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Abstract  For the Artin—Schreier curve y? —y = f(x) defined over a finite field I,
of g elements, the celebrated Weil bound for the number of I, -rational points can
be sharp, especially in super-singular cases and when r is divisible. In this paper, we
show how the Weil bound can be significantly improved, using ideas from moment
L-functions and Katz’s work on £-adic monodromy calculations. Roughly speaking,
we show that in favorable cases (which happens quite often), one can remove an extra
/4 factor in the error term.

1 Introduction

Let k = IF; be a finite field of characteristic p > 2 with ¢ elements, and let f € k[x]
be a polynomial of degree d > 1. Without loss of generality, we can and will always
assume that d is not divisible by p. Let C y be the affine Artin—Schreier curve defined
over k by

y—y=fx).
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418 A. Rojas-Leén, D. Wan

Let r be a positive integer, and let N, (f) denote the number of I, -rational points on
C 7. The genus of the smooth projective model of Cy is given by

g=(q—1)d-1)/2.

The celebrated Weil bound in this case gives the estimate

INA(f) —q"| < (d — 1)(g — )q=.

This bound can be sharp in general, for instance when C is supersingular and r is
divisible. If ¢ is not a square, Serre’s improvement [14] leads to a somewhat better
bound:

d—1 —1 r
N, () —q'| < %[m

where [x] denotes the integer part of a real number x.

In this paper, we shall show that if ¢ is large compared to d (and thus the genus
g = (d — 1)(g — 1)/2 is small compared to the field size g” with r > 2), then the
above Weil bound can be significantly improved in many cases. The type of theorems
we prove is of the following nature. For simplicity, we just state one special case.

Theorem 1 Let r > 1 and p > 2. If the derivative ' is square-free and either r is
odd or the hypersurface f(x1)+---+ f(x;) = 0in A} is non-singular, then we have
the estimate

ﬂ
IN:(f)—4q"| <Carq 7.

where Cq , is the constant

,
d—24r—a\[(d—-1
()

a=0

Note that the constant Cy , is independent of ¢ and it is a polynomial in d with degree
r. Thus, for fixed d and r, our result essentially removes an extra ,/q factor from
Weil’s bound. The non-singularity hypothesis cannot be dropped in general, as there
are cases for » even where we can have

r+l
2

IN-(f) = (q" + ¢ < Carg ™,

see Sect. 4 for more details. This gives further examples that the g-factor in the Weil
bound cannot be replaced by an O (,/q) factor in general.

As an extreme illustration, we consider the elementary case that r = 1. It is clear
that N1 (f) = gn s, where n s is the number of distinct roots of f(x) in F, which is at
most d. Thus, the best estimate in this case should be

INI(f)—ql <(d - 1),
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which is precisely what our bound gives! It is far better than the Weil bound

INI(f) —ql = (d—1(g—Dg.

For r = 2, our bound takes the form
IN2(f) = g%l < (d = 1*q7,
which is better than the Weil bound
IN2(f) =¢°1 = (d = (g — Dg
assoonasq > (d — l)2 + 3. For r = 3, our bound takes the form
IN3(f) = ¢’ <= (d = D@ = 3d +3)¢°,

which is better than the Weil bound

IN3(f) =4’ < d = Dig — Dg™?
as soon as g > (d* = 3d + 4.

Our idea is to translate N, (f) to moment exponential sums and then calculate the

associated moment L-function as explicitly as possible. Let ¢ be a fixed non-trivial
additive character of k. For f € k[x], it is clear that we have the formula

N (f)y =D D (Tref (),

tek xek,

where k, = [F,r and Tr denotes the trace map from k, to k. Separating the term from
t = 0, we obtain

NA(f)=q" =D D W (Traf (). 0]

tek* xek,

Now, Weil’s bound for exponential sums gives the estimate

> y(Te(ef ()| < (d — Dg?
xek,
for every ¢ € k*. It follows that

INAf) —q"] < (g — 1)(d — 1)g>.

In order to improve this bound, we need to understand the cancelation of the outer sum
of (1) over t € k*. Heuristically, one expects that the outer sum contributes another
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O(/q) factor instead of the trivial g factor, if f is sufficiently “random”. This is in fact
what we shall prove using the full strength of Deligne’s general theorem on Riemann
hypothesis.

The double sum in (1) is precisely a moment exponential sum associated to the two
variable polynomial 7 f (x). Thus, we can use the techniques of moment L-functions
to get improved information about the solution number N, ( f). We now briefly outline
our method. Let £ be a fixed prime different from p. Let G denote the relative £-adic
cohomology with compact support associated to the family of one variable exponen-
tial sums attached to 7 f (x), where x is the variable and 7 is the parameter on the torus
G- Applying the £-adic trace formula fibre by fibre, we obtain

DD U(Tr(ef () = — > Tr(Frob[(G 1)),

tek* xek, tek*

where (G ), is the fibre of G at ¢, and Frob, is the geometric g-th power Frobenius
map. Alternatively, one can rewrite

Tr(Frobl,|(G);) = Tr(Froby|[G 1)),

where [Gr]” denotes the r-th Adams operation of G . It is a virtual ¢-adic sheaf on
G,y For example, Katz [9] used the formula

(G717 =D (=D "i-Sym™ G ® A'Gy.

i=1

We shall use the following optimal formula from [17] given by

[G/1 =D (=D —1)-Sym™'Gr @ NGy

i=0

Note that the term i = 0 does not occur in the first formula, and the term i = 1
does not occur in the second formula as the coefficient becomes zero for i = 1. The
coefficients of the second formula are smaller and thus lead to fewer number of zeros
and poles for the corresponding L-functions. In this way, we get the smaller constant
C4.r in Theorem 1.1.

It follows that

Ne(f) = q" =D (=) = 1) - D Tr(Frob, [(Sym" "Gy & A'G),).

i=0 tek*

This reduces our problem to the study of the L-function over Gy, of the £-adic sheaves
Sym"™'Gy @ A'Gy forall 0 < i < r. By general results of Deligne [3], we deduce
that

41
2

IN.(f) = (q" + 87,4 ) < Curg™,
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where Cy4 , comes from the Euler characteristic of the components of the virtual sheaf
[Gr]", and

,
Srr= D (=171 — 1) - dimH2(G,, . Sym" "Gy ® A'Gy).
i=0

Under the conditions of Theorem 1, it follows that the sheaf Sym” -ig r® N G r hasno
geometrically trivial component for any 0 < i < r, and thus we deduce that 7, = 0.

Our main result is somewhat stronger. We determine the weights, the trivial factors
and the degrees of the L-functions of all the sheaves Sym’ /G r® NG r, thus obtaining
a fairly complete information about the associated moment L-function, see [5,6,13]
for the study of moment L-functions in two other examples, namely, the family of
hyper-Kloosterman sums and the Dwork family of toric Calabi—Yau hypersurfaces.
Under slightly more general hypotheses, Katz’s results on monodromy group calcu-
lations [7,8] give stronger results which lead to further improvements of Theorem 1
(see Corollaries 5 and 6). See also [9] for a result on the average number of rational
points on hypersurfaces obtained using a similar approach.

