(x2, X3), x2)).
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Now note that whenever [(B, y)|c1 is sufficiently small, | H — idg2| -1 is small. Then
|det DH| > 1/2 on R? and H : R? — R? is globally invertible. Hence the surface
®(Xp) can be parametrized by f o H™!,

D1(Zp) = {(BH ' (x2,%3)), X2, x3) : (x2, x3) € RI} N R,
Note that by the inverse function theorem, H ! is C'! (R2, R?). Then we transform via
Oy R3> R3 x> (xl—ﬁoH_l(xz, X3), x2, x3). We easily check that F := &, P

satisfies the desired properties. O

Define now functions G1, G2, G3, G4, and G5 via
gix,)=G;(t,F(x)), j=1,...,5 xe€ R;ﬁ,t e Ry,

cf. [19]. We also introduce (&, n) = (h, ) o F. "1_"hen the problem (4.12) for (h, n)
is equivalent to the upper half space problem for (4, (1) reading as

ah +w’h+ [nx - V] = Bi(1) + G, on %, (4.13a)
ils + Ash = By(h) + Go, on X, (4.13b)

o’ i — Arft = By(f) + G, on R"\X, (4.13¢)

en - Vitlorr = Ba(it) + Ga, on dR’,, (4.13d)

en - Vehlasx = Bs(h) + Gs, ondx, (4.13e)

hli—o = 0, onx, (4.13f)

where the perturbation operators are given by

Bi(it) = [ns, - V(ito F)] = [(ng o F) - Vid],
By(h) = Asy(ho F)— AshoF,

Bi(i) = Ay(po F) — Ato F,

By(ji) = ey - (Vito F) —ny, - V(o F),
Bs(h) = e, - Vsh —ny, - Vs, (ho F).

Define B := (By, B>, B3, B4, Bs). By careful estimates we can now show that the

operator norm of B is as small as we like in terms of the w-dependent norms by

choosing @ > 0 large enough and the time interval and |8]-1 + |y|1 small enough.
Let

oE(T) = <0W}J(0, T: X0) N L,(0, T Xl)) x Lp(0,T; WARI\E) (4.14)
and
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oF(T) := L,p(0, T; Xo) x L0, T5 W, ~/9(2)) x L0, T; Ly(RL))
x L,(0,T; W, /4 (3R"))
x (OF},;Z/G‘”(O, T: Ly (9%)) N Ly (0, T ijz/q(az))). (4.15)

We equip oE(T') and oF(T) with the w-weighted norms of Sect. 4.2. Then we can
show that there is some small @ = «(p), such that

1BIBGET):0F 1) < CB, )@ V1 +0™) +eC(w, By, F) + T*C(w, B, y)
(4.16)

for some constants C(8,y),C(w, B, y, F),C(w, B,y) > 0, whenever |B|c1 +
|¥lct < e. Note that by first choosing @ > 0 sufficiently large and then ¢ > 0
and T > O sufficiently small, the right hand side gets as small as we like.

Letnow L, : oE(T) — oF(T) be the linear operator defined by the left hand side
of (4.13) (without (4.13f)). Then a Neumann series argument shows that L, + 5 =
L,(I+ L;l B) is invertible between the spaces equipped with the (w-weighted) norms.
This way, the following result is obtained.

Theorem 4.7 Let B, y be smooth curves. Then there exists some possibly large wy > 0,
some small T > 0 and some small ¢ > 0, such that if © > wo, |Blct + |VIct < &,
the system (4.12) has maximal L, — Lg-regularity. To be more precise, this means
that if we replace ¥ by Xg and R', by R;ﬁ in (4.14) and (4.15), there is for every
(g1, 82, 83, 84, 85) € oF(T) aunique solution (h, ) € oIE(T) of (4.12). Furthermore,
|hlE 1,0+ |1l E 2,0 is bounded by

2M (18117, 1,0 + 1821F 2.0 + 1831 F 3.0 + 184] F 40 + 1851 F.5.0) »
where M > 0 is as in (4.10) and in particular independent of w.
4.4 Localization procedure
Let us now be concerned with the shifted problem on a bounded smooth domain

Q C R", where X is a perpendicular smooth surface inside.
More precisely, the system reads as

Wh+ o’ h 4 [nx - Vu] = g1, on %, (4.172)
Uy + Ash = g, on ¥, (4.17b)

0P — A= g3, on Q\T, 4.17¢)

nyq - Virlge = g4, on 9%2, (4.17d)

nyx - Vshlps = gs, ondx, (4.17¢)

hli=o = ho, on X, (4.171)

where w > wp and wg > 0 is as in Theorem 4.7. Moreover, let
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E(T) := (W;(o, T; Xo) N L,(0, T; xl)) x Lp(0, T; WARI\T),

F(T) := L,(0,T; Xo) x L,(0,T;: Wy~ 4(£)) x L0, T; Ly(R}))
x L,(0,T; W, 9(3R™)) (4.18)
x (Fpr /00, T: Ly@E) N Ly, T3 Wy 9050 ) x X, (4.19)

The main result reads as follows.

Theorem 4.8 Letn = 2,3, 2 C R”" be a bounded, smooth domain, w > wg, 6 < p <
00, q € (3/2,2)N2p/(p + 1),2p) and ¥ be a smooth surface inside intersecting
dS2 at a constant ninety degree angle.

Then, there is some T > 0, such that for every (g1, g2, &3, 84, &5, ho) € F(T)
satisfying (4.5) there is a unique solution (h, ) € E(T) of (4.17).

