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Abstract
The moduli space of nodal Enriques surfaces is irreducible of dimension 9. A nodal
Enriques surface is shown to be the quotient of a double cover of the plane by a lift of
the Cremona involution. We also show that this gives a straightforward proof of the
known description of the automorphism group for the generic such surface.

Mathematics Subject Classification 14J28 · 32J15 · 32J25

1 Introduction

The goal of this note is to give a simple geometric construction of nodal Enriques
surfaces and to show that the known structure of the automorphism group for generic
nodal Enriques surfaces can be deduced from it in a straightforward fashion. As a side
result we show that these surfaces always have aNikulin involution.We also determine
the transcendental and Picard lattices in the generic nodal case.

1.1 A geometric construction

K3 and Enriques surfaces form a well studied class of compact complex surfaces.1 Let
us recall that a K3 surface is a simply connected surface with trivial canonical bundle,
while an Enriques surface has a K3 surface as a double covering.2 The corresponding
involution is called an Enriques involution.

It is well known (see e.g., [2] for the complex case) that a general Enriques sur-
face does not contain smooth rational curves of self-intersection−2, also called nodal

1 In this note we stay entirely within the realm of complex surfaces.
2 Enriques surfaces, contrary to K3 surfaces, are always projective.
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curves. Since the moduli space of Enriques surfaces has dimension 10, we expect
that nodal Enriques surfaces have 9 moduli. From an abstract moduli point of view
the notion of a general nodal Enriques surface can be made precise and this leads
naturally to an irreducible 9-dimensional moduli space (see Sect. 2.4). The main goal
of this paper is to give a simple geometric construction for the corresponding Enriques
surfaces.

Although this can be extracted from the results in [6] (see, Remark 3.5), the simple
direct construction we propose has not been observed before. Our main result is as
follows. It uses the standard plane Cremona transformation c with points of indeter-
minacy p0, p1, p2 and the blow up P of the plane in these points.

Theorem 1. Let X → P2 be a (minimal desingularization of a) double cover
branched in a sextic curve which is invariant under c and which has only ordinary
double points at the points p0, p1, p2. Then X is a K3 surface and c lifts on X
to a fixed point free involution with quotient a nodal Enriques surface. This con-
struction depends on 9 effective parameters and its general member is a “general
nodal Enriques surface”.

2. A K3 surface X which is the double cover of a general nodal Enriques surface
admits a second involution such that the resulting quotient of X is a degree 6 del
Pezzo surface P ⊂ P6. The Enriques involution on X induces an involution on P,
the projective plane P2 blown up in three general points p0, p1, p2; this in turn
is induced by the standard Cremona transformation c. The branch locus of the
resulting cover X → P2 is a sextic curve, invariant under c and having ordinary
double points at the three points p0, p1, p2.

We call the double cover X → P a del Pezzo double cover and the corresponding
involution a del Pezzo involution. There is a second way to lift the Cremona involution
to the K3 double cover X and, surprisingly, this is a Nikulin involution. A Nikulin
involution on a K3 surface is a symplectic involution, i.e., one leaving non-zero holo-
morphic two forms invariant. They were studied by Morrison [11] as a sequel to
Nikulin’s study of finite groups of automorphisms of K3 surfaces. Nikulin involutions
are also central in the work of van Geemen and Sarti [9]. Every Nikulin involution has
eight fixed points leading to a quotient surface with eight nodes; the blow-up of these
nodes yields a K3 surface.

To give the proof of the above theorem,we recall in Sect. 2 themoduli description of
K3 and Enriques surfaces based on [16]. It is relatively easy to show the first part of the
above theorem.We do this next, in Sect. 3, cf. Theorems 3.4 and 3.6. The proof of part
(2) – this is Theorem 4.8 – can only be given after considerable work based on a precise
lattice theoretic description of the nodal classes on general nodal Enriques surfaces.
We have gathered the relevant lattice theory in Appendix A. Although well known
among experts, we found it useful to give a concise and self-contained exposition of
these results. For technical details we refer to Nikulin’s investigations [12,14] and the
monographs [6,7].
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On K3 double planes covering Enriques surfaces 1601

1.2 Automorphisms

For the generic Enriques surface without nodal curves, the automorphism group
is known to be equal to the subgroup of isometries of the Enriques lattice M =
H2(Y ,Z)/(torsion) which induce the identity on M/2M and which, in addition, pre-
serve each of the two connected components of the “light cone” {x ∈ M ⊗ R |
x · x > 0}. Here the “dot” stands for the cup-product pairing. For the complex case
see [2], while one should consult [5–7] for positive characteristic. Note that this group
is infinite.

In the latter works, one can also find a characteristic free description of the automor-
phism group of the generic nodal Enriques surface. However, in positive characteristic
one cannot use the period map for the covering K3-surface, making these results less
explicit. For instance, our definition of a “generic nodal” Enriques surface is very
explicit in terms of the periods of the universal cover. Secondly, without using tran-
scendental methods it is harder to see when the representation of the automorphism
group on theNéron-Severi lattice is faithful. Our precise genericity assumption ensures
this faithfulness. In the nodal situation the main result of [5] states that the image of
the automorphism group in the isometry group of the Néron-Severi lattice is always
contained in the group made explicit in Corollary 5.8 and generically coincides with
it. The original proof [5] of this result used computer calculations. Allcock [1] found
a simpler group-theoretic proof.

Our geometric construction also gives a relatively easy way to determine the auto-
morphism group of the generic3 nodal Enriques surface. See Corollaries 5.6, 5.8 for
precise statements. Also in this situation the automorphism group is infinite. See
Remark 5.9. Our simplification uses in a crucial way the explicit description of the
nodal curves on a generic nodal Enriques surface which we deduce from the geometric
model we use.

1.3 Notational conventions

A lattice is a free Z-module of finite rank equipped with a symmetric bilinear integral
pairing denoted by a dot. If L is a lattice, and F the field Q,R or C, the vector space
LF = L ⊗ F inherits this product, likewise denoted by a dot. A sublattice M ⊂ L is
called primitive if L/M is torsion free. A non-zero element x ∈ L is primitive if the
lattice it generates is primitive, that is, x is not a non-trivial multiple of some y ∈ L .

The dual L∗ of the lattice L consists of the group of y ∈ LQ = L ⊗ Q for which
all products y · x , x ∈ L are integral. Obviously L ⊂ L∗ is a subgroup and the
discriminant group of L is the abelian group

AL = L∗/L.

For a non-degenerate even lattice L , the pairing on L induces aQ/2Z-valued quadratic
form δL on AL , the discriminant form. The pair (AL , δL) is called the discriminant,

3 “Generic” has the precise meaning given in Proposition 5.5. In the moduli space of the general nodal
Enriques surfaces these belong to the complement of countably many subvarieties.

123



1602 C. Peters, H. Sterk

but we shall be sloppy in that we use this terminology for the group AL as well a for
the form δL .

We shall use the following standard lattices:

• the lattice 〈n〉 which is Z equipped with the quadratic form x 	→ nx2;
• the hyperbolic lattice U = Z f ⊕ Zg, f 2 = g2 = 0, f · g = 1;
• the root lattices En (see, Sect. A.1).

Furthermore, we use the following conventions:

• If L is a lattice, nL ⊂ L is the sublattice consisting of elements nx, x ∈ L , while
L(n) denotes the lattice with a new product given by n times the product on L .

• The orthogonal direct sum of lattices is denoted by ⊥.
• The group of isometries of a lattice L is denoted by O(L).
• If S ⊂ LC, its isotropy group within the isometry group is denoted

O(G)S = {g ∈ O(G) | gC(S) = S}.

• A root is an element r ∈ L with r2 = −2 defining a reflection

sr : L → L, sr(x) = x + (x · r)r ∈ O(L).

• �(L) = {r ∈ L | r2 = −2}, the collection of roots in L .
• L root = lattice generated by �(L).
• W (L) = {the group generated by the reflections}, the Weyl group of L . This is a
normal subgroup of O(L).
• If M is hyperbolic, that is, has signature (1, n), the “light cone” {x ∈ M ⊗ R |

x2 > 0} has two connected components. Choose one and call it CM . Then −CM

is the other component. We set

O↑(M) = {g ∈ O(M) | gCM = CM },

a group of index 2 in O(M). The Weyl group W (M) is a normal subgroup of this
subgroup (each reflection preserves the components of the light cone).
• A(M) = O↑(M)/W (M).
• If G is a group of isometries of a lattice L , the automorphism induced by g ∈ G
on L/nL is denoted by gn and we set

G(n) := {g ∈ G | gn = id : L/nL → L/nL}.

2 Preliminaries

2.1 K3 surfaces and Enriques surfaces

As recalled in the introduction, a K3 surface is a simply connected surface X whose
canonical bundle KX is trivial. A nowhere zero section of KX defines a holomorphic
2–formωX , unique up to a multiplicative scalar. The intersection pairing on H2(X ,Z)
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On K3 double planes covering Enriques surfaces 1603

makes this free abelian group of rank 22 into a lattice whose signature is (3,19). It is
unimodular and even, that is, for all x ∈ H2(X ,Z) the intersection number x2 = x · x
is even. As recalled in Appendix A.4, this characterizes the lattice up to isometry as

L = U ⊥ (U ⊥ E8(−1)) ⊥ (U ⊥ E8(−1)), (1)

which we call the K3–lattice. A choice of an isometry ϕ : H2(X ,Z)
∼−→ L is called

a marking for X .
We employ the following notation:

SX ⊂ H2(X ,Z) : the Picard lattice or Néron- Severi lattice

TX = S⊥X , the transcendental lattice.