The possibility of our improvement for the Weil bound in the case of Artin—Schreier
curves is due to the fact that the curve has a large automorphism group F, which is the
group of I, -rational points on the group scheme Al. We expect that similar improve-
ments should exist for many other curves (or higher dimensional varieties) with a large
automorphism group. For example, in the last section of this paper we treat the case
of Artin—Schreier hypersurfaces

v —y = f(x1,...,x).

This method leads to similar improvements of Deligne’s bound for such hypersurfaces
in many cases. As an explicit new example to try, we would suggest the affine Kummer
curve of the form

(g=1

y ¢ = f),

where e is a fixed positive integer, ¢ is a prime power congruent to 1 modulo e, and
f(x) € k[x] is a polynomial of degree d. For r > 1 and N, (f, e) denoting the num-
ber of [F;r-rational points on the above Kummer curve, we conjecture that for certain
generic f, there is the following estimate

r+l

|Nr(f’ 6) - qr| =< Sd,e,rq 2,

where s4 . » is a constant independent of ¢g. We do not know how to prove this con-
jecture, even in the case e = 1.

To conclude this introduction, we raise another open problem. In Theorem 1, we
assumed that the curve Cr : y? — y = f(x) is defined over the subfield F, of Fyr.
We believe that similar improvement is also true if C s is defined over the larger field
IF,. But we could not prove this at present.
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Remarks Weil’s estimate gives both an upper bound and a lower bound for the num-
ber of rational points on a curve of genus g over the finite field IF,. Improvements for
the lower bound are in general harder to get. Improvements for the upper bound can
often be obtained by more elementary means. In fact, there are already several such
results in the literature for large genus curves. The first result along these lines is due
to Stark [15] in the hyperelliptic case, using Stepanov’s method. Using the explicit
formula, Drinfeld-Vladut and Serre [14] obtained an upper bound improvement when
2¢ > q" — q'/?, which in our Artin—Schreier setting becomes

d—-g-1)>q —q"

Forr > 1, this means that ¢ must be small compared to d. In comparison, our improve-
ments apply when ¢ is large compared to d. Using a geometric intersection argument,
Stoher—Voloch [16] obtained another upper bound which in our case becomes

N, () < %D(D tq - D),

where D = max(d, q).

2 Cohomology of the family ¢ — > ¥ (Tr(zf (x)))

Let k = IF; be a finite field of characteristic p, and f € k[x] a polynomial of degree
d prime to p. Let Cy be the Artin—Schreier curve defined on A% by the equation

y—y=f( )

and denote by N, (f) its number of rational points over k, := Fyr.
Fix a non-trivial additive character v : k — C*. It is clear that

NA(f) =D D 9 - Tr(f (o)) = D > Y(Tr(tf (x)) 3)

tek xek, tek xek,

where Tr denotes the trace map k, — k.

Fix a prime £ # p and an isomorphism ¢ : Q, — C. Consider the Galois étale
cover of G, x Al (with coordinates (7, x)) given by u — u? = tf(x), with Galois
group k; and let Ly (7 (x)) be the rank 1 smooth Q¢-sheaf corresponding to the repre-
sentation of k given by ¥ ~! via 1. Define Ky =RmLyuri) € fo Gk, Qy), where
7 : G, x A — G, is the projection. The trace formula implies that the trace of the
action of the r-th power of a local geometric Frobenius element at t € k* on K is
givenby > o, ¥(Tr(1f(x))).

It is known [3, 3.7] that Ky = G ¢[—1] for a smooth sheaf G of rank d — 1 and
punctually pure of weight 1, whose local r-th power Frobenius trace at ¢ € k* is then
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Improvements of the Weil bound for Artin—Schreier curves 423

givenby — > . r, ¥ (Tr(tf (x))). Therefore

NA(f)=q" =D D W (Trtf () “
tek* xek,
= — D Tr(Frob}[(Gf);) = — D Tr(Frob,|[G/1))
tek* tek*

where
(61 =2 (=D~ -Sym'Gr @ NGy
i=0

is the r-th Adams operation on G .

The sh_eaf g r can also be interpreted in terms of the Fourier transfgrm. Consid_er the
sheaf f,Qy on A,i. There is a canonical surjective trace map ¢ : f,Q¢ = fo [ Q¢ —
Qe. let F be its kernel. It is a constructible sheaf of generic rank d — 1 on A},

Lemmal Ifj: G, — A}( is the inclusion, the shifted sheaf jiG (1] is the Fourier
transform of F ¢[1] with respect to .

Proof Taking Fourier transform in the distinguished triangle in Dé’ (Al, Qp):

Frlll = fuQel1] — Qel1] —

we get a distinguished triangle:

FTy(FpI1l — FTy(£,Qo)[1] — (Q¢)o(—1)[0] — .

where (Qy)o is a punctual sheaf supported at 0. If 41 : Al x Al — Ai is the multiplica-
tion map, the Fourier transform of f,Q[1] is given by Ry, (75 fLQ¢ ® u*Ly)[2] =
R71\(Lytfx)[2], where 7; : Al x Al — Al are the projections. In particular, by

proper base change j*FTw(f*@g)[l] = J'Ra(Lyuro)2] = Kr[2] = Gr[1].
Applying j* to the triangle above we find quasi-isomorphisms

JTFTy (Fp)l1] = Grll]
and
JTETy (Fplll = jGrl1].
To conclude, it remains to show that the natural map jj*FTy (Fy)[1] —
FTy(Fp)l1] is a quasi-isomorphism. Since its restriction to G, x is a quasi-

isomorphism, we only need to check that it induces a quasi-isomorphism on the stalks
at (a geometric point over) 0, that is, that F'Ty (F )0 = 0. By definition of the Fourier
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transform, F'Ty (Fr)o = RI¢ (AL, F ). We conclude by using the long exact sequence
of cohomology with compact support associated to the sequence

0— Fr— fiQ¢— Q¢ — 0,

since HL.(AL, £,Q¢) = HL(A], Qo) = 0 fori # 2 and HZ(AJ, Qo) = HZ (AL,
Q¢) = Q¢(—1) is one-dimensional. O

We can now use Laumon’s local Fourier transform theory to determine the monodr-
omy actions at 0 and oo for G ¢. Recall that, for every character x : k* — Qz, there is
an associated Kummer sheaf £, on G, x: The (¢ — 1)-th power map G, x — G &
is a Galois étale cover with Galois group canonically isomorphic to k*, and one just
takes the pull-back of the character x to m1(G,, x, 7) — k*. For every d|q — 1, if [d]
denotes the d-th power map G, x — G,  we have [d],,@g = @ L, where the sum
is taken over all characters of k* such that x? is trivial.

Assume that k contains all d-th roots of unity. The sheaf F; is smooth on the
complement U of the set of the critical values of f in Al. Since d is prime to p,
in a neighborhood of infinity the map x — f(x) = agx¢(l + %=L ... 4 40

aqx aqx
is equivalent (for the étale topology) to the map x +— agx? (just by making the

change of variable x — ax, where ¢ = 1 + “a‘fi—’x‘ 4+ 4 a:gd). In particular,

the decomposition group Dy at infinity acts on the generic stalk of f,Q, through
the direct sum of the tame characters (a4).L, for all non-trivial characters x of k*
such that Xd = 1, where (aq) : Gk — Gy i is the multiplication by a4 map. Since
@)Ly = (a;l)*ﬁx = i(aq)? ® L, , we conclude that D, acts on the generic
stalk of F ¢ via the direct sum € x (ag)%¢ @ L  taken over all non-trivial characters
x of k* such that x is trivial.