Proof Firstly, we can reduce the system to the case where (g2, g3, g4, h9) = O by
solving auxiliary problems, cf. the proof of Theorem 4.4 and Theorem A.3. We are
now left to solve

dh+w’h+[ns - Vu] = g1, on X%, (4.20a)
Uy + Ash =0, on X, (4.20b)

o’ — Ap =0, on Q\%, (4.20¢)

nae - Vitlse = 0, on 992, (4.20d)

nae - Vshlass = gs, onox, (4.20e)

hli—o = 0, on'x, (4.20f)

for possibly modified right hand sides which we do not relabel.
We will now show existence and uniqueness of the solution of this system via the

,,,,,
.....

.....

Y¥; = 1onsupp ¢; forevery 0 < j < N.

Now, by choosing N finite but sufficiently large and, corresponding to that, the open
sets U; sufficiently small, we can assume that, up to a rotation, foreach j =0, ..., N
there exist smooth curves y;, B; such that

Uin@ =R, NQ, U;NE =R, N3,

Furthermore, again by a smallness argument, we can choose y; and 8; such that the
C!'-norm is as small as we like.

We now assume for a moment that we have a solution (%, w) of (4.20) to derive an
explicit representation formula. We therefore multiply every equation with ¢; and get
corresponding equations for the localized functions (h/, u/) := ¢@;(h, ). By doing
S0, we obtain
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0’ h! +0,h7 + [ns - V'] = ¢jg1 — iz, Ve; - ns, on %,
W+ Ash) = —(As@ph =23, 8" apjdnh,  on T,
W’ 1! — Apl = (Appp+2Ve; - Vi, on Q;\Z;,
naq - Vil lag; = naq - Vojulag;, on 3%,
na - Veh'lys; = ¢85 +nae - Vsgjhlas;, ondxj,
W |i— = 0, on%;,

where X; := Xg s Qj = R’;j, (gim) 1s the first fundamental form of X; with respect

to the surface ¥ and (g'™) its inverse. This way, we obtain a finite number of bent
half space problems. Denote by L/ : o ; — ofF ; the linear operator on the right hand
side of the above system, where o[}, oFF; are defined as in (4.14)—(4.15) with R’
and ¥ replaced by Q; and ¥ ;. Moreover, denoting by G/ := (¢;g1,0,0,0, ¢;g5)
the data and by R/ the perturbation operator such that the right hand side equals
G/ + R/ (h, W), we can write the system of localized equations as

LW, u/y=G/ +RI(h,n), j=0,...,N.

Since each L/ is invertible, we may derive the representation formula

N N
(h, ) =Y Y (LHT'GI+ Y (L) R (h, ). 4.21)

J=0 Jj=0

Since now R := Z;V:o ¥;(LY)~'R/ is of lower order, a Neumann series argument
now yields that / — R is invertible if 7 > 0 is small enough, hence we can rewrite
(4.21) as

N
()= =Ry, 'Gl. (4.22)

j=0

Moreover, let L: gE — oF be the linear operator from the left hand side of (4.20),
where oE, oIF are defined as in (4.14)—(4.15) with R’} and X replaced by € and X.
Then we obtain from (4.22) that L is injective, has closed range and a left inverse. It
remains to show that L : E(T) — F(T) has a right inverse. To this end let z € F(T)
be arbitrary. Define

N
S:=U =R L)y, (4.23)

Jj=0
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Applying I — R to both sides of (4.23) yields a formula for Sz, which then entails

N N
LSz=z+ Y Liy;(L))"'RISz+ Y L/, y;1(L7) gjz, z e F(T).
Jj=0 j=0

Letting S® := Z?’:O le//j(Lj)_leS + Z;vzo[Lj, lﬁj](Lj)_lgoj, we can show,
using again a Neumann series argument involving the fact that the commutator is
lower order, that I 4 S% is invertible if 7 > 0 is small enough. The right inverse of L
is therefore given by S(I + S®)~!. This then concludes the proof. O

4.5 The non-shifted model problem on bounded domains

In this section we are concerned with problem (4.17) for @ = 0. The main result is
the following.

Theorem 4.9 Letn = 2,3, Q C R” be a bounded, smooth domain, 6 < p < 00,
q € (3/2,2)yN2p/(p+1),2p) and  be a smooth submanifold with boundary 0%
such that ¥ is inside Q and S meets 9S2 at a constant ninety degree angle.

Then, there is some T > 0, such that for every (g1, g2, &3, g4, &5, ho) € F(T)
satisfying the compatibility condition (4.5) there is a unique solution (h, u) € E(T)
of (4.17) for o = 0. Furthermore, the solution map is continuous between these spaces.

Proof As in the previous section we may reduce to the case (g2, g3, g4, 19) = 0. Itis
also clear that the >-shift in equation (4.17a) can easily be resolved to the case w = 0
by an exponential shift in solution and data. We are therefore left to solve

oh + [[}’lz . VT()AE/’Z]] = g1, on X, (4.24a)
nys - Vshlys = gs, ondx, (4.24b)
hli=0 =0, on X, (4.24¢)

where Tpg is the unique solution of the two-phase elliptic problem

—Au =0, in Q\X, (4.25a)
uly =g, on X, (4.25b)
nyQ - VM|3Q = 0, on 39, (4.25C)

cf. Appendix A. Also from Appendix A we obtain that ToAsh = T,Ash + n(n —
A)"'TyAsh, for all 5 > no. This implies that problem (4.24) is equivalent to

h+ [ns - VT,Axh] = g1 +nlng - V(g — A) "' ToAgh], onE,  (4.26a)
nys - Vehlyys = gs, ondX, (4.26b)
hli=0 =0, on X, (4.26¢)
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provided 1 > no. Now choose large enough 1 to render the left hand side of (4.26) to
be an invertible operator. We may estimate