The transcendental lattice can be characterized as the smallest sublattice T of
H2(X ,Z) such that TC containsCωX .When amarking is given,we frequently confuse
SX and TX with their images in L .

An Enriques surface Y is a surface with a K3 surface X as an unramified double
cover u : X → Y . The corresponding involution ιEnr is called an Enriques involution
and one has Y = X/〈ιEnr〉. The morphism u induces an isomorphism

u∗ : H2(Y ,Z)/torsion
∼−→ H2(X ,Z)ιEnr=id,

which is not an isometry; one has u∗(x) · u∗(y) = 2x · y. This can be described
abstractly by introducing the Enriques involution on the level of lattices:

σ(v, (u, e), (u′, e′)) = (−v, (u′, e′), (u, e)), (2)

One can always choose a marking ϕ : H2(X ,Z)
∼−→ L such that ι∗Enr corresponds to

σ (see, e.g., [3, Lemma 19.1]). Such a marking is called a marking for the Enriques
surface Y or for the pair (X , ιEnr). It follows that such a marking induces an isometry

H2(Y ,Z)/torsion � Lσ=id(1/2) = M,

where
M = U ⊥ E8(−1). (3)

is called the Enriques lattice. All classes in this lattice correspond to classes of divisors.

2.2 Involutions on K3 surfaces and on the K3 lattice

Forgetting the lattice structure, an involution τ on a free finite rank Z-module K
can be characterized by its involution invariant, the triple of non-negative integers
�t(τ ) = (t+, t−, tsw) defined by the ranks of the three submodules in any splitting
K = K+ ⊕ K− ⊕ Ksw for which s|K± = id± and Ksw = U⊕t where U has rank
2 with basis {u, τ (u)}. This triple �t(τ ) is indeed independent of how the splitting is
achieved [17]. We determine these invariants for the following three involutions on L:
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1604 C. Peters, H. Sterk

1. The Enriques involution; it clearly has invariant (0, 2, 10).
2. The Nikulin involution on lattice level, defined as

ν(v, u, e, u′, e′) = (v, u, e′, u′, e). (4)

We have �t(ν) = (6, 0, 8).
3. The del Pezzo involution given as follows. Fix a root r ∈ E8(−1) ⊂ L , the first

copy of E8(−1), set

μ(v, u, e, u′, e′) = (−v, u′,−sre, u,−sσ(r)e
′).

This involution has invariant (0, 14, 4). Indeed, it preserves each of the two sum-
mands E8(−1) and on such a summand the reflection sr interchanges two vectors
x and x − r where x is any vector such that x · r = −1, while it leaves the orthog-
onal complement of the plane spanned by these two vectors invariant. Hence −sr
as well as −sσ(r) has invariants (0, 6, 1) and μ has the stated invariants.

For later use we observe that

σ ◦μ = μ◦σ = s′σ(r)◦s
′
r◦ν, (5)

where s′r = −sr on the first copy of E8(−1) and the identity on its orthogonal com-
plement, and likewise for s′σ(r).

The above lattice type involutions come from geometry. The “geometric” Enriques
involution, as we have seen, is fixed point free. Nikulin involutions on a marked K3
surface inducing the one on L have 8 isolated fixed points and the quotients, after
blowing up the fixed points, are K3 surfaces again. See [13], [11] and [9, Sect. 1.2].
The geometry of the del Pezzo involution will be explained in Sect. 3.2.

Remark 2.1 Involutions on K3 surfaces have been classified [14, Sect. 4], [20]. Apart
from the Enriques and the Nikulin type involutions, all other involutions have rational
surfaces as quotient. A double cover of the projective plane ramified in a smooth sextic
curve is an example of the last type of involution.

2.3 Moduli of K3 and Enriques surfaces

Let X be a K3 surface and ωX a non-vanishing holomorphic 2-form on it. A marking
ϕ : H2(X ,Z)→ L induces an isometry ϕC : H2(X ,C)

∼−→ LC. The line [ϕ(ωX )] ∈
P(LC) defines the period point of (X , ϕ); it belongs to the period domain

˜D := {[ω] ∈ P(L ⊗ C) | ω · ω = 0, ω · ω̄ > 0}.

The group O(L) acts on ˜D.
Moduli of Enriques surfaces Y = X/〈ιEnr〉 can be described by means of the K3-

surface X as follows. Choose a marking ϕ : H2(X ,Z)
∼−→ L for (H2(X ,Z), ιEnr)

and set
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On K3 double planes covering Enriques surfaces 1605

L+ = L(σ=id) = M(2) = U (2) ⊥ E8(−2) (6)

L− = L(σ=−id) = U ⊥ M(2). (7)

Since ι∗EnrωX = −ωX , the period point of (X , ϕ) then belongs to ˜D ∩ P(L−C). In fact
it belongs to an open subset thereof obtained by deleting the points on hyperplanes
Hr ⊂ P(L−C), orthogonal to roots r ∈ L−:

D = ˜D∩
⎛

⎝P(L−C)−
⋃

r∈�(L−)

Hr

⎞

⎠ (8)

The group

O(L, σ ) := {g ∈ O(L) | gσ = σ g}

acts on D in a discrete fashion and the quotient

M := O(L, σ )\D (9)

is the moduli space of Enriques surfaces. Note that dimM= 10. The class of [ωX ] in
it depends on Y and not on the chosen marking. It is called the moduli point of Y .

2.4 Moduli of nodal Enriques surfaces

Let Y = X/ιEnr be an Enriques surface. A nodal curve C on Y corresponds to a pair
of disjoint nodal curves {B, ιEnr(B)} on X . Let us see how this is reflected on the level
of lattices. For clarity, we write the K3-lattice as

L = U ⊥ M ′ ⊥ σ(M ′),

where M ′ � M is the first sublattice between parentheses in (1). Via the marking, the
homomorphism u∗ : H2(Y )→ H2(X) corresponds to the homomorphism

M → U ⊥ M ′ ⊥ σ(M ′)
x 	→ (0, x, σ (x)).

In particular, if r+ ∈ M is the class of a nodal curve on Y , we see that u∗(r+) =
r+σ(r) ∈ M ′ ⊥ σ(M ′). This leads to the following terminology for the corresponding
roots in L .

Definition 2.2 A pair of roots {r, σ (r)} in L for which r · σ(r) = 0 is called a σ -
adapted pair of roots. If r + σ(r) ∈ M ′ ⊥ σ(M ′), then {r, σ (r)} is called a strongly
σ -adapted pair of roots.
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The corresponding two nodal hyperplanes Hr = r⊥ and Hσ(r) = σ(r)⊥ meet
P(L−) in the same hyperplane which we denote

Hc ⊂ P(L−), c = r − σ(r).

We set

Dc = D ∩ Hc

Mc = O(L, σ )c\Dc.

Remark 2.3 Observe that c can be written in many ways as a difference c = s− σ(s)
of a pair of σ -adapted roots which are not necessarily strongly σ -adapted. For an
Enriques surface Y = X/ιEnr with period point on Dc such pairs {s, σ (s)} consist of
algebraic classes on X , but they are not necessarily nodal classes. The classes s+σ(s)
correspond to roots in the Enriques lattice. In fact, below, in Sect. 4.2 we determine
these roots.

By Corollary A.9 the group O(L, σ ) acts transitively on strongly σ -adapted pairs of
roots and so the isomorphism class of Mc does not depend on c. More precisely, if
c′ = γ (c) for some γ ∈ O(L, σ ), we have γ (Dc) = Dc′ and hence γ induces an
isomorphism betweenMc andMc′ . The isomorphism class of this hypersurface is the
moduli space of “nodal” Enriques surfaces. We denote it Mroot.

On the other hand, suppose we have a strongly σ -adapted pair {s, σ (s)} of roots
for which c′ = s − σ(s) is different from c. If the period point of Y does not belong
to the corresponding hyperplane Hc′ , the class s is not an algebraic class on X and in
particular does come from a nodal class on Y . Accordingly, we set:

Do
c = Dc −

⋃

c′ �=c
Hc′ ∩ Dc.

M
gen
root = (the isomorphism class of) O(L, σ )c\Do

c .

Points inMgen
root correspond to Enriques surfaces Y = X/ιEnr whose only nodal classes

correspond to strongly σ -adapted pairs {r, σ (r)} of roots in the Picard lattice of X
with r − σ(r) = c.

3 Del Pezzo double planes

3.1 The standard Cremona transformation and invariant sextics

Consider the projective plane P2 with homogeneous coordinates (x0, x1, x2) and let
p0 = (1 : 0 : 0), p1 = (0 : 1 : 0), p2 = (0 : 0 : 1). The standard Cremona
transformation centered at p0, p1, p2 is the birational involution given by

(x0, x1, x2) 	→ (x1x2, x0x2, x0x1).
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On K3 double planes covering Enriques surfaces 1607

Let π : P → P2 the plane blown up in the three points p0, p1, p2 with exceptional
curves Ei mapping to pi , i = 0, 1, 2 and let Li be the proper transformof the coordinate
axis {xi = 0}.