Proposition 1 Suppose that k contains all d-th roots of unity. The action of the decom-
position group Do at 0 on Gy is tame and semisimple, and it splits as a direct sum
P x(aa)g(x, ¥))dee @ Ly over all non-trivial characters x of k* such that x4 =1,
where g(x, V) = — >, x ()Y (1) is the Gauss sum.

Proof By ([12, Proposition 2.5.3.1], [8, Theorem 7.5.4]), the local monodromy at
0 of G can be read from the local monodromy at infinity of F;. More precisely,
we have LET (P x (@)% @ Ly) = @ LFT®Y(x(aqa)? ® Ly). Now,
for every x, since the Fourier transform commutes with tensoring by an unrami-
fied sheaf (by the projection formula, since nl*(ozdeg) = «’ and p*(@fe) =
ades for wy and p : A,l X A}C — A,l the projection and multiplication) we have
LFT™0 (3 (a0)**$ ® Ly) = x(aa)** @ LFT 0L, = x(aa)™ @ g(x. ¥)* ®
L5 by [12, Proposition 2.5.3.1] (note that £, corresponds to V5 as a representation
of Dy and to V)/( as a representation of Dy in the notation of [12] due to the choice
of uniformizers). O

For simplicity, we will assume from now on that f’ is square-free and p > 2.
Suppose that k contains all roots of f (and therefore all critical values of f). Let
s € k be a critical value of f. The polynomial f; := f — s has at worst double
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Improvements of the Weil bound for Artin—Schreier curves 425

roots and k contains all its double roots. Let g be the square-free part of f; (i.e. fs
divided by the product of all its monic double linear factors), which lies in k[x]. Let
So be the henselization of A,i at s, zi,...,Ze € k the double roots of f;, S; the
henselization of A,l atzj for j = 1,...,e and T the union of the henselizations of
A}C at the closed points of the subscheme defined by g; = 0. We have a cartesian
diagram

(Hj SHHUT —— Allc
K

So — Al

where the map h; : §; — Sp is isomorphic (for the étale topology) to the
map x — bj(x — zj)2 (where b is fs(x)/(x — zj)2 evaluated at z, that is, f”(z;)/2)
via the change of variable mapping the local coordinate x — z; to a(x — z;), where
a € §; is a square root of fy(x)/b;(x — zj)2 (which exists by Hensel’s lemma, since
its image in the residue field k is 1), and h : T — Sy is finite étale. In particular, the
decomposition group Dy at s acts on the generic stalk of f,Qy through the direct sum
@j A b)L)DL = @j (p(bj)deg ® L,) P(e-1@ L) where L is unramified

andp=p : k¥ —> @Z is the quadratic character.

Proposition 2 Suppose that p > 2, f' is square-free and all its roots are in k.
The action of the decomposition group Do, at infinity on Gy splits as a direct sum
D.(p(b)g(p, y))des ® L, ® Ly, ., where the sum is taken over the roots of f', b, =
f")/2, p: k* — @2 is the quadratic character and g(p, ¥) = — >, p(1) Y (t) the
corresponding Gauss sum.

Proof By ([12], [8, Theorem 7.5.4]), the local monodromy at infinity of G  can be read
from the local monodromies of J y. More precisely, the part of slope > 1 corresponds
to the slope > 1 part of the local monodromy at infinity of F, so it vanishes. The
part of slope < 1 is a direct sum, over all critical values s of f, of Ly, tensored with
the local Fourier transform L FT(:%) applied to the action of I; on the generic stalk
of Fy modulo its /-invariant space.

Using [12, 2.5.3.1] and the fact that Fourier transform commutes with tensoring by
unramified sheaves, for every root z of f/ LET©->(p (bz)deg ® Ly = ,o(bz)deg ®
g(p, ) ® L,. So each critical value s contributes a factor @f(z):s (p(b)g(p,

V)4 ® L, ® Ly, to the monodromy of G at infinity. m
We can now compute the determinant of G 7:

Corollary 1 Suppose that k contains all d-th roots of unity. If d is odd, the determinant
of G 1 is the Tate-twisted Artin-Schreier sheaf Ly, ((1—d) /2), where s = 514+ - -+54-1
is the sum of the critical values of f and ¥3(t) = Y (st). If d is even, the determinant
of Gris L, ® Ly, ® (eplaq)g(p, U)E((2 — d)/2), where p is the multiplicative
character of order 2, g(p, ) = — >, p()Y (t) is the corresponding Gauss sum, aq
is the leading coefficient of f, € = 1 ifd = 0or2 mod 8 and e = (—1)4~D/4 jf
d=4o0r6 mod 8.
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Proof The determinant of G  is a smooth sheaf of rank one on G, . At 0, it is isomor-
phic by Proposition 1 to the product ®Xd:1’x¢1 ((X (ad)g(i, ¥ ® EX). For any
x wehave ((x (ag)g (X, ¥))* ® Ly )®((X (aa)g(x, ¥ @ L) = (¢(X, ¥)g (X,
)98 = (x(—1)g)?8. If d is odd, the non-trivial characters with x¢ = 1 can
be grouped in conjugate pairs. Moreover, x(—1) = x(=D% = x4(=1) = 1.
We conclude that the determinant at O is the unramified character (qdz;l)deg =
@g(#). At infinity, it is geometrically isomorphic by Proposition 2 to the prod-
uct @, (L, ® Ly.) = Ly, (the hypothesis that k contains all roots of f' is not
needed for the geometric isomorphism, since it is always satisfied in a sufficiently
large finite extension of k). So det(Gr) ® Ly_, is everywhere unramified and there-
fore geometrically constant. Looking at the Frobenius action at 0, it must be Q; (%),
sodet(Gy) = Ly, (159).

If d is even, the factor at O corresponding to the quadratic character p stays
unmatched, so as a representation of Dy the determinant is (eq%)‘”g ® (plaqg)g(p,

1/f))deg ® Ly, where € = Hfi}z)/ 2 Xi(—l) for a fixed character x of exact order

d. At oo it is geometrically isomorphic to £, ® Ly, so det(Gr) @ L, @ Ly_, is
everywhere unramified and therefore geometrically constant. Looking at the Frobe-

nius action at 0, it must be (eq%p(ad)g(p, v))4es ) so det(Gy) = L, @ Ly, ®

(ep(aa)g(p. ¥))™8 (339).
It remains to compute the value of €. We have

d-2)/2
e= [] x'D=x"PP1 = x (DU,

i=1

Ifd = 0or2 mod8, d(d— 2)/8 is even and therefore ¢ = 1. If d = 4 or 6
mod 8, d(d —2)/8isoddsoe = yx(—1) = (—1)@=D/d, o

3 The moment L-function of G ¢

Recall the definition [4] of the moment L-function for the sheaf G . For a fixed r > 1,
let

1
det(1 — Frob, T9€M|(G¢),)’

v, =[]

tele.kl

where |G, | denotes the set of closed points of G, k.
It is known ([4, Theorem 1.1]) that L" ( f, i, T) is a rational function, and we have
the formula
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det(1 — Frob T|HX(G,, ;. [G 1)

det(1 — Frob; T|H2(G,,, 1, [G 1))