[ - Vo1 = A7 ToAshllL,0.7:x0 < COTYCP Il 0.7 x00L,0.7: 1)
(4.27)

whence choosing 7' > 0 sufficiently small and a standard Neumann series argument
complete the proof. Here, (4.27) stems from the solution formula (A.6), real interpo-
lation method and Holder inequality. O

5 Nonlinear well-posedness

In this section we will show local well-posedness for the full nonlinear (transformed)
system (3.4) and therefore obtain that also the system (1.1) is well-posed. We will
use the maximal L, — L, regularity result for the underlying linear problem and a
contraction argument via the Banach’s fixed point principle.

The main result reads as follows.

Theorem5.1 Let 6 < p < 00, ¢ € (3/2,2) N 2p/(p + 1),2p) and hy € X,
sufficiently small. Then there is some possibly small t > 0, such that (3.4) has a
unique strong solution on (0, t), that is, there are

heWy0.71: X) N Lp(0.7: X1), € Lp0,7: WJ(Q\T)).

solving (3.4) on (0, T), whenever hq satisfies the initial compatibility condition 0,ho =
Oonox.

Proof LetE(T) and F(T) be defined as in (4.18)—(4.19) and the spaces with vanishing
trace olE(T") and ¢IF(T') be defined as in (4.14)—(4.15). Define L : E(T) — F(T) as

Oh + [ns - Vi
nls — P(O)h
Ap
nyq - Vielag
nys - Vshlss
hli=0

L(h, ) = for all (h, w) € E(T).

We now reduce to trivial initial data as follows, cf. [23]. Since h satisfies the com-
patibility condition, we may solve

Lz, = L(hy, s) = (0,0,0,0,0, ho)

by some z, = (hx, ix) € E(T). Then the problem (3.4) is equivalent to finding some
z = (h, n) € oE(T) solving

L(z) = N(z + 24) — Lz, =: N(z), inoF(T),
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where the nonlinear part is given by

N(z 4+ z4)
[[n%—&-h* . Vh-Hu(/‘L + IL*)]] — [[nz -V + /'L*)H + (Bh+ h*)ln}21:+h* —nx)
K(h+ hy) — PO)(h + hy)
(A - Ah—t—hﬁ)iﬂ« + Uy)
nag - V(i + w)loe — e - Vaen. (1 + ) lag

hths  h+h
nay - Ve(h + hi)los —ngy * -0y "

ho

Hereby we understand ngz to be the transformed normal to the interface given by the
height function 4. We may now define K : ¢E(T) — oE(T) by z — L7 'N(z) =
L Y (N(z42z+)—Lzy). By restricting to functions with vanishing trace at time zero, we
get that the operator norm |L ™! | 3 r(7):oE (7)) Stays bounded as T — 0 by a standard
reflection argument.

Lemma5.2 The mapping N : E(T) — F(T) is well-defined and bounded. Fur-
thermore, N € CX(E(T);F(T)) and N allows for contraction estimates in a
neighbourhood of zero, that is,

IN(z1 +2+) — N(z2 + z)lorry < CUzilorm) + |22l0E(r) + |2+|E(T) 121 — 22|0E(T)S

forall 71,70 € B(r; 0) C oE(T), ifr > Oand T = T(r) > 0 are sufficiently small.
Here, B(r; 0) denotes the closed ball around 0 with radius r > 0.

Let now 6 > 0 be such that |h0|xy < §. By choosingr > 0, T = T(r) > 0 and
8 = 8(T) > O sufficiently small, we ensure K to be a 1/2-contraction on B(r, 0) C
oE(T). Note at this point that |z.«|g) < C(T)5. Let us note that

N(0) = N(z+) = Lz+, K(0) =L 'N(0).
Note N (0) € oF(T), whence

IK(O)orry < 1L BGRT):0mm) | NO)oFr)-

I\~Iow we note that N (0) is quadratic in z, = (h4, i4) except for the term Q(0) in
N (0);. Using

as well as

|Zslm(T) < |L_1|B(]F(T);IE(T))|h0|Xy

finishes the proof by choosing first » > 0,7 = T(r) > 0 and then |ho|x, small
enough. Hence Banach’s fixed point principle yields the existence of a unique fixed
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point z € B(r, 0) C oE(T). By standard arguments this is then the unique fixed point
in all of ¢E(T"). Assume there is a different fixed point z in a possibly larger ball
B(+’, 0). Then define

T, :=sup{t >0:2(t") =z(t") forall 0 < ¢’ <1t}. (5.1

By performing the above fixed point argument on the larger ball B(+/, 0) on a smaller
time interval we see that T, > 0. Then solve the nonlinear problem with initial value
Z2(Ty) € X, . Note that z(T) satisfies the compatibility condition 9,[z(7%)] = 0 on
90X, hence we may obtain a unique solution on a larger time interval (0, T + €,) for
some €, > 0. This contradicts (5.1) and the fixed point has to be unique. This then in
turn yields the uniqueness of the solution to (3.4). O

Let us comment on how to prove Lemma 5.2. Using the differentiability properties
from Lemma 3.4, the statement easily follows for the components N1, N3 and N4. The
decomposition K (k) = P(h)h + Q(h) from Lemma 3.2 renders a proof for N3. For
Ns we note that Depner in [11] calculated the linearization of the ninety-degree angle
boundary condition (3.4e), which turns out to be nyy - Vxh|sx = 0, which in turn
then allows for estimates for Ns. Note that we also use the Banach algebra property
for the trace space, cf. Theorem B.3 in the appendix. The details can be found in [32,
Proof of Lemma 2.29]. For sake of readability we omit the details here.