We now consider sextic curves C having an ordinary double point in each of the
points p0, p1, p2 and left invariant by the Cremona transformation. Such a sextic curve
is given by a polynomial of the shape

φ = a222x
2
0 x

2
1 x

2
2

+ a420(x
4
0 x

2
1 + x21 x

4
2 )+ a240(x

2
0 x

4
1 + x20 x

4
2)+ a042(x

4
1 x

2
2 + x40 x

2
2 )

+ a330(x
3
0 x

3
1 + x0x1x

4
2 )+ a303(x

3
0 x

3
2 + x0x

4
1 x2)+ a033(x

3
1 x

3
2 + x40 x1x2)

+ a213(x
2
0 x1x

3
2 + x20 x

3
1 x2)+ a123(x0x

2
1 x

3
2 + x30 x

2
1 x2)

+ a132(x0x
3
1 x

2
2 + x30 x1x

2
2 ). (10)

Lemma 3.1 (i) For a general choice of the coefficients ai jk in (10) the proper trans-
form C̃ of the sextic C = {φ = 0} on P is smooth and is disjoint from the fixed
point locus of the involution c.

(ii) The family of sextics defined by (10) depends on nine effective parameters.

Proof (i) A generic member of the family (10) is a sextic which has three ordinary
double points at the points p0, p1, p2 and is smooth elsewhere. To see this it
suffices to give one member of the family for which this is true. Such a member
is the sextic with equation

x20 x
2
1 x

2
2 + (x40 x

2
1 + x21 x

4
2 )+ (x20 x

4
1 + x20 x

4
2 )+ (x41 x

2
2 + x40 x

2
2 ) = 0.

This can be easily checked; for instance the coordinates of the four fixed points
(1 : 1 : 1), (−1 : 1 : 1), (1 : −1 : 1), (1 : 1 : −1) of the Cremona involution
don’t satisfy the above equation.

(ii) We first show that if a projective transformation T preserves a generic member
C of the family (10), T 12 = 1 and so such T form a finite group G. Indeed, T
permutes the singularities of C and hence T 6 fixes each of them. But then T 6

permutes each of the two tangents toC at p j , j = 0, 1, 2 and so (T 6)2 fixes each
of these 6 lines and hence must be the identity. Next, observe that there are 10
coefficients in the equation (10) and hence the family depends on 9 parameters.
Since G is finite, this shows that there are nine moduli. ��

The Cremona transformation induces a biregular involution ιCr : P → P with
ιCr(Ei ) = Li , i = 0, 1, 2, the proper transform of the coordinate axis {xi = 0}. The
corresponding divisor classes in the Picard groupwill be denoted by the corresponding
lower case letters. The class of the proper transform L of a line will be denoted by 
.
We have:

Lemma 3.2 (i) ι∗Crei = 
i = 
 − (e0 + e1 + e2) + ei , i = 0, 1, 2 and ι∗Cr
 =
2
− (e0 + e1 + e2).

(ii) ι∗Cr preserves the class−kP = 3
− (e0+ e1+ e2) of the anti-canonical bundle;
this class is (very) ample.
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Proof (i) The first three equalities are clear. The last equality follows since ιCr
transforms a line into a conic through the three points p0, p1, p2.

(ii) This follows from (i). For the ampleness of the anti-canonical class, see e.g., [7,
Theorem 8.2.3]. ��

3.2 Del Pezzo double covers admit Enriques involutions

The class of the proper transform in P of a sextic having double points in p0, p1, p2
in the Picard group equals 6
 − 2(e0 + e1 + e2) = −2kP and so is 2-divisible. We
thus may form the double cover q : X → P of P branched in the curve C̃ .

Definition 3.3 A double cover q : X → P of P branched in the proper transform C̃
of a sextic (10), is called a del Pezzo double cover and the corresponding involution
ιdelP, a del Pezzo involution. If C̃ is smooth, we speak of a smooth del Pezzo double
cover.

Theorem 3.4 Let q : X → P be a smooth del Pezzo cover. The surface X is a K3
surface. The involution ιCr lifts to a fixed point free involution ιEnr : X → X commuting
with ιdelP. The involution ιNik = ιEnr◦ιdelP is a Nikulin involution.

Proof SetF= O(−KP ), the bundle forwhichF⊗2 = OP (C̃). Hence KX = q∗(KP⊗
F) = OX . As a minimal resolution of a plane double cover, X is simply connected
and so X is a K3 surface.

The surface X is canonically embedded in the total space F of F as the zero set
of the section p∗ f − s2 where p : F → X is the bundle projection, f a section of
F⊗2 vanishing along C̃ and s the tautological section of p∗F. The involution ιCr acts
naturally on F and so ιCr can be lifted to X in two ways. Since ιCr acts fixed point
freely on C̃ , the two involutions on X lifting ιCr act without fixed point on B = q−1C̃ .
Over the 4 fixed points of ιCr one has 8 points in X all of which are either fixed or not
fixed. In the first case the involution preserves the canonical two-form; in the second
case it sends it to its negative. So either we get a Nikulin involution or a fixed point
free involution, i.e., an Enriques involution. ��

On X the inverse images q−1Ei , i = 0, 1, 2 of the 3 exceptional curves Ei are
nodal curves. Their classes in the Picard group will be denoted ẽi . The inverse images
q−1Li , i = 0, 1, 2 of the three rational curves Li also are nodal curves with classes,
say 
̃i . Then ι∗Enr(ẽi ) = 
̃i . Let 
̃ be the class of q−1(L). The intersection behaviour
of these classes is as follows:

ẽi · ẽ j = 
̃i · 
̃ j = δi j · (−2)
ẽi · 
̃ j = (1− δi j ) · 2

̃ · 
̃i = 2. (11)

We say that the six divisors ẽi , 
̃ j form a doubly bonded hexagon of nodal curves. Its
classes are said to form a doubly bonded hexagon of roots. The intersection graph can
indeed be depicted as
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On K3 double planes covering Enriques surfaces 1609

•ẽ0

•
̃2 •
̃1

•ẽ1 •ẽ2

•
̃0

(12)

where the vertices represent classes of selfintersection−2 and where adjacent vertices
have inner product 2. We also note that the sum of the divisors in the doubly bonded
hexagon is ample, since we have:

− q∗kP = 3
̃−
2

∑

i=0
ẽi =

2
∑

i=0

(


̃i + ẽi
)

=
2

∑

i=0

(

ẽi + ι∗Enr ẽi
)

. (13)

To motivate the terminology “del Pezzo involution” for ιdelP we explain the
geometry behind this. The anticanonical system | − KP | corresponds to the six-
dimensional systemof cubics passing through p0, p1 and p2 whichgives an embedding
j : P ↪→ P6 as a surface of degree 6. This is the standard anticanonical embedding
of the del Pezzo surface P . Note that, taking as a basis for H0(OP (−KP )) the repre-
senting cubics

c0 = x0x1x2 c1 = x0x21 c2 = x0x22 c3 = x1x20 c4 = x1x22 c5 = x2x20 c6 = x2x21 ,

the branch locus of q has equation

φ = a222c
2
0

+ a420(c
2
3 + c24)+ a240(c

2
1 + c22)+ a042(c

2
6 + c25)

+ a330(c1c3 + c2c4)+ a303(c2c5 + c1c6)+ a033(c4c6 + c3c5)

+ a213c0(c1 + c2)+ a123c0(c3 + c4)+ a132c0(c5 + c6). (14)

On the other hand, the system | − q∗KP | has dimension 7 since the corresponding
ample line bundle q∗OP (K−1P ) on the K3 surface X has degree 12 and Riemann–Roch
and Kodaira vanishing then give that the dimension of its space of sections equals
6 + 2 = 8. See e.g., [3, Ch. VIII.3]. The system | − q∗KP | embeds X in P7 as a
degree 12 surface; the subsystem of divisors of the form q∗D, D a divisor of | − KP |
defines a rational map q̃ : P7 ��� P6 which maps X in a 2-1 fashion onto j(P) ⊂ P6.
Indeed, there exists y ∈ H0(OX (−q∗KP )) such that y2 = φ with φ as in (14). If P7

has homogeneous coordinates (c0 : · · · : c6 : y), the del Pezzo involution is induced
from (c0 : · · · : c6 : y) 	→ (c0 : · · · : c6 : −y) and the map q̃ which is projection
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1610 C. Peters, H. Sterk

from the point (0 : · · · : 1) induces q. The Cremona involution is induced from the
involution on P6 given by

c = (c0 : c1 : c2 : c3 : c4 : c5 : c6) 	→ ιCr(c) = (c0 : c2 : c1 : c4 : c3 : c6 : c5)

which lifts to the involutions (c : y) 	→ (ιCr(c) : ±y) on P7; these induce the Nikulin
involution, respectively the Enriques involution. This is summarized by the following
diagrams.

X

q 2:1

j̃
P7

q̃

P
j

P6

X
ιNik

q

X

ιEnr

ιdelP

q

X

qP

ιCr

P
id

ιCr

P

Remark 3.5 From this diagram it follows that the Enriques surface Y = X/ιEnr has an
extra involution, say ι, induced by ιdelP (or ιNik) as depicted below.