_ Tj—pdet(l — Frob T[HL(G,, 7, Sym™ G @ AlG))~D @D

" [1/_ det(1 — Froby T[H2(G,, 7, Sym" /Gy @ AiG))=D' (=D
5

L'(f.¥,T) =

Thus, we get a decomposition

, Q) PY(T) Pe(T)
L) = =g o ©6)

We now describe each of the factors in this decomposition.
First,

r
O(T) = [ det(1 — Frobe TIH! (PL, ju(Sym™ /G @ AIG )V~
i=0

is the non-trivial factor. Notice that the dual of G is G_ ¢ (1), since F is self-dual and
DoFTy = FT@ o D(1) [11, Corollaire 2.1.5] and FTiﬁ‘Ff[]] =[t = —t]"Gr[l] =
G_f[1]. Therefore the dual of Sym" "Gy ® A'G is Sym ~'G_; ® A'G_¢(r), so
the dual (in the derived category) of j,(Sym" =G ® A'G)[1]is ju(Sym"'G_; ®
ANG_ P11 + 1), cf. [2, 2.1]. Since P! is proper, by [2, Théoréme 2.2] we get a
perfect pairing

H' (P}, ju(Sym" ™G @ A'Gy)) x H' (PL, ju(Sym "Gy @ A'G_ 1)) > Qe(—r—1)

foreveryi =0,...,r.
In particular, we get a functional equation relating the polynomial

Qi(T) := det(1 — Froby T[H' (P}, ju(Sym" "Gy @ A'Gy))) = [ (1 — vy ).
j=1

and the corresponding polynomial Q7 (7T') for — f. The functional equation is given by

* i r+l1,,—1
Q1(T) = Hl(l —q" ;')
P

Si

e — 1_ .. _(r+1)T_1 —
(=D%yi1 - vis; ].1;[1( nid ) Cs;

TSiq(f-H)Si Ts,‘q(r+1)s1

Qi(g~ T
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where cy; is the leading coefficient of Q;(T'). Therefore,

qu(r+])s

o) =[] orm Vi = 0q T

C
i=0 $

where s is the degree of the rational function Q(7') and ¢ its leading coefficient (i.e. the

ratio of the leading coefficients of the numerator and denominator). By [3, Théoreme

3.2.3], all reciprocal roots and poles of Q(T) are pure Weil integers of weight » + 1.
The other factors of L"(f, ¥, T) are the “trivial factors”:

.
P(T) = [ ] det(1 — Frobe TH(PL, j.(Sym’ /G @ A'G )V (=D
i=0
and
" . . i—1,:
P'(T) = [ [ det(1 — Frob T|H*(PL. ju(Sym" /Gy @ A'G)) V" ¢=D
i=0

are rational functions of the same degree and pure of weight 7 and r +- 2 respectively,
and vanish if Sym”" ™' Gy ® A'G ¢ has no invariants for the action of 7 (Gm, @) forany i.
The other two are the local factors at O:

Po(T) := det(1 — FroboT|([G 1))

-
= Hdet(l — Fr0b0T|(Sym’_igf ® /\"gf)l())(—l)”l(i—l)
i=0

and at infinity:
Poo(T) := det(1 — Frobo T[(IG /1))

)
= [ det(l — Frobse T|(Sym" ~'Gy @ AIG p)loe) D=1,
i=0

We now compute the local factors explicitly.

Corollary 2 (Local factor at 0 of the moment L-function) Suppose that k contains
all d-th roots of unity. For any positive integer r > 1, the local factor at O of the r-th
moment L-function for G is given by

det(1 — FroboT|(1G 1)) = [ J(1 = g(x, v)' T)
X

where the product is taken over all non-trivial characters x of k* such that x¢ = 1
fore=ged(d,r)and g(x, ) = — >, x ()Y (1) is the corresponding Gauss sum.
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Proof As arepresentation of the inertia group Iy, Gy is the direct sum EB?;II L, for
a character y of order d. So in the Grothendieck group of Q¢[Io]-modules we have
[Grl = @fl:_l] ,Cf?,.’ = @?;11 L, ir. Foragiveni, L, is trivial as a representation of
Iy if and only if x'" is trivial, that is, if and only if ir is a multiple of d.

Writing d = d’e with e = ged(d, r), the trivial summands correspond to i =

d',2d', ..., (e — 1)d'. The characters x' are then exactly the non-trivial characters
of k* whose e-th power is trivial, and the corresponding Frobenius eigenvalues are
(' an)g(xX', )" = x"(aa)g(x', ¥)" = g(x', ¥)" by Proposition 1. m]

Corollary 3 (Local factor at 0o of the moment L-function) Suppose that p > 2, f’
is square-free and all its roots are in k. For any positive integer r > 1, the local factor
at oo of the r-th moment L-function for G is given by

det(1 — Frobeo T|(IG 1))
(1= (p(=Dg)> T~ if2plr
=1 (= (p(=Dg)*TY" if2|r, (r, p) = 1 and f has double roots
1 otherwise

where p : k* — {1, —1} is the quadratic character and m is the number of double
roots of f.

Proof As arepresentation of the inertia group I, G is the direct sum EBf;ll (/.3% ®
L,) where v, (1) = ¥ (s;t). So in the Grothendieck group of @g[loo]—modules we
have [G/1" = @[Z (LS ® LE) = B~ (Ly,, ® L,). The term (Ly,, ® L,r)
is trivial if and only if p" and Yrs; are both trivial, that is, if and only if r is even and
rs; = 0. That can only happen when either r is divisible by 2p or r is even and s; = 0.

In the first case the inertia group I, acts trivially on every term, and the Frobenius
eigenvalues are all equal to (£g(p, ¥)) = g(p,¢¥)" = (p(—=Dg)? by Propo-
sition 2. In the second case, if (r, p) = 1, the inertia group only acts trivially on
the m terms for which s; = 0, and the corresponding Frobenius eigenvalue is again
(p(=1)g)"/>. O

We now give some geometric conditions on f that ensure that the trivial factors
P(T) and P'(T) disappear:

Proposition 3 Suppose that f' is square-free, and either:

1. risodd, or
2. the hypersurface defined by f(x1) +---+ f(x;) = 0in Al is non-singular.

Then P(T) = P'(T) = 1.

Proof We will check that, foreveryi =0, ..., r, the action of m (Gm‘ ) on the sheaf
Sym’” G ® A'G ; has no non-zero invariants. Since Sym” /Gy ® A'G  is a subsheaf
of ®" G for every i, it suffices to prove it for the latter.

By Proposition 2, the inertia group I, acts on G through the direct sum of the
characters £, ® Ly, for every root z of f ’. Therefore it acts on its r-th tensor power

@ Springer



430 A. Rojas-Leén, D. Wan

as the direct sum of the characters £,r ® Ly, FEp bt Far) for all r-tuples (z1, ..., zr) of
roots of f’. If r is odd, none of these is the trivial character, since £,» = £, (which is
totally and tamely ramified at infinity) can not be isomorphic to Ly, (which is either
trivial or totally wild at infinity) for any ¢. If the hypersurface f(x1)+---+ f(x;) =0
is non-singular, the sums f(z1) + --- + f(z,) are always non-zero, and therefore
Ly @ Ev,f(m ot fop 18 totally wild at infinity.