Remark 5.3 We point out that the proof of Theorem 5.1 also gives well-posedness of
(3.4) in the case where Q = G x (L1, Ly) is a bounded container in R", n = 2, 3.
Hereby G C R"~! is a smooth, bounded domain. In this case there is another model
problem in the localization procedure for the linear problem stemming from when
the top and bottom of the container G x {L1, Ly} intersect the walls 0G x (L1, L»).
This elliptic problem, although being a problem on a domain with corners, admits full
regularity for the solution, cf. the appendix in Sect. 2.

Remark 5.4 Our L, — L, approach is just an ansatz, maybe also different approaches
(with maybe more compatibility conditions) are possible. Regarding different con-
tact angles we expect that the system is also well-posed in suitable function spaces.
However our reflection techniques will not be available in that context.

6 Convergence to equilibria

This section is devoted to the long-time behaviour of solutions to (1.1) starting close
to equilibria. We will characterize the set of equilibria, study the spectrum of the
linearization of the transformed Mullins—Sekerka equations around an equilibrium and
apply the generalized principle of linearized stability to show that solutions starting
sufficiently close to certain equilibria converge to an equilibirum at an exponential
rate in X,

We note that the potential n can always be reconstructed by I'(¢) by studying the
elliptic two-phase problem

mlre = Hr), on (1), (6.1a)
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Ap =0, in Q\I'(1), (6.1b)
nyQ - V,bL|3Q = 0, on 9%2. (6.10)

Whence we may concentrate on the set of equilibria for I' (7).

It now can easily be shown that for a stationary solution I" of (1.1) with VI = 0O the
corresponding chemical potential p is constant, since then p and V. have no jump
across the interface I and u € Wq2(§2) solves a homogeneous Neumann problem on
Q. By (6.1a), the mean curvature Hr is constant. The set of equilibria for the flow
I'(¢) is therefore given by

& ={I" : Hr = const.}.

Let us now consider the case where 2 C R”, n = 2, 3, is a bounded container, that
is, 2:= % x (L1, La), where —co < L1 <0 < Ly <coand & Cc R*! x {0} isa
bounded domain and d ¥ is smooth.

Note that flat interfaces are equilibria. Spheres intersecting d€2 at a ninety degree
angle also belong to &, since then (1.1g) is also satisfied.

If we now additionally assume that the contact points between I" and 9€2 are only
on the lateral walls of the cylinder and I" is given as a graph over X, we may even
deduce that Hr = 0, thatis, I" is a flat interface described by a constant height function
over the reference surface. This follows from the fact that we can describe I" as graph
of a height function /& over X. Then using the well-known formula

. Vh
Hpr = div <—) (6.2)

V14 Vi

and the boundary condition (1.1g) on dI" renders Hr = 0. Indeed, assume thatI" = I'y,
is a graph of i over ¥. We may assume that # has mean value zero and we already
know Hr is constant, but may be nonzero. Then an integration by parts entails

Vh-Vh

0:/ hHrdx = — | ————dx.
b » 14+ |Vh|?

The boundary integral vanishes due to (1.1g) and renders V# to be zero in X, hence
h is constant. This implies Hr = 0.

We will now study the problem for the height function in an L ,-setting. We now
rewrite the geometric problem (1.1g) as an abstract evolution equation for the height
function £, cf. [2,15,31]. As seen before, by means of Hanzawa transform, the full
system reads as

dh = —[n - Vypu], on X, (6.3a)

wuls = Hr(h), on X, (6.3b)

Appt =0, in Q\X, (6.3¢)

nyq - Vauloe =0, on 9%, (6.3d)
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nyx - Vehlps =0, ondx, (6.3¢)
hli=0 = ho, on X. (6.3f)

Let us note that due to working in a container, the highly nonlinear angle condition
(3.4e) reduces to a linear one, condition (6.3e). Define B(h)g := [[n% -Vg]and S(h)g
as the unique solution of the elliptic problem

M|)I =4, on E?
App =0, in Q\Z,
naq - Vipulsg =0, on 9%2.

Recalling Lemma 3.2, we may rewrite (6.3) as an abstract evolution equation,

%h(r) + ARG = F(h(t)), teRy, (6.4a)
h(0) = ho, (6.4b)

where A(h)g := B(h)S(h)P(h)g, equipped with domain
D(A(h)) =W, ()N {g:nss - Vg =00ndx},
and F(g) := —B(g)S(g)Q(g). We now want to study (6.4) in an L ,-setting. Define
Xo:=W, U®), Xi:=W, ), X, = (X1, X0)i-1/p.p-

We now interpret problem (6.4) as an evolution equation in L , (R ; Xo), fitting in the

setting of Priiss, Simonett and Zacher [31].
Regarding the linearization of (1.1), we have the following result.

Lemma6.1 Let6 < p <00, g € (3/2,2)N 2p/(p + 1),2p). Then the following

statements are true.