ιdelP

�

X

q 2:1

Y = X/ιEnr � ι

2:1

P Z = P/ιCr = Y/ι

The quotient Z = P/ιCr has 4 nodes since ιCr has 4 isolated fixed points on P . The
linear forms c0, c1+c2, c3+c4, c5+c6 onP6 are ι-invariant and the induced projection
P6 � (c0 : c1 : c2 : c3 : c4 : c5 : c6)→ (c0 : c1+ c2 : c3+ c4 : c5+ c6) ∈ P3 realizes
the surface Z as the Cayley 4-nodal cubic surface. In [5] this induced involution ι is
called the “Kantor involution”. Clearly, from the Kantor involution one can obtain the
del Pezzo involution, but in the literature we could not find an explicit construction of
Enriques surfaces using the del Pezzo double cover.

3.3 Del Pezzo double covers give general nodal Enriques surfaces

Let q : X → P be a del Pezzo double cover. We ask for an explicit isometric
embedding of q∗SP ⊂ SX , the sublattice of the Picard lattice of X coming from P ,
into the K3 lattice L = U ⊥ (U ⊥ E8(−1)) ⊥ (U ⊥ E8(−1)). To that end, let
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On K3 double planes covering Enriques surfaces 1611

{ f , g} be the standard basis of the second copy of U and r any root in the first copy
of E8(−1). We claim:

Theorem 3.6 Let q : X → P beadelPezzo double coverwith correspondingEnriques
surface Y = X/ιEnr. Then

(i) There is a marking for (X , ιEnr), say ϕ : H2(X)
∼−→ L such that

ϕ(ẽ0) = r,

ϕ(ẽ1) = g + σ(g)− σ(r)

ϕ(ẽ2) = f + σ( f )− σ(r)

ϕ(
̃) = f + g + σ( f + g)− σ(r).

(ii) The classes in the doubly bonded hexagon (11) are embedded in the lattice L in
such a way that σ coincides with the action of ι∗Enr. In particular

ι∗Enr ẽ0 = 
̃− ẽ1 − ẽ2 	→ϕ σ (r)
ι∗Enr ẽ1 = 
̃− ẽ0 − ẽ2 	→ϕ f + σ( f )− r
ι∗Enr ẽ2 = 
̃− ẽ0 − ẽ1 	→ϕ g + σ(g)− r.

(iii) The class

−q∗kP = 3
̃− ẽ0 − ẽ1 − ẽ2 	→ϕ 2( f + g)+ 2σ( f + g)− r − σ(r)

= ϕ(
̃)+ σ(ϕ(
̃))

is the class of an ample divisor.
(iv) The period point of X belongs to the hyperplane Hc, where c = r− σ(r) and Y

is a nodal Enriques surface. For a general choice of the curve (10) the surface
Y is a general nodal Enriques surface, i.e., its moduli point belongs to M

gen
root.

Proof We first consider the sublattice of L+ spanned by f + = f + σ( f ) and g+ =
g+ σ(g). It is isometric toU (2), the first summand of M(2) = U (2) ⊥ E8(−2). The
sublattice of H2(X ,Z)ι

∗
Enr=id spanned by 
̃ − ẽ1 and 
̃ − ẽ2 is likewise isometric to

U (2). The correspondence 
̃ − ẽ1 	→ f +, 
̃ − ẽ2 	→ g+ can be extended to give an
isometry

ϕ+ : H2(X ,Z)ι
∗
Enr=id ∼−→ L+

identifying the two summands U (2). Moreover, since any two roots in E8(−1) are
conjugate under an isometry (see, Appendix A.1), we can choose the isometry in such
a way that ẽ0 + ι∗Enr(ẽ0) maps to r+ = r + σ(r). We now use Cor. A.7 from the
Appendix which states that there is a “matching isometry”

ϕ− : H2(X ,Z)ι
∗
Enr=−id ∼−→ L− = U ⊥ L+
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1612 C. Peters, H. Sterk

such that the pair (ϕ+, ϕ−) extends to an isometry ϕ : H2(X ,Z)
∼−→ L compatible

with the Enriques involution. By definition, ϕ−(ẽ0 − ι∗Enr(ẽ0)) = r − σ(r) and the
required properties for ϕ are a consequence.
(iii) Lemma 3.2 implies that the class −q∗kP is ample.
The first assertion in (iv) is a consequence of the existence of this particular marking.
Since by Lemma 3.1 the family we constructed has nine effective parameters, and
Mc has dimension 9, the general member of the family is a general nodal Enriques
surface. ��

3.4 Comparison of involutions

The three involutions on a del Pezzo double plane, the del Pezzo involution, the
Enriques involution and their composition, the Nikulin involution can be compared to
their lattice theoretic counterparts.

Corollary 3.7 Let q : X → P be a smooth del Pezzo double plane with corresponding
del Pezzo involution ιdelP, Enriques involution ιEnr and Nikulin involution ιNik =
ιdelP◦ιEnr. The marking ϕ of Theorem 3.6 intertwines ι∗delP, respectively ι∗Enr and the
lattice variants μ, σ of the del Pezzo and Enriques involutions, while the marking
s′σ(r)

◦s′r◦ϕ intertwines ι∗Nik and ν.

Proof The marking intertwines ι∗Enr and σ by construction. Observe that the classes in
SX invariant under ι∗delP under the marking all belong to the primitive lattice generated
by r, σ(r), f +σ( f ) and g+σ(g). This implies first of all that, as forμ, the two copies
ofU are switched (note that f −σ( f ) and g−σ(g) are mapped to their opposites). In
the first copy of E8(−1) the involution ι∗delP must act as−sr (with only Zr as invariant
sublattice) and, similarly, in the second copy ι∗delP must act as −sσ(r). This implies
that the marking indeed intertwines ι∗delP and μ. Since ιNik = ιdelP◦ιEnr, by Eq. (5), the
marking s′σ(r)◦s

′
r◦ϕ then automatically intertwines ν and ι∗Nik. ��

4 The K3 cover of a general nodal Enriques surface as a del Pezzo
double plane

4.1 Nodal curves and the ample cone

Let (X , ϕ) be any marked K3 surface with period point [ω] ∈ LC. Divisors on a K3
surface X give classes in SX , the Néron-Severi lattice; effective or ample divisors give
effective, respectively ample classes in SX . By Riemann–Roch, if D2 ≥ −2 either
D or −D is effective and so in particular, a root s ∈ SX is either effective or −s is
effective, giving rise to the partitioning:

�(SX ) = �+ ∪ −�+, �+ = {effective roots}.

Nodal classes are the effective roots defined by the (−2)-curves, these are precisely
the indecomposable roots. The lattice SX has signature (1, s) and so we can apply
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On K3 double planes covering Enriques surfaces 1613

the considerations of Appendix A.5 to SX . The cone {x ∈ SX ⊗ R | x2 > 0} has
two connected components, only one of which contains effective classes. It is called
the positive cone CX . The ample classes form a subcone which can be characterized
lattice theoretically as a “fundamental chamber” with respect to the above partitioning
of the roots. In this case the fundamental chamber is the ample cone,

Camp
X = {x ∈ CX | x · r > 0 for all r ∈ �+}.

The ample cone is completely determined by the nodal classes since these correspond
to the indecomposable roots in �+. The elements in C(�+) ∩ SX are precisely the
ample classes. Conversely, if h ∈ SX is an ample class, we can find back the effective
roots

�+ = {r ∈ �(SX ) | h · r > 0},
and hence the ample cone.

On anEnriques surfaceY = X/〈ιEnr〉 all cohomology classes are classes of divisors:

SY = H2(Y ,Z)/torsion.

Any class d ∈ SY with d2 ≥ 0 has the property that either d or −d is effective.
All effective such classes belong to the closure of the positive cone CY ⊂ SY ⊗ R.
As on a K3 surface, on an Enriques surface an indecomposable root is the class of a
(−2)-curve. However, if D is a divisor with D2 = −2, it is not true in general that±D
is effective. Classes of nodal curves on Y correspond to pairs of disjoint nodal curves
{C, ιEnr(C)} on X . So, to study nodal curves, we have to get back to the associated
K3 surface. Using this remark, one sees [2, Lemma 2.4] that the natural unramified
double cover u : X → Y induces a bijection

Camp
Y := the ample cone in SY

u∗= {x ∈ Camp
X | ι∗Enrx = x}. (15)

4.2 Nodal classes on general nodal Enriques surfaces

Now let Y = X/〈ιEnr〉 be a general nodal Enriques surface with marking ϕ :
H2(X ,Z)

∼−→ L . The nodal classes on Y = X/ιEnr correspond to strongly σ -adapted
pairs of irreducible roots {s, σ (s)} in the lattice ϕ(SX ) ⊂ L (cf. Definition 2.2).

Next, introduce

�− = {r− ∈ L− | r2− = −4, ∃r+ ∈ L+ with r2+ = −4 and r− + r+ ∈ 2L} (16)

and similarly for �+ ⊂ L+. Referring to Remark 2.3, observe that writing r++ r− =
2r,wehave that {r, σ (r)} is aσ -adaptedpair of roots in the lattice L with r± = r±σ(r).
For given c ∈ �− we want to determine

�(c) := {σ -adapted roots s ∈ L with s− σ(s) = ±c}, (17)

as well as the associated set
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1614 C. Peters, H. Sterk

�+(c) = {s+ σ(s) ∈ L+(1/2) = M | s ∈ �(c)}, the set o f c-nodal roots. (18)

From Lemma A.9, if c = r − σ(r), the nodal class r can be chosen at will.