In either case, Sym’ /G + ® A'G has no non-zero invariants under the action of
I and, a fortiori, under the action of the larger group 71(G,, 7). O

Corollary 4 Let f € k[x] be a polynomial of degree d prime to p > 2 and r a
positive integer. Suppose that [’ is square-free. If r is even, suppose additionally that
the hypersurface defined by f(x1) +-- -+ f(x;) = 0in A is non-singular. Then the
number N, (f) of k,-rational points on the curve

y—y=f

satisfies the estimate

r+l1
2

IN,(f) —q"| < Carq
where
r .
d—2+r—i\[(d—-1
Cir= [ — 1
¢ ;" '( r—i )(,)
is independent of q.

Proof Under the hypotheses of the corollary, the previous result shows that 71(G,,, ;)
has no non-zero invariants on Sym’_igf ® /\fgf. Therefore, ch (Gm,,;, Symr_igf ®
NG ) =0, and formula (5) reduces to

,
L' (f, 9. T) = [ [ det(1 — Frob TIHA(G,, 1, Sym’ /G @ AIG )~V 16=D
i=0
In particular, by (4),
" . . .
Ne(f) = q" =D (=)' — 1) - Trace(Froby [H\(G,,, t. Sym" Gy ® A'Gy)).
i=0

Since H.(G,, t, Sym" =G ® AlG ) is mixed of weight < r+ 1, we get the estimate

m,k>

IN () = 4"l = (Z li = 1] - dim(H, (G, t, Sym™'G ® N'Qf))) g7

i=0
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Since Hg is the only non-zero cohomology group of Sym’ G r® NG r» we have

dim H{(G,, ;. Sym" Gy ® A'Gy) = —x(G,, ;. Sym"'Gr @ A'Gp)
= Swanoo(Symr_igf ® /\igf)

by the Grothendieck-Néron-Ogg—Shafarevic formula, since Sym”~'Gy @ A'Gy is
tamely ramified at 0. Now by Proposition 2, all slopes at infinity of Sym" ‘G @ A'G ¢
are O or 1, so

Swanoo(Symr_igf ® /\igf)
. ) -2 —1i —1
< rank(symr—lgf ® /\lgf) — (d +r l) (d . )

r—i i
The proof is complete. O

The non-singularity condition is generic on f if r is not a multiple of p: in fact,
there can be at most (d+:_2) values of A € k for which f(x) + A does not satisfy
the condition. If r is divisible by p, then f(x1) + --- 4+ f(x,) = 0 always defines a
singular affine hypersurface and thus Theorem 1 is empty if r is further even. In such

cases, we can use the refinement in next section.

4 Refinements using global monodromy

In this section we will relax the hypotheses of Corollary 4 using Katz’s computation
of the global monodromy of G . In particular, we will give conditions on f that make

the given bound hold for any r.

Let G = m (Gm’,;)zar C GL(V) be the geometric monodromy group of Gy,

where V is its generic stalk. Let 71, ..., zg—1 be the roots of f” in k, lets; = f(zi)
ands =81+ -+ S4_1.

Proposition 4 Suppose that p > 2d — 1 and the (d — 1)(d — 2) numbers s; — s for
i # j are all distinct. Then G is given by

SL(V) ifdisoddands =0
GL,(V) ifdisoddands # 0
GLy(V) =xSL(V) ifdisevenands =0
GLy,(V) ifd is even and s # 0

where GLy (V) = {A € GL(V)| det(A)" = 1}.

Proof The hypothesis forces the s; to be distinct (otherwise 0 would appear at least
twice as a difference of two critical values). Since p > d, [8, Lemma 7.10.2.3] shows
that Fy is a geometrically irreducible tame reflection sheaf. Then by [8, Theorem
7.9.6], G must contain SL (V). Since SL(V) is connected, it must be contained in the
unit connected component Go of G. On the other hand, since G r is also geometri-
cally irreducible (since Fourier transform preserves irreducibility), G is a semisimple
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algebraic group [3, Corollaire 1.3.9] so it must be SL(V). In order to determine G
completely, we only need to know the image of its determinant, but by Corollary 1
we know it is trivial for d odd and s = 0 and the group of p-th roots (respectively
square roots, 2 p-th roots) of unity for d odd and s # O (resp. d even and s = 0, d
even and s # 0). O

Corollary 5 Under the hypotheses of Proposition 4, for any integer r > 1 the number
N, (f) of ky-rational points on the curve

y—y=fx)
satisfies the estimate

r+1
2

IN-(f) —q"| = Carq

where

,
) d—2+r—i\[(d—-1
cd,r=Z|z—1|( L )( l. )

i=0

unless d is odd, s = 0 and r = d — 1, in which case there exists f = %1 such that
N, (f) satisfies the estimate

r r+l
INe(f) = (q" + Bg "D < Carg ™.
Moreover, if k contains all d-th roots of unity then = 1.

Proof For the first statement, we only need to show that 71 (G _ ;) has no non-zero

m,E
invariants on Sym’ G, ® A/G for any i, the result follows exactly as in Corollary 4.
Equivalently, we need to show that Sym” "V ® A’V has no non-zero invariants under
the action of G.

As a representation of SL(V'), we have
Symr_i V @ A'V = Hom(A! V*, Syrnr_i V) = Hom(A?~ 71y, Sym’_i V)

whose invariant subspace, for i > 0, is 0 exceptinthecasesr —i =d —1—i =0
andr —i =d — 1 —i = 1, where it is one-dimensional. In particular, SL(V) (and, a
fortiori, G) has no non-zero invariants on Sym’” 'V @ A’V forany i > 0ifr #d — 1.

Suppose that r = d — 1, and let W; be the one-dimensional subspace of Sym’ 'V ®
AV invariant under SL(V), fori = r — 1 ori = r. The factor group G/SL(V) =
acts on W;, where m is given in the previous Proposition. Let A = diag(¢, ..., ) € G
be a scalar matrix, where ¢ € Qqisa primitive m(d — 1)-th root of unity. Then the
class of A generates the cyclic group G/SL(V), so G fixes W; if and only if A does.
But A acts on W; by multiplication by ¢”, so this action is trivial if and only if " = 1,
that is, if and only if m(d — 1) divides r = d — 1, which can only happen form =1,
that is, in the case where d is odd and s = 0.
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It remains to prove the second estimate in this case. Since G = SL(V), the deter-
minant of Gy is geometrically trivial, so it is (q% B)9¢¢ for some B with | 8| = 1. For
i=r,Sym" V@AV = A9V = det V and therefore Frobenius acts by multipli-
cationby ¢“7 B.Fori = r—1,Sym’ V@AV = V®A?~2V = Hom(V, V)®det V
and the G-invariant part is again det V, on which Frobenius acts by multiplication by
q o B. We conclude that

.
[Tdet(t — Frob T[H2(G,, 7. Sym™ G ® A'G ) D@D
i=0

= det(1 — Frob; T|(det gf)(_1))(—1)“2(r—2)+(—1)"*1(r-l)

— (1 =g TV = (1 —g3tlgT)!

sincer — 1 =d —21is odd.
From Eq. (5) we then get that

L' (f. 4. T)

,
- = [T det(1 — Froby TIHN(G,, 7, Sym" G, ® AiG,)D' 7 (=D
1_q7+113T H ( k | C( m,k y f f)

i=0
and, in particular, by (4)
N(f)—4q" = Bq*"!
r

= > (=)' — 1) - Trace(Frob [HX(G,, t. Sym Gy ® A'Gy)).
=0

But L"(f, ¥, T) has real coefficients (since taking complex conjugate is the same
as replacing f by — f or, equivalently, taking the pull-back of Gy under the automor-

phism ¢t — —t, so it gives the same L”). Since q%Jrl B is its only reciprocal root of
weight r + 2, we conclude that 8 = 1. Moreover, if k contains all d-th roots of unity
then 8 = 1 by Corollary 1.