1. The derivative of Hr at h = 0 is given by [h — Axh],

2. there is an open neighbourhood of zero V. C X,, such that (A, F) €
C1(V: B(X1; Xo) x Xo),

3. the linearization of A at zero is given by Ao = A(0), where Ag : D(Ag) — Xo,
Aoh = —[nyg - T Agh] with domain

D(Ag) = X1 N{h:nyy - Vehlygy =00n oX}.

Here, T : qufl/q(E) — qu(SZ\E),g — X, is the solution operator for the
elliptic two-phase problem

Ax =0, in Q\%, (6.5a)
Xlz =g, on %, (6.5b)
nye - Vxlse =0, on 3992, (6.5¢)
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the set of equilibria, that is, the solutions of A(h)h = F(h) is £ = {h = const.},
Ao has maximal L ,-regularity,

the kernel of Ay are the constant functions, N(Ag) = {h = const.},

N(Ag) = N(A]).

Nowns

Proof 1. This stems from linearizing (6.2) at h = 0.
2. Again by Lemma 3.2, there is a small neighbourhood of zero V. C X, such
that P e C1(V; B(X1; W, /4 (2)) and Q € C'(V; W, ~"/(%)). Following the

lines of [2] using Lemma 3.4 we can show that

S e Cl(viBWy (D) WHR\D).
Regarding B we note that X, — C (%), whence

B e CH(V: BOW (Q\D); Wy~ /(D))
This shows that (A, F) € C'(V; B(X1; Xo) x Xo).
This stems from the fact that A9 = A(0) and Lemma 3.2.

4. Let h € D(A) satisty A(h)h = F(h). It then follows that B(h)S(h)Hr(h) = 0
on X, that is,

W

[nk - Vu[S(h)Hr (B)]] = 0, on .

Note that S(h)Hr (h) is the unique solution of an h-perturbed elliptic problem
with homogeneous Neumann boundary conditions. Therefore S (k) Hr (h) has to
be constant. Since S(h)Hr(h) equals Hr(h) on X, also Hr(h) is constant. We
then obtain that the mean curvature Hr of the interface given as a graph of & over
¥ is constant. Due to (6.3e) we may even deduce using formula (6.2) that Hr = 0.
Then A has to be constant.

5. This stems from Theorem 4.9.

6. Clearly, every constant is an element of N(Ag). For the converse, let 1 € D(Ap),
such that Agph = 0. Hence x = T Axh is constant and thererfore Ay is constant.
Since & € D(Ap), an integration by parts shows Axh = 0. Again since i €
D(Ayp), h has to be constant.

7. We only need to show N(A%) C N(Ag). Pick some i € N(A3}). Then Aoh €
D(Ap) N N(Ap). Hence Aph is constant. Also, Agh is in the range of Ag. Since
every element in the range of Ag has mean value zero, it follows that Agh = 0,
whence & € N(Ap).

The proof is complete. O

The following theorem enables us to apply the generalized principle of linearized
stability of Priiss, Simonett, and Zacher [31] to the evolution equation (6.4).

Theorem 6.2 Let 6 < p < 00,q € (3/2,2) N 2p/(p + 1), 2p). Then the trivial
equilibrium h, = 0 is normally stable.
More precisely:

@ Springer



Well-posedness and qualitative behaviour of the Mullins-Sekerka... 393

N —

Near hy, = 0 the set of equilibria & is a C'-manifold in X, of dimension one.

. The tangent space of £ at hy = 0 is given by the kernel of the linearization,

ToE = N(Ao).

. Zero is a semi-simple eigenvalue of Ay, i.e. Xo = N(Ap) & R(Ap).
. The spectrum o (Ag) satisfies o (Ag)\{0} C C4 :={z € C:Rez > 0}.

Proof 1. Around h,, the set of equilibria only consists of constant functions, hence

is a one-dimensional linear subspace of X;.

This stems from Lemma 6.1.

Since D(Ag) compactly embeds into qu ~/4 (%), the operator Ap has a compact
resolvent and the spectrum o (Ag) only consists of eigenvalues, cf. e.g. [13, Chap-
ter IV, Corollary 1.19] . Furthermore, every spectral value in o (Ap) is a pole of
finite algebraic multiplicity. By using N(Ap) = N (A%) and Proposition A.2.2 and
Remark A.2.4 in [24] we may conclude that the range of Ay is closed in X and
that there is a spectral decomposition Xo = N(Ag) @ R(Ap). Hence A = 0 is
semi-simple.

Pick A € o (Ap) with corresponding eigenfunction 4 € D(Ay), in other words

A — Aph =0, in Xj. (6.6)

Since Wq1 ~l/a (X) <= L,(%), we obtain by the definition of A and an integration
by parts that

0=|VX|7,@ *+ (AohlAsh)Lycx).
where x = T A h. Testing the resolvent equation (6.6) with Axh yields
MVshlL, ) = VXL,

This shows that A is real and A > 0. In particular, o (Ag)\{0} C (0, c0).
Hence 4, is normally stable. O

The following theorem is the main result on stability of solutions. It is an application
of the generalized principle of linearized stability of Priiss, Simonett, and Zacher [31]
to the evolution equation (6.4).

Theorem 6.3 The trivial equilibrium h, = 0 is stable in X, and there is some § > 0
such that the evolution equation

%h(r) + A(h(t))h(t) =0, h(0) = ho,

with initial value ho € X, satisfying |ho — h«|x, < & has a unique global in-time
solution on R,

h € Wy (Ry; Xo) N Ly(Ry; D(Ag)),

which converges at an exponential rate in X, to some hoo € € ast — +00.
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Theorem 6.4 (Geometrical version) Suppose that the initial surface X is given as a
graph, Lo = {(x, ho(x)) : x € X} for some function hy € X,,. Then, for each ¢ > 0
there is some §(¢) > 0, such that if the initial value hy € X, satisfies |ho — h*|xy <
8(g) for some constant function h, there exists a global-in-time strong solution h on
R of the evolution equation, precisely h € L,(Ry; D(Ap)) N Wli R4; Xp)), and it
satisfies |h(1)|x, < ¢ forallt > 0.