Lemma 4.1 Assume that c = r − σ(r) with r ∈ E8(−1), a root in the first summand
E8(−1) ⊂ L. Fix a standard basis { f , g} for the second copy of U in L. The set
�(c) ⊂ L consists of roots {±s,±σ(s)} with

s = x( f + σ( f ))+ y(g + σ(g))− (1− z)σ (r)+ zr + e′ + σ(e′),
e′ ∈ r⊥ ∩ E8(−1) = E7(−1),

such that xy − z(z − 1) + 1
2 (e
′)2 = 0. In particular, if x = y = ±1 and z = 0 then

e′ is a root and s is orthogonal to r.

Proof A root s such that s− σ(s) = r− σ(r) must be of the form −σ(r)+ 
+ σ(
)

with 
 = u + e ∈ U ⊕ E8(−1). Since s2 = −2 we must have u2 + e2 − r · e = 0
which implies that r · e is even and we apply Lemma A.2 iv) to write e = zr + e′,
e′ ∈ r⊥ ∩ E8(−1) = E7(−1). Then we find the desired expression. ��

Convention: For x ∈ L the vector x + σ(x) ∈ M = L+
(1

2

)

is denoted x+.

Corollary 4.2 ( i) The lattice N (c) generated by �(c) is isometric to U (2) ⊥ Zr ⊥
Zσ(r) ⊥ E7(−2).

(ii) Roots from the set �+(c) all belong to r+ + 2R with R = Zr+ ⊥ r+⊥.
(iii) The lattice N generated by �+(c) in M is isometric to

N = 2r+⊥ ⊥ Zr+. (19)

Moreover, the set of roots in N coincides with �+(c).

Proof (i) The roots f + σ( f ) − σ(r), g + σ(g) − σ(r), r, σ (r) in �(c) generate
Z( f + σ( f )) ⊕ Z(g + σ(g)) ⊥ Zr ⊥ Zσ(r), a lattice isometric to U (2) ⊥
Zr ⊥ Zσ(r). Since for any root e′ ∈ r⊥ ∩ E8(−1) the root f + σ( f ) + g +
σ(g) − σ(r) + e′ + σ(e′) belongs to �(c), the lattice N (c) also must contain
e′ + σ(e′) for any e′ ∈ E7(−1), since this lattice is generated by its roots. The
last set is a lattice isometric to E7(−2).

(ii) We have

s+ ∈ �+(c)(1/2) ⇐⇒ ∃x, y, z ∈ Z, e′ ∈ E7(−1)
with

1

2
(e′)2 − z(z − 1)+ xy = 0

s.t. s+ = 2x f + + 2yg+ + (2z − 1)r+ + 2e′+.

If follows that s+ ∈ r+ + 2R.
(iii) Is a direct consequence of (i) and (ii). ��
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On K3 double planes covering Enriques surfaces 1615

Lemma 4.3 Fix a symmetric set of roots ri ∈ r⊥ ∩ E8(−1) = E7(−1), i = 1, . . . , 7,
(see Definition A.3) for example those from Example A.4 and put:

δ0 = r,
δ1 = f + σ( f )− σ(r)
δ2 = g + σ(g)− σ(r)
δ j = f + g + σ( f + g)− σ(r)+ r j−2 + σ(r j−2), j = 3, . . . , 9.

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(20)

Introduce the sets of roots

� = {δ j , j = 0, . . . , 9} ⊂ L
�+ = {d j = δ j + σ(δ j ), j = 0, . . . , 9} ⊂ L+(1/2).

}

. (21)

(i) The roots from each of the sets ±�,±σ(�) belong to �(c) and form a maximal
orthogonal set of roots in �(c).

(ii) Two distinct roots d,d′ ∈ �+ satisfy d · d′ = 2.

Proof While (ii) is clear, for (i) we first observe that all ten roots δ j ∈ � are mutually
orthogonal and δ j − σ(δ j ) = c and so � ⊂ �(c) and then also−σ(�) ⊂ �(c). That
d ∈ �+ is a root is clear, as well as their intersection behaviour. A small calculation
shows that these d are independent. Since rank M = 10 this shows that � (and also
−σ(�)) forms a maximal orthogonal set of roots in �(c). ��
Remark 4.4 Any three roots from the set � together with their images under σ form
a doubly bonded hexagon of roots.

For the general nodal Enriques surface we observe that the definition is just so that
the following holds:

Proposition 4.5 Choose c ∈ L− as above. For a general nodal Enriques surface the
nodal curves correspond precisely to the irreducible roots in �+(c). These generate
the lattice N given in Eq. (19).

Remark 4.6 In [15] Nikulin defines a certain invariant for Enriques surfaces as follows.
Consider the sublattice K ⊂ L−( 12 ) generated by �− (see (16)) and consider the
natural homomorphism of groups

ξ : K mod 2K → M mod 2M

which sends the class of r− to the class of a corresponding r+ with r−+r+ ∈ 2L . The
pair (K ,Ker ξ) is Nikulin’s root invariant of the Enriques surface. The root invariant
is such that the rank of K is precisely the codimension of the corresponding moduli
space in M. Note that for a generic Enriques surface the root invariant is (0, 0). For a
generic nodal Enriques surface K = 〈−2〉 and since ξ is injective its root-invariant is
(〈−2〉, 0). In our situation the root invariant is completely determined by the so-called
nodality class4

4 Allcock [1] calls this “nodal class”. For obvious reasons for us this is not an appropriate notion.
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c mod 2M = r+ mod 2M ∈ V := M/2M � F10. (22)

We suppose now that Y is an Enriques surfacewhosemoduli point belongs toMgen
root.

We adapt the marking ϕ in such a way that the sum h of the roots in the hexagon (12)
is an ample class (see, (13) and Theorem 3.6(iii))

h = ϕ(ẽ0 + ẽ1 + ẽ1 + 
̃0 + 
̃1 + 
̃2) = 2 f + + 2g+ − r+ ∈ Camp
Y

h̃ = f + g + σ( f + g)− σ(r) ∈ Camp
X .

Since by (15) both assertions are equivalent, we explain the construction only for the
classes on Y .

Lemma 4.7 (i) One has h · s+ �= 0 for all s+ ∈ �+(c)(1/2) and there is a marking
for Y for which h is ample.

(ii) The roots s+ ∈ M with s+ · h = 2 are nodal and so this holds in particular for
r+, 2 f + − r+ and 2g+ − r+.

Proof (i) By Lemma 4.2we have s+ = r+2m withm ∈ M and so h ·s+ ≡ 2 mod 4
and hence can never be 0. So h is not on a hyperplane orthogonal to one of these
roots. Since the only possible nodal classes on Y belong to �+(c), the ample
cone Camp

Y corresponds to a connected component C+M of MR −⋃

s∈�+(c) Hs.
Choose the marking such that h ∈ C+M .

(ii) Since s+ · h > 0, the root s+ is effective. If it is not nodal, it would be a sum of
nodal classes, but since s+ · h = 2 this is impossible. ��

In what follows we shall use the above marking to identify (H2(X ,Z), ι∗Enr) and
(L, σ ). We are now ready to prove our second main result:

Theorem 4.8 Let Y = X/ιEnr be a general nodal Enriques surface. Then X is a del
Pezzo double cover with branch locus coming from a sextic curve C ⊂ P2. Moreover,

(i) the Enriques involution descends to a biregular transformation induced by a
standard Cremona transformation of P2. The curve C is invariant under the
Cremona transformationandhas three ordinary double points in the fundamental
points of the Cremona transformation;

(ii) the composition of the covering involution and the Enriques involution is a
Nikulin involution. In particular, the double cover of any generic nodal Enriques
surface admits a Nikulin involution.

With regards to theNéron-Severi and transcendental lattices, one has L++Zc ⊂ SX
and TX ⊂ c⊥ ∩ L− with equality if the Picard number of X equals 11. In that case
we have

TX � U ⊥ U (2) ⊥ E7(−2), and SX � U ⊥ 〈−4〉 ⊥ E8(−2).

Proof (i) We first observe that the del Pezzo involution μ preserves the ample class
h̃ = δ1+ δ2 + σ(δ0) = f + g+ σ( f + g)− σ(r). By the Torelli theorem (e.g.,
[3, Theorem 11.1]) this implies that there is an involution ιdelP on X inducing μ.
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On K3 double planes covering Enriques surfaces 1617

The involution μ in addition fixes the nodal classes δ0, δ1, δ2 ∈ L given by (20).
Let q : X → P ′ = X/ιdelP be the natural quotient map. Since P ′ can at most
have double point singularities which would give rise to extra nodal curves on
X , we see that P ′ is smooth. Moreover, from Remark 2.1 we infer that P ′ must
be a rational surface. To see that it is P2 blown up in three points, we first notice
that there an isomorphism Q-vector spaces

q∗ : H2(P ′,Q)
∼−→ H2(X ,Q)ι

∗
delP=id.