Using that Sym” /Gy ® A'G is pure of weight r, we obtain the estimate

.

r . —i i 4l

IN-(f)—(q"+Bg> I D_li — 1] - dim(H\(G,, , Sym” ’gfmgf))) g
=0

We conclude as in Corollary 4 using that, for the two values of i for which H%((Gm’ o

Sym" ™ G ® A'G) is one-dimensional, the sheaf Sym” /G ; ® A'G s has at least one

slope equal to O at infinity, and therefore

dim Hg (Gm’,;, Sym’*igf ® Aigf)
= —x(G,, 1. Sym 'G; ® AN'Gy) + dimHZ(G,, ;. Sym" ™' G ® A'Gy)

= Swanoo(Sym’_igf ® /\igf) +1=< rank(Sym’_igf ® /\igf).
O
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The hypothesis of Proposition 4 can easily be checked from the coefficients of f:
Let A be the companion matrix of f’, and B = f(A ). The eigenvalues of the
(d—1) x (d — 1) matrix B are 51, ..., sq_1, and its trace is s. Next we construct the
(d—1)2x(d—1)? matrix B® I;_| — I;_; ® B, whose eigenvalues are all differences
s; — ;. Its characteristic polynomial is then of the form T=1g(T). The hypothesis
of Proposition 4 are equivalent to the discriminant of g(7") being non-zero.

We will now deal with an important class of polynomials to which Proposition 4
does not apply.

Definition 1 We say that a polynomial f € k[x] is quasi-odd if there exista, b € k
such that f(a — x) = b — f(x). In this case, the degree d is necessarily odd.

Notice that a and b are then uniquely determined: if f = cgx? + -+ c1x + co,

a= %‘3’1 and b = 2f(5). If f is quasi-odd, the set of critical values of the map

f: A}( — A,‘( is invariant under the involution s +— b — s. In particular, their sum is
b(d—1)
=—.

Lemma 2 [f there is a € k such that f(a — x) = —f(x), the Tate-twisted sheaf
Gr(1/2) on Gy, i is self-dual.

Proof Since Gr(x—¢) = Gy (x) for any ¢ € k, we may assume that f is odd. The auto-
morphism x +— —x induces an isomorphism Fy = [—-1]*F; = F_ . Taking Fourier
transform, we get an isomorphism Gy = G_ . Composing with the duality pairing
(cf. Sect. 3) Gy x G_y — Qe(—1) we get a perfect pairing Gy x Gy — Q¢(—1) or,
equivalently, G(1/2) x Gr(1/2) — Q. O

Proposition 5 Let f € k[x] be quasi-odd. Label the critical values s; so that sq_; =
b—s;fori=1,...,d— 1. Suppose that p > 2d — 1 and the only equalities among
the numbers s; — s fori # jares; —sj = sq—j —Sq—i- Then G = Sp(V) if b = 0 (if
and only if s =0, since p > d — 1), and G = jup - Sp(V) if b # 0.

Proof The hypothesis forces the s; to be distinct: if s; = s; fori # j thens; —s; =
sj—si,s0i =d —iand j =d — j, which is impossible since d is odd. Then by [8,
Lemma 7.10.2.3] F is a geometrically irreducible tame reflection sheaf. If b = 0,
we may assume as in the previous lemma that f is odd. The self-duality of G r(1/2)
is symplectic (it suffices to show it geometrically, and that is done in [8, Lemma
7.10.4]), so we have G € Sp(V). We now apply [8, Theorem 7.9.7], from which G
must contain SL(V), Sp(V) or SO(V), and therefore we must have G = Sp(V).
Ifb #0, f(x) — %’ is quasi-odd with b = 0, and Gy = Gs_p2 ® Ly, ), Let
H < 71(G,, ;) be the kernel of the character Ly, ,, it is an open normal subgroup of
index p and the restrictions of the representations Gy and Gy /2 to H are isomorphic.
Since the monodromy group of G s /2 is Sp(V'), which does not have open subgroups
of finite index, the closure of the image of H on GL(V) under G is the whole Sp(V').
Therefore, Sp(V) € G and G € ) - Sp(V), since 71 (G, ;) acts via Ly, , by multi-
plication by p-th roots of unity. Since the determinant of G is non-trivial by Corollary
1, it mustbe w, - Sp(V). O
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Corollary 6 Under the hypotheses of Proposition 5, for any integer r > 1 the number
N, (f) of ky-rational points on the curve

y—y=f

satisfies the estimate

r+l

IN-(f)—4q"| < Carq 2

where

-
d—24+r—i\[(d—-1
Cir=  — 1
ar=2_li |( o )( l. )
i=0
unlessr < d — 1 is even and either b = 0 or p divides r, in which case it satisfies the
estimate

r r+l
IN:(f) = (@" +q>)] < Carg >
Proof As a representation of Sp(V'), we have
Sym’ ™'V ® A'V = Hom(A'V, Sym" V)

whose invariant subspace, by [9, lemma on p. 62], is 0 except when i isodd, » =i + 1
andi <d—1,orwheniiseven,r =iandi <d — 1. In particular, since d is odd,
G has no non-zero invariants on Sym’ ~'V ® A’V for any i if r isodd or r > d — 1.

Suppose from now on that » < d — 1 is even, and let W; be the one-dimensional
subspace of Sym” 'V ® AV invariant under Sp(V), fori = r — 1 ori = r. Consider
the case where b = 0 first. Since G (1/2) is self-dual, all Frobenius images are in
Sp(V) = G. In particular, all Frobenii act trivially on W; (r/2), and therefore they act
by multiplication by q% on W; € ®" V. Therefore

.
Hdet(l - Froka|H§(GmJ;, Symr_"gf ® /\igf))(—l)"'(i—l)
i=0
— det(1 — FrobgT|W,—; (1)Y= det(1 — Froby T|W, (—1) " =D
= (1 — gD =2+ =D

=(1- q%+lT)(*l)r71 =(1- q%HT)*l

sincer — 1 =d — 21is odd.
In the case where b # 0, G/Sp(V) = u, acts on W;. Let

A =diag(¢p, ..., ¢p) €G
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be a scalar matrix, where ¢, € Qy is a p-th root of unity. Then the class of A generates
G/Sp(V), so G fixes W; if and only if A does. But A acts on W; by multiplica-
tion by ¢,,, so this action is trivial if and only if ¢;, = 1, that is, if and only if p
divides.r. In that casg Sym"'Gr® N Gr=0Oym"'Gr pp® /\igf_b/z) R ngl/z =
Sym" "Gy p;2 ® A'Gr_p/2, so we can apply the b = 0 case and we get again