Moreover, there is some constant heo, such that Ly — Xp,, in the sense of
h(t) — he in X, and the convergence is at an exponential rate.

Note that by the following theorem we can characterize the limit. It is a priori
not clear to which equilibrium the solution converges by the generalized principle of
linearized stability.

Theorem 6.5 The limit ho from above has the same mean value as hy, in other words,

.
— hodx = heo.
1zl Js ~

Proof The theorem is a consequence of the fact that the Mullins-Sekerka system
conserves the measure of the domains separated by the interface in time. Hence the
solution 4 from Theorem 6.3 satisfies

d
— | h(t,x)dx =0.
dt/z (t,x)dx

In particular,

/h(t,x)dx:/ ho(x)dx, teR;.
b o

Since h(t) — heo ast — o0 in X, < L1(X), we get the result. O
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Appendices

A Auxiliary problems of elliptic type

A.1 Smooth domains

Let 2 C R” be a bounded domain with smooth boundary 9<2. Furt}lermore let ¥ be
a smooth submanifold of R” with boundary such that the interior ¥ is inside €2 and

meets 92 at a constant ninety degree angle.
In this chapter we are concerned with problems of elliptic type, namely,

n—Du=f, in Q\%, (A.1a)
uly = g1, on ¥, (A.1b)
nyq - Vulaq = g2, on 9%, (A.Ic)

where 1 > 0 is a fixed shift parameter, as well as the non-shifted version,

—Au=f, inQ\%, (A.2a)
uly = g1, on X, (A.2b)
nye - Vulaq = g2, on 9. (A.2¢)

We will show optimal solvability of this problem via a localization method. To this
end we consider first the model problem of (A.1) on R’} with flat interface {x, >
0, x; = 0}.

Theorem A1 Letn > 0,q € (3/2,2) and ¥ := {x, > 0,x; = 0}. Then, for every
feL,RY), g € qufl/q(E) and gy € qufl/q (0R ) there exists a unique solution
ue Wg(R’jr\Z) of (A.1) with R”, replacing Q.

Furthermore, there is some C(n) > 0 and some K > 0 independent of n, such that

-1/2 —1g2
lulr, @ny +n / Vulp, @iz +0 IVoul, @)

< K Uf L,y + COIgtlya-va gy + Kn =0T 2 gl oy

Proof We first solve an auxiliary upper half space problem to reduce the problem to

(n— Au =0, in R\ 3, (A3a)
uly = g1, on X, (A.3b)
Opulyrr =0, on dR’}, (A.3¢)

for possibly modified g; not to be relabeled. Since d,u = 0 on the boundary, we may
reflect the problem via an even reflection to obtain an elliptic problem on RxR*1, By
Theorem 4.1 using ¢ < 2 we obtain that Rg; € W,;_l/q(fl), where ¥ := {x; = 0}.
Here, R denotes the aforementioned even reflection in x,-direction. The problem we
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are left to solve is now

(n— A =0, in R\, (A.4a)
vls = Rgi, onX. (A.4b)
Let x’ := (x2,...,x,). It is now well known that the operator (n — A,/)'/? with

domain W, (R"~") has maximal regularity on the half line R y with respect to the base

space L, (R"™ 1) and the induced semigroup is analytic. Note that by real interpolation
method,

(Lo® DD —a0") =W @A)

whence we may solve (A.4) by
vix,x) = e_("_AX’)l/z‘xllel(x’), x; €R, x' e R"L (A.6)
We obtain
ol lwper) = Clgilyi-vas,)-

To obtain the dependence of the shift parameter one proceeds by a scaling argument
as in Sect. 4.2. The proof is complete. O

By a standard localization argument we can now show that the shifted problem is
solvable in the case of a bounded, smooth domain.

Theorem A.2 Let g € (3/2,2), @ C R" a bounded, smooth domain and Z a smooth
surface inside 2 intersecting the boundary 02 at a nintey degree angle. Then there
is some 19 > 0, such that if n > no, for every (f, g1, g2) € L4(2) X qu_l/q(E) X
qu_l/q (0K2) there is unique u € WC?(Q\E) solving (A.1). Furthermore, the solution
map (f, g1, &) > u is continuous between the above spaces.

We will now concern solvability of the non-shifted problem (A.2).

Theorem A3 Let g € (3/2,2). For every (f,g1,82) € Ly(Q) x W, /4(%) x

qu_l/q(aﬁ) there is unique u € qu(Q\E) solving (A.2). Furthermore, there is
some constant C > 0, such that

lulyz\x) =€ (Ifqu(Q) tlgilyz-ia gy + Igzlwt;—l/q(m) :

Proof First we choose n > 0 large enough and solve (A.1) by a function v €
W;(Q\E). It therefore remains to solve

—Aw = —nv, in Q\%, (A.7a)
uly =0, on X, (A.7b)
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nyQ Vu|3g2 = 0, on 0€2, (A.7C)

since then u := v 4+ w solves (A.2). To this end define A to be the negative Laplacian
—Ain L;(£2) with domain

D(A) :={w € qu(Q\E) cwly =0, nye - Vw|yg = 0}.