Let 
, e0, e2, e3 ∈ H2(P ′,Q) such that q∗
 = h̃, q∗e0 = δ0, q∗e1 = δ1, q∗e2 =
δ2. Since q∗ multiplies the intersection form with 2 we see that 
2 = 1 and that
the e j , j = 0, 1, 2, are classes of exceptional curves on P ′. Hence H2(P ′,Q) =
Q
 ⊥ Qe0 ⊥ Qe1 ⊥ Qe2 which establishes our claim that P ′ = P , the
projective plane blown up in three points p0, p1, p2. But then q : X → P is
a double cover branched in the proper transform C̃ of a sextic curve C ⊂ P2

having three double points at p j , j = 0, 1, 2. Since the period point of X belongs
to M

gen
root, the sextic curve has no other singular points.

Next, recall that the class of −q∗KP corresponds to h̃ + σ(h̃) which is fixed
under the Enriques involution σ . So ιEnr descends to an involution c on P which
on P2 is the Cremona involution. Since σ and μ commute, c leaves the branch
locus invariant. Hence X is a del Pezzo double cover.

(ii) This is a direct consequence of Theorem 3.4. The statement about SX and TX
for general nodal X are clear.
If the Picard number equals 11, one has TX = c⊥ ⊂ L− which is clearly
isometric to U ⊥ U (2) ⊥ E7(−2). Since SX = T⊥X , by [12, Sect. 1.5] the
discriminant form of SX is the same as the one for TX (−1). By Example A.12
we have that SX � U ⊥ 〈−4〉 ⊥ E8(−2). ��

Remark 4.9 For any general nodal Enriques surface one can determine the nodal curves
D with low degree with respect to the ample class h as follows. As observed, all (−2)-
curves Dwith deg D = 2 are nodal. These are r+, d1 = 2 f +−r+ and d2 = 2g+−r+.
Next, consider degree 6. Among those are linear combinations of the preceding nodal
curves, found using nodal reflections. We get the following 6 reducible classes of
degree 6:

2 f ++r+, 2g++r+, 4 f + − r+, 4g+ − r+, 4 f + + 2g+ − 3r+, 4g+ + 2 f +−3r+.

The remaining classes of degree 6 are all of the form 2 f + + 2g+ − r+ + 2e+ with
e+ some root of E7(−1) and hence must be nodal. In particular, this holds for the 7
classes d j , j = 3, . . . , 9 defined by (20) and (21).
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5 Automorphisms

5.1 Automorphisms of the Enriques lattice

Reduction modulo 2

The product on M defines on the F2-vector space V := M/2M an induced F2-
bilinear form b upon setting b(x̄, ȳ) = x · y mod 2. The associated quadratic form
q(x̄) = 1

2 x · x mod 2 satisfies q(x̄ + ȳ)+ q(x̄)+ q(ȳ) = b(x̄, ȳ). By [2, 1.4] there is
a surjective homomorphism

r2 : O↑(M) � O(V , q).

The kernel of this homomorphism by definition equals O↑(M)(2). Roots s ∈ M
give classes s̄ ∈ V with q(s̄) = 1. These give the transvections ts̄ ∈ O(V , q), i.e.,
ts̄(x) = x + b(x, s̄)s̄.

Lemma 5.1 ts̄ acts trivially on s̄⊥ and conversely, if t ∈ O(V , q), t �= id acts trivially
on s̄⊥ then t = ts̄.

To see this, since r2 is onto and since all roots in M are conjugate under O↑(M) we
may assume that s̄ = f̄ + ḡ, where { f̄ , ḡ} is the image in V of a basis of the direct
summand U of M = U ⊥ E8(−1). Suppose t( f̄ ) = ξ f̄ + ηḡ + z, where z is the
class of an element in U⊥. From b(t(x), t(y)) = b(x, y) one deduces that z = 0 and
then it easily follows that t switches f̄ and ḡ and so t = ts̄.

The group 0(c)

Note that the reflection sr+ of M does not belong to O↑(M)(2). We show that it only
depends on c = r − σ(r) ∈ L−. Indeed, sr◦sσ(r) ∈ O(L, σ ) sends c to −c while it
induces the identity on c⊥. Since in M we have sr◦sσ(r) = sr+ , its action is indeed
determined by c. Consider the extended group

�(c) := subgroup of O↑(M) generated by O↑(M)(2) and sr+ .

We let

r± : O(L, σ )→ O(L±)

be the natural restrictions. We then have:

Lemma 5.2 Introduce the abelian group

Ac = {id,−id, sr ◦sσ(r),−sr◦sσ(r)} ⊂ O(L, σ ). (23)

Under the restriction r+ : O(L, σ )→ O(L+) = O(M) the group

{g ∈ O(L, σ ) | r−(g) ∈ r−(Ac)}
maps isomorphically to �(c) ⊂ O(M).
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Proof Let g ∈ O(L, σ ) such that r−(g) ∈ r−(Ac). Replacing g by ±sr◦sσ(r)g if
necessary, we may assume that r−(g) = id. We apply the results of Sect. A.3 as
follows. We first observe that g induces the identity on AL− � AL+ which means
precisely that r+(g) ∈ O(L+)(2). For the converse, one uses Corollary A.7. ��

We next translate this in terms of M . Recall that the class

r̄ = r+ + 2M ∈ V

by definition is the nodality class determined by the root r̄+. It depends only on
c = r−σ(r). Observe that the mod 2 reduction of sr+ is the transvection tr̄ ∈ O(V , q)

and so, by Lemma 5.1 we have

�(c) = {u ∈ O↑(M) | u|r̄⊥ = id}. (24)

The Reye lattice

Note that since r+ is a root, q(r̄) = 1,while b(r̄, r̄) = 0. So r̄⊥ ⊂ V is a 9-dimensional
subspace containing r̄. This leads to the following notion, introduced by Cossec and
Dolgachev [5].

Definition 5.3 Let π : M → (V , q) be the projection. The lattice

R10 = π−1r̄⊥ = Zr+ ⊥ r+⊥ ⊂ M

is called the Reye lattice.

From now on we suppose, as before, that r is a root in the first copy of E8(−1)
giving r+ in the corresponding copy of E8(−1) ⊂ M .

We need the following result.

Lemma 5.4 Thegroup�(c) ⊂ O↑(M) stabilizes the set of roots�+(c) in the sublattice
N ⊂ M it generates. Moreover, it preserves the Reye lattice R10.

Proof For simplicity we write R instead of R10. Suppose that g ≡ id mod 2M . Any
c-nodal root s+ belongs to r+ + 2R and so g(s+) ∈ r+ + 2R. Clearly sr+ preserves
the set of c-nodal roots. It follows that any g ∈ �(c) fixes r̄ ∈ V and hence preserves
r̄⊥. But this means precisely that g preserves the Reye lattice. ��

5.2 Automorphisms of the generic nodal Enriques surface

Fix amarking for (X , ιEnr) and identify (Camp
X )ι

∗
Enr=id = Camp

Y (see (15)) with its image
in M ⊗R under the marking. The marking induces a representation of Aut(Y ) on the
lattice M and we set

�Y = Im
(

Aut(Y )→ O↑ (M)
)

, O↑(Y ) := O↑ (M)Camp
Y
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The marking sends the holomorphic 2 form on X to the corresponding line [ωX ]. Any
automorphisms g of X induces an automorphism of the transcendental lattice TX and
preserves the plane PX ⊂ TX ⊗R spanned by the real and imaginary parts of ωX . The
intersection form is positive definite on this plane and it follows that g has finite order
on TX since TX is the smallest sublattice of H2(X ,Z) with PX ⊂ TX ⊗ R. Hence g
acts on the complex line CωX as multiplication by an 
-th root of unity ε
 ,which is
at the same time an eigenvalue for g∗|TX . Since the characteristic polynomial of this
action has degree equal to rank TX ≤ 12 we must have ϕ(
) ≤ 12, where ϕ denotes
the Euler function. This leads to the number field

k = Q[η
]
 with ϕ(
)≤12, η
 a primitive 
-th root of unity.

Proposition 5.5 Let Y = X/ιEnr a general nodal Enriques surface, say with period
point in D0

c , c = r − σ(r), r a σ -separated root in L. Suppose that X has Picard
number 11 and that, in addition, the period point is not contained in any proper
linear subspace of P(c⊥ ∩ L−) ⊂ P(L−) defined over the field k. Then Aut(Y ) maps
injectively to its image �Y ⊂ O↑(M). Moreover, �Y = �(c) ∩ O↑(Y ).

Proof The global Torelli theorem for K3 surfaces [3, Theorem 11.1] implies that

Aut(Y ) = {g ∈ O(L, σ ) | gC[ωX ]=[ωX ] and gR(Camp
X ) = Camp

X }/{1, σ }⊂O↑(Y ).

(25)
The argument of [2, Lemma 2.9] shows that the assumption on the period point implies
that g ∈ Aut(Y ) acts on TX as ±id. Since the Picard number of X is 11, Theorem 4.8
tells us that TX = c⊥ ∩ L−. Since g must also preserve c up to sign, we deduce that in
that case g|L− ∈ r−(Ac). So, by Lemma 5.2 g ∈ �(c). Conversely, every g ∈ �(c)
induces ±id on TX and in particularly it preserves [ωX ]. If gR also preserves the
ample cone of Y , it sends an ample invariant class in Cample

X to an ample class. But gR
permutes the chambers of theWeyl group and so if gRC

ample
X ∩Cample

X �= ∅, the entire

ample cone Cample
X must be preserved. So by (25) we have g ∈ Aut(Y ). It follows that

the image of Aut(Y ) in O↑(Y ) under the inclusion (25) equals �(c) ∩ O↑(Y ). ��
We now make explicit the condition that Camp

Y be preserved. Set

Wnodal := Weyl group of �(N+(c)).