,
[T det(1 — Frob T IHA(G,, 1. Sym "G @ AIG ) D =D
i=0

= (- q§+1T)(—1)’*] — (1 —gqtiT) L.
We conclude as in Corollary 5. O

Again, the hypothesis of Proposition 5 can be checked from the coefficients of
f: After adding a constant, we may assume that b = 0. Let Ay be the companion
matrix of f’, and B = f(A). The eigenvalues of the (d — 1) x (d — 1) matrix
B are sy, ...,54_1, and its trace is s = @ Construct the (d — 1)2 x (d — 1)2
matrix B ® I;—1 — I;—1 ® B, whose eigenvalues are all differences s; — s;. Its
characteristic polynomial is then of the form T4 (T /2)g(T)?, where h(T) is the
characteristic polynomial of B, since all non-zero roots different from s; — ss—; = 2s;
fori =1,...,d — 1 appear in pairs. The hypothesis of Proposition 5 is equivalent to
the discriminant of £(7'/2)g(T) being non-zero.

5 Generalization to Artin—Schreier hypersurfaces

In this section we will extend Corollary 4 to higher dimensional hypersurfaces. Since
the proofs are very similar, we will only sketch them, indicating the differences where
necessary.

Let f € k[x1,...,x,] be a polynomial of degree d prime to p, Cy the Artin—
Schreier hypersurface defined on AZH by the equation

Y=y = fx1, ..., x0). (7

Denote by N, (f) its number of rational points over k. We have again a formula

NA(f)=q" =D D vt Tr(f)) = D D w(Trefx) 8

tek* xek? tek* xekl
where Tr denotes the trace map k, — k. Assume that f is a Deligne polynomial, that

is, the leading form of f defines a smooth projective hypersurface of degree d not
divisible by p. Applying Deligne’s bound [3] to the above inner sum, one deduces that

IN:(f) =" <(g—Dd—1)"q~.
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This is precisely Weil’s bound in the case n = 1. Our purpose of this section is to
improve the above bound and obtain the estimate of the following form

nr+1

|Nr(f)_an|§Cd,rq 2,

for some constant Cy4,  depending only ond, r and n.

Define Ky = RmLy sy € D (G ks Qg) where 7 : G,, x A" — G, is the
projection. The trace formula 1mphes that the trace of the action of the r-th power of
a local Frobenius element at € k* on K 7 is given by > ;» ¥ (Tr(¢f (x))). Suppose
from now on that the homogeneous part f; of highest degrere of f defines a non-sin-
gular hypersurface. Then by [3, 3.7], K 7 is a single smooth sheaf G placed in degree
n, of rank (d — 1)" and pure of weight n. Therefore

Nr(f) = q" = (=1)" D" Tr(Frob;|(G 7)) = (=1)" >_ Tr(Frob,|[G]})

tek* tek*

where

(G717 =D> (="' —D-Sym G, @ NGy

i=0

is the r-th Adams operation on G .
We can give an interpretation of G in terms of the Fourier transform like we did
in the one-dimensional case. Exactly as in Lemma 1, we can show

Lemma 3 The object G¢[1] € Df(Gm, Qy) is the restriction to G,y of the Fourier
transform of R fiQg[n] with respect to .

We compactify f via the map f : X — A}, where X € P" x Al is defined by
the equation F (xg, X1, ..., Xp) = txg , F being the homogenization of f with respect
to the variable xo, and f the restriction of the second projection to X. Suppose that
the subscheme of A} defined by the ideal (9f/dxy, ..., df/0x,) is finite étale over k,
and the images of its k-points under f are distinct. Then for every s € k, the fibre
X has at worst one isolated non-degenerate quadratic singularity, which is located on
the affine part (since the part at infinity is defined for every fibre by f;(x) = 0 and is
therefore non-singular).

We have a distinguished triangle

RfAiQ — RAQr — R(fx)+Qe —
where Xo = X\A" =Y x Al Y being the smooth hypersurface defined in P"~ by

fa = 0. Since R( f| xo)*Qg is just the constant object RI'(Y, Qy), its Fourier transform
is supported at 0. So

G111 = (FTyRfiQin) G, = (FTyRAQInD G, -
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Proposition 6 Suppose p > 2. Under the previous hypotheses, let z1, ..., Z@—1y €
Az be the distinct points such that g—){i(zj) =O0foralli =1,...,n,andlets; = f(z;).

The action of the inertia group I, at infinity on G y decomposes as a direct sum @ L:‘/’s;

if n is even, and B (L, ® [:%i) if n is odd, where p is the unique character of I, of
order 2.

Proof We will obtain, for every i, a factor Ly, (resp. £, ® Ly, ) in the local mo-
nodromy of G ¢ at infinity. Since the rank is (d — 1)" and these characters are pairwise
non-isomorphic, this will determine the action of /o, completely.

LetS={sili=1,...,(d —1)"},and U = A"\ S. Since fis proper and smooth
over U, R! f*@g is smooth on U for every i. Since X contains one isolated non-
degenerate quadratic singularity for each s € S, by [1, 4.4] the sheaves R f,Q are
smooth on A! fori # n — 1, n. In particular, their Fourier transforms are supported
at 0. We conclude that there is a distinguished triangle

(FTyR"™ AQl1Dg,, — G711 > (FTyR" fLQel0Dg,,, —
and therefore an exact sequence of sheaves

0— H'FTy R QD g,, — G5 = H ' (FTyR" Q0D G, —
— HOFTyR" £.Qil 1D, — O ©)

since FTyR" £+Q¢[0] can only have non-zero cohomology sheaves in degrees 1, 0
and —1. Furthermore H°(F TI/,R"_1 ﬂ@g[l]) is punctual, so this induces an exact
sequence of /,-representations

0— H Y (FTyR" f.Qel1]) — G — H W(FTyR" £,Q,[0)) — 0.  (10)

Let V be the generic stalk of R”~! £, Q. Suppose that nis odd, and let s € S. Then by
[1, 4.3 and 4.4], the inertia group I acts on V with invariant space V;, of codimension
1 (the orthogonal complement of the ’vanishing cycle’ §) and on the quotient V/ V.
via its quadratic character p. Moreover, R”~! £,Q; is isomorphic at s to the extension
by direct image of its restriction to the generic point. By Laumon’s local Fourier trans-
form [8, Section 7.4], the action of the inertia group I, on H ™! (FTwR"_lﬂ@g[l])
(and thus on G ¢ by (10)) contains a subcharacter isomorphic to £, ® Ly, .

Suppose now that n is even, and let s € S. By [1, 4.3 and 4.4], there are two pos-
sibilities: if the ‘vanishing cycle’ § is non-zero, the inertia group I acts on V with
invariant space V;_of codimension 1 (the orthogonal complement of §) and trivially on
the quotient V/ V) . Moreover, R"~! £,Q is isomorphic at s to the extension by direct
image of its restriction to the generic point. By Laumon’s local Fourier transform [8,
Section 7.4], the action of the inertia group I, on H~' (FTy,R"~! £,Q;[1]) (and thus
on G by (10)) contains a subcharacter isomorphic to Ly, .

