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In the Original Publication of the article, few errors have been identified in section 5
and acknowledgements section. The corrected section 5 and acknowledgements are
given below:
5 Nonlocal problems
In this section we consider a real function p such that

piscontinuous, | <o < p <8, 6D
for some constants «, 8. We denote by b a mapping from Wol’“(Q) into R such that

b is continuous, b is bounded, 5.2)

i.e. b sends bounded sets of Wé’“(Q) into bounded sets of R.
Definition 2 A function u is a weak solution to the problem (1.3) if

= W(}’[?(h(u)) (Q),

5.3
[VulPC)=2yy . Vydx = (f,v) Vve Wol’p(b(u))(g)’ e

Q
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where (-, -) denotes the duality pairing between (Wé’p(b(”))(Q))’ and Wol’p(b("))(Q).

One should notice that p(b(u)) is here a real number and not a function so that
the Sobolev spaces involved are the classical ones. We refer to [5, 7-9] for more on
nonlocal problems.

Then one has:

Theorem 5.1 Let Q@ C RY, d > 2, be a bounded domain and assume that (5.1) and
(5.2) hold together with
few Q).

Then there exists at least one weak solution to the problem (1.3) in the sense of
Definition 2.

The proof of Theorem 5.1 is based on the following result.

Lemma5.1 Forn € NN, let u, be the solution to the problem

u, € Wy (),
5.4
/ Vi 2Vu, - Vodx = (f,v) ¥ ve W, (Q), (54)
Q

where (-, -) denotes here the duality pairing between (Wé’p" () and Wé’p”(Q).
Suppose that

Ppn — p, as n— oo, where p € (1,00), (5.5)
fe W_l’q/(Q) for some q < p. (5.6)

Then
up = u in Wyd(Q), as n— oo, (5.7)

where u is the solution to the problem

ue Wy (),

/ IVulP~2Vu - Vodx = (f,v) YveW,"(Q). (5-8)
Q

Proof of Lemma 5.1 We shall split this proof into two steps.

1. Weak convergence: We first observe that, in view of p, — p, as n — o0, and
q < p, we may assume that

p+1l>p,>q V nelN 5.9

Taking v = u,, in the equation of (5.4) we get
f |Vun|Prdx < || fll-1,4' I Vtunllg- (5.10)
Q
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Recall that || f]|—; 4 denotes the strong dual norm of f associated to the norm ||V - ||,.
On the other hand, by using Holder’s inequality and (5.9), we have

[Vunllg = CliVunllp,. (5.11)
for some positive constant C = C(p, g, €2). Plugging (5.11) into (5.10) it comes

IVunllp, < C, (5.12)

for some other positive constant C = C(p, g, 2, f). Combining (5.11) with (5.12),
it follows that
”Vun”q <C, (5.13)

for some positive constant C independent of n. From (5.13) we deduce then that for
some subsequence still labelled by n and for some u € W(}’q (2)

Vu,—~Vu in L1(Q), as n — oo. (5.14)

Due to (5.5), (5.9), (5.12) and (5.14), we can also apply Lemma 3.1 so that

liminff |Vu,,|”"dx2/ |Vul|Pdx.
Q Q

n—o0

As a consequence we have 1,p
ue Wy (Q). (5.15)

Clearly the equation in (5.4) is equivalent to

/ |Vin PP ">Vu, - V(o — uy) dx > (fov—u,) Yve Wol'p"(ﬂ).
Q

and by the Minty lemma to

/ |Vv|p"72Vv -V —up)dx > {(f,v—u,) VYve Wol’p”(Q). (5.16)
Q

Taking v € C(C)’O(Q), one can use (5.5) and (5.14) to pass to the limit in (5.16), as
n — o0, so that

/ IVolP2Vy - V(v —u)dx > (f,v—u) YveCPE). (5.17)
Q

Using the density of CSO(Q) in Wol’p(ﬂ), we see that (5.17) also holds for all v €

W,'? (). In this case, taking v = u + 8z, with z € W'”() and § > 0, and letting
8 — 0 after simplifying the resulting inequality, one obtains

/ |Vu|”_2Vu -Vzdx =(f,z) Vze WOI’P(Q).
Q
Thus u is the solution to the problem (5.8).
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2. Strong convergence: We want to show that the convergence (5.14) is in fact strong.
To prove this, we first note that, taking v = u,, in the equation of (5.4) and using (5.14)
to pass to the limit, we obtain

/ IVu,|Prdx = (f,uy) — (f,u) =/ |VulPdx, as n — ooc. (5.18)
Q Q
Consider the case of the p,’s such that

pn=p Y nelN.