This is the group generated by the reflections ss, s ∈ �+(c). Since Camp
Y is a funda-

mental domain for the action of Wnodal on the “light cone” CM , we have

Corollary 5.6

�(c) = �Y � Wnodal �⇒ Aut(Y ) � �Y = �(c)/Wnodal.

Remark If we replace c by c′ = γ (c) for some γ ∈ O(L, σ ), then �(c′) = γ�(c)γ−1
and W (N (+(c′)) = γW (N+(c))γ−1, and so the above isomorphism for Aut(Y ) is
canonical up to O(L, σ )-conjugacy.

123



On K3 double planes covering Enriques surfaces 1621

Following [5,7] the group �Y can be described more explicit. We give a simplified
argument. For simplicity we write R for the Reye lattice instead of R10. Recall that
by Lemma A.5(ii) we have O↑(R) = O↑(M)R . We need an auxiliary result.

Lemma 5.7 Wnodal is contained in O↑(R) = O↑(M)R and it is the smallest normal
subgroup therein generated by sr+ .

Proof Lemma 5.4 tells us that �(c) and henceWnodal preserves the Reye lattice so that
Wnodal ⊂ O↑(R).

Next we consider the conjugacy class of sr+ . Within M all roots are conjugate. We
want to show that a c-nodal root s = r++ 2y, y ∈ R is conjugate to r+ by an element
in O(M) that preserves the Reye lattice. So pick u ∈ O(M) with u(s) = r+. The
Reye lattice can be characterized as

R = {x ∈ M | x · r+ ≡ 0 mod 2}.
Consequently, if x ∈ R we find u(x) · r+ = u(x) · u(s) = x · s ≡ x · r+ ≡ 0 mod 2
and so u(x) ∈ R. So, indeed, all c-nodal roots of M are conjugate within O↑(M)R .
Since ussu−1 = su(s), applied to c-nodal roots s, this shows thatWnodal is the smallest
normal subgroup of O↑(R) containing the reflection sr+ . ��

From this result,Corollary5.6, the characterisation (24) of�(c), andLemmaA.5(iii)
we deduce:

Corollary 5.8 [5,7] Let �2,4,6 be the T -shaped graph of Fig. 2 and let Cox(T2,4,6) be
its Coxeter group, i.e., the group generated by the reflections defined by its nodes.

There is an isomorphism

�Y � {u ∈ Cox(T2,4,6) | u|r̄⊥ = id}.
Remark 5.9 1. The Coxeter group Cox(T2,4,6), as any hyperbolic Coxeter group

containing an isotropic vector, is infinite, as we see as follows. Referring to Fig. 2,
the obvious subdiagram ˜E7 contains a primitive isotropic vector which was called
f in the course of the proof of Lemma A.2. For y ∈ f ⊥ the Eichler–Siegel
transformation

ψ f ,y : R−−−→ R, R = R10

x 	→ x + (x · y) f − (x · f )y − (x · f )(1/2y2) f .
belongs to Cox(T2,4,6) f , hence preserves f ⊥. Moreover, since ψ f ,y = ψ f ,y+ f

we may write ψ f ,ȳ , ȳ ∈ f ⊥/Z f . One easily verifies

ψ f ,ȳ1 ◦ψ f ȳ2 = ψ f ,ȳ1+ȳ2

and so Cox(T2,4,6) contains a free abelian group of rank equal to the rank of
f ⊥/Z f , i.e., of rank 8.

2. The group �Y ⊂ Cox(T2,4,6) obviously contains the congruence subgroup
Cox(T2,4,6)(2). The index of the latter in �Y is 28. This was first observed in
[5]. See also [8].
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A Some lattice theory

A.1 The En-lattices

We use the description of the root lattices En(−1) as given in [7] which differs from
the classical description but turns out to be better adapted to calculations. Consider
Rn+1 equipped with the standard Lorentz inner product given in coordinates (ranging
from 0 to n) by (x0, x1, . . . , xn) · (y0, y1, . . . , yn) = x0y0− (

∑n
j=1 x j y j ) and let E1,n

be the lattice Zn+1 ⊂ Rn+1 with the induced Lorentz product, and put

k = (−3, 1, . . . , 1) ∈ E1,n, En(−1) = k⊥ ⊂ E1,n .

For n = 6, 7, 8 this gives the “negative” of the root lattices En . For n = 9 the form
has a one-dimensional radical spanned by k and for n = 10 the lattice has signature
(1, 9). Below we show that the latter is isometric to the Enriques lattice M . The above
description of En makes it easy to deal with roots. See e.g., [7, Section 8.2.3]. For
instance, we have:

Lemma With {e0, . . . , en} the standard basis forRn+1, a root basis for En(−1) is given
by the roots α0 = (1,−1,−1,−1, 0, . . . , 0) and α j = e j+1 − e j , j = 1, . . . , n − 1.

We shall use a basis of roots in E7(−1) and E8(−1). The Dynkin diagrams together
with their extensions are as follows.

• • • • • •

•

◦
α7

1

α1 α2 α3 α4 α5 α6

2 3 4 3 2 1

α0
2

• • • • • • •

•

α1 α2 α3 α4 α5 α6 α7

2 4 6 5 4 3 2

α0
3

◦
α8

1

With the numbers m j below the nodes α j , the vector
∑n

j=0 m jα j , n = 7, 8 spans the

isotropic subspace of the extended lattices Ẽn(−1) and so, if we delete αn from this
sum, the resulting vector

γn =
n−1
∑

j=0
m jα j ∈ En(−1) (26)

is a root orthogonal to all roots from the Dynkin diagram except the one connecting
to αn . Using this, we see that the Enriques lattice is isometric to E10(−1) (Fig. 1).
Indeed, the leftmost part of the diagram is ˜E8(−1) and {γ8 + α8, γ8 + α8 + α9} span
a hyperbolic plane orthogonal to the E8(−1) formed by {α0, . . . , α7}.
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Fig. 1 Enriques lattice E10(−1)

Using the preceding expression for the roots, a small calculation shows that for
n �= 9

y = 1

n − 9
(−3, 1, 1, . . . , 1,−n + 10) ∈ En(−1)⊗Q

generates the discriminant group. Since y2 = n−10
9−n ≡ 8−n

9−n mod 2Z, it follows that
we have:

Lemma A.1 For n �= 9 the discriminant of En(−1) equals (Z/(9 − n)Z, 8−n
9−n

mod 2Z), and hence E8(−1) and E10(−1) are unimodular, AE7(−1) = (Z/2Z, 1
2 )

and AE6(−1) = (Z/3Z, 2
3 ).

We assemble some further useful facts:

Lemma A.2 (i) For n = 7, 8 we have O(En(−1)) = W (En(−1)); for n = 10 we
have that O↑(E10(−1)) = W (E10(−1)).

(ii) The orthogonal complement of a root in E8(−1) is isometric to E7(−1).
(iii) Given a root r ∈ E8(−1), the sublattice

Zr ⊥ r⊥ = Zr ⊥ E7(−1)

consists of those e ∈ E8(−1) for which e · r is even.
(iv) For n = 6, 7, 8 the Weyl group W (En(−1)) acts transitively on the set of roots.5

Proof For (i) and (iv) see [7, Section 8.2.3]. Assertion (ii) and (iii) are clear for the
special root γ8 (cf. (26)) and since all roots are conjugate under the isometry group,
this implies the assertion for all roots. ��

We furthermore need special sets of roots in En(−1) called symmetric:

Definition A.3 A set of k roots b1, . . . , bk ∈ En(−1) for which bi · b j = −1, i �= j is
called a symmetric set of k roots.

5 For E10(−1), the Enriques lattice, this is also true, see the proof of A.8.
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Example A.4 The following roots

r′1 = (2, 0,−1,−1,−1,−1,−1,−1)
r′2 = (0, 1,−1, 0, 0, 0, 0, 0)

r′3 = (0, 1, 0,−1, 0, 0, 0, 0)

r′4 = (0, 1, 0, 0,−1, 0, 0, 0)

r′5 = (0, 1, 0, 0, 0,−1, 0, 0)

r′6 = (0, 1, 0, 0, 0, 0,−1, 0)

r′7 = (0, 1, 0, 0, 0, 0, 0,−1)

form a symmetric set of roots in E7(−1).

A.2 The Reye lattice

Consider the T -shaped graph T2,4,6 formed by the leftmost 10 nodes of the graph of
Fig. 2. Here β2

i = −2, i = 0, . . . , 9 and r+ is a root with r+ · β9 = −2, as indicated
by the dotted double line. We show the following.

Lemma A.5 (i) The Reye lattice R10 := E7(−1) ⊥ 〈−2〉 ⊥ U is isometric to T2,4,6.
In this isometry the summand 〈−2〉 corresponds to r+.

(ii) Every u ∈ O↑(R10) extends uniquely as an isometry of M. Hence O↑(M)R10 =
O↑(R10).