Since D(A) compactly embeds into L, (£2) by Sobolev embeddings, A has compact
resolvent and the spectrum o (A) only consists of eigenvalues of A with finite multi-
plicity. We will show that zero is not a possible eigenvalue, hence A is invertible.
Suppose u # 0 is a nontrivial eigenfunction to the eigenvalue A. Since by well-
known results the spectrum is independent of g, we may let ¢ = 2, cf. [6]. Testing the
resolvent equation with u# in L, (£2) and invoking the boundary condition yields

—MulZ, @ = /QuAudx = —|Vull, -

Whence if A = 0, then u € D(A) has to be a constant function, hence zero since
u vanishes on X. This is a contradiction, hence A = 0 is not a possible eigenvalue.
Therefore we may uniquely solve (A.7) and the proof is complete. O

We conclude this section by the following observation, cf. [30]. Consider the special
case where (f, g1, g2) = (0, g,0). Define solution operators as follows. Let Tpg
be the solution of the non-shifted problem (A.2) for (f, g1, g2) = (0, g, 0) and, for
n > no, T,g the solution of (A.1) with (f, g1, g2) = (0, g,0). Then, Tog — T;,g =
n(n — An) 1Tog. Hereby, z := (1 — Ay)~! f solves the two-phase problem

n—-A)"z=f, in Q\%,
zly =0, on X%,
(nylVz) =0, on 9%2.

For details we refer to Section 6.6 in [30].

A.2 Cylindrical domains

In the case where n = 3 and 2 C R3 is a bounded container, one needs a result for
the elliptic model problem in the case where the top of the container meets the walls
at a ninety degree angle. Solet G := Ry x R x R;.

n—~MNu=f, in G, (A.8a)
hu =g, on S :={x1 =0,x € R, x3 € R;}, (A.8b)
d3u = g2, on S :={x; € Ry, x € R, x3 =0} (A.8c)

The key observation is now that the two Neumann boundary conditions on S and S»
are compatible whenever g < 2. Suppose that we want to find a solution u € qu(G)
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of the problem. Then by trace theory,
Vuls, e W, (s, j=1.2.

This yields necessary conditions for the data. We see that on the set 9S; N 39S, =
{x1 = x3 = 0} where the two boundary conditions meet, there is no compatibility
condition for the data g; and g in the system. This is due to the fact that since g < 2
the functions Vuls; do not have a trace on 9.

So let the given data satisfy

1-1 .
g ew, sy, j=1,2.

By a simple reflection we can recude the problem to a upper half-space problem with
one Neumann condition and obtain full qu(G) regularity for the solution. Let us state
this observation in the following theorem.

Theorem A4 For all (g1, g2) € qu_l/q (S1) x qu_l/q (S2) there exists a unique
solution u € WqZ(G) to problem (A.8). Furthermore, the solution map [(g1, g2) > u]
s continuous.

B The Neumann trace of the height function

In this section we characterize the optimal trace space for the Neumann trace of the
height function 4 and show that it is a Banach algebra with respect to pointwise
multiplication.

TheoremB.1 Letn =2,3,0 < T <00,5<p <ooandq € (3/2,2)N2p/(p +
1), 2p) and let T be the flat interface R, N {x; = 0}. Let again X¢ := qu_l/q(Z)
and Xy := Wy~ /(). Then

oW)(0.T; X)) N Ly(0,T; X1) 3 h (B.1)

> Vhlys € 0Fpq 00, T; L,(0%)) N L,(0,T; B); 71 (3%)) (B.2)

is bounded, linear, and has a continuous right inverse E, such that VEg|ys, = g for
all g € 0F pg /00, T: L, (03)) N L, (0, T; By, /4(3%)).

In particular, there exists some constant C > 0 independent of the length of the
time interval T, such that

— _ <
|Vh|32|F},q 18D (0,7;L,(3)NNLH(0.T; Byy /1(0%)) = Clhlwio.7:X0)NL, 0.7:X1)

forallh € ¢gW'(0,T; Xo) N L,(0,T; X1) and
p p

2

|Eglw10.7:x0)nL,0.1:x) = €l -2 -2
Fpg 21 (0.T:Ly(0X)NL,y(0.T: B,y ¢ (35))
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forall g € oF p? %P0, T; L9(3%)) N L,(0, T; By, /! (9)).

Remark 7.1 The time trace att = 0 in OF},;MGQ) (0, T; Ly(0%)) is well defined since
1—2/(3q) > 1/p is ensured, cf. [27].

Proof We may use Propositions 5.37 and 5.39 in [21] to get an embedding
1 . . 1-1/(3q) Cwl
oW,(0,T; Xo) N Lp(0,T; X1) = 0Fpq 0, 7; W, (%)), (B.3)

where the embedding constant is independent of 7. This can be seen as follows. Since
we restrict ourselves to functions with vanishing trace at + = 0 we may extend the
function to the half line R by reflection. We then apply the result in [21] and then
restrict the extensions back to the finite interval (0, T').

Hence, (B.3) yields that for any & € OWL(O, T; Xo) N L,(0,T; Xy),

1-1/(3 3—1
Vh e oFpy /%0, T; Ly(£) N L0, T; Byy /4 (D).