If § = 0, then I acts trivially on V, and there is an exact sequence of sheaves:

0— Qs — R"f,Qr - juwitR"fiQs — 0
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where (Qy)y is the punctual object Q; supported on s and j; : Al — {s} — Al is the
inclusion. Taking Fourier transform, we deduce a distinguished triangle

Ly, 11— FTyR" faQul0] — FTy jsu jiR" £,Q10]
and in particular an injection
0 — Ly, > H'(FT,R" f,Q[0]).

By (10), this gives a subcharacter isomorphic to Ly in the monodromy of G at
infinity. O

For completeness, we determine also the monodromy of G at 0.

Proposition 7 The inertia group Iy at 0 acts on Gy as a direct sum @ ny L, where
the sum is taken over all characters y of Iy such that x@ is trivial, ny = %((d - —
(=D") if x is non-trivial and ny, = (=1)" + %((d — D" = (=D") if x is trivial.

Proof We will show that, for every x, the action of Iy on G 7 contains n, Jordan blocks
for the character y. Since these numbers add up to (d — 1)”, which is the dimension
of the representation G, this will prove that the action is semisimple and determine
it completely.

Let x be non-trivial such that x¢ = 1. Since adding a constant a to f corre-
sponds to tensoring Gy with the Artin—Schreier sheaf £y, and this does not change
the monodromy at 0, we can assume that G is totally wild at co (or equivalently,
that the hypersurface f(x) = 0 is non-singular). Then so is Gy ® L3. The number of
Jordan blocks associated of £, in the representation of Iy given by G is the dimension
of the Ip-invariant subspace of G ® L. If j : G, ; — A}; andi : {0} - A}; are the
inclusions, we have an exact sequence

0— jiGr®Ly) = ju(Gr®Ly) = iui™ju(Gr @ Ly) - 0
and therefore
0 (Gr® Ly - HAG,, ;.Gr ® Ly) - HUAL j(Gy ® L3)) — 0.

Since Gy ® Ly is totally wild at oo, the latter cohomology group is pure of weight
n + 1. So the dimension of (G5 ® E)-()IO is the dimension of the weight < n part of
H!(G,, 1. Gr ® L3).

By the projection formula,

Gr® Ly =R'mLyra)) ® Lz =R"mM(Ly sy ® Lz,
SO

H!(G,, 1, G ® L3) =HT' (G, 1 x AL, Lyaren ® L)
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since R'm Ly 7y = 0 fori # n. Let Z C Af be the closed subset defined by
f(x) =0 and U its open complement. The sheaf Ly ;7)) is trivial on G, x Z, so
HIG,, i X Z, Lyaro @ Lyw) = Hi (G, 1 X Z, L) =HL(G,, 1, L) OHI(Z ®
k, Q¢) = 0 since x is non-trivial. By excision we get an isomorphism H’C""1 Gz X
AL Lyaro ® Lyw) ZHITNG,, 1 x U, Lyary ® L)

Consider the automorphism ¢ : G,, x U — G, x U givenby ¢ (¢, x) = (¢f(x), x).
Then ¢u(Ly fon ® Li) = Ly) @ Lia/ren = Ly ® L) @ Ly(r)- S0

HNG,, 1 X U Lyren ® Lyn) EHTNG,, 1 x U, Ly ® L) ® Ly(fix))

which, by Kiinneth, is isomorphic to Hg (G Ly ® L) @HI(U ® k, Ly (r)) (since
H’C (Gi» Ly ® L5) = 0 for i # 1). The first factor is one-dimensional and pure of
weight 1, so we want the dimension of the weight < n — 1 part of H*(U ® k, L (1))
By [10, Theorem 2.2], this dimension is n, = é((d — D" = (—=D").

Similarly, if x = 1 is the trivial character, the searched dimension is the dimension
of the weight < n part of H/*! (G, & X AL, Ly if(x))- From the exact sequence

- > HE({0) x A2, Qo) — HIFL(G,, 1 % AL Lyaray) =
— HITHAL x A7, Lyaray) — HEPH{0) x A7, Qo) — -

we get an isomorphism Hg’“(GmJ; x AL Lyaray) = Hg’“(A}E x AT, Lyfx))-
Now let 7 : A x A” — A" be the projection, by the base change theorem we have
Rzmﬁw(tf(x)) = i*(@g(—l), where i : Z — A" is the inclusion of the closed set where
f(x) =0, and Rimﬁw(,f(x)) = 0 for i # 2. So we need the dimension of the weight
< n — 2 part of Hg"l (Z, @4). Let Z be the projective closure of Z and Zp = 7\Z,
we have an exact sequence

<= HX(Z, Q) — H"2(Zo, Qo) —» H'1(Z,Qp) — H"N(Z, Q) — - --

Since Z is smooth, H"~1 (Z, @4) is pure of weight n — 1, and therefore the weight <
n—?2 part ofHZf’1 (Z, Qp) is the cokernel of the map H*2(Z, Q¢) — H"2(Z, Qy),
that is, the primitive part Prim”~%(Zo, Q;) of the middle cohomology group of Zq,
which has dimension ny = (—1)" + 2((d — 1) — (=1)"). O

Corollary 7 Lets = Zfi}l)n si. Over k, the determinant of G ¢ is the Artin—Schreier
sheaf Ly, if n(d — 1) is even, and the product L, ® Ly, if n(d — 1) is odd.

Proof The determinant is a smooth sheaf on G, of rank 1. At 0, its monodromy is the
product of x"x for all characters x of Iy such that x@ is trivial. Since the non-trivial
characters (except for the quadratic one) appear in conjugate pairs, the product is triv-
ial if d is odd, and comes down to p"#, which is p or 1 depending on the parity of
n, = %((d — 1)" — (=1)"), which is congruent to n mod 2, if d is even.

At infinity, its monodromy is the product of the Ly, (resp. of the £, ® Ly, ) if n
is even (resp. if n is odd), which is Ly, (resp. L, ® Ly, ) if n(d — 1) is even (resp. if
n(d — 1) is odd). We conclude as in Corollary 1. O
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We now give the higher dimensional analogue of Corollary 4:

Corollary 8 Let f € k[xi1,...,x,] be a polynomial of degree d prime to p and
r a positive integer. Suppose that p > 2, the highest degree homogeneous part of
f defines a non-singular hypersurface, the subscheme of Aj deﬁne_d by the ideal
(0f/0x1,...,0f/0x,) is finite étale over k and the images of its k-points under
f are distinct. If nr is even, suppose additionally that the hypersurface defined by
frt, X)) + o+ fort o x0) = 0in A} = Speck[x; j|1 <i <r 1<
j < n] is non-singular. Then the number N,(f) of k,-rational points on the hyper-
surface

yq—y:f(x]"‘.’xn)

satisfies the estimate

nr+1

IN-(f) —q""| < Carq 2

where

: d—1)"4+r—i—1\[(d-1)"
Cd,r=Z|i—1|(( )rt: i )(( i))

i=0
is independent of q.

The proof is identical to the one of Corollary 4, using Proposition 6. In the n even
case we need the non-singularity hypothesis for any r, since the Kummer factor does
not appear in the monodromy at infinity.
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