(iii) Let Cox2,4,6 be the Coxeter group defined by the diagram T2,4,6, i.e. the group
generated by the reflections in the roots of T2,4,6. We have

W (R10) = O↑(R10) = Cox2,4,6 � N (sr),

where N (sr) is the minimal normal subgroup containing sr+ .

Proof (i) T2,4,6 has an obvious Dynkin subdiagram of type ˜E7(−1) with β7 in the
role of α7. Hence f = γ7+β7 is isotropic in ˜E7(−1) but f ·β8 = 1, f ·β9 = 0.
Hence f , f + β8+ β9 span a hyperbolic plane orthogonal to E7(−1) and to the
root r+ = f + β9. Hence T2,4,6 is indeed isometric to E7(−1) ⊥ U ⊥ 〈−2〉.

(ii) Since the generating reflections from Cox2,4,6 come from roots in M this is
obvious.

(iii) Let P be the lattice spanned by r+ and β9. It is left invariant by the two reflections
sr+ and sβ9 . Observe t = sr+◦sβ9 preserves the plane P and in the basis {r+, β}

Fig. 2 Reye lattice T2,4,6 and Coxeter graph of W (R10)
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the automorphism t |P has matrix

(

3 2
−2 −1

)

,

which has infinite order. Hence the natural division of the nodes in the extended
Dynkin diagram into the 10 nodes of T2,3,6 and r+ is such that sr+◦sβ j either has
order 2 or∞. We then apply [19, Lemma 1]. ��

A.3 On isometries of L andM

We investigate the K3 lattice L and the behaviour of its isometries with respect to the
Enriques involution σ . The sublattices of L on which σ = ±id are denoted L±. Recall
that L+ � M(2) and L− � U ⊥ M(2) where M = U ⊥ E8(−1). We consider the
question as to whether a pair of isometries of L± extend to give an isometry on L . To
answer this question, introduce the isometry

ψ : L− ∼−→ U ⊥ L+

(v, (u, e), (−u,−e)) 	→ (v, (u, e), (u, e))

inducing the group isomorphism ψ̄ : AL−
∼−→ AL+ = (Z/2Z)10 between the dis-

criminant groups. The following result is well known ( [12, Cor. 1.5.2.]):

Proposition A.6 A given pair of isometries γ± ∈ O(L±) extend to an isometry γ :
L → L if and only if for the induced isometries γ̄± of the discriminants one has
ψ̄ ◦γ̄− = γ̄+◦ψ̄ .

Corollary A.7 Let γ+ ∈ O(L+) be given and define γ− ∈ O(L−) by

γ−(v, y,−y) = (v, γ+(y),−γ+(y)), (v, y,−y) ∈ L−.

With r± : O(L, σ )→ O(L±) the obvious restriction maps, there is a unique isometry
γ of L for which r±γ = γ± on L±. Moreover γ commutes with σ .

Proof This follows immediately from the preceding discussion, except that we need
to see that γ commutes with σ . This follows since it does so on the sublattice 2L ⊂ L
(write 2x = (x + σ(x))+ (x − σ(x)) ). ��

We finish with a property of isometries of the Enriques lattice M .

Lemma A.8 The group O(M) acts transitively on roots.

Proof We apply the analog of Witt’s theorem [12, Theorem 1.14.4]. This theorem
states that one can primitively embed a lattice T of signature (t+, t−) in a unimodular
lattice S of signature (s+, s−) in a unique way up to isometries of S, provided that
the conditions s+ − t+ > 0, s− − t− > 0, rank S − rank T ≥ rank AT + 2 hold. In
our case S = M , T = Zr+, t+ = 0, t− = 1, s+ = 1, s− = 9, AT = Z/2Z and the
condition is fulfilled. ��
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Recalling Definition 2.2 and using Corollary A.7 we then deduce:

Corollary A.9 Strongly σ -adapted pairs of roots in L are conjugate under the action
of O(L, σ ).

A.4 On even indefinite lattices

As is well known (see e.g., [18, Chapter 5]), even indefinite unimodular lattices are
uniquely determined by their signature. The building blocks are U , E8 and E8(−1).
The K3 lattice, having signature (3, 19) thus equals U 3 ⊥ E8(−1)2. For non-
unimodular lattices L , there is an extra invariant, the discriminant form δL . Nikulin
has given criteria ensuring uniqueness for even indefinite lattices L with given signa-
ture and discriminant form. It uses the “signature mod 8” or Arf-invariant τ(q) of a
quadratic form on a finite groups. This is an integer modulo 8 with the property that
τ(qL) ≡ index of L (mod 8). We quote the result [12, Corollary 1.13.3]:

Theorem A.10 There is a unique indefinite even non-degenerate lattice L with signa-
ture (t+, t−) and discriminant form (AL , δL) whenever

• the signature t+ − t− of L and of δL are the same modulo 8;
• rank L ≥ 2+ |AL |.
Before we can apply this, we need to introduce someQ/2Z-valued quadratic forms

on finite abelian groups.

Notation A.11 1. For a prime p and a an integer prime to p, we let qa,pk be the group
Z/pkZ with form x 	→ a

pk
x2.

2. The group Z/2kZ ⊕ Z/2kZ equipped with the quadratic form (x̄, ȳ) 	→ 1
2k−1 xy

with x, y ∈ Z representatives for x̄, ȳ, gives the discriminant form for the lattice
U (2k) and will be denoted u2k . It has Arf invariant 0.

3. The groupZ/2kZ⊕Z/2kZ equipped with the quadratic form (x, y) 	→ 1
2k−1 (x

2+
xy + y2) is denoted v2k . It has Arf-invariant 1.

Observe that it follows immediately that aQ/2Z-valued form on the group (Z/2kZ)8

of rank 8 has Arf-invariant 0 precisely for u4
2k

or q8±1,2k .
Next we observe that, given a lattice L of rank r with discriminant form qa,pk , the

modified lattice L(ps) has discriminant group Z/Zpk+s ⊕ (Z/Zps)r−1. This follows
easily from the theory of elementary divisors applied to the Grammatrix for the lattice
L(ps). It is more complicated to find the induced quadratic form on the discriminant.
For p = 2 the Arf-invariant facilitates the calculation; can can use e.g. that the Arf-
invariant is zero if and only if the form represents 0. We have seen (Lemma A.1)
that the discriminant form of E7(−1) is q1,2, a form with Arf-invariant 1 (mod 8),
confirming that 1 ≡ −7 mod 8. There is a unique form on Z/2Z ⊕ Z/2Z with Arf-
invariant 0, namely u2. Using this, it follows that E7(−2) has discriminant q1,22 ⊕u32.
Finally, note that the discriminant form of E8(−2) represents zero: the quadratic form
vanishes on the vector (1,−1, 0, 0, 0, 0, 0, 0, 0) ∈ (k⊥)∗ = E1,8/Zk and hence on
its class in qE8(2). It follows that qE8(2) = u42.
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Example A.12 Consider L1 = U ⊥ U (2) ⊥ E7(−2). This lattice has signature (2, 9)
and discriminant u2⊕q1,22 ⊕u32 and satisfies the conditions of the theorem. Consider
now the form q−1,22 ⊕ u42 = −qL1 . It also satisfies the conditions of the theorem, this
time for signature (1, 10). So there is a unique even lattice L2 of this signature and
with qL2 = −qL1 . To determine it, note that we just saw that E8(−2) has Arf-invariant
0 so that its discriminant is u42. It follows that L2 = U ⊥ 〈−4〉 ⊥ E8(−2).

A.5 Hyperbolic lattices

We recall here some well known properties of groups generated by reflections in
the vector space NR associated to an even hyperbolic lattice N , i.e., a lattice whose
signature is (1, n). See e.g., [4], [14, Sect. 1.1].

Recall that the half cone CN is a connected component of the “light cone” of
elements x ∈ NR with x · x > 0. The reflections sr, r a root in N preserve the cone
CN and generate a normal subgroup of O↑(N ), the Weyl groupW (N ) ⊂ O↑(N ) with
quotient group

A(N ) = O↑(N )/W (N ).

A fundamental domain for the action on CN can be obtained as follows. Choose a
partition �(N ) = �+ ∪ −�+ for the set �(N ) of roots in N into “positive” and
“negative” roots. Such a partition can be assumed to be stable under taking sums: a
root which is a sum of roots from �+ belongs to �+. Roots which cannot be written
as such a sum are called indecomposable. W (N ) is generated by reflections in the
indecomposable roots. For two different indecomposable roots r, s we have r · s ≥ 0.

The roots r ∈ �(N ) define hyperplanes Hr = r⊥ ∈ N ⊗ R which divide CN in
“chambers”, by definition the components of the complements of their union in NR.
The fundamental domain is then the closure of the fundamental chamber

C(�+) = {x ∈ CN | x · r > 0 for all r ∈ �+}.

A fundamental domain is thus determined by a partition into positive and negative
roots. Conversely, given any chamber C gives such a partition: take an element y in its
interior, then the roots in N having positive intersection with y are the positive roots in
a partition and C is the intersection of the positive half spaces defined by these roots.
Consequently we have

W (N ) � {γ ∈ O↑(N ) | γC(�+) = C(�+)} = O↑(N ) �⇒
{γ ∈ O↑(N ) | γC(�+) = C(�+)} � A(N ).
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