One has by Holder’s inequality

iy

Pn _ P
/|Vun|pdx§ (/ |Vun|p"dx> 1w,
Q Q

where |€2| denotes the d-Lebesgue measure of 2. Thus by (5.18) for such a sequence

limsup/ IVu,|Pdx 5/ |VulPdx Sliminf/ |Vu,|Pdx,
Q Q n—oo Q

n—o0

which shows (since || Vu,l|l, — [IVul p, asn — 00)
u, — u strongly in Wol’p(Q), as n — o0o. (5.19)

Since W,”(Q) € W,(2), (5.19) implies (5.7).
Next, consider the p,’s such that

gq<pn<p VnelN (5.20)
and set
A, = /Q (|Vun|Pn*2Vun _ |Vu|Pn*2Vu) - (Vu, — Vu) dx. (5.21)
Due to the monotonicity, A, > 0 and, because of (5.4), one has
Ap = (f, up —u) — fg IVulP2Vu - V(u, —u)dx.

From (5.6) and (5.14), we have
(foup —u) - 0, asn — oo. (5.22)
Moreover, from (5.15) one easily gets

)|Vu|1’n—2vu < max{l, [Vul}*~! e LY (Q). (5.23)
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Hence, (5.20), (5.22) and (5.23) ensure that
A, — 0, as n— oo. (5.24)

Assume first that
Pn > 2.

This allows us to use property (3.10) of Lemma 3.2 in (5.21) so that

A

f IV (u, —u)|P"dx. (5.25)

Yl_zp

Since, by (5.20), p, > ¢, we have by Holder’s inequality, (5.20), (5.24) and (5.25)

9
f VG, =it dx = ([ 190, = wi dx) ™ i F - o
Q Q

when n — o0. This proves (5.7) in this case.
Consider now the case when
Pn < 2.

Here, we use Holder’s inequality as follows

/ |V (u, —u)|P" dx
Q

@ Pn)P

(pn—
:/ IV (un — )| (|Vuy| + |Vul |+ [Vul) dx
Q

_m
1 2

< [/ IV Gt — ) (Vi 4V P2 dx]z [f (Vg |+ V)P dx}
Q Q
(5.26)

Using property (3.11) of Lemma 3.2 we have
Ay = C/ IV @ty — 0)]* (|Vug| + Va2 dx, (5.27)
Q

for some positive constant C = C(p,). Now, by using (5.26), (5.27) together with
(5.12) we deduce that

/ |V (u, —u)|P*dx — 0, asn — oo.
Q

Thus, as above, (5.7) holds true also in this case. O

Let us now show how Lemma 5.1 can be applied to prove the existence of weak
solutions to the nonlocal problem (1.3).
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Proof of Theorem 5.1 Note that f € (W, (2))’ C (W,*(2))' for any § > a. Thus
for each A € R, there exists a unique solution u = u; to the p(A)-Laplacian problem

ue W, (@),

5.28
/ IVulPPD 2y . Vodx = (f,v) Yve WP (@), (5-28)
Q
Taking v = u = u;, in (5.28) one derives
/ Vi PP dx < || fll—1o I Vit o (5.29)
Q
By Holder’s inequality one has
11
IVl < IVurllpoyl2]e »®. (5.30)
Thus by (5.29) it comes
_ 11
IV |20 < 1 fll oy olQ1= 700 (5.31)

p()
Gathering (5.30) and (5.31), and using (5.1) we obtain

L 1__1 pO) 1 11\ p
v < P10 (rm)m < ma = (E_F)W =C,
IVirlle = 1FIZ7 182 = max A2 o192
(5.32)
for some positive constant C = C(«, B, €2, f). Due to the boundedness of b, see (5.2),
and to (5.32), there exists L € R such that

b(uy) e[-L,L] YireR.

Let us now consider the map
A= b(uy), (5.33)

from [—L, L]into itself. This map is continuous. Indeed, if A,, — X asn — oo, due to
(5.1), we have p(x,;) — p(}). Applying now Lemma 5.1 with p, = p(4,), it follows
that

U, = u; in W&’“(Q), as n — oo.

Now, b being continuous (see (5.2)), it follows that b(uy,) —> b(u,), as n — oo,
and thus the map (5.33) is also continuous. It has then a fixed point A and u;,, is then
solution to (5.3). O

The original article has been corrected.
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