Concering the traces of Vi on the boundary 0%, we use Proposition 5.23 in [21] to
write this intersection space on the right hand side as an anisotropic Triebel-Lizorkin

space F ;’Z and use the trace theory developed in [21] for these particular spaces. For

a definition of F;Z we refer to Definition 5.15 in [21]. By Proposition 5.23 in [21],

Fpg 100, T3 Ly () N Ly (0. T3 Bgg (%) = F34((0, T) x 3),

where s =1,

a ! L1 p = ( ), t=1 ! =3
a = T T T ] = RN ) ) = - 5 = — T
; o) P=ap % .

where we take n — 1 copies of 1/I and ¢, respectively. For taking now traces in these
anisotropic Triebel-Lizorkin spaces we refer to [20]. With the notation used there in
equations (2.1) and (2.11) we use Corollary 2.7 in [20] to get that the trace operator
onto the boundary 9%,

. _1
tras : FS9(0,T) x ) — Fo % ((0,T) x 8%),
p.q p//’q

is bounded. Here a” and [;” are used as introduced in the beginning of Section 2.1 in
[20]. In our particular case,

, 1 11 =,
a’ = 71"'a71; ) P Z(Qs"'vqsp)v

taking now n — 2 copies of 1// and ¢, respectively. We note at that point that by
the order of integration with respect to the different exponents in p as explained in
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equation (3.1) in [20], we have to take traces in “x;-direction” in the notation of [20]
and not in x,-direction and therefore have to use Corollary 2.7 and not Corollary 2.8
in [20].

Again using Proposition 5.23 in [21],

s—L an — 1y
Fom(0.T) x 95) = Fay ”

4
P,

s—1)1
(0,T; Ly(d%)) N Ly(0, T B;; a 0x)).

Clearly,
1 1 1 2
s—— |t = - l——)=1——,
ql 3g — 1 3q 3q
as well as
( 1)1 3< 1): 32
——)1=3(s=-——=)r=3-%2
ql ql q
Hence

Lo

F;Zl’” (0, T) x %) = Fpy /%90, T; L,(0%)) N L,(0, T; By /1 (9%)B.4)
Concludingly, we have shown so far that the mapping h +— trys Vh between the
spaces in (B.1) is bounded.

It remains to construct a continuous right inverse. This follows now by similar
arguments using Corollary 2.7 in [20]. We omit the details here.

We again point out that the constant is only independent of T since we restrict
ourselves to functions having vanishing trace at ¢ = 0. O

The boundedness of the trace operator can easily be generalized to the case of a curved
interface by a standard argument involving a partition of unity and a localization
argument.

TheoremB.2 Ler @ € R, n = 2,3 bounded and smooth and X a smooth inter-
face of dimension n — 1 in the sense that ¥ is a submanifold with interior inside
Q meeting the boundary at a ninety degree angle. Then trygs Vy : oX7 —
Fp /090, T; L,(0%)) N L, (0, T; By, *'* (%)) is bounded.

The next result states that the Neumann trace space is a Banach algebra under
pointwise multiplication.

TheoremB.3 Letn =2,3,0<T <+400,3<p<ooandq € (3/2,2)N2p/(p+
1), 2p). Then the Neumann trace space with vanishing time trace att = 0 above is a
Banach algebra, that is, the product estimate

Ifell -2 2

3_2
Fpg *7(0,T;LI(OT)NLP(0,T; Byy * (3%))
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Sz el -2 3

32 -2 2
Fpg 2 (0,T;LIOE)NLP(0,T; By 1 (0X))  Fpy 4 (0,T;L4(0)NLP(0,T; Byy ¢ (9))

(B.5)

holds for all f, g € oFpy ' ®(0, T; L,(0%)) N L, (0, T; Boy 1(9%)). In particu-
lar, the constant in (B.5) is independent of the length of the time interval.

Proof We begin by showing that

0Fpg /00, T; Ly(0%) N L,y (0, T; By /1 (0%)) = Loo(0, T Lao(33)).

(B.6)

Using Proposition 5.38 in [21], the space on the left hand side continuously embeds
into

(=500 o p(G-2/g)(1-6)
OHp (07 T, qu (82))

forany 6 € (0, 1) where the embedding constant is independent of 7. Note that if 6 is

so small such that the space on the right hand side does not have a well defined time
, Lo (20 (3-2/g)(1-6)
trace at r = 0, we simply replace it with H, (0,T; Byg 0X)).
Now, since n = 2 or 3, the boundary d X has at most dimension 1, whence the latter
space on the right hand side surely embeds into L (0, T; Loo (X)), if

(1-2/3g)6—-1/p>0, 3-2/9)(1-6)—1/q>0.
These both equations are equivalent to finding some 6 € (0, 1) such that

1 3 1
| <0 <1-
3g -2

p3q—2
Simple calculations show that for any g € (3/2, 2),

1
3g -2

3q 9
<_

3g—2 5

3
> - b

5
whence p > 3 ensures § = 3/5isasolid choice. Therefore we know for sure thatin any

of our cases the Neumann trace space embeds continuously into Lo (0, T; Loo(0X)).
Using well-known paraproduct estimates, cf. [7],

|fg|Lp(O’T;ng—2/q(32))

= |If Ol |8l g3-21a

t — t
o F IO lale @l

Lp Ly(0,7)

= W Lot 181y g3/ T 1 F 1y (3210) 18] Loc (Loc)-
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From Proposition 5.7 in [27] we get

Ifel 2 Sz 181100 (0.7 Loo (0%))
Fpg 10, T;L,(0%)) Fpq 1 (0,T;La(3%))

T 1L 02 18] 12 .
Fpg "1 (0,T;L4(0%))

These two estimates and (B.6) finish the proof. O
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